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Abstract We present error estimates of a linear fully discrete scheme for a three-
dimensional mass diffusion model for incompressible fluids (also called Kazhikhov—
Smagulov model). All unknowns of the model (velocity, pressure and density) are
approximated in space by C-finite elements and in time an Euler type scheme is
used decoupling the density from the velocity—pressure pair. If we assume that the
velocity and pressure finite-element spaces satisfy the inf-sup condition and the
density finite-element space contains the products of any two discrete veloci-ties, we
first obtain point-wise stability estimates for the density, under the constraint
lim, ky—0 h/k = O (h and k being the space and time discrete parameters, respec-
tively), and error estimates for the velocity and density in energy type norms, at the
same time. Afterwards, error estimates for the density in stronger norms are
deduced. All these error estimates will be optimal (of order O(h + k)) for regular
enough solu-tions without imposing nonlocal compatibility conditions at the initial
time. Finally, we also study two convergent iterative methods for the two problems
to solve at each time step, which hold constant matrices (independent of iterations).
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1 Introduction
1.1 Model

Let 2 € R? (d = 2 or 3) be an open, bounded set with regular enough boundary I'. Let
T > Oandlet [0, T] be the time interval. We denote Q = Q x (0, T7), X =T x (0, T)
and n the outwards unit normal vector to I'.

We consider the system of equations governing the mixture of two miscible
fluids with mass diffusion effect, the so-called mass diffusion model or Kazhikhov—
Smagulov model [1,13]. The unknowns for this model are: u : Q — R4 the incom-
pressible velocity field, ¢ : O — R a potential function (related to the pressure) and
p : QO — R the fluid density, verifying the following partial differential equations:

pur + ((ou —AVp) - Vyu — uAu —r(u-V)Vp+Vg=pf inQ, (1)
V.-u=0 inQ, por+u-Vo—AAp =0 1inQ, 2)

where f : Q — RY are the external forces, and u > 0, A > 0 are the viscosity and
mass diffusion coefficients, respectively.

System (1)—(2) can be derived by assuming that the velocity v of a compressible
Navier—Stokes system can be decomposed into v = u —AV log p with V-u = 0 (i.e. it
is the sum of an incompressible part u and a potential part —AV log p) and eliminating
the A2-terms (see [1,9]), which is justified because of A is small in practical situations.

By decomposing the term involving second-order derivatives for the density as

—A(-V)Vp =—=AV(u-Vp)+iV- (p(Vu)")

and defining p = ¢ — Au - Vp (a modified potential function), the momentum system
(1) reads

pu; + ((pu — AVp) - V)u — pAu+ AV - (o(Vu) ) +Vp=pf inQ. (3)

System (2)—(3) is completed with the boundary conditions

ap
=0, —=| =0 4
Uy anls “)
and the initial conditions
p(x,0) =po(x), u(x,0)=up(x), xe, ©)

where pg: @ = RT andug : Q — R4 are given functions.
Throughout this work, we always assume the following hypothesis on the initial
density:

0<m<po(x) <M inQ. (6)



1.2 Notation and functional spaces

As usual L?(€2) denotes the space of p-summable functions in 2, and || - [|Lr(q) its
norm. We denote the inner-product in L? by (-,-) and by [ - [ 2(q) = | - | its norm.

We denote the classic Sobolev spaces Wk’p(Q) and Wg’p(Q) (or Hk(Q) and Hé‘(Q),
respectively, for p = 2), with p > I and k € N, and || - [l yk.p(q) its norm (|| - || gx(q)
for p = 2). We will use frequently the semi-norm of the gradient |Vu| as norm for
u e H& (£2). We will use bold-face letter for vectorial spaces and their elements.

Next, we will describe briefly the usual functional spaces in the framework of fluid
mechanics:

H={u:uel*Q),V-u=0inQ,u-n=0o0nT},
V={u:uecH\(Q,V -u=0inQ},

Lj@ = {pipe 2@, [ pwix =0
Q
On the other hand, for the density we will consider the affine space

d
Hy@ = {pe 2@ 50 =0mag [ o) = [ potr)
Q Q

1
Obviously, HI%,(Q) =00+ HZ%,’O(SZ), where pg = ﬁ / po(x)dx and
Q

3
H} ,(Q) = peHZ(Q):a—p=00n8£2, /p(x):O
’ n
Q

Therefore, HI%,(Q) is a affine space associated to HZ%,’O(SZ). Accordingly to the
H?-regularity of the Poisson—Neumann problem, the norm ||p|| H2(q) 18 equivalent
to the seminorm [ Ap||;2(g) in H}%,O(Q)'

1.3 Known results

Concerning model (2)—(5), Kazhikhov and Smagulov [1,13] proved, via a semi-
Galerkin method, the existence of global weak solutions under the following hypoth-
esis on the viscosity and diffusion coefficients

A<2u/(M —m) @)

and the existence and uniqueness of local strong solutions (which is global in time in
2D domains). On the other hand, Salvi [14] proved the existence of weak solutions in



non-cylindrical domains. Secchi [17] studied the case €2 = R>, proving the existence
and uniqueness of strong solutions, by using a fixed-point argument.

With respect to a more complete model than (2)—(5) (adding to (3) A2-terms),
Beirdo da Veiga [2] and Secchi [16] established the local existence of strong solu-
tions by means of a linearization and fixed point argument. In [16], Secchi proved
the existence and uniqueness of global weak solutions in 2D domains imposing A/
small enough and the asymptotic behavior, as A — 0, towards a weak solution of the
density-dependent Navier—Stokes problem. Recently, in [8], by means of an iterative
method, existence of regular solutions (and some error estimates) has been proved.
Finally, see [15] for a recent exposition of theoretical results of this model, including
the problem of the L9-maximal regularity.

There are not many results concerning the numerical analysis of (2)—(5). Using a
finite element method, two numerical schemes have been recently developed in [9]
and [10] for (2)—(5) in the two- and three-dimensional case, respectively. For the two-
dimensional case, a numerical scheme is constructed being unconditionally stable and
convergent towards the (unique) solution of the continuous problem. This scheme
is obtained by applying a truncating operator in the terms depending on the density
which require positiveness and pointwise bounds. In the three-dimensional case, a
conditionally stable and convergent scheme is designed for which an approximate
maximum principle is shown, bounding by excess and defect the approximate density
with respect to the upper and lower bound of the initial density. For this, the convective
velocity of the discrete density equation is projected onto a discrete free-divergence
space related to the density space. An extension of the results in [10] for the complete
model with A2-terms has been recently obtained in [11].

Both schemes of [9] and [10] are based on the backward Euler method in time,
where the computation of the density and the velocity—pressure pair is decoupled at
each time step, by means of two linear problems.

In [5], a numerical algorithm is developed by using a characteristic method in
time and finite elements in space. The authors give optimal error order under certain
restrictions on the discrete parameters and assuming regularity hypotheses on the exact
solution, as for instanceu € L*°(0, T; H 3 (£2)), which turn out to be more demanding
than we will impose in this work. In particular, such a regularity requires a nonlocal
compatibility condition for the data at = 0.

1.4 Description of the scheme

The scheme that we study in this work is based on the following weak mixed formu-
lation of problem (2)—(5):

(pus, @) + ((pu — AVp) - Vu, ) + (uVu — hp(Vu)', Vir)
—(p,V-u)=(of,u), (V-u,p)=0, (8)
(01, 0) + @ -Vp,p)+r(Vp,Vp) =0,

for all (u, p,p) € H 1(Q) X LZ(Q) x HY(S). We consider a backward first-order
finite dlfference for thé time derfvative on a partition, which, for simplicity, we



suppose uniform on [0, 7] with time step k = T/N: (¢, = nk)zz(l)v . To approxi-
mate the unknowns density, velocity and pressure, we will use finite element spaces
denoted by (Wj,, V,, Mj), being conforming approximations of (H I'H (]), L(2)) and
verifying hypotheses (H2)—-(H4) described in Sect. 2.1 below.

Under the foregoing statement, we propose the following numerical scheme.
Initialization: Let (ug, p}?) € V x W), be approximations of (uq, pp), as h — 0.
Time step n + 1: Given p; € Wj, and u}, € V, find pZH € W, such that for each
on € Wy

o — o
(%, ﬁh)+ (wr- Vo o) +2 (Vo Vi) =0. O

Given pj, ,0;:‘H € Wy and uj; € Vy, find (”ZH’ pZ‘H) € Vj x My, such that for
each (uy, pp) € Vi x My:

un+l —u"
(p;llhkh, ﬁh) + (((pZH”Z . )\'va+1) . V)"ZH, ﬁh) +a (,OZ+1’ uZH, l_th) o)
1 n n - n = n =
+§ ((V : uZ)ph_H uh+1’ uh) = (,Oh_Hf(ln—H), uh) + (Ph+ls V. uh) ,
(V-upt. pn) =0, (11)
where
M ~
a(p,u,v):M(Vu,Vv)—A/(p— ;_m)(Vu)l :Vodx
Q
with
- _ M — i
M > M, 0<m<m suchthat X < . (12)

Note that this choice of M and 7 is possible owing to hypothesis (7). The trilinear
form a(-, -, -) satisfies the following properties: if 0 < m < p < M, then

M1 M — i
U= A

2 M 2

a(p,u,v) < C|Vu||Vy| (continuity).

a(p,u,u) > %wuﬁ where (>0), (coercivity)

(13)

Note that the numerical scheme presented here is implicit with respect to the linear
terms and semi-implicit with respect to the nonlinear terms so that it has allowed us to
design a linear scheme which decouples the computation of pZH and (uZH, pZH).

The well-posedness of the linear convective—diffusion problem (9) is standard.
However, some care is required to assure that the linear mixed problem (10)—(11) is

well-posed. Besides the well-known Brezzi—-Babuska or Inf-Sup stability condition



(see (H3) below), we must assure p;; > 0, which we are going to get by induction
later on (see Corollary 7). In fact, the existence (and uniqueness) of (10)—(11) will be
also proved by induction at the same time that weak error estimates (see Theorem 9).

n+l _ _.n
Remark 1 The choice of approximating (pu;)(#,+1) as pg% is justified by

the following equality [9,10]:

+1 +1
”Z B ”Z un—i—l + = 1 ,0/’,: B IOZ un—i—] . un+1
P . N7 1 h

2
VA A AL S P A
2 k 2" Th k

This is the discrete version of the following continuous equality on the time derivative
of the kinetic energy:

d +1 d 1/ d ( | |2)
—u,u —N—p.u-u)=-=- u
Pt 2 \a’ di \*

Comparing the schemes developed in [9] and [10] with scheme (9)—(11), we can
remark the following similarities and differences.

1. In[10]the velocity u), of the convective term of (9) is replaced by the H !_projected
velocity wj onto a discrete free-divergence space, namely wj € V), (jointly with
q, € Mp) such that

{ (Vw) —up), Vo) — (g, V- Wp) =0 Vo, € V),
(V-w}.g,) =0 Vg, € My,

where (1771, Mh) satisfies the inf—sup condition, (W, - Wj,) N L%(Q) c M, and
M), C M. Obviously, such a projection can be avoided by selecting Vi, = V,
and M, = M,

2. Also in the discrete momentum system (10), the stabilization term

((v ul)pptul ! ﬁh) is replaced in [10] by

1 PZ“ —Ph 1 - 1 1 1 1
2 T, uZJr “uUp 2 (p;:+ n_ )\.va+ V(u"+ uh))

It turns out easy to obverse that under the hypothesis Vj, - V;, C W, imposed
in (H4) (see Sect. 2.1), the two above stabilization terms coincides. Indeed, take



n+1

= - up in (9) and integrate by parts in the convective term to find

= U
+1
;(PZ k_ Ph ’ uZH 'ﬁh) _ % (pn+1 n_ AV,o"H V(uzﬂ -ﬁh))

((V uh)pn-H n+1 ﬁh).

Therefore, (10) coincides with the discrete momentum system in [10].

3. But the hypothesis Vj, - V), C W, imposed in (H4) and the hypothesis
(W, - Wh)ﬁLz(Q) C Mh imposed in [10] are, in acertam sense, 0ppos1te Indeed,
in the case to avoid the projection step, we select V, = vV » and My, = Mj,. Then,
one arrives at

Vo -Vo-Vi-Vp) C (W, -Wy) C M, CVy

(the last inclusion is due to the inf—sup condition for (V, My,)) which are contra-
dictory inclusions.
4. In the scheme given in [9] for 2D domains, the semi-implicit convective term

( -V, + ,5;,) in (9) is replaced by the fully explicit term (uZ Vo, /3;,), the
following stabilization terms

n+1 n
— 1
5 ([P ]Tk Loy 17 ’ “ZH ~ﬁh) = (p2+1 Avpnﬂ V(uz+1 -z‘ch)),

are introduced instead of — ((V uh),o"Jrl ZH uh) in the momentum system

(10), where [-]7 is a truncatlng operator by nodes between the upper and lower
bounds of the initial density, and the same truncating operator is considered in
the discrete momentum system in the terms depending on the discrete density
which requires positiveness and pointwise bounds for density. Accordingly, (10)
is different to the discrete momentum system developed in [9].

An important observation on scheme (9)—(11) is that it is not clear how to obtain a
priori estimates without imposing regularity hypotheses on the exact solution, unlike
the schemes developed in [9,10], which are stables (and convergent towards weak
solutions). On the contrary, to prove error estimates for the stable schemes studied in
[9,10] introduces important difficulties, with respect to the scheme (9)—(11) introduced
here.

1.5 Main results of this paper

In this paper, we denote by C a generic positive constant (which may vary in each
bound) depending on the continuous solution, say (u, p, p), and the fixed parameters



of the problem (X, ). When necessary, we use Cs, G; and A to denote particular
positive constants.

By denoting the errors between the continuous and discrete solution in time at
t=t,as:

n

ey = MZ — u(ty), e; = PZ — p(ty), ez = IOZ — p(tn),
we will prove the following results.
Theorem 2 Assume hypotheses (H0)—(H4) (see Sect. 2.1 below) and the constraint

im " —o. (S)
(h,k)—0 k

Then, there exists a unique solution (py,, uj,, p;) of scheme (9)~(11) and the following
error estimates hold, for h and k small enough:

N-1 , ~

~ 412 n+1,2 m. ai+1 w2 At n2
jmax_ (m|eu 2+ Al )+ > (Eleu — eyl + Sle )| )
- n=0

N-—1
> (%|Vez+l|2 + Ax|veg+1|2) < C K2+ 1Y,
n=0

where A > 0 is a constant independent of (h, k).

Theorem 3 Under conditions of Theorem 2 and p, € L*(0, T; H*()), the following
error estimates hold for h and k small enough:

N—-1 N-—1
Jmax [Vept P4+ > Viep™ —ep)l® +k D 1P (Ap (i) — Ao
=n= n=0 n=0
< CK +n?),

where Ah,oZH is the discrete Laplacian of ,OZH defined in (54) and Py, is the
L2-orthogonal projection onto Wy,.

Note that if p € L20, T; H3(S)) holds, one gets the following total error estimate
for the density

N—-1
kD180 (e) = Mgy TP < C 2+ 0.
n=0

Finally, in this work, we analyze two iterative methods to approximate problems (9)
and (11), with constant matrices by iteration. Theses scheme are described as follows:

Iterative method for problem (9). Given (pj, u}), the solution pZH to (9) is approx-

imated by the sequence (pZ+1’i )i defined as:



Initialization: Let ,0"+1 0 — =py.

n+1,i . find pn—H Ji+1

Step i + 1: Given ph € Wy, such that for each p;, € Wy,:

n+1,i+1 _n .
(u on )_'_k (V,On+1 i+l , Von ) (u;;l . V,OZ—H’I, lsh) . (14)

k
Iterative method for problem (10)-(11). Given (o}, p "+1 , u}), the solution (u”“,
"+1) to (10)—(11) is approximated by the sequence (u"Jrl i ZH 1); defined as:
Initialization: Let u”Jrl 0— =uj

n+1,i ﬁnd (un+1 J+1 pZ+1,l+1

Step i + 1: Given u;, ) € Vj, x My, such that for each

(@pn, pp) € Vi X My:

n+1,i+1
7! — ) va' it v n+1:+1 Vi
ok S up +u( uy, up) — Sup

T
1,i - 1.0 _
= — (ot up = 9ot Vo ) = / Pl — o) VY vy, (15)

0
n+1,i
1 V.ul n+l n+l,i - n+1 g n+l1 - M n\ “n _”Z —~
) uy, u, sup )+ A\ oy f sup )\ P — oy f»uh >
)=o0

(V-ui ™ ) = (16)
where ,oﬁM = X4 ;“m. We will see the convergence of the approximations
(u"Jrl i pZH”, ntLiy towards (u”“, pZH, ,o"“) as i — oo, whenever k is small

enough.

The rest of the work is organized as follows. In Sect. 2 we describe the hypotheses
about the domain, the data and the finite element approximation, and we define suit-
able interpolation operators. In Sect. 3 we prove, by an induction process at each time
step, point-wise estimates for the discrete density which allow us to obtain in Sect. 4,
the existence and uniqueness of a solution of scheme (9)—(11) and some convergence
rates, firstly in energy norms for density and velocity (Theorem 2), and afterwards in
a certain discrete stronger norm for the density (Theorem 3). Finally, in Sect. 5, we
prove that the iterative methods (14) and (15)—(16) are well-posed and convergent.

2 Preliminaries
From now on, fix € an open, bounded set of R? (d = 2 or 3) with Lipschitz-continuous

polyhedral or polygonal boundary and let {7, }4~0 be a family of triangulations such
that @ = KeT, K, h being the maximum diameter of elements of 7.

2.1 Hypotheses

(HO) Regularity for the data: Letug € VN (W'3(Q)NL®(Q)), po € HE(Q) with
0<m<po<MinQ,and f € L*(0, T; L>(Q)) with f, € L*>(0, T; L53()).



—-m
Constraints on the parameters (A, i, m, M): Assume that A < u and

let 771, M satisfying (12).
Regularity for the solution: Suppose that (p, u, p) is the unique solution to
problem (2)—(5) in (0, T') with the following regularity:

p e L0, T; W) N L®(Q) N L%, T; HX(R)),
pr € L*0, T, H' (),

ue L®0,T; Wh3(Q) N L®(Q) N L*0, T; H*(Q)),
u, € L0, T, L*(Q)) N L*0, T, H (Q)),
peL*0,T; H (Q)).

(H1) 92 is such that the homogeneous Poisson—Neumann problem

d
—A¢p =g in <, —¢:O onT,
on

has the regularity property (@[l z2(q) < C llgllL2(q) for any g € L%(Q), and
the Stokes problem

—Av+Vg=f inQ, V.-v=0 on2, v=0 onT,
has the regularity property [[vll z2(q) + g1l g1(@) = Cllfll2(q), for any pre-
scribed f € L*(Q).

(H2) The triangulation of €2 and the discrete spaces verify:
e Inverse Inequalities:

Ionll L3y < Ch™ 2 pnll 2y Yon € Wi, (17)
InllLo@ < Ch™ 2 lonllgiy Von € Wi (18)

e Approximation errors:
inf (lit —tp i) < Chllil gegy Vi€ H*(Q) N HE(Q),
uhth
inf 15— pullr2) < Chlplie Y5 eH (Q)NLIQ).
pPheEMy
inf 16— nllae) < Chllpllng Vo€ HX Q).
PnEWh

inf 15— pullee@ < ChY21plgey V6 € HA(SQ).
PneEWn

(H3) Inf-sup condition for (V, Mj). There exists 8 > 0 (independent of /) such
that

- (Pn, V -up) _
lpnll 2y <B sup ——=—— VY ppe M,
B = v Vi



(H4) The density and velocity discrete space (V,, W) satisfy Vj, - Vi, C Wy, that
is

Vi), ui € Vi, a) - e Wy

A manner of defining the discrete spaces (W},, V', Mj,) satisfying hypotheses (H2)—
(H4) is the following. Let {7}, },~0 be a family of regular, quasi-uniform triangulations
of Q. Then, one can consider (V,, M},) as the (P; + br) x P} mini-element [7] for the
velocity—pressure pair where the bubble function b7 is a point-wise linear function
that is positive in the interior of each T' € 7, taking the value 1 at the barycenter of T
and 0 on d7'. Note that the barycenter of each 7' € 7j induces a subdivision of 7 in
three triangles (in 2D) or four tetrahedrons (in 3D). Thus, one can approximate the
density by the P, finite element on the finer mesh, hence hypothesis V, - V;, C Wy
holds.

2.2 Interpolation operators

Let S,l1 be a Pj-interpolation operator (I = 1, 2) which is W7 (2)-stable for 1 < p <
oo and n = 0, 1, and inherits the approximation properties from (H?2) (for instance,
Sf, could be the Scott-Zhang or Clement operator [3]). Then, for each v € LI(Q) we
define Inv € V, as follows

1
Iylr = Sjv+erbr  er = W/(v — Slv)(x)dx, VT €Ty,
Jrbr xT

where b7 is the bubble function defined above. By construction, since M}, is defined
by CY-finite elements locally Pj, one has

(V- (= 1Ipv), pp) = (0 = Iy, V) =0 Vv € Hy(RQ) and jy € My, (19)

On the other hand, for each p € H'(Q) and p € L' () we consider J; p = S,lp IS
My and Kjp = Sﬁ p € W), as interpolation operators related to pressure and density
respectively (K}, acts over the finer mesh). Let us sum up the properties to be needed
for the interpolation operators I, Jp, and K}, in the following.

Lemma 4 Suppose that hypotheses (H1)—(H3) hold. Then, for any n = 0,1 and
1 < p < +o0, one has

[ nollwnr@) < Cllvllwnr), [nv —vllwer < Chlvlyniip )
IKnpllwer@) < Cllipllwrr), [1Knp — pllwnr < Chlplyntipg)s
1Knp = plizse < Ch' ol 2q)s

IJhp = Pllr2) < Chliplpg)-

(20)



3 Point-wise estimates for the discrete density

We give here the proof of point-wise stability estimates for the discrete density (given
in (26)) under hypothesis (5). The idea to prove this type of estimates has already been
used in [10], by means of a truncation operator, the estimate k Z;V:BI |Vu§l |2 < Cs,
and the H'-projection of u, onto a finite-element space of higher order in the discrete
density equation (9). If we now admit a better bound for the discrete velocity, namely
max/=1,.. N—1I |Vu§l| < Cj, discrete maximum principle holds without the projection
of the discrete velocity acting in (9). Such a estimate will be a consequence of the
error estimates in weak norms for the velocity [see (51)].

The proof of such a maximum principle will be divided into three steps: corre-
sponding to Lemmas 5, 6, and Corollary 7.

Consider the following auxiliary time-stepping scheme: Let p* = pg. Given p” €
HY(Q), find p"*! € H*(Q) as the solution to the elliptic problem

n+1 n n+1

- P n n+1 n+1 . ap
u, -V — AA =0 in 2,
k Ve P on 13Q

0

=0. 2n

This problem is well-posed thanks to the elliptic regularity imposed in (H 1).
The proof of the following result was done in [10] in Appendix (A.1).

Lemmas Fixn =0,..., N — 1. Suppose that there exists a unique solution (uil, pi)
of 9)-(11) forl =1, ..., n satisfying (jointly to initialization ug) the estimate
|Vul| < Cy VI=0,...,n, (22)

with Cs > 0 being a constant independent of (k, h), and stepsl = 1, ..., n. Then, for
k small enough (depending only on C;), we have

O<m=<pltl<m, vi=o0,. (23)
+1
[max o131 ) < € kZ o ) < (24)
where C is a constant independent of (h, k), and stepsl =1, ..., n.

The next lemma provides a comparison between problems (9) and (21).

Lemma 6 Fixn =0, ..., N—1. Under assumptions of Lemma 5, the discrete density
(,oh)"+1 of scheme (9) sansﬁes for h and k small enough (independent of the time
step n):

kz o™ = Knp' i3 g < C R (25)

where C > 0 is a constant independent of (h, k) and stepsl =1, ..., n.



The details of the proof of Lemma 6 are similar to that of Theorem 2 in most argu-
ments. Since we compare (9) with a time-stepping scheme being linear on p"*! for
a fixed data uj, no consistency errors must be bounded. Therefore, the proof of (25)
is slightly shorter than the proof of error estimates given in Theorem 2, and therefore
the proof is omitted.

Corollary 7 Fixn =0, ..., N — 1. Under the assumption of Lemma 6, the discrete
density of scheme (9) satisfies, for h and k small enough (depending only on Cy):

0<m<pt'<M, VI:0<I<n, (26)

where i and M are the constants fixed in (12).

Proof 1t follows easily from (25) and inverse inequality (18) that || pi‘H — Ky
P2 (@ = Ch/k. This estimate jointly to approximation error (20) for 5 = pltl
and (25) imply that

ot = p' M o) < Ch/k. 27)

Indeed,

KD = 3 = Ck D (o = Kup' 3 + IKnp™ = 01 ),
l !
hence by using firstly (18) and (20) and secondly (24) and (25):

C
K2 Moy =p" Mt <k 2 oy = Knp TG +C ik 3 0™ I < C
I 1 1

one arrives at (27).
Finally, note that, for 4 and k small enough (independent of the time step n), (26)
holds from constraint (S), (23) and (27). ]

4 Well-posedness of scheme (9)—(11) and weak error estimates

First of all, we are going to introduce the consistency errors and the error equations
for both velocity and density. To motivate the way consistency errors will be written
below, let us indicate what we would obtain if a usual methodology of writing them
were used. Typically, the consistency error are obtained by putting the differential
solution related to (8) into the numerical scheme (9)—(11). In doing so, one arrives at

p(tny1) — p ()
k

p(m)MHp(w)u(m) AV p(tns1)) - Vat(tas)

V. (Mvu(tn+1)_)\p(tn+l)(vu(tn+l))t)+vp(tn+l)=p(tn+l)f(tn+1)+RZ+lv

+ut) - Vp(tns1) = (1) = RpH,



where RZ“ and RZ“ are the time consistency errors having the expressions

Inq1 Int1
R"'Hzl/(s—t),o ds — /u(s)ds -V p(tas1)
0 X n)Prt t PUn+1),
In In
tht1 41 Iny1
Ry =@ / (s—rn)u,,ds—% / pi(s)ds / u(s)ds
th th i
Iny1

—p(tns1) / wi(s)ds | - Vatltusr).

In

Obviously, writing the exact solution in the above context requires that some sort
of regularity for u;; must be imposed. It is easy to realize that at some moment in
obtaining the error estimates, by using this approach, we must bound the term where
u;; appears in RZ‘H actingon uy € Vy:

In+1

1
k % / (s — tw)tss ds. ity
In

Inq1
< o) liLe@) /(S — t)llwse ()l pors @y l@nll o)
In
1 Int1
<c /(s—rn)||un<s)||ms<g) ek Vi

In

The best regularity for u;; we can expect (without imposing global compatibility
conditions) is o 1/2u,; € L%(0, T; L%3(Q)), where o () = min{1, ¢}. Therefore,

In+1 In+1

6= tmadsin ) < Ck [ 6=l ®l s g, + kv
In

In

p(tnt1)
k

k

but it is easy to check that this bound only implies the suboptimal error estimates
in time O(k'/?). In order for the result of O(k) to hold, the regularity condition
uy € L*0,T; L%> (£2)) must be imposed, but it requires a nonlocal compatibility
condition for the pressure at the initial time ¢+ = 0, depending on the data u, pp and
f(0), which cannot be verified in practice [12]. Therefore, it is clear that we must
write the consistency errors in which u;; not to appear.

It is well at this point to point out that in the particular case of constant density
(that is, for the classical Navier—Stokes problem), to obtain the optimal order O(k),



it suffices to impose u;; € L?(0, T; V'), which is a regularity hypothesis that not
requires the above-mentioned nonlocal compatibility condition.
Throughout the paper we will denote the errors as follows:

e, =eqy+eiy, witheg, =uy — u(t,) and e, = Iyu(ty) —u(t,),
eg =ed,p+eip, with €d,.p = PZ — Jhp(ty) and €ip = Jnpty) — p(tn),
ey =eqpteip, Withes = py — Kpp(ty) and e, = Kpp(tn) — p(ta),

where ¢; . represents the error coming from the interpolation error, and ey, . represents
the error related to the nonlinearity in problem (2) (discrete error).

4.1 Error equation for the velocity—pressure

To introduce a new consistency error let us first begin by integrating (8); with respect
to time between f,, and #,,+ to get

In+1 In+1
/ (p()u(s), u) ds + / (((p(s)u(s) —AVp(s)) - Viu(s), u) ds
n In

1 In+1
+ / (uVu(s) — () (Vu(s)), VIZ) ds — / (p(s),V-u)ds
In tn

In+1

= / (p(s).f(s), u) ds (28)

In

forallu e H (1)(52). If follows easily that the integral of the time derivative may be
written as

T+l th+1

/ (ous(s), w) ds = k (p(tn)8;u(tns1), u) + / (lp(s) — p(t)]us(s), u) ds

tn In

=k (psut). @) + (615 a).

This expression will allow us to compare the time derivative terms corresponding to
(10) and (28) in a suitable way. By subtracting (28), particularized for u = u;, € Vy,
from (10), we find the relation

k (prsa ™t = padtnrn). i) — (607" @)
Inq1
+/ ((p,;’“u’,;-V)uz*‘ —(p(s)u(s)~V)u(s),ith) ds

In



Int1
= / (Voptt - Dyt = (Vp(s) - Vp(o), ) ds
ty
th+1
+M/ (VuZH—Vu(s),ﬁh) ds
ty
Int1
—x/ ((p;;“ )(W”“)’—p(s)(w(s))’,vah) ds

In

i1 In+1
! n+1 n+1 ~ n+1 -
+2 / (V uh Py, uh) ds — / (Ph —p(s), V- uh) ds
In n
Int1
- / (4! ) = p) £ ), 1) ds =0, (29)

We now split each pair of terms in the above equation in preparation for deriving the

error estimates for the discrete velocity error, eZJ;l = uZH — Thu(t,41). To begin

with, we treat the time derivative terms in (29) as

k (s ™ = putan ). i) =k (phsielyl, in) +k (ofdie) s in)

e (el ), ) + k (el Siattnr), )
4
=k (pZSteZLI , l_lh) + Z (5,’:7;1, l_lh) .
j=2

For the convective term in (29) we propose the following decomposition:

In+1

/ (ot uy - Vo — (p(s)ucs) - Vyucs). i) ds

=k (G- Vegil ) +k (g el + et et - V) i), )
th1

4 / (K s D Upt (1) — Ty ()] - V) Ipte g 1), i) s
t’l

Int1

+ / ([Knpo(tns1) — Kpp () Upu(s) - V) Ihu(ty11), up) ds

In



g1

+ / (Knp($)pu(s) —u(s)] - V)Iu(tyrr), up) ds
In
Tny1

+/ (([Knp(s) — p()]u(s) - V)Ipu(tyi1), up) ds
In
th+1

+ / ((p()u(s) - V[ pu(tny1) — Iyu(s)], up) ds
In
Ih41

+ / ((p(uls) - V)[Ipu(s) —u(s)l, up) ds

In

((pn+l n V)en—&-l,— ) (;1—&1-1 l_lh)+Z( n+1’— )

The first A-term in (29) may be written as follows

Int1

- / (Vo Vo = (Vp(s) - Vp(s), ) ds

In
— _ak ((vp;j“ Vyert! i ) —ak ((Ve”“ V) Lt (tns1), ah)

t)H»l
—A / (IVKpp(tay1) — VKpp(s)] - V) Ipu(ty 1), up) ds
In
Int1
—A / ((IVKnp(s) = Vo) - V) yu(tyy1), uy) ds
Iy
Int1
—x / (Vo(s) - VUntt(tus) — Lyu(s)]. diy) ds
t’l
t)H»l
A / (Vo(s) - VI Ipu(s) — u(s)]. ) ds
Iy
14
= =k (Vo el an) + (ot i) + X (605" @)

j=11



Concerning the diffusion term in (29) we partition it as

Int1
u/ (Vu;;“ — Vu(s), vah) ds = uk (Ve’;j}, vah)
In
th1
+ 1 / (VIu(tys1) — Vipu(s), Vuy) ds
t’l

Ing1
+un / (VIyu(s) — Vu(s), Vuy) ds
In
16
=k (Verst van) + > (e ).

j=15

Observe that /(Vu(s))' : Vu(s) dx = 0, which is true owing to V - u(s) = 0in Q
Q

and u(s) = 0 on I'. Then the other A-term in (29) may be written as

Tn+1

2 / (ot = oph (VY = (o(s) = P (Va(s)Y', Vit ) ds

In

— _ak ((pZ+l — ,0,%71) (Velthy, vah) Ak (e;}j)‘ (VIpu(tns)), vah)
Int1
A / (IKnp(nst) — Knp IV Iatns))' . Viig) ds
I
Tl
a / (IKnp(s) — p()I(V Iy (tnsr)Y' Viiy) ds
t’l
Int1 5
4 [ (06 = AVt ) = Vi)Y Vi) ds
In
i1
—k / (o) =PIV Ihu(s) = Vu)Y', Vit ) ds
t’l
~ 20
= =ik (o™ = o8l) (Veuhy Vi) + (cutt an) + D (604 @)

j=17



An similar argument to the convective and diffusion term shows that the stabilizing
term of (10) takes the form

k _ k _
E(V uhpn—l-l n+1 uh) 2(V u' pn+1 "’ZJ;I uh)

k 1
+2 (V € Py s Int(tngr) - uh)

In+1
1 "
+5 [ (V- Unn) = By ™ D) - ) ds
In
41
1 n+l
+5 [ (V- Unns) =)oy ) - ) ds
In
k 22
l 7 l - 1 = 1 =
j=21

and the pressure terms become

In+1

—/ (prt! = p). Viun) ds = =k (" = Jup(tar). V - un)

Inq1

- / (Jnp(tnp1) — Jpp(s), V - up) ds
In
Tl

- / (Jnp(s) — p(s), V -uyp) ds

tll
24

= —k (egj,l, V. ith) + Z (E,'Z’J;I, ﬁh).

Jj=23

To conclude we handle the forcing term that unlike the Navier—Stokes equation pro-
vides extra consistency terms to be bounded. Thus we have

h+1
_ / ( P E (1) — p(5) £(5), uh) —k (ed S s, uh)

In

In1
- / (K3 (tns1) — Knp()1f tusr)s i) ds

In



Ini1

- / (LKno(s) — p()1S (tug1). dip) ds
In
th+1

- / (PO (tus1) — £, ) ds

In

=k (edp f i), uh) + i (53jl’ﬁh)‘
j=25

Finally, from (11) and (19), we have
(V e?ﬁ;‘,ph) =0 Vppe M.
For simplicity of notation, let us denote the total consistency error as
27 4
(E,Z'H,ﬁh) = Z (élfjl,l_th) and ( ot flh) Z (iﬁjl,fth)
Jj=1 j=1

Therefore, we get the following variational formulation for (eZ';l, efl‘;l)

& phatezj;l’ uh) Tk (((Pnﬂuh _ Avp;1+l) V)eT;lv uh) +ka( n+1 eZ*;}, —h) 0
+3 (V up oyt et ﬁh) —k (eﬁpl V. ﬁh) + (;;H_lsﬁh) + ( ot ﬁh) =0,
(Ve i) =0, (31)

for all (uy,, pn) € Vi x My,.
Note that we have arrived at an error equation for the velocity that does not involve
second derivative in time for the velocity as was announced before.

4.2 Error equation for the density

One easily sees that the above decomposition argument can be applied in the context
of the density equation. Let us define the consistency errors associated to the density
equation.

ko (o = Pt on) =k (el o) + & (8i€l5" n)

=k (sret) ) + (605 n)

In+1

/ (up - Vot = us) - Vo(s)., in) ds

In

=k (uy - Vel o) + k(e - VERPGar1), n)



Int1
+ / (pte(i) - VIKnp(ns1) — Knp(s)], o) ds
17
tn+1
+ / (i) - VIKnp(s) — p(s)]. o) ds
ty
Int1
+ / (Upu(ty) — Tyu(s)] - Vp(s). o) ds
173
1

+ / ([Inu(s) —u(s)]- Vo(s), pn) ds

(5;;1, ,5h) ,

In
2
= Z (CZ;I, ﬁh) +
j=1
In+1

A / (VpZ+1 —Vp(s), vm) ds = ik (Ve;j}, V,éh)

In

5
j=2

In+1
+2 / (VK p(tns1) = VKp(s), V) ds

In

Int1
+ / (VKp(s) = Vp(s), V) ds

t)l

7

=k (Ve Vo) + X (605" ) -
=6

J

Therefore, we get the following variational formulation for the density discrete

n+l,
error ed,p :

k(sieisl o) + 0k (Vers Vo) + (cot ) + (6 ) =0 (32)

where

(7 = 3 (et ) ot (2 5) = 3 (50 )

i=1 i=1



4.3 Error estimates in energy norms

The following lemma provides some estimates at each time step which will be funda-
mental to obtain the rate of convergence by an induction process.

Lemma 8 Suppose that 0 < in < pj, pZH < M in Q. Then, for k small enough,
there exists a constant A > 0, independent of (h, k) and n, such that the following

inequality holds:
2 2
(L/m:“ezt} Aleis] )— (|Voiera] + e )
A
e:fpl —ey p‘ )+k (,u,l ‘Ve”Jrl

m 2
\v/ n+]‘
+(2 2 ‘ €
~ 1 2
<Gik (m e >+ Alel, | ) kg (m Vel +an|ves,| )
2 2 2 2
+ C(h + k ) (”ptl|L2(ln+1;H1(Q)) + “ut”Lz(InH;H‘(Q)))

+CR (||u||

n+1

2
edu_edu +5

2
L1y HAQ) T ”p”LZ<1n+.;H2<Q>)) ’
(33)

where L] is the coercivity constant defined in (13), and C, G| are positive constants
independent of (h, k) and n.

Proof Stability and approximation properties of the interpolator operators I, J, and
K, given in Lemma 4 must be kept in mind along the proof, since we will make use
of them repeatedly.

First, let us take p, = 2 e" *1 a5 a test function into (32). Then, by using the identity

(a—b,2a) =a*>—b>+ (a — b)2, we obtain

| n+l|2 |egp|2+ |el’l+l edp|2+2)\’k|vel’l+l|2

(§n+1 3221)4-2(5"“ 624;)1) 0. (34)

Let us start by bounding (E;}“ ezl”")l) For the sake of simplicity, some specific

terms will only be bounded in detail. Note that (E;ﬁl, e:’l';l) may be written as

In+1

(énﬁl’eﬁl) / (p,(s) K p:(s), edp) ds

In

< Chk Mol iag,, @ lel s |- (35)



n+1

where we have used the interpolation error of K, and Schwarz’ inequality. For (5 b2

eflf;l) Fubini’s rule and the interpolation stability lead to

Int1

(5231, eg’t’l) = | Inu(t) - V Ky / (o (thy1) — p(s)) ds, e:}j)l

In

1 [ tntl
— n+1
= | lhut,) -V Ky / / 01 (2)dz | ds, ed’p
th s

In+1

[ =t (15 Kipior. ) a

In

In+1

/ @ — ) u)l=@|V Knpi )]l dz

In

IA

IA

3/2 +1
C kY ||u(fn)||L°“(SZ)||)0t||L2(1,1+1;H1(Q))|€Z,p |

=< Ck3/2||,0t||L2(1,,+1;H1(s2))|€g,21 [ (36)

In estimating (é Z*él, egtll), we use the interpolation error in H'-norm verified by K,

to obtain

41

(et en)) =€ [ Ml @hle® e 1ds

in
12 1
< Chk" ||u(tn)||L°°(S2)||p||L2(I,,+1;H2(§2))|eZ’j, |

< Chk1/2||p”L2(1,,+1;H2(Q))|63j;1|- 37)

As was done in (36) and (37), we find that

n+1  n+l1 3/2 n+1
(%,4 ’ed,ﬂ) < CIurll 2,y @ 1P oo (w3 €55 |

2 1
<Ck/ ||ut||L2(1,l+1;H1(gz))|€Zz,J;, l, (33)

1 1 1
(n5 ert!) = CR o2, i | VeS|
and

n+1 n+l 1/2 n+1
(;0,5 ’ed,p) < Chk' 2 lull g, w2 leil, |

1 1 1
(53,? <€ ) < Chk' 21l 20, 120 Vers |



We proceed now to estimate ({"“, ,éh). We first handle
({;’j‘l, e;':';)l) =k (ez’u Ve:}";l, e;';l) +k (Ihu(tn) . Vez,';l, eg';l) (39)
bounding the two terms as follows:

1 1 1 1 1
(el - Vertl eitl) < Crleh | 1Ves e e < C ke, |1Ve)t],
k() - Veftl el ) < Ch a1 Vel 1€}t

<Ck |Ven+l| | n+1| (40)

Finally, we control

1 I 1
(5:2 ,ezJ;, ) <2k|ey, u||L6(Q)||VKh/0(tn+1)||L*(§z)|ed P '1<Ck IVey | |€nJr [

(41)
Inserting the above estimates in (34) and using Young’s inequality leads to
eI —le 12+ let — e 1P+ ket P < Ch(e P + e, 1P
+ep kIVey 12+ C + ko7, ey T CR N i)

2 2 2
I (12,2 122012 (42)

where ¢ > 0 is a constant to be chosen later, and w1 is defined in (13).
We now turn to finding the error estimates for the discrete velocity. Take u;, = eT;ll

as a test function into (30), takmg into account that ( AR v e”+1) = 0 (owing to

(31)) and the coercivity of a(ph ,+, ) given in (13) to obtam
k (pZS,e;';l, eZ";l) k|Ve"+1| +k ((p"“uh kV,o”“) V)eZ';l, eZ";l)
1

4= k(V uh pn+1 ez—i;‘l ez-i;l)+(1;z+l ez-il—ll)+(€iz+l ez+1) <0.

2
(43)

Let us handle (43) a little more. We pick p;, = 7 |e"+1 I to be a test function in (9)

(which is possible owing to the hypothesis V, - V;, € Wy, imposed in (H4)). Then
integration by parts yields

k , k
3 (&plﬂ | n+1|) 3 (pZJrl n )\'VIOZ+1 Vle”+]| )

k
) (V uj) ,o,’I'+1 |e"+1| ) =0. (44)



If we now sum (44) to (43) combined with the discrete version of the time derivative
given in Remark 1, we arrive at

1 1
Vorrterss| = |Voet|

+2 (art enit) +2 (g ent)) <. (45)

2
ik (Ve"“

+ |t = e

Next, we must bound adequately (;”“ eZJ;l) and (S,:’“ eﬁul) Let us take up the

estimates of (S,;’“ e’f;ll) Fubini’s rule, and Holder’s and Sobolev’s inequality show
that

t)H—] s

(«fﬂlveﬁl) = // P (2)u (s), 8"+1) dzds

l”+l s

/ / 1002 L3 ()1 el sy 2 ds
1, 1,

IA

il

Cllull oo, 1;129) /(fn+1—Z)||pz(Z)||L*(Q)dZ |V6’"+l|

In

IA

1
< CIEPNpill 2,030 VL |

As in estimating (35), we have
1 1 1/2 1
(SZ,JE ,er;) < ChE Pl 21, 1020100 |-

It is not hard to check from Holder’s and Sobolev’s inequality that

In+1

IA

+1 +1 +1
(a5" ers) lels 1l ol ()] ey oy ds

In

Ck (led pl |Ven+1| + |ed p|1/2|v n+1|1/2|ven+]|)’

IA

In+1

+1 +1 +1
(et entt) = | el lls@lur) el s ds
t)l

CI2 I P pll 2, w20 | VES .

A

IA



Tobound (55", ¢ ) and (&, 5" €%, we usethe fact thatu € L(0, T3 Wy ()N

L°°(R2)), and mimic (36) to get

+1 +1 2 +1
(u5" et!) = Ve,

1 1 2 1
(8! i) = CRP ol 22 Ve
1 1 1/2 1
(6016 ehil) = CHENul 2, 2 VEs -
In the same way as (37) we bound
+1 n+l 2,172 +1
(03" el ) = CH K Plull 2, ey | Ves S
1 1 2,12 1
(05! ehit) = Rk 21pliq,. 0y Ve |
Analogously to (39), it follows that
1 1 1
(533 e ) < CEPllurl 2, 0 leit |
An argument similar to the convective term for the velocity also shows
1 1 3/2 1
(%';'Tl,e;;) < CE Mol 21y, 1) | Ve |
1 1
( ﬁzveﬁ) = ChEP NP2y | V€ |
+1 n+l
(el ety =c
+1 -+l
( 14> €y ) Chk"?|ull 2, ,. H2(Q))|V€du l

CIP a2, 1o Vit

where we have used the fact that p € L*°(0, T’; W1’3(Q)) in the last two lines. One
sees readily that

(Eﬁéa eﬁl) < C il o, o IV
and

(Eﬁé’ eZIl) < Chklullag,, w2 Veih |-
The other A-terms may be bounded as

n+1  n+l1 3/2 n+1
(5,“7, ed’u) <Ck/ ol L2(tsr; 1t @) Veqy Is

1 1 1/2 1
(snis-ehit) = CHEPNol 2, 2 IVEs



n+1 _n+l1 3/2 n+1
(éu,l‘)’ ed,u) < CE Pl 2, s Ve |

n+1 _n+l1 1/2 n+1
(Su,mv ed,u) < ChEull 2, e Ve |

and the terms coming from the stabilizing term remain bounded as

n+1 _n+l1 1/2 n+1
(Eu,zu ed,u) < Chk Pl 2, m@nlei |

n+1  n+l 1/2 n+1
(6ri i) = Chk'Pull 2,2l

Making use of the property (19) of Ij,, we see that (él’fg, eTul) = 0. The other

pressure term can be bounded as follows:

1 1 1
(\5524, eg; ) < Chkl/z”l’||1‘2(1,1+1;H1(52))|V : ez; [,

Finally, the forcing terms are estimated as

1+l 2 !
(5,':;5, e, ) < CElpill 21,03 1 s Dl 22 | V€S

1
< Ck3/2||pt||L2(In+1;L3(Q))|VeZ:; [,
+1 +1 1/2 +1
(80 i) = CHE S Nz nca Ve

n+1  n+l 3/2 n+1
(Eu,zwed,u) < CEPIL N 2, 006500 VeqS |-

What remains to be bounded, to complete the estimates, is ( ,;’“Ll, eg";l):

(517,+11’ efﬁul) < k|Knp(tay1)€ , + ey nuty)
_)\V@Z;H ||V1hu(tl’l+l)||L3(Q)||ez:;l 2o
< Ch (lehul? + €5 P+ Ve 1) Vet 2,
({,’,’31, e;ﬁ;}) < kIVe IV Ity )l o) et s
< Ck|Veytl|Iveyt],
(C:El’ e:ll,t}) = Ck||€fgf;1 260 ||Vlhu(tn+l)||L3(Q)|Vez:;l|
<Ck (le;}j}l + |Vegj}|) |Vegj}|,

+1 +1 +1
(s i) = Chlegt 11vel, .



Again, applying the above estimates in (43) and using Young’s inequality yields

[ n+l n+l +1 +1;2
’ " ezu —‘,/ o) e —i—‘,/ (e” —e,) +—|V" |

< Ck(ey P+ 1€, 1° + left 1+ lef /> + [Vey bl + 8 1k [Vey |7

2 n+1 2
+ Ck |V€ | + Ck (||’0t||L2(In+1;H1(Q)) + ||ut||L2(In+1;H1(Q)))

2 3 2
Wl € 1PN L2, 2

2 2 2
+Ch (||”||L2(1 asrr@n TP, ey + ”p”LZ(LLH;HZ(sz)))
2 2 2
+ Ch ||‘f||L2(1n+I§L3(Q)) + C k ||fl||L2(In+1;L6/5(Q))' (46)

where § > 0 is a constant to be chosen later.

Finally, we bound [e/ "> < 2(Jel ™ — ¢ + |¢%]?) and |ejt!|* < 2(lejt! —
e 1> + |e’;|2) in (42) and (46) and balance inequalities (42) and (46) so that the term
C k|Veg+1 |2 is absorbed on the right-hand side of (42). To end, take k small enough
so that the terms Ck|eZJ;] — e p| and Ck2|Ve"+1|2 and Ck|eZJ;1 —ey ,|* and
C k2|Ve"+1| are controlled on the left-hand side of (42) and (46), respectively. Then
the recursive inequality (33) holds automatically by choosing ¢ and § in the obvious
way. O

At this point, we can choose the approximation of the initial data. Our finite-
element method would start with, say, ,02 = Kppo and u2 = Iug. With this choice
we can say that

lug —ul)l < Ch, |Vul| <G, (47)
lpo— Pl < Ch, 0<ii<ppx) <M. (48)

Now, we are in position to prove existence of solution of the scheme and optimal error
estimates in weak norms for discrete errors.

Theorem 9 Assume hypotheses (HQ0)—(H4) constraint (S) and (h, k) small enough
(in order to apply Lemmas 6, 5, Corollary T and Lemma 8). Then there exists a unique
solution (py , uy,, p}) of scheme (9)—(11) and the following estimates hold:

O<m<pl™ <M, Yn:0<n<N—1, (49)
N—1 i
0<L‘L%‘_1(""e"+l' +AleE )+ (;leﬁt}—edui - |e:§*;3 —edp|2)
n=0

tk Z (‘“ Vel 2+ AxVel I ) <C K>+ 1.

(50)



Proof 1If we assume that (26) and (33) hold foreachn =0, ..., N — 1, then (49) and
(50) are readily satisfied. Indeed, (49) holds trivially. Next, observe that 62, o= 0 and
eg‘u = 0 by definition. Then, by summing up (33) forn = 0, ..., N — 1, applying
the discrete Gronwall lemma, and taking into account (49), it follows (50) from the
regularity for the exact solution given in (HO0).

Let us therefore see that (26) and~(33) hold by induction on n. For n = 0 we
have by hypothesis 0 < m < ,0,(1) < M, from (48), and |Vu2| < Gy, from (47). Let
C, := max{G3, G3}, where G3 > 0 is a constant to be chosen later on.

By virtue of Corollary 7, the point-wise estimate 0 < m < ,0}% < M holds, that is,
(26) is satisfied for n = 0. Thus, from Lemma 8, we have (33) for n = 0.

Suppose by induction that (26) and (33) holds for/ =0, ..., n — 1. Then, sum up
33)forl =0,...,n—1to get

n

_ k
ey ul? + Al + 5 3 (m1Vel I + 431Vel 1)
=1

n—1

<Gk Y (ile P+ Al P)

=0
n—1
2 2 2 2
+ I S (Wil ey + 12, i)
=0

n—1

2 2 2
+Ch* Y (”””LZ(InH;HZ(Q)) + ||'°”L2(ln+1;H2(sz))) :
=0

—

.
< Gik Y (lel P + Alel , ) + CO2 + 1),
=l

where G is the constant appearing in Lemma 8 and C > 0 is a constant depending
on the exact solution. By applying the discrete Gronwall lemma, one obtains

n
%kz Vel 17 < CeSin(k? + h?) < CeO'T (k> + h?). (51)
=1

Since CeC!T is independent of Cg, it is easy to deduce that there exists a constant

G3 > 0 such that |Vu§1| < Gs,forl = 1,...,n. Recall that Cy := max{G3, Gy},

hence |Vu§l| < Csforeach/ =0, ..., n. Itis important to know that the constant Cj
is independent of (A, k) and the time-steps /. Then, Corollary 7 implies (26) for n, that
is0<m < ,02“ < M for each | = 0, ..., n. Finally, we can apply Lemma 8 and
deduce (33) for n. O

The final step to prove Theorem 2 is left to the reader since it only draws on the
interpolation errors in Lemma 4.



4.4 Error estimates for the density in strong norms
Before proceeding any further, we are going to define other interpolation operator for

the density based on the Poisson—Neumann problem. For each p € H'(R), we set
Ky p € Wy, such that

(V(p— Knp), Vo) =0 Vpp € Wy,
/th:/p. (52)

In fact, K p can be obtained as follows:

1. Considern:p—y{peL ().
Q
2. Findn, € W N L%(Q) as the solution of the discrete Poisson—Neumann problem:

(V0 — ), Vo) =0, ¥ pu € Wy N LE(KQ).

3. Calculate K,p = nj, —i—fp
Q

This interpolation operator K, holds the following error approximations (see [4,7])

lp = Knplli@) < Chlplg Yo e HX Q). (53)

Consider the discrete Laplacian operator A : W, — W), defined as the solution
to the problem

Appn € Wy, suchthat  (—=Appp, pn) = (Von, Vor) Y pop € Wy 54

Thus, we see that the discrete density equation (9) can be written in terms of this
operator as:

+1 n
O, _ i _ _
(%,ph)+( Vp"“,ph)—/\(A PnH»Ph):O Y on € Wi

Let Py, be the L2—orthogonal projection from L2(2) onto Wy, and consider the error
for Ap:

At = Ap(tys1) — Anpp T,

which we again decompose as e’Kr] = el"Zl + e”Jrl with

el = Ph(Ap(tain)) — Mppp ' and €K = Ap(tar1) — Ph(Ap(tat1)).



On the other hand, although the interpolation operator related to density has changed,
for simplicity, the corresponding error will be denoted in the same manner ¢, =
e’ »t ey o Then the error equation for the density can be stated as

k (3,e;}j;1, ,5;,) Iy (efﬁAl, ,6;,) (;”“, 5 ) + (g;’“, ,5;,) -0, (55

where now the diffusion consistency error takes the form

7 Int1
S (5 ) =4 [ (P80 = P20, ) ds
i=6 ;

In+1

(Pu(=Ap(s)) + Ap(s), pp) ds.

In

Note that (g"#, ;3h) — 0 by definition of Pj.
For fixed A, let "1 (h) € H*(S2) be the solution of the auxiliary problem

n+l(h) — en+1 'n Q, w‘

/ ") = 0. (56)

Q

Since the H 2-regularity of (56) (see hypothesis (H1)) and fQ efl+Al = 0 hold, it is

guaranteed that (56) 1s well-posed. The function ¢”*1 (%) can be seen as a continuous
approximation of ¢’} d A as the following result shows.

Lemma 10 [z follows that
IV(t?"Jrl ")) < Chle"+1| (57
where C > 0 is a constant independent of (k, h), and of the step n.
Proof We first state that e”+1 € W, satisfies the equation
(Ve Vion) = (eia i) ¥on € Wi (58)
Indeed, on one hand, in view of definition of —Aj, given in (54), we find that
(Vph+1 V,Oh) (Ahp;,’H, ,5h) Yon € Wh.

On the other hand, from the definition of the interpolation operators Kj and P, one
easily sees that

(VKpp(tht1), Vor) =V otu+1), Von) =(=Apnt1), pn) = (Pn(=Ap(tn+1)), on)



holds since p(t,+1) € H 1%,(9). By subtracting both equalities, one finds (58). In par-
ticular, by comparing (56) and (58)

(Veers! =™ ). Vi) = ¥ € W

Finally, to obtain (57) we take ), = eg“ "V (h) + " (h) — Kpe" T (h) as a test
function and estimate by

V(e — e )l < V(e (h) = Kne" T ()] < Chlle"™ (W) g2

< Ch|en+1|

where we have used the approximation property (53) and the H>-continuous depen-
dency of problem (56), " *! (h)| ;2 < C|e3fA1 | (imposed in (H 1)). o

Theorem 11 Under conditions of Theorem 9 and p, € L*(0, T; H*(R2)), the follow-
ing error estimates hold for h and k small enough:

max_|Veyt! | +Z|V(eg+pl — e )l +Ak2|e"“| <CE+h%). (59

0<n<

Proof Setting p, = Ze"frAl as a test function in the variational formulation (55), one
arrives at

2k (8ret) et ) +2akle WP 42 (e e ) 2 (e et ) = 0. 60)

Integration by parts is justified in the first term on the left-hand side of (60) by taking

on=e dJ;l —e d.p into (58) to obtain

2k (edgl, 3,e”+1) =2k (Ved " V{Ste"H) Vet — Vel 2
IV — e )17 (61)
Thus, incorporating (61) in (60), one has
|Ven+1| —|Ven’p|2+|V(eZJ;1 _ed p)l +2)\.k| n+1|

=2+ ehl) 2 (5" o) (©2)

Next, we estimate the right-hand side of (62). Clearly, (E”H eZ+Al) has already
bounded in the proof of Lemma 8§ by replacing edJrl by e"Jrl The only thing to
be worth remaking on is the control of (§ g El, eg"’Al) In fact, it is not hard to check

1 1 1
(606" eiid) = CR ol 2, o2 | Ve



Now, we focus on the control of (;"H eZJrAl) In a totally analogous way to (41) we

n+1 n+l1 n+1 n+l1 .
treat (g“p | s€qn) We keep on with (g“p | s €y a)asin (39). Hence, we have
n+l n+l1Y) _ n n+l n+l1 n+l n+l
(g‘pql ,edyA) —k(ed,u Vedp , dA) —l—k(Ihu(tn) Vedp , dA)

The bound of the second term on the right-hand side of the foregoing decomposition

takes advantage of the L®-regularity for the exact velocity as was done in (40). The

most problematic term is (e/} , - V ZJ;I , eZJrA]) which may be written as

(el Vet emtd) = k(€ - Vel = e, i)

k (el - Ve, et ).

+

_ k(eZu V(en+1 (), n+1)

(Ved LV () ® W”“(h))

where a ® b denotes the tensorial product of two vectors a = (a,')l?:l, = (b; )l 1
a matrix with coefficients (a ® b); ; = a;b;. Before estimating the terms K;, note
that from (50) one has, in particular, |Vezyu|2 < C(k + h%/k); hence |Ve:’i’u|2 <
C by using constraint (S). Thus, the inverse inequality (17), Sobolev’s inequalities
19014 < CIVOI IV ol g, and [V pllLs(q) < ClAp] forany p € HY ((Q),
and estimate (57) provide

Ki < Ck|Ves |Vl — e )] sl sy < Chh'Plel %,
K>+ K3 < Ck|Ve) | V" (W74 < CkIVes [ IVe" ()21 ae"H ()2,

hence by using the equality —Ae" ! (h) = eZ"'Al owing to (56),

Kr+ K3 < Ck |Vt ()2 e "+1|3/2. (63)

Next, we will see how to treat the term | Ve ! (h)| entering into (63). This is factorized
as follows:

Ve ()] < V(" () — et DI + Vet
< Chlefi |+ Vet (64)



where in the last estimate we have used estimate (57). Thus, by estimate (64) into (63),
one gets

K2+K3 <Ck'ven+1|1/2|eﬂ+l|3/2+Ch1/2k|en+l|2

Finally, Young’s inequality applies to the previous bounds in (62) gives, for 2 small
enough,

Vet 2= 1Vey P +IV (et —e) JP+rkle)' [P < CklVe) ! P+Ck|Vey ,I°
O+ Ko, iy FCR (1802, ey 122 i)
+ Ch2 (”u”L2(1 1 HZ(Q)) + ”p”iz(anrl;Hz(Q))) . (65)

Hence, summing up (65) over n, using the regularity of the continuous solution in
(HO0), and the estimate k Z 1 |Ved |2 < C(k?* + h?) from Theorem 9, we arrive
at (59) by applying the generalized discrete Gronwall’s Lemma assuming k small
enough. O

Finally, Theorem 3 can be proved from Theorem 11 simply by using the approxi-
mation properties (53) and

o = Pupl < Chlpllyigy Vo eH ()

(in particular, the extra approximation |V (pg — p2)| < Chllpollg2(g) for the initial
density pg holds).

5 Two iterative methods with constant matrices

The task in this section is to develop two iterative schemes, one for to approximate the
density and the other one for the pair velocity—pressure, in such a way that the linear
algebraic problems do not change of matrix at each iteration step, that is, the matrices
are constant by iterations. The following iterative methods arises from approximating
the nonlinear terms explicitly at a fixed step n 4 1 of problems (9) and (10)—(11).
Iterative method for problem (9). Known ( ,oZ s u;l’), the solution p,’f’l of (9)is approx-
imated by the sequence (,o"+1 ’), defined as:

Initialization: Let ,o"'H 0 — =0}

Step i + 1: Known ,o,"l+ ‘4 find p

n+1,i+1 n
P -0, _ -
(M, ph)+ 2 (vpn—H i+l V,oh) —_ ( Vpn+1 17 ph) .

”+1 i1 ¢ Wy such that for each 5, € Wy:

k

n+1

”'H uh) the solution ()",

Iterative method for problem (10)—(11). Known (p;, ,

”'H) of (10)—(11) are approximated by the sequence (u"Jrl i ZH 1); defined as:



Initialization: Let u”Jrl E—

h*
n+1,i ﬁnd (un—H Ji+1 p2+1,1+1

Step i + 1: Known uh ) € V;, x My, such that for each

(@pn, pp) € Vi X My:

n+1 i+1 n
u Li+1 1Li+1 _
(pm % )+H(V n+1,i+ Vi) — ( n+1,i+ ,V~uh)

(((pn+1 n )»Vpn-H) V) n+ll _ )\/ n+1 (Vun+ll) Vi,

Q
n+1,i n

1 i - u —u _
—3 (V ul pp T ult l,uh)+( "Hf"H,uh)-F((/% —Ph) hkhuh)

(V AR ﬁh) —0.

n+1,i n+1 i n+l,i

Next, we would like to prove that the approximations (o, ™, , P, ) con-
verge to (,0”+1 ”“, pZ+1)asz — o00. For this, we define the consecutlve differences:
n+1,i+1 n+1,i n+1,i+1 n+1,i
D4 = u, —u, s Nip1 = Py — Py
n+1,i+1 n+1,i
and Vi1 = p, —pp

which satisfy:

W; _ _ _
('T“, ph) VWi, Vi) = — (4] - Vi, ) (66)
7 D _ _ _
(pg ZH,uh)4-u<v¢pH,Vum — (Copttuy —avppthy - V)@ n)
1
1 _ L. 7
—A/ (,0 opt ) (Vo) : Vay, — 3 (V uppptt @y, uh) (67)
“ b;
_ 1
+ (Aig1, Vuy) + (( — oyt ) T uh)
(V-®it1, pn) =0. (68)

Now, we take p;, = k W, as atest function in (66) and integrate by parts, obtaining

(Wit P+ Ak VW P =k (i), V) + (V- ) W, Wiy

ny2 2 1 2
= Ck””h"[.]l(g)"\ljl”L%(Q) + E)‘klv“pl+1|

1
SCkWHWWH+§HV%HV-
Then

A A
|%HP+EMVMHPch”Q%F+EMVMF)



Setting k small enough such thata := C k'/? < 1 and applying the Banach fixed point
theorem, we have that {p"+1-'}; is a Cauchy sequence in H'! (2); hence ,o"+1 N pZ+1
in H'(Q)-strong, as i — 400, with rate of convergence ' (in [6] this technique is
used in order to decouple an scheme for a nematic liquid crystal model).

On the other hand, we take u, = k ®;41 in (67) and p;, = k A; 41 in (68), getting

PR 101+ ik (V2 = —k ((Gof = 2V o) - V)1, @i )

—xk/(gg "+Q(v¢y V¢ﬁ1+(( "“)¢“¢HQ 69)

Q

k il
2(V upp, " D <D1+1) =N+ h+FB+

Using that | ,o~ — pZ + | < (M —m)/2 in Q and admitting the following additional
hypothesis for the scheme

oy ul — AV ol 6y < C. (70)

we can bound

oM
§|<I>i+1|2 + w1k IVO4

Fi < CkIVOi[Pitill3) <

| >

+ Csk2 ik |V, 2,

AM—im
where u;y = — = > 0 [see (13)],
2 2
M —in M- 1 , 1 5
<A kIVO;[IVD; 4] <A k EIVCI%I +§|V(bi+l| ,
— M—i\*
F; < |d>i||<1>i+1|s( > ) —|cI> 2 P |<I>,+1|
203

n+l1

Again, as [(V -u})p, " | < C we can bound Fy as Fi:

8 p@
Fy < Ck | ®ill oo Pivill3 @ < 5(7’"|<b,-+1|2 +prk |V<1>,»+1|2)

+ Csk'2 1k VD,



Applying these estimates in (69), we get

2

(1—6) |¢ 24 k [V 2 M — i pg|q>-|2
i+1 1231 i+1 M+m 2 i

A M-
(C5k1/2 3 )mk|vq>,-|2.

A M-—nm  AM-—m
Observe that —— < 1,ie =
2y 2 2

< u1, by the definition of w; given in
2 kM= 7t
2#1

~ ~\ 2
M — A M-

8 small enough such that (1 —§) > max ( ~ ’f) Csk'/? + m , we
M+ m 2;1,] 2

(13). Hence, choosing Csk'/? small enough such that Cj k < land

arrive at the recursive inequality

oy pY
%|¢i+1|2+mk|wbm|2 <a 7’"|<1>,-|2+mk|vcl>i|2 ,

~ 2 ~
where @ = ;maXi(ALI—T) ,Csk'/? 4 LM_m}. Since @ < 1, we
1-346 M+ m 2ur 2
extract the same convergence result that for the density, that is, wtthi uZH in
H! (2) as i — +oo. Finally, by using the inf-sup condition, we can deduce that
pZ+l N pZH in L2(Q) as i — +o0.
Consequently, we have arrived at the following result

Theorem 12 Admitting k small enough and the stability estimates 0 < m < pZH
M, luyll Loy < C and ||V,o,'1’+1 6 < C (see (70)), where C > 0 is a constant
independent of h and k, then the iterative methods (14) and (15)—(16) converge towards
the unique solution of scheme (9) and (10)—(1 1) respectively. More concretely, one
finds the convergences ph'H’l — p"+1 in H' (Q), u"t1i — uZ+ in HY(Q) and
pZ‘H N pZ'H in L2(Q) asi — +o0.

Finally, note that the uniform bounds (70) imposed on the scheme in Theorem 12
can be deduced from the error estimates obtained in the prev1ous section. Indeed, from
the error estimates k Z IVe”+1 |> < C(h®>+k)and k Z 0 |e"+1 |2 < C(h*+k)
we have in particular the umform estimates |Vu"+1| < C and |Ahp"+1| < C (the
constraint (S) implies in particular 4>/ k < C). By considering the Sobolev embedding
lufllLs@) < CIVuy| < C, it suffices to prove that ||V,0;‘+] Lo < C|Ahp”+l|.
Indeed,

IV op Loy < IV G0 = Ko™ T (W) N Loy + IV (K p™ T () = 0" (1)) Lo
HIVE" B s (-



where ,0”+1 (h) € H]%,(Q) solves the problem

9 n+1 h
—Ap" () = =A™t in @, p—()‘ =0, /p”“(h) =0,
on IQ
Q

which offers us the property ||p”+1(h)||Hz(Q) < CIAhpZ+1| by hypothesis (H1).
Using the inverse inequality ||V opllz6(q) < C h! Il on |l 71 () and the approximation
property |V(,OZ+1 — "l < C h|Ah,oZ+1| analogous to (57), we bound

||V(,o,’1Z+1 _th"+1(h))||L6(Q) < lelll,o,’lhLl _Kh(Pn+1(h))||H1(Q) <C |Ahp;,1+1|,
IV (") = Knp" )ls(o) < C 10" (Wl 2y < C 1Anoy ™,
||Vpﬂ+1(l’l)||L6(Q) < C ||Ion+1(h)||H2(Q) < C|AhPZ+1|,

1 1
hence ||V, ™l o) < ClAnp; .
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