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Abstract In this paper, a unified framework for a posteriori error estima-
tion for the Stokes problem is developed. It is based on [H}(2)]?-conforming
velocity reconstruction and H (div, {2)-conforming, locally conservative flux
(stress) reconstruction. It gives guaranteed, fully computable global upper
bounds as well as local lower bounds on the energy error. In order to apply
this framework to a given numerical method, two simple conditions need to
be checked. We show how to do this for various conforming and conform-
ing stabilized finite element methods, the discontinuous Galerkin method,
the Crouzeix—Raviart nonconforming finite element method, the mixed finite
element method, and a general class of finite volume methods. Numerical
experiments illustrate the theoretical developments.
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1 Introduction

The purpose of this paper is to develop a unified framework for a posteriori
error estimation for the Stokes problem discretized by different numerical
methods. In particular, we apply this framework to conforming divergence-
free, discontinuous Galerkin, conforming (stabilized), nonconforming, mixed,
and finite volume methods. Our estimates give a guaranteed (that is, not
featuring any undetermined constant) upper bound on the error measured
in the energy (semi-)norm, provided a bound on the inf-sup constant is
known. They are easily, fully, and locally computable. They are also locally
efficient in the sense that they represent local lower bounds for the energy
error. Numerical experiments show that their effectivity index (the ratio of
the estimated and exact error) is relatively close to the optimal value of one.

Our estimates are based on [H{ (£2)]4-conforming velocity reconstruction
and H (div, £2)-conforming, locally conservative flux (stress) reconstruction.
Such an approach has recently become popular in the framework of second-
order elliptic equations, see, e.g., [44,39,50,4,27,45,2,43,59,3,31,60] and the
references cited therein. Its main ideas are very physical and can be traced
back at least to the Prager—Synge equality [49]. Equilibrated flux estimates
have recently been shown to be robust with respect to inhomogeneities,
anisotropies, and reaction or convection dominance in [63,24,32] and with
respect to the approximation polynomial degree in [13]. In a unifying spirit,
similar to the present paper, they have been extended to the heat equation
n [34]. Stokes a posterior error estimates related to the present approach
have previously been studied in [29,51,10]. However, these estimates are
valid only for certain type of numerical approximations. Here, we develop
a unified framework covering most standard methods. The technique and
proofs that we use appear to be new for the Stokes problem, and as they
are nontrivial generalizations of the corresponding techniques for the Pois-
son problem, we present them in all details. For the classical residual-based
estimates presented in a unified framework, we refer to [20,23,22] and [64].

Locally conservative H (div, §2)-conforming flux reconstruction is straight-
forward in so-called locally conservative methods [2,43,59,3,31,61,33,32,62,
34]. For finite element-type methods, which are not locally conservative by
construction, this is less straightforward. However, for such methods, the re-
construction can be achieved by the equilibration procedure, see [4,27,13] and
the references therein. We follow here the approach for lowest-order methods
of [45,60,63], where no equilibration is needed. We generalize this approach
here to higher-order methods. It turns out that only small local problems
of fixed size (d + 1) x (d 4+ 1) for each mesh element, where d is the space
dimension, need to be solved in order to obtain the equilibrated side normal
fluxes.

This paper is organized as follows. In Section 2, we state the considered
Stokes problem. In Section 3, we specify our notation and give some pre-
liminary results. Sections 4 and 5 collect our a posteriori error estimates,
first for conforming divergence-free approximations and then for arbitrary
ones. These results are stated in a general form independent of the numeri-
cal method at hand; we only suppose the existence of a locally conservative
H (div, £2)-conforming flux reconstruction g, (cf. assumptions (4.3) and (5.9)
below). Section 6 then presents the efficiency of the estimates, still in a general
form independent of the numerical method at hand, only based on Assump-
tion 6.2. In Section 7, we apply the previous results to different numerical
methods. This consists in specifying the way of construction of o, and in
verifying the assumptions (4.3) or (5.9) and Assumption 6.2. Section 8 col-
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lects some numerical experiments. Appendix A gives a useful characteriza-
tion of the inf-sup constants and Appendix B presents the equilibration-type
procedure generalizing the dual mesh-based a posteriori error estimates to
higher-order conforming and conforming stabilized finite element methods.

2 The Stokes problem

Here, we describe the Stokes problem considered in this paper. We use stan-
dard notation; some details on the notation are given in Section 3 below.

Let 2 C R?, d = 2,3, be a polygonal (polyhedral) domain (open, bounded,
and connected set). We consider the Stokes problem: given f € [L%(§2)]¢, find
u, the “velocity”, and p, the “pressure”, such that

—Au+Vp=f in £, (2.1a)
Vau=0 in £, (2.1b)
u=0 on 02 (2.1c)

Denote by V the space [H(£2)]¢ and by Q the space of L?(£2) functions
having zero mean value over {2. For u,v € V and q € Q, set

a(u,v) := (Vu, Vv), (2.2a)

b(v,q) == —(q,V-v). (2.2b)

The weak formulation of (2.1a)—(2.1c) reads: find (u,p) € V x @ such that
a(u,v) +b(v,p) = (f,v) VYwveV, (2.3a)

b(u,q) =0 Vq € Q. (2.3b)

The above problem is well-posed (cf. [37]) due to the inf-sup condition

b(v,
252 T = =
where 3 is a positive constant. Denote the divergence-free subspace of V by
Vo :={veV;Vv=0}
The velocity u can be equivalently characterized as: find u € Vg such that
a(u,v) = (f,v) Vv e V. (2.5)

Recall also that by introducing the “stress” tensor o € H (div, £2), the prob-
lem (2.1a)—(2.1c) can be written as a system consisting of the constitutive
law

og=Vu-— plv (26)
the equilibrium equation
V.a+f=0, (2.7)
and the divergence constraint
Vau=0, (2.8)

for which the pressure p is the Lagrange multiplier. Here I is the d x d identity
matrix. Alternatively, (2.6)—(2.7) may be replaced by

g =Vu (2.9)

and
Vo' —Vp+f=0. (2.10)
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3 Notation and preliminaries

Here, we summarize the notation used throughout the paper and give some
preliminary results.

3.1 Notation

Let D C R% By (-,-)p, we denote the scalar product in L2(D): (p,q)p :=
/ ppgdx. When D coincides with (2, the subscript {2 will be dropped. We
use the same symbol (-,-)p for the scalar product in L?(D) := [L?(D)]?
and in L*(D) := [L?*(D)]?*?. More precisely, (u,v)p := Z?Zl(ui,vi)p for
u,v e L%(D) and (g, 7)p == 320, Z?Zl(givj,f’j)p for o,7 € L*(D). The
associated norm is denoted by ||-||p. We denote by (-, -) the scalar product in
L?(D), D ¢ R?! and its vector and tensor versions. For vectors u,v € R?,
u®v defines a tensor o € R%*? such that o/ := u‘v’. Finally, for D ¢ R,
1 < d' <d, |D| stands for the d’-dimensional Lebesgue measure of D and we
denote by e; € R? the i-th Euclidean unit vector.

Let Tp, be a polygonal (polyhedral) partition of {2, whose elements can be
nonconvex or non star-shaped. The partition 7, can be nonmatching, that is,
the intersection of two elements 1", T” of T}, is not necessarily their common
face, edge, or vertex or an empty set (so-called hanging nodes are allowed).
We denote by hr the diameter of T' € T,. We say that F is an interior side
of Ty if it has a positive (d — 1)-dimensional Lebesgue measure and if there
are distinct 77 (F) and TF(F) in T, such that F = 9T~ (F) N T (F).
We define np as the unit normal vector to F' pointing from T~ (F') towards
T*(F). Similarly, we say that F' is a boundary side of 7}, if it has a positive
(d — 1)-dimensional Lebesgue measure and if there is T'(F') € T, such that
F = 0T(F) N 0 and we define np as the unit outward normal to 0f2.
The arbitrariness in the orientation of ng is irrelevant in the sequel. All the
interior (resp., boundary) sides of the mesh are collected into the set 8772“
(resp., OT;>*) and we set Ty, := 9T, U OT,;>*. For F € 0Ty, hp stands for
its diameter. For T' € Tp,, we denote by Fr all its sides and by Fit* those
sides of T" which belong to 872”. We will also use the notation Tp (resp.,
1) for the elements (resp., sides) of T, sharing a vertex with 7. We denote
by FF* those sides of §r which belong to 97,"*. The notation V, (resp., Vi™)
will be used for the set of all (resp., interior) vertices of Ty,. Let V' € V},. Then
Ty denotes all the elements of T, having V' as vertex.

For a (sufficiently smooth) scalar, vector, or tensor function v that is
double-valued on an interior side F', its jump and average on F' are defined
as

[v]F == vlr-(r) — |+ (F), {o}r = 3(0|r- () + Vl7+(F))- (3.1)

We set [v]r :=v|r and {v}F := v|F on boundary sides. The subscript F in
the above jumps and averages is omitted if there is no ambiguity. We denote
by V(7},) the space of piecewise smooth vector functions on 7y,

V(Th) := {vi € L3(2); vp|r € [HY(T)]* VT € Tp}.

Note that V(7,) ¢ V. We employ the notation Py (7,) for piecewise poly-
nomials of order k£ on 7. In the sequel, we use the signs V, A, and V-
respectively for the elementwise gradient, Laplace, and divergence operators.
Some additional notation will also be introduced later where needed.



A unified a posteriori estimation framework for the Stokes problem 5

3.2 Preliminaries

Let T € T, and denote by 7 the average of p over T', i.e., o = (p, ;)7 /|T|,
i=1,...,d. Then the Poincaré inequality states

e = erllr < Corhrl|Velr Ve e [HY(T)), (3.2)

where the constant Cp r is independent of hp. It depends only on the shape
of T. For a convex T, we have the estimate Cp r < 1/7 [47,9].
Set
B((v,4), (2,7)) = a(v.2) + b(z,q) + b(v,7). (3.3)

The problem (2.3a)—(2.3b) can then be stated as: find (u,p) € V x @ such
that

B((u,p),(v.q)) = (f,v) V(v,q) €V xQ. (3-4)
We define the energy (semi-)norm for (v,q) € V(T;,) x @ as
(v, @)l = [IVv* + B2 [qll?, (3-5)

where $ is the constant from the inf—sup condition (2.4). The following sta-
bility estimate has been communicated to us by J.-F. Maitre [46]:

Lemma 3.1 (The inf—sup condition on V x Q) There is a positive con-
stant Cs such that

B((v,q),(z,r))

inf sup =Cs (3.6)
(v,9)EVXQ (z,r)EVXQ |||(Za ’I")l” |||(V7 q)l”
with
5—1
o= YA-1 (3.7)

2

Note that 1/Cs = (v/5 + 1)/2, which is the golden ratio. For the sake of
completeness, we give a proof of Lemma 3.1 in Appendix A below.

4 A posteriori error estimate for conforming divergence-free
approximations

In this section, we derive an a posteriori error estimate valid for arbitrary
conforming and divergence-free approximations, i.e., with velocities uy € V.
It can be considered as an intermediate result, as standard approximation
methods do not lead to u; € V. There exist, however, methods fulfilling
this constraint, like that of [52].

Given an approximation (up, pn) € Vo X @, not necessarily the numerical
solution, the a posteriori error estimators on T' € 7 are defined as follows.
Let o, € H(div, {2). We define the residual estimator

. = Cprhr||V-a, +f|r, (4.1)

where Cp p is the constant from the Poincaré inequality (3.2), and the dif-
fusive flux estimator

nor,7 = ||Vur, —prd — oy |7 (4.2)

We then have the following estimate.
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Theorem 4.1 (Velocity estimate for conforming divergence-free ap-
proximations.) Let u € Vy be the weak solution given by (2.5) and let
(up,pn) € Vo x Q be arbitrary. Let o, € H(div, 2) be such that

(Vg, +f,e;))r=0, i=1,...,d, VT €T (4.3)
Then
1/2
IV(u—u)| < { > (mr+ 77DF,T)2} - (4.4)
TETh
Proof Using (2.2a) and (2.5), we have
u—up
V(u—u =alu—uy, ———
V=l ( "V uh>||>
a(u— un, @)
< sup ———=——
ecvo Ve
f _
= sup ( 790) a’(uha (P) )
peVo Vel
Let ¢ € Vi be fixed. Then, using that V- = 0,
0= (ph7 v‘p) = (phl7 V‘P)

Moreover, using the Green theorem (g, V¢) = —(V-g,, ¢) and adding and
subtracting (o, V),

(f7 ‘10) - G(U}l, ‘P)
=(f,¢) — (Vun, Vo) + (pnL, V) + (a),, Vo) — (0, V)
= (f + V'gha (P) - (Vuh - phl — Oy, V‘P)

Let T € Tp,. Then, using the assumption (4.3), the Cauchy—Schwarz inequal-
ity, the Poincaré inequality (3.2), and the definition (4.1), we get

(Voo +1.0)r=(Va, +f,0—er)r <nrr|Velr.
Next, the estimate
(Vup, —pud — 0, Veo)r <npr.r||Velr

is immediate by the Cauchy—Schwarz inequality and the definition (4.2). The
above developments give

IV(a—u)| < sup ZTGTh{(nR’T - morr)[Velr}
eV Vel

whence (4.4) follows by the Cauchy—Schwarz inequality. O

)

Theorem 5.1 below, with s, = uy, gives the following additional result to
Theorem 4.1:

Corollary 4.1 (Pressure estimate for conforming divergence-free ap-
proximations) Let (u,p) € V x Q be the weak solution given by (2.3a)-
(2.3b). Further, let (up,pn) € Vo x Q be arbitrary. Assume that o, €
H(div, 2) satisfies (4.3). Then it holds

1/2
Bllp — pnll < Cis{ > (rr + ﬂDF,T)Q} : (4.5)

TeTh
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5 A posteriori error estimate for general approximations

In this section we derive our main a posteriori error estimate. This estimate is
valid for an approximation (up,ppn) € V(75) X @, not necessarily the numer-
ical solution. Note that the approximate velocity u, can be nonconforming
and non-divergence-free.

The a posteriori error estimators on T € T, are defined as follows. The
possible nonconformity of uy, i.e., the fact that uy is not necessarily in V, is
estimated by the nonconformity estimator

INC,T = Hv(uh - S}l)HT) (5.1)

where s, € V is arbitrary. Next, the divergence estimator, related to the
divergence-free constraint (2.8), is given by

o, = T (5.2)

As in Section 4, the key for our a posteriori error estimates is to construct a
flux (stress field) o), € H(div, {2) that is in approximate local equilibrium,
i.e., satisfying (4.3). It enters in the residual estimator

nr,r = Cp rhr||V-a;, + ||, (5.3)

related to the possible violation of the equilibrium equation (2.7) in the
approximate solution (here Cp,r is the constant from the Poincaré inequal-
ity (3.2)), and in the diffusive fluz estimator

DF, T ‘= Hvsh —prd — Qh”Tv (54)

related to the fact that the constitutive law (2.6) is not satisfied exactly by the
approximate solution. Recall the definition (3.5) of the energy (semi-)norm.
Our main theorem is the following.

Theorem 5.1 (Estimate for general approximations) Let (u,p) € V x
Q be the weak solution given by (2.3a)—(2.3b) and let (up,pn) € V(Tn) X
Q be arbitrary. Choose an arbitrary s, € V and o, € H(div,§2) which
satisfies (4.3). Then it holds

10 =, p = pa)ll

. 1/2 . o 1/2 (5.5)
<9 nkerp + s > Atmr+morr)’ +nhrt

TeTn TETh
Proof By the triangle inequality we have
1@ = wn, p = pu)lll < [V(an = sn)|| +[[|(a = sn,p = pa)lll-
Using the stability estimate (3.6) (note that u —s;, € V), we obtain

1 B((w—sp,p—pn), (¢, 1))
u—Sp,Pp— Ph < = sup
¢ =T % MeXBI

Let (¢,1) € V x Q be fixed. Employing the definitions (3.3) and (3.4), we
have
B((u — Sh, D — ph)a (‘Pﬂ/’))
= B((u,p), (¢, ¥)) — B((sh, pn), (¢.,1)) (5.6)
= (f, ) — (Vsn, Vo) + (V-o,pn) + (V-sp, ).
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Next, using that (pn, V-9) = (prl, V), adding and subtracting (o, Vi),
and using the Green theorem, we get

B((a—sn,p—pn), (¢, ¥))
= (£,) = (Vsn, Vo) + (prL, Vo) + (Vesn, ¥) + (a4, Vo) — (@, V)
= (Vg +£,0) = (Vsp —prl — g, V) + (V-si, ¥).
We estimate the first two terms as in the proof of Theorem 4.1, using the

equilibrium condition (4.3) and the Poincaré inequality (3.2). For the last
term, we use the Cauchy—Schwarz inequality to obtain

B((u — Sp,p — ph)7 (‘10) ¢))

B
< > (e +mor)|Velr + EI\V-SnIIIIwI\
TeTh

IN

1/2
{ > {tmr +morr) +77%,T}} 1(es )]l

TeTh

The assertion then follows by collecting the above estimates. 0O

Let, for T € Tr, nne,r and np r by given respectively by (5.1) and (5.2)
and set
NR,T ‘= Cp,ThTHV'Qh — Vpn + f||T (5.7)

and
nor,1 = ||Vsp —ay|lr. (5.8)

In the sequel, we will also need the following modified version of Theorem 5.1.

Corollary 5.1 (An alternative version of Theorem 5.1) Let (u,p) €
V x Q be the weak solution given by (2.3a)—~(2.3b) and let (un,pn) € V(Tr) x
[Q N HY(2)] be arbitrary. Choose an arbitrary sy, € V and o, € H(div, 2)
such that

(Vo,—Vpr+fe)r=0, i=1,...,d, VT € Th. (5.9)
Then it holds

[1(a = up, p = pn)ll

i 1/2 . o 1/2 (5.10)
<Y nkerp + s > {wr+morr)’ +nhr}p

TETh TETh

Proof We proceed as in the proof of Theorem 5.1; only the term (V-p,pp)
in (5.6) is treated differently. By the assumption p, € H!(§2) and the Green
theorem, we get (V-,prn) = —(Vpn, ). The rest of the proof follows easily
while using assumption (5.9) instead of (4.3). O

Remark 5.1 (Equilibrated fluz o, ) The equilibrated flux o, in Theorems 4.1
and 5.1 and in Corollary 4.1 is a H(div, §2)-conforming reconstruction of the
flux Vuy, —pp, I. It is related to the decomposition (2.6)—(2.7). It will typically
apply to such numerical methods where p, € H*(£2). The equilibrated flux
o, in Corollary 5.1 is instead a H (div, §2)-conforming reconstruction of the
flux Vuy. It is related to the decomposition (2.9)—(2.10). It will typically
apply to such numerical methods where p, € H'(£2).
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6 Local efficiencies

In this section, we prove the local efficiencies of the estimates introduced
above.

First, we make the following assumption. Note that this assumption is
only needed in this section.

Assumption 6.1 (Local efficiency) We suppose that, for some k > 1,

— uy, € [Pr(T)]?, pr € Pu(Th), and f € [Py(Tn)]%,

— there exists a shape-reqular matching simplicial submesh S of T,

— for each T € Ty, the number of subelements T' C T, T € Sy, is uniformly
bounded

— the reconstructed flux o, € [Pr(Sh)]**<.

When 7}, is itself simplicial and matching, we will in many cases simply
use S = Tp. A mesh S, # T, will be needed for conforming methods or
when 7, is not a simplicial mesh or is nonmatching.

We next introduce some new notation. We use A < B when there exists a
positive constant C, independent of the mesh size, of {2, and of u and p but
dependent on the space dimension d, on the shape regularity parameter of
the mesh Sy, and on the maximal polynomial degree k, such that A < CB.

In order to proceed without specifying a particular numerical method, we
will now make an additional assumption. In Section 7 below, this assumption
will be verified for the methods in question. Recall that for 7" € Ty, the
classical local residual error indicator (cf. [56,57,26,40]) writes

ez = 3 {WBIE+ Aw, — Vpul + [V-us 3}

TeX
) (61)
+ > hell[(Van = ppDnp]|F+ > hptlIun]l?
Fegint FeFr

We assume that a quantity linked to our estimators npr,7 is a local lower
bound for e, 7:

Assumption 6.2 (Approximation property) ForallT € Ty, there holds
Vup — prd — a7 < Tres,T (6.2)
in the case where o, satisfies (4.3) and
[Vun = apllr < Mres,r (6.3)
in the case where o, satisfies (5.9).

By Zay : [Pr(Sh)]¢ — [Pr(Sk)]? NV, we denote the following averaging
operator: let vy, € [Py (Sh)]d. Then Z,, prescribes the Lagrangian degrees of
freedom of Z,, (vy) € [Px(Sk)]¢ NV inside §2 by the average of the values of
v, and sets 0 on 9f2. For the analysis we need the following result [1,42,19,
61].

Lemma 6.3 (Averaging approximation estimate) For s;, = Z,,(uy),
there holds, for all T € Ty,

1/2
IV(up =sp)llr < { > h?l[[ﬂh]]l%} : (6.4a)

Fe3r

1/2
an = snllr S { > hFl[[uh]H%} : (6.4b)

Fe3r
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We now state and prove the main result of this section.

Theorem 6.1 (Local efficiency) Let Assumptions 6.1 and 6.2 be satisfied.
Let sy, = Ty (uy) and let, for T € Ty, any of the following possibilities hold:

— nr,7 and npr,7 are given by (4.1)-(4.2),

— nNe, T, D75 MR, ond Npr,r are given by (5.1)—(5.4),

— nne,r and np,r are given by (5.1)=(5.2) and nrr and npr,r are given
by (5.7)-(5.8).

Let finally (u,p) € V x Q be the weak solution given by (2.3a)—(2.3b). Then
it holds
nr S (w—wan,p—pu)ll<,

for all the local estimators nr = nnc, 7, MD,7, MR, T, ANd NDF,T-

Proof Let T € Ti,. We will first bound the individual estimators by 7es, 7 or
by its components.

For npr, 1 given by (4.2), we have npr 7 < fres, 7 by Assumption 6.2. For
npr,r given by (5.4), the triangle inequality gives

nmor, 17 < ||Vsy — Vur|lr + [Vuy, — pnd — oy |7,

whence npr,r S Tres,r by combining Assumption 6.2 and (6.4a). For the
third alternative, npp r given by (5.8), using the triangle inequality,

nor,r < |[|Vsy — Vugl|r + [|Vu, — gy, |7,

whence once again npr,7 < Mres,r by Assumption 6.2 and (6.4a).
The estimator nnc,r is bounded directly by (6.4a).
For the estimator ng, 7 of (4.1), we have

NR,T S_, hTHf + Auy, — Vph”T + hTH — Auyp + Vpn + V'thT
= hr|f + Aup, — Vpu|lr + hr||V-(Vuy, — prd — o) |lr
S hellf + Auy, — Vpi|lr + [|[Vuy, — pp — oy, |7

by the triangle inequality and by the inverse inequality. The bound ngr 7 <
Tres,7 thus follows by Assumption 6.2. For ng 1 given by (5.7), we similarly
have

MR, T 5 hTHf + Auy, — Vph”T + hT” — Auy, + V'thT
< hellf + Aup — Vpullr + |[Van — a7,

whence nr. 7 S Nres,7 by Assumption 6.2.
We are left with bounding np 7. We have

1
B

1
.1 < E(HV'(Sh —up)llr + IVunllr) S (hptlIsw — anllr + | V-un|l7),

whence, by (6.4b), 1D 7 S Nres,T-

We have now bounded all the local error indicators by n.es,7. The assertion
of the theorem follows by the fact that this classical residual a posteriori error
estimate is a lower bound for the energy error, see [56,57,26,21] (the term
{3 rez, he IIunlll%}/? is bounded in [21, Theorem 5.5]). O
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7 Application to different numerical methods

In this section, we derive a posteriori error estimates for different numerical
methods using Theorem 4.1, Corollary 4.1, Theorem 5.1, or Corollary 5.1.
This consists in specifying a way for constructing the flux o, € H(div, {2)
satisfying (4.3) or (5.9). Remark that this construction is always local. We
also check, via Theorem 6.1, that the local efficiency holds for the derived
estimates. This consists in verifying Assumption 6.2.

7.1 Discontinuous Galerkin method

We apply here Theorems 5.1 and 6.1 for deriving locally efficient a posteriori
error estimates for the discontinuous Galerkin method. For simplicity, we
suppose that 7; consists of simplices and is matching. The straightforward
modifications to general meshes 7, can be carried out along the lines of [33]
or [32, Appendix].

Define

Vi = [Pu(T, (7.1a)
Qn :=Pr_1(Th) N Q, (7.1b)

k > 1. Next, set

ap(up, vp) = Z (Vup, Vvp)r + Z b ([un], [val) r
TETh FeoTy

— > {qvVwng, [vil)r + 0({Vvakng, [un])r}

FeoTy,

(7.2)

and

br(vasan) === Y (an,V-vi)r + Y ({an}, [vilmr)r. (7.3)

TETh FedTn

Here, vp > 0, F € 0Ty, is a parameter (chosen sufficiency large), and 6§ =
{-1,0,1}. The discontinuous Galerkin method for the problem (2.3a)—(2.3b)
reads: find (up,pr) € Vi X @y, such that

ah(uh, Vh) + bh(vh;ph) = (f, Vh) Vv, € Vh, (74&)
br(un,qn) =0 Van € Qn- (7.4b)

We now specify o, € H(div, £2) satisfying (4.3). We follow [43,31] in
the second-order elliptic setting. For a recent similar reconstruction for the
Stokes problem, we refer to [10]. Our postprocessed flux o will belong to
the Raviart—-Thomas—Nédélec space of tensor functions,

2Ty = {v, € H(div, 2); v,|r € ZN(T) VT € Ta}, (7.5)
where [ is either kK — 1 or k£ and
ZHT) = [Py(T)]™ + [PU(T)]* @ x.

In particular, v, € X'(T3) is such that V-v,|p € [P)(T)]? for all T € Ty,
v,nr € [P(F)]* for all F € Fr and all T € Tj,, and such that its normal
trace is continuous, cf. [17].
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We prescribe g, € X'(75) locally on all T € T, as follows: for all F € Fp
and all q;, € [P(F)]4,

(@pnp,an)r = ({Vu, — ppL¥np — yphp' [un], an) F, (7.6)

and for all T,, € [P,_1(T)]%*4,

(@h: Tp)r = (Vap, —pud,7),)7 — 0 Z (wrTpnp, [ur])F, (7.7)
FeFr

where wp = % for F € OT™ and wp := 1 for F € 97,2, Observe that
the quantities prescribing the moments of g,nr are uniquely defined for
each side F' € 07Ty, whence the continuity of the normal trace of g,. The
two following lemmas are of decisive importance, implying (4.3) and (6.2),
respectively.

Lemma 7.1 (Reconstructed flux in the discontinuous Galerkin me-
thod) For T € Ty, let o}, be defined by (7.6)—(7.7). Then, there holds

(V-a), +£,vi)r =0 Vv, € [P(T)]%, (7.8)
(V-ay)|lr = —(ILf)|r, (7.9)

where TI; is the L2-orthogonal projection onto [Py(Ty,)|%. Thus, in particular,
(4.3) holds.

Proof Let T € Tp, and let v, € [P(T)]¢. Owing to the Green theorem, it
holds

(Vo vi)r = —(ay, Vvp)r + Z (opnr, viy)p =:T1 + T.
FeFr

Since Vv |7 € [P—1(T)]4*4, using (7.7) yields

T, = —(VUh —ppd, vVh)T +0 Z <WFvthF7 [[uh]]>F-
FeFr

Furthermore, the fact that vy,|r € [P;(F)]¢ for all F € Fr and (7.6) yield

TQ = Z <{{Vuh — phl}}np — 7Fh;1[[uhﬂ, nT~anh>F.
FeFr

Extend vy, by 0 outside of T'. Using the above identities, (7.2), (7.3), and (7.4a)
yields

Ty + T2 = —ap(up, vi) — ba(va,pn) = —(£, vi)r,

whence (7.8) is valid. Finally, (7.9) results from (7.8) and the fact that
Vea,|r € [P(T)¢ D

Lemma 7.2 (Approximation property of the reconstructed flux in
the discontinuous Galerkin method) For T € T, let o, be defined
by (7.6)~(7.7). Then (6.2) holds.
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Proof The proof follows the lines of that in the case of second-order elliptic
equations. Recall that in the present case (S, = Tp), Tn is shape-regular
by Assumption 6.1. Using the equivalence of norms on finite-dimensional
spaces, the Piola transformation, and scaling arguments, one shows that for
all T € Ty, and all v, € X'(T)

2
Up, T
|gh|%s{hT 3 ||ghnp||%+< s M) } (7.10)
Th€

FeFr P,y (T)]dxd Izl

Define v;, := Vuy, — ppd — o},. Then, using (7.7) and the Cauchy—Schwarz
and inverse inequalities, we get

Wn t)r =0 > (wrryne, [wl)r S 100k llrylle Y lluadlle
FeFr FeFr
Note that (7.6) gives
anrlr = {Vu, — ppl}np — yphp L ([ug]).

Thus, using (7.10) and the above developments, we have

o7 < {hT Y IV —paInpli +he Y Ivehy T([ua])llF
FeFnt FeFr

+1012hpt > |[[uh1]||%}7
FeFr

whence (6.2) follows. O

7.2 Conforming and conforming stabilized methods

We will show here how locally efficient a posteriori error estimates can be ob-
tained for conforming and conforming stabilized methods using Corollary 5.1
and Theorem 6.1. We suppose that T, consists of simplices and is matching.
In this section, V; C V, so that we systematically set s, = u;, throughout
this section.

The conforming methods for the problem (2.3a)—(2.3b) that we consider
read: find (up,pn) € Vi X @, such that

a(up,vp) +0(vh,pn) = (£,vh) Yvi € Vi, (7.11a)
b(un, qn) =0 Yan € Q. (7.11b)

In particular, we consider the Taylor—Hood family [54,16], where, for k > 1,
Vi = Prst (T NV, Qn=Pr(Th)NC(2)NQ.

The Mini element [7], where
Vi, = PYT)* NV, Qn=Pi(Th)NC(2)NQ,

where PY(7;,) stands for IPy(7,) enriched by bubbles, is likewise considered.
We also include the lowest-order methods, namely the cross-grid PPy ele-
ment [48], where

Vi = [P(T)II NV, Qu=Pi(Th)NC(2)NQ,
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with 7,¢ formed from 7, by adding the barycenter as a node and cutting the
simplex into (d 4+ 1) subsimplices, and the Py iso PPy element [12], where

Vi = [P1(Th2)]" NV, Qun=Pi1(Th)NC(2)NQ,

with 7,/ formed from 7, by adding the edge barycenters as nodes and
cutting the simplex into 2¢ subsimplices.

We also consider the conforming stabilized methods written in the general
form: find (up,pn) € Vi X @, such that

a(up, vi) + b(vi, pr)+tn(un, pr;ve) = (£,vi) Vv, € Vi, (7.12a)
$h(Wh, Pr; qn) + b(an, qn) =0 Yan € Q. (7.12Db)

Let 6 > 0 be a parameter and let
Vi = Pu(T)] NV, Qn=Pi(Th)NC(2)NQ.

Then the Brezzi—Pitkdranta method [18] uses

sn(un, prign) = =8 Y h3(Vpn, Van)r,
TETh

th(un, pr;ve) =0

and k = 1, the Hughes—Franca—Balestra method [41] uses

sn(Wn,prign) =6 > (£ + Aw, — Vpn, Van)r,
TETh

th(Wn, pr;vh) =0

and k > 1, and the Brezzi-Douglas method [15] uses

sp(un, prsqn) =0 Z h3{(f — Von, Van)r + (Awpnr, gn)ornon},
TET

th(un, pr;ve) =0

and k > 1.
For
Vi = [Pe(T)]* NV, Qn=Pr_1(Th) NC(2)NQ,
k > 2, and a parameter p = —1,1, we also consider the following optimally

converging Hughes—Franca—Balestra family [41], see [36,35] for an error anal-
ysis:

sn(Whsprian) =6 > hg(f+ Aup — Vpn, Van)r, (7.13a)
TeTh
tn (W, pr; va) = 8p Y h3(f + Aup — Vpp, Avy)r. (7.13b)

TETh
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7.2.1 Lowest-order continuous pressure elements

We consider here the lowest-order methods with the velocity and pressure
spaces formed by continuous piecewise P; polynomials, namely the cross-grid
P1—IP; element, the Py iso Po—IP; element, and the above stabilized methods
with k = 1. In the sequel, for the first two methods, 7;° or 7T}/, is to be
substituted systematically in place of T,. We follow the approach introduced
in [45,60,63].

First, we need to introduce some more notation. Let the dual mesh Dy, be
formed around each vertex of T, using the edge, elements, (and face in 3D)
barycenters as indicated in the left part of Figure 7.1. Let D}{“ correspond to
the interior vertices and D§** to the boundary ones. Finally, we cut each D €
Dy, into a simplicial mesh Sp as indicated in the right part of Figure 7.1; the
matching simplicial submesh Sy, of Ty, (and of Dy,), needed in Assumption 6.1,
is created by collecting the local meshes Sp. We denote by Fp all the sides
of a given D € Dy, by 88y, all the sides of S, and by St all the interior
sides of Sy. Similarly, for D € Dy, we will employ the notation dSp for all
the sides of Sp, dSH® for all the interior sides of Sp, and dSE* for all the
boundary sides of Sp. The notation introduced in Section 3.1 for the mesh
T, will be used in this section also for the meshes D), and Sj. For a vertex
V €V, let ¥y be the associated IP; finite element “hat” basis function. Let
Py, + =1,...,d, be its vector variants such that ’Lb%/l = Py, {M =0 for
j=1,...,d, j #1i. .

For a side F € dS;™ such that FF C 9D for some D € Dy, define the
normal flux functions

TF(Uh) = (VuhnF)|F. (714)

Note that all such sides lie inside some T € Tp, cf. Figure 7.1, so that Vuy
is indeed univalued thereon. The following important property holds for all
the above-listed methods.

Lemma 7.3 (Local conservativity of lowest-order conforming meth-
ods) Let f be piecewise constant on Ty and let (up,pp) € Vi x Qp be
given by (7.11a)—(7.11b) or by (7.12a)—~(7.12b) for any of the spaces described
above. Let Yr(up) be given by (7.14). Then

> (Xr(w)npnr,e)r — (Vpn,e)p + (f,e)p =0,
FeFp (715)
i=1,...,d VD& DM,
Proof For a given dual volume D € D}lnt and associated vertex V, fix i €
{1,...,d} and consider ¥y, as the test function v in (7.11a) or (7.12a).
Recall that the support of 9y ; is given by Ty, all the elements of 7, sharing
V. Then, under the assumption that f is piecewise constant on 7y,
(£.¥vi)z, = (f.e)p (7.16)
easily follows as |[DNT| = |T|/(d + 1) for all T € Ty, (cf., eg., [63,
Lemma 3.11]). Next, one derives
(Vuy, Vipy )z, = —(Vupnp, e;)op
as in [8, Lemma 3] or [63, Lemma 3.8]. Thus, using (7.14),

(Vup, Vipvi)z, = — Z (Yr(up)npnp,e;)p.
FeFp
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Fig. 7.1 Dual mesh D;, (left) and a simplicial submesh Sp of D € Dy, (right) for
conforming methods in two space dimensions

Next, using the assumption p, € P1(7,) N C(£2), implying p, € H (), the
Green theorem, and the fact that 1y; = 0 on 0%y, one comes to

b(Yv,i,pn) = —(VYvi,pr)s, = (Yvi, Von)z, -

The above right-hand side can still be rewritten equivalently as

(Yvi, Vor)z, = (e, Vor)p. (7.17)

This follows from the fact that Vpy, is piecewise constant on 7, so we can
use the same arguments as for obtaining (7.16). Thus, combining the above
arguments, (7.15) is implied by (7.11a) or by (7.12a). O

Remark 7.1 (Lemma 7.3) Note that, actually, only (7.11a) or (7.12a), nei-
ther (7.11b) nor (7.12b), is needed in Lemma 7.3.

We will now define a suitable o, € H(div, 2); more precisely, we will
construct g, in the Raviart-Thomas-Nédélec space X°(Sh,), see (7.5), on the
fine simplicial mesh Sy,. Prior to proceeding to a construction ensuring (5.9)
(that is, a local conservation property on the mesh 73), let us make the
following remark.

Remark 7.2 (Simple construction of o, ) Following [60,63], the simplest con-
struction of g, € X°(Sy,) is by

onp = {Vunrp} VF € 08y, (7.18)

that is, we merely prescribe the degrees of freedom of o, by averaging the
normal components of the discontinuous approximate flux Vuy over those
sides of the mesh &) which are contained in 07, and by setting directly
Vu,nr on those sides of the mesh S;, which are not contained in 97;. The
flux o, defined by (7.18) (which is consistent with (7.14)) in virtue of (7.15)
clearly satisfies (5.9), but on the mesh D" and not on the mesh 7. The
upper bound would then needed to be written on the mesh Dy, instead of Tj,
following [60,63]. The proof of the approximation property (6.3) is in this
case straightforward: using (7.18) and (7.10), on T' € Sp,

1/2
IVu, — allr < {hF > |[[Vuh]]nF||%~} 7

FeFr

whence (6.3) follows taking into account the fact that [ppInp] is zero since
pn € C(£2).
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Let us now define o, € X°(S),) such that (5.9) holds, that is, such that
the local conservation property is satisfied on the original mesh 7. For this
purpose, we adapt to the present setting the approach of [33,63]. It consists
in mixed finite element solutions of local Neumann/Dirichlet problems. A
local linear system on each D € Dy has to be solved here but numerical
experiments reveal better performance of this approach.

Let a dual volume D € Dy, and a polynomial degree [ > 0 be given. In this
section, [ = 0, but [ > 1 will be required later for higher-order conforming
methods. Let the normal flux function Yr(up) be defined by (7.14). We
generalize this notation to ¥'r(un,pr), required once again later for higher-
order conforming methods. Denote

24 (Sp) == {v, € 2'(Sp); vynr = Yr(upy,py) YF €S, F C 8(D}. |

7.19

This is a space of Raviart-Thomas—Nédélec tensor stresses on the given dual

volume D whose normal fluxes are given by Y'r(up, pp) on 0D \ 912. Let I,

denote the L2-orthogonal projection onto [P;(Sy)]%. We then define g, the

equilibrated flux being at the heart of our analysis, in the space X' (Sn) by
solving on each D € Dy, the following minimization problem:

fod = ar inf Vu, —v . 7.20
a;lp gyhegg(sm,V-gh:v]nh—mfH n=vllp (7.20)

Note that the fact that X'w(up,prn) are univalued and the definition (7.19)
ensure that such a flux g; has the normal component continuous and thus
indeed belongs to X'(Sy,).

Let Ei\],o(SD) be as XX (Sp) but with the normal flux condition v, np =
0 on F € 5™, F C 0D. Let [P;(Sp)]? be spanned by piecewise constant
vectors on Sp with zero mean on D in each component when D € Dj™; when
D € D§**, the mean value condition is not imposed. Then it is easy to show,
cf. [33], that (7.20) is equivalent to finding ), € X\ (Sp) and rj, € [P} (Sp)]?
such that

(lh - vufuﬂh)D + (I'fu V'Qh)D =0 Vﬂh € Ei\j,o(SD)v (7-213«)
—(V-a,én)p — (£ = Vpn,dn)p =0 Vo, € [P} (Sp)]". (7.21Db)

The existence and uniqueness of a solution to the above system are standard.
This system is a mixed finite element approximation of a local Neumann prob-
lemon D € D}L“t; the Neumann boundary conditions are given by the normal
flux functions Y (uy, pp). Note in particular that XYz (up, pr) satisfy the Neu-
mann compatibility condition by (7.15). When D € D§**, this system is a
mixed finite element approximation of a local Neumann/Dirichlet problem;
homogeneous Dirichlet boundary condition is prescribed on 0D N 0f2.
These developments imply:

Lemma 7.4 (Reconstructed flux in lowest-order conforming meth-
ods) Let f be piecewise constant on Ty, and let (up,pp) € Vi, X Qp, be given
by (7.11a)—(7.11b) or by (7.12a)—~(7.12b) for any of the lowest-order methods.
Let Yp(up) be given by (7.14) and prescribe o, by (7.20), with | = 0. Then
(5.9) holds. More precisely,

(Veap)lr = (Vo —f)lr VT € Sh. (7.22)

To finish this section, we have:
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Lemma 7.5 (Approximation property of the reconstructed flux in
lowest-order conforming methods) Let the assumptions of Lemma 7.4
be verified. Then the approzimation property (6.3) holds.

Proof Let D € Dy, and let ), € X% (Sp) and r, € [P5(Sp)]? be given
by (7.21a)—(7.21b). Extending the approach of [59, Section 4.1] (cf. also [6,
5]) to the vector case, we define a postprocessing Ty, of rj, such that

Vi = (gh —Vuw)|r VT € Sp, (7.23a)
%rm, i=1,...,d, VT €Sp. (7.23D)

Note that this is a cheap local procedure. It follows from (7.23a), (7.23b),
and (7.21a) that

(Vinvp)p + (B, Voup)p =0 Vo, € Iy (Sp).

Fixing one F' € 9S8t choosing the basis functions of gﬁ\m(SD) having
nonzero normal trace only across this side, and using the Green theorem, we
arrive at

([Fn].ei)r =0, i=1,....d. (7.24)

This means that the postprocessed r;, has the mean value of the jump in

each component equal to zero on the interior sides of Sp. Alternatively, we

can say that r;, has means of traces continuous on the interior sides of Sp.
If D € DJ**, we arrive similarly at

(Fr,ei)p =0, i=1,....d (7.25)

for all F € S such that F C 9f2. Thus, on exterior sides of Sp belonging
to 02, the mean value of each component of rj, is zero.
Finally, for D € Dj*, we have that (rj,e;)p = 0,7 = 1,...,d, from the

definition of [P§(Sp)]®. From this fact and (7.23b), we deduce that
(Fn,ei)p =0, i=1,....d. (7.26)

Thus, on dual volumes not touching the boundary, the mean value of each
component of 1y is zero.

We denote by M(Sp) C [P2(Sp)]?¢ the corresponding space of polyno-
mials verifying (7.24), (7.25), and (7.26). Using the above developments, we
have

IVa, — oo = sup (Vup, — ), Vimy)p. (7.27)
m; EM(Sp), [Vmy|[p=1

We now develop the right-hand side of (7.27). Using the Green theorem,
the fact that V.o, = Vp, —f for all T € Sp, see (7.22), (7.24) (with T,
replaced by my,) and the facts that ((Vu, — a,)nr)|r is in [Po(F)]? and
that [o,np]|F = 0 for all sides F € OSHt, we arrive at

(Vuh — Oy, vInh)D

= Z {—(mp, V-(Vu, —ay,))r + (Vu, —ap,)nr,mp)ar}
TESD (7.28)

= - Z (my, f + Aup, — Vpp)r + Z ([Vupng], my)p.

TeSD Feasint
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We have also used that g,nr = Vupnp for all boundary sides F' of Sp
not included in 912 since g, € XX (Sp), and (7.25) for all boundary sides
F of Sp included in 9f2. By the Cauchy—Schwarz inequality and the inverse

—1
inequality |mp||r S hp?||mp|/7, we can further estimate

(Vuy, —a),, Vmy,)p

1/2 1/2
< { Z h;2||mh||2T} { Z h2T||f+Authh||2T}

TeSD TeSp
1/2 1/2
+{ Z hF1|mh|%‘} { Z hF”[[vuhnF]”%‘}
Feosipt Feasipt

1/2
Shplllmhln{ > BlIf + Au, = VpnlF+ > hFl[[VuhnF]]Ilfv} :

TeSp FE@S‘I‘)“

Recall that, as my € M(Sp), we have (7.25) or (7.26) for my. Thus, the
discrete Poincaré/Friedrichs inequality

lmp|p S hplVmg|p

can be easily proven along the lines of [58]. Consequently, (6.3) follows from
the above estimates, the fact that [ppInp] = 0 for all F' € SB* since pj, €
C(£2), and (7.27). O

7.2.2 Higher-order continuous pressure elements

The approach of the previous section does not generalize directly to higher-
order conforming and conforming stabilized methods. When Vj, contains
piecewise polynomials of degree higher than 1 or f is not piecewise constant
on Ty, the local conservation property (7.15) does not hold. Here, we extend
the approach of Section 7.2.1 to higher-order elements, namely the Taylor—
Hood elements, the mini element, and higher-order stabilized methods.
Recall that each dual volume D € D}L“t is associated with one vertex V &€
V,il“t and recall also the definition %y ;, ¢ = 1,...,d, of the vector Lagrange
basis functions, see Section 7.2.1. For V € V,, denote by Tt all the interior
sides of the patch ¥y . Then, choosing v;, = ¥y, ¢ = 1,...,d as the test
function in (7.11a) or (7.12a) (note that Avy becomes 0 in (7.13b)) and
combining with the Green theorem, we obtain the following result:

Lemma 7.6 (Higher-order conforming methods on a dual mesh) Let
(up,pn) € Vi, x Qp be given by (7.11a)—(7.11b) or by (7.12a)—(7.12b) with
V,, CV and Qn, C HY(£2). Let the normal flux functions Yr(up,) be given
by (7.14). Then

Y (Yr(un)npnr,e)r — (Vpn,ei)p + (f.e)p
FeFp

= (f + Au, — Vpp,ei)p — (f + Aup — Vpp, ¥Pv,i)s,
+ > ([Vwng] Yvar — Y ([Vurng],e)r,

Feogipt Feosiyt
i=1,...,d, VD €D

(7.29)
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We know that lowest-order methods are locally conservative on the ele-
ments D of DI see (7.15). We can see from (7.29) that higher-order methods
are not locally conservative because of the to additional terms featuring the
element residuals f + Aup, — Vpp, and edge residuals [Vupnp]. We intend
to redistribute these correction terms to the normal flux functions X (uy,)
of (7.14) to obtain new normal flux functions ¥r(uy, pp) satisfying

> (Ye(un,pu)npnr,e)r — (Vpn,e)p + (f,e)p =0,
FeFp (730)

i=1,...,d VD e DM,

We achieve this in a spirit similar to the equilibration technique of [4]. As
this represents a conceptually new technique for dual meshes Dp-based a
posteriori error estimates, which is of independent interest, we present it in
Appendix B below.

Achieving, via Appendix B, (7.30), we can now proceed as in Section 7.2.1.
Recall the definition of the space X'(Sp) by (7.5). For the new normal flux
functions Y (up, pr,) of (B6), we can define the space X4 (Sp) by (7.19). We
then set o, € X'(Sy) by (7.20) or, equivalently, by (7.21a)—(7.21b), where
we put I = k— 1. Note that the equation (7.30) holds for the new normal flux
functions Y'r(up, pp), whence the local Neumann problems are well-posed for
De D}l“t. We now have the following equivalent of Lemma 7.4:

Lemma 7.7 (Reconstructed flux in higher-order conforming meth-
ods) Let (up,pr) € Vi X Qp be given by (7.11a)—(7.11b) or by (7.12a)—
(7.12b). Let Yr(up,pr) be given by (B6) from Appendiz B and prescribe o,
by (7.20). Then (5.9) holds. If £ is piecewise polynomial of degree I on Tp,
then, more precisely,

(V'gh)h" = (Vph - f)|T VT € S),. (7.31)
Finally, we have:

Lemma 7.8 (Approximation property of the reconstructed flux in
higher-order conforming methods) Let the assumptions of Lemma 7.7
be verified. Then the approzimation property (6.3) holds.

Proof We proceed as in Lemma 7.5. Let D € Dj,. Firstly, we need to replace
the definition (7.23a)—(7.23b), valid in the lowest-order case, by defining T, €
M(Sp) by

I 5 )(Vinlr) = (g, — Van)|r vT € Sp, (7.32a)
Iy, (1) (Tr|r) = ralr VT € Sp. (7.32b)

Here EE;L(T) is the L%-orthogonal projection onto X, (T) and ITy, (1) is the
L2-orthogonal projection onto V,(T'). The space M(Sp) is a vector variant
of that of [6,5]. What is important in the present analysis is that by (7.32a)-
(7.32b), the properties (7.24), (7.25), and (7.26) still hold. More precisely,
the orthogonality in (7.24) and (7.25) holds up to polynomials of order [ in
each component and not only for constants in each component. Similarly
to (7.27), we now have

|Vu, —a,llp S sup (Vuy, — o), Vmy,)p,
m, EM(Sp), [|[Vmy | p=1
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using [62, Lemma 5.4]. Suppose now for simplicity that f € [P;(Sp,)]¢ instead
of f € [Px(Sh)]? required in Assumption 6.1. Then (7.28) still holds but with
an additional factor

- Z <UF (uh7ph)nD'nF7 mh>F
FEBSS“, FgoR

in the last equality. We thus need to bound this factor, which we do by the
Cauchy—Schwarz inequality and obtain

1/2 1/2
{ > h}lllmhllfv} { > hFIvF(uh,ph)II%} ~

FedSst, Fgon FedSst, Fgon

The first term above can be treated as in Lemma 7.5 and we are left with
bounding the second one.

Let F € 98", let T € Tp, be such that F C T, and let V;, D;, j =
1,...,d+1, be the vertices of T' and the associated dual volumes. Using (B1),
(B3), and (B4), we arrive at

hi!?|lvr(an, p)|
d+1 d
2 _
S hyl ZZ [|F|~(f + Aup — Vpn, €|, — v, .07l F

j=1i=1
d+1 d

+h2 3 Y INET IV uine . edn, =y el

FreFpt j=1i=1
Letie {1,...,d},j€{l,...,d+ 1}, and F' € Fi** be given. Then,
1 2|[F 7 (E + Aug, — Vipn,eslp, — v, )7
— hy2|F|7V?|(f + Aup — Vi, e, — v, )7
< h2[F| 72| + Ay, — Vpallzlles|n, — v, illr
SRV + Auy — V| o|T2
< hy|if + Aup, — V|7
by the Cauchy—Schwarz inequality and the facts that ||e;|p, —v, |7 < Tz,
|T|%/|F|% < h;/Q, and hp < hp. Similarly,
h 2N FIH([Vunnp ] eilp, —v,) e r
= h2|F| V2 ([Vapnp ], eilp, — v, |
S BFEV2[Vurne ]| e leil o, — v, e
SIFI7V2 | [Vurnp ]| plleil b, — v, il

S hIVupne | e,

employing also the inverse inequality |le;[p;, — v, illr < h;,l/2||ei|Dj —

Yy, i||7. Combining all the above results, we arrive at the conclusion that
the approximation property (6.3) holds in the higher-order case as well. O

Remark 7.8 (Standard equilibration techniques) The equilibration techniques
of [4,27,14] can be used in order to produce g, € X'(7;) satisfying (5.9).
Under the condition that (6.3) holds, they can likewise be used in the present
framework.
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Fig. 7.2 Dual mesh Dy, for the nonconforming Crouzeix—Raviart method in two
space dimensions

7.3 Nonconforming methods

Here, we derive locally efficient a posteriori error estimates for the lowest-
order nonconforming Crouzeiz—Raviart method using Theorems 5.1 and 6.1.
We follow the approach of Section 7.2.1. Extension to higher-order methods
is possible along the lines of the approach of Section 7.2.2.

Let 75, be simplicial and matching and let

Vi = v € LTI (il edr =0, i=1,....d,  VFeaTa),
Qn =Po(Th) N Q.

The lowest-order nonconforming Crouzeix—Raviart method for the problem
(2.32)—(2.3b) reads, see [25]: find (up, pp) € Vi, X Qp, such that

a(up, vi) + b(vp,pr) = (£, vh) Yy, € Vi, (7.33a)
b(ap,qn) =0 Van € Q. (7.33b)

Let the dual mesh Dy, be formed around each side of 7} using the element
barycenters as indicated in Figure 7.2; D}l“t correspond to the interior sides
and D¢ to the boundary ones. For a side F € 97T, let ¢ be the Py
nonconforming finite element basis function. Let ¥p;, i = 1,...,d, be its
vector variants such that 'Lb}” = Yp, %ﬂ- =0forj=1,....d, 7 #1i. We
will also need the fine simplicial mesh S;, formed by the d + 1 subsimplices
of each T' € Tj, cf. once again Figure 7.2.

For a side F € dS™ such that F C 9D for some D € Dy, define the

normal flux functions
Tp(uh,ph) = (Vuh - phl)np. (734)

Note that, as in the conforming setting of Section 7.2, all such sides lie inside
some T' € T, cf. Figure 7.2, so that Vuy, and pj, are indeed univalued thereon.

Asin Lemma 7.3 in the conforming case, the following important property
holds.

Lemma 7.9 (Local conservativity of the nonconforming Crouzeix—
Raviart method) Let f be piecewise constant on Ty and let (ap,pn) €
Vi x Qp be given by (7.33a)—(7.33b). Let Yr(un,ppn) be given by (7.34).
Then

Z (Yr(up,pp)np-np,e)r + (f,e;)p =0,
FeFp (735)

i=1,...,d, VDD,
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Proof For a given dual volume D € D}L“t and associated side F, fix ¢ €
{1,...,d} and consider 9 ; as the test function v in (7.33a). Recall that
the support of ¥y ; is given by the two elements sharing F', denoted by 7.
Then, under the assumption that f is piecewise constant on 7j,

(f, ¢F,z‘)7’p = (fv ei)D

easily follows as |[DNT| = |T|/(d+1) for all T € Tp. Next, consider T' € Tp.
One has

(Vun, Vior,)r = (Vuj, Viop)r = —(Auj, ¥r)r + (Vuj,nr, ¥r)or

= (Vuj nr,¢Yp)r = (Vu,nr, 1) r

- Z (Vuj,np,1)p (7.36)

F'eFp,F'CT
= — E <VuhnD,ei>F/,
F'eFp,F'CT

using the fact that Aul = 0 as u,|7 € [P1(7)]¢, the facts that Vul nr is
constant on all sides F' € Fr, that (1,¢p)p = 0 for F’ € Fp, F' # F, and
that (1,¥r)r = (1,1)F, and finally once again the Green theorem and the
fact that Au}, = 0. Finally,

b(Yri,pn) = —(VYri,pn) 71 = — (Ve pnl) 0
3 (Ve Vnx))r = Y (V(pnx)np, 1)

TeTr F'eFp,
= E (phe;mp, 1) = E (prdnp,e;)p
F'eFD F'eFp

by the same arguments as in (7.36) and using that p;, € Po(7;). Combining
the above results, the assertion of the lemma follows. 0O

We will now construct ¢, in the space X°(Sy), see (7.5), on the fine
simplicial mesh Sy,. For a given D € Dy, and Y (uy, pp) given by (7.34), let

2%(Sp) = {v, € X°(Sp); vynp = Yr(up,pr) YF € dS™, F c D).

We define g, € X°(S),) by solving on each D € Dj, the following minimiza-
tion problem:

o = ar inf Vuy, —ppl —v . 7.37

olp=arg ot Ve el (787
Note that as we only have to set the normal fluxes over the side F' associated
with the given D € Dy, the linear system (7.37), contrarily to (7.20), is trivial,
with a diagonal d x d matrix; thus a direct flux formula follows from (7.37).
We have the following result.

Lemma 7.10 (Reconstructed flux in the nonconforming Crouzeix—
Raviart method) Let f be piecewise constant on Ty, and let (ap,pn) €
Vi x Qp be given by (7.33a)—(7.33b). Let o, be defined by (7.37). Then
(4.3) holds. More precisely,

(V'gh)h‘ = 7f|T VT € Sy, (738)
Finally, the next result follows along the lines of the proof of Lemma 7.5.

Lemma 7.11 (Approximation property of the nonconforming Crou-
zeix—Raviart method) Let the assumptions of Lemma 7.10 be verified.
Then the approximation property (6.2) holds.
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7.4 Finite volume and related locally conservative methods

This section is devoted to the application of the estimates of Theorems 5.1
and 6.1 to finite volume methods, cf., e.g., [30], and, in a larger sense, to
general locally conservative methods such as the mimetic finite difference
one, cf., e.g., [11].

A general locally conservative method for the problem (2.3a)-(2.3b) en-
ables to find the side normal fluxes ¥'r, constant d-dimensional vectors for
each side F' € 97y, such that

> Titnrnp)+ (fe)r=0  i=1,...d VTeT, (7.39)
FeFr

Usually, velocities uy, € [Po(7%)]? and pressures pj, € Py(7y,) are also obtained
from the given numerical scheme.

Suppose first that 7j is simplicial and matching. In order to obtain a
posteriori error estimates in this case, we define a flux (stress) g, in the
Raviart-Thomas-Nédélec space X°(7y,), see (7.5), prescribing its degrees of
freedom by

ghnp|p = | VF € ]:T; VT € Th. (740)

-r
F|
Then (4.3) immediately follows from (7.39), (7.40), and the Green theorem.
Consequently, Theorem 5.1 could directly be applied to obtain an a posteriori
error estimate for [||(w — us,p — pu)|||l. As, however, u;, € [Po(77)]%, Vuy is
a zero tensor and such an estimate would be of very little practical value.
We thus, following [59,61], introduce a postprocessed velocity @y, € [P2(7T7)]?
satisfying

Vap|r —prllr = anlr VT € Th, (7.41a)
7(“’]’;(% =ully, i=1,....d, VT €T (7.41b)

Note that such a postprocessing is local on each mesh element T and is
cheap, as we merely prescribe the degrees of freedom of uj,. The advantage
of this postprocessing is twofold: firstly, Vuy, is no more a zero tensor and
it gives a good sense to estimate [||(u — @n,p — pp)|||; secondly, by (7.41a),
IVay — pr — o} |lr = 0. Thus, (6.2) (with uy, replaced by @) is trivially
satisfied. This is perfectly in agreement with the “flux-conforming” nature of
locally conservative methods.

Meshes consisting of general polygons (polyhedrons), possibly nonconvex
and not star-shaped, and nonmatching meshes can be taken into account
following [61, Section 5]: one introduces a simplicial submesh S of each T €
Tr, such that Sy form a conforming simplicial mesh S, of 2. One then uses
the validity of the balance equation (7.39) on each T' € T}, in order to solve
on the mesh St of each T' € T}, a local Stokes problem, yielding a side normal
flux Y for each side F' € 9S;, and uy, € [Po(Sy)]? and pp, € Py(Sy). Then
the approach of the previous paragraph can be applied in a straightforward
way on the mesh Sj,.

Remark 7.4 (Estimates for the fluzes o, ) Estimates on the error directly in
the fluxes g, can be established along the lines of the analysis in [62].
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7.5 Mixed finite element methods

Here, we derive locally efficient a posteriori error estimates for mixed finite
element methods using Corollary 5.1 and Theorem 6.1. We suppose that Tj,
is simplicial and matching.

The mized finite element method for problem (2.3a)-(2.3b) reads: find
(o, un,pr) € X}, x Vi, X Qp, the approximation to the stress tensor o, the
velocity u, and the pressure p, respectively, such that

(gh’zh) + (uha Vzh) =0 th S Ehﬂ (7423.)
—(Vgh, Vh) + (Vph, Vh) = (f, Vh) Vv € Vi, (7.42b)
(un, Van) =0 Vg € Qn. (7.42¢)

We consider the Raviart-Thomas-Nédélec spaces X, := X" (Ty,) (see (7.5)),
Vi, = [Pr(Th)]%, and Qp := Pry1(Tn) N C(2) N Q, k > 0. Brezzi-Douglas—
Marini/ Brezzi—-Douglas—Durdn—Fortin finite element spaces can also be con-
sidered, as in [53].

In order to obtain an upper bound on the error |||(u — upn,p — pu)lll,
we could now directly apply Corollary 5.1. Indeed, o, € X,, so that g,
belongs to H (div, £2) by definition, and (5.9) follows from (7.42b). As, how-
ever, explained in Section 7.4, such a direct application is not too wise. Thus,
following [6,5,59,62], we once again introduce a cheap elementwise postpro-
cessing of the velocity uy. Let T € Tp, and let X, (T') denote the restriction
of X, onto T and similarly for V(7). We look for a1y |r € M, (T') such that

(Vﬁh - Q}L’I}L)T =0 vzh € Eh (T)a (7433')
(fl}l — Uy, V}l) =0 VV}l S Vh (T) (7.43b)

Equivalently, the above definition can be expressed as

I 5 (1)(Var|r) = o1, (7.44a)
Iy, () (Un|7) = unlr, (7.44b)

where EE; (T) is the LQ—orthogonal projection onto X, (T') and HV,L(T) is the
L2-orthogonal projection onto V4 (T'). The spaces My, (T) are vector variants
of those of [6,5]. They are typically [Pxy1(75)]? spaces enriched by bub-
bles. Moreover, in the lowest-order case (k = 0), as in (7.41a)—(7.41b) (cf.
also (7.23a)—-(7.23b)), following [59], one can easily build @, such that

Vg |r = ap|r VT € Th, (7.45a)
%um, i=1,....d, VTeT. (7.45)

We then apply Corollary 5.1 in order to estimate |||(u — Gp,p — pp)]||- In the
lowest-order case (k = 0) and constructing a, by (7.45a)—(7.45b), | Vay, —
o, llr = 0. Hence in this case, (6.3) is trivially satisfied, once again in agree-
ment with the flux-conforming nature of mixed finite elements. For k > 1, this
property does not hold exactly anymore. By (7.44a), however, |Vay, — o, |1
is expected to be small and act as a numerical quadrature. Finally, we note
that Remark 7.4 applies here as well. Proceeding as in [62], rigorous both-
sided estimates, also including the estimates on the error directly in the fluxes
g, can be obtained.
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8 Numerical experiments

In this section, we illustrate the theory on numerical experiments using
discontinuous, conforming, and nonconforming methods. As a discontinu-
ous method, we consider first- and second-order symmetric discontinuous
Galerkin (DG) method of Section 7.1, i.e., (7.2) with § = 1 and k = 1,2.
The conforming example will be computed using the P; iso Po—P; method
of Section 7.2 and the nonconforming example using the Crouzeix—Raviart
method of Section 7.3.

The a posteriori error estimates for these methods are obtained by recov-
ering the equilibrated flux g; and applying Theorem 5.1 or Corollary 5.1,
depending on the method. For the discontinuous Galerkin method of order k,
we recover the flux from the space X¥(73,). The error estimator is obtained
by applying Theorem 5.1. For such flux and sufficiently regular f, Lemma 7.1
guarantees superconvergence for the residual error estimators ng r of (5.3)
by two orders of magnitude. As we will see, this is not true if f is not suf-
ficiently regular. For the P; iso P5-P; and Crouzeix—Raviart methods, the
flux is recovered by solving local minimization problems (7.20) and (7.37),
respectively. In order for Lemmas 7.4 and 7.10 hold, we, as usual, implement
these methods with f replaced by ITof, where Il is the L2-orthogonal pro-
jection onto [Po(75)]¢. We then include the data oscillation in the residual
error estimators g, (5.7) and (5.3) as Cp phr|/f — Iof||7, which are also
superconvergent (by one order of magnitude) for smooth f. The error esti-
mate for the P; iso Po—P; method is obtained by applying Corollary 5.1 and
for the Crouzeix—Raviart method by applying Theorem 5.1.

Throughout this section, we will consider domain 2 = (0, 1)2. To evaluate
the energy (semi-)norm (3.5) and the divergence error estimator 7p 7 of (5.2)
the inf-sup constant S has to be estimated. Although the inf—sup constant
can be estimated analytically for rectangular domains, we have computed
B with the procedure from [28]. Based on these computations, the value
£ =0.44 is used.

The load function f is chosen to correspond to the solution

u="Vx(z—1>2"y - 1)%%3, p=z+y-1 (8.1)

For a > 0, the velocity field u has a zero divergence, V-u = 0, and satisfies
the zero Dirichlet boundary condition, u = 0 on 0f2. The regularity of u is
[Hzt(2)]4 for o ¢ N and [C*°(£2)]? for a € N.

For all methods, we will first consider problem with a smooth solution.
For this purpose, the parameter « is chosen as o = 1. To compare the error
estimator with the exact error in uniform refinement, we have solved the
problem at hand with each of the mentioned methods on a set of uniformly
refined meshes. The error and estimates behavior for the different schemes
are visualized in Figure 8.1. The corresponding effectivity indices, given as
the ratios of the estimate over the error, are presented in Figure 8.2. The

different estimators, namely
1/2
(s} 2)

TETh

with nr = nne.r, mor,1/Cs, mr,1/Cs, and np 17 /Cs, are plotted in Figure 8.3.
For each method, the predicted superconvergence for the nr r part is ob-
served.



A unified a posteriori estimation framework for the Stokes problem 27

. FIRST-ORDER DG N SECOND-ORDER DG
10 10
107 10"
107 107
o« o
S S
e 2
& 4
i &
10° 10°
107 107
—e— ESTIMATE —e— ESTIMATE
—— EXACT —@— EXACT
OPTIMAL SPEED) OPTIMAL SPEED)
10° 10" 10° 10° 10 10° 10° 10° 10" 10° 10° 10 10° 10°
NUMBER OF NODES NUMBER OF NODES

o Pliso P2-P1 CR

ERROR
e e
5, 5
ERROR
8, 8,

——&— ESTIMATE
EXACT
OPTIMAL SPEED|

——@— ESTIMATE
XACT
OPTIMAL SPEED)

10° 10" 10° 10 10 10 10" 10° 10° 10

NUMBER OF NODES NUMBER OF NODES

Fig. 8.1 Estimated and exact errors for the first-order DG, second-order DG, P
iso P2—P1, and Crouzeix—Raviart methods for the smooth test case
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Fig. 8.2 Effectivity indices for the first-order DG, second-order DG, P; iso P2—P,
and Crouzeix—Raviart methods for the smooth test case

The error distributions from refinement step 5 for discontinuous Galerkin
methods, the P; iso Po—IP; method, and the Crouzeix—Raviart method are
given respectively in Figures 8.4, 8.5, 8.6, and 8.7. As the error bounds given
in Theorem 5.1 or Corollary 5.1 are not in an elementwise form, we have
estimated the upper bound as

1
[l(w = ap,p—pn)ll|* <2 Z {mcr+ @(WR,T +nor,7)> + 0D 1 }-
TET s
We have used the term 07 = {2(n{ ¢ o + Cs > (mr,r +1oF,T)% + 7}%7T)}1/2 as
elementwise error estimator. For comparison of the exact and estimated error
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Fig. 8.4 Estimated (left) and exact (right) error distributions for the first-order
DG method in the smooth test case

distributions, we have also included local the effectivity indices in Figure 8.8.
Based on our results, we can conclude that the predicted and exact error
distributions match quite well.

In the second example, we set o = 0.75, so that the velocity u is in
[H125(§2)]? and there is a boundary singularity on the edge = 0. In this
example, all computations were performed using the first-order DG method.
The problem was solved either on uniformly refined meshes or using a sim-
ple adaptive procedure. In the adaptive routine, we refine ten percents of
elements in each step using the Matlab PDE toolbox refinemesh algorithm.
The elements are chosen such that they have the largest element estimators

nr.
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the convergence rate O(h-2%), which

siderably faster convergence rate. However, the optimal convergence rate is

not achieved even with the adaptive solution strategy. This is probably due to
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the difficult nature of the problem. In order to exclude that this phenomenon

is caused by our error estimator, we include Figure 8.10, right. Here we give
a comparison of the adaptive refinement process when driven by our a pos-
teriori error estimate and when done following the exact distribution of the

error (known herein). Clearly, the exact error behavior is not dependent on
the applied error distribution used to drive the adaptivity. As in the smooth
test case, the error estimate overestimates the error, but decreases with the

same speed as the exact error.

Figure 8.11 shows the estimated and exact error distributions in the sin-
gular test case. They once again match quite well; in particular the boundary

singularity is well detected. The superconvergence of nr  does not appear
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Fig. 8.12 Initial (left), third (middle), and fifth (right) mesh for the adaptive

refinement for the first-order DG method in the singular test case
third, and fifth adaptive mesh are visualized in Figure 8.12. One can observe

anymore as f is not sufficiently regular. For the sake of completeness, initial,
the expected refinement towards the boundary singularity.
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Appendix

A Characterization of the inf—sup constants

In this section we will show a proof of Lemma 3.1, following the ideas of [46].
We start by the following well-known result [38,55]:
Lemma A.1 (Characterization of the inf—sup constant) The inf-sup con-
stant B of (2.4) is the square root of the smallest eigenvalue to the following gen-
eralized eigenvalue problem

a(u,v)+b(v,p) =0 Vv ev, (A.1a)
b(u,q) = =A(p,q) Vg€Q. (A.1b)
Proof Define the following operators
A=—-A: V5V
B:=V:Q—> V"
so that it holds
a(v,v) = (AY?v,AY?v) and b(v,q) = (B*v,q)
for all v € V and all ¢ € Q. With this notation, we have

bv.a) _ _(B'v,q)
IVvTlial ~ TA72v[[ ]

Substituting z := A'/?v gives
b(v.a) _ (B"A"?z,q) (2, A"*Bg)

Ivvitliall— lzltllall 2l gl

and hence the supremum is obtained by choosing

A—1/2Bq
* 7 A2 Bq]
and we come to L
A B
8 = inf 1A~ ™ Byl
€ gl
Squaring gives
A-1/2B4|2
62 — inf H = ‘ZH )
€ gl

This is the Rayleigh quotient for the eigenvalue problem
B*A™'Bp = \p. (A.3)
Denoting u = —A ™! Bp this is written as

Au+ Bp=0,
B*u=— \p,

i.e., the operator form of (A.1).
We are now ready to prove Lemma 3.1.

Proof (Proof of Lemma 3.1) In complete analogy to the preceding proof, with B, A

replaced by
A B A0
B:(B* 0) and A:(0621)7

respectively, the inf-sup constant is the square root of the smallest eigenvalue p of

B*AT'BY = pAV.
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Written out explicitly, with VT = (u,p)7, this is

(8 8) (0 %) (5 8) () =+ (524) ().

From here we see that p = v, where v is the eigenvalue to
A B u) _ A0 u
B 0o)\p)="\Vopr)\p)

Au+ Bp = vAu,
B*u = %up.

Explicitly,

From here, we see that v = 1 is an eigenvalue. Suppose next that v # 1. Solving
for (v — 1)u in the first equation and substituting in the second one gives

B*A™'Bp = p*v(v —1)p.

Comparing with (A.3) shows that

giving

The constant in the stability condition is thus min |v|, i.e.

. VE+1 V5—1 V5 -1
min < 1, 7 ) = 7

This completes the proof.

B Equilibration for higher-order conforming and conforming
stabilized finite element methods on dual meshes

This appendix concerns conforming and conforming stabilized finite element
methods of Section 7.2. More precisely, for higher-order continuous pressure el-
ements of Section 7.2.2, we show how to, from (7.29), obtain new normal flux
functions Y#(up, prn) for which (7.30) holds. This can be seen as an equivalent of
the equilibration procedure of [4] on dual meshes.

Let D € D™, V be the associated vertex, T € Ty, and i = 1,...,d. Denote
the contribution to the correction terms of the right-hand side of (7.29) by

mv,T,i
= — (f 4+ Aup, — Vpp, €i)rnp + (£ + Aup, — Vpp, ¥vi)r (81)
1 1
-3 Z ([Vunnr], ¥v,)r + 3 Z (IVurnr], ei)rp.
FeFipt FeFipt

We will speak about these quantities as of “normal fluxes” myv,r;. Remark that

[Vurnr] = 0 on such sides F' € dS%* which are not contained in 87y, cf. Figure 7.1.
Thus, from (7.29) and the above formula, we have

Z (Yr(up)npnr,e)r — (Vpn,ei)p + (f,e:)p + Z my,r,; =0,
FEFp TeTy (B2)

i=1,...,d, VYD eDM.
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Vi Va

Fig. B.1 Equilibration of the correction terms inside each triangle

For the sake of simplicity, let us define my,r,; in the same way also for D € DZXt
and the associated vertex V.

Consider a fixed T € Tp, and i = 1,...,d. We have associated the normal flux
my;, 1, to each of the vertices V; of T, j = 1,...,d+1, cf. Figure B.1. We now want
to equilibrate the normal fluxes my; r.;: the purpose is to associate to each of the

sides Fr, CT,m=1,...,d+ 1, F,, € dS™ such that F C 9D for some D € Dy,
a correction normal flux vp,,,; (in the direction of the fixed normal nr) such that
the following holds (we give an example for d = 2, corresponding to Figure B.1):

1 1 0 VFy i mvy,T,i
0 -1 1 UFyi | = | Mmw,1,i | . (B3)
-1 0 -1 VFy.i MV, T,i

The value mv, 1,; represents the total normal flux from the element 7"N Dy to the
elements T'N Dy and T'N D3 (where D; are the dual volumes associated with the
vertices V;). We clearly want to keep this total normal flux but to split it into the
side normal fluxes vr, ; and vr,,i; we proceed similarly for my,,7,; and my,,7,;. The
essential feature is that the corrections normal fluxes vr,, ; are univocally defined
for each side Fy,, m =1,...,d+ 1, cf. once again Figure B.1.

It turns out that the system matrix in (B3) is singular, as the sum of all the
row vectors equals zero. It is, however, easy to check that its rank is equal to d.
Fortunately, the right-hand side in (B3) is compatible: by the fact that the basis
functions v, ; form a partition of unity on the chosen element T' € 7,

d+1

Zibvj,ih = ei|r,
=1

we easily get
d+1

> my,ri =0,
j=1

i =1,...,d. Thus, there exists a solution to (B3). Note that (B3) is always a system
of a fixed small size (d + 1) x (d + 1) on each T' € T}, for approximations (7.11a)—
(7.11b) or (7.12a)—(7.12b) of any order k.

Using vr,,,: for each T € 7T, we can now define new normal flux functions

Yr(up,pr) for sides F € dSI™ such that F C 9D for some D € Dy, in a way
that (7.30) holds. More precisely, let

(’UF(llh,ph))i = |F|_1UF,¢, = 1,...,d. (B4)

Note that, consequently, (B3) gives

Z mv,r, = Z VFNp NF = Z (vp(un, pr)npnp, e)r (B5)

TEXy, FeFp FeFp

for every D € Di** and the associated vertex V, i = 1,...,d. Let F € 9S!™ such
that F' C 0D for some D € D}, and set

Yr(un,pr) := (Vupnr)|r + vr(un, pr). (B6)
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We then see that (B2) together with (B5) and (B6) implies (7.30).

Acknowledgements We are indebted to Prof. Jean-Francgois Maitre (Ecole Cen-
trale de Lyon) for showing us Lemma 3.1.

References

1.

10.
11.

12.

13.

14.
15.
16.
17.

18.

19.

20.
21.

Acupou, Y., BERNARDI, C., AND COQUEL, F. A priori and a posteriori anal-
ysis of finite volume discretizations of Darcy’s equations. Numer. Math. 96, 1
(2003), 17-42.

AINSWORTH, M. A synthesis of a posteriori error estimation techniques for
conforming, non-conforming and discontinuous Galerkin finite element meth-
ods. In Recent advances in adaptive computation, vol. 383 of Contemp. Math.
Amer. Math. Soc., Providence, RI, 2005, pp. 1-14.

AINSWORTH, M. A posteriori error estimation for discontinuous Galerkin finite
element approximation. SIAM J. Numer. Anal. 45, 4 (2007), 1777-1798.
AINSWORTH, M., AND ODEN, J. T. A posteriori error estimation in finite ele-
ment analysts. Pure and Applied Mathematics (New York). Wiley-Interscience
[John Wiley & Sons], New York, 2000.

ARBOGAST, T., AND CHEN, Z. On the implementation of mixed methods as
nonconforming methods for second-order elliptic problems. Math. Comp. 64,
211 (1995), 943-972.

ArNOLD, D. N., AND Brezzi, F. Mixed and nonconforming finite element
methods: implementation, postprocessing and error estimates. RAIRO Modél.
Math. Anal. Numér. 19, 1 (1985), 7-32.

ArNOLD, D. N., Brezzl, F., AND FORTIN, M. A stable finite element for the
Stokes equations. Calcolo 21, 4 (1984), 337-344 (1985).

BaANK, R. E.; AND RoOsE, D. J. Some error estimates for the box method.
SIAM J. Numer. Anal. 24, 4 (1987), 777-787.

BEBENDORF, M. A note on the Poincaré inequality for convex domains. Z.
Anal. Anwendungen 22, 4 (2003), 751-756.

BECKER, R., CAPATINA, D., AND JOIE, J. A dG method for the Stokes equa-
tions related to nonconforming approximations. HAL preprint 00380772, 2009.
BEIRAO DA VEIGA, L., GYRYA, V., LipNIKOV, K., AND MANZINI, G. Mimetic
finite difference method for the Stokes problem on polygonal meshes. J. Comp.
Phys. 228, 19 (2009), 7215-7232.

BERCOVIER, M., AND PIRONNEAU, O. FError estimates for finite element
method solution of the Stokes problem in the primitive variables. Numer.
Math. 33, 2 (1979), 211-224.

BrAESs, D., PILLWEIN, V., AND SCHOBERL, J. Equilibrated residual error
estimates are p-robust. Comput. Methods Appl. Mech. Engrg. 198, 13-14 (2009),
1189-1197.

BRAESS, D., AND SCHOBERL, J. Equilibrated residual error estimator for edge
elements. Math. Comp. 77, 262 (2008), 651-672.

BRrEzz1, F., AND DouGLAS, JR., J. Stabilized mixed methods for the Stokes
problem. Numer. Math. 53, 1-2 (1988), 225-235.

BrEzzl, F., AND FALK, R. S. Stability of higher-order Hood-Taylor methods.
SIAM J. Numer. Anal. 28, 3 (1991), 581-590.

BrEzz1, F., AND FORTIN, M. Mized and hybrid finite element methods, vol. 15
of Springer Series in Computational Mathematics. Springer-Verlag, New York,
1991.

Brezzi, F., AND PITKARANTA, J. On the stabilization of finite element ap-
proximations of the Stokes equations. In Efficient solutions of elliptic systems
(Kiel, 1984), vol. 10 of Notes Numer. Fluid Mech. Vieweg, Braunschweig, 1984,
pp. 11-19.

BurMAN, E., AND ERN, A. Continuous interior penalty hp-finite element
methods for advection and advection-diffusion equations. Math. Comp. 76,
259 (2007), 1119-1140.

CARSTENSEN, C. A unifying theory of a posteriori finite element error control.
Numer. Math. 100, 4 (2005), 617-637.

CARSTENSEN, C., GEDICKE, J., AND PARK, E.-J. Arnold-Winther mixed finite
elements for the Stokes problem. Submitted to SIAM J. Sci. Comput., 2010.



36

Antti Hannukainen et al.

22.

23.

24.

25.

26.

27.
28.
29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

CARSTENSEN, C., GupIi, T., AND JENSEN, M. A unifying theory of a posteriori
error control for discontinuous Galerkin FEM. Numer. Math. 112, 3 (2009),
363-379.

CARSTENSEN, C., AND HU, J. A unifying theory of a posteriori error control for
nonconforming finite element methods. Numer. Math. 107, 3 (2007), 473-502.
CHEDDADI, I., FUGiK, R., PRIETO, M. I., AND VOHRALIK, M. Guaranteed and
robust a posteriori error estimates for singularly perturbed reaction-diffusion
problems. M2AN Math. Model. Numer. Anal. 43, 5 (2009), 867-888.
CROUZEIX, M., AND RAVIART, P.-A. Conforming and nonconforming finite
element methods for solving the stationary Stokes equations. I. Rev. Francaise
Automat. Informat. Recherche Opérationnelle Sér. Rouge 7, R-3 (1973), 33-75.
DaRI, E., DURAN, R., AND PADRA, C. Error estimators for nonconforming
finite element approximations of the Stokes problem. Math. Comp. 64, 211
(1995), 1017-1033.

DESTUYNDER, P., AND METIVET, B. Explicit error bounds in a conforming
finite element method. Math. Comp. 68, 228 (1999), 1379-1396.
DoBrROWOLSKI, M. On the LBB condition in the numerical analysis of the
Stokes equations. Appl. Numer. Math. 54, 3-4 (2005), 314-323.

DORFLER, W., AND AINSWORTH, M. Reliable a posteriori error control for
nonconformal finite element approximation of Stokes flow. Math. Comp. 74,
252 (2005), 1599-1619.

DronNiou, J., AND EYMARD, R. Study of the mixed finite volume method
for Stokes and Navier-Stokes equations. Numer. Methods Partial Differential
Equations 25, 1 (2009), 137-171.

ERN, A., NICAISE, S., AND VOHRALIK, M. An accurate H(div) flux recon-
struction for discontinuous Galerkin approximations of elliptic problems. C.
R. Math. Acad. Sci. Paris 845, 12 (2007), 709-712.

ERN, A., STEPHANSEN, A. F., AND VOHRALIK, M. Guaranteed and robust
discontinuous Galerkin a posteriori error estimates for convection—diffusion—
reaction problems. J. Comput. Appl. Math. 234, 1 (2010), 114-130.

ERN, A., AND VOHRALfK, M. Flux reconstruction and a posteriori error esti-
mation for discontinuous Galerkin methods on general nonmatching grids. C.
R. Math. Acad. Sci. Paris 347, 7-8 (2009), 441-444.

ERN, A., AND VOHRALIK, M. A posteriori error estimation based on potential
and flux reconstruction for the heat equation. SIAM J. Numer. Anal. 48, 1
(2010), 198-223.

Franca, L. P., HugHes, T. J. R., AND STENBERG, R. Stabilized finite
element methods. In Incompressible computational fluid dynamics: trends and
advances. Cambridge Univ. Press, Cambridge, 1993, Reprint 2008, pp. 87-107.
Franca, L. P., AND STENBERG, R. Error analysis of Galerkin least squares
methods for the elasticity equations. SIAM J. Numer. Anal. 28, 6 (1991),
1680-1697.

GIRAULT, V., AND RAVIART, P.-A. Finite element methods for Navier-Stokes
equations, vol. 5 of Springer Series in Computational Mathematics. Springer-
Verlag, Berlin, 1986. Theory and algorithms.

GLOWINSKI, R., AND PIRONNEAU, O. On numerical methods for the Stokes
problem. In Energy methods in finite element analysis. Wiley, Chichester, 1979,
pp. 243-264.

HLAVACEK, 1., HASLINGER, J., NECAS, J., AND LOVISEK, J. Solution of vari-
ational inequalities in mechanics, vol. 66 of Applied Mathematical Sciences.
Springer-Verlag, New York, 1988. Translated from the Slovak by J. Jarnik.
HousToN, P., SCHOTZAU, D., AND WIHLER, T. P. Energy norm a posteriori
error estimation for mixed discontinuous Galerkin approximations of the Stokes
problem. J. Sci. Comput. 22/23 (2005), 347-370.

HucHEs, T. J. R., FRANCA, L. P., AND BALESTRA, M. A new finite element
formulation for computational fluid dynamics. V. Circumventing the Babuska-
Brezzi condition: a stable Petrov-Galerkin formulation of the Stokes problem
accommodating equal-order interpolations. Comput. Methods Appl. Mech. En-
grg. 59, 1 (1986), 85-99.

KARAKASHIAN, O. A.; AND PAscAL, F. A posteriori error estimates for a
discontinuous Galerkin approximation of second-order elliptic problems. SIAM
J. Numer. Anal. 41, 6 (2003), 2374-2399.

Kim, K. Y. A posteriori error analysis for locally conservative mixed methods.
Math. Comp. 76, 257 (2007), 43-66.

LADEVEZE, P., AND LEGUILLON, D. Error estimate procedure in the finite
element method and applications. SIAM J. Numer. Anal. 20, 3 (1983), 485—
509.



A unified a posteriori estimation framework for the Stokes problem 37

45.

46.
47.

48.

49.

50.

51.

52.

53.

54.

55.

56.
57.

58.

59.

60.

61.

62.

63.

64.

Lucg, R., AND WoHLMUTH, B. I. A local a posteriori error estimator based
on equilibrated fluxes. SIAM J. Numer. Anal. 42, 4 (2004), 1394-1414.
MAITRE, J.-F. Personnal communication. 2010.

PaYNE, L. E., AND WEINBERGER, H. F. An optimal Poincaré inequality for
convex domains. Arch. Rational Mech. Anal. 5 (1960), 286—292.

PIRONNEAU, O. Finite element methods for fluids. John Wiley & Sons Ltd.,
Chichester, 1989. Translated from the French.

PRAGER, W., AND SYNGE, J. L. Approximations in elasticity based on the
concept of function space. Quart. Appl. Math. 5 (1947), 241-269.

REPIN, S. I. A posteriori error estimation for nonlinear variational problems
by duality theory. Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov.
(POMI) 243, Kraev. Zadachi Mat. Fiz. i Smezh. Vopr. Teor. Funktsii. 28 (1997),
201-214, 342.

REPIN, S. I., AND STENBERG, R. A posteriori error estimates for the general-
ized Stokes problem. J. Math. Sci. (N. Y.) 142, 1 (2007), 1828-1843. Problems
in mathematical analysis. No. 34.

ScorTt, L. R., AND VOGELIUS, M. Conforming finite element methods for
incompressible and nearly incompressible continua. In Large-scale computations
in fluid mechanics, Part 2 (La Jolla, Calif., 1983), vol. 22 of Lectures in Appl.
Math. Amer. Math. Soc., Providence, RI, 1985, pp. 221-244.

STENBERG, R. Some new families of finite elements for the Stokes equations.
Numer. Math. 56, 8 (1990), 827-838.

TAYLOR, C., AND HOOD, P. A numerical solution of the Navier-Stokes equa-
tions using the finite element technique. Internat. J. Comput. & Fluids 1, 1
(1973), 73-100.

VERFURTH, R. A combined conjugate gradient-multigrid algorithm for the
numerical solution of the Stokes problem. IMA J. Numer. Anal. 4, 4 (1984),
441-455.

VERFURTH, R. A posteriori error estimators for the Stokes equations. Numer.
Math. 55, 3 (1989), 309-325.

VERFURTH, R. A posteriori error estimators for the Stokes equations. II. Non-
conforming discretizations. Numer. Math. 60, 2 (1991), 235-249.

VOHRALIK, M. On the discrete Poincaré-Friedrichs inequalities for noncon-
forming approximations of the Sobolev space H'. Numer. Funct. Anal. Optim.
26, 7-8 (2005), 925-952.

VOHRALTK, M. A posteriori error estimates for lowest-order mixed finite ele-
ment discretizations of convection-diffusion-reaction equations. SIAM J. Nu-
mer. Anal. 45, 4 (2007), 1570-1599.

VOHRALTK, M. A posteriori error estimation in the conforming finite element
method based on its local conservativity and using local minimization. C. R.
Math. Acad. Sci. Paris 846, 11-12 (2008), 687-690.

VOHRALTK, M. Residual flux-based a posteriori error estimates for finite volume
and related locally conservative methods. Numer. Math. 111, 1 (2008), 121
158.

VOHRALTK, M. Unified primal formulation-based a priori and a posteriori error
analysis of mixed finite element methods. Math. Comp. 79, 272 (2010), 2001—
2032.

VOHRALIK, M. Guaranteed and fully robust a posteriori error estimates for
conforming discretizations of diffusion problems with discontinuous coefficients.
J. Sci. Comput. 46 (2011), 397-438.

WANG, J., WAND, Y., AND YE, X. A unified posteriori error estimator for finite
element methods for the Stokes equations. Submitted to SIAM J. Numer.
Anal., 2010.



	Introduction
	The Stokes problem
	Notation and preliminaries
	A posteriori error estimate for conforming divergence-free approximations
	A posteriori error estimate for general approximations
	Local efficiencies
	Application to different numerical methods
	Numerical experiments
	Characterization of the inf–sup constants
	Equilibration for higher-order conforming and conforming stabilized finite element methods on dual meshes

