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Abstract

Discretized singular control problems in finance result in highly nonlinear algebraic equations
which must be solved at each timestep. We consider a singular stochastic control problem arising
in pricing a Guaranteed Minimum Withdrawal Benefit (GMWB), where the underlying asset
is assumed to follow a jump diffusion process. We use a scaled direct control formulation of
the singular control problem and examine the conditions required to ensure that a fast fixed
point policy iteration scheme converges. Our methods take advantage of the special structure
of the GMWRB problem in order to obtain a rapidly convergent iteration. The direct control
method has a scaling parameter which must be set by the user. We give estimates for bounds
on the scaling parameter so that convergence can be expected in the presence of round-off error.
Example computations verify that these estimates are of the correct order. Finally, we compare
the scaled direct control formulation to a formulation based on a block version of the penalty
method [15]. We show that the scaled direct control method has some advantages over the
penalty method.

Keywords: HJB equation, singular control, scaled direct control, iterative methods, jump
diffusion

AMS Classification 65N06, 93C20

1 Introduction

Stochastic control problems arise in many financial applications, often in one of two forms: impulse
control [7] and singular control [26, 22, 10]. The main computational cost of solution of an impulse
control problem is the search for a global minimum along trajectories emanating from each node
[7]. In contrast, discretization of singular control formulations requires the solution of a system of
nonlinear algebraic equations at each timestep, which is a significant computational hurdle. In this
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article, we consider the singular control formulation of a particular financial contingent claim, the
Guaranteed Minimum Withdrawal Benefit (GMWB) contract [21, 10, 15] and provide an efficient
method for numerically pricing such a contract. Although we focus specifically on GMWB problems
here, our results and methods of analysis are applicable to many other singular control problems
in finance.

It is worthwhile to note that there are several approaches for solution of singular stochastic
control problems. Markov chain methods [19, 13, 6] are essentially explicit finite difference schemes,
and hence suffer from the usual timestep limitations due to stability considerations. Another
approach is based on front tracking, whereby the boundaries between different regions (in our
case the finite and infinite withdrawal domains) are tracked, usually by enforcing some some type
of smooth pasting condition [18]. This method becomes complex if the different regions become
multiply connected. We restrict attention in the following to methods which are unconditionally
stable, and do not require explicit tracking of internal boundaries.

The GMWB pricing problem requires the solution of a Hamilton Jacobi Bellman (HJB) Varia-
tional Inequality (VI). It is necessary to discretize this HJB VI so that convergence to the viscosity
solution is ensured [3, 2]. Generally, the viscosity solution of the HJB VI can be shown to be the
solution of the contract valuation problem posed as a dynamic program, which is the financially
relevant solution. In [10, 15], a penalty method is used to discretize the HJB VI arising from a
GMWB contract, assuming Geometric Brownian Motion. The main focus of paper [15] is to show
that the discretization scheme is monotone, consistent and [, stable, and hence converges to the
viscosity solution as the mesh parameter becomes small. The authors in [15] use a fully implicit
timestepping method which guarantees an unconditionally monotone discretization. The method
gives rise to a nonlinear system of algebraic equations at each timestep.

In this paper we use a scaled direct control method for solving the singular control formulation
of the GMWB problem. The direct control technique was previously suggested for solving American
option type problems [16, 5]. In addition, we consider the case where the underlying risky asset
follows a jump diffusion process [9]. The method makes use of a fully implicit discretization which
is shown to be monotone, consistent and [, stable. We introduce a scaling factor in our direct
control formulation, which allows us to solve the associated nonlinear algebraic equations using the
fixed-point policy iteration method of [16]. We make use of some of the general results derived in
[16]. However, verification of the properties required in the Theorems in [16] for the direct control
formulation of the GMWB problem under jump diffusion requires a different approach compared
to the examples in [16].

Our discretization of the singular control GMWB problem has a special structure that also
allows for rapid solution of the associated nonlinear algebraic equations. We present a block matrix
fixed-point policy iteration scheme for solving the nonlinear algebraic equations and show that it
has the same convergence properties as fixed-point policy iteration. Numerical experiments imply
that the number of iterations required for convergence of the block method is an order of magnitude
less than required for the full matrix version. The block matrix fixed-point policy iteration scheme
can also be applied to the penalty formulation [15].

The direct control technique (and also the penalty method) require the specification of a param-
eter which may affect solution accuracy and convergence of the iteration. We carry out an analysis
of this parameter. We estimate bounds for the scaling factor (direct control) and the penalty factor
(penalty method) so that convergence can be expected in the presence of roundoff error. Numerical
experiments verify that these bounds are of the correct order of magnitude. Both the analysis and



the experimental results indicate that the useful numerical range of the scaling parameter (direct
control) is much larger than for the penalty factor (penalty method).

The block matrix fixed-point policy iteration for the GMWB problem also has the advantage
of being relatively simple to implement. Indeed the primary tools needed are a tridiagonal matrix
solver and a procedure for finding maxima of finite sets of values.

The remainder of the paper is organized as follows. The following section gives the details of a
GMWRB contract and its formulation as a singular stochastic control problem. Section 3 gives the
discretization of the scaled direct control form of the HJB VI and describes the nonlinear algebraic
equations that need to be solved at every timestep. In Section 4 we show that the fixed-point policy
iteration algorithm of [16] can be used to solve the nonlinear equations in full matrix form. Section
5 describes a block matrix fixed-point policy iteration method and gives the details for verifying
the necessary convergence properties. Section 6 considers the case where floating point arithmetic
impacts the mathematical results. Numerical tests are presented in the following section. The
paper ends with a conclusion and an Appendix, which gives the the discretization details, some
floating point error analysis and some additional numerical experiments.

2 Singular Control Formulation of the GMWB Problem

2.1 Motivation

Many holders of a defined contribution pension plan are responsible for investing a portfolio of
assets which generate cash flows during their retirement. A GMWB contract consists of an initial
lump sum payment to an insurance company which is then invested in risky assets. The holder is
allowed to withdraw a specified amount each year of the contract, regardless of the performance of
the risky asset, with withdrawals above the contract rate being subject to a penalty. At the end
of the contract, the holder receives any investment amount remaining. Thus the holder of such a
contract receives a minimum guaranteed yearly income, but can also participate in market gains.
In return for providing this guarantee, the insurance company charges a proportional fee, which is
extracted from the risky investment portfolio. The pricing problem is to determine the proportional
fee that needs to be charged.

2.2 Formulation

Dai et al [10] formulated the GMWB pricing problem using a singular stochastic control formula-
tion under the assumption that the underlying risky asset follows a constant volatility geometric
Brownian motion process. In this section we review an extension to the Dai formulation given in
Huang et al [16] where the risky asset is assumed to follow a jump diffusion process. The dynamics
of the underlying risky asset W is given by the following stochastic differential equation

dW = (r—n—=Ap)Wdt+oWdZ + (£ — 1)Wdq+ dA, if W >0 (2.1)
dW =0, if W =0,
where dZ is the increment of a Weiner process and A is the investor’s virtual guarantee withdrawal

account. In the above, r is the risk free rate, o is the volatility and n the fee charged for the
guarantee. The variable A is the jump intensity representing the mean arrival rate of the Poisson



process:

d — {o with probability 1 — Adt | 23)

1 with probability Adt

with ¢ a random variable representing the jump size of W. A typical modelling choice for the
probability density of the jump size p(§) is to assume a log-normal distribution [20, 1, 17],
1 (log(¢) — v)?
p(§) = \/TTQGXP(_T) )

with parameters ¢ and v, p = E[¢ — 1], where E[] is the expectation, and E[¢] = exp(v + (?/2)
given the distribution function p(§) in (2.4).

The withdrawal feature is modeled with parameters G, the contractual withdrawal rate and
Kk < 1, the proportional penalty charge. Define 7 =T — ¢ where t is the forward time, and T is the
expiry time of the contract and set V' = V (W, A, 7) to be the no arbitrage value of the guarantee.
Generalizing the formulation in [21, 10, 15] to the case with a stochastic jump process (2.1), the
value of the guarantee is given from the solution to the following singular control problem

(2.4)

min| V, — LV = AJV — Gmax(FV,0), k—FV | =0. (2.5)

Here the operators L, F, J are defined as
2

LV = %WQVWW F(r—n—Ap)WVy — (r+ AV
2
- %WQDWWV F(r—n—Ap)WDwV — (r + \)V
FV = 1-Vig—Va=1-DyV —DaV
gv = [ viewanme d. (2.6

while D4, Dw, and Dy denote the usual partial derivative operators. For details concerning the
derivation of equation (2.5), we refer readers to [21, 7, 8, 10, 15].

2.3 The Scaled Direct Control form of the Pricing Problem

The control form of equation (2.5) is given by

| o 1 - Ve — LV = ATV — =0. 9.
0T E 0.1} PE=FV)+ A =9)(Vr =L TV — GFV) (2.7)
pp=0

Observe that that the term x — FV is dimensionless whereas (V. — LV — AJV — G max(FV,0))
has dimensions of currency/time. Hence equation (2.7) compares quantities having different units.
Of course, in exact arithmetic, this is not an issue of importance. However, an iterative procedure
for solution of the discretized equations will involve a test comparing two (in general) non-zero
quantities. Hence scaling becomes important. Consequently, we introduce a scaling factor II > 0
into equation (2.7)

. II —FV 1- Ve — LV = ATV — oGFV)| =0. 53
peio B oy | W= FV)+ (=9 TV — oGFV) (2.8)
=0



Remark 2.1 (Scaling Factor). By introducing a scaling factor with dimension of currency/time,
we ensure the comparison in equation (2.8) is conducted on two items with the same units. Of
course, this still leaves the size of the scaling factor as arbitrary. We will exploit this fact to ensure
that convergence of our iterative method can be guaranteed with a suitable choice for I1.

Problem (2.5), or equivalently, (2.8) is solved on the computational domain
(W, A, 1) € [0, Wiax) X [0,wp] x [0,T7] , (2.9)
where wy denotes the initial premium. At expiry time 7 = 0, the value of the contract is

V(W,A,7=0) = max [W (1— K)A]. (2.10)

Other boundary conditions are

min VT—TV—Gmax(l—VA,O),Ii—(1—VA)]:0 ; W=0,
V(WmaX7 A7 T) = e_nTWmax i W= Whnax ,
Viww =0 3 W = Whax ,
Ve=LV -XJV ;, A=0. (2.11)

The boundary condition at W = 0 is a variational inequality which normally can also be solved
as a control equation. No boundary condition is required at A = wy. The condition Viyw — O,
W — Whax assumes linear behaviour of the solution for W — Wiy.x. This condition was used in
[11, 28] so that the combined jump terms vanish, which eliminates the necessity of estimating values
outside the computational domain. Imposing a boundary condition at W = Wy, introduces a
localization error. We will verify that choosing Whax sufficiently large results in negligible error at
values of (W, A) of interest.

2.4 No-arbitrage Fee

Since no fee is paid up-front, the insurance company needs to charge a proportional fee 1 (see
equation (2.1)), such that the value of the contract is equal to the initial premium. If wy denotes
this initial premium and V(n; W, A, 7) is the value of the contract as a function of 7, then the
no-arbitrage fee is the solution to the equation

V(nwo,wo, T) = w . (2.12)

3 GMWRB: Discretization

In order to solve equation (2.8), we discretize the equation over a finite grid in the W x A plane. De-
fine a set of nodes in the W direction {Wy, Wa, ..., W; .} and in the A direction {41, A, ..., A .. }.
Denote the n'* timestep by 7 = nAr and let V" be the approximate solution of equation (2.8)
at (W;, A;, 7). We discretize equation (2.8) using fully implicit timestepping and central, forward
and backward differencing so that the positive coefficient condition is satisfied [12, 15, 29]. For
efficiency, central differencing is used as much as possible [29].



Let £ Fh, D{}V, D! (defined in Appendix A.1 and A.2) be the discrete forms of the operators
L, F,Dw,Dy, respectively and let J" be the discretized J operator. The integral term JV is
discretized via transformation into a correlation integral combined with a use of the midpoint rule
as described in detail in [11, 28].

Equation (2.8) is then written in the discrete form

(1 1/’w>< VIS — LMV 4 o GDR VT + D V"“)) 1Ty (Dl V7S 4+ DA

=(1- %DEVZ} + 109 5(1 — k) + (1 — 9 5) (/\[th"“]v:,j + soz',jG> (3.1)

where

n+1 V’n,

(pugotish € ammax  {ouge- PV - (1) (S
0e{0,1},1e{0,1} ’ AT
pp=0

— (LMVIEEL ATV gonhvg.“)) } . (32

We can also rewrite equation (3.1) in an equivalent form (replacing D by a backward difference)

n+1 n+1
n+1 hy/n+l . n+1 n+1
(i) (V5" VI G PR ) e + PR
1 AR
= (1= ;)—V"%+ T (1 — 6+ 22—
( ¢,J)A7_Vz,g+ Vi 5 K+ AAj =)
vt
#0=41) NV 1, GC + 1) 33)
where AA; =A; - A1
The boundary conditions at W = W« translate into the discrete equations
‘/imax,j = 67777_”VVmax’ (34)
which we approximate by
1
n+1 _ n . 0 _
(E + n)‘/zmax,] - E‘/’imaxyj ’ ‘/imaxy.j - Wmax : (3.5)

At W = 0, equation (3.1) holds with D"}V = 0. At A = 0, equation (3.1) holds with ¢;; = 0,
i =0

Remark 3.1. Using the methods as in [15] it is straightforward to show that scheme (3.1) is
monotone, consistent and lo, stable.



3.1 Matrix Form of the Discretized Equations

Equations (3.1-3.3) are discretized using fully implicit method timestepping. The resulting set of
discrete algebraic equations then needs to be solved. We do this via a modified version of policy
iteration.

Let N = imax X Jjmax be the size of the W x A plane grid and set

/U*aj = (v17j7 1)27]', tee 7vimaxzj)/ and v = ((U*71)/’ (v*a2),7 tety (U*:jmax)/)/ (36)

where v, ; is of length im,a¢ and v is of length N. Similarly, we can write the controls as vectors

Gj = (01,558 Gimarg) A0 ¢ = ((@41)'5(22)'s 5 (@ jmar)') (3.7)
where ¢;; € Q = {(p,¥) | ¢ €{0,1},9 € {0,1}, p¢ = 0}. Let
C=i+(j— imax with 1<i<imax and 1< < jmax, (3.8)
so that
[vegl; = viy
= vy with =149+ (j —1)imax - (3.9)

As a result, we will sometimes refer to the same entry in the N-length vector v as vy or v; ;, with the
reference being clear from the context. It is also convenient to represent the algebraic equations by
matrix notation. In this paper we use boldface capital letter T to represent an N x N matrix with
entries [Ty, = Ty m. We will also refer to the G i max X imax subblock of T using the notation T;.
These subblocks will be defined in later sections.

At each timestep, we must solve for the unknowns VZZ-H. We can write these equations in
nonlinear matrix form as follows. Let [v, ;]; = VZZ.H. Then, as generalized in [16], the algebraic
equations at each timestep can be written as:

sup{—T(q)v + c(q)} —0, (3.10)

q€Q
where @ is a set of controls and for y = (y1,¥2,...,yn) we have
Tl = [Tl = (= ) (g0 £+ GOl + Do)
+ I (Dlyye + Diye) — (1= ¥)ALT yle
el V)], = () Ve TR ). (3.11)

Due to the nature of the jump term J [11] the matrix T is dense, which makes the standard
policy iteration algorithm inefficient. To avoid this problem, we split T into two components A —B
such that A is sparse, and B is dense. Here

[A(d")yle = [AFyle=(1—1y) <A17ye — LMy + O G(DYyye + Dgy@))
+I1 4 (Dyyrye + Dhiye)
BMy|, = [BY] =@ —vhAT" . (3.12)



Remark 3.2. (Structure of T(q), c(q)) It is important to observe that [T (q)]e.m, [A(@)]em: [B(@)]em,
[c(q)]e depend only on qe. This is typical of discretized HJB equations.

Assuming that @ is a finite set, or that @ is compact and T(q) is an upper semi-continuous
function of ¢, then equation (3.10) is interpreted as

T(¢")v = [A(¢") —B(¢)]v = ¢lg¥)

with ¢; = arquéré)ax{—T(q)v + c(q)}g = arqgeéréax{— [A(q) —B(q)]v+ c(q)}e . (3.13)

Thus the problem has a potentially different control for each row of the linear system. Note that
equation (3.10) is highly nonlinear.

Remark 3.3 (Properties of T(q)). It is commonplace in practice for the set of controls @QQ to be
finite or compact. In some circumstances, T(q) can be a discontinuous function of the control q
[29]. In this case, we can carry out the analysis by replacing T(q*) by its upper semi-continuous
envelope, as discussed in [16]. However, for ease of exposition, and to avoid notational clutter, we
make the assumption that T(q) is upper semi-continuous.

Splitting the sparse and dense components implies that, rather than using the traditional policy
iteration to solve the nonlinear system in (3.10), a fixed point policy iteration will be used. This
has been shown to be more efficient [16] than the standard policy iteration. In Algorithm 1, each
iteration requires a sparse solve, and a dense matrix vector multiply, Bv*. The latter can be carried
out efficiently using an FFT as shown in [11].

Algorithm 1 Fixed Point-Policy Iteration

1: vF = (v)* with v = Initial solution vector of size N

2: for k=0,1,2,... until converge do

s df = argmax{ - [Al0) - B(@))o* + c(0)

qEQ ¢
4. Solve A(¢")v*+1 = B(¢F)v* + c(¢)
o+ — v

5. if k > 0 and max < tolerance then

max |scale, |v§+1|}
6: break from the iteration
7. end if
8: end for

The factor scale in Algorithm 1 ensures that unrealistic levels of accuracy are not required for
small values of the solution. For example, if the option is priced in dollars, a typical value would
be scale = 1.

4 Full Matrix Form

While splitting our full matrix into components as in (3.12) does improve the linear solution step
4 in Algorithm 1, we need to ensure that the fixed point policy iteration will converge. Suffi-
cient conditions for convergence of the fixed point policy iteration were determined in [16]. These
requirements are summarized in Condition 4.1.



Condition 4.1. The matrices A(q),B(q) and vector c(q) satisfy:
(i) The matrices A(q) and A(q) — B(q) are M matrices.
(ii) The vector c(q) and matrices A, B, and A='(q) are bounded, independent of q.

(i1i) There is a constant C1 < 1 such that

1A (¢")B(¢" M)l < C1 and A7 (¢")B(¢")l| < C1. (4.1)

Remark 4.1. We remind the reader that a matrix A is an M matriz if A is nonsingular, A has
non-positive off-diagonals, and A1 >0 [27].

Theorem 4.1 (Convergence of Scheme). If the matrices A(q),B(q) and vector c¢(q) satisfy Con-
dition 4.1, then the scheme in Algorithm 1 converges to the unique solution of equation (3.13), for
any initial iterate v*.

Proof. We give a brief sketch of this proof here, and refer the reader to [16] for details. The basic
idea of the proof of Theorem 4.1 is to show the algorithm generates a convergent sequence by
re-arranging Algorithm 1 as:

A(") (M —oh) = — A" + B(¢")0" + e(d") (4.2)
= B(¢" (0" — o)+ | A" + B(g)" + e(qh)]
- [FAETE H BE T o] (1)

The proof proceeds by noting that ¢ maximizes [—A(g")v* + B(¢*)v* + ¢(¢*)] from line 3 in
Algorithm 1. Consequently

A" + B(@)F +o(qh)| — [~AWT)E BT o) 20 (44
and thus (since A1> 0)
(= oh) > AT B(gF ) (F — o), (4.5)

Since [|A"Y(¢")B(¢" D|lo < C1 < 1, the sequence v* can be shown to be convergent [16]. If

limy, o0 v¥ = v*, then it is easily seen from equation (4.2) that v* is a solution of equation (3.10).
Uniqueness follows from the M matrix property of (A(q) — B(q)) [23, 5, 16]. O

Remark 4.2. The proof of Theorem 4.1 gives some idea of what might go wrong in floating point
environments. Namely, in exact arithmetic, equation (4.4) is always true. However, in floating
point arithmetic, equation (4.4) is not always true and indeed convergence does not always hold in
such environments. We discuss this further in a later section.



4.1 Verification of Conditions 4.1

In this subsection we verify that Conditions 4.1 are satisfied for our Direct Control discretization,
at least when the scaling parameter is large enough. Unfortunately, the technique used in [16] to
verify these conditions does not work in this case as there are zero row sums in the matrix A.

It is useful to separate the diagonal blocks from the lower triangular part of A by

[Abyle = (1 W)(A Ye — E?JH-WG( AA )>
+ 10 yf <D£‘Vye + A%)
A=~ -ehete( M) -ne (Y ) (1.6

Then AF = A’B + AE for each k.

Proposition 4.1. Suppose a positive coefficient discretization [12] is used and the jump operator
T is discretized using the method in [11]. Furthermore assume there is linear behavior of the
solution fori > [11, 28]. Then discretization (3.11) satisfies

(¢) B(g) =
(b) The £ row sum for B(q*) is

1—yMN 1<i<i
Row_Sum 4 ( B(q) ) < {( Vi) ‘ ! .Z 5 (4.7)
0 1=1,1>1.
(c) The £ row sum for Ap(q*) is
(1—¢§)(§+(T+)\)+WG )+¢§HAA_ 1<i<i;
1- G — =1
Row,Sumg ( AD(qk)) = ( w )(AT+T+¢Z )+w€ AA v ] )
1 < 1 < imax;
AL’T +n I = Imax -
(4.8)
(d) The matrices A(q) —B(q) and A(q) in equation (3.11) are M matrices.
Proof. The construction of B(g) using the discretization of JV as detailed in [11] implies that
> [T <1and [TM,0 >0 (4.9)

14

This holds since p(§) in (2.6) is a probability density function. When the grid node (i, j) satisfies
i > i then the /" row of B(q) is identically zero [11, 28]. This gives (a) and (b).

10



In order to prove (c), we first observe that

Diwl=0;Dh1=0; ; Di1=0

o 1 . i
and LM = { (r+A) L<i<u (4.10)

—r 1=1; 1 <17 < imax

The row sum of Ap is [Ap(¢¥)e]; with e = (1,...,1)’, and consequently (c) follows using results
(4.10), for 1 < i < imax. When i = ipayx then from the boundary assignment of equation (3.5), the
row sum is just (1/A7 4 7).

To prove (d), note that A(q) = Ap(q) + Ar(q) with Ap(q) block diagonal and Ar(q) lower
triangular. From (c), the row sums of A p(q) are strictly positive, and off-diagonals are non-positive
since a positive coefficient discretization is used. Hence Ap(q) consists of diagonal blocks, each of
which is a strictly diagonally dominant M matrix. Since A (q) is non-positive, a straightforward
computation shows that A(q) is non-singular and that A=1(q) > 0. Writing (A — B) as (A[I —
(A)~!B]), then it is straightforward to show that A(q) — B(q) is also an M matrix.

O
The following Lemma will be useful later on.
Lemma 4.1. Suppose A is a strictly diagonally dominant M matriz and B > 0. Then
N Row_Sum ; (B)
A7'B|, < N 4.11
| loo < % Row_Sum i (A) (411)
Proof. See [16]. O

Lemma 4.2. Suppose the discretization for the GMWB direct control method satisfies the condi-
tions required for Proposition 4.1, and in addition

14+ (r+NAT

II > Ao
> 1+rAT

(4.12)

Then the matrices A, B satisfy Condition 4.1, and hence from Theorem 4.1, Algorithm 1 converges.

Proof. We need to show that there is a constant C such that
IA~H(¢")B(¢")]|o < C1 (4.13)
where p = k,k — 1. Consider an arbitrary vector z, and a vector y such that
A(")y = B(¢)z. (4.14)

Then condition (4.13) is equivalent to requiring that

max [Hy”‘”] <C <1 (4.15)
12000 [|2]l0o

From equation (3.11), we can see that [Ae], = 0; i < 7, z/)f =1, and hence we are obliged to use a
different method from that in [16] to prove this result.

11



First, note that

[A(qk)y} = B(")z], ; =i+ (J — 1) * imax ; l<i<i

Ay, = 0 =i (= ) s =102

due to the linear behaviour assumed for i > ¢ [11]. Define a bounding grid function ¢

a0 zlleAAT 2][o0A
Gl = 1+ (r+ VAT A

Noting properties (4.10), and
DI}}VAJ =0 N DZAJ =1 5

and substituting equation (4.18) into equation (3.11) gives

[A@")], = Helloeri 1<i<i
A, =0 si=nizi

c L=+ (G—1) % imax -

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

Subtracting equation (4.16) from equation (4.20) yields (noting properties (a) and (b) of B in

Proposition 4.1)

v

[[2[lcA — [B(g”)2],
[[2][ocA = [|I2]lcoA
0 Cl<i<i .

AW G-v)]

L

Y

Similarly, subtracting equation (4.17) from equation (4.21) gives
A(q’“)(z)—y)] >0 ; i=1;i>1.

Thus in all cases

Since A(¢¥) is an M matrix, we have that y < . A similar argument gives y > —g. Hence

T 1+ (r+NAT maee

As we require that [|y|lcc < ||2]|co, the condition on II then becomes

1+ (r+MNAT

IT > ApaxA
> 1+7rAT

12

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)



5 Block Matrix Form

Let v, j = V”Jrl and let (v*,j)k be the k" iterate for Uy j. From the boundary condition (2.11), we
can observe that V4,1 can be computed without any knowledge of interior nodes in the computational
domain. To ensure a positive coefficient discretization, the D,}fx term is always backward differenced,
hence v, ; depends only on v, j_1 for j > 1. This special structure of the system makes the iteration
more efficient when we solve v, ; before proceeding to solve vy j;1. We can write the full matrix
system in (3.11) in block form as

Al 0 - 0 Ve
0 Az(ge2) -+ 0 Vs2
0 0 T Ajmax (q*vjmax) /U*vjmax
B, 0 e 0 Vg1 Cs1
0 B2(Q*,2) ce 0 Ux,2 C*,Q(Q*,Q, 'U*,l))
—| . o . . +1. RNGEY
with
qi,j = arg mSX{—Aj(q*,j)v*,j + Bj(qs,j)vs,j + €55 (x5 U*,j—l)} : (5.2)
i€ 7

Note that A1, By, ¢, 1 are independent of g. Each smaller block matrix system Ajv, ; = Bjv, ;+
¢; is then resolved by using a fixed point policy iteration as in Algorithm 1 with the previous

computed vfjil appearing only in ¢, ;. The detailed procedure is given in Algorithm 2.

Algorithm 2 Block Matrix Fixed Point Policy Iteration
1: Solve Vx,1 from Al'l}*,l = B1U*71 +c1
2: for j =2,3,..., Jmax do
3:  With initial solution (v, ;)" = 457
Supy, ; {—Aj(Q*,j)v*,j + Bj(44,j) x5 + €5 (G5 Uw‘—l)} =0

4: end for

use Algorithm 1 to solve v, ; from

We represent the discretization (3.3) in terms of matrices Aj;, Bj and vector c;, given by

1
[A‘](Splxija ¢f,])u*,j]z = [AJku*,j]z = ( wz,])< Ui 5 — Ehui,] + Pi ]G(AA ,J))
L I I T N (R A sl
ulth
R | B L %H)A VT e (5.3)
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with controls

G = <‘Pﬁjv¢51)€ argmax | —Aj(0xj, Yuj)thej + Bi(on g, e j)tha
¢e{0,1},9€{0,1}
pyp=0
+C*,j(90*,ja¢*,j>u*,j1)] : (5-4)
(2

The discretized equations (3.3) then result in the set of equations

—Ajusg + Bjuej e =0, j=1

7

supc2 —A;(Gj)usj + Bj(qsj)usj + C*J(q*,j?u*,j_l)] =0, 7=2,3,...,Jmax (58.5)
S

Note that our discretization using central, forward and backward differencing implies that for
each ¢ we have

[Aifuegli = —aguioyg v — Binir, (5.6)

and where «y, 8;,7; are all nonnegative. Thus the block diagonals are in tridiagonal form

Yi B
—a; v —p

L —Q;
5.1 Convergence Conditions for Block Form

Proposition 5.1. Suppose a positive coefficient discretization [12] is used and the jump operator
J" is discretized using the method in [11] with linear behaviour assumed for i > [11, 28]. Then

(a) Bj(ay;) =0,

(b) The i'" row sums for Aj(qf,j) and Bj(qu) are

(=) (g + (40 + ok, G) +ollh 1<i<i

AAT
J
1 — k(2 kg1 kp—1 =1
RO’U},S’LLmi ( Aj(‘]f,]) ) = ( wl,j)(AT +T+SOQJ AAj ) +¢Z,j AAJ- (4 ] ’
1 <1 < tmax;
ﬁ—i_n © = imax -
L—yF N 1<i<i
Row_Sum. ; ( Bj(q" ( - T 5.8
(Bildg) )= {0 i=1,i>i. (58)

(¢) The matrices Aj(q«;)—Bj(gx«,j) and A;(gs ;) in equation (5.5) are strictly diagonally dominant
M matrices.
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Proof. The proof follows using similar arguments as in the proof of Proposition 4.1. O

Define AAp.x = max;[A; — Aj_1]. The following Lemma gives the conditions under which
Algorithm 2 converges.

Lemma 5.1. If the discretization for the GMWB direct method satisfies the conditions required
for Proposition 5.1 and II > MAAnax , then the matrices Aj,B;j defined in equation (5.5) satisfy
Condition 4.1, hence Algorithm 2 converges from Theorem /.1.

Proof. Suppose that

Row_Sum ; B; (qij) Row_Sum , Bj(ij)

a = . 5.9
" Row_Sum i Aj (qf’j) Row_Sum ,, Aj(q’*ij) (5.9)
If1<p<iand zp;f’j = 0, then Lemma 4.1 and Proposition 5.1 implies
1,k k A
1A (g4 )Bj(ay j) [l < - g <1 (5.10)
A+ (r+A)+ A”’Afj_
When p=1,p > i or %];,j =1, Row_Sum ,, (Bj(qij)) = 0. In either case bound (5.10) holds.
If1<p<iyf;'=0and ¢t =1
A AAT
1 k k-1 j
57 Byl < o < LS 611

i
In all other cases, ||Aj71(qf,j)Bj (¢" ;1) loc < C1 < 1 unconditionally. Repeating the above argument
setting Bj(g.;) to the identity shows that || A; (g« ;)]s is bounded independent of g. O

Remark 5.1. Choosing a scaling factor which satisfies condition (iii) in Condition 4.1 means that
this same scaling factor must be used in the optimization step in line 3 of Algorithm 1. Consequently,
choosing different scaling factors will result, in general, in different choices for the control at each
iteration.

Remark 5.2. The fact that each Aj is a tridiagonal matriz simplifies the linear solution step in
each fixed-point policy iteration step. In particular, implementation of the block method is quite
straightforward.

6 Floating Point Considerations

6.1 Floating Point Considerations: General Results

During the course of our numerical experiments, we observed that, even if the conditions (4.1)
were satisfied, Algorithm 1 sometimes failed to converge for certain values of the direct control
scaling factor. This non-convergence was a result of the oscillatory behavior of the iterates. These
oscillations were above the level of the convergence tolerance, hence the scheme did not terminate.

Testing Algorithm 1 with B = 0 was revealing. In this case, we can see that in exact arithmetic,
equations (4.4-4.5) show that the iterates are monotone non-decreasing, that is, oscillations cannot
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occur. However, in floating point arithmetic, equation (4.4) is not always true. In [15] (no jump
case), this problem was ameliorated by forcing the right hand side of equation (4.2) to always be
non-negative. However, we cannot use this approach here, when B # 0.

Let fl(x) be the floating point representation of a real number z. Define the error vector Ae§
generated by the unit roundoff é.

Ack = fi(~A)" + B +e(dh) - [~AP)F + Bt @) (61)

The floating point error in the fixed point policy iteration is dominated by the computation
in equation (6.1), since the computation of these terms involves computing numerical derivatives
of v¥. Numerical experiments showed that this source of error far outweighed any other source of
floating point error (for example, the linear equation solve).

Note that in [4, 24], the effect of propagation of errors in policy iteration is discussed. However,
in those works the error bound depended on the effective discount rate. In our context, the effective
discount rate tends to unity as the mesh is refined. Hence the upper bound for the accumulated
error in [4, 24] becomes infinite in this limit.

Consequently, we will adopt a somewhat informal, but instructive, approach in analyzing these
errors in the following. Suppose that in exact arithmetic Algorithm 1 would terminate at step k+ 1.
Let v¥, v**! be the iterates computed in exact arithmetic, and let Av§ be the floating point error
in v¥*1 generated by Aelg at step k. Then, from equations (4.2), (6.1),

A(qk) (ka — vk) + Avﬂ = [—A(qk)vk + B(qk)vk + c(qk) + Aelg , (6.2)

which gives Avlg = A‘l(qk)Aelg . Clearly, problems will arise if

[(AvE)|

max(scale, ]vf

) > tolerance (6.3)

since, even if | [(vFF! — oF)] ;| is small, the iteration will not converge according to the criteria in
Algorithm 1.

Consequently, we can estimate bounds for parameters that will minimize the effect of floating
point errors by requiring that

|(Av5)l } _ max[ [A~"(¢")Acfl
¢

max(|vf+l |, scale)

max
l

< tolerance . 6.4
max(|v§+1|,scale)} (6.4)

A rigorous bound for condition (6.4) is too pessimistic to be useful. We make the following approx-
imation

Al k A k A1 k A k
[ LA ] 1Al ) .
¢ [max(|v, T, scale) 4 max(|v/|, scale)
so that requirement (6.4) is estimated as
A-L(qF A k
max[” (g ]ZHOO‘ 65‘3] < tolerance . (6.6)
¢ max(|v/], scale)
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6.2 Floating Point Considerations: Scaled Direct Control

For the Scaled Direct Control approach, the worst case floating point error in equation (6.1) (for
IT large) will be generated by the term

I (1 — k — (Do, + Dwv”)) . (6.7)

The worst roundoff error in this term occurs in the area where the grid is fine, where we subtract two
nearly equal numbers. This error is then magnified by dividing by the grid spacing and multiplying
by II. In Appendix B.3, we obtain the following result (equation (B.20)),

‘ [Ae’g} .

where AWpnin = min;(W;—W,;_1) and AAmin = min;(A4;—A;_1). From Lemma 4.1, and Proposition
5.1 we obtain

1 1
< .
< 45H(AWmin + Ajélmm)max(]v |, scale) (6.8)

1
IA; 7 (0F j)lloo < max < Ar. (6.9)
| Pl (A o+ el
AT AAT
Consequently, from equations (6.12) and (6.9) we obtain
1 1
1A (gf ) loo[Ae]i; < ATISAT( + ) max(|vy;|, scale) . (6.10)

AI/Vmin AAmin
Now substitute equations (6.10) into equation (6.6) to obtain (where we consider II — oo when

estimating HAj71||oo)

IT (6.11)

tolerance, , AWpin 1
( 46 )( AT )(1+AAmin)‘
Conversely, if 1T is small, then the worst case floating point error will be generated by the term
$0°W2Dl, an+1 in equation (3.1), since this term involves a numerical second derivative. (See
the definition of L in equation (2.6)). From the result in Appendix B, equation (B.21), we have

2 2

A <4y —t>t
(Ack)is) <40 s

5 max(scale, |v;j|) , (6.12)
where (AWnin)i = min(W;y1 — Wi, W; — W;_1). From Lemma 4.1, using Proposition 5.1, and
considering the case where II — 0, we obtain

AAmax

i (6.13)

—1/,k
1A; (e oo <

where AAp.x = max;(A; — Aj—1). Substituting (6.12) and (6.13) into (6.6) then gives

2 Wi2 4
T > 4o AAW( : )( ) (6.14)

(AWmin)g tolerance
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where

W2 W2
: = e 6.15
mlax ( (AWm1n>Z2> (AVlen)i2 ( )
Combining equation Lemma 5.1 and (6.14) we obtain
I AA A, 402AA Wi 0 6.16
” max[ max; 20 max((AWmin)?> (tolerance)] ’ (6.16)

In order to later compare the scaled direct control method with the penalty method [10, 15],
let C* be the dimensionless constant

* WO
InI=c6*——. 1
o3 (6.17)

This also gives us a scaling factor having units of currency/time (see Remark 2.1). The upper and
lower bounds of C* for the scaled direct control method are then (from equations (6.11), (6.16),

(6.17)),
o o MM A AT | (0° A AT w7 5
ax wo ’ wo (AWpin)? ) \ tolerance / |

i

1 / tolerance AW 1
o 1 min ) 6.18
< 15 )(Awo><1+§$:> (619

in

7 Numerical Results

In this section, we present the results for pricing a sample GMWB contract using our block formu-
lation of the scaled direct control method. At the same time we compare these results to a block
version of the penalty method [16]. A brief overview of the penalty method is given in Appendix
C. The analysis of convergence of the fixed point policy iteration (block version) for the penalty
method follows the same steps as used in Section 5, and will not be repeated here. As well, the
methods in Section 6.1 can be used to analyse the effect of floating point errors for the penalty
formulation. For the convenience of the reader, the details of this analysis are given in [14].

The contract parameters are presented in Table 7.1, with the jump diffusion parameters given
in Table 7.2 and where Table 7.3 gives the mesh size and timestep parameters. In the localized
computational domain € = [0, Wiax] X [0,wp] x [0,T], we set Winax = 103wp. Experiments with
larger values of Wiyax produced no change in the solution to eight digits.

7.1 Convergence Results

Table 7.4 presents the convergence results for the GMWB for the scaled direct control and penalty
methods (see [16] and Appendix C). Both the full matrix fixed point policy iteration scheme as
described in Algorithm 1 and block matrix fixed point policy iteration scheme as described in
Algorithm 2 are used. The no arbitrage fee used in the example was determined by using Newton
iteration [15, 16] to solve equation (2.12). The scaling factor parameter is set to II = 10% in
Algorithm 1, and so satisfies Condition (4.26) and IT = 1 in Algorithm 2, which satisfies Condition
(6.18). The penalty parameter [15, 14] was set to € = 10%w/A7. We use an outer Newton iteration
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Example GMWB Contract

Parameter Value
Expiry time T 10.0 years
Interest rate r 0.05
Maximum no penalty withdrawal rate G 10 per year
Withdrawal penalty 0.10

Initial lump-sum premium wy 100

Initial guarantee account balance A(0) 100

Initial personal annuity account balance W (0) 100

TABLE 7.1: A sample GMWB contract parameters used in the numerical experiments

Parameter Value
¢ .45

v -.9

A 1

TABLE 7.2: Jump diffusion parameters.

Level | W Nodes A Nodes Time steps | AWnin  AAmin  AApax AT
0 63 56 60 1 1 2 0.16667
1 125 111 120 | 0.5 0.5 1 0.08333
2 249 221 240 | 0.25 0.25 0.5 0.04167
3 497 441 480 | 0.125 0.125 0.25 0.02083
4 993 881 960 | 0.0625 0.0625 0.125 0.01042
5 1985 1761 1920 | 0.03125 0.03125 0.0625 0.00521

TABLE 7.3: Grid and timestep data for convergence experiments
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Refinement Penalty Method Scaled Direct Control Method

Level Value Itns/step Ratio Value TItns/step Ratio
Algorithm 1 Full Matrix Iteration

0 100.19905 83.90 N/A 101.19906 57.63 N/A

1 100.33789 189.72 N/A 100.33789 100.83  N/A
Algorithm 2 Block Matrix Iteration

0 101.19905 428 N/A 101.19906 4.13 N/A

1 100.33789 416 N/A 100.33789 4.09 N/A

2 100.08441 4.03 3.40 100.08441 3.98 3.40

3 100.02144 3.89 4.03 100.02145 3.93 4.03

4 100.00498 3.89  3.82 100.00498 3.89 3.82

5 100.00003 3.88 3.33 100.00003 3.87 3.33

TABLE 7.4: Convergence experiments for the GMWB guarantee value att =0 and W = A = wg =
100 using the penalty method, see [14], (¢ = 10*wy/AT) and scaled direct control method. Contract
parameters are given in Table 7.1. Volatility 0 = 0.3 and fair insurance fee n = 0.045452043 are
imposed. Itns/step refers to the average number of iterations per timestep for the lines 2 — 4 in
Algorithm 2 and lines 2 — 9 in Algorithm 1 respectively. Ratio is the ratio of successive changes in
the solution as the mesh/timesteps are refined. Since the no-arbitrage fee is imposed, the numerical
solution should converge to Value = wy = 100.

to solve equation (2.12) for the no-arbitrage fee (relative convergence tolerance of 10~8). The fixed
point policy iteration convergence tolerance is set to 1076.

The results show that both the scaled direct control and penalty methods converge with the
computed results from both methods agreeing to seven digits. The number of iterations for the full
matrix fixed point policy iteration scheme is an order magnitude larger than the number of iterations
for the block matrix fixed point policy iteration scheme for both methods. This is because the full
matrix iteration does not take advantage of the special structure of the matrix by computing vfjl
before computing v*”j-il. The ratio of computational cost for these two methods is approximately
equal to the ratio of iterations per timestep.

In the following, because of efficiency considerations, we will consider only the block matrix
scheme.

7.2 Effect of Scaling Factor II and Penalty Parameter ¢ [15]

In Section 6.2, we expressed the scaling factor II in terms of a dimensionless parameter C* as in
(6.17). Note that the scaled direct control method does not require the existence of a constant
C such that 1/IT = CAT (see [15] for details). Writing II = C*wg/AT is only for the purpose of
comparing the scaled direct control method with the penalty method.

We refer to the bound on C* imposed by effect of floating point arithmetic as a Type I bound.
The bound on C* imposed by requiring that [|A~*(¢*)B(¢"1)||oc < 1, will be referred to as a Type
IT bound.

Table 7.5 compares the GMWB value priced by both scaled direct control and penalty methods
when C* € [1072,107]. The left two columns show the estimated bounds of C* from equation
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tolerance = 107 Scaled Direct Control Penalty Method
Type Bound II or 1/e  Value Ttns/step Value Ttns/step
I 0.67 x 1079W()/AT loing/AT N/A N/A
10-8wo /AT 99.999992*  4.03
10~ 7wo /AT 99.999992*  3.97
I1 0.33 x 107 %wo /AT 107 5wg/A7  100.00003  3.94

10~'wo/A7  100.00003  3.82 99.969172  3.83

10%0 /A7  100.00003  3.83 99.996899  3.85

10'wo /A7 100.00003  3.87 99.999715 3.87

10%wp/AT  100.00003  3.88 99.999998  3.88

103wo /A7 100.00003  3.88 100.00002  3.88

10%wo /AT 100.00003  3.88 100.00003  3.88

105wo /AT 100.00003  3.88 100.00003  3.88

I 0.35 x 10%wq /AT 100 /A7  100.00003  3.88 100.00002  3.88
107wo /AT N/A N/A N/A N/A

TABLE 7.5: The effect of the scaling factor I and penalty parameter [15, 14] 1/e in terms of C*
on pricing the GMWB guarantee at refinement level 5. ¢ = 0.3, W = A = 100 and t = 0. Fair
insurance fee (i.e. n = 0.045452043) is imposed. Contract parameters are given in Table 7.1. Jump
diffusion parameters are given in Table 7.2. Itns/step refers to the average number of iterations per
timestep for the lines 2 — 4 in Algorithm 2. Type I bounds refer to bounds based on floating point
considerations. Type II bounds refer to sufficient conditions for convergence in exact arithmetic,
from Condition 4.1.

(6.18). (These same bounds are also valid for the penalty method, see [14] for details). Recall the
definition of i from equation (6.15). The finest grids are around node (W = 100, A = 100), so
we set W; = 100, in the estimate of the floating point errors in equation (6.18). We take double
precision machine epsilon to be § = 1.11 x 10716, The "N /A” entries in the table indicate that the
iterative scheme did not satisfy the convergence criteria in Algorithm 1 after 6000 iterations.

For the entries where the computed values have asterisks, although the convergence criterion in
line 3 of Algorithm 1 was satisfied, we view these results as unreliable. Note that the convergence
criterion in Algorithm 1 is not able to clearly distinguish between very slowly diverging sequences
and truly converging sequences. We remind the reader that the Type II bound from Lemma 5.1 is
a sufficient condition for convergence in exact arithmetic, from Condition 4.1. However, choosing a
C* smaller than the estimated lower bound of C* from bound (6.18) produces questionable results.
It is obvious the values with asterisks deviate somewhat from the other values.

In the previous numerical examples, the lower bound for the scaling factor II is dominated by a
Type Il bound. To see the effect of Type I lower bound in isolation, we remove the jump diffusion
from the underlying asset model (e.g. A = 0). Consequently, [|A~1(¢*)B(¢"*!)|ls < 1 always holds
since B(¢*) = 0 for all k& and hence the Type II bound disappears.

Table 7.6 shows the GMWB values priced at refinement level 5 (A = 0). Without the presence
of Type II bound, we can further decrease the scaling factor by three orders of magnitude. The
estimated Type I lower bound for C* is remarkably close to the experimental result.

Remark 7.1 (Range of Values). These examples clearly show that the range of useful values of the
scaling parameter for the scaled direct control method is much larger than the range of useful values
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tolerance = 1079 Scaled Direct Control Penalty Method
Type Bound IT or 1/e  Value Itns/step Value Ttns/step
10711(4}()/A7' N/A N/A
10~ 0wy /AT 115.88596  2.69
I 0.67x10%y/Ar  10~%p/Ar 115.88596  2.69
107 8wo /AT 115.88596  2.69
10~ "wo /AT 115.88596  2.69
II 0.33 x 1075wy /AT 107 %wo/AT 115.88596  2.69

10~ two /AT 115.88596 2.84 115.85508  2.85

1000 /AT 115.88596  2.85 115.88281  2.84

10*wo /AT 115.88596  2.85 115.88565 2.85

10%wo /AT 115.88596  2.85 115.88593  2.85

103wo/AT  115.88596  2.85 115.88596  2.85

10%wo /AT 115.88596  2.85 115.88596 2.85

10°wo /AT 115.88596  2.85 115.88596  2.85

I 0.35 x 10%wo /AT 10%wo /AT 115.88596  2.87 115.88596  2.86
107wo/AT  N/A N/A N/A N/A

TABLE 7.6: The effect of Type I upper and lower bounds on the scale factor I1 and penalty parameter
1/e on pricing the GMWB guarantee at refinement level 5. No jump diffusion presented. o =
0.3,W = A =100 and t = 0. No insurance fee (i.e. 71 = 0) is imposed. Fully implicit method
is used. Contract parameters are given in Table 7.1. Itns/step refers to the average number of
iterations per timestep for the lines 2 — 4 in Algorithm 2. Type I bounds refer to bounds based on
floating point considerations. Type II bounds refer to sufficient conditions for convergence in exact
arithmetic. In this case the Type II bound is not required since the jump term is absent.

for the penalty parameter in the penalty method.

In Appendix D, we report some further numerical experiments which confirm that our estimates
for the upper and lower bounds for the scaling factor are of the correct order.

A GMWRB contract holder is perhaps more interested in the optimal withdrawal strategy. Figure
7.1 shows contour plots of the optimal withdrawal strategy at various times. The top two plots in
Figure 7.1 are generated by both the scaled direct control and penalty methods. It can be observed
that these contour plots are very similar.

The other plots in Figure 7.1 are generated by the scaled direct control method. It is interesting
to observe that the top left corner infinite withdrawal region is almost time-invariant, except when
the contract is close to expiration. The no withdrawal region widens as time moves forward. These
results are consistent with the discrete withdrawal computations in [8].

8 Conclusions

In this paper, we have carried out a systematic study of a scaled direct control iterative method for
solution of the GMWB pricing problem formulated as a singular control problem. The underlying
asset is assumed to follow a jump diffusion process.

We represent the discretized equations for the scaled direct control technique using the general
form of controlled HJB equations as in [16]. Sufficient conditions for convergence for a fixed point
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F1GURE 7.1: Contour plot of the optimal withdrawal strategqy for the GMWB guarantee at different
times in the (W, A) -plane. 0 = 0.2. A fair insurance fee of n = 0.032296686 is imposed. Contract
parameters are given in Table 7.1 and jump diffusion parameters are given in Table 7.2. The penalty
parameter [15, 14] is set to 1/e = 10*wy/AT and the scaling factor is set to Il = 1. The iteration
convergence tolerance is set to 1076,
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policy iteration are determined. Convergence can always be guaranteed with a suitable choice for
the scaling parameter.

The equations resulting from the singular control formation have a special structure that can
significantly improve the efficiency of solving the resulting nonlinear system. A block matrix fixed
point policy iteration scheme is given and the conditions required for convergence are determined.
We compare the block version of the scaled direct control method with a block version of the
penalty method [16, 15, 14]. Numerical experiments were carried out to compare the direct control
and penalty methods (both in block and non-block forms). The experiments show that the block
methods are an order of magnitude better in terms of number of iterations, compared to a full
matrix formulation, in both cases.

Both the direct control and the penalty method require specification of a parameter. This
parameter affects both convergence and accuracy. We have estimated bounds for these parameters
for both methods, so that convergence in floating point arithmetic can be expected. To the best of
our knowledge, such analysis has not been carried out previously. Numerical experiments indicate
that these estimates are reasonably accurate.

From a practical perspective, it is safe to choose the dimensionless penalty parameter, and the
dimensionless direct control scaling factor, two orders of magnitude below the estimated upper
bounds.

It would appear that the order of magnitude useful range of the scaling parameter for the direct
control method is much larger than the useful range for the penalty parameter in the penalty
method. The accuracy and convergence rate for both methods is similar for parameters within the
useful range. Consequently, it would appear that the scaled direct control method is superior to
the penalty method in this regard.

Appendix

A Finite Difference Approximation

A.1 First and second derivatives approximation

In this Appendix, we use a standard finite difference method to approximate the first and second
partial derivatives in the PDE. The discretized differential operators Df}l, D{}V and D{}VW are given
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v -V
Df}ﬂ/;”j b W72 backward differencing,
’ AA;
|00 v . .
i _i=Li - backward differencing,
AW,
vno Vs
hoyn ) Vit =Vii ; '
DWV” = AT forward differencing,
Vi VT central differencing
AWZ, ’
VZL 1,5 7. ] + 'L+1 ,J ‘/7,"j
ph v = AW, AW;F
2

DV, - DRV

A Wf
2

(DI, is backward differenced). (A.1)

where AA; = Aj - Ajfl, AW; =W, —W,_q, AW; =W;11—W;, and AWZ-i = Wip1 —Wi_1.

A.2 The discretized £" and F" operators
Define the following sets of point s (W, A, 1) € Q2

Q0 = [0, Whax] x [0,wo] x {0},
Qw, = {0} x (0,wo] x (0,7
Qe = {Wiax} X (0,wp] x (0,7
Qa, = [0, Wiax| x {0} x (0,T]
Qi = N0\, \ Qo \ 4, - (A.2)

Together with the boundary condition (2.11), the discretized £" and F” [15] operators are

chyn WzDh ww Vi + (= n)W; Dk, Vi =V, (Wi, Ay, m7) € Qi U Qg (A.3)
I —TVZT;, (Wi, Aj, ) € Quyy ’
- Dy Vi = DRV, (Wi, Ay, ") € Qi
}—thZ = 1- DAVZT;7 (Wiv Aj7Tn) € QWO : (A'4)
0, (WZ’,Aj,Tn) EQAO
B Floating Point Arithmetic Error Analysis
B.1 Roundoff Error Propagation
Let x = (z1,22,...,2,)" to compute a function y = ¢(z) by using floating point arithmetic, an
error Ay of ydy has to be expected, where |Jp| < J, the machine epsilon [25]. Further more, there
exists an input error Az = (Axy, Axg,...,Ax,)" due to the floating point representation of real

numbers or previous calculation of x (we do not consider the measurement input error because it
is beyond the control of numerical computation method). The two sources of error are unavoidable
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no matter how we arrange the floating point operations. The third source of error comes from the
intermediate roundoff errors and it depends how we arrange the floating point operations. Based
on differential error analysis, the total floating point arithmetic error of computing y denoted by
Ay, to the first order approximation, is given by

Ay = Dp(x)Ax + ydy + Z Ay (B.1)
i=1

with D¢(x) being the Jacobian matrix of ¢(x) and A@y being the intermediate roundoff error
generated at step i. We assume there are r intermediate steps and each step performs elementary
operations such as +, —, X, + and ,/° [25].

B.2 Derivative Roundoff Error by Finite Difference

Using the standard finite difference method to compute the first derivative involves floating point
arithmetic of computing the function with form

Ty — X2

y=1(x) = (B.2)

x3
Let the input relative error be denoted by d; = (0z,,0uy,025) = (Ax1/x1, Axo/29, A3/23),
If we compute y; = x1 — a2 first, then proceed to divide the intermediate result y; by x3, from
equation (B.1), we have

1
Ay = 64—
3

x2

— 5@* — (5903y + (50y + 51y
x3

where |d;| < d(i = 1,2) and 0,y is the intermediate roundoff error. Further assuming [d,,| < ¢ and
|x3] < Ahmin, we obtain the bound of Ay as follows

|1 |2
] 2 1Bl e + Bl + 331y (B.3)
Let

To = (1 + al)xl, T = (1 + az)l‘g, |:L‘3| < Ahpin - (B.4)

The bound of y is given by

|| .
< la; ) =1,2. B.

ol <ol gy, (B.5)

Suppose input error Az is due to representing the real number in floating point system or previous
calculation whose error is within machine epsilon 4, so we have ||dz|lc < 0 and consequently

|;

|Ay| < 6(2+ 4lai])

i=1,2. (B.6)
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Apply the result to discretized D{}VV;’}H and DI’}‘VZ.T;-H in equation (A.1l), we obtain the absolute
roundoff error of computing first derivatives by using backward difference as follows

Vi

ARV < 82+ dlaal) S L VT = (L )
|ADR VI < 62+ 4]a4|)%j;| , VL = (14 ag Vi
APV < s+ alash iR VL = (14 eV (B.7)
Apply the result in equation (B.5) to DZV}J, D{/”VVM and D{}V‘/ﬁil], we have
n+1 n+1 n+1
DAV < lasl g DRV S loul g DBV < ol gy (BS)

J

where (AW )i = min(W;1 —W;, W; —W;_1). Together with the standard 3 point finite difference
method to compute the second derivative as in equation (A.1) , we obtain

1
Dyw Vi < (IDW VIS + 105 V)

B ) AW
‘Vn—&—l
< (laa| + |as|) —=L— . B.9
(lag] + | |)(AWmin)? (B.9)
h 1
To bound the roundoff error of DWWVZ;* , set
+ h n+1 h n+1
v = Vil DRV A0y g = (W SV v Bao)
7 y]? 1,] ) b n bl n ) * *
2 DywVisr;  DwViy

Assuming |d,,] < &, by equations (A.1), (B.3), (B.8) and (B.9) and the fact that AWE/2 >
A(Winin )i, we obtain the following bound

|AD} VA + |ADR, VL

ADh Vn+1 i+1,j 3 Dh Vn+1
ADww Vil < (AWinin)i 3D
|Vn+1
< 6(4 + 5lag| + 5las|) ——L— B.11
( lag| + 5] 5|)(AWmm)3 (B.11)

B.3 Roundoff Error Estimation of Local Optimization Problem

During each iteration, we solve local optimization problem and the objective function involves
calculating the following two terms

[Wi, Ay 7™ = k=14 DRV + DRV (B.12)

WAty = TWEDh vt oaw, B.13
f2( (3] J’T ) 9 WW Vi + ( ’L)' ( . )
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Computing f; involves calculating a function of the form g(x) = (1 + x2) + (x3 + x4). From
equation (B.1), we obtain

4

|Agl < ) |Azi| + 8|g| + 8|2y + w2| + Olws + a4l (B.14)
=1
4

> " AZ| + 26|21 + 2o + 20(|as] + |zal) - (B.15)
=1

Set 1 = Kk, 19 = —1,23 = D{}VVZZH,L; = DZViT;'H and apply equations (B.7) and (B.8) with the
fact that 0 < k < 1, we obtain the bound of absolute roundoff error of f; as follows

‘ n+1 | n+1
A < 6(2+6 0(2+ 6|layg]) ——2— +3(1 — k)6
ARL € 8+ Blas) = + 62+ Blad) gt + 31—
é 26(1+3]a3|+1+3|a4\)"/;z+1’ (B.lﬁ)

A14rnin AI/Vmin

where we discard the smaller error term of 36(1 — k), and AApi, = minj(A; — A1, AWpin =
man(WZ - Wi—l)-

To analyze the roundoff error of fo, we notice that only multiplication and division operations
are involved given D{,LVWV%H as one of the operands. From equation (B.1), it can be easily seen

that the roundoff error of

g2(z) =21 x w2 |Aga| < (|62,] 4 |02y | + 1d0])[g2] (B.17)
g3(x) =x1+ w2 |Aga| < (|62,] 4 |02z | + 1d0])]gs] (B.18)
So computing of ¢; = 02W?/2 will accumulate 95|¢;| roundoff errors assuming the input error of

o and W; is smaller than §, the machine epsilon. The final roundoff error of fo = cﬂ){,‘vw\/7le1 i
then given by

|ADfy Vi n
[Afal < (1000] + ) el [Py Vi
2W 1

In the area where the grids are fine, we have V; ; = Vi1, ; = Vi,j,l. So normally |a;| < 1 for
i =3,4,5. It may be safe to estimate that |a;| < 0.1,7 = 3,4, 5. Finally the following estimation of
roundoff errors of computing fi and fo are obtained.

1 1
< 45(AA — + N )max(|ViZ-+1|,scale) , (B.20)
2Wi2 n UZWZ'Z n
|A( 2 0 WVi,jH)| < 45m‘vmﬂ
21172
< 45(A"WW') max(|V;5], scale) . (B.21)
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C The Penalty Method for solving the GMWB Problem

A penalty method for solving the singular GMWB problem under a jump diffusion process has
been given in [16]. The penalized form of equation (2.5) is

€ _
Vi = LVEHATVE + max ©GFVE 4+ <<FVH) + /‘CG) . (C.1)
©€{0,1},4€{0,1} €
»p=0
or equivalently
VE-AJVE+  min —LVE — oGFVE — 1 <(IV_”) + K&G) = 0. (C.2)
@e{o,1q}ﬁ,¢g{o,1} €
(p p—

The basic idea of the penalty method is to discretize equation (C.1), and let the penalty parameter
¢ — 0 as the mesh and timesteps tend to zero. In [16] the penalty method was discretized with
a fully implicit method and a fixed point policy iteration method was given to solve the resulting
nonlinear algebraic equations.

D Confirmation of the Upper and Lower Bound Estimates for the
Scaling Factor

In this appendix, we report some further experiments which confirm that our estimates for [C:. , Cr

are of the correct order. We determined the order of magnitude of [C}, ,Ck |, as a function of

convergence tolerance, such that VC* € [C*.  Ci . ] the computed GMWB values agree to (n + 1)

digit, where tolerance = 10~". Table D.1 compares the computed order of magnitude of C} . and
¥ in With the estimated C* upper and lower bounds from equation (6.18).

A similar experiment was also conducted to seek the order of magnitude of the range [Tlin, [Imax],
as a function of iteration tolerance, such that V IT € [[lin, [Imax] the computed GMWB values agree
to (n + 1) digit, where tolerance = 10~". Table D.2 compares the computed order of magnitude
of Max and Iyi, with the estimated IT upper and lower bounds from equations (6.11) and (6.16).
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Tolerance
10~ 1078 10-10
Level | II upper bound Ilyax | I upper bound Ilyax | 11 upper bound Ilax
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1 0.68 x 1010 1011 | 0.68 x 108 10° 0.68 x 10° 108
2 0.68 x 1010 109 | 0.68 x 108 10° | 0.68 x 106 108
3 0.68 x 1010 10'° | 0.68 x 108 10° 0.68 x 10° 107
4 0.68 x 1010 109 | 0.68 x 108 108 | 0.68 x 106 107
5 0.68 x 1010 109 | 0.68 x 108 108 0.68 x 10° 109
Level | II lower bound Il | II lower bound Il | II lower bound Il
0 0.20 x 109 1072 | 0.20 x 10° 1072 | 0.20 x 10° 102
1 0.10 x 10° 107! | 0.10 x 10° 1072 | 0.10 x 10° 102
2 0.50 x 101 107! | 0.50 x 1071 1072 | 0.50 x 107! 1071
3 0.25 x 107! 1072 | 0.25 x 10! 1073 [ 0.32x 1071 1071
4 0.13 x 10! 107! | 0.13x 107! 1072 | 0.64 x 107! 1071
5 0.63 x 1072 1072 | 0.63 x 1072 1072 | 0.13 x 10° 100

TABLE D.2: Ezxperimental upper bounds (Ilynax) for II and 1/e and lower bound for II (Il;y),
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II lower bound also shown. Both penalty and scaled direct control method with block matriz imple-
mentation as in Algorithm 2 are used in upper bound experiment and produce the same results for
Iax. Scaled direct control method is used to compute Ili,. Contract parameters are in Table
7.1 and Jump diffusion parameters are in Table 7.2. o = 0.3, = 0.045452043. Finest grids are

The theoretical bounds II upper bound and

around node (W, A) = (100, 100). These nodes are used to compute the theoretical bounds.
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