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ABSTRACT. Radial basis function interpolation refers to a method of interpolation which
writes the interpolant to some given data as a linear combination of the translates of a single
function ¢ and a low degree polynomial. We develop an error analysis which works well when
the Fourier transform of ¢ has a pole of order 2m at the origin and a zero at oo of order 2k.
In case 0 < m < Kk, we derive error estimates which fill in some gaps in the known theory;
while in case m > k we obtain previously unknown error estimates. In this latter case, we
employ dilates of the function ¢, where the dilation factor corresponds to the fill distance
between the data points and the domain.

1. Introduction

Let d be a positive integer. Given a finite set of scattered points = C R? and data f|:,
the scattered data interpolation problem refers to the problem of finding a ‘nice’ function

s : R — C which satisfies the interpolation conditions

(1.1) s(€) = f(&) for all € € E.

One standard approach to this problem goes by the name radial basis function interpolation

which we now describe.
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2 ERROR ANALYSIS FOR RBF INTERPOLATION

For integers k, let IT;, denote the space of polynomials (over R?) whose total degree does not
exceed k (note that Iy, = {0} when k < 0). Starting with a continuous function ¢ : R — R
and an integer k € {—1,0,1,2,...}, the radial basis function approach suggests that the
interpolant s be written in the form

(1.2) s=q+ Y Aeo(-— &),

£e=

where ¢ € I, and A satisfies the auxiliary conditions

(1.3) Z)\gq(ﬁ) = 0 for all ¢ € II.
§eE

Let

Tz.p1f

denote the set of all functions of the form (1.2)-(1.3) which satisfy (1.1). In order to
guarantee that Tz 4 1 f is nonempty, one must carefully choose the function ¢ and the
integer k.

One way of ensuring that Tz 4, f contains a unique function is to assume that ¢ is a
radially symmetric function which is conditionally positive definite of order £ and addition-
ally that = is a finite subset of R? which is not contained in the zero set of any nontrivial
polynomial in IT;. This approach has been taken up by Micchellii [10] where such functions
¢ are characterized. However, for the purpose of estimating the interpolation error, the
author prefers a construction recently developed by Light and Wayne [8].

Building upon work of Duchon [4] and Madych and Nelson [MN], Light and Wayne give
sufficient conditions on a continuous function ¢ : R — R which ensure that Tz g rf is
nonempty. We will not describe these conditions in their full generality, but rather restrict

our attention to a special case. Let Ry denote the space of all tempered distributions f
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whose Fourier transform f can be identified on R?\{0} with a function, denoted ﬁ, which
is locally integrable on R¢\{0}. For real numbers m, £ > 0, we define w,, , € C(R?) by

W, () =

{ L™ if <1

it~ i > 1

Definition 1.4. A tempered distribution ¢ € Ry is pre-(m, &, k)-admissible if the follow-
ing hold:

1. m > 0 and k > d/2 are real numbers and k is an integer satisfying
k > k :=max{|m —d/2], —1}.

2. The function $| is almost everywhere positive and satisfies, for some constant A > 1,

(1.5) Smn(t) <

—— < Awy, (1) for almost all ¢ € R?.
¢|(t)

We say that ¢ is (m, k, k)-admissible if ¢ is pre-(m, s, k)-admissible and if

~

3. (9,9) = / g(t)¢)(t) dt for all g € C°(R%) satisfying |g(t)| = O(|¢[>**Y) as [¢] — 0.
Rd

Light and Wayne [8] have shown that if ¢ is pre-(m, &, k)-admissible, then there exists
a polynomial p such that ¢ — p is (m, k, k)-admissible. Moreover, they have proved the

following result.

Theorem 1.6. Let ¢ be (m, K, k)-admissible and let = be a nonempty, finite subset of R?

which satisfies

(1.7) q(Z) # {0} for all q € 11 \{0}.

Then ¢ is continuous and Tz 4 . f contains exactly one function for all data functions f.

In their construction, the unique interpolant s € Tz 41 f is identified as the unique

function in an appropriately defined Hilbert space which minimizes a certain semi-norm
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subject to the interpolation constraints (1.1). Using a technique previously employed by
Bezhaev and Vasilenko [2], we will show in section 3 that even without condition (1.7),

T=.4 1 f is still nonempty.
Example. Let m, k,k be as in Definition 1.4. An example of a function ¢ which is pre-
(m, k, k)-admissible can be written as

(14 |z|?)m—d/2, ifm—d/2¢N,

k—d/2
) = | KK,— T +Cm
¢(z) = |z| a/2(|z]) ,d{ (1+ |$|2)m—d/2 log(1 + |;g|2)7 if m—d/2eNy,

where K,, denotes the modified Bessel function of order v (see [1]), Ny := {0,1,2,...}, and

[ m if0<m<d/2,
Cm,d (_1)1+Lm—d/2J if m > d/2.
It turns out that ¢ is in fact (m, k, k)-admissible since |¢(z)| = 0(|$|2(k+1)) as || — oo

(see Theorem 2.9).

In order to discuss the interpolation error, let 2 be a bounded subset of R? having the
cone property, and assume that the interpolation points = are contained in 2. We denote

by h the fill distance from = to €2 given by
h:=h(Z,Q) :=sup inf |z — ¢|.

For v > 0, let W, denote the Sobolev space of all f € Ly := Ly(R?) for which

1wy = | @+ 15727

< 00.
L,
Employing Light and Wayne’s characterization of Tz 4 1 f, we are able to prove the following
result.

Theorem 1.8. Let Q be a bounded subset of R? having the cone property, and let ¢ be

(m, k, k)-admissible with & > [d/2] + 1 and 0 < m < k. There exists hy > 0 (depending
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only on k, k,Q) such that if 2 is a finite subset of Q satisfying h := h(Z,Q) < hg, then for

all fe Wy and 1 <p < o0,
(1.9) 1F = sllp, ) < A2const (s, k, QR || flly ,

where Tz ¢k f = {s} and 0, := max{d/2 — d/p,0}.

This result was first proved by Duchon [5] for the particular choice of ¢ associated with
surface splines. When taken with the construction of Light and Wayne, this amounts to the
case when m = k are integers and £k = m — 1. The case p = oo has been settled by Wu and
Schaback [13], while the case when £ is an integer, m = 0, and k¥ = —1 has been handled
by Wendland [12]. We expect that the theorem remains true in case d/2 < k < |d/2]| + 1,
but our techniques are unable to cope with this case.

Without the restriction m < k, our error analysis breaks down. However, the case

m > k can be salvaged if one employs Tz 4, 1 f instead of Tz 4 1 f, where

¢n = ¢(-/h).

Note that the difference between Tx= 4 1. f and T= ¢,  f is that the former always employs the
function ¢ in (1.2), whereas the latter employs a dilated version of ¢, where the dilation
factor matches the fill distance h = h(E,Q2). Following the language of ‘shift-invariant
spaces’, we refer to this as a stationary dilation of ¢. In this case our error analysis yields

the following result.

Theorem 1.10. Let Q be a bounded subset of R having the cone property, and let ¢ be

(m, k, k)-admissible with |d/2] + 1 < k < m. There exists hg > 0 (depending only on
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k,m, Q) such that if = is a finite subset of Q satisfying h := h(Z,Q) < hg, then for all real

numbers y, with k <y < m, and for all f € W, and 1 < p < oo,
(1.11) 1f = sllp,, (o) < APconst(k,m, QR || fllyy .

where Tz g, f = {s} and 0, := max{d/2 — d/p,0}.

We mention that the error estimate in Theorem 1.10 is more robust than that of Theorem
1.8 in the sense that (1.11) holds for all f € W, with + in the interval [k, m], whereas (1.9)
is asserted only for f € W (see [14], [3], and [11] for error estimates when f ¢ W§).

These theorems are actually special cases of the more general result Theorem 5.4. There
it is not assumed that €2 has the cone property, but rather that €2 satisfies a certain condi-
tion related to polynomials (see Definition 4.1). Duchon [5] has shown that this condition
is satisfied if 2 has the cone property, while Golitschek and Light [6] have established this
in case ) is the sphere S ! :={r e R? : |z| = 1}.

An outline of the paper is as follows. In section 2 we define and examine certain spaces
Yo« + . One useful observation made in Theorem 2.9 is that the third condition of
Definition 1.4 can be replaced with a certain growth condition on ¢. The spaces Yy, . +1Ij
are then identified in section 3 with the Hilbert spaces constructed by Light and Wayne [8]
in association with an (m, k, k)-admissible function ¢. In section 4 we develop a preliminary
result which is then used in section 5 to prove our main result, Theorem 5.4. Following
this the case when €2 has the cone property is discussed and it is explained how Theorem
1.8 and Theorem 1.10 can be derived from Theorem 5.4. In section 6, the case when €2 is
the sphere S9! is treated in detail, and finally in section 7, it is explained how Theorem

5.4 can be applied in cases which go beyond those explicitly mentioned in the theorem.
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Throughout this paper we use standard multi-index notation: D% := 0% 0% ... aaadd .
Oz, Oz, oz,
The natural numbers are denoted N := {1,2,3,...}, and the non-negative integers are

denoted Ny. For ¢t € R, we employ the notation |¢| to denote the greatest integer which
is less or equal to ¢, while [¢] denotes the least integer which is greater or equal to t. For

multi-indices o € N¢, we define |a| := a3 + az + -+ + a4, while for z € R?, we define

2| := \/2? + 22 + - -+ + 2. The monomial z — 2 is denoted ()*. With this notation we
can write IIx = span{()* : |a| < k}. The Fourier transform of an integrable function f
is defined by f(w) = [ €w(—2) f(x) dz, where e, (z) := e"*. The space of compactly
supported C* functions whose support is contained in A C R? is denoted C2°(A). The
open unit ball in R? is denoted B := {z € R? : |z| < 1}. If p is a distribution and
g is a test function, then the application of u to g is denoted (g,u). We employ the
notation const to denote a generic constant in the range (0,00) whose value may change

with each occurrence. An important aspect of this notation is that const depends only on

its arguments if any, and otherwise depends on nothing.

2. The spaces Y, ,, + IIj

In this section we assume that m > 0 and k > d/2 are real numbers, and in keeping
with Definition 1.4, we define k := max{|m — d/2],—1} and

lz|™ if |z <1

r € R
lz|™  if |z > 17

(@) = {

As in the introduction, let Ry denote the space of all tempered distributions f whose
Fourier transform f can be identified on R?\{0} with a function, denoted J/"\|, which is

locally integrable on R\ {0}. Let ?m,n be the space of all f € Rq for which

< o0,
2

|f|m7}<, = me,lﬁ‘,f|‘ L
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Note that the kernel of the semi-norm |-| _ in )N/m,m is the space of polynomials IT. Let

m,Kk
Lo(R4, w2, ) denote the space of (equivalence classes) of measurable functions v : R? — C

s Ym,k

satisfying

[wm vl p, < o0,

and let 0 € C°(2B) satisfy ¢ = 1 on B. For v € Ly(R%, w2, ), we define the tempered

» YmyK

distribution f =V, .(v) by

(2.1) (g, f) = /Rd(g —oPyg)v, g€ Cgo(Rd),

where Pg denotes the k-th degree Taylor polynomial of g at 0. The choice of k is sufficiently
large to ensure that the above integrand is absolutely integrable and that fis a tempered

distribution. Hence f = Vj, »(v) is a tempered which belongs to ?m,,g since |fl,, . =

||wm,,€1/||L2 < 00. The range of the operator Vj, , : Ly(RY, w2, ) — Yo, apparently

» Ymk
depends on the choice of o. This dependence can be eliminated by simply adding IIj.

With this in mind, we define

Ym,K, = Vm,H(LQ(Rdv w?n,m)) + 1.

Proposition 2.2. The space Yy, ,; is independent of o.

Proof. 1f f = Vi, x(v) and f' =V, .(v), where f’ is defined via (2.1) using ¢’ instead of

o, then for g € C°(R?), we have

Dg(0)
041!042! < -ad!

w.i-F)= [ @ -opgw =%

|| <k

/Rd\B(a’(t) — o (t)tv(t) dt.

Hence, f — f' € II. O
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We state here some relations which are simple consequences of the definitions. Assume
0 <m < m and d/2 < k' < Kk, and note that k' := max{|m’ — d/2],—1} > k. Since

W' gt < Wiy g, it follows that

(2.3) Yo € Yourr and | flr o < |f . for all f € Vi .
To see that
(2.4) Ym,m - Ym’,n’a

let f € YVis, say f = Vimk(v) + ¢, where v € Ly(R, w2, ) and q € TI. With f/ =

» Ymyk

Vi k1 (V), we see that

@F=F)=t0.0)+ [ olPug— Pl geCx®

whence it follows that f — f’ € II. Hence f € Y,/ .+ which proves (2.4). It is easy to see

that Wy =Y, .. If d/2 <k <y and m > 0, it then follows from the above relations that

(2.5) Wy C Yy and |f],, . < ||f||W2'y for all f € W,

m,k —

Now let us assume that ¢ is pre-(m, &, k)-admissible (see Definition 1.4). As mentioned
in the introduction, Light and Wayne [8] have shown that there exists a polynomial p such
that ¢ — p is (m, k, k)-admissible. However, the technical nature of the third condition in
Definition 1.4 makes the task of finding such a polynomial p rather difficult in practice.
We will show that the third condition of Definition 1.4 is actually equivalent to a growth

condition on ¢. We begin by examining the growth of V;, .(v).
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—d/2
Proposition 2.6. Let m € [0,00), k € (d/2,00) and put p =k + m — d/2 if k> —1. If

kE+1
ve Ly(RY, wl, ) and f = Vi x(v), then for all z € R?,
(1 + |z|)*, if m > d/2,
7 @)] < const(d,m. 1) ], VoRBFRD, if m=d/2,
1, if m < d/2.

Proof. For the sake of brevity, let us employ the abbreviation ¢ = const(d, m, k). Since
k > d/2, we have f(x) = (2m) " ¥e,, f) Hence,

ey — 0 Pge,

(2m) | f(2)] < /R e — oPyes| 1] <

[wm, sl L, »

W,k Lo

by the Cauchy-Schwarz inequality. We note that ||wm xv|[;, = |fl,, .- For t € B, it follows

from Taylor’s theorem that

lex(t) — Prea(t)] < ctf*" max D%, (5 < clt/** (1+ |z)Er
|a|=k+1 e

On the other hand, for all ¢ € R? we have the crude estimate
e (t) = o (t) Peea ()] < o1 + [2])F,

where k := max{k,0}. Put p, := (1 + |z[)~*+D_ Then

2
ey — 0 Pge,

<e(1+ |m|)2(ﬁ+1)/ |t PEF) gy

Wm,k =B

L (p.B)
< (1+|z|)%#, ifm>d/2,
=01, if m < d/2,

and

ey — o Pge,

2 o~
< (14 |z|)® / e ~>™ dt+/ It dt
Ly (R%\p, B) B\p. B RI\B

Wm,,k

(1+|z))?, ifm>d/2,
< e log(2+ |z|), ifm=d/2,

1, if m < d/2.

(1+ |=|)*~, it m>dj/2,
ey — oPe, ) .
Therefore, | ———— < e /log(2+ |z|), if m =d/2, which completes the proof.
W,k Ly

1, if m < d/2,
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Corollary 2.7. With m, k as in the proposition, if f € f’m,,{, andk > k, then f € Yy, ,+11i

if and only if

(2.8) [f(@)] = o(|2[**7) as |a| — oo.

Proof. It suffices to show that if v € Ly(R*, w2, ) and f = Vp, «(v), then (2.8) holds with
k = k. Since pp < k+ 1 and /log(2 + |z|) = o(]z|), it is clear that (2.8) holds in case
m > d/2. In case m < d/2 (k = —1), then v € Ly and f = v; hence |f(z)| = o(1) as

|z| — oo by the Riemann-Lebesgue lemma. [

We can now show that the third condition of Definition 1.4 is equivalent to a certain

growth condition on ¢.

Theorem 2.9. If ¢ is pre-(m, K, k)-admissible, then ¢ is (m, k, k)-admissible if and only
if

|p(x)| = 0(|$|2(k+1)) as |r| — .

Proof. We consider first the case m > d/2 (k > 0). It follows from (1.5) that ¢ € ffm:,m for
allm’ > 2m—d/2. For m’ sufficiently close to 2m—d/2 we have k' := |m’'—d/2| = |2m—d].
With ¢ := m:,n($|), we can write ¢ = 1 + ¢ for some polynomial q. Note that if
g € C°(R?) satisfies |g(t)] = O(|t|E+1), then (g, 1) = Jga g121\| since Pyg would equal 0.
But k' +1 < 2(k+1); hence 1 satisfies the third condition of Definition 1.4. Therefore, ¢ is
(m, k, k)-admissible if and only if ¢ € Tl3,11. That is, ¢ is (m, k, k)-admissible if and only
if ¢ € Yy,r o + Hogy1 which, by Corollary 2.7, happens if and only if |¢(z)| = 0(|x|2(k+1))

as |x| — oco. We consider now the case m < d/2 (k = —1). It follows from (1.5) that

$| € Ly, and hence we can write ¢ = 1) + ¢, where {p\ = $| and ¢ is some polynomial. Since
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(g, $> =(9,0) + Jga g$| for all g € C°(R?), it follows that ¢ satisfies the third condition
of Definition 1.4 if and only if ¢ € Ia,yq. Since ¢ € Ly, it follows that ()] = o(1) as

Z(k—i-l))

|z| — oo, and hence ¢ € Iyk41 if and only if |p(x)| = o(|z| as || = oco. O

3. The Construction of Light and Wayne

Let ¢ be (m, k, k)-admissible. Associated with ¢, we have the semi-norm

# -
(3.1) flg= 2=l . €Y
\ 9 L.
It is an obvious consequence of (1.5) that
1 ~
(32) Z |f|m,n < |f|¢> <A |f|m,n7 f € YmaK"

We now show that the space Y, . +IIj is one of the spaces covered by the construction of

Light and Wayne. Define w € C'(R?\{0}) by

mo:(wﬁ@>,tewv%

g

and note that w(t) > 0 for ¢ # 0, 1/w(t) = O(|t|2(k+1)_2m) as [t| — 0, and 1/w(t) =
O(|t|_2(”_k_1)) as |t| — oo. In particular, since 2(k + 1) — 2m > —d, 1/w is locally
integrable on R?. Following Light and Wayne [8, Def. 2.9], we define X to be the space of
all tempered distributions f such that 507? is locally integrable on R?, for all |a| = k + 1,

and

2

Daefl w < oo,

A= | ¥ e

|a|=k+1
where the positive integers ¢, are determined by the equation |x|2(k+1) = Z|a|:k+1 Cax’?,

z € RY.



MICHAEL JOHNSON 13

Theorem 3.3. If m >0, Kk > d/2 and k > k, then Y, . + I, = X and

[flx = [l forall f € X.

Proof. Let us say that a distribution is regular if it is locally integrable on R%. We first
show that if f € Yy, . + I, then 50‘7 is regular for all || =k + 1. Let f = u + g, where
q € Iy and u = Vi, x(v) for some v € Ly(R?, w?, ). Note that D¢ = 0 for all |a| = k+1.
If g € C°(RY), then

(0. 070) = °1(5,0%8) = ! [ (0% =Pl =i [ a0

Rd

since Pg[()®g] = 0. Hence Do = il*l()*y which is regular. Thus 1707 is regular for all

— 2 ~2
|a| = k + 1. Moreover, since Z co |DOf] = |-|2(k+1) ‘f|‘ , we have
|a|=k+1
2 2
2 2(k+1) | 7 n 2
(3.4) 1= [ P F w0 = o], = 11
Rd L2 ’

Therefore, Y, , + II};; C X. To prove the opposite inclusion, we assume now that f € X.
By (3.4), f € ffm,,{,, so we can write f = u+q where u = Vm,m(ﬂ) and ¢ is some polynomial.
Since 50‘7 and Dy are regular for all |a| = k + 1, it follows that 50‘\q is regular for all

|a| = k + 1; hence, ¢ € IIy. Therefore f € Yy, o + 1. O

Light and Wayne [8] prove the following theorem assuming additionally that $| is con-

tinuous on R?\{0}; however, this assumption is unnecessary when we assume (1.5).

Theorem 3.5. Let ¢ be (m, K, k)-admissible, and let 2 be a nonempty finite subset of R

satisfying

(3.6) q(Z) # {0} for all q € 11 \{0}.
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For every f € Yy, o + 1y, the set T= 4 1 f contains exactly one function s which is the
unique function in Yy, . + I which minimizes |s|¢ subject to the interpolation conditions
?]

H=f|

=

[1]

By employing a technique of Bezhaev and Vasilenko, we now adapt Theorem 3.5 to
the situation where (3.6) fails. Let =+ denote the space of all continuous functions which

vanish on =:
== {f e O®Y : f = (0}).
Note that condition (3.6) is equivalent to the condition IT; N =L = {0}.

Theorem 3.7. Let ¢ be (m, K, k)-admissible, and let = be a nonempty finite subset of R?.
For f € Yy, +1, let Tz 4 1. f denote the set of all functions s € Yy, . +11, which minimize
|s|¢ subject to the interpolation conditions S|z = f|E The following hold:

(i) Tz, .k f is nonempty.

(ii) If f € Tepif. then Teguf = [+ (M NEL).

(iii) Te,pf =Tz prf-

() If s1,s2 € Te g rf, then Silp = 2|0 where T' := {x € R : g(z) = 0 for all q €

I, NE+}.

Proof. Put Q := II, N 2+ and £ := dim Q. The case £ = 0 is covered by Theorem 3.5,
so assume £ > 0. There exists A’ C RI\I', with #N = ¢, such that N is correct for
interpolation in @ (ie for any data Ne there exists a unique ¢ €  such that 9 = 9| N)'
Let s be the unique function in Tzyn ¢ 1 f as described in Theorem 3.5. If fNe Y + 1
satisfies f|5 = f|5’ then there exists ¢ € @ such that (f+ q)|EuN = f|EuN; hence, by
Theorem 3.5, |3|¢ < ‘]?+ q‘qs = ‘ﬂqﬁ It follows that s € 7z 4 1 f and consequently that (i)

holds. Now if f € Tz,¢.5f, then again there exists ¢ € Q such that (f—F q)|=u/\/ = f|=u/\/'
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Since ‘f+ q‘¢ = ‘f‘¢ = |s]4, it follows that s = f + q which proves (ii). We can write s in

the form

s=q+ Y ded(-—9),

EETUN
where g € IIg. Let N be another set which is correct for interpolation in () taken so that
NN =0. Using the above arguments, we can write s as
s=q+ Y, Aeo(-—9),
¢EBUN
where ¢ € IT;. It follows that
D e =A)D( =)+ D Aeh( =) = D Ae(- &) =G g €M,
== EEN ¢eEN
and hence, in particular, that A¢ = 0 for all ¢ € N. Therefore s € Tz 4 f and consequently,
s+ @Q C Tz 4 rf. For the reverse inclusion, let s’ € Tz 4 1 f, and let ¢’ € @ be such that
(s + q/)|EuN = f|EuN' It then follows from Theorem 3.5 that s’ + ¢’ = s which proves

(iii). Finally we note that (iv) is an immediate consequence of (ii) and (iii). O

Note that the last statement is significant in the context of interpolation on manifolds.
If 2 is contained in a compact, smooth manifold €2 with sufficient density to ensure that

2 C T, then the trace of Tx 4 1 f on {2 is unique.

4. A Preliminary Error Estimate

In this section we work out an error estimate which serves as the basis for our subsequent

error analysis. It works on subsets Q C R? which satisfy a certain technical condition.
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Definition 4.1. Let k£ € Ny and let € be a nonempty subset of R?. The space of poly-
nomials Il is locally stable on €} if there exist constants cq, hq,ro > 0 such that if Z C 2
satisfies h(Z, Q) < hgq, then for all x € Q there exists a finite subset N’ C 2N (z + hrqB)
and coefficients b¢ such that

q(z) + Z beq(§) = 0 for all g € I, and
EEN

D Jbe| < ca.

EEN

It is obvious that if Il is locally stable on €2, then II; is locally stable on €2 whenever
0 < k' < k. Tt is also obvious that IIj is locally stable on every nonempty subset  C R%.
A crucial item used by Duchon [5] is the fact that if @ C R? has the cone property, then
IIj is locally stable on Q for all k € Ny (see also [7, Lemma 4.1]). Here, Q C R? is said
to have the cone property if there exist €, > 0 such that for all z € €2 there exists y € (2

such that |z — y| = ¢ and
(1—t)x+ty+rtBCQ Vtel0,1].

As will be discussed in section 6, if © is the sphere %! := {x € R? : |z| = 1}, then Il
is locally stable on 2 for all k. This fact is essentially proved by Golitschek and Light [6],
where they have additionally demonstrated its relevance to error estimates for zonal basis

function interpolation on spheres.

Definition 4.2. Let C :=[-1/2,1/2]% denote the closed unit cube in R?. For a function

f defined at least on a subset Q@ C R? and for h > 0, we define Mgq 1,(f) : Z¢ — [0,00) by

SUPep(jroyne [f (@) if h(j+C)NQ #0,
0 otherwise .

Man(f); = {
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Our basic error estimate will actually estimate || Mg n(g)ll,,, where g is meant to equal

the interpolation error. When €2 has the cone property, we are really interested in the

L,(2)-norm of g with respect to Lebesgue measure in R¢: it is a simple exercise to verify
that

||g||Lp(Q) < /P ||MQ,h(g)||g2 , 2<p< oo

On the other hand, when € is the sphere S, we are really interested in the Lp(Sd_l, w)-
norm of g, where w is the usual measure associated with S%~1. We show in section 6
that

191l (s1-1 ) < const(d)h =D | Mg p(g) 2<p< oo

le,, 2<p<

Thus any estimate on ||[Mgqn(g)l,, can be converted into an estimate on ||f||Lp(Q) or
||f||Lp(sd—1,w)v as the case may be, simply by multiplying by the appropriate power of h.

For an integer n > d/2, let H™ denote the space of tempered distributions f which
satisfy D f € Lo for all |a| = n, and define |f|,. by

[f Iz = 2m)* Y ca IDFIZ,
|oe|=n

where the positive integers ¢, are determined by the equation |z|*" = > lal=n CaT?®,
z € R*. We recognize, by Theorem 3.3 and the Plancherel Theorem, that H" = Yo nt+1l,_1

and |f|g. = |f|, ,, for all f € H". The following result is taken from [7, Lemma 3.2].

Lemma 4.3. Letn > d/2 andr > 0. For each j € 7%, let Nj be a finite subset of j +rB.

If {bje}jenacen; is such that

> bjeq(@) =0 VgeM,_1,j€Z and
EEN;

K := sup Z bjel < o0,
jeZdﬁENj
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then
2

ST bef(€)| < const(d,n,r)K?|f|5. VfeH™

JEZLL |EEN;

The following is our preliminary error estimate.

Theorem 4.4. Let m/, k' be integers satisfying d/2 < &' < m/, and let Q be a subset of
R? upon which I, _1 is locally stable. There exists hg > 0 (depending only on m' and )

such that if = C Q satisfies h := h(E,Q) < hg, then

1Ma.n(9)ll,, < const(m’,Q)|g(h-)|

m! k'
forall g € Yy oo + Iy 1 which vanish on =.

Proof. Let cq, ha,rqg > 0 be as described in Definition 4.1 with ¥ = m/ — 1 and put
ho := hg. Let 2 C Q satisfy h := h(Z,Q) < hg, and suppose g € Y,,s ,or+1I1,,,_1 vanishes on
2. Let A denote the set of all j € Z® for which (j+C)Nh~1Q # 0, where C := [-1/2,1/2]¢,
and for each j € A, let z; € (j + C) N h~'Q be such that Mg ,(g); < 2|g(hz;)|. Since
IT,,/_1 is locally stable on €2, for each j € A there exists a finite N; C h™'EN (z; + roB)

and coefficients b; ¢ such that deNj bje| < cq and

q(z;) + Z bjeq(§) =0 for all ¢ € I, 1.
=

Put f := g(h-) and define f; € H™ by fii= XB/?' Put f, := f — f1 € H*. Note that

2 2 2 2
|g(h.)|m’,}<,’ = |f|m’,}<,’ = |f1|Hm’ + |f2|H”’ .

Since f(§) =0 for all £ € N}, we have

1Mo, n(9)lly, <4 [Fa)lF =4 |Fle) + Y f©)
jeEA jeEA EEN;

<8 Al + > A 48D |falw) + D f2(8)
JEA EEN; JEA EEN;

< const(m/, Q)(|f1|12qm, + |f2|fq,d) = const(m', Q) |g(h-)|72n,’n, ,
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where we have used Lemma 4.3 in the last inequality. U

5. An Error Analysis

Let ¢ be (m, k, k)-admissible with ' := |d/2] +1 < k and put m’ := max{[m|, [k], k +
1}. Note that for h > 0, ¢p, := ¢(-/h) is also (m, k, k)-admissible. Our error analysis will
apply to Tz 4 r when 0 < m < k and to Tx 4, » when m > k, where the dilation factor h
equals the fill distance between = and (2.

We will make use of several relations involving semi-norms of the form [-[,, = which we

prove in the following two lemmata.
Lemma 5.1. If0 < h <1, then

19(h) | s pr < pr—dl? 19, for all g € Yonr

Proof. We first show that
(5.2) Wyt ot (ht) < WFw, . (t) for all ¢ € RE.

If |¢t| < 1, then
Wyt e (M) = B ™ < B 1™ = W, (1)
While if 1 < |¢t| < A7, then
Wt o (BE) = K™ ™ = B [E]™ ™ Wi e () < W W e (£).
Finally, if [t| > h~!, then
Wt s (ht) = B = B[] W () < B0 (2)

which establishes (5.2). Now if g € EN/m,,g, then

|g(h")|m’7m’ = h_d H/g\|(/h)wm’,n’

|0 = B2 G (), < B2 gl

by (5.2). O
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Lemma 5.3. If m > & and v € R satisfies kK < v < m, then for h > 0 the following hold:

(2) % F(h) e < |flg, < ALF (B, for all £ € Yo .

(@) (A S KTV, for all f €Y,

m,k —

Proof. For f € ?m,,g, we have |f ()], . = h—d Hﬁ(-/h)wm,m

, while
Ly

:h_d ﬂ(/)

h
|f|¢h = — — .
Vhid )|, o,

We then obtain (i) as a consequence of (1.5). For (ii), we first note that wy, ,,(ht) < h7|t]”

m,Kk ht m— . .
for all t € RY. Indeed, if |t| < h™1, then MTS) = A" |t|™77 < h7; while if |t| > b1,
m,K ht K— %
then wTé) = h"[t|"7 < hY. Thus, for f €Y, ,,

) = B [ R/

o _ p—d/2 Hﬁwm,n(h')‘

2

< W= R = w2,

OJ
The following is our main error estimate.

Theorem 5.4. Let ¢ be (m,k, k)-admissible with ' = |d/2| +1 < K and put m’ :=
max{[m], [k],k+1}. Let Q be a bounded subset of R? upon which Il,,_1 is locally stable,
and let hy € (0,1] (depending only on Q@ and m') be as in Theorem 4.4. Assume that Z is
a finite subset of Q satisfying h := h(Z,Q) < hy.

If0<m <k and f € Yy, x + I, then

| Ma.n(f — s)||£2 < A2const(m/, Q)h"‘_d/2 |f|m,,<, forall s € Tz ¢ 1 f.
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If k <y <mand f €Y,, + 1, then

[Mao,n(f =), < A2const(m’, Q)hY~ 2 |fl,, forall s € Tz ¢, kf.
Proof. For the sake of brevity, let us use the abbreviation ¢ = const(m/,2). We consider
first the case 0 < m < k. Assume f € Y, o +II; and s € Tz 41 f. By Theorem 3.7,
s € Y, + 11, and |3|¢ < |f|¢. Since £ < Kk, m < m’ and k < m/ — 1, it follows from (2.4)

that g := f —s € Y1 v + 1L,/ 1. Since 9z = 0, we have by Theorem 4.4, Lemma 5.1 and

(3.2) that
Mo (f = 9, < elg(h)r o < ch2]gl,, < Ach=2g|,.
Employing the inequality [g[, < 2|f|, and (3.2) yields
[Mon(f =), < Ach™¥?[f|, < A%ch™=¥2|f|, .

Next we consider the case m > k. Assume k <y <m, f €Y, +1I; and s € Tz 4, »f-
By Theorem 3.7, s € Yy, . + II; and |s|¢h < |f|¢h. Since k¥ < kK < v < m < m and
k <m' —1, it follows from (2.4) that g := f —s € Yy sor + Iy —1. Since 9|z = 0, we have

by Theorem 4.4, (2.3) and Lemma 5.3 (i) that

1Mo, (f = 8)lly, < clg(h)lp p < clg(he)ly, . < Aclgly, -

Noting that |g]| o <2 |f] 4, and employing Lemma 5.3 yields

1Man(f =)y, < Aclfly, < A%clf(h)l,,,. < ACRTV2fL .



22 ERROR ANALYSIS FOR RBF INTERPOLATION

We conclude this section by explaining how Theorem 1.8 and Theorem 1.10 follow from
Theorem 5.4 in the special case when  C R? has the cone property. In this case condition
(3.6) will be satisfied provided & is sufficiently small, and hence by Theorem 3.5, T= 4 i f

and Tz 4, 1 f each contain exactly one element. Moreover, as explained in section 4, II; is

locally stable on € for all /, and we have the inequality
1F = sl @ < hY? IMan(f =9, , 2<p<oo
For 1 < p < 2, since 2 is bounded we have
1 = sllz, 0y < const(Q)[If = sll 1, q) < const( QY | Mo, (f = 5)]l,,

With these observations and noting that W4 is continuously embedded in Y;, ,, and W3
is continuously embedded in Y, ., one easily deduces Theorem 1.8 and Theorem 1.10 from

Theorem 5.4.

6. The case when () is a sphere

In this section we consider Theorem 5.4 in the special case when €2 is the sphere %1 :=
{r € R? : |x| = 1}. We begin with the task of showing that IIj is locally stable on S%~!

for all nonnegative integers k. Put

Qr == {q €I} : (S 1) = {0}}, and

Py, :=span{()* : |a| < k and a1 € {0,1}}.

The space Py serves (see [6, p. 23]) as a convenient ‘representation’ for the restriction of

II; to the sphere S ! in the sense that Pk| = Hk| and dim P, = dim Hk| It
gd—1 gd—1 gd—1

follows from this that Il = Q & Px. The following result was proved by Golitschek and

Light [6, Th. 1.4].
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Theorem 6.1. For each k € Ny, there exist constants c, hg,r > 0 (depending only on d
and k) such that if = C S satisfies h := h(Z, S 1) < hy, then for all z € S, there
exists N C EN (v + hrB) and scalars {b¢}een, with 3 ecpr |be| < ¢, such that
(6.2) p(z) + Z bep(€) =0 for all p € P
£e=
It follows immediately from this that I is locally stable on S?~! because the equality
in (6.2) in fact holds for all p € ITx. Indeed, if p € I, say p = p1 + p2 with p; € Qf and
p2 € Py, then p(z) + 3 ¢z bep(§) = p2(x) + D ez bep2(€) = 0, since py vanishes on Sa-t,
Let w denote the usual measure on S9~1, and let C' := [~1/2,1/2)? be the unit cube
in R?. It is our desire to estimate the Lp(Sd_l, w)-norm of the interpolation error f — s;
however, the error estimate in Theorem 5.4 is an estimate on [[Mq s (f — s)[,,- In order
to relate these, we note that the w-measure of S%~1 N h(x + C) is bounded by a constant

multiple of A%~1; that is,
w(S N h(z + C)) < const(d)h! for all h > 0,z € R?.

Thus, since f — s € C(R?), we have

1 = sllg, sty = 2 1F = sllz, sa-2nggs0ran],
p

< const(d) HJ = WD F — 5]l sam1mng40yw) .

< const(d)h @ D/? || Mo (f — s) for 2 < p < oo.

e, »

Consequently, Theorem 5.4 specializes to the following result.

Theorem 6.3. Let ¢ be (m,k, k)-admissible with ' := |d/2]| + 1 < k and put m' =

max{[m], [k],k + 1}. Let Q be the sphere S*=', and let hy € (0,1] (depending only on d
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and m') be as in Theorem 4.4. Assume that 2 < p < oo and that = is a finite subset of
Sa=1 satisfying h = h(Z, S471) < hyg.

If0<m <&k and f €Yy, + 1, then
1f = slln, (sa-1.0) < A2const(d, m')hr+(d=1)/p=d/2 [l forall s € Tz p i f.
Ifk<vy<mand f €Y, + 1, then

1 = sllp,(ga-1 0y < A2const(d, m/)hyH(d=1)/p=d/2 |fl, forall s € Tz ¢, i f.

7. Concluding Remarks

The first error estimate in Theorem 5.4 is actually more general than it appears at first
glance: If g is any function in Yy, , +II; which happens to vanish on =, then s = 0 belongs

to T= ¢ g and hence the conclusion of Theorem 5.4 becomes
(7.1) 1Mo n(9)l,, < const(m!, Qn*=%2|g|,, .

To illustrate the usefulness of this viewpoint we sketch how it can be used to obtain error
estimates under weaker assumptions than those of Definition 1.4. Let k € {—1,0,1,2,...}
and ¢ € Ry, with $| € C(R?\{0}). In place of the first condition of Definition 1.4, we
assume that |-|2(k+1) <$| is integrable over the ball B; while in place of the second condition

we assume that

0<d(t) <A™, teRN\{0},

for some real constants A > 0 and x > |d/2] + 1. Note that this latter condition is simply

the left side of condition (1.5). We assume the third condition of Definition 1.4 without
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modification. With |-, as defined in (3.1), the space X which Light and Wayne construct
can be equivalently defined as the space of all tempered distributions f such that @ is
locally integrable on RY, for all |o| = k + 1, and | fly < oo. With k" := max{k, [ —d/2]},
it is easy to verify that X C Y . + Il and |f|n,m < A|f|¢ for all f € X. Moreover,
Theorem 3.5 and Theorem 3.7 remain valid (with Y;, . + IIj replaced by X), and we note
that if f € X and s € T ¢ 1. f, then g := f — s belongs to X and vanishes on =. Applying
estimate (7.1) in conjunction with the inequality |g|, . < A|f — s|, < 2A4|f][, then yields

the following result.

Theorem 7.2. Let k, k, ¢, X, and k' be as above, and put m' := max{[k], k" + 1}.
Let Q be a bounded subset of R* upon which I,y is locally stable, and let hy € (0,1]

(depending only on Q and m') be as in Theorem 4.4. Assume = is a finite subset of Q

satisfying h := h(E,Q) < ho. If f € X, then
[Man(f—s)ll, < Aconst(m/, Q)hr—4/2 |fly for all s € Tz ¢k f-

Another aspect of the error estimate in Theorem 5.4 which warrants mention is that
the estimate’s dependence on ¢ is confined to the constant A. Consequently, the error
estimate may still be useful when ¢ depends on h provided that one has a good estimate
on A. To illustrate this, we consider T= 4 1 f assuming that ¢ is (m, s, k)-admissible with

m > Kk > |d/2] + 1 (which is not a case explicitly addressed in Theorem 5.4). We define

w(h) — h—d—m—n¢(h_)

=)
=

and note (for fixed h > 0) that ¢(*) is (m, x, k)-admissible and that Tx= 4 5 f = T ot
h
It is a straightforward matter to deduce from (1.5) the inequalities

1 1

_ (h) d
Q) Wiy (1) < {b\(h)(t) < AWy, o (t) for almost all ¢ € R?,
|
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where A = p(x=m)/2 4 Applying Theorem 5.4 to T- P i then yields the following
=¥ >

result.

Theorem 7.3. Under the hypothesis of Theorem 5.4, if k < v <m and f € Y, 5 + II},

then

[Mon(f —s)ll, < AZconst(m', Q)prty—m=d/2 |[fl,,, foralls € Tz ¢ i f.

Note that the exponent of h, kK + vy — m — d/2, is strictly less than k — d/2 and hence

the obtained rate of convergence is not ‘optimal’ relative to the given information f|: and

the assumption that f €Y, , + IIj.

—

9.

10.
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