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UNIFORM NULL-CONTROLLABILITY PROPERTIES FOR
SPACE/TIME-DISCRETIZED PARABOLIC EQUATIONS*

FRANCK BOYER'$, FLORENCE HUBERT#%, AND JEROME LE ROUSSEAUY

Abstract. This article is concerned with the analysis of semi-discrete-in-space and fully-discrete
approximations of the null controllability (and controllability to the trajectories) for parabolic equa-~
tions. We propose an abstract setting for space discretizations that potentially encompasses various
numerical methods and we study how the controllability problems depend on the discretization pa-
rameters. For time discretization we use -schemes with 6 € [%, 1].

For the proofs of controllability we rely on the strategy introduced in 1995 by G. Lebeau and
L. Robbiano for the null-controllability of the heat equation, which is based on a spectral inequal-
ity. We obtain relaxed uniform observability estimates in both the semi-discrete and fully-discrete
frameworks, and associated uniform controllability properties.

For the practical computation of the control functions we follow J.-L. Lions’ Hilbert Uniqueness
Method strategy. Algorithms for the computation of the controls are proposed and analysed in the
semi-discrete and fully-discrete cases. Additionally, we prove error estimates with respect to the
time step for the control functions obtained in these two cases. The theoretical results are illustrated
through numerical experimentations.

Key words. Discrete Lebeau-Robbiano spectral inequality, parabolic equation, semi-discrete
scheme, fully-discrete scheme, uniform controllability / observability.

AMS subject classifications. 35K05 - 656M06 - 93B05 - 93B07 - 93B40

1. Introduction. The null-controllability of parabolic equations was proven in
the 90’s in two seminal works, [LR95] and [FI96]. Let Q,w be connected non-empty
bounded open subsets of R™ with w €  and consider the following parabolic dis-
tributed control problem in (0,7) x €, with 7" > 0,

Oy — V- (YVaey) =1,vin (0,7) x Q, yloa =0, and y|li—o = yo. (1.1)

The null controllability states that for all yo € L?(Q), there exists v € L2((0,T) x Q),
such that y(T') = 0 and [|v||z2¢0,1)x0) < Clyolz2(q), where C' > 0 only depends on
Qw,vyand T.

If we consider discretized version of this parabolic problem we hope to retain some
of the controllability result features. It is known however that controllability and dis-
cretization do not “commute” well. This question has been quite extensively studied
in the context of hyperbolic equations and yet very little for parabolic equations.

Regarding space discretization, let us mention the work of [LZ98b], where the null
controllability of the heat equation with a constant diffusion coefficient ~y is proven for
a finite-difference scheme in one dimension on a uniform mesh. In higher dimension,
a counter-example for finite differences due to O. Kavian (see e.g. [Zua06]) shows
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that localized eigenfunctions for the discrete Laplace operator are an obstruction to
null controllability with an arbitrary control region w. These problematic discrete
eigenfunctions correspond to the high end of the discrete spectrum. The authors of
the present article lately proved a result of null-controllability for a constant portion
of the lower part of the spectrum with an arbitrary control region w (see [BHL09a]
for the one-dimensional case and [BHLO9b] for higher dimensions). The L? norm of
the control function vy, is estimated by C/||yol/ 2, with C' uniform with respect to the
spatial discretization step h. Moreover, the resulting final state, y,(T') decays super-
algebraically to zero as h goes to zero. This also yields a relaxed observation inequality
which form resembles the case studied in [LTO06] for general controlled semi-discrete
scheme.

The results of [BHL09a, BHL0O9b] are based on a discrete extension of a spectral
inequality due to G. Lebeau and L. Robbiano [LR95] (see also [LZ98a, JL99]). This
extension to discrete elliptic operator is only partial and holds for a constant portion
of the lower part of the spectrum, hence the form of the null-controllability result. The
proof of this partial spectral inequality is based on semi-discrete Carleman estimates
for elliptic operators. The null-controllability is obtained via the Lebeau-Robbiano
strategy that takes advantage of parabolic dissipation.

There is also some work on the time discretization of controlled parabolic sys-
tems. In [Zhe08], the author studies the time-discretized Lebeau-Robbiano strategy.
A filtering of the high frequencies is required (in the spectral representation of the con-
tinuous Laplace operator) and the convergence results obtained are far from optimal.
More interesting is the result of [EV09], where the authors prove that any controllable
parabolic equation, be it discrete or continuous in space, is null controllable after time
discretization upon the application of an appropriate filtering of the high-frequencies
(in the spectral representation of the continuous or discrete Laplace operator). In
[EV09] there is however no study of the convergence of the control function as the
time step goes to zero.

Here, we consider fully-discrete schemes and we avoid high-frequency filtering.
For the time discretization we shall use a #-scheme with % <6 <1, i.e., ranging from
the Crank-Nicolson to the implicit Euler scheme,

yO = Yo,

n+1
y _
M —%

yn n+1 ny __ n+1 (12)
+ A0y + (1= 0)y") = BT, Vn e [0, M —1].

The matrix M}, should be understood as a mass matrix, A; as the discrete version
of the elliptic operator and Bj as the control operator. In space, the discretization
we use is assumed to yield a partial spectral inequality like that proven in [BHLO09a,
BHLO09b]. This inequality, with the control strategy of Lebeau and Robbiano, yields
the controllability of the fully discrete system (1.2) up to a small remainder that
decays exponentially as the spatial step size goes to zero. This result thus compares
to that obtain in the semi-discrete case in [BHL09a, BHLO9b].

We then deduce an observability inequality of the form

a : i
||q1—6t<1—0>M;1Ahq1Hhscobs(215t|zszqn|i) +Crem % gpl),



for some v > 0, where ¢ = (¢")1<n<ar+1 is solution of the

gM — gM+1
ML= L gaeM =0,

n _5tn+1 (13)
My 4,07 + (1 — 6)g" ) =0, Yne[l, M —1].

ot

This system is the proper adjoint system for (1.2) (compare with [Zhe08, Section 7.2]).
Following the so-called Hilbert Uniqueness Method (HUM) (see for instance [GL94]),
minimizing a certain quadratic functional then allows us to build a control function
by solving the coupled system of primal and adjoint parabolic equations.

The following results are obtained:
e The bound of the L?> norm of the fully-discrete control is inde-
pendent of the discretization parameters 0t and h.
e The distance to the target of the final state of the controlled
solution is small with respect to h, uniformly in ot.

Computing error estimates for the forward problem (1.2) and backward problem (1.3)

we then prove the following convergence results for the fully-discrete control vs, =
(V")p, n € [1, M].

The control of the fully-discrete parabolic equation converges to that of
the semi-discrete equation with:
e ¢ first-order rate for the 6-scheme, % <0<1;

e a second-order rate for the Crank-Nicolson scheme, = %

Note however that these convergence results are not uniform with respect to the
spatial discretization.

Finally, let us mention [FCM] where the control problem is addressed through
the minimization of a weighted functional. Numerical experiments then indicate a
better behaved control function in time. The weight in the functional is introduced
in connection to the global parabolic Carleman estimates of [F196].

1.1. Outline. In Section 2 we introduce the setting of the article, in particular
the discrete setting. We also present some examples of applications. In Section 3 we
show how the partial spectral inequality can be used to prove the null controllability of
the lower part of the spectrum and the resulting observability in the semi-discrete case.
The fully-discrete problem is first considered in Section 4. This section is devoted to
(i) the derivation of a proper adjoint problem and the duality between controllability
and observability and (ii) the extension of the Lebeau-Robbiano control strategy to the
fully-discrete case. A large part of the proof lays in an effort to recover an exponential
decay for the remainder at final time. The control result yields a relaxed observability
inequality. This inequality is exploited in Section 5 for the actual computation of
a fully-discrete control to the trajectories. In Section 6 we derive error estimates
for the forward problem and the backward problem. The Crank-Nicolson scheme is
studied with special care. These estimates then yield error estimates between the
semi-discrete and fully-discrete control functions. In Section 7, numerical results are
presented illustrating the theoretical results we have obtained.

2. Notation and examples.

2.1. Notation. For any h > 0 (which is supposed to represent the space dis-
cretization parameter), let us consider:



A Euclidean space FEj, whose inner product and its associated norm are
denoted by (-,-), and |-|, respectively. The dimension of Ej, is denoted by
Np,. In practice, N, — oo when h — 0 but this is not a necessary assumption.
Two linear operators My, Ay, on Ej which are supposed to be symmetric and
definite positive for the scalar product (-,-),.

The scalar product and the norm induced by M}, defined as follows

1 1
Ve, € Bn (0,9), = (Mua,y)y, s ol = (o,0)f = [Mjial .

The previous scalar product and the norm can be generalized by introducing
arbitrary powers of M,:lAh as follows

Va,y € En, (2,9),, = (M AR)*2,y),

3 1 4.5
Izl = (2, 2) 2, = [[(M5, Ah)szh,

for any s € R. Observe that M, ' Ay is symmetric for (.,.),.
The spectral radius of ./\/l,jl.Ah is denoted by pj. We assume that there exists
po > 0 such that

Pn > po, Vh > 0. (2.1)

Notice that, this assumption is reasonable since in all practical cases, we have
pn — 400 when h — 0.

A second Euclidean space Uy, whose inner product and its associated norm
are denoted by [-,-], and [-],,.

A linear operator By, : U, — Ej,. We denote by B} its adjoint with respect
to the initial scalar product on Ej and the scalar product on Uy, that is,

Vu € Uy, Yo € Ey, (Byu,x), = [Bhz,ul, .

For a linear map F : Ej, — Ej, we denote by ||F||, its application norm with
respect to the norm ||-[|, on Ej.

For a linear map G : U, — Ej;, we denote by ||G||; its application norm with
respect to the norm ||-||, on Ej and the norm [-], on Uy.

We shall assume that the following condition is ensured

sup[[./\/l,lehﬂh < 4. (2.2)
h>0

This assumption is equivalent to the fact that there is C' > 0 such that
[Brx], <Clxl|,, Yh>0,Vz € E}, (2.3)

that is to say that Bj is a family of uniformly bounded operators.

With the above properties, there exists an orthonormal basis of (Ej, (-, ), ) whose
elements are eigenvectors of M;lAh. Such a basis will be denoted by (¢;)1<i<n, and
the corresponding eigenvalues by (14;)1<i<n,. These eigenvalues are positive and we
assume that they are sorted in a non-decreasing order.

We are interested here in the following controllability problem: Given yo € Ep,
find v : [0, T] — Uy, such that the solution y : [0,T] — E}, of the following problem

(2.4)

Mhaty + Ahy = Bhv,
y(0) = yo,



satisfies y(7T") = 0 and such that ||v][z2(0,7,0,) < Cllyoll,, for a constant C' > 0 which
is independent of h.

In fact, in many practical situations, this problem may not have a solution. How-
ever, with suitable assumptions on the operators, that we shall state below, there
exists a control function v, uniformly bounded in h, such that |y(7')||, is exponen-
tially small with respect to h.

We conclude this introductory section with some elementary inequalities that will
be useful in the sequel.

LEMMA 2.1.

1. The following inequality holds

N2l ran <02 I2ll, s Vo€ En Vs €R,Va > 0. (2.5)
2. The following interpolation inequalities hold
| <x7y>s,h | < |“T|‘570¢,h ||y|‘s+a,h ) Vl',y € E}“vs’ o R’ (26)
et -«
[l ast-a—ayen < lzllonllzllin™, Vo€ Ep,Vs,t € R, Va € [0,1]. (2.7)

The proof of the interpolation inequality can be readily obtained by using a basis
of orthonormal eigenvectors for M,:lAh and the Holder inequality.

2.2. Examples. The main examples we have in mind when introducing the
above framework are those of some space discretization techniques. More precisely,

we consider the following parabolic control problem in a bounded polygonal domain
QCR?

Oy — Ve (v(@)Vyy) = 1,v, in (0,T) x Q,
y=0, on (0,T) x 99,
yltZO = Yo, in Qa

where w C Q is a distributed control domain, z — ~(z) is the diffusion coefficient and
v is the control function that we wish to characterize. The map v may be matrix-
valued but, for simplicity, we assume here that - is a scalar coefficient. We consider
now semi-discretization in space for such a problem.

2.2.1. Finite differences schemes. In the case when {2 has a Cartesian geom-
etry, for instance = (0,1)? in dimension 2, then one may be interested in using the
elementary finite-difference method. This method will lead to a semi-discrete problem
of the form (2.4), with

e E;, =RY, N =n; x ny being the total number of discretization cells in the
domain equipped with the inner product (z,y), = Zi)j hihjz; jy; j, where
(hi, h;) is the size of the cell labelled (3, j).

e Uj, = R k being the number of discretization cells which intersect the control
domain w equipped with the same inner product as E},.

e A, € My(R) is the classical 5-diagonal matrix given by

Yi+1,5 — Yij Yig —Yi—1,5
FYiJr%’j h, 1 _’Yl;%’j h, 1
i+5 =3
(Any)ij = — .
(2
Yij+1 — Yig Yij — Yij—1
Yigts T, iy o,
it3 i—3

hj ’



where h;, 1 is the distance between the centers of the cells (4,7) and (i+1,5)
and h; 1 is the distance between the cells (i,7) and (4,7 + 1). The boundary
conditions are taken into account in those formulas by imposing that y ; =
Ynit+1,; = 0, 1 <7 <ngand 4,0 = Yin,+1 = 0, 1 <@ <my.

e M; € My(R) is the identity matrix.

e Bj, € My x(R) is the rectangle matrix corresponding the natural embedding
of win Q.

Notice that condition (2.2) is automatically satisfied in this case. Furthermore
the spectral radius p;, behaves like h~2 in this case.

2.2.2. Galerkin methods. We consider a finite dimensional subspace X} of
the Sobolev space H}(Q2) and a finite dimensional subspace Y}, of the space L?()
and we denote by (¢); C X} and (wf)j C Y}, two basis for these spaces, respectively.
Such spaces and associated basis might be obtained through finite elements methods
in connection to some mesh of €2 or through spectral methods if the geometry of Q2
is simple enough. This situation enters the general framework proposed above by
choosing:

e E;, = RY where N = dim X}, the elements in Fj being the coordinates
vectors of the elements of X}, in the basis (¢/); and the inner product (-,-),,
is the usual Euclidean one.

e U, = R* where k = dim Y}, the elements in Uy, representing the coordinates
of elements in Y}, in the basis (1/);1) ; and the inner product [-,-], is the usual
Euclidean one.

e The matrix M, € My (R) is the mass matrix associated to (¢); that is the
matrix whose entries are fQ ¢?¢§‘ dx.

e The matrix B, € My x(R) is the matrix whose entries are [ ¢£‘w;? dzx.

e The matrix A, € My(R) is the so-called rigidity matrix associated to the
diffusion operator, whose entries are given by fQ y(z) Vol - ng? dz.

Notice that condition (2.2) is also automatically satisfied in this case since it cor-
responds to the fact that the multiplication by 1, is a bounded operator in L?().
In the standard situation where X}, is built upon a P! finite-element approximation
space associated to a triangulation of . the spectral radius pj, also behaves like h 2.
Notice that the spaces X, and Y} can be chosen in an independent way.

This framework can also be slightly modified if one uses the so-called mass lumping
technique, which consists in replacing the mass matrix My, by a diagonal matrix whose
entries are the sum of the entries of M, in each line. In that case, assumption (2.2)
is not necessarily trivial and depend on the choice made for the space Xj,.

2.3. Additional notation. We shall denote by |.] the floor function and use
the following notation [a,b] = [a,b] N N.

In the sequel, C will denote a generic constant independent of h, whose value may
change from line to line.

3. The semi-discrete situation. We shall assume that the following discrete
spectral inequality holds. In the continuous case, for the Laplace-Beltrami operator,
this inequality is originally due to G. Lebeau and L. Robbiano [LR95] (see also [L.Z98a,
JL99] and [LL09] for an introductory presentation).
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ASSUMPTION 3.1. There exists hg > 0, a € [0,1), 8> 0, and k,{ > 0 such that
the following holds. For any h < ho and for any (a;); € RY, we have

> ay;

i <p

2 2
- ¢
= X a]* < ke ﬂBh < > aﬂﬂj)ﬂ , V<5 (Hap)

no HisH Hj<p h

Without loss of generality, we shall always assume that k > 1.

A spectral inequality of this type is proven in [BHL09a], in the case of a finite-
difference discretization of the operator 0,(y(x)d,) in one-space dimension. The
higher dimensional cases, i.e., for elliptic operators of the form V, - (v(2)V,), again
for finite-differences, are treated in [BHLO9b]. To our knowledge, the proof of such a
property in the finite elements framework is still an open problem up to now.

For j € N, we introduce the following subspace of Fj

By = span{yy;; p; < 2%}, (3.1)
and denote by IIj, ; the orthogonal projector onto Ej, ; in (Ejp, (-, -),). Note that we

have the following properties.

LEMMA 3.2. The operator Mylly, ; is symmetric in (Ey, (-,-),) and the operators
I, and M ' Ay commute.

Under Assumption 3.1, we define

¢ . . i
Mmax,h = mu Jh = max {] EN; 20 < Nmax,h}' (32)

Let us now consider the adjoint problem

{_Mhatq + Ahq = Oa te [Oa T) (3 3)

q(T) = qr,

for which we can prove the following partial observability inequality
THEOREM 3.3. Under Assumption 3.1, for any T > 0, h < hg and j < jp, the
solution of (3.3) satisfies the following inequality

J
Hen?

T
oI < 5 [ a1 ot (34)

provided that qr € Ej, ;.

With this observability inequality we obtain the following partial controllability
result:

THEOREM 3.4. Under Assumption 3.1, there exists C' > 0, such that for any
T >0, h < ho, j < jn, and any wnitial data yo € Ey j, there exists a control
v € L?(0,T,Up) such that the solution y of

(3.5)

Moy + Apy = MhthjM}:lghv,
y(O) = Yo,

satisfies y(T') = 0 and furthermore we have the estimate

L1 o
o]l 2.0y < B3T72e™ Yyol, -



In the sequel, such a control function v will be denoted by
‘/J(Tv yo) S L2(07 Ta Uh)

Proof. Notice first that, for an arbitrary v, upon applying MII, ;M; " to (3.5),
we find

M8y (I jy) + An(I jy) = MpIl, M, By, (3.6)

In particular, y — I} ;y satisfies a linear differential equation without source term. It
follows that y(t) € Ej ; for t > 0 as yo € Ej ;.
For any qr € Ej, j, we define

T
Har) =5 [ 1B} de+ (). 00},

where ¢ — ¢(t) is the solution of the adjoint problem (3.3) with final condition ¢ €
E}. ;. Note that ¢(t) € E}, ; for t € [0,T] with the same arguments as above.

The observability inequality (3.4) implies that J is quadratic and strictly coercive
on Fjy ;. The functional J thus admits a unique minimizer ¢r. The Euler-Lagrange
equation then reads

T
0= / B a(t), BLa(t), dt +(3(0), yo),, (3.7)

for ¢ solution of the adjoint problem associated to an arbitrary final condition ¢r €
Ep ;.

We choose v(t) = Bjq(t) as a control function in (3.5).

For any ¢r € E} j, we form the inner product (-,-), of (3.6) with ¢(¢) and we
integrate in time. An integration by parts with respect to time yields

T
(py(T),Gr);, = (I ;90,4(0)), +/0 (I j M, BrBrg(t), q(t)), dt. (3.8)

Since yo € Ej j;, the first term in the right-hand side equals (yo,§(0)),, and since
4(t) € Ey j, the second term equals
T T T
/ (M1 BuBia(t), q(t)), dt:/ (BrBha(t),q(t))y dt:/ [Bra(t), Brq(t)],, di.
0 0 0
Comparing (3.8) and (3.7) leads to
(I y(T),q4r), =0, Vqr € Ep j,

which gives I, ;y(T) = 0 and then y(T) =0 as y(T') € Ep ;.
Choosing now ¢ = ¢ in (3.7) and using the observability inequality (3.4) we obtain

=

T ) T
/0 [Bra®)]; dt < [la(0)]l, lyoll, < k2T~ 2 (/ [Bra(t)]} dt) Iyoll,, »



which finally leads to

ol = (/ [5i0 ]]hdt> < RAT 3 o,

O

The following estimate is of interest. Take any yo € Ej,, then take v = V; (T, IIj, jy0)
as a control function in the problem (2.4).

If one applies M 1T, ;jM; ! to Problem (2.4), we find that II; jy solves (3.5) with
initial data I jyo and v = V; (T, IIj jyo). Hence, by definition of this control function,
we deduce that IIj, jy(T) = 0. Let us now estimate the norm of y(7"). To this end,
we use the following energy inequality

1 _
S0 [llh + wllT 5 = (Brv,y)y, = (M Brov.y),
< [|M5 Buoll, Iyl < UM Brlin ol Iyl

from which we deduce that

T
1)l < 9ol + LM Bl / [o(t)], dt

T
< lyolly, + IM;, " Bulln VT </O [v®)]; dt)

< (14 kHME Ballne™ ) ol

With Assumption (2.2), | M "By |5 is uniformly bounded with respect to h so that
we finally obtain, since k > 1,

(D1, < Ce™ yoll, -

Using the above results, we can now prove the following result. The proof can be
adapted from the proof of Theorem 1.4 in [BHL09a].

THEOREM 3.5. Under assumption (3.1), for any T > 0, there exist hg > 0,
Cr >0 and Cy, Co > 0, such that for any h < hg, and all initial data yo € B, there
exists a control function v € L*(0,T,Uy) such that the solution to

MpOy + Any = Bro(t),  yli=o0 = yo. (3.9)
satisfies Iy, ;, y(T) = 0, and

T
2 2 _ B
/0 [o(®)]2 dt < C2 lyoll2 . and [y(T)ll, < Cre=%"" |1yl

Thanks to this result, we deduce the following h-uniform approximate observabil-
ity inequality for the semi-discrete problem under study.

THEOREM 3.6. Under assumption (3.1), for any T > 0, there exist hg > 0,
Cobs > 0 and Cy,Cs > 0, such that: for any h < hq, the semi-discrete solution q in
€ (0, T, Eh) to

—Mpoqg+ Apng=0
q(T) = qr € Ej,
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satisfies

T

* : —Cy/h?
||q<o>||hscobs({uehqa)ﬂi dt) GO gl

4. Controllability and observability of fully-discrete systems.

4.1. General framework. We consider in this section the problem of control-
ling fully-discrete approximations of system (2.4) uniformly with respect to the dis-
cretization parameters. More precisely, for M > 0 and 6t = T//M, We shall consider
two time-discretization schemes:

e The implicit Euler scheme:

y° = yo € Ep, 1)
n+1l _ ,n 1
Mh% F Apy™t = Bpo™t, Wn e [0, M — 1],
e The #-scheme, with 6 € [1/2,1):
y° =yo € Ep,
ynJrl (42)

Y Y A0y (1 — O)y") = By, Wn e [0, M —1],

Mr—p,

where, in both cases, (v")1<n<m € (Up)M is a fully-discrete control function whose
cost, i.e. L? norm, is given by

N[

(& abm1z)

Naturally, the #-scheme (4.2) coincides with the implicit Euler scheme (4.1) in
the case §# = 1. We present the two schemes separately, even though most of the
following results are similar for both schemes. In fact, the only particular case we
shall encounter is the Crank-Nicolson scheme, that is § = 1/2, which is a limiting case
for the scheme stability.

Let us first state a relationship between a partial controllability result and a
suitable observability inequality, for both the implicit Euler scheme and the #-scheme.

THEOREM 4.1. Let E be any subspace of Ep, such that M,:lAhE C E (that is
to say that E is spanned by a suitable subset of the eigenvectors (;)i1<i<n, ). Let
0 € [0,1], and F = ker(My, — 0t(1 — 0)Ap,). For a given Cops > 0, the following
statements are equivalent.

1. For any yo € Ey, there exists v = (v")1<n<nm € (Up)™ such that

M ny2 2 2
Z_Il ot v ﬂh < Cobs HyOHhv (4.3)
and such that the solution to

yO = Yo,
y"t -y
ML

"ot
satisfies M pnpiy™ =0, where F* is the orthogonal of F in (Ey, (-,-),) and
Hgnpe is the orthogonal projector onto ENEFL in the same Euclidean space.

n

+ An(0y™ T + (1 — 0)y™) = Bpo™ ™, ¥n e [0,M — 1],



11

2. Any solution ¢ = (¢")1<n<m+1 of the following adjoint problem, with ¢"+1 €
ENF+L:
M _  M+1
M= 1 oa,4M =0,
n _5tn+1 (44)
ML 53 AL (0g" + (1—6)¢" ) =0, Vne[l,M—1],
satisfies
M
_ 2 "
lq" — 8t(1 — O)M; " Ang? ||, < C2, 21 5t [Brg"1: . (4.5)

Notice, when 6 < 1, the particular form of the first iterate of the adjoint problem
and of the left-hand side of the observability inequality (4.5). In many cases, the
space F is trivial (in particular for the implicit Euler scheme).

Proof. The proof is based on the observation that, for any solution (¢"),, of the
adjoint problem with any ¢™*! € Ej,, any solution (y"), of the forward problem with
a control term (v™),, we have:

e

M M), = (0 ¢t = 5t — O)M; P Angh), = X St (Bru™,q™),

3
Il
=

[l
M=

S B, (46)

3
Il
-

Let us first prove that 2 = 1. Assume that the observability inequality (4.5) holds
and pick any yo € Ej. Let us introduce a quadratic convex functional J defined for
any ¢+t € EN Ft as follows:

1M -
T = 5 2 3t IBia T + (v, ' — St = M, A,

We first prove that J is coercive on E N F+. As Ej is finite dimensional, it
suffices to prove that 27];4:1 ot [[B,’;q"ﬂi = 0 implies ¢™*! = 0. By the observability
inequality (4.5) we have ¢* — 6t M} ' Ay (1 —0)g' = 0, that is ¢* € F, then we observe
that ¢" = 0 for any n € [1, M — 1] and that ¢™ € F. Indeed, if we assume that for a
given n < M —1 we have ¢" € F, then we can use the definition of the adjoint scheme

(I —6t(1 — )M Ap)g™ ™ = (I + 5tOM; P Ap)g™, (4.7)
and take its (-,-), inner product with ¢”. Since we assumed ¢" € F, we obtain
((I+6tOM, " Ap)g",q"), =0,

so that ¢" = 0. From (4.7), we deduce that ¢"*! € F. The result follows by induction.

In particular, we have that ¢™ € F and then ¢M*! = (I + 5t9M;1Ah)qM also
belongs to F. Since we initially assumed that ¢™*! € F*, it follows that ¢™*1 =0
and the coercivity of J is proven.

From the above properties of J, we know that it admits a unique minimizer that
we denote by ¢™*! and we denote by (¢"), the associated solution to the adjoint
problem. We now prove that the control defined by v" = Bj;¢", satisfies the required
properties.
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The optimality conditions for J reads

M
ot| Bia", Bid"| L (0, dt = 3t(1 = )M} Angh), =0,

on

n=1
v@'tt e ENFL (4.8)
In particular, using (4.6), we deduce that
(yM, gy, =0, vgM ! e EnF*,
which says exactly that Il gz y™ = 0. Taking now ¢¥ 1 = ¢™*1 in (4.8) and using
the observability inequality, we obtain
M n72 1 -1 1
Z:l 6t [[1} ﬂh - <y05q - 5t(1 - G)M}L Ahq >h

< llyolly [la* = 5t(1 = 6)M; " Ang'
M S\ %

< Cons 1ol ( 2 0t [o"17 )"
n=1

which gives the claimed estimate of the norm of the control.

Let us now prove that 1 = 2. We choose ¢! € En F+ and denote by (¢"),
the associated solution of the adjoint problem (4.4).

We set ¢ = ¢! — §t(1 — 9)M;1Ahq1 as an initial data for the forward control
problem. By assumption, there exists a control (v™),, satisfying (4.3), such that the
solution (y™),, to the controlled problem satisfies Il g~ y™ = 0. Using these facts in
(4.6), we obtain

M
(y°,q" = 5t(1 — OM; " Apg'y, = — > 5t [, Brg"],,
n=1

which gives, by our choice of 3"

[N

M % M
lat = ot(1 = o) Ang [ < (3 b7l )" (3 ot 181717 )

We conclude by (4.3) 0

4.2. Partial observability inequalities and uniform controllability re-
sults. We show here that Assumption 3.1 on the existence of a uniform discrete
Lebeau-Robbiano spectral inequality is enough to prove that, under suitable assump-
tions, the above observability inequality is satisfied in the spaces E; defined in (3.1),
for any j < jj, (with jj, defined in (3.2)).

THEOREM 4.2. Assume that Assumption 8.1 holds. Let T > 0, and 0 be given in
[1/2,1]. There exists C' > 0 (independent of T) such that the following observability
inequality holds for any h < hg

J
652

_ 2 M * n
la* = 6t = )M Ang [, < €L+ T%) == 52 Gt [Bia" T

for any solution of the adjoint problem (4.4) with E = E;, and for any j < jp.
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REMARK 4.3. Notice that this result holds without any restriction on the time
step 6t. Note also that the observability inequality holds for any final data in E; and
in particular for any final data in E; N F+. This will allow us to apply Theorem 4.1
in the sequel.

Proof. Let (¢™),, be a solution to (4.4), and let us introduce
P = (I = 5t(1 — )M " An)g™
From the definition of ¢", we find that
Y = (I + SOM; AR NI — St(1 — O)M; AT, o€ [1, M —1].

The operator M;IAh is symmetric definite positive for the scalar product (-,-),. As
0 € [1/2,1], we classically deduce the bound

1l < ), . Ve [0 —1].

In particular, we find
2 1 M 2
U | =1 D 1 /L [
o'l < 7 2 ot 1™l
Moreover, since ¢" € F; for any n, we have

[} < (1 +6t(1 — 0)25)2 [|g"|]7 -

It follows that
2 il M n
ot < L+ T28)2 5 3 ot el

Then, since each ¢" lies in E;, we may apply to each of them the partial Lebeau-
Robbiano spectral inequality of Assumption 3.1 which reads

ny2 k27 * n72
g™l < we™ [Big T, -
It follows that we have
112 2 ivo goil M % n72
[ < w1+ T2)(1 +25)%" = z_jlét[[th I
c2’

Since e“#" increases much more rapidly than (1+ 2% )2, we deduce that, for a constant
Ca.x > 0, we have

16| < Con(1+ T2 1 5 5018142
h = o,k Tn:1 hq h >

which is the claimed observability inequality. O

With this result at hand we now prove the following uniform controllability results
for the schemes under study.

THEOREM 4.4 (Implicit Euler scheme and #-scheme with 6 > 1/2). Let T > 0
and 6 € (1/2,1]. Let Cp > 0 and 0 < v < 3. There exist C,Cops > 0 such that for
any h < hg, and any M € N* such that 5t =T /M < CrhY we have:

For any yo € Ey, there exists a fully-discrete control v = (v")1<p<m € U,iw such
that
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o The solution (y"™)o<n<m to (4.2) satisfies
Mogoy™ =0, and |y, < Ce™" fyoll,

e The control v satisfies

M

2 2
Zl 5t [v T, < Cohllwolly, -
=

Proof. First of all, we note that if the partial spectral inequality of Assumption 3.1
is satisfied, then it is also satisfied for smaller values of the parameter 5 (changing the
constants x and ¢ if necessary). Once v is chosen, we may therefore assume without
any loss of generality that we have a8 < v < . Let us also choose 7’ such that
af <+ <n.

Let M € N* be an integer such that §t =
that

% < Crh?. This implies in particular

@R

0t(fmax,h)® < v, (4.9)

where v depends on Cp, v, # and ¢. Observing that v can be chosen as large as
needed, we shall assume that v > 1 (this will be used in step 4 of the proof).
Step 1: a time-slicing procedure. Let K > 0 be such that
T 1 T
2K Z S T 5
=0 (2%)F 2

For any 0 < j < ji we introduce the integers M; and M J’ defined by

K
0t(2a)" 5

Notice that (M;); is a non increasing sequence and that

K K
6t(27h) B 5t(ﬂmax,h) B

/ ’

K(/Lmax,h)% o Ké%
- v | vhY

For h sufficiently small we thus have

K%
—F 4.11
vhy — (4.11)
and thus Vj < jj, M; > M;, > 1. Furthermore we have

Jn o0 K T M
Mj 1 =2 Mj<2)y ———— < == (4.12)

j=0 =0 5t(2i) 5 20t 2
Hence, with this analysis, we may split the set of discrete times {0,---, M}, 0t}

into jj, + 1 subsets, of size 2M;, j € {0,---,jn}. We construct the restriction of the
fully-discrete control (v™) MI41<n<M/, | in the jth sub-interval by induction on j as
follows.
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Step 2: active and passive control sequences. With Theorem 4.2, where
M is replaced by M; and T by M;6t and then applying Theorem 4.1, we obtain a

control (v")MJ/_HSnSMJ/_Jer S (Uh)Mj such that

MJ,~+MJ‘ ) eCQJ' w 9
stv]? < C H } , 4.13
> ot < o ) (1.13)
J

and such that the corresponding controlled solution to the #-scheme (4.2) satisfies
I, Tyt = 0. (4.14)

Note that we have (Duhamel principle)
’ . ’ M‘] PR ’
yMiTM; :Cé/fyyMj + 3 6tC,]le k+1M;18thj+k’ (4.15)
k=1

with
Cr = (Id + 6tOM; F Ap) 1 (1d — 5t(1 — )M, P Ay).

As [|Chll, <1 (since § > 1), we deduce that

MJ,~+MJ'

<o
h_y

Hy S+ UM,;lBhJJhé st [[vMé+k]]h

Nl

< HyM§ LM Bl Ci 5t [[UMJ‘““]] z> M, 6t

and then by (4.13) and (2.2), for some Cy > 0,

|

For n € [M} + M; + 1, M} ], we choose v™ = 0 so that the discrete solution y"
evolves free of any control for n € [M} + M; +1, M}, ,]. We obtain

M

’
M~+Mj yMi

yi < eclzj

h

(4.16)

N .

yMivs = My Mi+M; (4.17)

Let us now study more precisely yMJ/‘H.
e For 0 =1, the space F = ker(My,) is trivial so that (4.14) gives immediately

Hh)ijﬂl"LMj = 0 and then, since C;, and II;, ; commute
I, jy i+ = 0. (4.18)

e For 2 <6 < 1, it may happen that F' = ker(My, — dt(1 — ).Ay) is not trivial.
In that case, using the definition of F' and the fact that C;, and Il commute,
we observe that

/ . / .
Mpy™Mit Mt = T pCpy ™M

= (Id + 5t0M; " Ap) ™ (Id — 5t(1 — O) M, P AT y ™t

=0

We thus have Ipy™itMi+1 = 0. Furthermore, with (4.14), we deduce that
IT, jy™iTMi+1 — 0 and finally that (4.18) also holds in this case.
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case (a) case (b)

Fic. 4.1. The map x +— |Tg(x)| and its limit at infinity

Step 3: evolution of the L? norm of the solution. Let us now introduce
the map

1-(1-9
F@ZJIE[O,‘FOO)’—?F@(I):I(_Fio%E)CE,

which is such that the iteration matrix of the scheme is
Cp = Ty(tM; t Ap). (4.19)

For any 0 € [%, 1], we have Hh_’ijJ/*l =0, we thus write

’ ’ . / Mj ’
yMivr = (1d =10 )y™ies = (Id = T, )Cy 7yt = ((Id - Hh,j)Ch) y™ bt

and then

Mj+M,; (4.20)

o :

L < 1d = ;)Ch);"

.
Since (Id—IIj,;)Cp, is symmetric for the scalar product (-, -),, the norm ||(Id — II, ;)Cx ||,

is actually equal to the spectral radius of (Id —IIj ;)Cp, = Cp(Id — 11}, ;).
By definition of the space Ej, ; and (4.19), we conclude that

[(Id = IIp;)Chll, < sup  [To(x)]. (4.21)
x€(5t2% ,F00)
The graph of the function |T'g| is represented in Figure 4.1 and we observe that two
cases are to be considered. We emphasize that we assume 6 > % here.

Case (a). 1f j is such that 5t2% < 99(_1—17/92), we then have

sup  [To(x)] = [To(862%)] < (1 + 5t2%) 1.
x€(5t2% ,F00)
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Estimates (4.16), (4.20) and (4.21) then lead to the following inequality

HyM]f+1 < 0127 =M, In (140512 ) HyMJ’. - (4.22)
For such a value of j, we define
gy = C12 — Myln (1+ 05125 ). (4.23)
Case (b). If j is such that 5t2% > 3(71—1_/02), then we have
) 1-6
sup  [Do(z)| = EI;}|F9| =5

zG(JtQ% ,+00)

We set £ = —log (1%09). Note that this value of £ only depends on 6 and we have
&> 0 as we assumed 6 € (1/2,1].
In this case, estimates (4.16), (4.20) and (4.21) lead to

< eclthjg

. (4.24)

=

b

L
For such a value of j, we define
P; = C127 — M€ (4.25)

Step 4: L? bounds for the control and the solution. Gathering the previous
facts, we obtain

’ ’

<Xty (4.26)

LEMMA 4.5. There exists Cy > 0 which does not depend on 0t and h, such that
for any 0 < J < ji we have

J
<
:0¢J_C2

J

Proof. We first estimate 1;. As seen above, two cases have to be considered.
J -1 L .
Case (a). For j < jj such that §t2a < %, ; is given by (4.23). Observing
that In(1 + 2) > —& for any > 0, to obtain

1+x
: §t2%
Y = C129 — M;In(1 4 6125) < C120 — M;————.
’ ! 146125
Then, the definition of M; in (4.10) implies that
: K 12% K20
Y; < C127 — — —1 g - <012 - ———.
§t(2%) 7 1+ dt2% 1+ 6t2=

Since we assumed j < j, and v < 3 we have

Jh

5125 < 6122 )32578) < 5t (pmaxn) P25 7F) < 28173,
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where v is defined in (4.9). Recalling that we choose v > 1, we in fact write

14+ 6t2% < 2p25(1=3),
It then follows that

K o
U < O — 2T (4.27)

2
definition of M, we have

Case (b). For j < jj, such that 5125 > e 19), 1; is given by (4.25). From the

wjgcﬂj_’_g_L

§t(2%)™ 7
Note that we have

BH(28) T < 02 )2 < Bty P2 IR < 1279,
We thus find

. K¢ .+

P < Cr2 4+ & — KEyids (4.28)
v

Introducing C' = max(C; + &, C/, 2 ¢ ); estimates (4.27) and (4.28) give

U
Vi <ijn, b < C20— 22055,

Using the Young inequality (with exponent p = X taf

563~ > 1), we obtain

Coi = Co it i < (o 4 Loids
2C
It follows that
~ . 1 e
;<0277 — — 2757,
vi s 2C
Summing this inequality for 0 < j < .J, we obtain
J ~ 1 1 1 2;_/5
Z 2C" +

2093 _1 2093
The claim follows by choosing Co > 0 sufficiently small. O

Continuation of step 4 of the proof of Theorem 4.4. Using this lemma
with (4.26), we obtain that the controlled solution (y™),, we constructed satisfies

Hy Jp+1

since, by the definition (3.2) of j,, we have 2% > 9%

MO < 0O ], O30, O >0, (429)

£
h? "
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Furthermore, introducing
j—1
\110:05 ‘1’3221/%7 1§j§jha
k=0

using (4.13), the total norm of the discrete control is bounded as follows

2 i, MM in % o2V 2
o] = Z > ot <C Z Niyolly
7=0n= M’+1 7=0
jn 02’ J?.
<C 2/Co 72022 c—— 2
<0 3 T Isoll2 + O ol
20e2/C> jn - i iy C'e
< S T O 20T g2 ol -
K j=1
as in fact
1 1 K
M;ot > —(M; +1)0t > -———,
2 2 91753

by the definition of M; in (4.10), and the fact that M; > 1. We thus have

2
[l < Cs llyoll -
’

i
as the series Z 277 = C% ¢=C22'0F converges, having assumed that a8 < 7.
7=0
Step 5: L? estimate of the remainder. We now choose v™ = 0 for MJ’-h’Jrl <
n < M. The above estimate on the cost of the control remains unchanged. We have

’
M CM Mh+1th+1

and as thjhyyMﬂl'h,“ = 0 and by definition of j,, we obtain

HyAiHh sup |Ib(5tu)“4 M;, 1 yA@ﬁ+1 )
6([2 1/ ,+OO) h
Using (4.12) we see that M — M ., > = so that, with (4.29), we obtain
_c
[y, <C  sup  [To(6tu)[™2e” 3 |yl (4.30)

—1/a
AL€(£27;§‘*14*00)

We observe that there exists C' > 0, such that, for h sufficiently small we have

6271/0‘
g To(tw)| < e ¢k (4.31)

In fact, two cases have to be considered.

Vi >

e If 0 <1 and tp > 0(1 9) we see on Figure 4.1 that

Poatm] < 250 = e=0re,

with £ = —log((1 —8)/0)/Cr > 0. The result follows since §t < Cph?.
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oIf@:l,ordtu<eﬁl;i)for9<1,wehave

0 < Tp(dtp) < (1+05tu)~".

Since the function  — log(1 + z)/x is non-increasing and oty < Crph?, we

have
log(1 + 65tp) < log(1 + 0Crph™)
05t - 0CTuhY
so that
log(1 4 05tu) > ot log(1+ 0Cruh™)
0g W2 G s TH

ot
CrhY

ot
CrhY

> log(1 4 Cp 02~ /op1=P) > log(1 + 0C 10271/ 1g 7).

Using (4.30) and (4.31), and since §tM = T, we deduce that

™|, < Ce™ 55 Jlyoll,

This concludes the proof of Theorem 4.4. O

THEOREM 4.6 (Crank-Nicolson scheme). Under assumption 3.1, for any T > 0,
0<~y<pB,Cr>0andd >0, there exist C,Cops > 0 such that for any h < hg, and
any M € N* such that 6t =T /M < Cph” and dtp, < 0, we have:

For any yo € Ep, there exists a fully-discrete control v = (v")1<n<m € (Uh
such that

e The solution (y")o<n<m to (4.2), with 6 = 5, satisfies

)M

M,y =0, and |[y™], < Ce " |yoll, -

e The control v satisfies

S

Ot [v"], < Cabs llyolly -

n

We recall that py, is the spectral radius of ./\/l,:lAh.

Proof. The proof follows the same lines as the previous one. The main difference
comes from the fact that high frequencies are not sufficiently damped by the Crank-
Nicolson scheme. This phenomenon is well known and is related to the fact that the
value 6 = % is the limit of unconditional stability for the #-scheme. For this reason we
need to add the condition dtp; < ¢ linking the time step and the space discretization
for our result to hold. Without loss of generalities, we further assume that § > 2.

Let us only mention the points of the proof that require changes in this case (see
also Figure 4.2):

e Formula (4.21) becomes

[(Id = Iy ;)Crll, < sup  [Pi(z)].
wE[5t2 0]

e The two cases to be considered in the estimates are now
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Fic. 4.2. The map x — |L1 (z)]
2

— Case (a). For j such that 5125 < 2.
— Case (b). For j such that §t2% > %. We then have
0—2
sup [Py (0)| = 13 (0)] = 5.

we[6t2 6]

and the same proof applies by choosing £ = — log (g;—g) .

4.3. Global relaxed uniform observability inequalities. Using Theorems
4.4 and 4.6, we deduce the following global observability inequality, which improves
that given in Theorem 4.2.

THEOREM 4.7. Assume that Assumption 3.1 holds. Let T > 0, and 0 € [1/2,1].
Let Cp >0,0<~y < 3. If 0 = %, we also suppose given some § > 0.

There exists hg > 0, Cops > 0 and C1,Cy > 0 such that, for any h < hg and any
M € N* such that 6t = % < Crh? (and tpp, < 0, in the case O = %), we have

1
M 2
g = 3t(1 = O)M; " Ang? ||, < Cons (Zl o |B;q”|i) + Cre™ @M aglly

for any qr € Ey, and (¢™), € E,iw the associated solution of the backward problem
(4.4).

5. Practical computation of semi-discrete and fully-discrete controls.
We assume until the end of the article, that Assumption 3.1 is satisfied for some
ho, «, B, k, £, and that the final time 7" > 0 is fixed. We shall also assume that hg is
sufficiently small such that Theorem 3.6 and Theorem 4.7 hold. We shall denote by
Cobs a common value of the constant given by these two theorems.
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Let us now consider a continuous function h +— ¢(h) € RT* satisfying

o—C/hY
This last assumption is certainly satisfied by any polynomial function of h, which is
the typical case that we shall consider.

Choosing ¢(h) constant, say ¢(h) = ¢ > 0, is also of interest. This situation
corresponds to the case of an approximate control problem, tackled with a penaliza-
tion technique, as proposed and studied in [GL94]. Our analysis thus includes such
approximate control problems for parabolic equations.

Such a function ¢ is now fixed all along this section.

Here we address the control to the trajectories, which is known to be equivalent to
null-controllability in the case of linear equations. However, here, a difficulty arises to
obtain uniform estimates, as the semi-discrete and the fully-discrete free trajectories
do not coincide. Let us present the framework we consider.

For any h > 0, we suppose given a target yr € Ej which is the final state of a
free solution of the semi-discrete system from an initial datum go € Ej, that is we
assume that

o, 0r € Ep, such that gp = e TMn Angy. (5.2)

Notice that any element §r in Ej can be written in this form. However, we are
interested in the situation where some uniform bounds on o are available. This cor-
responds to attempting to control the system towards a semi-discrete approximation
of an actual free trajectory of the original parabolic PDE for an initial data in L?(2).

5.1. The semi-discrete case. We first deal with the semi-discrete situation.
THEOREM 5.1. Let o, Jr be given in (5.2). For any h < hg, and any yo € E},
we consider the functional qr € Ey — J"(qr) defined by

¢(h)

Jh —1TB*t2dt - 0
(qF)—§/O [Bra@O, dt + == llarlli, = (Gr, ar)y + (yo, a(0))),

where t — q(t) is the solution to the adjoint problem —Mp0wq(t) + Anq(t) = 0 with
final data q(T) = qp.

This functional J* has a unique minimiser denoted by qf;t € Ey. This minimiser
produces a solution qop: of the adjoint problem such that, if we define the control
function v(t) = B} qopt (t):

e The cost of the control is bounded as follows

T
| B e < (CBua 6(h) oo — ol (53
e The controlled solution y to (3.9) is such that

() = 5l < V) (Cons + VO ) llvo — doll, - (5.4)

Finally, the optimal adjoint state qﬁ;mt satisfies

VW) |lalsell, < (Cos + /3 llvo — il (5.5)
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Proof. The functional J” is smooth, strictly convex, and coercive on a finite

dimensional space, thus it admits a unique minimizer. Furthermore, since yp =

1
e~ My Angy we have

(UF,qr)), = <2307€7TM’:1A”QF>}1 = (70,9(0))}, - (5.6)

Then, J" can be expressed as follows

T
©) =5 1B e+ 252 el + oo — o a(0),-

The Euler-Lagrange equation associated to this minimization problem reads

o=~

1B qopt (t), Bra(1)],, dt + &(h) (aopes ar ), = — (vo — G0, q(0)),, , (5.7)

for any qr € E}, with the associated solution t — ¢(t) of the adjoint problem. We
consider now the solution y to the controlled problem M0y + Apy = BB qopi (),
with y(0) = yo. By integration by parts, we deduce

(Bl qopt (t), Bra(t)],, dt = (gr,y(T));, — (2(0),y0);,

o=~

Comparing with (5.7), and using (5.6) we obtain that

Yar € En, (qr,y(T))), = (r, ar), — o(h) (ab ar),

that is y(T) = §r — ¢(h)ql,,. Estimate (5.4) will thus be a consequence of (5.5).
Let us now prove (5.3) and (5.5). We move back to (5.7) in which we choose
qr = q(f;t. It follows that

f [[thom ﬂh dt + ¢(h Hq()ptHh (Yo — yo,qut(O»h <llyo — gOHh Hqut(O)”h- (5.8)

By Assumption (5.1), we can choose hg sufficiently small such that ¢(h) > Cy e=Ca/h”
for any 0 < h < hg, where C7 and C5 are the constants introduced in Theorem 3.6.
In particular, we deduce from this theorem that the following observability inequality
holds

gope (0 >||hsoobs(fu8hqopt O dt) o) [la],

which leads to (5.8) by using the Young inequality. O

5.2. The fully-discrete case. We now state a result similar to that given above
but in the fully-discrete case.

THEOREM 5.2. Let §o, Jr be given in (5.2). Let6 € [£,1], Cp > 0 and 0 < v < f3.
In the case 0 = %, we also let 6 > 0.
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For any h < hg, and any yo € En, we consider the functional qp € Ej +—
JMO(qp) defined by

¢(h)

2 N
N ||QF||h - <yFuQF>h

+ (yo,q" — 6t(1 — 9)M;1Ahq1>h ,

h,ét M 2
T*gr) = 5 3 at BT +

N | =

where (q")y, is the solution of the adjoint problem (4.4) with final data ¢™*! = qp.

This functional J™° has a unique minimiser ngmt € E;. This minimiser pro-
duces a solution qopt,5t = (qut,ét)n to (4.4).
If one defines v" = B} gy, 5 for any 1 < n < M then, provided that ot < Cph?
(and Stpn, <6 in the case 6 = ), we have
e The cost of the control vsy = (V™) € U,]lw 1s bounded as follows

M A o 2 s
> 0t 10" Ty < (CBou () (Ilvo = doll + Csdt* lolleyon) +e~ /" ol (5.9

where (1 = (3 =1 and (3 =4 for 0 > % and (1 = 2,(2 =6 and (3 = 2/3 for
6 =1
2
e The controlled solution (y™), associated to vs; and to the initial data y° = o
is such that

v =3, < V/3W) (Covs + /&) (llvo = doll, + C3t* ligollc,o 1)

_ < ~
+e” 2 goll, - (5.10)

Finally, the optimal adjoint state qﬁ;t?& satisfies

VW) llaktsell, < (Cons +v/8) (190 = dolla + CO 1dollc,o )
+e O ol (5.11)

REMARK 5.3.

1. When t goes to 0, the above estimates converge to their counterpart for the
semi-discrete problem given in Theorem 5.1. Moreover, if we assume some
reqularity on the initial datum, that is if ||Jol|,,, is bounded w.r.t. h for some
r > 0, then convergence is uniform with respect to h.

2. If we are interested in the null-controllability problem, then jo = yr = 0 and
the above estimates take simpler forms.

3. We have assumed 6t < Crh”. Together with Assumption (5.1) made on ¢,
and the fact that ¢ is bounded on [0, hy], we deduce (with s = 0) the simpler
useful estimates

M n2 2 ~ ~ 2
71515 [v"T5 < C* (llyo = doll,, + ll9oll,)" (5.12)
™ = e, < CVeéh) (lyo = goll, + ldolls) (5.13)

Vo) [lagpsill, < € lvo —doll, + ldol,) - (5.14)
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Proof. Like in the semi-discrete situation, the functional J"% is smooth, strictly
convex, and coercive which implies the existence and uniqueness of a minimizer. Using
the same computations as in the proof of Theorem 4.1 we easily obtain, by a discrete
integration by parts (see formula 4.6), that the controlled solution (y™), computed
with the control function vs; satisfies y™ = g — qS(h)qut)&. Hence, estimate (5.10)
is a consequence of (5.11).

Let us prove (5.9) and (5.11). To this end, we need to take a special care of high
frequencies. More precisely, let us introduce the following notation:

e For % < 6 <1, we define

20 — 1
0(1—6)
and we introduce the orthogonal projector Iy 5, onto the space spanned by
the eigenvectors ./\/l,:lAh associated to the eigenvalues less than or equal to
Agst ™"
e For 0 = %, we define

Ag = (5.15)

Ay =T73, (5.16)

ans similarly II 1.6t denotes the orthogonal projector onto the space spanned
by the eigenvectors ./\/l,:lAh associated to the eigenvalues less than or equal
to Aydt~>/%, with
In each case, we denote by I+ se = 1d—1I 1.5t~ We now define 3¢ as the unique
L ,

solution to the following system
(Id + 5tOM, " Ap) =M (1d — 6t(1 — )M, " Ap)M ot = o 5107,
5t st (5.17)
o595 = Yo -

Notice that this system is uniquely solvable since, by construction, the range of the
projector Iy 5; intersect the kernel of Id — §t(1 — H)M,:lAh trivially even if this kernel
is not reduced to {0}.

With the above notation, the functional J"% can be expressed as follows

o(h)
2
- <f1f«“71_1(i(st37ir>,I + {yo — o', q" — 6t(1 — 9)M;1Ahf]1>h ;

and the associated Euler-Lagrange equation reads

1 M
T4 ar) = 5 3 St 1B T + =5 llarll;

2

M
Z ot [B;{zqut,éta qun]h =+ ¢(h) <qut,5t’ qF>h
=1

—{qr, Mg 5,01), + (Yo — G0, q" = 6t(1L — O)M; ' Ang'), =0, (5.18)

for any qr € Ej, and (¢™),, its associated solution to the fully-discrete adjoint system.
Choosing ¢ = qut,ét in (5.18) leads to

M o 2 F 2
nzz:l ot [[thopt,ét]] n T o(h) quptﬁtHh

- <qOF;‘Dt,5t7 Hj—,éth>h + <3JO - ggt, q(];pt,(st —ot(1 - Q)ijlAhq;pt,5t>h =0. (5.19)
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We can now choose hg sufficiently small so that ¢(h) > Cre~2/"", for any h < ho,

where C; and Cy are defined in Theorem 4.7. The following observability inequality
then holds

M 3
qu—6t<1—e>Mh1Ahq1Hhscobs(;m@;qwi) + o) larll, Var € Bi.

Moving back to (5.19), we deduce by using Young inequalities that

1 N -
qupt,atHh < o(h) HHj_,étyT ’h + ((h) + Cobs\/0(h)/2) ||y0 — ygtHh’
M * N 2 1 1 A 2 2 5t 2
2—:1 5t [Biidpr.st], < POl | Wg 597 ], + (Cons + ¢(1) |lyo — 76", -
It thus remains to bound HHQ{&ngHh and ||yo — ggtHh.
First by the definition of the projector Ilp s¢, and since gr = e_TMglAhyo, we

have the estimate

7TA95t71

e g0l for 6> 3,

g5 dr|, <{ _ -3
sl e g, for 0 =1,

Since we assumed 0t < Cph?, and with Assumption (5.1) made on ¢, we deduce that,
if hg is sufficiently small, we have, for some C > 0

o

’2 - e |goll} . for 6> 1,
S Y AN

h e~ Cot ||y0||,217 for 6 = 1.

1 .
POl g 697

Second, we estimate 3¢ — yo, as follows, for any 0 < s < 1:

_ 90 = yoll, + Cot* [gollys s  for 8> 3,
Hygt - yOHh RS " aapa _ 7 (5.20)
90 = voll;, + C6t™* [[9ollgs p,» for = 3.

Indeed, it suffices to prove

- R Ct* || 9ol , for6>1
Hygt — o, < { 4s,h 2

25 || 1
Cot™ |gollgs s » for 6= 3.

We first write
|50t = dol|, < [|70" — Mo,sedo ||, + IMa,5e0 — Foll,, -

By definition of the projector, the second term is bounded by C5t* 90l 45,1, for 0 > 1

and by C5t* ||go|lg,,, for 6 = 5.
Then, by definition of the target ¢, we can write

70" — g 50
= | (Id + StOM;  A)M (Id — 58(1 — O) M  Ap)~Mem MOM A 14| TTp s450.
(5.21)
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In order to estimate this quantity, we develop Ilg s5:9o in the basis of eigenvectors
of M; " Aj, and we use the inequality (5.22) given by Lemma 5.4 above. With this
inequality and (5.21) we readily obtain the announced estimate (5.20). O

LEMMA 5.4. For any M, 6t such that Mt =T, for any 0 < s < 1, there exists
C > 0 only depending on 6 and s such that

(ot Y
1—6t(1—0)A

8545 1)28 > : < -1 1
S{CT SN YA >0, with A < Agbt ™, for 6 > 1, (522)

CTS6t25 X35, YA > 0, with A\ < A6t /3, for 0 = L,
3 2

We recall that Ag and Ay are defined in (5.15) and (5.16).

A proof of this technical lemma is given in Appendix A.

For instance if one chooses ¢(h) = h?P for any given p, with the above results,
one can construct a uniformly bounded sequence of controls leading to a final state
whose distance to the target gz is no larger than h?C?; (|lyo — %oll, + l|90ll,,), for h
sufficiently small, where C’__ is any given number larger than Cops.

Notice in particular that the value of C/ does not depend on the particular
choice of ¢ we use.

The practical computation of qf;ty s¢+ can be performed by a conjugate gradient
solver as proposed in [GL94]. Each iteration of this solver consists in first solving for
the solution to a fully-discrete adjoint problem, and second solving for the solution to
a fully-discrete direct problem.

6. Error estimates. This section is devoted to the analysis of the convergence
of vs; towards v when §t — 0, where vs; and v are respectively the fully-discrete and
the semi-discrete control functions obtained in Theorems 5.1 and 5.2.

We begin with simple lemmata on error estimates for the implicit Euler scheme
for the simple ODE problem M0,y + Apy = 0.

LEMMA 6.1. For any § > 0, there exists Cs > 0 such that

c
2 2
Vt > O,VS € RaVZJO S Eha ||y(t)||s,h S t_6 ”yOHs—&h .

T
YT > 0,Vs € R,Vyo € E, / 2 ly@)12, dt < Cllyolls_s_1p -
0

Proof. The solution y is explicitly given by y(t) = e~*Mn " A yo- The first property

comes from the actual computation of the norm of y(7") in an orthonormal basis of
eigenvectors of M;lAh. Similarly, for the second property we write

T +oo .
[ 2 des [ (M e A ) e
0 0

We now write the decomposition of o in the orthonormal basis (¢;);. The contribution
of each component of yq in this decomposition in the above integral is then estimated
through the following integral identity

+oo +oo
/ Ppge i dt = p;0! / (tpa) e pydt = Copu ™"
0 0

The result then follows. O
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6.1. The forward problem. Let us begin with the study of the case 8 > %
In that case, we know that the scheme is first order in time and we shall prove the
following sharp estimates. These results are quite classical except that we want to
obtain estimates which are uniform with respect to the approximation parameter h.

As E}, is finite dimensional the different norms [-[|, ,, , s € R, are equivalent. How-
ever, h is meant to go to zero (space discretization refinement), that is the dimension
of Ej, goes to infinity. For this reason, various norms ||-||, ,, . s € R, play different roles
here.

PROPOSITION 6.2 (The 6-scheme for 6 > 3). Let s € R, T >0 and 3§ < 6 < 1.
There exists C > 0 such that for any yo,y° € Ej, and any M € N, the solution
(y™)n € EM to the 0-scheme (with 6t =T /M)
yn—i-l _ yn

ot

and the solution t — y(t) to Mpowy + Apy(t) = 0 for the initial data yo, satisfy the
following error estimates

My, + Ap (O™t + (1 —0)y") =0, VYne[0o,M —1],

sup le"|? -f-MilétHe"“’H2 < C6t% |lyoll? +0H90_90H2 (6.1)
0<n<M sho T = s+1,h = s+2,h oh .

M1 12 2 2 012
H;O 5tHe Hs+1,h < Cot ||y0||s+27h+CHyo—y Hs,h+

2
€= 07 |52 ol + o0 = 571 | (62
and

2 2 2
sup then”s,h S O5t2 ||y0||s,h + ¢ HyO - y0H572 h
0<n<M ,

2 2
#0826 ol o+ o0 = 5712, | (63)
with " =y — y(t"), t" = ndt and

1 1
"0 = 6em T+ (1= 0)e" = (6= 5)(" T —e") + 5 (" o).

Proof.
1. Proof of (6.1). Observe that €™ solves

et — e 4 SM A" = 5tR™TY e [0,M —1],  (6.4)
where, the consistency residual is defined by
1
R = 5t/ (u+0 —1)y" (t" + udt) du. (6.5)
0

As y is solution to M0y + Apy = 0, we write

1
R = 5t/ (u+ 60— 1) (M}, " Ap)2y(t" + udt) du. (6.6)
0
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n+0

Forming the (-,-), , inner product of (6.4) with e"*", we obtain

1 1 1
3 ||€n+1||j,h 3 ||en||§,h + (9 - 5) [ e"Hih +at H6"+9Hz+1,h

— St(R™, e

Using (2.6) and Young’s inequality yield

2

HenHHi,h - ||€n||§,h +(20 - 1) [|e"*! — e"Hih + 0t ||en+9||s+1,h

<ot | B, (67)

By (6.6), we have

tn+1

1
2 2 2 :
HRnHHs—l,h < ot /0 [y(t" +udt)||sy 5, du=dt /tn YOIl ss,, di-

(6.8)
Summing (6.7) over n and using the above estimate for R"*! gives

2

n-l—l2 M1 n+6
e+ S e

0<n<M—1
T
< 05t2/0 ||y(t)||§+3,h dt+C HeOHih'

We conclude the proof of estimate (6.1) with Lemma 6.1.
Note that (6.7) also leads to the following useful estimate

NSt g2 2 2 0112
EO ||e —¢ H&h < Cdt ||yO||s+27h+O||yO_y H&h' (6.9)
n=

. Proof of (6.2). We write
et =m0 1 (1 — )"t —em), Vne[o,M —1],

so that

2

lem 12, < 2)lem )2, + 20— 02 et —en||2, -

s+1,h — s+1,h
Using (6.4), we can then obtain

2

et 12, < 2llen |2, + 40— 0% |,

s+1,h — s+1,h
+4(1— 0% |[R™2,, . (6.10)

It is now possible to conclude by using (6.1) and (6.8).
. Proof of (6.3). From (6.4) we deduce the following equation satisfied by t"e,, :

(el nen 4 SEM LA e = 5t (7RI 4 Stet. (6.11)
We introduce "¢ = 9"+ + (1 — §)t" and we observe that

frHOentd — gantlentl 4 (1 _ g)men — §tg(1 — 0)(e"t — ™).
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Forming the (-,-)_, inner product of (6.11) with ¢"*?e"*? using the above
formula and noting that ¢"+t¢ < ¢"*1 we obtain

% ||tn+len+l||§1h o % then”ih + (9 - %) ||tn+len+l o tn@n”j,h
+ 5t th+06n+9H§+1 . S St <tn+1Rn+1, tn+96n+0>s . + St <en, tn+96n+0>s .
+6t0(1 — 0) (t"Flem T — e et — e"), - (6.12)

We recall that we assume 6 > 1. By using (2.6) and Young’s inequalities, we
deduce

2

thJrlenJrlHj’h _ thenHi,h < 6t th+1Rn+1H57Lh

+tle 2y,
+C(1—0)%6t% et — e"Hj Lo Vne[l, M —1],
and, by multiplying (6.7) by 6t* = (t*)2, we have

2

2, < sl R, + 208 e, (613
We now sum these inequalities to obtain

n nj2 ML n+1 pnt1|2 ML n| 2
sup Ht € ||s,h S Z 6th R H5,1h+ Z 5tHe Hsfl,h
1<n<M n=0 ’ n=1

M—1
+C1-02 Y 8|l — |2, + 256 [y —1°|7, . (6.14)
n=0 ’ ’
The contribution of the second term in the right-hand side was already esti-
mated in (6.2) (with s — 2 instead of s) and (6.9) gives a bound for the third

term. It remains now to estimate the contribution of the first term in the
right-hand side of (6.14) by writing

PR = 5t/01(u + 0 — 1)(t" 4+ udt) (M, ' Ap)?y(t" + udt) du
+ 682 /01(1 —u)(u+ 0 — )M Ay (" + udt) du.  (6.15)
It follows that
Ht”“R"“HiLh < C6t? /Ol(t" +udt)? [yt + udt)|2, 5, du

1
+ C(St4/0 lly(t™ + u5t)||§+3.,h du.

Using finally Lemma 6.1, we obtain

2

M1 n+1 pn+1
nz::O 5t Ht R Hsfl,h

T T
< C§t2/0 6] dt+C§t4/0 (N5, dt

2 2
< Cot? lyoll5., + cott lvollso,n -
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This concludes the proof. O
We now study the case of the Crank-Nicolson scheme. As expected, we find that
the scheme is second order.

PROPOSITION 6.3 (The Crank-Nicolson scheme). We consider the same notation
as in Proposition 6.2, except that we assume now that 8 = %
For any s € R, we have the following estimates
) M—1 L
sup |le"[[J, + X2 ot |le" >
0<n<M ’ n=0

? 2
o SO ol C o — o7, (610

. n+1(2 4 2 6 2
ZO ot [|le" | 1 < Ot 1yollian + COt° 1yolls i,
n=

+C o~ 2, + O |y — °| 2, (617)
sup. 1172, < €L+ Gt ot Tl o =y |- (639
0<n<M
T, |? )
sup H(t" - E)e" < O+ (3tpp)®) [&4 lyollZ, + [lwo — v°||;_ h} (6.19)
Y <n<Mm s,h :

Proof. The proof follows the same lines as that of Proposition 6.2, and we only
mention here the points that need to be changed.

e When 6 = 1, inequality (6.7) does not contain any numerical diffusion term

like He"“ - e"Hi ,- Yet, this term is useful in the sequel. Using (2.5) and

(6.4), we can recover such a term by observing that
||€n+1 o nt+l enH2

2
ean,h < Pn ||e s—1,h

L2 2
< 2p0t% |[e™F2 s+1,h +2pn0t” ||Rn+1Hs—1,h :
Combining this last inequality with (6.7), we obtain
9 1 2 ot 1|2
e = e+ g e = eI+ 5 e,
3 2
<,

which is the desired estimate. Note that, as expected, this estimate is only
useful under the assumption that §tp; is bounded.
Integrating by parts, we find that R"*1, as given in (6.5), can be expressed
as follows, in the case 6 = %,
512 [l
R = 7/ w(l —u)y"” (t" + udt) du,
0

leading to the following estimate

tn+1

L T
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Thus, with Lemma 6.1 we deduce

, M-l L2
sup ||e"+1||sh—|— > 5t’e"+§
0<n<M-—1 =0 s

. < ost! ||y0||§+4,h +C ||60||j,h ’
as well as the estimate
SNt — el < Cston (66 oll? o|I? 6.20
Xl =l < Caton (38 ol an + [€02,) - (6:20)

e Estimate (6.10) still holds and gives

L2
T Y T e e e e
so that, using the previous bounds, we obtain (6.17).
e Estimate (6.12) now leads to
e i S Y P s ]
1 S+
<ot Ht"“R”“Hs,l,h et otfenll g | R
# G et e, ot — e

Applying Young’s inequality we have

T T gt e

<20t ||t RS 20t len|2 ),
+ g et = e+ St et = e

We now need to prove some bound for Ht”“e”“ — t"e"Hs , as this term is

not present in the Lh.s. of the previous estimate, unlike the case 6 > % where
such numerical diffusion is helpful. To this end, we proceed as follows by
using (6.11)

1
7 "Hsh <o Hf"“e"“ A
(5t
< 2 tn-i-l n+ S+17h th-i-an-l-IHS - 5 ||€n||571)h'

Adding the previous two inequalities, we obtain

2
tn—i—% en—i—%
s+1,h

5 3
+ 50t IEy p + Zon [ = I7, . (6:20)

th-‘f-len+1||2 _ th n”ih_'_%

< o,
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Furthermore, as 0 = %, we can integrate by parts in (6.15) to obtain

5t2 1
tmH R = > / w(l —u)2' (t" + udt) du
0
1
1
+ 6t / (1—u)(u— 5)(M,:1Ah)2y(t" + udt) du,
0
where z(t) = (M ' Az)?y(t). Tt follows that

2

ML n+1 pn+1
nXZ:O ot Ht R Hsfl,h

T T
2
SGW(AIV@hlﬁﬁ+A M@ﬁwﬁﬁ>§0&ﬂ%mﬁw
(6.22)

by using once more Lemma 6.1.
Finally, summing (6.21) for n € [1,M — 1] and (6.13), and using (6.17)
(changing s + 1 in s — 1), (6.20) and (6.22), we obtain

2 2 2
sup |[t"e”[|2,, < Cot* [lyolls s, + C(1+ (6tpn)*)5t yollsry s
0<n<M

+C [ e|2_, , + O+ (6tpn))o* [[e°]]7

Using (2.5), this proves the claimed estimate (6.18).
e It remains to prove (6.19). We define M’ = | M/2]|. From (6.18), we obtain

2

, C
HeM o < ﬁ(l + (6tpn)*) [5754 lyolly 5, + ||60||§—4,h:|'

We now apply once more (6.18) for the same problem starting from t = tM '
instead of ¢+ = 0 and with initial data y(t*') and y* for the semi-discrete
and fully-discrete problems respectively. We obtain

2

s—2,h :| ’

so that using Lemma 6.1 and the bound on e™ ' previously obtained we finally
reach the claim.

T. ulF _C Nk
@ =P < o) or o)
s,h

e

s+2,h

6.2. The backward problem. For X = E; or X = Uy, and any family z =
(#™)1<n<m € XM, we denote by Fo[z]the element of L?(0,T, X) defined by

IS

Folz](t) = 1(tn—1)tn)(t)$". (6.23)

n=1

M n
Note that ||.7:0[$C]||%2(01T1X) = anl (StHfL' H?X
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PROPOSITION 6.4 (The 6-scheme for 6 > 1). Let qr € Ey, t — q(t) € Ey be the
solution to the adjoint problem —Mp0iq(t) + Anq(t) = 0 for the final data q(T) = qr
and let (¢™), € E,]Iw be the solution of the fully-discrete backward problem

gM — gM+1
My ———— + A, =0,
LA (6.24)
My b 400" + (1 - 0)™ ) =0, Ve [1,M 1],
for the same final data g™ = qr. We have the following estimates
n2 A n+1—6|2 2 2 2
sup [lg" |5, + X ot |l o1 S Cllarlls,+CA—=0)26t llgrl;y, - (6.25)
1<n<M+1 n=1 ’
M ni2 2 4¢,3 2
715t la"[sy1n < Cllgrllsn +CA = 0)"68 llgrllLysp (6.26)
where ¢"t1=9 = 0¢™ + (1 — 0)g"*1.
Moreover, if we introduce the error term
E"=q"— (1-0)6tM; ' Apg" — q(t™),  ne[l,M+1],
there exists C > 0 such that
|2 M 5 nt1—012 5 2 2
Sup ||E ||s7h + E tHE ||S+1 h S O t ||qF||s+27h,7 (627)
1<n<M n=1 !
M. 5 n |2 5 2 2 0 25 4 2
21 LIE™ [ s1n < OO llar (oo p + C = 0)708" [lgrllsyan » (6.28)
n— mn 2
sup [|(T =" EM|], < ot arll? ), + Cot* arll2yn, - (6.29)

1<n<M

Finally, we also have the estimate

T
/0 la(t) = Fol(a™)n)(OIZ 1, dt < Ot lgrl2y s, + C(1 = )68 llgr|Zyay - (6:30)

Proof.
1. Arguing as in the proof of Proposition 6.2 we form the (-, '>s,h inner product

of (6.24) with ¢"*1=% and we sum over n to obtain

sup g™, + (20— 1) % g7+ _an2 " % 5thn+170H2
1<n<M+1 sh =1 s;ho T o= s+1,h

< llgrlZ, +266(1 = 0) (M Angr, g7

By Young’s inequality, we obtain

M
2 —012 2 2
sup g3+ 3 3t [l" 02, < Cllaglls +Cot=0) llgrlZy -
1<n<M+1 n=1 ’
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Furthermore, by writing
qn _ qn+1—9 _ (1 _ 9)(qn+1 _ qn) _ qn+1—9 _ 5t(1 _ H)MglAhqn-i-l—O,
with n € [1, M — 1], and
g™ = M0 St (1 - 0)OM;, P Ag™
=Ml — 5t (1 — )M P ARG T 4 6t(1 - 0)2 M, Angr,

and using (6.25) and (2.7), we obtain

M ni2 M n+1—612 4¢,2 M n+1—612
21 Stllg" 341, <C 21 ot | Hs+1,h +C(1-0)%at 21 ot [|q ||s+3,h

+C6t° (1= 0)*lar 345,
2 2
< Cllarllsy +Co°(1 = 0)* llarlls s -

. Let us introduce

ML= M = gpand 2" = (Id — (1 — 0)6tM; " A", n € [1, M].
We observe that (2")1<p<am+1 solves the usual backward 6-scheme (compare

with (6.24))

n n+1

2" —z
ot
Let us now define y(t) = q(T —t) and y"* = zM*+1=" We observe that
Mpowy + Apy = 0, y(0) = gp and that (y™),, solves the forward #-scheme

with initial data y° = ¢r. We also observe that

E" — Zn_q(tn—l) _ yM—i-l—n_y(T_tn—l) _ yM-i-l—n_y(tM—i-l—n) — eM-i—l—n

My, + Ap(02" + (1 —0)z"") =0, Vne[l,M].

in the notation of Proposition 6.2. Hence, (6.1), (6.2), (6.3) lead to (6.27),
(6.28), (6.29) respectively.
It remains to prove (6.30). To this end we write

tn
2
A la(t) — q"|12, dt

n—

t'n/
- /t la() = a("~1) = B = (1 = 0)5tM; Ang™) |,

n—1
tn
EEINTE 2 2
<C [ lla =g, + OBt IE™ 2, + €O 14" 24
tn—
The contributions of the sums over n of the last two terms can be estimated

by using (6.26) and (6.28). It remains to consider the contribution of the first
term. We proceed as follows
¢
/ q(r)dr dt
tn=t s,h

n n
_ 2
[ e = a2 de= |
tn—1 ’ tn—1 n ,

g 2
<st [ [ 1@, ara

tn—1 J¢gn—1 ’

n

2
<ot [ )i dn

2

n
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as q(t) solves 9yq(t) = M, ' Anq(t). We obtain the claim by summing over n
and using Lemma 6.1 (and the change of variable y(t) = ¢(T —t)).
a
We now proceed with the study of the backward problem for the Crank-Nicolson
scheme.
To begin with, for any = (2")1<p<m € EM, we denote by Fi[z] the element of
L?(0,T, Ey,) defined as follows:

Fila](t) = z gt ()@ 4 (8 — "3 M ™). (6.31)

PROPOSITION 6.5 (The Crank-Nicolson scheme). If we take § = % in (6.24),
then:
e FEstimates (6.25) and (6.26) hold.
o With E" = ¢" — LM,  Apg" — q(t" 1), n € [1,M + 1], Estimates (6.27)-
(6.30) becomne

M 2
sup (B2, + 3 ot|| B <ot lgrlli, . (6:32)
0<n<M n=1 s+1,h
M 4 2
2 SIIE™ |3 15 < COL+ (8tpn)*)St" Nar|2ia (6.33)
sup |7 - HE? S C(L+ 6ton)®) 5t llgrl? (6.34)

1<n<M/2

T
/0 la(t) = Fil(@)al (O3, dt < CL+ (Stpn)*)ot" larly s, (6.35)

Proof. The proof of (6.32) and (6.33) in Proposition 6.4 is not affected by the
choice 0 = %

We proceed with the same change of variables as in the proof of Proposition 6.4
by defining zM*! = ¢M+1 = ¢ and, for n € [1,M], 2" = (Id — %M;lAh)q". We
then set y(t) = ¢(T —t) and y" = 2M*+1=" 5 € [0, M]. Then (6.16), (6.17) and (6.19)
imply (6.32), (6.33) and (6.34) respectively.

Let us now prove (6.35). We introduce ¢ = Fi1[(¢")n]and ¢(t) defined by

e 1
at) = 3 s ()57 (8" = 6) +a(t") ¢ =71,

Notice now that ¢ and ¢ are continuous functions. In fact, for any n € [2, M], we
have

i n Ot n e noy Ol _ e
Q(t+ 1):‘] —EMhlAhq , and q(t" 1):q 1+5Mh1«4hq 1,

);

and these two quantities are equal, as (¢"),, is solution of (6.24
q—g. We observe that this

We shall now proceed in two steps. First, we estimate
function is piecewise affine and continuous. We have

~(gn— n— n 5t — n n— mn
q(t" ™) = (") = q" = S MG A" — (") = E", ne [1,M],
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and

N 5t
q(t") — (™) = g™ + EMhlAth —q(T)=¢""*" —q(T) =qp —qr = 0.

With a convexity argument we have

e St
/ Nlaw =gl , < FUE L, +1EME L), ne M.

tn

As a consequence, we find that

T 2 M 2
| lawy a2, de < 2 ot1E 2,

This last term is bounded in (6.33).
Second, we give a bound for ¢(t) — q(t). Let n € [1, M +1]. By Taylor formulae,
we find

gt" ) (" — 1) +q(t")(t — ")
ot
(t—t" )" —

_ .. 2 ((t - t”l)/o (1= w)g"(t+u(t™" — 1)) du

q(t) —

) / (1 — )" (t 4+ u(t™ — t))du>,

and we then obtain, with a Cauchy-Schwartz inequality,

tn

t" t"
2 2
Lo et =gl ae<oet [ @, et [ a2,

By Lemma 6.1, we then obtain

T
| ety = a0, de < ot ar 2,0

Gathering the two estimates we obtain (6.35). O

6.3. Error estimate in time for the control problem. In this section, we
give estimates of the error between the fully discrete control vs; and the semi-discrete
one v corresponding to the same target gy, both defined in Theorems 5.1 and 5.2.
Errors are estimated with respect to the time step, dt. As expected, the result will be
different depending if 6 > % or f = %

6.3.1. The 6-scheme, 6 > % We prove here a first-order in time error esti-
mate.

THEOREM 6.6. We consider the same assumptions as in Theorem 5.2, further
assuming that 6 > % Provided that the condition dt < Ch?Y is fulfilled, the following
first order error estimate holds

Ph

3 3 N
[ Folvse] = vllr2(0,m,0,) < C'6t o) (L4 6t2pi ) ([lyoll, + [19oll4)

where C' is independent of 5t and h.
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We recall that we have chosen 7 such that 0 < v < 3. Notice that the constant in
front of ¢t in the r.h.s. is not bounded with respect to h. The first-order convergence
is thus not uniform with respect to h. The definition of Fy[.] can be found in (6.23).

Proof. We write the optimality conditions corresponding to the minimization of
Jh,ét

M
0= Z ot [B;qut,étv qun] h + ¢(h) <q£‘pt,5t7 (jF>h

n=1
- <gFa qF>h + <y07 (jl - 5t(1 - Q)ijlAhql>h ) (636)

for any ¢s; = (¢"), solution of the fully-discrete adjoint system (6.24) with ¢M+1 =

G € Ej. We also write the optimality conditions corresponding to the minimization
of J"

T
O = /0 [BZQOpt(t)v BZ@(t)]h dt + d)(h) <qg;7tv qF>h - <?JF, qF>h + <yOa Lj(o»h ’ (637)

for any t +— (t) solution of the adjoint problem (3.3) with §(T) = ¢*' € E.
Let us now consider the first term in (6.36). For any n € [1, M], we have

n

3t (Bilyon B3], = | [Fulusl(®). Br(Flasd )]
= [ Flunde).Biaol, i+ [ Folow 0, Bi(Falanl(t) - 2], de. (639

Thus, (6.36) becomes

T
/O [Folvse] (t), Bra(t)],, dt + ¢(h) (abe.60" ), + (10,3(0)),

T
_ /O Folvsi] (1), BLe®)], dt — (yo, BV, . (6.39)

where we recall that E' = ¢' — 6t(1 — )M, ' A,G" — 4(0) and we introduce
é(t) = Folga)(t) — q(t), V¢ € [0, T].
We now subtract (6.37) from (6.39) to obtain

T
/0 (Folvstl(8) — v(t), Bra(t)], dt + 6(h) (aFon.s0 — aFons 07,

T
_ /0 Folvst] (1), BL®)], dt — (yo, V), . (6.40)

Let us now choose ¢ = qf;t 5t — qﬁ;t. The solution ¢(t) of the semi-discrete
backward problem associated to this data can be written

q(t) = 45,(t) = gopt (1),

where g, denotes the solution of the Cauchy problem

—Mpdrgy, + Angs, =0, 45, (T) = ahp 50
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We split ¢ into two terms as follows
q(t) = q;,(t) = Folqopt,st](t) + Foldopt,s¢](t) — qope (t),
which gives
Bq(t) = By, (4;,(t) — Foldopt,se)(t)) +Folvse] (1) — ().
=¢(t)

Thus (6.40) leads to
T , )
| 1Rkl ) o OF dt-+ 00 e~ al;,

T T
= —/0 [Folvad] (1), Bré(t)],, dt — (o, E'), —/O [Folvse] (t) — v(t), Bie(t)],, dt.
(6.41)

It remains to estimate the three terms 73, 75 and T3 in the r.h.s. of this inequality.
e With (2.3), (2.5), the bound (5.12) and to the error estimate (6.30), we find

|T1| < Cl|Folvse)ll 20,70 €l 20,7, E0)
< Clgolly + I90la) (ot ", + ¢ l|a” | )
< Clllyol, + 9ol 131, (stoi +t247)
e Using (6.29) and (2.5), the second term T is bounded as follows
ITa] < llwolly | E*],, < Clivolla (0t [|a7]|, + 6¢* [l ,)
< Clyolln 3"l (5t + 5t*pn).
e Using (2.3), we write for the last term T5:
|T5| < CllFolvse] = vll20,m,0m) llel 20,7, 50)-
and e is estimated by (6.30) and (2.5) as follows
|Ts] < Cl| Folvst] = vll2(0,1,0,) (0 || agpr, ], + ot [g0pt.5t 1)
< C||Folvsi) = vll L2 0.1.00) |2pe.60 1], (5150;% + 0t p3).
We now collect the previous estimates in (6.41) and obtain
|Fofos] = vl Fago,2,0, + 6() 7]
< Clllwoll, + 90l1,) 137, (Gtof +6t% 57 + bt + 6t )
+ C||Folvse] = vl L2(0,7,0,) ||q(1;t.,6t||h (6tp,% + 5t%ﬂi21)' (6.42)

Moreover, we have seen in (5.14) that \/¢(h) ||k, 5 . < C(llyolly, + 7ol ), so that,

using Young’s inequality and assumption (2.1), we finally obtain from (6.42) the
expected error estimate

|2 Ph X
1 Folvse] = vllE20.7,0,) + @(h) (|37 ][, < CW&QG +0t*03) (lyoll, + llgoll,,)?. (6.43)

|
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6.3.2. The Crank-Nicolson scheme. We prove now a second order in time
error estimate.

THEOREM 6.7. We consider the case 6 = % and the same assumptions as in
Theorem 5.2. Provided that the conditions 6t < ChY and dtpy, < & are fulfilled, the
following second-order error estimate holds

1 ~
B3 F1[dopt.5t] — vl L2(0,7,0,) < 5t Ln T (Pﬁ + ¢(h)7%) (lyolly, + lgolln),
¢(h)>

where C' is independent of 5t and h.

The definition of F;[.] can be found in (6.31). We recall that we have chosen ~
such that 0 <y < S.

Proof. The proof follows the same lines as the previous one by replacing the
operator Fo[-] by Fi[-] The main difference lies in the fact that, since Fi[gs:] and
Fi1]qopt,st] are piecewise affine and not piecewise constant, we have to replace (6.38)
by

at [Bltqut,étv qun} n
t'n/

/t (B}, F1lqopt,st) (), Brq(t)],, dt +/ (B}, Fildopt,st) (), By (F1[dse] (t) — q(t))], dt

n—1 tn—1

5t2 tn

BT B3 Fo [M;,  Andopt.st] (£), B Fo [M},F Andse] (1)), dt, (6.44)
tn—1

using that ftin,l(t — t"—%)dt = 0. Proceeding as in the proof of Theorem 6.6, using
(2.3) in order to treat the new term (compare (6.44) with (6.38)), we obtain

* ~ 2
1B5Fi[gopt.st] (2) = ()220 100,y + S(R) |7
< BiF1 [qopt,stlll 2 0.7, 00 1€l 20,2, ) + Iwolly, |1 EX .

+ [1BhF1[qopt.st] (1) — v(E) | 20,700 l€ll 20,7, 1)

5t2 M n 2 % M ~n 12 %
+ 35 (2 ot )” (2 atlaizs)” (6.45)

where
é(t) = Fulgse)(t) — q(t), and e(t) = g, (t) — Filgopt.5:l(t), Vi € [0,T].
By definition of the operator Fi[-] we have

185 Filgopt.stll| 720 7,0,) = I1BrFoldopt.stllIZ20.7.0m)
6t _
+ EHB}L]:O [MhlAhqopt,ét] ||2L2(O,T,Uh)'

Using (5.12) to bound the first term, it follows

) Moo g
1857 lgopnadll 2070 < Clloll + oll) +Cot( 32 0t [ahnlly, )

Then, we use (2.3), (6.26) (notice that this inequality also holds for 6 =
Proposition 6.5) and (5.14) in order to bound the second term as follows

1
3 see

a n 2 F 2 3 F 2
Zl ot qupt,étHg)h S C qupt,étHl)h + cdt qupt,étH47h
n=

< Cpu(1+ 6t°p}) Hqﬁ;t,atHi <Cpp qul;t,(stHia (6.46)
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where we used the uniform bound dtp;, < §. We have thus proved that

. Vit X
1B F1ldopt.selll L2(0,1,0,,) < Cl(l + W) (lwoll;, + lgoll,)-

Similarly to (6.46) we have

M ~n |12 ~F 2
Zl&fllq 2.0 < Con||G" ]},
then, from (6.45) we deduce

1B} gopt.6)(8) — 020,10,y + 0(R) 0|
< C1+8t26(h) ) (lwoll, + 19oll,) (18] 2.1y + | E],)
=+ OHQH%P(O,T,E;L) +C'5t%p, Hq(f;7t75tHh H‘jFHh :

Using the Young inequality, estimates (5.14), (6.34) and (6.35) we finally obtain

* ~ 2
1B F11dopt.5t)(t) = v()|72(0,7.0,) + 0(R) ||,
4

5t ( 5t + p?
<C——~ (14} + 2 (lyoll, + ldoll,)?-
The claim follows by using assumption (2.1) and the fact that ¢ < T'. O

To conclude, we present here a second interpolation operator that also yields a
second-order convergence result. For X = Ej, or X = Up, and any © = (2"), € X"
we define

T M-t n t— tnié n+1 n
Filx](t) = 21 Lygn—1n () | 2™ + T(:z: —z™)
t—tM-3

+ 1],51»171)151\/1[(15) ($M + 5t

(M — ;EM_l)). (6.47)
The interest of this new operator as compared to Fi[-]is that it does not depend on
the operators M, and Aj; and commutes with the operator Bj. Notice however that
Fila]is piecewise affine but not continuous on [0, 7.

Our result is then the following

THEOREM 6.8. In the same conditions as in the previous theorem, we have

Ph
¢(h)*

| Fiosid = oll om0 < C3E—Lr (5 +6(0) 4 ) (ol + 01,

where vsy = B} Gopt, st -

As we can see, the actual computation of F [vst] only requires the knowledge of
(v™),, and not of the sequence gop;,5:. In most practical cases, this can lead to saving
a significant amount of memory for the storage of the control function.

Proof. With Theorem 6.7 it suffices to estimate the difference BjFi[qopt,st) —

—%1 [BZQOpt,ét]-
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e Forn € [[1,M — 1], and t"~! < t < ", we have (using the equations (6.24))

(B2 o) — Fi B 0]

B qn—i-l _qn 2
ot (a2
h

qn+1 o

< 2 4 9
< C6t 5

M,:lAhqn —

h

C c
= o8 M Ana" = gy = ot |

112
q"tz
4

which by (6.25) (which is valid even for § = %, see Proposition 6.5), (2.5) and
the bound dtp, < 6, yields

T—5t N 2
[ [BiAmsd ) - AlBiams o],
0
< Ot |l afyu sl + C01° l[abpuilly, < O (o + 6toh) [l

3
p .
< ca#ﬁ(ﬂyollh + [|9oll,,)?.

e Finally, the case n = M can be bounded in a similar way as

12

~ 2
|BiFilgopn.a)®) = FrlBiaons) (O] < Cot* o2

a.h

7. Some numerical results. For all the tests we present below, we have chosen
a one-dimensional domain Q =]0, 1], a distributed control domain w =]0.3, 0.8[, a final
time T = 1, an initial data yo(x) = sin(mz).

We consider a finite-difference scheme in space on a mesh of Q2 with N discretiza-
tion points for solving the control problem (1.1) with a diffusion coefficient .

Tests #1 and #2. We choose here a constant diffusion coefficient v = 0.1 and
a uniform mesh of Q so that h = 1/N. We are interested in the null-controllability
problem, that is we choose a target yr = 0.

In Test #1, we consider the Implicit Euler time discretisation (6 = 1) and in Test
#2, we consider the Crank-Nicolson time discretisation (6 = 1).

The qualitative behavior of the control function obtained in each case is illustrated
in Figure 7.1 where we represent the map ¢ € [0,T] — [[v(t)| £2(w)-

We now illustrate the various convergence properties established in this article.
In Figures 7.2 and 7.3 we plot the error |[v — 5|/ £2(jo,7[xw) between the semi-discrete
and the fully-discrete controls for various values of the time step and three different
mesh size for the domain 2 for both Tests #1 and #2. For each test, two situations
are presented depending on the choice of the penalization function h — ¢(h).

As expected, we observe the first order convergence in 6t for Test #1 and an
asymptotic second order convergence for Test #2. Moreover, these convergences are
not uniform with respect to h. In fact, for a given value of the time step, the error
increases when N increases. Nevertheless, it appears that the dependences on h in
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(a) Tests #1 and #2 (b) Test #3

Fia. 7.1. The function t € [0,T] — |[v(t)|| 2 (. for Tests #1/#2 and Test #3.

the error estimates we proved in Theorems 6.6, 6.7, and 6.8 are not optimal in this
context.

We observe that, for large values of dt, the Crank-Nicholson scheme only be-
haves like a first order scheme, but yet produce smaller errors than the implicit Euler
method.

10 101

10

- o
10 10 7
N =50 b =N =350
>N =100 ] >N =100
- N =200 - N =200
10’4 ' ' HHHJG ' ' HHHJZ ' ' HHH*l 10774 ' “HH!K ' “HH!Z ' “““Ll
10 10 10 10 10 10 10 10
(a) ¢(h) = h? (b) ¢(h) = h*

F1a. 7.2. Brror on the control ||v — Folvst]ll £2(jo, 7 xw) a8 @ function of 6t for Test #1.

Table 7.1 (resp. Table 7.2) shows the size of the final state in the L? norm as
well as the cost of the control for various values of 6t and N and for ¢(h) = h? (resp.
é(h) = h*). We observe that, these values barely depend on dt; the cost of the control
is uniformly bounded w.r.t. N. The size of the final state actually behaves like \/¢(h),
as proved in our results.

Test #3. In that test we consider random meshes of €2 with N points built in
such a way that each cell in the mesh has a size 1/N + 40%. Furthermore, we choose
a non constant diffusion coefficient whose formula is given by v(z) = 0.1 — 0.05
tanh((z — 0.5)/0.1) and we now consider the control to the trajectories problem by
chosing a target g = 0.1sin(7x).

We choose here a penalization function ¢(h) = h? and we consider the Implicit
Euler method in time.

We observe results qualitatively very similar to that of the previous tests (see
Figure 7.1). In Figure 7.4, we only illustrate the convergence properties with respect
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(a) o(h) = h?
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N =50
> N =100

& N =200

10 4
10

s
10

5
10

(b) ¢(h) = h*

-1
10

Fic. 7.3. Error on the control ||v — Fy [st]ll L2 qo,T[xw) a8 @ function of 5t for Test #2.

Summary of the numerical results for Test #2 with ¢(h) = h=.

2

N =50 N =100 N =200
ot ™ | Twsell [ Tw™ M [ Tesell | T™ [, [ Tlestl
5.00E-02 1.36E-03 | 2.61E-01 | 6.55E-04 | 2.77E-01 | 3.44E-04 | 2.90E-01
1.25E-02 1.16E-03 | 2.47E-01 | 5.35E-04 | 2.61E-01 | 2.37E-04 | 2.71E-01
3.13E-03 1.09E-03 | 2.44E-01 | 4.83E-04 | 2.57E-01 | 2.14E-04 | 2.65E-01
7.81E-04 1.07E-03 | 2.43E-01 | 4.70E-04 | 2.55E-01 | 2.05E-04 | 2.64E-01
Semi-discrete | 1.07E-03 | 2.43E-01 | 4.66E-04 | 2.55E-01 | 2.03E-04 | 2.63E-01
TABLE 7.1
Summary of the numerical results for Test #1 with ¢(h) = h2.
N =50 N =100 N =200
ot ™, | Twsell [ Tw™ M [ Tesell | T™ [, [ Tlestl
5.00E-02 2.58E-05 | 3.14E-01 | 4.70E-06 | 3.35E-01 | 1.70E-06 | 3.47E-01
1.25E-02 1.51E-05 | 2.81E-01 | 3.10E-06 | 2.92E-01 | 8.00E-07 | 2.99E-01
3.13E-03 1.14E-05 | 2.72E-01 | 2.50E-06 | 2.80E-01 | 5.00E-07 | 2.85E-01
7.81E-04 1.03E-05 | 2.69E-01 | 2.20E-06 | 2.77E-01 | 4.81E-07 | 2.81E-01
Semi-discrete | 9.95E-06 | 2.68E-01 | 2.09E-06 | 2.76E-01 | 4.45E-07 | 2.80E-01
TABLE 7.2
Summary of the numerical results for Test #1 with ¢(h) = h*.
N =50 N =100 N =200
ot ™ | Tesell [ T [ Tesell | T™ [, [ Tlestl
5.00E-02 1.07E-03 | 2.43E-01 | 4.66E-04 | 2.51E-01 | 2.03E-04 | 2.64E-01
1.25E-02 1.07E-03 | 2.43E-01 | 4.66E-04 | 2.51E-01 | 2.03E-04 | 2.64E-01
3.13E-03 1.07E-03 | 2.43E-01 | 4.66E-04 | 2.51E-01 | 2.03E-04 | 2.64E-01
7.81E-04 1.07E-03 | 2.43E-01 | 4.66E-04 | 2.51E-01 | 2.03E-04 | 2.64E-01
Semi-discrete | 1.07E-03 | 2.43E-01 | 4.66E-04 | 2.55E-01 | 2.03E-04 | 2.63E-01
TABLE 7.3
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N =50 N =100 N =200

ot [y™ W, [ Tesell | 0™ | Tesll [ o™, | llosl
5.006-02 | 9.85E-06 | 2.688-01 | 2.06B-06 | 2.76E-01 | 5.07B-07 | 2.80E-01
1256-02 | 9.95F-06 | 2.688-01 | 2.00B-06 | 2.765-01 | 4.456-07 | 2.80E-01
3.13E-03 | 9.956-06 | 2.685-01 | 2.09E-06 | 2.76E-01 | 4.45B-07 | 2.80E-01
781E-01 | 9.956-06 | 2.685-01 | 2.09E-06 | 2.76E-01 | 4.455-07 | 2.80E-01
Semi-discrete | 9.955-06 | 2.68E-01 | 2.09E-06 | 2.76E-01 | 4.45E-07 | 2.80E-01

TABLE 7.4
Summary of the numerical results for Test #2 with ¢(h) = h*.

to 0t and the behavior of the distance of the final state to the target and of the cost
of the control with respect to the mesh size (these results are those obtained with the
smallest time step considered here, that is dt =7.81E-04).

10 e N=50
] ™ = g ||, =3.44E-03
= l|lvs:|| =4.50E-01
1 e N =100
I ], ~1358503
10 o l|lvse|| =4.69E-01
>N =100 e N =200
[ EE— U |y™ = gr||, =8.79E-04
190" 0 0 0 |lvse|| =5.14E-01

(@) llv = FolvstlllL2(jo,7[xw) as a function of 6t (b) distance to the target; norm of the control

Fic. 7.4. Numerical results for Test #3.

8. Concluding remarks. Most of the results of this article still hold if we
assume that Bj is a (formally) lower-order operator, that is, if we replace Assumption
(2.3) by

[Bix], < Clzll,,,Yh > 0,Vz € Ep,

for some « €]0,1]. Notice however that, for % < 0 < 1, we need to further assume
that dtpp < § for our uniform controllability and observability results to hold.

In practice, this more general assumption should be useful to handle more com-
plex control operators and possibly more complex discretization schemes. Note that
boundary control problems do not enter this framework since Lebeau-Robbiano type
spectral inequalities of the form (in the continuous case)

> k=]

P <p Q

2

> ardr(x)| d.

e <p

ST adr(x) ’ dr < Ce“VP [

Mk <p w

are known to not hold for boundary observations (compare with the boundary ob-
served inequality proven in [LR95]).

With Theorems 5.1 and 5.2 we note that the estimates of the optimal adjoint
states qf;;t and qﬁ;t) s: deteriorate as we take ¢(h) to zero. This effect can be observed
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numerically with the formation of the boundary layer at time ¢ = T for the adjoint
system. It then leads to a poor conditioning of the numerical method. See for in-
stance [MZ09] for numerical evidences. The idea of [FCM], introducing a weighted
functional, may lead to a better treatment of this problem. The numerical analysis
of this approach, in the spirit of the present work, yet needs to be carried out.

To apply the results we have obtained here, an important question that remains to
be answered is the following: for what kind of linear parabolic problems (scalar with
smooth or non-smooth coefficients, systems, etc ...) and for what kind of numerical
methods and meshes (finite differences, finite elements, etc ...) do discrete Lebeau-
Robbiano spectral inequalities (Hq,g) hold? The authors of the present article tackled
this question for finite-difference discretizations of parabolic equations on smooth
meshes and for smooth coefficients in [BHL09a] and [BHL09b]. Many other settings
need to be studied.

Appendix A. Proof of Lemma 5.4.

We shall first consider the case 6 > %
implies 1 — 0¢(1 — 6)\ > 0.

Notice also that it suffices to prove (5.22) for s = 0 and s = 1, the general case
being then deduced by interpolation. We denote by I = [O, A95t_1} the interval of
the admissible values of A in (5.22).

M
We set a(\) = (M) e~ M and f(N) =1 —a(N).

Notice that the condition A\ < Ag&fl

T=5((1-0)n
Case s = 0. We prove that 0 < f(A) <1 for any A € I, which in turn implies
(5.22). We see that a > 0 on I. By computing f’

sy OH(20 — D)X — 5701 — )N\
I =T manya —ea —on “W
Ag — Mot
(1+ 6tON) (1 — 6t(1 — O)N)

we deduce that f is non-decreasing on /. Hence

0=f(0) < f(N) < f(Apdt™") =1—a(4est™") < 1. (A1)

= TO(1 — O)AGt

a(A),

Case s = 1. We set g(\) = f(\)/A\2. As seen above, f is non-negative on I, so
is g. Moreover, f(0) = f’(0) = 0. The function g can thus be extended to A = 0 by
setting g(0) = 3 f”(0) = T6t(6 — 3) > 0.

Let A, € I be such that g(Ay,) = sup; g. Three cases have to be considered.

1. If Ay, = 0 then sup; g = g(0) = T6t(6 — 3).
2. If A, = Agdt™" then by (A.1),
-1 2 2
f (Ag&t )6t2 - 0%(1—0)

—1
supg = g (Agdt ™) = (20—-1)2 = (20— 1)
4 97(1=0)2

5t

3. If A\, € ; then we have ¢’(\,;,) = 0. Computing ¢’ as follows
) 2f()
TN =5 -
we deduce that Ay, is such that A, f'(An) = 2f(A), which implies

1

T 5t(20— 1) A —326(1—0)A2,
L4+ A5 Trsion Aot =0

a(Am) =
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and then

SUpg = 9(Am)

St
1—

1
=7 (9 - 5) e St + Tam) [(20 = 1) = \n0t0(1 — 0)]

1
< — = .
_T(6 2)51&

In each case estimate (5.22) follows.
We now consider the case 6 = %
-2 14+8tN/2 M — MGt
I'=1[0,A,6t73] and we also set al(A) = (17&)\/2) e and f(A) =1—a()).
Case s = 0. We observe that f(0) =0 and that

The interval of admissible values of A is now

, St2 N2

Hence we have 0 < |f(\)]| < |f(A%5t_%)|. Furthermore we have

3
1

Fagor )| <14 a(ayert) <1 43

The last inequality is obtained by using the two following facts
2
e The condition \ot3 < A 1 with the chosen value of A 1 implies that

Aot < As o5 < A TH <1 (A.2)
e The map z € [0,1] — 2 3(log (}fzg) — x) is positive, increasing on [0, 1],

thus bounded by log(3), for instance, on this interval.

We conclude that
TAY
2

)

a() < lo8(B)M(3tN)? _ gTot*A* g

and the bound on f is proven.
Case s = 1. Here we set g(\) = |f(\)|/A3. Notice that g is non-negative and
can be extended to A = 0 by letting g(0) = T6t%/12.
We want to estimate sup; g = g(Am), Am € I. Here also three cases have to be
considered:
1. If A, = 0, then sup; g = g(0) = T6t*/12 and the claim is proven.
2. It A\, = A%5t72/3, using the previously bound proven on «, we obtain

3
sup g = g(A,0t"2/%) < CTo1Pa(A,6t7%/%) < CTore 4.
I 2 5

3. If Ay € I then ¢'(\y) = 0 which is equivalent to A\p, f/(An) = 3f(Am).
Similar computations to those above yield

() 1—6t°)2, /4
A\Am ) = )
1—6t2\2, /4 — T6t>\3, /12
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and then

T ! o
S = )\m = _5t2 =3 t2
upg 9Am) = 7501"— 5t°X2, /4 — T52X3, /12 ~ 8

3

with (A.2) and since by (5.16) we have T A3 = 1.
2
This concludes the proof of Lemma 5.4.
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