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Abstract Using techniques based on the continuous and discrete semimartingale
convergence theorems, this paper investigates if numerical methods may reproduce
the almost sure exponential stability of the exact solutions to stochastic delay differen-
tial equations (SDDEs). The important feature of this technique is that it enables us to
study the almost sure exponential stability of numerical solutions of SDDEs directly.
This is significantly different from most traditional methods by which the almost sure
exponential stability is derived from the moment stability by the Chebyshev inequality
and the Borel-Cantelli lemma.

Mathematics Subject Classification (2000) 60H10 - 65L.20

1 Introduction

Stability theory of numerical solutions is one of central problems in numerical analysis.
Stability analysis of numerical methods for stochastic differential equations (SDEs)
as well as SDDEs has recently received a great deal of attention. Due to the sto-
chastic nature, the stability concepts of numerical schemes for SDEs and SDDEs
include, for example, moment stability (M-stability) and almost sure stability (or
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682 F. Wu et al.

the trajectory stability (T-stability)). There is an extensive literature concerned with
moment stability (for example, [3,4,6-8,21,25] for SDEs and [2,18] for SDDEs).
Regarding the almost sure stability of numerical methods for SDEs, it was shown,
by the Chebyshev inequality and the Borel-Cantelli lemma, that the moment expo-
nential stability implies almost sure exponential stability under certain conditions (for
example, see [7,21]). Higham and his coauthors ([6,7]) directly studied the numerical
sequence and obtained almost sure stability by the strong law of large numbers.

Using the technique based on the continuous semimartingale convergence theorem
(cf. [9,12]), Mao developed in a series of papers (see e.g. [13—16]) the stochastic ver-
sions of the LaSalle theorem, from which follows the almost sure asymptotic stability
of SDEs and SDDEs. On the other hand, by the discrete semimartingale convergence
theorem (cf. [23,26]), the stability of stochastic difference equations has been exam-
ined, for example, by [22]. Noting that there are similar expressions for the continuous
and discrete semimartingale convergence theorems, [23] obtained the sufficient con-
ditions for almost sure asymptotic stability of both exact and numerical solutions of
linear SDEs. To the best knowledge of authors, there is no similar result using martin-
gale techniques for numerical solutions of nonlinear SDEs or SDDEs. This is the first
paper that uses the martingale techniques to investigate whether numerical methods
may reproduce the almost sure exponential ability of the exact solutions to nonlinear
SDDE:s.

Consider the following n-dimensional nonlinear SDDE

dx(t) = f(x(@),x(t — 1), t)dt +g(x(@),x(t — 1), t)dw(t), t>0 (1.1)

with initial data xg = £ € C?L-O([—t, 0]; R™), where xog = {x(#) : —t < 6 < 0},
f,8: CR" x R" x Ry; R") and w(t) is a scalar Brownian motion. For the purpose
of stability, we assume that (0, 0, 1) = g(0, 0, r) = 0. As a standing hypothesis, we
shall impose the following local Lipschitz condition (cf. [11,12]) on the coefficients

f and g.

Assumption 1 Both f and g satisfy the local Lipschitz condition, that is, for each
integer j > 0, there exists a positive constant ¢; such that

lfy. ) = fG,y. 0l VvIgk, y, 1) =g, y. Ol < cj(lx —x|+ [y =y (1.2)
for all + > 0 and those x, y, X, y € R" with x| V |y| V |X| V |[¥] < .
In this paper, we will address the following question:

— If the SDDE (1.1) is almost surely exponentially stable, will a numerical method
be able to reproduce this stability property?

We shall show that the Euler—Maruyama (EM) method (cf. [8, 10, 12]) will work under
an additional linear growth condition but we will demonstrate by a counterexample
that it may not work without the linear growth condition. Replacing the linear growth
condition with the one-sided Lipschitz condition, we will show that the backward EM
method is able to reproduce the stability property.
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Exponential stability of numerical solutions for differential equations 683

In the next section, we will give some necessary notations and state the continuous
and discrete semimartingale convergence theorems as lemmas for the use of this paper.
We will then discuss the almost sure exponential stability of the exact solution to Eq.
(1.1) and the almost sure exponential stability of the EM approximations in Sect. 3. In
Sect. 4, we will give a counterexample to show that the EM method may not be able
to reproduce the almost sure stability property without the linear growth condition.
In Sect. 5, we will discuss the almost sure exponential stability of the backward EM
approximations under the one-sided Lipschitz condition.

2 Notations and lemmas

Throughout this paper, unless otherwise specified, we use the following notations. Let
| - | be the Euclidean norm in R”. If A is a vector or matrix, its transpose is denoted by
AT If A is a matrix, its trace norm is denoted by |A| = \/trace(AT A) while its opera-
tor norm is defined by || A||. If A is a symmetric matrix, its largest eigenvalue is defined
by Amax(A). Let R4 = [0, 00), and let 7 > 0. Denoted by C([—z, 0], R") the family
of continuous functions from [—7, 0] to R” with the norm |¢|| = sup_, -y l@(0)].
Let C 3-0([—1, 0], R™) be the family of all Fy-measurable bounded C([—t, 0], R")-
valued random variables £ = {£(0) : —t < 6 < 0}. The inner product of X, Y € R”
is denoted by (X, Y) or XTY.

Let (2, F, P) be a complete probability space with a filtration {F;};>¢ satisfying
the usual conditions, that is, it is right continuous and increasing while F contains all
P-null sets. Let w(#) be a scalar Brownian motion defined on this probability space.

The following two lemmas will play important roles in this paper. The first one is
the continuous semimartingale convergence theorem (cf. [9,12]). The second one is
the corresponding discrete version (cf. [23,26]).

Lemma 1 Ler A(t), U(t) be two Fi-adapted increasing processes on t > 0 with
A0) = U(0) = 0 a.s. Let M(t) be a real-valued local martingale with M (0) = 0

a.s. Let ¢ be a nonnegative Fy-measurable random variable. Assume that X (t) is
nonnegative and

X(t)=¢+A@)—U@)+ M) fort =0.
If lim;_, o A(t) < 00 a.s. then for almost all w € 2,

lim X(t) <oo and lim U(t) < oo,
11— 00 1—00

that is, both X (t) and U (t) converge to finite random variables.
Lemma 2 Let {A;}, {U;} be two sequences of nonnegative random variables such
that both A; and U; are F;_1-measurable fori = 1,2,...,and Ay = Uy = 0 a.s.

Let M; be a real-value local martingale with My = 0 a.s. Let ¢ be a nonnegative
Fo-measurable random variable. Assume that {X;} is a nonnegative semimartingale
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684 F. Wu et al.

with the Doob—Mayer decomposition
Xi=¢+A —U+M,.
If lim;_, o A; < 00 a.s. then for almost all w € €,

lim X; < oo and lim U; < oo,
i—00 i—00

that is, both X; and U; converge to finite random variables.

In the following sections, we will employ these lemmas to establish the almost sure
asymptotic stability theorems for both exact and numerical solutions to Eq. (1.1).

3 Stability of the exact solution and the EM approximation

Applying the EM method (see [1,17]) to Eq. (1.1) yields the following approximation

xXp = &(kD) k=-m,—-m+1,...,0,
X1 = Xk + [k, X, KA)A 3.1)
+ g (ks Xk—m, kD) Awy, k=0,1,2,...,

where A = t/m (m is an integer) is the stepsize and Awy := w((k + 1)A) — w(kA)
is the Brownian increment.

To be precise, let us give the definitions on the almost sure exponential stability of
SDDEs and their numerical approximations.

Definition 1 The solution x (¢, £) to Eq. (1.1) is said to be almost surely exponentially
stable if there exists a constant n > 0 such that

1
limsup — log [x(¢,&)| < —n a.s. 3.2)

t—oo0 [

for any initial data £ € C;_-O([—r, 0]; R™).

Definition 2 The approximate solution xj; to Eq. (3.1) is said to be almost surely
exponentially stable if there exists a constant 77 > 0 such that

1
lim sup A log |xx| < —n a.s. 3.3)

k—o00

for any bounded variables £ (kA), k = —m, —m + 1,...,0.

In this section, our aim is to examine if the EM method can reproduce the almost
sure exponential stability of the exact solution of Eq. (1.1). Let us state a theorem
which does not only give the existence-and-uniqueness result of the solution but also
provides us with a criterion on the almost sure exponential stability of the exact solu-
tion (please see [19] for the existence-and-uniqueness result and [14, 16] for the almost
sure exponential stability).
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Exponential stability of numerical solutions for differential equations 685

Theorem 1 Let Assumption I hold. Assume that there are four nonnegative constants
A1—A4 such that

2xT f(x,0,1) < —aqlx?, (3.4)
|fCe, v, 0) = f(x,0,0)] < Aalyl, (3.5)
lg(x, ¥, D> < Aslx]* + ralyl? (3.6)

forallx,y e R" andt > 0. If
A > 2h0 + A3 + A4, 3.7)

then for any given initial data & € Cg-o([—r, 0]; R™), there exists a unique global
solution to Eq. (1.1) and this solution, denoted by x (t; &), has property that

1
lim sup " log(|x(t; &)|) < —% a.s. 3.8)

—>00

where y > 0 is the unique positive root of
M= =23 —y =2+ Ara)e". (3.9)

This theorem gives a criterion on the robustness of stability. In fact, condition (3.4)
guarantees the exponential stability of the ODE

dx(1)
o= fG0.0.0). (3.10)

Rewriting Eq. (1.1) as

dx(t) = f(x(0),0,0)dt + ([f (x (@), x(t — 1), 1) — f(x(2),0,0)]dt
+8(x(1), x(t — 1), Hdw(1)), (3.11)
we see that it is a stochastically perturbed system of Eq. (3.10). Theorem 1 gives a
criterion on how large the stochastic perturbation which Eq. (3.10) could tolerate so
that the perturbed system (3.11), namely Eq. (1.1) remains exponentially stable. One
simple example is the linear SDDE

dx(t) =[Ax(t) + Bx(t — v)]dt + [Cx(t) + Dx(t — v)]dw(t),

where A, B, C, D € R"*", By Theorem 1, it is easy to show that this linear SDDE is
almost surely exponentially stable if

~Amax(A 4+ ATY > 2(|B| + [CII* + | DII*).

Let us now discuss the stability of the EM approximate solution (3.1).
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686 F. Wu et al.

Theorem 2 Let conditions (3.4)—(3.6) and (3.7) hold. Assume also that f satisfies the
linear growth condition, namely, there exists a constant K > 0 such that

If (e, y, O < K(x? + [y). (3.12)

Let y > 0 be the number defined by (3.9) and ¢ € (0, y/2) be arbitrary. Then there
exists a A* > 0 such that if A < A¥, then for any given finite-valued Fo-measurable

random variables £(kA), k = —m,—m + 1,...,0, the EM approximate solution
(3.1) obeys
Jim sup — log(lxe)) < — % + (3.13)
im sup — X —=~+4+¢ a.s. .
SUP A 0BT = T

Proof For any positive constant C > 1, we have
CED8 1 17 = CF2 e = DA (g 2 = ) + (CEFDA — CF8) x 2.
Note that

k112 = (k4 (ks Xems kA A + gk, Xk, KA) Awg, xi
Xk Xk KA 4+ g(Xkey X—im s KDY Awy)
= o |? + 2x] (s Xkmms KAYA + | f (ks Xem, KA AP
+ 18 (Xks X k) A |
4+ 2(xk + f(Xks Xk—n> KA)A, g (X, Xj—pn, KA) AWy ).

By conditions (3.4)—(3.6), (3.7) and (3.12), we have

< CHDAL 3 Al ? 4 200x] Xk A + K (i + [x—m]?) A2
+ 31k l? + Aalxk—m ) Awg]?]
F2CH DA (b F (ks Xy KA)A, 8 (ks Xty kD) Awy)
+(C(k+l)A _ CkA)|xk|2

< CEDALGA + 0048 + (1 = C78) + KA + a3l Awg 2] |x, 2
+CHDAGLA + KA? + Ag|Awe ) |Xk—m?
F2CH DA (b F gy X, KA A, 8 (ks Xp—m s KA) Awy),
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Exponential stability of numerical solutions for differential equations 687

which implies that

k—1
CHal® < w0l + [=hA + Aad + (1= C™4) + KA Y COHDA g ?
i=0
k=1 k—1
+13 ) COVE G PlAw P + Goa + Ka%) " O D2, 2
i=0 i=0
k—1
+ha Y CODE P Awy
i=0
k—1
42 COVA o+ f (i Xy EA)A, g (X1 Ximms D) Dwy).
i=0

Let my = > ¢20 COtD2 5 12(|Aw; > — A). Noting that E[(|Awg | — A)[Fral =0
and xj is Fia-measurable, then we have

Elmi| Fa-nal = mi—1 + EIC* a1 P (1 Awi11* = )| Fu-1)al
= mp—1 + C*2 |51 PEL( Awg—1 > — M) F—1)a]
= mk—11

which implies that my is a martingale. Similarly, m; = Zf;(} CUHDA | .2
(|Aw; |2 — A) is also a martingale. Clearly,

k—1
i =2 COPDA L 4 f(xi xiy 18D, g (xi, Ximm, 1) Bw;)
i=0

is a martingale. These imply that My = Aszmy + Agqmy + my is a martingale with
Mo = 0. We therefore have that

k—1
CH2 i < ol + [=MA + 228 + A + (1 = CT4) + KA D CHDA 2
i=0
k—1
028 + 2ah + K87 D" CHFDA x4 My
i=0
Since
k—1 —1 k—1
ZC('+1)A|xi—m|2 _ Z C(z+m+1)A|xi|2 + zc(z+m+1)A|xi|2
i=0 i=—m k=0

k—1
_ Z C(l+m+l)A|xi |27

i=k—m
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688 F. Wu et al.

we have

k—1
Cal? + (ah +haa+ K% 37 CO 82 <X (B14)

i=k—m

where

—1
Xi = |x0)> + (A + A+ KA Z CUTMHDA 412 4 [=A1 A + Ao
i=—m
+03A + (1 = C™2) + KA? + (A + Mg + KADC™
k—1
X Zc““mu,w2 + M.
i=0

Let us now introduce the function

(3.15)

Choose AT > 0 such that for any A < AT, 1 — A1 A + A + A3A + KA? > 0. We
therefore have h’'(C) > 0 for any C > 1. Clearly,

h(l) = —(A1 —2A2 — A3 — Ay — 2K A)A.

Hence, forany A < AJ := (A —2A2 — A3 — A4)/(2K), h(1) < O, which implies that
for any A < A} A A3, there exists a unique CX > 1 such that 2(C}%) = 0. Choosing
C = C}, we therefore have

-1
X = %ol + Gt + gt + K% D7 CR A 12 4 g

i=—m

Noting that the initial sequence x; < oo for alli = —m, ..., 0, by Lemma?2, for
C = CJ, limg_ o0 X < 00 a.s. By (3.14), we therefore have

lim sup CZkA|)ck|2

k— 00

k—1
< lim sup [czmmﬁ + (02b +rss +KAY D CZ@*’”“)%,-P}
k— 00 ,
i=k—m

< lim X; <00 a.s. (3.16)
k—o00

@ Springer
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Noting that mA = 7, by (3.15),
1 _
(b2 + 2+ KACET + (1= CF By M 4r+ra+KA=0. (3.17)
Choose the constant u such that C = e* and hence 1 — C™2 = 1 — ¢ *2, Define
A nt 1 —1A
Ra(i) = (G +hs+ KDY 4 (1= ™) —hy 4o +ha + KA.
Letting 1, = log C, by (3.17), for any A < AT A A%, we have
ha(ut) =0. (3.18)

Noting that lima_,o(1 — e™*%)/A = u, we have
AlimOﬁA(M)=()»2+?»4)€’”+M—M+X2+)»3. (3.19)
By the definition of y, (3.18) and (3.19) yield
li A=,
e ot

which implies that for any positive & € (0, y/2), there exists a A5 > 0 such that for
any A < A%, we have

Wi >y —2e.

Note that (3.16), together with the definition of 17, shows that

.
lim sup €252 x4 |2 < oco.
k— 00

We therefore obtain that for any A < AT A A3 A AJ,

lim sup log |x¢| < _Y +e&, a.s.
k—o00 2

as required. O

Remark 1 There are many results on moment stability for nonlinear SDDEs (see
Mao’s book [12] and references therein). Using the Halanay inequality, Baker and
Buckwar [2] examined the exponential stability in pth (p > 2) moment of the EM
method for the SDDEs. Their results could imply the almost sure exponential stability
by the technique using the Chebyshev inequality and the Borel-Cantelli lemma as
demonstrated in [6] and [7]. However, we here use martingale techniques to study the
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almost sure exponential stability of the EM scheme for the SDDEs directly. A further
advantage of the martingale techniques is that they will enable us to investigate other
types of stochastic stability of the EM scheme e.g. the LaSalle-type stability as Mao
did for the true solutions in his series of papers (see e.g. [13—16]), but we will report
these results elsewhere due to the page limit here.

Theorem?2 shows that if the coefficient f obeys the linear growth condition, in
addition to the conditions imposed in Theorem 1, then the EM approximate solution
(3.1) reproduces the almost sure exponential stability of exact solutions of Eq. (1.1) for
sufficiently small stepsize A. The question is: will the EM method still work without
the linear growth condition?

4 A counterexample

To answer the question stated above, let us consider the following scalar stochastic
delay differential equation

dx (1) = [<3x(t) — x> () + x (1) sin(x (¢ — 1)]dt + x(¢) sin’ (x(t — 1)dw(t) (4.1)

for any initial data § € CZ-O([—I, 0]; R). Define f(x,y,t) = —3x —x> +x sin y and
g(x, v, 1) = xsin® y. Clearly,

2xf (x,0,1) = 2x(=3x — x°) < —6]x|,
[f(x,y,0) = f(x,0,0)] = |xsiny| < |x],
lg(x, y, OI* < |xsin’ y* < [x]%.

That is, the coefficients of Eq. (4.1) satisfy conditions (3.4)—(3.6) with A1 = 6,12 =1,
A3 =1,24 =0and t = 1. Itis also easy to compute y = 1.0737 by (3.9). It follows
from Theorem 1 that the solution of Eq. (4.1) obeys

1
lim sup; log|x(t,&)| < —0.5, a.s.

—0o0

On the other hands, we observe that the coefficient f does not obey the linear growth
condition. We therefore wonder if the EM method will reproduce the almost sure
exponential stability of the exact solution?

The EM method (3.1) applied to (4.1) produces

X1 = X [1 = 38 = xZA 4 sin(xg—p) A + sin® Qoe_pm) Awy], 4.2)
where A = 1/m.
Lemma 3 Assume that A € (0, 1). If |xo| > 8/+/A in (4.2), then
2k+3 2
P (|xk| > ﬁ Vk > 1) > exp (—4e JZ) . 4.3)
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Proof This proof is motivated by Higham et al. (see Lemma 3.1 in [7]). First, we show
that

k+3

B

and |Awg| < 2F

|xg| >

implies that

2k+4
[Xkg1] = —. 4.4)

J&

To see this, assume that |x;| > 2K+3 /./A. Then for any A € (0, 1),

[Xkt1] = ‘xk (1 —3A — x,%A + sin(xg_m)A + sin3(xk_m)Awk))

v

‘xk|||xk|2A C1-3A—A-— |Awk|‘

2 ke k
(2 —1—4—2)
JZ(

2k+4 2k+5 k—1

(2 —3—2—)
7z

k+4

N

v

v

v

forall k > 0.

From (4.4), given that |xg| > 8/4/A, for any integer K > 0, the event that {|x;| >
2kH3 ) /A, V1 < k < K} contains the event that {|Awy| < 2, V1 < k < K}. Since
{Awy} are independent, we have

ok+3 K L
P(|xk|zﬁ, v15k51<)3£[1p(mwk|52). (4.5)

From here we can repeat the proof of Lemma 3.1 in [7] to get the desired result (4.3).
]

It should be pointed out that Euler’s method for the ODE dx = (—x — x3)dt is
already unstable. Hence it must remain unstable for some nonlinear SDDEs and our
counterexample used an SDDE is just to make this more clear.

Now that the EM method may not reproduce the almost sure exponential stability
of the exact solution without the linear growth condition, we may ask: are there any
other numerical methods that may reproduce the almost sure exponential stability of
the exact solution without the linear growth condition? The answer is of course yes.
We shall show in the next section that the backward EM method will work.
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5 Stability of the backward EM approximations

Applying the backward EM method (cf. [7,8,20]) to Eq. (1.1) yields the approximate
solution

xx =EKkD), k=-m,—-m+1,...,0,
Xkl = Xk + [ kg1, Xk—my1, (K + DA)A (5.1
+8(Xky Xk—m, kKA Awy, k> 0.

Since the backward EM (5.1) is semi-implicit, we have to ensure that this scheme is
well defined. For this purpose, we impose the following one-sided Lipschitz condition
on f in x: There exists a positive constant A such that for any x{, xo, y € R"” and
t>0,

<-xl — X2, f()C], ) t) - f(-x21 D) t)) =< )»|.X1 - -x2|2~ (52)

Under this condition, if AA < 1, then the backward EM scheme (5.1) is well defined
(see e.g. [5,20]). The following theorem shows the almost sure exponential stability
of the backward EM numerical solutions.

Theorem 3 Let conditions (5.2), (3.4)—(3.6) and (3.7) hold. Let y > 0 be the number
defined by (3.9) and ¢ € (0, y /2) be arbitrary. Then there exists a A* € (0, 1/1) such
that if A < A¥, then for any given finite-valued Fo-measurable random variables
E(kD), k=—m,—m+1,...,0, the approximate solution {x;} defined by (5.1) has
property that

1
lim sup -~ log(lxil) < —% t& as. (5.3)

k— 00

This theorem shows clearly that the backward EM approximations may reproduce
the almost sure exponential stability of Eq. (1.1) without the linear growth condition
on f. To highlight this, let us return to the SDDE (4.1) used in the section above. In
this case, for any x, xp and y € R", we have

F1,y, 1) — fx2, v, 1) = (x2 — x1)(3 + x7 + x1x2 + x5 —siny),

which implies that

(xl - x2)[f(xls y, t) - f(x2v Y, t)]
= —(x1 — x2)2(3 + x12 + x1x2 + x% — sin y)
—2x1 —x2/?

=<
2
< |x1 — x|

Hence, f satisfies the one-sided Lipschitz condition. By Theorem 3, for any given
e € (0,0.5), there must exist a A* > 0 such that if A < A*, the backward EM
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Exponential stability of numerical solutions for differential equations 693

approximate solution of the SDDE (4.1) obeys

1
lim sup A log(|xg]) < —0.54¢ a.s.

k— 00
Let us now begin to prove Theorem 3.

Proof By conditions (3.4) and (3.5), we have

(Xkt15 Xk + [ Xkt15 Xkt 1, (kK + DA)YA + g(xk, Xk, KA) Awy)
= xZ+1f(xk+19 xk—m+1» (k + I)A)A + <-xk+13 xk + g(-xks xk—mv kA)Awk>

AMA 2
—Tlxk+1| + 1%kt 1 f Gkt X1, (K + 1DA)

—f k1, 0, (k + DA)A + Xk 1|5k + 8 (ks Xk—m, kA) Awg]

2
[xk+1]

IA

AA 2 1 2
< —T|xk+1| F A2 Xk 1 [ Xk —mt1 | A + 5|Xk+1|
1
+5 Pk + 8%, X, kD) Awy|?
MA M A 1
< = xS ket 2 Xt 11+ = e 12
2 2 2
1
+5[|xk|2 + 18 (ks Xk kD) Awge* + 2(xk, (X, Xk—m, kKA) Awg)]
= —=(MA = A = Dlxpg1l” + —=—|Xk—m411" + = |xk]
2 2 2
1 1
+5 18 Cxks Xkm, kD) PA + zm,f,
where
me = |8k, Xkoms kAP (| Dwg|? = A) + 2(xk, 8k, Xk kA) Awg).
Note that
|8 (ks Xy KA < Azl + Aalxg—m]?.
It therefore follows that
(M A =2 4 DIt < (14 238) i + A g1 1 + A Al |* + m.

For any C > 1, we therefore have

MA = dA + DICH*D2 g1 12 = CF8 2]
<[ =+ MA = A CT2 + a3AICHT DA x| 4 2,AC* D8 15
A
+k4AC(k+1)A|xk_m|2 + C(k+1)Amk ’
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which implies that
(AMA = A + DO x|
k—1
< Oub = 2A+ DIxol +[1 = (L4 AA = A)C™4 + 2381 D CTHDA 2
i=0
k—1 k—1
+320 D C V8 xi P + 2an D7 COD P + My,
i=0 i=0

where My = Zf-:é C(i+l)Am,€A. It is obvious that My is a martingale with My = 0.
Note that

k—1 k—m
ZC(i+1)A|xi7m+l|2 _ z C(i+m)A|xi|2
i=0 i=—m+1
-1 k—1
— cm=Dn z C(i+1)A|xi|2_i_C(mfl)AZC(iJrl)A'xi'Z
i=—m+1 i=0
k—1
_cm-Da Z ClU+DA |y, 2
i=k—m+1
and
k—1 k—m—1
Zc(i+l)A|xi—m|2= Z CliAm+DA 2
i=0 i=—m
—1 k—1
—cmb Z C(H'lmlxilz+C”’AZC(i+1)A|xi|2
i=—m i=0
k—1
_CmA Z C(H_I)A|x,'|2.
i=k—m
We therefore have
k—1
MA = JA + DA P+ 2paC DA S DA )2
i=k—m+1
k—1
+Hancmt Y CO G2 < 1, (54)
i=k—m
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where

-1
Yii= (MA = A+ Dixg? +2paC™ D8 " DA 2
i=—m+1

-1
+A4ACTE Z CHDA PP+ 1=+ 1A —A)C™2 +213A

i=—m
k—1
i=0

We now introduce the function
@(C) = MACT™ DA L 3 LAC™ + (14 A30)C2 — 1 — A + A, (5.5)
Clearly, ¢'(C) > 0 for any C > 1 and
(1) = —(h1 — 202 — A3 — Ag)A < 0,
which implies that there exists a unique Ca > 1 such that (p(é A) = 0. Choosing
C = Cy,
Y = (ad = Mah + DixgP + 280008 > EEHDA 1y 2
i=—m+1

—1
+X4AéZA z éX+I)A|Xi|2+Mk.

i=—m

Noting that for all i = —m, ..., 0, the initial data x; < oo, by Lemma2, we see that
limg_, » Yx < o0 a.s. Hence, by (5.4), we have

limsup(A;A — ApA + l)CA‘kApckl2 < limsup [(MA — A A+ 1)CA‘I‘A|)ck|2

k— 00 k—o00
k—1
+)»2Aé(m_l)A Z é(i+l)A|xi|2
i=k—m+1
k—1
+)\.4ACmA Z C(l+1)A|xl_|2:|
i=k—m
< lim Y; <00 a.s. (5.6)
k—o00

Noting that mA = 1, by (5.5),

1

MCT+26TE7A 4 — [1 — A4 aA— sz)é—A] $a3=0 (57
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Introduce a constant 1 such that C = ¢ and hence 1 — C™2 =1 — ¢~ "2, Define
1
Ba(n) = hae™™ +haee T 4 — [1 (L4 MA - m)e—"ﬁ] tas (5.8

Letting nj; = log Ca, by (5.7), forany A < A} A A3, we have
@a(np) = 0. (5.9)
Noting that lima_o(1 — e~"2)/A = 1, we have

lim Ga(n) = (2 + A)e™ 41— 21 + 32 + s, (5.10)

By the definition of y, (5.9) and (5.10) yield that
li A= 5.11
1m0 n y ( )

which implies that for any positive ¢ € (0, y/2), there exists a0 < A* < 1/ such
that for any A < A*, we have

ny >y —2e.

Note that (5.6), together with the definition of 77 shows that

lim sup(A1 A — 22 A + 1”22 52 < oo.

k— 00

We therefore obtain that for any A < A*,

1
li]?iilipmlog(lxkl) < —% + ¢ a.s.

as required. O

Acknowledgements The authors would like to thank the referees for their detailed comments and help-
ful suggestions. The financial support from the National Natural Science Foundation of China (Grant No.
60740430664) is gratefully acknowledged.

References

1. Baker, C.T.H., Buckwar, E.: Numerical analysis of explicit one-step methods for stochastic delay
differential equations. LMS J. Comput. Math. 3, 315-335 (2000)

2. Baker, C.T.H., Buckwar, E.: Exponential stability in p-th mean of solutions, and of convergent Euler-
type solutions, of stochastic delay differential equations. J. Comput. Appl. Math. 184, 404-427 (2005)

3. Burrage, K., Burrage, P., Mitsui, T.: Numerical solutions of stochastic differential equations—imple-
matation and stability issues. J. Comput. Appl. Math. 125, 171-182 (2000)

@ Springer



Exponential stability of numerical solutions for differential equations 697

1.
12.
13.
. Mao, X.: LaSalle-type theorems for stochastic differential delay equations. J. Math. Anal. Appl.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.

25.

26.

. Burrage, K., Tian, T.: A note on the stability propertis of the Euler methods for solving stochastic

differential equations. N Z J. Math. 29, 115-127 (2000)

. Hairer, E., Wanner, G.: Solving Ordinary Differential Equation II: Stiff and Differential-Algebraic

Problems, 2nd edn. Springer, Berlin (1996)

. Higham, D.J.: Mean-square and asymptotic stability of the stochastic theta methods. STAM J. Numer.

Anal. 38, 753-769 (2000)

. Higham, D.J., Mao, X., Yuan, C.: Almost sure and Moment exponential stability in the numerical

simulation of stochastic differential equations. SIAM J. Numer. Anal. 45, 592-607 (2007)

. Kloeden, PE., Platen, E.: The Numerical Solution of Stochastic Differential Equations. Springer, Ber-

lin (1992)

. Liptser, R.Sh., Shiryaev, A.N.: Theory of Martingale. Kluwer Academic Publishers, Dordrecht (1989)
. Mao, X.: Approximate solutions for a class of stochastic evolution equations with variable delays—part

II. Numer. Funct. Anal. Optim. 15, 65-76 (1994)

Mao, X.: Exponential Stability of Stochastic Ditferential Equation. Marcel Dekker, New York (1994)
Mao, X.: Stochastic Differential Equations and their Applications. Horwood, Chichester (1997)
Mao, X.: Stochastic versions of the LaSalle theorem. J. Differ. Equ. 153, 175-195 (1999)

236, 350-369 (1999)

Mao, X.: The LaSalle-type theorems for stochastic differential equations. Nonlinear Stud. 7, 307—
328 (2000)

Mao, X.: A note on the LaSalle-type theorems for stochastic differential delay equations. J. Math.
Anal. Appl. 268, 125-142 (2002)

Mao, X.: Numerical solutions of stochastic functional differential equations. LMS J. Comput. Math.
6, 141-161 (2003)

Mao, X.: Exponential stability of equidistant Euler-Maruyama approximations of stochastic differential
delay equations. J. Comput. Appl. Math. 200, 297-316 (2007)

Mao, X., Rassias, M.J.: Khasminskii-type theorems for stochastic differential delay equations. Stoch.
Anal. Appl. 23, 1045-1069 (2005)

Mao, X., Yuan, C.: Stochastic Differential Equations with Markovian Switching. Imperial College
Press, London (2006)

Pang, S., Deng, F., Mao, X.: Almost sure and moment exponential stability of Euler—Maruyama dis-
cretizations for hybrid stochastic differential equations. J. Comput. Appl. Math. 213, 127-141 (2008)
Rodkina, A., Basin, M.: On delay-dependent stability for vector nonlinear stochastic delay-difference
equations with Volterra diffusion term. Syst. Control Lett. 56, 423—430 (2007)

Rodkina, A., Schurz, H.: Almost sure asymptotic stability of drift-implicit -methods for bilinear
ordinary stochastic differential equations in RL 7. Comput. Appl. Math. 180, 13-31 (2005)

Saito, Y., Mitsui, T.: T-stability of numerical scheme for stochastic differential equations. World Sci.
Ser. Appl. Anal. 2, 333-344 (1993)

Saito, Y., Mitsui, T.: Stability analysis of numerical schemes for stochastic differential equations. SIAM
J. Numer. Anal. 33, 2254-2267 (1996)

Shiryaev, A.N.: Probability. Springer, Berlin (1996)

@ Springer



	Almost sure exponential stability of numerical solutions for stochastic delay differential equations
	Abstract
	1 Introduction
	2 Notations and lemmas
	3 Stability of the exact solution and the EM approximation 
	4 A counterexample 
	5 Stability of the backward EM approximations 
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


