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Summary Given a Hamiltonian dynamics, we address the question
of computing the space-average (referred as the ensemble average in
the field of molecular simulation) of an observable through the limit
of its time-average. For a completely integrable system, it is known
that ergodicity can be characterized by a diophantine condition on its
frequencies and that the two averages then coincide. In this paper, we
show that we can improve the rate of convergence upon using a filter
function in the time-averages. We then show that this convergence
persists when a numerical symplectic scheme is applied to the system,
up to the order of the integrator.

Key words integrable Hamitonian systems — averaging — filtering
— Riemann sums — symplectic solvers — invariant tori

1 Introduction

Consider a Hamiltonian dynamics in R? x R?

{P(t) =~V H(p(t),q(t)), p(0) = po, 1)
q(t) = VpH(p(t),q(t)), 4(0) = qo.

Let M(po,qo) be the manifold {(p,q) € R**|H(p,q) = H(po,q0)}-
The solution of (1) is a dynamical system on M (pg,qo) with the
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invariant measure

do(p, q)
dp(p, Q) S T—— T
IVH (p,q)|,
where do(p, q) is the measure induced on M (pg, qo) by the Euclidean
measure of R??, and | - || , the Euclidean norm in R24,

It is a common problem to estimate the space average of an ob-
servable A over the manifold M (pg, qo)

St po.ao) AP, 0)dp(a, )
fM(po,qO) dp(q’ P)

through the limit of the time average

(2)

1 (T
Jim 2 [ A, a0 (3)
where (p(t),q(t)) is the solution of (1). Our wish is here to give a
sound ground to (and in some cases improve [4]) the numerical sim-
ulations of (3) commonly used in the field of molecular dynamics.

The conditions under which the two quantities (2) and (3) coin-
cide are not known in general and it is out of the scope of this paper
to investigate them. In contrast, in the case of an integrable system, a
well-known result of Arnold [2] states that, under a non-resonant con-
dition on the frequency vector associated with the initial condition,
the space average of a continuous function on the manifold

S(poq0) = {(p.q) € R x R?;
Ii(p,q) = Ii(po, q0); - - - La(p, @) = La(po,q0)}, (4)

where I, ..., I; are the d invariants of the problem (1), coincide with
the long-time average of this function. Moreover, if the frequencies
satisfy a diophantine condition, the convergence is of order 7~!. Inte-
grable and near-integrable systems under some diophantine condition
will thus constitute a natural framework for the present work.

In the following, we consider a completely integrable Hamiltonian
system (1) in the sense of the Arnold-Liouville theorem [2,5]: There
exist d invariants Iy = H, I5,...,I; in involution (i.e. their Poisson
Bracket {I;,I;} = 0) such that their gradient are everywhere inde-
pendent, and the trajectories of the system remain bounded. Under
these conditions, there exist action-angles variables (a,f) in a neigh-
borhood U of S(po,qo). We have (p,q) = ¢(a,0), where 9 is a sym-

plectic transformation

¥ :DxT?3 (a,0) — (p,q) €U,
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with T¢ = (R/27Z)? the standard d-dimensional flat torus, and D a
neighborhood in R? of the point ag such that (ag,fo) = ¥~ (po, qo)-
By definition of action-angle variables, the Hamiltonian H (p,q) of
(1) writes H(p,q) = K(a) in the coordinates (a, ), and thus the
dynamics reads

a(t) =0,

60— et ®)
where w = 0K /0a is the frequency vector associated with the prob-
lem. The solution of this system for initial data (ag, 0y) simply writes
a(t) = ap and 0(t) = w(ag)t + bp.

For fixed (ag,09) = v (po,qo), the image of S(pg,qo) by ¥~ is
the torus {ap} x T¢. On this torus, the measure df is invariant by
the flow of (5). Considering the pull-back of this measure by the
transformation 1, we thus get a measure du(p,q) on S(pg, qo) which

is invariant by the flow of (1). For any function A(p,q) defined on
S(po,qo) we define the space average:

fS(po,qo) A(p, q)du(p, q) 1
Js(po.a0) WP; @) (2m)d

(4) = TdAcwb(aoﬂ)dH (6)

For a fixed time T', the time average is defined as

T
7 [ A0 (7

In a first step, we will investigate the extent to which the conver-
gence of the time average (7) toward the space average (6) can be
accelerated through the use of weighted integrals of the form

Jo o(F)Ap),q(t))dt
Jo @ (F)dt

where ¢ is a smooth function with compact support in [0, 1] (later
on, we will refer to ¢ as the filter function). In a second step, we
will consider the time-discretization of (8), i.e. the discretization of
both the integral through Riemann sums and the trajectory with
symplectic integrators. In particular, we will derive estimates of the
convergence with respect to T and the size h of the time-grid, which

are in perfect agreement with the numerical experiments conducted
in [4].

(A)p(T) = : (8)
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2 The complete analysis of the d-dimensional harmonic
oscillator

In this section, we illustrate the main ideas of the paper in the rather
simple situation of the d-dimensional harmonic oscillator, where most
of the analysis can be conducted in an explicit way. Hereafter, H(p, q)
is thus the Hamiltonian function from R? x R¢ to R defined as

d
Z Widi + PR)s (9)
k=1

MI}—A

and the corresponding dynamics is governed by the equations

e =—Wigk . _ g
qr = Dk’ ’ ’

The exact trajectory lies on the d-dimensional manifold S(pg, qo) de-
fined by (4) where the Ix(p,q) = %(wiqz —|—pi) are the conserved
energies of the d oscillators. Hence, denoting r,g = /2Ix(po, q0),
k=1,...,d and z = (w1q1 + ip1,...,w4qq + ipq) the aggregated
vector of rescaled positions and momenta, the exact solution is of the
form

2(t) = (T?ei(wlt‘f'(bl)’ o 77agei(w(it+¢d)> 7 (10)

where ¢ = (41, ...,¢4) depends on the initial conditions (pg,qo). As
a consequence, the space average (6) we wish to approximate may be
written here as:

L ee
) = Gz [ (40 O)".0)as

where ©(r0,0) = (5 cos(01), 79 sin(01), . ., 2L cos(0a), 7 sin(04)). As
for the time-average (7), it reads:

T
(AN(T) = %/O (Ao O)(r® wt + ¢)dt

In order to estimate the rate of convergence of (7) toward (6), we
expand A o © in Fourier series (the conditions under which this ex-
pansion is valid will be detailed in the following sections):

(AoO)(r,0) = Z A/o\@(ro,a)em'e,

a€Zd
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where -0 = a1 01 + ... + a4 0, and with:

. 1 .
AoB0% ) = s [ (40O 007

In particular, m(ro,O) = (A). Hence, we have:

[(A) = (ANTD)] < =

15000,
1 Z 2|A o0 O(r?, )|. (1)

~

a - w|

a€Z, a#0
This infinite sum can then be bounded if we assume, on one hand,
that the vector of frequencies w = (w1, ...,wq) satisfies Siegel’s dio-
phantine condition

Iy,v>0, VaeZd |a-w >, (12)

and on the other hand, that the Fourier coefficients decay sufficiently
rapidly. This relatively poor rate of convergence (1/7') may now be
considerably improved by considering iterated averages of the form:

T T
(A)p(T) ::%/O /0 (Ao @)%, (ty 4 ... +tp)w + @)dty ... dty.
(13)

Using Fourier expansions as in (11), we indeed obtain in a very similar
way the following error estimate for (13):

1 Z 2lm(r0,a)\

o w|®

, (14)
a€Zd, a#0

and under slightly more stringent bounds on the |A/o\@(r0, a)l, (14)
leads to a rate of convergence of 1/T%. Inspired by these computa-
tions, and noticing that (13) is a special case of (8) (more precisely
(A)p(T/k) = (A),(T) with ¢ = ngfl/k}, the k*-convolution of the
characteristic function of [0, 1/k]), we will consider in the sequel more
general filter-functions and demonstrate that the rate of convergence
can be further improved.

Now, a natural question that arises is whether the techniques ex-
posed above are amenable to numerical computations, when both
the trajectory z(t) and the integrals (7) or (13) are approximated
using numerical schemes. In the case of the harmonic oscillator, it
turns out that the numerical trajectory z"(t,) (i.e. the approxima-
tion at time ¢, = nh of z(t,)), as soon as the underlying scheme is
a symplectic (or symmetric) Runge-Kutta method [3], may be inter-
preted as the exact solution of a harmonic oscillator with modified
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frequencies wZ = wrO(hwy). In particular, the numerical trajectory
lies on the same manifold S(qo, po) as the exact one. For the velocity-
Verlet scheme, the numerical trajectory would lie on an invariant
torus O(h?)-close to S(qo,po). This situation is more typical of what
happens for general integrable Hamiltonian systems. In our situation,
we have:

)

P (ty) = (Ttl)ez'(m@(hwl)tnml)’ - ’Tgei(wde(hwd)tnwd))

where © is a smooth function defined by

R(iy) — R(—iy) >
(R(iy) + R(—1iy)) )’

R(z) being the stability function of the method (in fact, © is real-
analytic as soon as R has no pole on the imaginary axis and satisfies
O(y) = 1+ O(y") where r denotes the order of convergence of the
Runge-Kutta method). As a consequence, the Riemann sum associ-
ated with (13) (note that (15) with & = 1 corresponds to (7)) reads,
for T'=nh, n €N,

Oy) = larctan (
Y i

) 1 n—1 n—1
(A)e(T) = F Z e Z (A0 ®)(r®, (j1 + ...+ jr)hw O(wh) + ¢),
=0 jr=0
(15)
where wO(wh) = (w1O(w1h),...,wiO(wgqh)), so that using once again
Fourier expansions, we get straightforwardly:

einha(WO(wh)) _ k

() (M < S [Ao860,a)

a€Zl, a#0

etha (wO(wh)) _ 1

(16)
Bounding the above infinite sum now requires to bound the term
le™* —1|/|e"* — 1| for x of the form = = ha - (wO(wh)). To this aim,
we use the following two inequalities

inz_l 1
ElCOax0>Oa Vn € N’ V|ZC|§IE0, ez _ ‘ Scoma (17)
einm_l
Vn € N, Vz € R, |— ‘ <mn, (18)
etz _

according to whether |z| is small (17) or not (18). The bound we are
looking for is now based on the following lemma:
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Lemma 1 Assume that the vector of frequencies w satisfies the dio-
phantine condition (12) and the Runge-Kutta method is of order r.
Then, there exist strictly positive constants ¢ and hg such that

Vh<hy VaeZl, |a-(Owh)| <7 lal = Ja| = ch T,

Proof. Assume that there exists o € Z% such that
- @OWh)| < % lal™.

Then, from O(hwg) = 1+ O(|hwg|"), we obtain for h sufficiently
small:

2lal™ = |w-al = Claf |hwl',
> 9lal™ = Cla] |hwl',

where C' is the strictly positive constant contained in the term O
(note that if @ = 1, although the constant C' is zero, there is no «
violating condition (12) and the lemma remains valid). Hence,

1

0% _ \ vt
> BT .
‘“-(mwv )
| ]

But for |a| < c¢h™"/“+1) we have |ha - wO(wh)| < eh' /D for a
constant ¢ independent of h. Hence if v > r—1, then for small enough
h we have |ha - wO(wh)| < ¢y defined in (17). Now we can split the
sum in (16) into

AoO(r° O
Z |AoB(r°, )| nkhkla - (wO(wh))[k

__r_
1<]a|<ch v+1

+ Y 4060 ). (19)
|a|>ch ™ 7T

Using the estimate of Lemma 1 for the first term and assuming that
the Fourier coefficients decay sufficiently rapidly, it then follows that

; 1
() = (D) =0 (7 +17). (20)
This seems to be the best possible estimate attainable, since the
term in 1/T* is the intrinsic error component of the iterated-average,
whereas the term A" inevitably comes into play when using a numer-
ical scheme of order r. It is worth noticing that there is no secular
component in the numerical error A" owing to the symplecticity
of the time-integrator.
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Our aim in next sections is now to prove estimates that generalize
(20) in the following two directions:

1. for filtered-averages with general filter functions;
2. for integrable Hamiltonian system with bounded trajectories.

3 Approximation of the average: The continuous case

The function ¢ considered in Formula (8) is somewhat arbitrary. The
most commonly used function in practice is ¢ = 1, which corresponds
to the usual time-average as defined in (7), for which convergence
when T tends to infinity is rather slow (with rate 1/T"). For the
harmonic oscillator, we have seen that the use of iterated-averages
(which can be seen as a special case of filtered-averages) allows for a
significant acceleration of the convergence. Theorem 1 below shows
that with increasingly smooth functions ¢ satisfying appropriate zero
boundary conditions, it is possible to improve the rate of convergence
to 1/T* for any integer k£ > 1, not only for the harmonic oscillator,
but for a general integrable Hamiltonian system. It is then natural to
investigate what happens in the limit when k tends to infinity. To this
aim, we shall consider, as an example of infinitely differentiable func-
tions ¢ with compact support [0, 1] that satisfy ©*)(0) = ®)(1) =0
for any k € N, the function ¢ defined below:

€:[0,1] — [0, +o0]

T exp <ﬁ> (21)

In the sequel, we shall assume that the estimates

1
I, = /0 €0 @)lde < 5"k, (22)
Hf(k)HLoo = sup |[€W)(z)| < puBFE, (23)
z€[0,1]

hold for some strictly positive constants u, 8 and §. The existence of
such constants will be shown in Lemma 3.

Theorem 1 Consider the completely integrable system (1), and as-
sume that the diophantine condition (12) is satisfied for w(ag) defined
in (5) by the initial condition (qo,po), with (qo,po) = ¥(ag,by). Con-
sider a function A € CO(R?,RY) (the observable). Recall that to this
function we associate the space-average (A), the time-average (A)(T')
and the filtered time-average (A),(T') respectively defined in (6), (7)
and (8), where ¢ € C°(0,1) is a filter function (assumed to be posi-
tive). Then we have the following convergence estimates:
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1. If A is real analytic on R x R%, then there exists a constant c
depending on A, d, v and v such that

C
— < .
(ANT) — (A < &
2. If ¢ is CF1(0, 1) with ) (0) = U)(1) = 0 for allj =0,. .., k-1,

and if A is real analytic on R x RY, then there exist positive
constants ¢y and R depending on A, ¢, d, v and v, such that
(here v € N, though a similar formula holds for general v using
the I' function)

(A)o(r) — () < PR D H D)
(™ (O] + @ W) + *D] 1)
el '
3. If € defined in (21) is taken as the filter function and if A is real

analytic on R% x RY, then there exist strictly positive constants c1,
k and p depending on A, d, v and vy, such that

[(A)e(T) — (A)] < cre T

Proof. Statement 1. is proved in Arnold [2]. It may also be obtained
as a special case of 2. with ¢ = 1. Now, if A is real-analytic on R?xR?,
then so is A o ¢ on the d-dimensional torus T¢ and we can expand it
as a Fourier series

(Aogp)(ag,a) = » Aot(ag,a)e™?,
aeZd
with exponentially decaying coefficients:
—_ lof
Va € 2%, [As p(ag,a)] < Ce™ &,

where C is a strictly positive real constant. The integral over T¢ of
the first coefficient of the series (v = 0) is straightforwardly identified
as the space-average

m(ao, 0) =

@ /Td(AO?/))(ao,H)dH.

Writing fOT o(%)dt = Tlell;, = x !, the error can be computed as
follows:

T
(Ap(T) —(A)=x Y Aog(aga) / (%)eia-(eothw(ao))dt(M)

a €72, a0

=X Z Ao¢(a0, )za@o /Tw(i)eit(a-w(ao))dt_

0 T
a €72, a#0
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Now, the running term of the series can be integrated by parts

t\ it(a-w(a T
/T¢(£>eit(a-w(ao))dt _ @(.T)e t(evw(ao))
0 T i(or - wlag)) )

1 (1) ittestao)
- Z ) gitlerw(an)) gy
Té(a-w(ao))/o ? (T)e

Integrating repeatedly by parts, this last term writes

i(a - w(ag)) Ti(a - w(ao)) Jo T

_ _ (_1)k r l it(a-w(ag
S (Ti(a-w(ao)))k/o w(k)(f)e el

and eventually,

T k
1 gitlawlao)) gy (=1) T[ ® (L it(a-w(ao)):|
J, #(z) iy 1 (T :

k T
B (—1) - / (P(kJrl) (i) ez’t(a-w(ao))dt.
(Ti(a - (@) Jo T

Inserting this expression in equation (24) and taking the moduli of
both sides, we finally get the bound

At — () < PO PO WL )
P >

T

Tl
Z |Ao(ag, o)l
)

€7, a0 - w(ag)|**

It remains to justify the convergence of the series considered above
(and to bound its limit) This is a consequence of the diophantine

condition |a - w(ag)| < ‘a|y, which gives here

14 0 Pag, )| _iet (o VY
Z )‘k—f—l < Z Ce 1/y ’

a€Zd, a#0 ’Oé w(ao a€Zl, a#0

ol ’a‘ V(k;+1)
< Cn’/(k"'l) Z e C < ) .

1/v
a€Zl, a#0 m
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We now take n = 721% so that 1/(yY*n) = 1/(2C) and we obtain:

3 %“O’Zﬂ <O Wk + 1)+ 1)1 Y s,
a€Zd, a0 |- w(ag))] aezd

C(2c)u(l€+1) (SC)d
< rYkJrl

(w(k+1) + 1),

where we have used 2" < e*(n + 1)!. Statement 3. is a consequence
of Statement 2. with a suitably chosen k: since £¥)(0) = ¢®)(1) = 0
for any k € N, we have indeed that for all k& > 0:

r1

() — (A)] < en () b+ 1P S k1) + 1)1

with ¢; = cop and 7 = R, p and (3 being the constants of (22).
Now let U be the nearest integer to v toward infinity. This gives:

~U

k+1
[(A)e(T) = (A) < ar (ﬁTy > (k 4 1)+ (E+1)

< cref D),

where f(¢) = ([log(r17”/T) + (6 + #)log(¥)]. The minimum of f for

. : . L7 Y@+ :
positive £ is attained for £ = (TIDD) and is worth
6+0) ( T \T
fmin = - =5 .
e ™V

Remark 11In the proof of Theorem 1, one gets ¢g = C(8C)¢, R =
(2C) /7y, c1 = pcy, kK = —(0 + ﬁ)eilﬁfﬁ%é and p = (0 + ), where
U = v+ 1. The values of these constants rely heavily on the sharpness
of estimates (22) and it is likely that they might be improved. Nev-
ertheless, the convergence behavior would be essentially the same for
large dimensions: even if £ was analytic, one would get p = 1+v. More
noticeably, since almost all frequencies w(ag) satisfy the diophantine
condition for some y as soon as v > d— 1, we may think of ¥ as being
d and thus ¢ as being approximately 1 + d. The rate of convergence
thus directly depends on the dimension of the phase-space.

4 Semi-discrete averages

We now wish to investigate whether the estimates of Theorem 1 per-
sist when one replaces the integrals by Riemann sums. It turns out,
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quite remarkably, that its proof can be almost readily adapted, if one
assumes the additional non-resonance condition [5], i.e. if, given a
step-size h, there exist positive constants v* and v* such that for all
a € 7%, the following estimate holds:

1 — ela- hw(ag)

(> "ol (25)

Though this condition might appear very restrictive at first glance,
the probability of picking an h € [0, hy] violating (25) goes to zero
with hg, whenever the diophantine condition is satisfied, v* < v and
v* > v+ d+ 1. For a precise statement of this result, we refer to
Lemma 6.3. in Chapter X of [5] (see also [10]).

Theorem 2 Assume that the conditions of Theorem 1 and condition
(25) are satisfied and let T = nh > 0 for a given integer n > 2. Let
us further define the Riemann sums corresponding to the continuous
time-average

n—1

(AYH(T) =~ > Ala(Gh), p(ih)),

§=0
and the filtered time-average
Y120 p(£)Alq(in), p(ih))
i e(L) ’
where ¢ € CY(0,1) is the filter function. Then we have the following
convergence estimates:

(A)F(T) =

1. If A is real analytic on RY x R?, then there exists a constant c*
depending on A, d, v* and ~v* such that

[(4)1(T) = (4)] <

N

2. If ¢ is CF1(0, 1) with 9 (0) = U)(1) = 0 for allj =0,... k-1,
and if A is real analytic on RYxRY, then there exist strictly positive
constants ci and R* depending on A, ¢, d, v* and v*, such that

ey (ROFFLER (% (kb + 1) + 1)!
Tk+1

(™ O + l® @) + o™ )
el

[(A)g(T) = (A)] <
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3. If & is taken as the filter function and if A is real analytic on
R? x R?, then there exist strictly positive constants ci, kK* and p*
depending on A, d, v* and ~*, such that

(D)~ (A)] < e

Remark 21In the proof of Theorem 2, one gets ¢ = 2e2C(8C)4,

R = (2C)" /7", ¢ = pch, w* = —(0 + 1+ )~ (5*) 75577 and
p* = (04 1+ 0*), where o* = v* + 1 and where

-1

n—1
e = Il sup | > (1/n)eli/n)
n> j=0

It is worth noticing that these constants do not depend on the step-
size h.

Proof. Statement 1. is a special case of Statement 2. with ¢ =
1, so that we focus on the error estimate for the filtered average.
Expanding (A o %) in Fourier series as in Theorem 1 and denoting

Sp = Z?;&(l/n)go(j/n), we have:

. 1 — .

Rie _ i(a- 6

(WFT) — ()= = D Aod(an,a)e@
a €74, a#0

n—1 .
J\ ia- jhw(ao)
X = .
D¢ ( n) g (26)
J=0
We use the following result, whose proof is given in Appendix:

Lemma 2 For a given filter-function o in C*+1(0,1) with ©U)(0) =
0@ (1) =0 for all j =0,...,k —1, and a given integer n > k + 2,
let ; be the real numbers defined by p; = ¢(j/n) for j =0,...,n. If
b # 1 is a complex number of modulus 1, then we have the estimate

. 22k () (k) (k+1)
> e\ < g (PP O P01+ 16 )
0<j<n—1

Using this lemma with b = ¢/*(20) we obtain:
i 2e2kF
(AET) —(4)] < rg (PO + P W1+ ). )
Ce~lel/C

X Z ’1 _ eia-hw(ao)’kJrl
a €74, a0
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We now use condition (25) and obtain:

—|a/C v*(k+1)
Z Ce h k+1 S lgkl Z e_‘O‘VC‘a’ *\k+1
T ok |1 — et w(a0)| + h TN (v*)
c(20 v*(k+1) ()4 §
e 1)+ 1L

This proves Statement 2. Statement 3. can then be obtained as in
Theorem 1. |

5 Fully discrete averages

We now consider a symplectic discretization of the exact trajectory
of (1). Two types of results exist, according to whether we use results
on invariant tori of symplectic integrators [6,5] or ultraviolet cut-
off theory [1,5]. Given that the strong non-resonance condition (25)
already appears for semi-discrete averages, we will only detail results
using KAM tori in the spirit of [5,10].

In action-angles variables, the Hamiltonian H(p,q) = K(a) de-
pends only on a. Without loss of generality, we may assume that
ag = 0, so that we can write

1
K(a):c+w-a+§aTM(a)a,

where w = w(0). We assume that M is non degenerate in the sense
that

Ja>0, [[M©O)vfl >afv| for veR?, (27)

so that Kolmogorov-Arnold-Moser theory can be applied (see [6,7,1,
8]).

We consider a symplectic integrator @5 of order r applied to the
problem (1) with a stepsize h. The numerical solution is written
(Pnsqn) € R for n > 0. For a function A defined in a neighbor-
hood of S(pg,qo) and for T = nh, we define the filtered numerical
time-average

300 ¢(£)Alg),p;)
>0 #(2)

Under these conditions, we can apply Theorems 6.1 and 6.2 of [5] (see
also [9,10]): For small enough h, there exists a symplectic analytic

(A)gh(T) = : (28)
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transformation 1y, : (b, ¢) — (a,0), O(h")-close to the identity, such
that 1, ' o @y, 0 Yy, : (b, ) — (b, ) is given by

05,
0o

IR "N N N
(b,3) and &= +h—"(b,3)

b=b—h
ob

with )
Sn(b, @) = en+w - b+ 5bT My (b, )b,

where ¢;, € R and Mj, is analytic and bounded with respect to h. In
coordinates (b, ¢), we thus have

Uy o B oty : (byp) = (bp + hw) + O(h|b]]) (29)
Based on this transformation, we have the following result:

Theorem 3 Consider a symplectic integrator @ of order r and of
stepsize h applied to (1) under the conditions of Theorem 1. Assume
that (27) holds, and suppose that w and h satisfy the conditions (12)
and (25). Then we have the following estimates:

1. If @ is O with ) (0) = W) (1) = 0 for all j = 0,...,k —1
and if A is real analytic on R, then there exist constants C' and
ho depending on A, v*, v*, d, k, ¢, and there exist (po, o) in an
h"-neighborhood of (po,qo) such that if the numerical trajectory
starts with (po, Go), then we have

VYh<hy YT =nh>0, KAWWT%%AHgC(

p,h

)

(30)

2. If € is taken as the filter function, if A is real analytic, then there

exist constants C, hg, k and p depending on A, v*, v*, d, k, and

there exist (o, qo) in an h"-neighborhood of (po,qo) such that if
the numerical trajectory starts with (pg, qo), then we have

Vh<hy YT =nh>0, KAﬁﬁTywAﬂgc(f“”V+M>
(31)
Proof. Using (29), we have for all n
bt o B oy < (by9) = (b + nhw) + O(nh|b]))

Consider the points (b, p,) = 1/);1 0 Y~ (ppn, qn), and suppose that
the point (po, qo) is such that by = 0. Then using the previous formula,
we have

Vn>0, b,=by=0 and ¢, = py+ nhw.
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Now we have with S, = Zn__l 1/n) (3/n),

(A)J5(T) - nS Zs@ ) Ao o by, 0),

and using the Fourier expansion of Aopoy,

Ri . i . zoc- j hw
(A)J5(T) - s 3" Ao oyn(0,a)e %Z:@ e,
YA
As 9y, is an analytic function O(h")-close to the 1dent1ty, we have
A9 o u(0,0) = (A) + O,

and the Fourier coefficients A @? (0, ) decay exponentially with
respect to «, uniformly with respect to h. Thus the same proof as in
Theorem 2 shows the result. |

Remark 3 For the iterated averages, as defined in Section 2:

n—1 n—1
AR = o 3 S A k20, (32)

=0 jr=0

where J = j; + - - ji, we would get, using the result of Section X.4
in [5], and by similar computations as in (16) and (19),

(AR () — (4)] < © (— +h’"> (33)

over exponentially long time-interval.

6 Remarks on the implementation and numerical
experiments

Though optimal with respect to the rate of convergence, the filter
function £ does not seem to allow for the derivation of an error esti-
mate: Given that the values of the constant C' in (31) is out of reach,
the value of n for which

Z?:o e(j/n)A;

R? .=
nllell

n

becomes sufficiently close (up to user’s tolerance) to its limit as n goes
to infinity can not be determined in advance. An update formula for
R}, from n to n+1 thus appears of much use and this should guide the
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choice of . In order to get such a formula, we study the dependence
in T of

o) = [ (%) A0 a0

Differentiating with respect to T" leads to

a T
= oA - 7 [ 7 () A0.a0)dr30)

To be of practical use, it is thus necessary that x¢'(x) is of the form
ap(z) (where a is an arbitrary constant) so that (34) becomes an
ordinary differential equation for a(7"). The only admissible solutions
are thus monomials in z. We thus consider the following polynomial
filter functions

op(x) =2P(1 —x)?, peN. (35)
Denoting for p and n in N the elementary Riemann sums
=3 (3)' 4
7=0
it is easy to get the desired update formula

Sh=0and S, = A, +(1-1/n)PS?

n—17

n > 1.
Now, since

=, k(P _ @
ol = S0 () o and s = 5

the approximation we seek for can be obtained as the linear combi-
nation

L 2p+ g
R = 22 ;(—1)'“ (Z) sp.

|
n(pl)? &~
We now consider the application of our method to the 3-dimensional
Kepler problem with Hamiltonian
1

Vi + @+ a4
Besides the Hamiltonian, this system has three other invariants, the
so-called angular momenta

H(p.q) =pi +p3+p3 —

Ly = q2p3 — q3p2, Lo = qip3 — q3p1 and L3 = qap1 — q1po2,
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N Stepsize h=1 o Stepsize h=0.1
10 T 10 -
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f
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Fig. 1. Error in the averages for p = 1, 3,5 for the 3D-Kepler problem

and we shall denote L = \/L? + L2 + L%. Our goal is here to estimate
the average over the manifold

S ={(p,q) € R% Li(p,q) = L1(po, q0), L2(p,q) = La2(po. q0),
Ls3(p,q) = L3(po, q0), H(p,q) = H(po,q0)}

of the quantity r = \/q? + ¢3 + ¢3, for it is known to have the follow-
ing analytical expression

(ry = 34 2 H(po, q0) L(po, q0)*
4[H (po, qo)|

For pg = (0,1.1,0.5)7 and ¢y = (0.9,0,0)7 this leads to (r) =
1.376630029154519.

To this aim, we consider the Verlet method as basic step and use
the 8-order 15-stages composition of [11]. On Figure 1 are repre-
sented the errors [(r),, (1) — (r)| in logarithmic scale for two differ-
ent step-sizes. On the left of the figure, the three curves all reach a
plateau corresponding to the incompressible h-error term. Refining
the step-size removes this plateau (or at least shifts it to the left, see
the right graphics). In both cases, the predicted rate of convergence
in 1/TP*! is clearly observed (it corresponds to a slope of p + 1 for

©p)-

Appendix: some technical results

In this appendix section, we collect a few technical results used in the
paper.
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1
Lemma 3 Let £ be the function defined on [0,1] by &£(x) = e =0-2),
There exist strictly positive constants u < 1, 3 < (2/3 + 6)/e? and
0 < 3 such that the following estimates hold for all k € N*:

1@ = / €0 ()\da < iR,

€W = . |€(’“ (z)] < K",

z€[0

Proof. Looking for an expression of £()(z) of the form

P.(x) _
f(k)(x) = [Hl(gm(.)])%e

1
z(l—=x)
)

where IT(x) = (1 — ) and where P} is a polynomial, we easily find
the recurrence relation:
Py=1land Poyy =II' (1 —2kII) P, + PLII?, k>0,  (36)

We now look for bounds on balls B, of radius » > 0 and center
z=1/24 04 € C. The bounds for IT and II’ read

sup |IT(2)| < (r? +1/4), sup |IT'(2)| <,

z€B, r EBT
and the Cauchy integral representation of P; leads to

Ve >0, sup |PL(2)] < rte sup |Px(2)|.

z2€B; € ZGBT+€
Inserting these bounds in (36) we get:

sup |Pry1(2)| < r[k(2r? — 1/2) + 1] sup | Py(2)]
zEB, zEB,

r—+e
+(r? +1/4)° sup | Py(2)],
€ ZEBTJrE

< <r[k:(2r2 1) 4+ L

Denoting C(r, k, &) := r[k(2r® —1/2) 4+ 1] + £ (r? + 1/4)?, we finally
get

(r? + 1/4)2> sup | Py(2)].

ZEBTJrE

sup |Py+1(2)| < C(r k,e) sup |Pi(2)],
z€B, ZEBT+E

<C(r,k,e)C(r+ek—1,e) sup |Pr_1(2)l,

ZeBr+25

k
(H r—i-ia,k:—i,e)) sup  [Po(2)]-

2€Bry (kt1)e

IN
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A bound can then be obtained as follows: let g = _1*2"/5, €= % and
r = 1/2. Then it is easy to check that for all 0 < i < k, we have

1 e . €0 V3 . 1 .
—+i—,k— < —lk— 1 k 1
Clg i =i ) < Gl =it 1)+ kit L
S\/g2+3(k+1),
and hence,

k
<H C(r+ie, k — 1, g)> < [\/g; 3(k + 1)L

i=0
Taking into account that Py = 1, we obtain
3+3
Yk € N*, sup |Pu(2)| < [f; KE.
ZEBl/Q
1
It remains to bound We_ﬂl—x). Denoting Y = ﬁ, we have:
1
sup —————¢ *0-2 =supe * YF
z€[0,1] (11 (z)]2 Y>4
< e 2k(2k)!
k
4N\ ok
<(3)
|

Proof of lemma 2. Let us denote by V the operator of backward
divided differences defined by:

vj € {O n} v SOJ QO]’
vjie{m+1,.. n} Vg = Vi — V7.

The sum in the statement can then be written as
n—1 ' n—1 ' i n—1 '
doeitl =D VY Vit el
=0 j=1 =1 =0
1-b0" - b”

_ (PO_bn(Pn—l 1 )
I 1_62(%)”] -
J=1
n—1

k
mvm —b VMo 1 1 il
]:
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Denoting h = 1/n, it is well-known that, for alln — 1 < j > k + 1,
there exists (jr+1 € [(j —k — 1)h,jh] C [0, 1] such that we have:

Vi s = oD (¢ ) RA !

Hence, we can bound the second term in (37) as follows:

n—1

> (Ve < "D B — k- 2).

j=k+1
In order to estimate the first sum, we notice that, for 0 < m < k <
n— 2,
V" 0m = ) (G )™

for some (1 € [0, mh] and a Taylor-Lagrange expansion of @(m) (Cm,m)
at order k + 1 — m gives

Ck hk ® k+1 hk+1 (b+1)
m o m,m m,m +1

for some 7, € [0, mh] C [0,1]. Hence, we have:
k

b BRRE EL 1 — b
_ T ygm < oK) v i
> Ty e <100 Ol g ol
m=0 m=0
KEREFL &L |1 — b
D Loy
2 1= &= (m+1)!
e2kFhk

< () (k+1) ,
< g (PO + bl ) )
Similarly we have:
V™ 0n-1 = @™ (Go1,m) "™

for some (p—1.m € [1 — (m +1)h,1 — h] C [0, 1], so that

k

b" 2e2 Kk

V" 1| < ——— (o™ (D) + Al e* V|1 ) .

> g Vet | < g (01 + Al )

m=0

Gathering the contributions of all terms then gives the result. |
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