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1 Introduction

Many problems in continuous fluid and solid mechanics lead to a variational problems with a saddle
point structure of the form: (u,p1,p2) € U X P} X P,

A -BF -BI'| [u f
Bl 0 0 P1|l =101 (1.1)
By 0 0 b2 g2

or
A 0 -BF u f
00 -B|p|=|an]. (1.2)
B1 By 0 b2 g2

Here U, P, and P, are Banach spaces, A : U — U’ is typically nonlinear, and B; and By are linear
operators. In this paper we develop necessary and sufficient conditions for this class of problems to
be well-posed and consider their numerical approximation.
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Problems of type (1.2) can be written as

A -Bf o u f
Bi 0 By| |p2|=1|92]- (1.3)
0 -BI' o D1 91

These problems are often described as twofold saddle point problems due to the nested structure
they exhibit. Each of these problems can be viewed as a single saddle point problem of the form

[g _JgT] = [5] where B acts on a product space. The classical theory requires B to satisfy an inf-

sup condition [8,13,14]. The development of discrete spaces which inherit such inf-sup conditions
for each specific problem is notoriously difficult, and this difficulty is compounded by the product
structure of the twofold saddle point problems. In Lemmas 3.1 and 3.2 we establish necessary and
sufficient inf-sup conditions on the constituent operators By and By to guarantee that the compound
operator B satisfies inf-sup conditions on the corresponding product space.

The rest of this paper is organized as follows. This introductory section continues with a motivat-
ing example, followed by a review of prior results and some notation. Section 2 considers solution of
single saddle point problems with nonlinear operator A and their Galerkin approximation. Section
3 develops necessary and sufficient conditions on the operators By and Bs for problems of type (1.1)
and (1.2) to be well posed. An application of the theory is illustrated in Section 4.

1.1 Ezamples of Twofold Saddle Point Problems

Twofold saddle point problems arise ubiquitously when mixed finite element formulations are used
to approximate the stress in an incompressible fluid or solid [2,9,27,29,24,15,22,23,6,26]. When
the usual linear relation Sy = vD(u) for the viscous stress is replaced with a more general relation
So = v A(D(u)) the equations for the creeping (Stokes) flow of a fluid in a domain 2 C R? become,

—div(S) =f, div(u) =0, S = —pl + A(D(u)).

Here D(u) = (1/2)(Vu+(Vu)?), S is the stress tensor, and for incompressible fluids takes the form
S = —pl + Sy where tr(Sp) = 0 is the devatoric part of the stress. If 02 = I'y U I} typical boundary
conditions would be

u|p0 = Uup, Sn|p1 =t.

To illustrate our results we review three formulations of this problem:

(1) A single saddle point problem arises when the stress S is eliminated using the constitutive relation
as in [30] (classical primal mized formulation).

(2) Eliminating the gradient of the velocity using the constitutive relation gives rise to a dual mized
variational formulation [32]. A twofold saddle point problem of the form (1.1) then arises when
the problem is posed in three variables [9] or the symmetry of the stress tensor is enforced weakly
[2].

(3) Alternatively, independent approximation of (the symmetric part of) the velocity gradient gives
rise to a twofold saddle problem of the form (1.2) (alternate dual mized formulation). Dual mixed
approaches that approximate the (nonsymmetric) velocity gradient directly are presented in [24,
19].

When the fluid is incompressible the stress-strain relation only acts on the trace free (devatoric)

part of the strain. Letting (Rg;n‘i)o denote the symmetric trace free matrices, we assume

1. A: Rdxd - (Rdxd)[).

sym
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2. A(D) = A(Dsym — (tr(D)/d)I).
3. The restriction A : (Rgl;n‘f)o — (Rgﬁg)o is bijective.
Primal Mixed Formulation: The classical weak statement of this problem seeks u—wug € U =

{ue HI(Q)d | ulp, =0} and p € L?(§2) satisfying

/Q (A(D(u)) : D(v) — pdiv(v)) = /Qf.v+ /F1 t.v, veU,

/ div(u) ¢ = 0, q € L*(0).
02

If I1 = 0, then p, ¢ are required to have average zero. This is a classical saddle point problem taking

the form
A =div'] [u]  [f+7/(t)
div 0 pl 0 ’

Here (div'(p),u) = (p,div(u)) is the dual operator, and similarly (y'(t),v) = (t,(v))r, is the dual
of the trace operator v : U — U/H&(Q)d. Here (-,-) is the L?(£2) inner product and (-,-) is the
induced duality pairing.

Dual Mixed Formulation: If the inverse of the stress strain relation is available, D(u) =
A71(9), it is possible to write a weak statement that evaluates the stress explicitly. Let

S={S € H(2;div),,,, | Sn|r, =0} and U = L*2),
and S(t) be the elements in S € H(2;div),,,, for which Sn[r, = t. Then (S,u) € S(t) x U satisfies

sym

/ (A7H(S) : T + udiv(T)) :/ uy.T'n, TeS,
Q

Io

/Q—div(S).v:/Qf.v. veu.

This weak statement is again a classical saddle point problem. A mixed finite element method for
this formulation in linear elasticity was studied in [3].

If finite element subspaces of H({2;div) sym are not available, it is possible to pose the previous
weak statement in H({2; div) and to use Raviart-Thomas elements. In this instance Vu = A~1(S) +
(VU) skew- Let

T ={S € H(£2;div) | Sn|, =0} and U = (L*(2))?
and T(t) be the elements in S € H(£2;div) for which Sn|r, = t. Next, define W : R? — R by
W (w)ij = €j,xwi, Then (S,u,w) € T(t) x U x L?(£2) satisfies

/ (ANS) : T+ W(w): T+ w.div(T)) = / ug.Tn, T eT,
0 I

/ —div(5).v :/ fv, veU,
2 2
/ —S:W(z) =0, z € L*().
2
This is a twofold saddle point problem taking the form

AL divw]| [S v (ug)
“div 0 0| |ul=] £ [. (1.4)
-W 0 0 w 0
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Here (7/(ug),T) = (ug, Tn)r,.
Finite element methods for the formulation (1.4) arising in linear elasticity were developed by
Arnold, Brezzi, and Douglas [2] (see [6] for a survey of approaches with weakly imposed symmetry).
Alternative Dual Mixed Formulation: If the inverse A~! if the constitutive relation is not
available it is possible to pose a mixed formulation which computes both D(u) and S. Let S and

U= LQ(Q)d be as above and

dxd
sym

D={Dc L*(R), " | tr(D) = 0}.

and S(t) be the elements in S € H({2;div)

satisfies

for which Sn|pr, = t. Then (D,u,S) € D x U x S(t)

sym

/A(D):E—S:E—O, E €D,
2

/(D:T+u.div(T)):/ w.Tn, TES,
(0] I

/Q—div(S).v:/Qf.Ov. vel.

This is a twofold saddle point problem taking the form

A0 -1 D 0
0 0 —div| [u| = f : (1.5)
I'divi 0 S v (up)

If the trace-free requirement on tensors in D is relaxed a formulation which includes the pressure
requires (D, u, S,p) € LQ(Q)dXd x U x S(t) x P satisfying

sym

dxd
sym?

/A(D):E—S:E—pI:E:O, EeL*(n)
2

/(D:T+qI:D+u.diV(T)):/ ug.Tn, (T,q) € S x P, (1.6)
(0}

Io
/ —div(S).v= [ fwv. vel.
9] (9]

where P = L?({2). This formulation takes the form of (1.5) where the identity operator is replaced
with I x ptr(.).

1.2 Related Results

Problems (1.1) and (1.2) are simplified versions of a full twofold saddle point problem described
by Brezzi and Fortin [14, pp. 41, §I1.1]. Existing results regarding different formulations of inf-sup
conditions for problems of type (1.1) can be found in [28] and [20]. Problems with this structure
arise in various applications, including elasticity ([2,6]), complex fluids ([9,20]), and hybridized mixed
methods for second order elliptic problems [18]. Solvability of these problems is usually established
by showing that A has the required properties and either (i) the combined operator B; + Bj is
surjective or (ii) the operators By and B individually satisfy appropriate inf-sup conditions.
Problems of type (1.2) are analyzed in a similar manner. In [21] and [25], problems of this type
were treated as nested saddle problems, with the upper left 2 x 2 block of (1.3) being treated as
one operator and then showing that block is coercive over the kernel of the operator Bs. Sufficient
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conditions for solvability and abstract error analysis are also given in [21] and [25]. This theory has
been applied to many problems in elasticity and fluids as well, see [27,29,24,15,22,23,26] for some
examples. Problems of type (1.2) were also studied in [16,17]. In these works the twofold saddle
point problems are treated as single saddle point problems, and solvability is shown by requiring
By + Bs to satisfy a certain inf-sup condition.

1.8 Notation

For Banach spaces X and Y, X’ and Y’ denote their duals, and if F' : X — Y is an operator, its
dual operator is denoted by F' : Y’ — X' or FT :Y' — X'. If Z C X is a closed subspace the
quotient space is denoted by X/Z and frequently x € X is identified with x + Z € X/Z. The dual
space (X/Z)" will be identified with the (polar) subspace of X’,

Z={feX' | f(z)=0, z€ Z}.

Under this identification || f||(x/zy = I|f]lx'-

Standard notation is used for the Lebesgue spaces LP({2), the Sobolev spaces WP (£2) and
H*(02) = WF2(02). We will always assume 2 C R is a bounded Lipschitz domain with boundary
partition 92 = I'y U I'. The inner product L?(2) will be denoted as (-, -). Recall that H(§2;div) is

the space of vector valued functions in LQ(Q)d having divergence in L?(2),
H(2;div) = {v € L*(2)? | div(v) € L*(2)},
equipped with inner-product
(v, W) (i) = (0, w) + (div(v), div(w)).

The space of matrix (tensor) valued functions S € LQ(Q)dXd having divergence div(S) = Sj;; €
LQ(Q)d is denoted by H({2; div) with inner product

(S, Tm(oiaiv) = (5, T) + (div(S), div(T)).

Matrix valued quantities will be denoted with upper case letters, vectors with bold face lower case
letters.

The Generalized Lax Milgram theorem will be used ubiquitously below. The following is a par-
ticularly convenient statement of this fundamental result.

Theorem 1.1 (Generalized Lax Milgram) Let U and V be a Banach spaces, V' be reflexive,
and ¢ > 0. Let a : U x V. — R be bilinear and continuous; that is, there exists C > 0 such that
la(u,v)| < C|lullu||v|lv for allu € U and v € V.. Then the following are equivalent:

[C] (Coercivity) For each u € U,
a(u, v)
0#veV lvllv

> c|ullo,

and for each v € V '\ {0}, sup,cyy a(u,v) > 0.
[E ] (Ezistence of Solutions) For each f € V' there exists a unique u € U such that

a(u,v) = f(v), Vovely,

and |lull < (1/¢)[[ fllv-
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[E'" ] (Ezistence of Solutions for the Adjoint Problem) For each g € U’ there exists a unique v € V
such that

a(u,v) =g(u), VYuel,

and ||v]ly < (1/¢)llgllo-

In addition, if U is reflezive then each of the above are equivalent to:

[C" ] (Adjoint Coercivity) For each u € U,

wp A00:0)

0#ucU |ullo

> clvllv,

and for each w € U \ {0}, sup,cy a(u,v) > 0.
The following classical result for linear saddle point problems is a special case of this theorem.

Corollary 1.1 Let U and P be reflexive Banach spaces and assume that a : U x U — R and
b: P xU — R are continuous and bilinear. Then the following are equivalent.

1. (Existence of Solutions) For all f € U’ and g € P’ there exists (u,p) € U x P such that

a(u,v) = b(p,v) = f(v), and b(g,u) = g(q),

for all (v,q) € U x P, and there exists C > 0 such that ||u|lv + |pllp < C(|fllor + llgllp)-
2. There exists a constant ¢ > 0 such that
— The restriction a : Z x Z — R is coercive over Z ={u € U | b(p,u) =0, Vp € P}.

ap W > g, and swpa(uw) >0, forall 04ve Z
vez |vllo uez
b
— (inf-sup condition) sup (. w) > c|pllp-
uelU HUHU

3. (Coercivity) The bilinear map A ((u,p), (v,q)) = a(u,v) — b(p,v) + b(g,u), is coercive on U x P:
there exists ¢ > 0 such that

sup A ((u,p), (v,9))

> c(llullo + [IpllP),
waevxp lvlo +llqllp

and

sup A ((u,p),(v,q)) >0, forall (0,0)# (v,q) €U x P.
(u,p)EUX P

If b: U x P — R satisfies the inf-sup condition in (2) and Z is the kernel, then the restriction
b:U/Z x P — R satisfies coercivity hypothesis [C] of the Lax Milgram theorem. We make frequent
use of the fact that, in this situation, this implies adjoint coercivity [Cl] as well as existence for both
the primal and dual problem.
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2 Nonlinear Saddle Point Problem

Viscoelastic properties of fluids are frequently modeled with a nonlinear constitutive relation. When
the fluid is incompressible this gives rise to a saddle point problem of the form; (u,p) € U x P,

a(u,v)=b(p,v) = f(v),

b(q,u) = g(q),
for all (v,q) € U x P, where a : U x U — R is linear in the second argument and b: U x P — R is
bilinear. When a(.,.) is bilinear the Lax Milgram theorem shows that this problem is well-posed if

(and only if) b(.,.) satisfies and inf-sup condition and a(.,.) is coercive over the kernel of b(.,.). The
following theorem is the natural extension of this result to the situation where af(.,.) is nonlinear.

Theorem 2.1 Let U and P be reflexive Banach spaces, b: P x U — R be continuous and bilinear,
and let a : U x U — R be linear in its second argument. Let Z = {u € U | b(p,u) =0, Vp € P} and
¢ > 0. Then the following are equivalent.

1. (Ezistence of Solutions) For all f € U’ and g € P’ there exists (u,p) € U X P such that (a)

a(u,v) —b(p,v) = f(v), and blg,u) = g(q), (2.1)

for all (v,q) € U X P, and (b) |lully;z < (1/c)l|gllpr-
2.(a) For all f € U’ and uy € U there exists u € U such that u —uy € Z and

a(u,v) = f(v), veZ, (2.2)
(b) (inf-sup condition)
sup b(p. u) > c|lpllp- (2.3)
et |[ullo

Proof When b(.,.) is viewed as a bilinear form on P x U/Z the equivalence of statements 1(b) and
2(b) follow directly from the Generalized Lax Milgram theorem.
(1) = (2) : Fix f € U', uyg € U and let (u,p) € U x P satisfying
a(u,v) —b(p,v) = f(v), blg,u) =blq,ug),  (v,q) €U x P,

with [|ully/z < (Cv/c)l|uglly/z- Then u —uy € Z so u satisfies 2(a).

(2) = (1) : Fix (f,9) € U’ x P'. The Generalized Lax Milgram applied to b : P x U/Z — R
guarantees the existence of u, € U such that b(q,u,) = g(q) and [|uyl|y/z < (1/c)|lgllpr- Let u € U
satisfy u —uy € Z and a(u,v) = f(v) for v € Z. Then b(u, q) = g(q),

lulloyz = lluglloyz < (1/c)llgllpr,
and a(u,v) — f(v) = 0 for v € Z; that is, a(u,.) — f(.) € (U/Z)". The Generalized Lax Milgram
theorem applied to b: P x U/Z — R then guarantees the existence of p € P such that
(I(U,U) - f(?./) = b(p,’U), v E U7
which establishes 1(a).

Remarks:

1. Uniqueness of solutions will follow if, for example,
ug —uy € Z and a(ug,v) —a(u1,v) =0, veEZ = uy=u.

2. The above theorem is valid if a : D(A) x U — R has domain strictly contained in U provided
the hypotheses in (1) and (2) require u € D(A).
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2.1 Finite Element Approzimation

We consider Galerkin approximations of solutions to the saddle point problems in Theorem 2.1.
Approximation properties of Galerkin schemes for nonlinear problems depend in a non-trivial fashion
upon the structure of the nonlinearity, [10,11]. In this section linearity of the constraints is exploited
to develop some useful formulae for the error. These are then used to develop estimates for the special
case where the nonlinear operator is strictly monotone and Lipschitz.

Lemma 2.1 Let U and P be reflexive Banach spaces, b : P x U — R be continuous and bilinear,
and let a : U x U — R be linear in its second argument. Let Z = {u € U | b(p,u) =0, Vp € P} and
assume that b(.,.) satisfies the inf-sup condition: there exists ¢ > 0 such that

b(p,v)

vel HUHU

> c|lpllp-

Fiz (f,g) € U x P’ and suppose that (u,p) € U x P satisfies

a(uv U) - b(p, U) = f(’U), b(Qa u) = g(‘])? (an) eUxP.

Let Uy, C U and Py, C P be subspaces and suppose (up,pp) € Up X Py, satisfy

a(un, vn) = b(pn,vn) = f(vn),  blan,un) = g(an), (Vn, qn) € Up X Py

Then
a(u,vp) — alup, vp) = b(p — qn, ), (Vh,qn) € Zp X Py,

and

alu,v — alup, v
Ip— prlle < (14 C/O)llp — anllp + (1/c) sup LLxtn) = alunvn)

) qn € Ph,
vp €U HUhHU

where Zp, = {up € Uy | b(pp,un) =0, Vpr € Pp} is the discrete null space of b(.,.).
Proof The Galerkin orthogonality relations for this problem becomes
a(u,vp) — a(up,vy) — b(p — pr,vn) =0, vy, € Up, (2.4)
and (this condition is not used here, see the following lemma)
b(gn,u — up) =0, qn € Pp. (2.5)
Restricting the test functions in the first Galerkin orthogonality statement to to v, € Zj shows
a(u,vp) — a(up,vn) = b(p — qnvn),  (Vnsqn) € Zn X Ph.
Using the inf-sup condition on b(.,.) we find

lp—pullp < |lp — anllp + llan — prllp

b(gn — P, vp)
<|lp—=aullp + (1/c) sup ———"—=
v €UR ||Uh||U
b(gn —p+Dp — Ph,vn)
<|lp—anllp + (1/c) sup ’
v €UR HUhHU

a(u,vp) — alup, vy
< (1+C/)p— aqullp + (1)) sup Lrtn) —altn, on)
o€l lonllo
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The first statement of this lemma typically gives rise to estimates of the form ||u —up|y <
C(||lu —vpllu+|lp — pullp) for all (v, qn) € Zp, x Py. The proof of this lemma did not use the Galerkin
orthogonality relation (2.5) arising from the constraint equation. This relation is used to show that
u — uy, satisfies the hypotheses of the following classical result which shows that approximation of u
by v, € up, + Zp, is optimal.

Lemma 2.2 Let U and P be reflexive Banach spaces and b : P x U — R be continuous and bilinear,
and satisfy the inf-sup condition

b(p,u)
sup
uelU ||u”

Let Up, C U and Py, C P be subspaces and let

>allpll, wel.

Zh = {u eU ‘ b(phvu) :07 Pr € Ph}a
and A
Zy=U,N2Zy, = {uh e Uy | b(ph,uh) =0, pp € Ph}.
Then the following are equivalent.

1. The restriction of b to Up X Py satisfies the inf-sup condition,

b(pn, un
sup blpn, ur) > op|lpnll,  pn € P
up €U HuhH

2. There exists C > 0 such that ||up|v/z, < CH“hHU/z“h for all up, € Uy, and

sup b(pn,un) >0,  pn#0.
up€UR

In either case there exists C > 0 such that

in

£ |ju— <C inf ||lu— llu€ Zy,.
ZhEZhHu zpll < w}gUhHu vp| - for allu € Zy,

As stated previously, the form of the error estimates for a specific problem depends upon the
structure of the nonlinear operator a(.,.). The following theorem considers the simplest situation
where the operator is (strictly) maximal monotone and Lipschitz continuous (in which case U is
typically a Hilbert space).

Theorem 2.2 Let U and P be reflexive Banach spaces, b: P x U — R be continuous and bilinear,
and let a : U x U — R be linear in its second argument. Assume that b(.,.) satisfies the inf-sup
condition: there exists ¢, > 0 such that

b(p,v)
sup
ver |vllu

> opllpllp-

Assume additionally that a(.,.) is strictly monotone and Lipschitz in its first argument:
clu—v||F < alu,u—v)—alv,u—v), and a(u,w)—alv,w) < Cllu—v|y|w|y.

Let U, € U and P, C P be subspaces and suppose that b : U, x P, — R satisfies the inf-sup
condition: there exists ¢, > 0 (independent of h) such that

b(pn,vp
sup ZPE ) 5
v €UR ||Uh||U
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Fiz (f,g) € U x P" and suppose that (u,p) € U x P satisfies
a(u,v) = b(p,v) = f(v), blgu)=g(q),  (v,q) €UXP,
and suppose (up,pp) € Up X Py, satisfies
a(un, vn) = b(ph,vn) = f(vn),  blan,un) = glan),  (vr.qn) € Up X Pp.

Then there exists a constant C > 0 such that
Ju= o+ I = palle < { inf lu= ol + inf I anlp . (26)
v €UR qnEPy

Proof Using the monotonicity and continuity properties of a(.,.) and the Galerkin orthogonality
condition (2.4) shows

cllu —upl|F < alu,u —up) — alun, uw — up)
< a(u,u —vp +vp — up) — a(up, u — vp +Vp — up)
< Cllu = unllvllu = vnllo + b(p — pr, va — un).

If vy, € up, + Zy, then

cllu —upllfy < Cllu—wpllulu — vnllv + b(p — qn, vn — up) qn € Py
< C(llu—=wnllv + lp = anllp)? + (c/2)||u — up||?-

It follows that
|lu—upllo < C([Jlu—wvpllv+Illp—anllp), vp € up + Zn, qn € Ph.

Adopting the notation of Lemma 2.2 we have u — v, = u — uy, — 23, for z;, € Z;, and u — uy, € Zh, in
which case the lemma can be used to obtain

|u—upllov <C inf (Ilv = vnlly + llp — anllp) -
(Vh,qn) EURX Py

The second statement of Lemma 2.1 and the Lipschitz continuity assumption on a(.,.) show

a(u,vp) — a(up, vy)

lp —pullp < (1+C/c)llp — anllp + (1/c) sup
v €UR ||UhHU
< (1+C/o)|lp—anllp + Cllu — up|lv
<C inf (llu = unllo +1lp — anllp) -

(Vh,qn)EURX Py

3 Twofold Saddle Point Problems

In this section, the twofold saddle point problems (1.1) and (1.2) are considered, and equivalent
conditions for the existence and uniqueness of solutions are formulated.
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8.1 Problem Type 1

In this section we consider the twofold saddle problem arising from (1.1): find (u, p1,p2) € UX Py X Py
such that

a(u,v) — by(p1,v) —ba(p2,v) = f(v) Vv e U,
bi(q1,u) =gi1(q1) Vg1 € Py, (3.1)
ba (g2, u) = 92(q2) Vg2 € Px.

This can be viewed as a single saddle point problem on (P; x P») x U with bilinear form

b((p1,p2),u) = by(p1,u) + ba(p2,u).

The following lemma provides several criteria which guarantee that this bilinear form satisfies the
inf-sup condition. Frequently one of these criteria is more readily verified for the discrete spaces
used a particular numerical scheme. This lemma extends results in [28] and [20].

Lemma 3.1 Let U, Py, and Py be refiexive Banach spaces, and letb: PyxU — R, and by : PoxU —
R be bilinear and continuous. Let

ZbiZ{UEU | bi(qi,v)ZOtiEPi}CU, 1=1,2,
then the following are equivalent:
(1) There exists ¢ > 0 such that

b1(p1,v) + ba(p2,v)
vel ”'UHU

> cllpillp +lp2lle)  (p1sp2) € Prx P

(2) There exists ¢ > 0 such that

bi(p1,v ba(p2, v
sup bilp,v) zdpillp, pr€ P and  sup (22.0) 2 cllpallpy, p2 € P2
vet |[vllu vEZy, [v]lo
(3) There exists ¢ > 0 such that
bi(p1,v ba(p2, v
sup balp1,v) >cllpillp, pr€ P and Supg = c|p2lpys P2 € P2
vezy, lvllo veU  lvllo

(4) There exists ¢ > 0 such that

b1(p1, ba(p2,
1(}91 v) > CHP1||P1, p1 € P and sup 2(p2 U)

—— 2 clpallp,, p2 € P
vezy, |vllv vezy, |vllv

Proof The result is shown by proving (4) = (2) = (1) = (4) and (4) = (3) = (1) = (4). The
implications (4) = (2) and (4) = (3) are clear.

As shown in [20], to prove (2) = (1) note that (2) implies the existence of v; € U with ||v1||y =1
and b1(q1,v1) > (¢/2)||lq1]|p,, and the existence of vy € Zp, with [|va]ly = 1 and ba(g2,v2) >

(¢/2)||q2]| p,- Since ba(-,-) is continuous, there is a C' > 0 such that ba2(g2,v) < C||g2|| p,||v]|v for all
(g2,v) € Po x U. Set u=v1 + (14 2C/c)ve. Then |ully < 2(1+2C/¢),

C
bi(q1,u) = bi(q1,v1) > §||CJ1||P1,
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and
2C
ba(q2,u) = ba(ga, v1) + (1 + C) ba(g2, v2)
2C\ ¢
> ~Cllale + (1+ %) Sl
c 2
C
= sl
Then

b1(q1,u) + ba(g2, u) c (
[ullo 41 +2C0/¢)

lqullp, + lla2llp,)

proving (1). The proof that (3)=(1) is similar.
To complete the equivalence, assume (1) and let

Z = Zb1 mZbQ — {’LL € U | bl(plau) +b2(p2au) = 07 (plapZ) S Pl X PQ}

The generalized Lax Milgram theorem then shows that for each f € (U/Z)’ there exists a unique
(p1,p2) € P1 X P» satisfying

b1(p1,v) + b2(p2,v) = f(v), vel,

with (|[p1llp, + [lp2llp,) < (1/¢)[|f|vr- Here we identify (U/Z)" ~{f € U" | f(u) =0, u € Z}.

It follows that for each f € (U/Z)’ there exists pa € P satisfying ba(p2,v) = f(v) for all v € Zy,
with ||p2||p, < (1/¢)||f]lur- The Lax-Milgram condition then shows that bs is coercive on Ps x Zy, /Z
so satisfies the inf-sup condition stated in (4).

Similarly for each f € (U/Z)’ there exists p1 € P satisfying b1 (p1,v) = f(v) for all v € Z;, with
lp1llp, < (1/0)||fllur so by satisfies the inf-sup condition stated in (4).

Combining Lemma 3.1 and Theorem 2.1 gives necessary and sufficient conditions for twofold
saddle problem (3.1).

Theorem 3.1 Let U, Py, P2, by, b2, Zy, and Zy, be as in Lemma 3.1, and let Z = Zy, N Zy,. Assume
a:U x U — R is linear in its second argument. Assume that for all f € U’ and ug € U there exists
ug € Z such that

a(ug +ug,v) = f(v) wveZ,

and that one of the conditions (1)-(4) of Lemma 3.1 are satisfied. Then for all f € U', g1 € P{, and
92 € Pj there exists (u,p1,p2) € U x P1 x Py satisfying (3.1) with |ully/z < C(llg1llpr + llg2llpy) -

Remark 3.1 Problems of the form
k k

K
a(u,v) =Y bi(pj,v) = f(v), > bilgw) =Y gila),
i=1

j=1 =1

for all (v,q1,...,qx) € U X P X -+ X Py are considered in [20] and [28].



Inf-Sup Conditions for Twofold Saddle Point Problems 13

3.2 Problem Type 2

We next consider the twofold saddle problems (1.2) and (1.3) corresponding to the variational
problem (u,p1,p2) € U X Py X Ps,

a(u,v) —b1(p2,v) = f(v) Vv e U,
—ba(p2,q1) = g1(q1) Va1 € P, (3.2)
b1(q2,u) + ba(gqa,p1) = g2(q2) Vg2 € P.

As indicated in the introduction, two different single saddle problems result with different groupings

of the variables. This gives rise to different, but equivalent, statements of the inf-sup conditions

required for the existence of solutions. Different characterizations of the inf-sup condition are useful

when constructing numerical schemes since one form is frequently easier to verify than the other.
Define

sz = {QQ c P ‘ bg(qg,pl) =0, p1 € Pl} and D = {u eU ‘ bl(QQ,’U,) =0, g € ZbQ}.

Grouping the variables as (U x Py) x P» gives rise to a single saddle problem with operator having
block form [ £ §]. Coercivity of this operator on Z C U x Py will require ||p1|p, < C||ully when
(u,p1) € Z. Alternately stated, Z is the graph of the operator B;lBl : D Cc U — Py, and the inf-sup
condition on by guarantees that this operator is well-defined and continuous. This is the content of
statement (1) of Lemma 3.2 below.

With the grouping (U x P5) x P; problem (3.2) has the form of the single saddle problem, the
solution of which requires by(-, ) to satisfy an inf-sup condition on P» and the operator defined by

the block [ ]1341 _g IT] must be coercive over U x Z,. This latter condition requires by (., .) to satisfy an
inf-sup condition on Zj,. These two inf-sup conditions correspond to statement (2) of the following
lemma.

The inf-sup conditions in statement (3) of the lemma arose in one approach to proving an error
estimate for the twofold saddle problem [19]. The first condition gives the existence of a projection
operator necessary to ensure that the best approximation of (u,p;) can be lifted from the discrete
kernel Zp, to Uy X Pip, while the second condition provides the same lifting for approximations of

p2 from Zy,p, to Pyy,.

Lemma 3.2 Let U, P, P> be reflexive Banach spaces, and by : Po x U — R and by : P, x P — R
be bilinear and continuous. Define the bilinear form b : Po x (U x P — R by b(pa, (u,p1)) =
b1(p2, u) + ba(p2, p1), and let

Zyy ={q2 € P2 | ba(q2,p1) =0, p1 € P},

and
Zy ={(u,p1) € U x P1 | b(p2, (u,p1)) =0, pa € Po}.

Then the following are equivalent:

(1) There exists a constants C' and ¢ > 0 such that

b b2, (U, q1
sup 222 d) o and s < Cllolly for (van) € 2.

(v,q1)EUX Py ”(Ua QI)”UxPl

(2) There exists ¢ > 0 such that

b b
2(]727(]1) Z CHq1HP17 and sup 1(]7277))

= C”p2”P27 for ps € Zbg-
p2EP2 P2l P, vev vl
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(3) There exists ¢ > 0 such that

b b
sup (p2, (v, q1)) > cllpollp,,  and sup 2(p2, q1)

> cllqillp,-
(v,q1)EUX Py H(anl)Hprl p2EP, ||p2HP2

Moreover, when one of these conditions holds Zy is the graph of a linear function with domain
D={ueU | bi(q,u) =0, ¢ € Zp,} ={u | (u,p1) € Zp}.

Remark: The inclusion {u | (u,p1) € Zp} C {u € U | bi(q2,u) =0, g2 € Zp, } always holds;
the reverse inclusion requires bs to satisfy an inf-sup condition.

Proof We show (1) = (2) = (3) = (1).

(1) = (2) Setting pa € Zj, in the inf-sup condition satisfied by b(.,.) immediately gives the
inf-sup condition on b;(.,.) sated in (2). To establish the inf-sup condition on ba(.,.) use adjoint
coercivity of b: Py x (U x P1)/Zy, to obtain

sup b(pa; (u, p1))

> CH(uapl)H UxP;)/Z -
p2EP2 P21l P, (UxPr)/Zy

Setting u = 0 and expanding the definition of the quotient norm shows

ba(p2, P1 .
b2(P2P1) 5 i (ol + s — )
pePs  |ID2]| P (v,q1)€Zs
> (c/C) it (latllm + o1 — alley)
(Uvql)ez

2 (¢/O)llp1llpy-

The second line follows from the property assumed upon elements of Z;, and it was assumed without
loss of generality that C' > 1.
(2) = (3) We first show that for each go € P} there exists a solution of (v,q1) € U x Py of

b(qe, (v,q1)) = bi(q2,v) + b2(q2,q1) = g2(q2), @2 € P, (3.3)

with c||(v,q1)luxp, < |92l pr- The inf-sup assumed on bi(.,.) shows that its restriction to by :
2
Zy, x U/D — R is coercive where

D={uecU | bi(q,u) =0, g2 € Z,}.
It follows that there exists v € U such that

bi(q2,v) = g2(q2) @2 € Zy,,
with c|lv]| < [|g2]| pr- Next, the inf-sup condition on b (-,-) shows that by : P»/Zp, x Pi — R is
2
coercive. Since ga(g2) — b1(q2,v) vanishes for qo € Zj, there exists a solution g of
ba(q2, 1) = 92(q2) — b1(q2,v) g2 € Px,

with
cllalle < llgall + Cllvllo < (1 +C/e)llg2ll -

This gives a solution of equation (3.3) with c[|(v, ¢1)[luxpr, < [lg2ll -
2
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To establish the inf-sup condition on b in (3), fix po € P> and let go € P} satisfy ga(p2) = [|g1% =
||p2||%32. Then the solution of (3.3) satisfies c||(v, q1)||uxp, < Hg2||p2/ = ||p2||p, and

_ 92(p2) _ b2, (v,q1)) _ D2, (v, 1))
|p2llp, = = < .
P2l P, Ip2|| P, cll(v, q1)luxp,

(3) = (1) Adjoint coercivity of b: Py x (U x P;) — R shows
b
sup (p2, (v, q1))
p2EP HPQHPQ
If (v,q1) € Zy it follows that b(pa, (v,q1)) = 0 for all py € P»; that is, ba(p2,q1) = —b1(p2,v) for all
p2 € Py. The coercivity assumed on by(.,.) then shows

b b
clarllp, < sup 2P29) o =hip2,v)
peePy  [P2llP, mepry  |IP2llp

> c||(v, a)llwxpy)/z,-

< Cllvflv

It follows that problems of the form (3.2) can be treated as single saddle point problems and the
application of Theorem 2.1 gives rise to necessary and sufficient conditions for existence of solutions.

Theorem 3.2 Let U, Py, P>, b1,b2, D be as in Lemma 3.2 and assume a : U X U — R 1is linear in its
second argument. Assume that for all f € U’ and ug € U there exists ug € D such that

a(ug +up,v) = f(v) wveD,
and that one of the conditions (1)-(3) of Lemma 3.2 are satisfied. Then for all f € U’', g1 € P{, and
g2 € Py there exists (u,p1,p2) € U x P1 x Py satisfying (3.2) with ||lul|yp < C (||g1||P1/ + ||92||p£>.

4 Application to Problem (1.5)

In this section the saddle point theory developed above is used to solve the nonlinear Stokes problem
(1.5) and to formulate numerical schemes to approximate the solution.

Assume 2 C R?% d = 2,3, is bounded and simply connected and 92 = Iy U I is Lipschitz-
continuous and the boundary partition is sufficiently regular for classical H?(2) regularity to apply.
Let

S = {S € H(2:div),,,, | Snlp, = o} . U=12()"
dxd
D= {D € LA(Q)3e | tr(D) = o} .

For simplicity we assume a homogeneous traction boundary condition I7; non-homogeneous bound-
ary data can be accommodated with the usual translation argument. The variational problem is:

given f € LZ(Q)d and ug € H'/2(Ip)?, find (D,u, S) € D x U x S satisfying

/QA(D):E—S:Ezo, E €D,
/Q—div(S).v_/Qf.v. veU. (4.1)

/ (D:T+udiv(T)) = / up.Tn, TeS,
Q

Iy
This problem takes the form of the twofold saddle problem considered in Section 3.2 with operators

a(D,E):/QA(D):E, bl(S,E):/QS:E, bg(S,v):/Qdiv(S).v.

Below we will assume [I7] # 0, otherwise it is necessary to require S € S to satisfy [, tr(S) = 0.
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4.1 Solution of the Continuous Problem

Theorem 3.2 will be used to solve problem (4.1) using condition (2) of Lemma 3.2 to establish the
inf-sup hypotheses.
First Inf-Sup Condition: The inf-sup condition on by(.,.) becomes

div(s).
sup J2 VSV Vi), WveU. (4.2)

ses 151 m(2:div)

A proof of this inequality may be found in [12, §11.1, 11.2]. Briefly, given v € U select S = D(u) =
(1/2)(Vu + (u)?) where u is the solution of the linear elasticity problem,

div(D(u)) = v, u|r, =0, D(u)n|r, =0.

Then [, div(S).v = ||v|3, () the Poincaré and Korn inequalities may be used to verify that there
exists C' > 0 such that [|S| g(@.aiv) < CllVlz2(0), and (4.2) follows. For the discrete problem we use
the property that regularity theory for the linear elastic problem shows that if v € LQ(Q)d then
ue H2(2)" so S = D(u) € H(02)%x.
Second Inf-Sup Condition: Setting Z,, = {S € S | divS = 0}, the inf-sup condition required
of b1(.,.) becomes
D:S
sup fln) > c||Sllr2(2), VS € Z,. (4.3)
peb | Dl r2()
Given S € Zj, the inf-sup condition is established upon setting D = S — (1/e)tr(S) € D to obtain
foD:S =Dl ()- Lemma A.2 in the appendix shows that there is a constant C' > 0 such that
15122y < ClID||L2() when S € Zy, and (4.3) follows.
Define the set

D:{DE]D)|/D:S:0 VSeZbQ}C]D).
19

This set is not easily characterized so minimal conditions on A : R¥*? — R%*4 to guarantee coercivity
over D are not available. Fortunately A is typically a maximal monotone operator on all of R4*? so
this is not an issue. Granted this, Theorem 3.2 establishes existence of solutions to problem (4.1).

Theorem 4.1 Let 2 C R% and the spaces S, U, and D be given at the beginning of this section.
Assume A : R4 — R4 maps bounded sets to bounded sets, and satisfies

(A(E)—A(D)): (E—D)>0 and lim A(D): D/|D| — oc.

|D|—o0

Then for all f € LQ((Z)d and ug € HY?(Ip)4, problem (4.1) has a solution (D,u,S) € D x U x S
satisfying

1Dllb/p < € (IEllz22) + ol z1/2(ryy)
where
D={DeD| /D:S:O, VS € S with div(S) = 0}.
2
Moreover, if A is strictly monotone,
(A(E)—A(D)): (E—-D) >0, E # D,

the solution is unique.
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Fig. 4.1. Lowest—order Arnold-Winther elements in two dimensions for Sj, (left) and uy (right). For Sy, the points
represent values of the components of S, (vertices) and the value of the three components of the moment of degree 0
of Si (interior), and the arrows represent the values of the moments of degree 0 and 1 of the two normal components
of Spon each edge. For up, the points represent the value of of the two components at the three interior nodes.

4.2 Galerkin Approximation
Let {7}r>0 be a regular family of triangulations of {2 and let Dy, Uy, S, be finite dimensional

subspaces of D, U, S, respectively. We consider Galerkin approximations of problem (4.1) satisfying
(Dhsup, Sp) € Dy x Uy, X Sy,

/.A(Dh):Eh—ShiEh:O, Ey, € Dy,
2
/ fdiV(Sh).Vh :/ fvn, vy € Up, (4.4)
0] 0
/ (Dh 2Ty + uh.div(Th)) = / ug.Tpn, Ty, € Sy,
n Io

In this context establishing discrete versions of (4.2) and (4.3) can be considerably less compli-
cated and technical than showing a condition of the form

Sup fQ (Dh : Th + llh.diV(Th))
(D, up)€D) XU, | Dallp + llusll

> || Thll i (2:div)

since the discrete form of (4.3) only needs to be verified for divergence free T},.

First Inf-Sup Condition: The issue of finding conforming finite elements for symmetric tensors
satisfying an inf-sup condition of the form (4.2) is well-documented ([14,32,4,5]). We consider the
finite element pairs (Sp, Up) of symmetric tensors and vectors constructed by Arnold and Winther
[7,1] which satisfy the inf-sup condition.

Let £ > 1 and define P (K) to be the set of all polynomials of degree at most k on the simplex
K € 7,. On K, define Sk to be the symmetric Arnold-Winther tensors

Sk = {sh € H(div, K)gym | Sh € (Prra(K))2% and div(S),) € (]P’k(K)} .

The space Sy, is the union of Sk over all K € 7y, subject to the condition that the normal components
are continuous across mesh edges (faces for d = 3) and all components are continuous at vertices.
Define

U, = {u e L2(2)" | ulx e Pu(K) VK € Th}

and note that there is no interelement continuity requirement for Uy. Figure 4.1 gives a diagram of
the degrees of freedom on each triangle for the lowest order Arnold-Winther (Sy, up) pair (k = 1) in
two dimensions. In [7,1] an interpolation operator ITj, : SN H(£2)?*¢ — S}, is constructed for which
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SN HY Q) 2, 1
div(I1;,8) = PY div(S), th lP}LJ
Sh div Uh

where is the orthogonal projection 73,(1] :U — Uy and s > 0.

The discrete analog of (4.2) follows since for any v, € Uy, there is a S € SN H'(£2)?*? satisfying
dZU(S) = Vp and ||S||L2((2) < C||Vh”L2(.Q)- Then diV(HhS) = PngV(S) = Vp and ||HhSHH(.Q;div) <
C||vy|lv and the discrete inf-sup condition follows.

Second Inf-Sup Condition: The commuting diagram for the Arnold Winther spaces shows

Zn = {Sh €Sy | / div(Sp)up =0, uy € Uh} = {Sh €Sy, | div(Sh) = 0}
1%

The second inf-sup condition for the discrete spaces becomes

D; : S
sup H2Dn Sk

> c||ShllL2(0), Sh € Zp. (4.5)
Dy eDy, HDhHLQ(Q)

When div(S) = 0, Lemma A.2 of the appendix shows that [|S|[12(0) < C|[Sollr2() wWhere Sy =
S — (tr(S)/d)I is the trace free part of S. Since Sj, € S}, is piecewise polynomial of degree k + d on
T, so it suffices to let

D), = {Dh e L2(2)™

| tr(Dy) = 0 and Dyl € Prya(K)™Y, K € Ty}

however, typically much smaller spaces (and hence cheaper numerical schemes) suffice. Note too
that smaller spaces will not necessarily result in a loss of accuracy. For smooth functions the Arnold
Winther spaces exhibit the following approximation properties,

IS = IS |[m(aivs2) < CRMH!

lu — Piul| 20y < CRM,

and this rate would be achieved for ||Dj, — D||12(p) if Dj, contained the piecewise polynomials of
degree k.

Having constructed discrete subspaces which satisfy these inf-sup conditions, Theorem 2.2 pro-
vides error estimates for the Galerkin approximations.

Theorem 4.2 Let 2 C R? and the spaces S, U, and I be given at the beginning of this section.
Assume there exist constants C, ¢ > 0 such that A : R9*? — R4 sqtisfies

D~ E? < (A(E) — A(D)): (E—D) and (A(E)— A(D)):F <|E - D||F|.

Let {7y} >0 be a regular family of triangulations of 2, Sy, C S be the Arnold Winther space of index
k over T, U, C U be the discontinuous piecewise polynomial space of degree k, and Dy, C D be the
discontinuous piecewise polynomial space of degree k + d.

Let (D,u,S) satisfy (4.1) and (Dp,up, Sp) satisfy (4.4). Then there is a constant ¢ > 0 such
that, for 1 <m < k+1,

1D = Dallp + lu = wpflo + IS = Shlls < Chm{IID!m + [lullm + [1Slm + HdiV(S)Hm}-
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4.3 Finite Element Subspaces for D

In this section a macroelement construction [33] is employed to determine subspaces D, C D that
will satisfy the inf-sup condition (4.5) and are smaller than naive ones considered in Theorem 4.2.

4.3.1 Macroelement Construction We employ the concept of a macroelement from [33].

Definition 4.1 (1) A parent macroelement M is a connected finite union of simplices in R
(2) A macroelement M in T, affine equivalent to M is a set of simplices of T, whose union is
homeomorphic to M by a homeomorphism which is piecewise affine on each simplex K C M.

The following lemma relates local inf-sup conditions on macroelements to the corresponding
condition on a parent macroelement

Lemma 4.1 Let M and M be affine equivalent macroelements and let x : M — M be the corre-
sponding piecewise affine homeomorphism. If K C M is a simplex and x(K) = K, write

x|z = wox + FKE, (€K,

where Fx € R¥™ and let J = det(F). Let S(M), Dy(M) c L2(M)*™% and define the mappings
“iS(M) — Sp(M) € L2(M)¥4 and”: D(M) — Dy (M) C L2(M)?*? by

Sy =1/VI)FSFT and D= 1/VJ)FTDFL (4.6)
Under these transformations,

1. Symmetric matrices on M are mapped to symmetric matrices on M.

2. Piecewise polynomials of degree k on M map to piecewise polynomials of degree k on M.

3. If all of the Jacobian matrices Fi are equal to a scalar multiple of an orthogonal matriz then
trace free functions on M to trace free functions on M.

4. The mapping S(M) — Sy, (M) maps functions in H(div, M) to functions in H(div, M); moreover,
divergence free functions on M map to divergence free functions on M. In particular, the (di-

vergence free) Arnold—Winther space on M is mapped to the (divergence free) Arnold—Winther
space on M. X
5. For each K C M and K = x(K)

ISullieqey < IERIPIS0 2y 1Dallzzgiey < IERM PP o e,

/ Sh:Dh:/ S:D.
K; K;

6. Define the “condition number” to be kyr = HFHLOO(M)”F_IHLOO(M)' If S € S\ {0}, then

and

S, : D (S, D
Jas Sh = Dy, 1 sup S5 (S, D)

sup ~ 5 :
wr pepn 101 g2 151 2

ppeny (M) 1Pkl 2 ISkl 2 (an)

Y

(4.7)

The mapping S+ S is the symmetric version of the Piola transform [31,14] and the transfor-
mation D — Dj was constructed to be the dual operator preserving the inner product.

The next step is to show that a global inf-sup condition in 73 will follow from the local inf-sup
condition on the right hand side of (4.7).
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Theorem 4.3 Let M be a family of parent macroelements and {2 = UgMp be a covering of {2
by macroelements of T;, each affine equivalent to some M € M. For each M € M let D(M),
S(M) c L*>(M)¥4 be specified and assume that there exists ¢ > 0

4(S,D ) L N
sup M > 6||S||L2(M), SeSM), MeM.
DeD(M) ||D”L2(M)

Let Sy, C LQ(Q)dXd and assume that the local spaces Sp(M) formed by restriction to M are the

images of S(M) under the (symmetric) Piola transform (4.6). If Dy is the (discontinuous) finite
element space on Tp, spanned by the local spaces Dy (M), then

Sy : D
sup 7];; h Zh

> 1Sl
= T 5 hIIL2(0)
Duedy, 1Dnllzze) — w2 ()

where k = maxys ks 1S the mazimal condition number on each macroelement and v is the ply of the
covering 2 = UgMy; that is, x € §2 belongs to at most v macroelements.

Proof Fix Sy, € Sy, and for each H let Dy € Dp(Mpy) satisfy ||Dull 2,y = ISkl 2,y and

Dy = Sp > (5/“2)||Sh||%2(MH)-
My

Then define Dy, = >, Dy, and use the property that {Mpy} cover £2 to conclude

[ Do Sz @Sl

Next, since the covering has finite ply we compute

KeT, H:KCM
2

<> [+ ¥ il

KeT, 'K H:KcMy

7> ) /K|DH’2

KGTh H:KCMH

72 Z /K|DH|2

H KCMpy

<+ [ 15uf*
(0]

It follows that || Dp|[z2(0) < VI[ShllL2(), and

fQDh : Sh

> (&/yk? :
”DhHLZ(Q) = (C/’W{ )HShHLQ(.Q)
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Fig. 4.2. Reference M and affine equivalent M macroelements.

In practice it is trivial to construct a covering of {2 by macroelements with finite ply, and a bound
upon the condition number follows from the bound upon the aspect ratio of the simplices in 7j. In
this situation the global inf-sup condition will follow provided the local inf-sup condition holds on
each parent macroelement with constant independent of M € M. The following lemma shows that
verification of the inf-sup condition on each macroelement reduces to linear algebra.

dxd
sym

Lemma 4.2 Let M be a parent macroelement and suppose ]ﬁ), Sc LQ(M)
subspaces and that for all Ses

are finite dimensional

Then there exists ¢ > 0 such that

-D:S .
SupLZCH ||L2(M)’ SeSs. (4.8)

peb 1Dl 20

Proof Let the linear map ¢ : D — S be characterized by (¢(D),S);2 = (D, S)2 for all S. The
hypothesis of the theorem shows Rg(¢)* = {0}, and finite dimensionality guarantees Rg(¢) is closed
so is all of S. Then ¢ is surjective and is an isomorphism on Ker(¢)*. Selecting D= ¢ 1(S ) €
Ker(¢)* establishes the inf-sup condition (4.8).

If M is finite the inf-sup condition then reduces to linear algebra. When M is infinite the
macroelements can usually be parameterized by a compact set; for example, the vertices if the sim-
plices on M typically lie in a compact set of R?. If the constants ¢ = c(M ) > 0 depend continuously
upon the parameters a uniform bound from below will follow (positive functions on compact sets
achieve their minimum).
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Fig. 4.3. If K’l has minimum angle o then Z; lies in a compact subset of R2.

4.83.2 Two Dimensional Example In this section the macroelement technique is used to show that
in two dimensions the inf-sup condition (4.5) holds for the lowest order Arnold Winther elements,
k = 1, when Dy, is the space of discontinuous “quadratic plus bubble” symmetric trace free matrices.
For this purpose we select the macroelements to be pairs of triangles which have an edge in common,
and the reference macro elements be pairs of simplices with common edge lying on the unit interval
of the z-axis (see Figure 4.2),

M={M=K UK, | K;NnK,=[0,1] x {0}, and K, K5 have aspect ratio bounded by C'}.

If {7} is a regular family of triangulations of {2 then each pair of triangles M = K; U K» sharing
an edge of length hj; can be mapped to M € M with an affine homeomorphism of the form,

r = x(%) = 20 + hyQ3=, QTQ=1.

Selecting the Jacobians to be orthogonal guarantees that trace free matrices are mapped to trace
free matrices under the Piola transformations (4.6), and that condition numbers k), = 1 are trivially
bounded.

It remains to verify the inf-sup condition on each macroelement Me M. To do this we param-
eterize M = K1 U Ky € M by the coordinates of the vertices 21 and &2 of K1 and K5 not on the
Z1-axis. Since each simplex has bounded aspect ratio it follows that the pair (1, Z2) lie in a compact
subset of RQAas indicated in Figure 4.3. Moreover, since the inf-sup condition only involves integrals
over M = M(Z1,%2) it is clear that the constant depends continuously upon the two parameters.
In this situation it suffices to establish the inf-sup condition on each M (Z1,Z2) using, for example,
Lemma 4.2.

The linear algebra required to complete the proof of the inf-sup condition involves large matrices
with symbolic components, (Z1,Z2). Maple was used to verify the hypothesis in Lemma 4.2 as
follows:

1. On each of K; and K5 the divergence free functions in the lowest order Arnold—Winther space
take the form

St =1/2apx? + 1/6 a1a® + 1/2 agyx? + (a3 + asy + asy®) = + ag + ary + asy® + agy®
Sio = —agzy — 1/2a12%y — 1/2 agy’x — asy — 1/2 auy® — 1/3 asy?®
—ajpr —1/2 a1z’ — 1/3 aiox® + air
Soo = 1/2a0y® +1/2 ayzy® + 1/6 azy® + (a10 + annz + a12m2) Y+ a13 + apax + aysx? + aex’
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2. Accumulate the set of equations to enforce the following:
(a) S is continuous at the vertices (0,0) and (1,0),

5(0,0_) = 5(0,04), and S(1,0_)=5(1,0,).

(b) Sn is continuous across the z-axis where n = (0,1)7. Along the z-axis the normal components
are univariate polynomials of degree three which agree at the end points, so it suffices to require
continuity at two more points.

S(1/3,0_)n = S5(1/2,04)n, and S(2/3,0_)n = 5(2/3,0,)n.

(¢) On each of the triangles, K, S is orthogonal to a basis of the trace free matrices with

components in Pa(K;) © by .
[ (Sll _S22)p:O7 [ SlQp:()) pe {17‘7:7y7w27$yay27bKi(w7y)}'
Ki Ki

3. Solve the system of linear equations. If the solution is a constant diagonal matrix, S (z,y) = o,
conclude the inf-sup condition holds. Since the coefficient matrix of the linear system has symbolic
entries corresponding to the components of £; and 5 fraction free Gauss elimination should be
employed for their solution.

Granted the integrity of the linear algebra system, this procedure provides a proof of the following
lemma.

Lemma 4.3 Let {71, }1>0 be a regular family of triangulations of a bounded domain 2 C R? and let
Zp, C Sy, be the subspace of the lowest order (k = 1) Arnold-Winther tensors with divergence zero
and let

Dh:{DGD ’ Dij‘KEPQ(K)@bK VKE']}L}

Then there is a constant ¢ > 0 independent of h such that

Dy : S
sup Jo Dt S > || Sll, Sh € Zy.
DyeDy, HDhH]D)

The bubble component was necessary for the two element macroelement construction. However,
numerical experiments suggest that it may not be required if a larger macroelement is used. For
example, if (2 is a square (or L-shaped etc.) and is triangulated by dividing uniform square grids
along the diagonal, then groups of 8 triangles (four squares) can be mapped to the macroelement
shown in Figure 4.4(a) by maps of the form x = x /(%) = x¢ + h€ so that the Jacobian is F' = hl. In
this situation the linear system only contains numerical entries, and the macroelement calculations
shows that the bubble is not required; that is the inf-sup condition is satisfied when

]D)h:{DE]D) | Dl'j’KEPQ(K) VKE'Z}Z}
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(a) Eight triangle macroele- (b) Four triangle macroele-
ment ment

Fig. 4.4. Parent macroelements used for inf-sup conditions for the trace-free D formulation (a) and for the formulation
with pressure (b).

4.4 Alternate Formulation with Pressure

The solution (1.6) requires

D:S+pl:D
Supr p

> c([[Slls + llpllp),  V(S;p) € Z x P. (4.9)
DeD 1Dl

The proof of (4.9) is shown by setting D = S —(1/e)tr(S) (as for (4.3)) if ||S||s > ||p||p and choosing
D=pl—S when |S]s <|plp-

The macroelement construction is vastly simplified in this situation since the mappings ¥ : M —
M do not need to preserve the trace. In particular, a single parent element suffices and the inf-
sup condition reduces to showing a single (numerical) matrix has full rank. For the parent element
with four triangles shown in Figure 4.4(b), the macroelement construction shows that the inf-sup
condition (4.9) is satisfied when S, and U}, are as in Section 4.2, and

dxd
sym

D, = {D € LA | Dylx € PU(K) @b VK €T},

and

P,={peP | plxk ePi(K)®bx VK eT,}.

If 73}]3) and 73,1; denote the orthogonal projections, onto these spaces we have

ID =Py Dl 20y < ch™[|D]lm, 0<m <2,
lp = PEpll 2y < ch™|[pllm, 0<m <2

The error estimate for the discrete problem becomes

D — Dyllp + la —uplv + IS — Sulls + llp — pullp

< Chm{IIDHm +lallm + 151w + |div(S)[lm + IIPHm}-
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A Auxiliary Results

Lemma A.1 Let 2 C R? be a bounded Lipschitz domain and let 92 = Iy U I’y be a decomposition
into two open sets with |I'1| # 0. Let U = {u € Hl(Q)d | u|lr, = 0}. Then there exists ¢ > 0 such

that i
sup [ pdiv(u)

> cllpllz2( 0, pe L2(0).
S0 Nl = Pl ()

Proof Recall that

pdiv(up)
sup Jopdiv(u) > collpllz2(0)/rs
quHl(_Q)d HuOHHl(.Q)
and HpHL2 @) = = lIpll%. ort |2|p? = ||p — pHL2 + |2|p? where p is the average value of p. Let

U=H} (Q)d@Ul be the orthogonal decompos,1t1on. Then writing u € U as u = ug+u; we compute
[ pa=[ o= pdivtan +w) + pdiv(a)
Q Q

:/Q(p—p)div(uo—i—ul)—i—p/ up.n.

Iy

Since the trace operator v : U — H'/2(I1) is surjective, there exists u; € U; with [uillgro) =1
such that the integral on the right is positive. Then

/Q pu> / (b — ) div(uo) — |Ip — Pllzz(o + 1l

> (collaoll = Dlp = pllz2(0) + c1lp|
= (colluoll = Dllpllz2(0) /= + c1|pl.
Selecting [[ug|| = (1 + ¢1)/co gives ||Jul| < C(co, c1) which completes the proof.
Lemma A.2 Let 2 C R? be a bounded Lipschitz domain and let 02 = [y U I} be a decomposition
into two open sets with |I'1| # 0. Let S = {S € H(div; 2) | Sn|p, =0} and U = {u € HI(Q)d |
u|r, = 0}. Then there exists ¢ > 0 such that
[tr(S)L2) < C (150l 2(0) + div(S)[lv7) |
where Sop = S — (tr(S)/d)I is the dematomc part of S.
Proof Let (u,p) € U x L(£2) satisfy
(W, V)0 + (P div(v)) 20 =0,  (div(a),q)r2(0) = (tr(S), @) 2(2)s

for all (v,q) € U x L?(£2). The previous lemma shows that the inf-sup condition is satisfied, so
solutions exists and [[u|| 1) < C||tr(S)/12(0)- Then

ltr(S ”L2 S) div(u

\\

—d / (S~ So) : (V)
—d/ﬁdiv(S).u—F So : (Vu)

_ 1/2
< d (lldiv(S)IF + 150322 Iallzri (e
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In the third line we used the identity (1/d)tr(S)I = S — Sp, and the fourth line follows since Sn.u
vanishes on the boundary.
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