mzuriCh ETH Library

Adaptive wavelet methods for
elliptic partial differential equations
with random operators

Journal Article

Author(s):
Gittelson,Claude J.

Publication date:
2014-03

Permanent link:
https://doi.org/10.3929/ethz-b-000079160

Rights / license:
In Copyright - Non-Commercial Use Permitted

Originally published in:
Numerische Mathematik 126(3), https://doi.org/10.1007/s00211-013-0572-2

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.



https://doi.org/10.3929/ethz-b-000079160
http://rightsstatements.org/page/InC-NC/1.0/
https://doi.org/10.1007/s00211-013-0572-2
https://www.research-collection.ethz.ch
https://www.research-collection.ethz.ch/terms-of-use

smer. Ma . Numerische
DO 101007150021 1-012.0572.2 Mathematik

Adaptive wavelet methods for elliptic partial differential
equations with random operators

Claude Jeffrey Gittelson

Received: 27 May 2011 / Revised: 20 March 2013 / Published online: 17 July 2013
© Springer-Verlag Berlin Heidelberg 2013

Abstract We apply adaptive wavelet methods to boundary value problems with ran-
dom coefficients, discretized by wavelets in the spatial domain and tensorized polyno-
mials in the parameter domain. Greedy algorithms control the approximate application
of the fully discretized random operator, and the construction of sparse approxima-
tions to this operator. We suggest a power iteration for estimating errors induced by
sparse approximations of linear operators.
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65N12 - 65N22 - 65J10 - 65Y20

1 Introduction

Uncertain coefficients in boundary value problems can be modeled as random vari-
ables or random fields. Stochastic Galerkin methods approximate the solution of the
resulting random partial differential equation by a Galerkin projection onto a finite
dimensional space of random fields. This requires the solution of a single coupled
system of deterministic equations for the coefficients of the Galerkin projection with
respect to a predefined set of basis functions on the parameter domain, such as a
polynomial chaos basis, see [1,18,21,28,37-40].
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472 C. J. Gittelson

The primary obstacle in applying these methods is the construction of suitable
spaces in which to compute an approximate solution. Sparse tensor product construc-
tions have been shown to be highly effective in [5,6,31,36]. Given sufficient prior
knowledge on the regularity of the solution, these methods can be tuned to achieve
nearly optimal complexity.

An adaptive approach, requiring less prior information, has been studied in [24,
26,27]; see also e.g. [12] for complementary regularity results, and [7] for a similar
approach for stochastic loading instead of a random operator. These methods use
techniques from the adaptive wavelet algorithms [9,10,22] to select active polynomial
chaos modes. Each of these is a deterministic function, and is approximated e.g. by
adaptive finite elements.

Although these methods perform well in a model problem, the suggested equidistri-
bution of error tolerances among all active polynomial chaos modes is only a heuristic.
The theoretical analysis of these methods currently does not guarantee optimal con-
vergence with respect to the full stochastic and spatial discretization.

In the present work, we apply adaptive wavelet methods simultaneously to the
stochastic and spatial bases, omitting the intermediate semidiscrete approximation
stage. This takes full advantage of the adaptivity in these methods, and in partic-
ular their celebrated optimality properties apply to the fully discretized stochastic
equation.

We provide an overview of adaptive wavelet methods for general bi-infinite dis-
crete positive symmetric linear systems in Sect. 2, including convergence analysis
and optimality properties. The particular algorithm we present is based on [9,20,22],
where refinements are based on approximations of the residual. We suggest a new
updating procedure for the tolerance in the computation of the residual that ensures
a geometric decrease in the tolerance while simultaneously preventing this tolerance
from becoming unnecessarily small.

Section 3 discusses a greedy algorithm for a class of optimization problems that
appear in certain subroutines of our adaptive algorithm. In Sect. 4, this greedy algo-
rithm is used within a generic adaptive application routine for s*-compressible linear
operators. Apart from the introduction of the greedy method, this routine and its
analysis in Sect. 5 are based primarily on [20]. The concepts of s*-compressibility
and s*-computability are reviewed in Sect. 4.1.

This efficient approximate application hinges on a sequence of sparse approxima-
tions to the discrete operator, and uses estimates of their respective errors. Although
convergence rates for such approximations have been shown e.g. in [34], explicit
error bounds do not seem to be available. In Sect. 6, we consider a power method
for approximating these errors in the operator norm. We provide an analysis of an
idealized method, and suggest a practical variant using some ideas from adaptive
wavelet methods. This is different from [17] and references therein, where the small-
est eigenvalue of e.g. a discretized differential operator is computed by an inverse
iteration, in that we do not assume a discrete spectrum, and thus do not approximate
an eigenvector, and in that we compute the maximum of the spectrum rather than the
minimum.

Random operator equations and their discretization by tensorized polynomials on
the parameter domain and a Riesz basis of the underlying Hilbert space are presented in
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Adaptive wavelet methods for elliptice PDE with random operators 473

Sect. 7. Although our discussion is limited to positive symmetric systems for simplicity,
all statements extend to nonsymmetric linear systems, and the adaptive algorithm
applies to these by passing to the normal equations as in [10]. Similarly, the Riesz
basis could be replaced by frames of the domain and codomain of the operator, and
complex Hilbert spaces pose no additional difficulties.

In Sect. 8, we construct a sequence of sparse approximations of the discrete random
operator. This again makes use of a greedy algorithm. Section 8 discusses the abstract
properties of s*-compressibility and s*-computability for this operator, which are used
in the analysis of the adaptive application routine.

Finally, in Sect. 10, we present a brief example to illustrate our results. We compare
the expected s*-compressibility to approximation rates from [12]. The smaller of these
determines the efficiency of adaptive wavelet methods applied to random boundary
value problems.

Throughout the paper, Ny denotes the set of natural numbers including zero and
N := Np\{0}. Furthermore, the notation x < y is an abbreviation for x < Cy with
a generic constant C; .Z (X, Y) denotes the space of bounded linear from X to Y,
endowed with the operator norm ||-||x—y, and we use the abbreviation .Z(X) :=
Z(X, X).

2 Adaptive wavelet methods
2.1 An adaptive Galerkin solver

We consider a bounded linear operator A € .Z(£?), which we interpret also as a bi-
infinite matrix. For simplicity, we consider the index sets in the domain and codomain
to be N, although we will later tacitly substitute other countable sets.

We assume that A is positive symmetric and boundedly invertible, and consider the
equation

Au=f 2.1)

foraf € £2. Let ||-||4 denote the norm on £2 induced by A, which we will refer to as
the energy norm.

We briefly discuss a variant of the adaptive solver from [9,20,22] for (2.1). This
method selects a nested sequence of finite sections of the infinite linear system, and
solves these to appropriate tolerances. In each step, an approximation of the residual
is computed in order to estimate the error and, if necessary, enlarge the set of active
indices. For extensions of this method and alternative approaches, we referto [9, 10, 14—
16,32,33] and the survey [35].

We assume that the action of A can be approximated by a routine

Applyalv,el—1z, [[Av—1z|p <¢€, 2.2)
for finitely supported vectors v. Similarly, we require a routine
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474 C. J. Gittelson

RHSf[S] =g, ||f - g“lz =€, (23)

to approximate the right hand side f of (2.1) to an arbitrary precision €. These building
blocks are combined in Residualy ¢ to compute the residual up to an arbitrary
relative error.

Residualj tle, v, n0, x, @, Bl — [r, 1, ]

¢ <— xno

repeat
r «— RHS¢[B¢] — Applyalv. (1 — B)¢]
n < Irll2
if £ < wnorn+ ¢ < ¢ then break

[ — oF20+10)

Remark 2.1 The loop in Residualj ¢ terminates either if the residual is guaranteed
to be smaller than &, or if the tolerance ¢ in the computation of the residual is less
than a constant fraction w of the approximate residual. If neither criterion is met, since
¢ > wn, the updated tolerance satisfies

1—
o =) < wl—‘”m +0) < (1 - ). 2.4)
+ w

This ensures a geometric decrease of ¢ while also preventing ¢ from becoming unnec-
essarily small. Indeed, since n + ¢ and n — ¢ are upper and lower bounds for the true
residual, the updated tolerance ¢ satisfies

> o L= AVl = 0P = ¢ 2.5)
—|f — Av —m—=27), .
§_wl—i—a) (zz_wl—i—a)i7 ¢

o(l-w)

which implies ¢ > ; a2l

Let &, &, A be available such that ||A|| < &, |[A™!|| < & and [f]|,2 < A. Then
KA = Qd is an upper bound for the condition number ||A || [|A~!| of A.

The method Solvey ¢ uses approximate residuals computed by Residualg f to
adaptively select and iteratively solve a finite section of (2.1). For a finite & C N, a
finitely supported r € £% and & > 0, the routine

Refine[Z,r, ] — [Z, p] (2.6)

constructs a set & O & such that p := ||r —r|5 |2 < &, and #& is minimal with this
property, up to a constant factor ¢. This can be realized with ¢ = 1 by sorting r and
appending the indices i to & for which |r;| is largest. Using an approximate sorting
routine, Refine can be realized in linear complexity with respect to # suppr at the
cost of a constant ¢ > 1.
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Adaptive wavelet methods for elliptice PDE with random operators 475

Solveatle, x, U, o, 0, ] = [ug, &]

20 o

i@ 0

S0 «— al/2x

fork=0,1,2,... do

if §; < ¢ then break

[_rk, Nk» Skl <— ResidualA’f[sdt_l/z, a®, &1/28;(, x>, Bl
Sk =&+ &)

if §; < ¢ then break

[E®HD, i) «— Refinel&®), rp, \Ju? — @ + 0 + 6]

O «— (\/ ’71% —ﬂ;% — )/ Ok + &)

[ﬁ(k+1), Thy1] <— GalerkinA!f[E(k+l), a® min (8, Sk)]

Sk41 <— Tyl +4/1 — 15]3161;] min(8, 8;)

u, «— a®
£ «— min(8, 8;)

The function
Galerkina¢[&, v, e] — [u, 7] 2.7

approximates the solution of (2.1) restricted to the finite index set & C N up to an
error of at most T < ¢ in the energy norm, using v as the initial approximation. For
example, a conjugate gradient or conjugate residual method could be used to solve
this linear system.

Remark 2.2 In the call of Galerkina ¢ in Solvea f, the previous approximate
solution is used as an initial approximation. Alternatively, the approximate residual
ry, which is readily available, may be used to compute one step of a linear iteration,
such as a Richardson method, prior to calling Galerking ¢. Although this may
have quantitative advantages, we refrain from going into details in order to keep the
presentation and analysis simple.

2.2 Convergence analysis
The convergence analysis of Solveg ¢ is based on [9, Lemma 4.1], which is the

following lemma. We note that the solution of the restricted system (2.1) on a set
Z C Nis the Galerkin projection onto ¢*(Z) C £2.

Lemma 2.3 Ler & C Nand v € (2(8) such that, fora ® € [0, 1],
[(F—AV)|z ;2 = PIf — Av||,2, (2.8)

then the Galerkin projection  of u onto £*(5) satisfies

o —dfa < /1= 0%, Ju—v]. (2.9)
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476 C.J. Gittelson

We note that, by construction, if > 0, ® > 0 and w + ¥ + w?¥ < 1, then for all
k, 2%+D in solvey ¢ is such that

I — AR | cosn |2 = Oillf — AP 2, (2.10)

and 9 > . Thus Lemma 2.3 implies an error reduction of at least ,/1 — 192161;1 per
step of Solvea t, plus an error of t; in the approximation of the Galerkin projection.

Theorem24 Ife > 0, x > 0,9 >0, 0w >0, 0w+ +wd <1,0<p <1
and) <o <1—,/1— 192,(;1’ then Solveatle, x, 9, w, 0, B] constructs a finitely
supported u, with

lu—u.fa <& =<e (2.11)

Moreover, for all k € Ny reached by the iteration,

K—l/zl—w
A lto

8t < lu—a®||a < min(5, &). (2.12)

We refer to [27, Theorem 3.4] for a proof of Theorem 2.4, see also [22, Theorem
2.7].

Remark 2.5 Dueto (2.12), in each call of Galerking ¢, an error reduction of at most
a fixed factor o is required. Since the condition number of A restricted to any & C N
is at most k', a fixed number of steps of e.g. a conjugate gradient iteration suffice,
even with no further preconditioning.

2.3 Optimality properties

Forv € ¢2and N € Ny, let Py (v) be a best N-term approximation of v, thatis, Py (V)
is an element of ¢2 that minimizes ||v — vy l;2 over vy € ¢? with #suppvy < N. For
s € (0, 00), we define

[VIlers := sup (N 4+ D*[[v = Py(W)|lp2 (2.13)
NeNy
and
o = {v € 0% |Vl < oo} . (2.14)

Setting ¢ = ||[v — Py (V)|l,2 — n with n > 0, it follows that

[Vl s = supe (min {N € No; [[v— Py, <¢})’, (2.15)

e>0

which is used as the definition in [20]. If the index set N is replaced by a countable
set &, we will write 27* (=) for o7/*.
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By definition, the space .«7* contains all v € £2 that can be approximated by finitely
supported vectors with a rate s,

Ilv— Pyl < IVlls(N+ 1) VN € No. (2.16)

The following theorem states that this method recovers the optimal rate s whenever
u € @/*, i.e. the approximate Galerkin projections @®) converge to u at a rate of s
with respect to #5 (&), under some conditions on the parameters of Solvea .

Theorem 2.6 If the conditions of Theorem 2.4 are fulfilled,

N 9(1 2 _
5 ( —:(1)) + 2w - KAI/Z, (2.17)
—w

andu € &° foran s > 0, then for all k € Ny reached by Solvea t,

I+

~ N — — w = (k)\—
o=@z <27kt o1 = p!) T Ul #E D) 218)

with,o:a—{-,/l—192/9;1 and T = /1 — 92ka.

The proof of Theorem 2.6 hinges on the following Lemma. We refer to [27, Theorem
4.2] and [20,22] for details. For a proof of Lemma 2.7, we refer to [27, Lemma 4.1].
See also [22, Lemma 2.1] and [20, Lemma 4.1].

Lemma 2.7 Let £ C N be a finite set and v € £2(80). If0 < & < K;1/2 and
g0 c 2M c Nwith

#50 < cmin {#E L 2O CF (- AV |zl = OIf —Av||,52} (2.19)
forac > 1, then

#HEMEO®) < cmin [#é CECN, Ju—ia < 7u— v||A} (2.20)

fort =,/1— 192/(1;/2, where G denotes the Galerkin projection of u onto Ez(é').

Theorem 2.6 implies that the algorithm Solvea  is stable in .27*. If the conditions
of the theorem are satisfied, then for all k£ reached in the iteration,

ZH_SéSKA,O(l-i—w)
a® | . < (1 s 2.21
(L | P _( + T = oyl _w))llullﬂ, (2.21)

see e.g. [27, Lemma 4.6].
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478 C.J. Gittelson

Remark 2.8 The sparsity of approximate solutions is of secondary importance com-
pared to the computational cost of Solvep ¢. Under suitable assumptions, the number
of operations used by a call of Solveg ¢ is on the order of g~ 1/s ||u||iéi, which is opti-
mal due to (2.15). Besides the conditions of Theorem 2.6, this presumes that a call of
Applyalv, €] has a computational cost on the order of

1+ #suppv + &~ v )2, (2.22)

and similarly the cost of RHS¢[e] is & (e Vs vl Léi) Due to the geometric decrease
of the tolerances ¢ in Residuala t, the total cost of this routine is equivalent to that
of the last iteration, which is ¢'(¢, """ Ju||/}), using Theorem 2.6 and (2.21). This
includes the cost of Refine if this is realized by an approximate sorting routine with
linear complexity. Finally, since only a fixed number of steps of a linear iteration is
required in Galerkinp ¢ by Remark 2.5, and each step can realistically be performed
in at most the same complexity as Applya, the computational cost of the k-th iteration

in Solvea ¢ is ﬁ(§k71/3||u||lzé§). Equation (2.5) implies that this is equivalent to

ﬁ(gk_ /s ||u||;/i), and since the error estimates &, decrease geometrically, the total
cost of Solvey ¢ is dominated by that of the last iteration of the loop, in which the
error is on the order of .

3 Greedy algorithms
3.1 A generalized knapsack problem

We consider a discrete optimization problem in which both the objective and the
constraints are given by sums over an arbitrary set .# C Ny. For each m € .#, we
have two increasing sequences (CT) jeN, and (w;”) jeN, defining costs and values: for

any integer sequence j = (jm)me.# € N‘O//Z, the total cost of j is
Gi= ». (3.1)
meM
and the total value of j is
wj = Z o (3.2)
meM

Our goal is to maximize wj under a constraint on cj, or to minimize cj under a constraint
on wj. We consider j € N‘O/// optimal if ¢; < cjimplies w; < wj or, equivalently, w; > wj
implies ¢; > ¢j.

Remark 3.1 The classical knapsack problem is equivalent to the above optimization
problem in the case that ./ is finite, and for all m € .#, w = 0 and a);?' = of
for all j > 1. Then without loss of generality, we can set cg‘ ==0forallm € #,
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Adaptive wavelet methods for elliptice PDE with random operators 479

and the values c?l for j > 2 are irrelevant due to the assumption that (C'}l)jeNo is
increasing. Optimal sequences j € No/// will only take the values 0 and 1, and can thus
be interpreted as subsets of .Z .

We note that greedy methods only construct a sequence of optimal solutions. They

do not maximize wj under an arbitrary constraint on cj, and thus do not solve an
NP-hard problem.

Remark 3.2 We are particularly interested in minimizing an error under constraints on
the computational cost of an approximation with this error tolerance. Given sequences
(e’;’) jeN, and (c;”) jeN, of errors and corresponding costs, we define a sequence
of values by w'j” = —e;.”. It (e;.”) jeN, is decreasing, then (w;”) jeN, 1S increas-
ing. Typically, as j — oo, we have e']’.’ — 0 and c;" — oo. Then, although it is
increasing, (w’;‘) jeN, remains bounded, and it is reasonable to assume that (CUT),/eNO
increases more slowly than (c’;z) jeNp» in a sense that is made precise below.

3.2 A sequence of optimal solutions

We 1terat1vely construct a sequence (.]k)keNo in N such that, under some assump-
tions, each j¥ = (]m)me/// is optimal. For all m € /// and all j € Ny, let

m .__ .m m — m
Acli=cl = and Ao} =0l — o] (3.3)
Furthermore, let q;?l denote the quotient of these two increments,
. AwT )
QJ = AC;” ) J € N07 (34)

which can be interpreted as the value to cost ratio of passing from j to j + 1 in the
indexm € /.

Letj” := 0 e N‘/// For all k € Ny, we construct j+! from j* as follows. Let
my = m € Ny maximize q - Existence of such maxima is ensured by the last
statement in Assumption 3.A. If the max1mum is not unique, select mk to be minimal
among all maxima. Then define j5 ' := j& +1,and set jit = jX forallm # my.

For this sequence, we abbreviate ¢ := = cjk and wy = = Wjk.

Assumption 3.A Forallm € .Z,
cg =0 and Ac;." >0 VjeNy, 3.5)

ie. (c;.”)jENO is strictly increasing. Also, (0f ) e,z € (A and (CUT)jeNO is nonde-
creasing for allm € .4, i.e. Aw;" > O forall j € Ny. Furthermore, for eachm € .#,
the sequence (¢"" i ) jeN, 1s nonincreasing, i.e. if i > j, then ¢/" < ¢ )i . Finally, for any
& > 0, there are only finitely many m € . for which ¢’ > e.
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480 C.J. Gittelson

The assumption that (q ) jeN, 1s nonincreasing is equivalent to

Ao A"
m m
Aa)j ch

IA

it i> (3.6)

if Aa);.” > 0. In this sense, (a);") jeN, increases more slowly than (c;”) jeNy- Also, this
assumption implies that if Aa)’]’.1 =0, then 0" = w’l’? foralli > j.
We define a total order on .#Z x Ny by

m n
qj >gq; or

(m, j) < (n,i) if 147 =g and m<n or (3.7

g7 =gq;! and m=n andj<i.
To any sequence j = (ji)me.z in Np, we associate the set
il :={0m, j) e 4 xNo; j < jm}. (3.8)
Lemma 3.3 Forall k € Ny, {{k}} := {j*}} consists of the first k terms of .# x No with

respect to the order <.

Proof The assertion is trivial for k = 0. Assume it holds for some k € Np. By
definition,

ke + 1) = kY U {0ni, ),

and (my, j,’;,k) is the <-minimal element of the set {(m j,/fl) ; m € ./} For each
m € ., Assumption 3.A implies ¢/ < q k foralli > ]m + 1. Therefore, (m, ]m) <

(m,i) forall i > j,ﬁ + 1, and consequently (my, Jmk) is the <-minimal element of

(A x No)\{k}}.

Theorem 3.4 For all k € Ny, the sequence j* maximizes wj among all finitely sup-
ported sequences j = (jm)me.n in No with ¢cj < ci. Furthermore, if ¢j < ¢y and there
exist k pairs (m, i) € M x No with Aw!" > 0, then wj < wy.

Proof Let k € N and let j = (j)me.n be a finitely supported sequence in Ny with
¢j < ck. By definition,

Jm—1

Za)o—l—z qumAc = wjp + Z ‘11 !

meH me# i=0 (m,i)e{j}

Therefore, the assertion reduces to

Z q" Act' < Z q" Acl.

(m. DGR\ (k) (m.D)efk\ G}

Note that by (3.1) and (3.3),
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Adaptive wavelet methods for elliptice PDE with random operators 481

Z Ad'=¢j—¢  for = Z Acl".

(m, D) e\ E&Y (m,DefjEN{k}

By Lemma 3.3 and (3.7), ¢ := qjkk o' satisfies ¢ < ¢! for all (m,i) € {k}}, and
771k 1

q!" < q forall (m,i) € (# x No)\{{k}. In particular, ¢ > O if there exist k pairs
(m, i) € M x No with g/" > 0 since #{k}} = k. Consequently,

z g A" < ¢ Z Acl = q(cj— )
(m, D) e\ K} (m, )R\ (K}
<qla—-ch< D> qlAd,
(m,i)efk\{i}

and this inequality is strictif ¢ > 0 and ¢ > ¢;j.

Similarly, jk also minimizes cj among j with wj > wy.

3.3 Numerical construction

We consider numerical methods for constructing the sequence (jk)keNO from Sect. 3.2.
To this end, we assume that, for each m € .#, the sequences (c?’) jeN, and (w’]’.1) jeNp
are stored as linked lists.

Initially, we consider the case that .Z is ﬁnite with #.4 =: M. To construct
j* )keN,» We use a list .4~ of the triples (m, ]m, q; k) sorted in ascendlng order with
respect to <. This list may be realized as a 11nked Tist or as a tree. The data structure
must provide functions PopMin for removing the minimal element from the list, and
Insert for inserting a new element into the list.

NextOptl[j, A1+ [j, m, ]

m <— PopMin (/)
Jm <— Jm +1
q <« (o

mo o m
Jm+1 j;71)/(cjm+1 ij)
N «— Insert (AN, (m, jm,q))

Proposition 3.5 Let .4 be initialized as {(m, 0, qp') ; m € A} andj® :=0 e N‘O//Z.
Then the recursive application of

NextOpt[j*, A1+ [T mi, i 3.9)

constructs the sequence (j*) keN, as defined above. Initialization of the data structure
Ny requires O (M) memory and (M log M) operations. One step of (3.9) requires
O (M) operations if N is realized as a linked list, and O (log M) operations if N
is realized as a tree. The total number of operations required by the first k steps is
O (kM) in the former case and O (k log M) in the latter. In both cases, the total memory
requirement for the first k steps is O(M + k).
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482 C. J. Gittelson

Proof Recursive application of NextOpt as in (3.9) constructs the sequence (j*) keNo
by Lemma 3.3 and the definition of <. In the k-th step, the element m is removed
from .4 and reinserted in a new position. Therefore, the size of .#” remains constant
at M. The computational cost of (3.9) is dominated by the insert operation on .4,
which has the complexity stated above.

We turn to the case that ./ is countably infinite. By enumerating the elements of
A ,itsuffices to consider ./ = N. We assume in this case that the sequence (¢3') ez
is nonincreasing.

As above, we use a list .4 of triples (m, j,’,‘,, q;t’,;) to construct the sequence (j*) keNo-

However, .4 should only store triples for which m is a candidate for the next value
of my, i.e. all m with j,/fl # 0 and the smallest m with j,fl = 0. As in the finite
case, ./ can be realized as a linked list or a tree. The data structure should provide
functions PopMin for removing the smallest element with respect to the ordering <,
and Insert for inserting a new element.

NextOptInf[j, 4, M]+— [j,m, N, M]

m <— PopMin (.A)
Jm <— jm +1
m m mn _m

4 @, 1y = @5, = €Gy)
N «— Insert (AN, (m, jm,q))
if m = M then

M <«— M—+1

q <— (a){w —w([)w)/ciw

N «— Insert (A, (M,1,q))

Proposition 3.6 Let 4 be initialized as {(1,0,¢")}, My := 1 and j° := 0 € Ny’
Then the recursion

NextOpt Inf[j, A%, My] — [+, my, i1, Mig] (3.10)

constructs the sequence (jk)kEN0 as defined above. For all k € Ny, the ordered set
N contains exactly My elements, and My < k. The k-th step of (3.10) requires O (k)
operations if A is realized as a linked list, and 0 (log k) operations if A is realized
as a tree. The total number of operations required by the first k steps is O(k*) in the
former case and O (k log k) in the latter. In both cases, the total memory requirement
for the first k steps is O (k).

Proof Tt follows from the definitions that recursive application of NextOptInf as
in (3.10) constructs the sequence (j¥) keN,- In the k-th step, the element n1, is removed
from .4” and reinserted in a new position. If my = M, an additional element is inserted,
and M is incremented. Therefore, the number of elements in .4 is M, and M < k.
The computational cost of (3.10) is dominated by the insert operation on .4, which
has the complexity stated above, see e.g. [13].
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Remark 3.7 As mentioned above, (c’j’?) jeN, and (a)’]’?) jeN, are assumed to be stored
in a linked list for each m € .#. By removing the first element from the .#-th list
in the k-th step of (3.9) or (3.10), NextOpt and NextOptInf only ever access the
first two elements of one of these lists, which takes ¢’(1) time. The memory locations
of the lists can be stored in a hash table for efficient access.

Remark 3.8 An appropriate way to store (ik)keNo is to collect (my)renN, in a linked
list. Then j* can be reconstructed by reading the first k elements of this list, which takes
O (k) time independently of the size of the list. Also, the total memory requirement is
O (k) if the first k elements are stored.

4 Adaptive application of s*-compressible operators
4.1 s*-compressibility and s*-computability

A routine Apply, for approximately applying an operator A € .Z(£2) to a finitely
supported vector constitutes an essential component of the adaptive solver from Sect. 2.
Such a routine can be constructed if A can be approximated by sparse operators, as in
the following definition. Again, we interpret A € .Z(¢£?) also as a bi-infinite matrix,
and restrict to the index set N only to simplify notation.

Definition 4.1 An operator A € ¥ (£%) is n-sparse if each column contains at most
n nonzero entries. It is s*-compressible for an s* € (0, oo] if there exists a sequence
(Aj)jen in 2(¢%) such that A is nj-sparse with (1) jen € NN satisfying

"
CA = sup i+l < 0 “4.1)
jeN 1
and for every s € (0, s¥),
da s == sugn?”A —Ajllpz 2 < o0 4.2)
je

The operator A is strictly s*-compressible if, in addition,

sup daps < 00. “4.3)
s€(0,s5%)

Remark 4.2 Equation (4.2) states that for all s € (0, s*), the approximation errors
satisfy

enj =IIA—Ajllp_ e <dasn;®. jeN. (4.4)

If s* < o0, this is equivalent to the condition that (n‘;.* €A, ;) jeN grows subalgebraically
innj,ie.
J°

n‘;*eA,j <infdp—rn}, jeN (4.5)
r>0
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Strict s*-compressibility states that the right hand side of (4.5) is bounded in j, i.e.

.
das+ =supn’esj=sup sup nies ;= sup das < o0. (4.6)
jeN jeNse(0,s%) s€(0,5%)

Of course, s*-compressibility implies strict s-compressibility for all s € (0, s*).

Proposition 4.3 Let A € .Z((?) be s*-compressible with an approximating sequence
(Aj)jen as in Definition 4.1, and set Ao := 0. There is amap j: [0, 00) — Ny such
that A ) is r-sparse for all r € [0, 00) and for all s € (0, s¥),

eA,j(r) = A — Aj(r)||gzﬁez < max (CSAdA’S, nieA’o)r_s “4.7)

Jorr > 0, where ea 0 = [|All2_ 2.

Proof Set ng := 0 and define
j(r) ::max{jeNO;njfr}, r € [0, 00). 4.8)

Then A () is r-sparse, and if j(r) > 1,

-5 s —s s =5
eAj(r) = dA,snj(r) = dA’SCAnj(rH»l < dA’SCAr

by (4.4) and (4.1). If j(r) = 0, thenr < ny, and

eA.j(r) = €0 < eaonir .

In particular, Proposition 4.3 implies that Definition 4.1 coincides with the notion
of s*-compressibility for example in [22,32], i.e. one can assume n; = j in the defin-
ition of s*-compressibility at the cost of increasing the constants (4.2) and obscuring
the discrete structure of the sparse approximating sequence. We denote the resulting
compressibility constants by

das = sup A —Ajplpe < max(cidas, njeao) <oo  (4.9)
re(0,00)

for s € (0, s*), where j(r) is given by (4.8). Also, it follows using Proposition 4.3
that any symmetric s*-compressible operator A is in the class %, as defined in [9],
for all s € [0, s).

Although s*-compressibility is a precise mathematical property, it is only useful
for applications if the sparse approximations to the bi-infinite matrix can be computed
efficiently. This is the context of the following, more restrictive definition.

Definition 4.4 An operator A € .Z(¢?) is s*-computable for an s* € (0, oo] if it is
s*-compressible with an approximating sequence (A ;) jen as in Definition 4.1 such
that A is n j-sparse and there exists a routine

Buildalj, k] — [(li):.’;l, (ai)j.zl] (4.10)
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such that the k-th column of A; is equal to ZZ | ai€l;, where g, is the Kronecker
sequence that is 1 at /; and O elsewhere, and there is a constant bs such that the
number of arithmetic operations and storage locations used by a call of Builda[j, k]
is less than ban; forany j € Nand k € N.

Note that the indices /; in (4.10) are not assumed to be distinct, so a single entry of
A ; may be given by a sum of values a;. However, the total number of a@; computed by
Buildalj, k]is at mostn;.

4.2 An adaptive approximate multiplication routine

It was shown in [9,10] that s*-computable operators can be applied efficiently to
finitely supported vectors. A routine with computational advantages was presented in
[20]. We extend this method by using a greedy algorithm to solve the optimization
problem at the heart of the routine.

Let A € Z(¢%) and for all k € Ny, let A be ng-sparse with ng = 0 and

A — Akllz 2 < eak- 4.11)

We consider a partitioning of a vector v € 22 into Vip] i= V|5p, p=1,..., P, for
disjoint index sets =), C N. This can be approximate in that v} + - - - + v[p| only
approximates v in £2. We think of v[1] as containing the largest elements of v, v[2 the

next largest, and so on.
Such a partitioning can be constructed by the approximate sorting algorithm

BucketSort[v, ¢] > [(v[,,])g:l, (Ep);’:l] : .12)

which, given a finitely supported v € £2 and a threshold & > 0, returns index sets

Epi={neN: |vu| € @72 ¥lem, 270702 ) ] (4.13)

and v 1= V|5p, see [2,20,22,29]. The integer P is minimal with

27 P2yl go/H#supp v < €. (4.14)

By [22, Rem. 2.3] or [20, Prop. 4.4], the number of operations and storage locations
required by a call of BucketSort]v, €] is bounded by

#supp v + max (1, [log(||v]|ego+/#suppv/e)]). (4.15)
For any k = (kp)f,=1 € Ng, with £ € Ny determined as in Applyal[V, €], let

4 12

o= eak,IVipillez,) and ok =D m,GEsuppvyy).  (4.16)
p=1 p=1
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Applyalv, &)l >z

P &
\Y _1 <— BucketSort |v, —
VipD p=1 [ ZeA,o]

4

£
compute the minimal £ € {0, 1,..., P}s.t.§d :=¢ vV — V| < =
pute the mini { }s eaoll ,;1 tpill2 5

R (O
while ¢ > ¢ — 5 do
| k «— NextOpt[k] with objective —Zj and cost oy

4
7 <~— Z AkPV[p]
p=l1

The algorithm Applya[v, €] has three distinct parts. First, the elements of v are
grouped according to their magnitude. Elements smaller than a certain tolerance are
neglected. This truncation of the vector v produces an error of at most § < &/2.

Next, the greedy algorithm from Sect. 3 is used to assign to each segment v, of
v a sparse approximation Ay, of A. Starting with Ay, =0 forall p =1,..., ¢, these
approximations are refined iteratively until an estimate for the error resulting from the
approximation of A by Ay, forall p =1, ..., £ is bounded by {x < & — 4.

Finally, the multiplications determined by the previous two steps are performed. A
few elementary properties of this method are summarized in the following proposition.

Proposition 4.5 For any finitely supported v € € and any ¢ > 0, if ApplyalV, €]
terminates, its output is a finitely supported z € 0> with

12
#suppz < anp (#supp v(p]) 4.17)
p=1
and
JAV — 2]l 2 <8+ &k <. (4.18)
where kK = (kp)f7=1 is the vector constructed by the greedy algorithm in

Applyalv, €l. Furthermore, the number of arithmetic operations in the final step of
Applyalv, €] is bounded by

14

> ni, (#supp i) (4.19)
p=1

if the relevant entries of Ay, are precomputed.

Proof We show (4.18). Since [|Al,2_, 2 < a0,

IA

| ™

4 14
AV—AZV[,,] <eao V—Zv[p] =4
p=1 p=1
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By (4.11),ifk = (kp)f7=1 is the final value of k,

14 14

ZIIAV[,;] — Ak, Vipille2 < ZEA,kp”V[p]”ez(Ep) =k <¢&—6.
p:l p:l

Let v € £2 be finitely supported and & > 0. Note that by (4.13) and (4.14),
P

_ £
V= v <2 P/QIIVIIew\/#suppVSZ_ ,

— €A,0
p=1

so £ is well-defined. It is not immediately clear, however, that the greedy algorithm in
Applyalv, €] terminates. For all k € Ny, let

CAk — €A k+1
Ng4+1 — Nk

M = (4.20)

Assumption 4.A (ea i)keN, is nonincreasing and converges to 0; (ng)ken, is strictly
increasing and ng = 0. Furthermore, the sequence (1x)keN, is nonincreasing.

Note that Assumption 4.A implies Assumption 3.A. Let .# denote the set of p €
{0, ..., P} for which supp v|,) # @.Forall p € .#, the sequences of costs and values
from Sect. 3 are given by

cf =nr(#suppvip)  and o) = —ep klIVipill e 4.21)

By Assumption 4.A, cg =0, (le )keN, 1s strictly increasing and (w,’: )keN, 18 nonde-
creasing for all p € .Z. Also,

, Ao} Ivipille2z,)
qr = =

= = (4.22)
Acf # supp vip)

is nonincreasing in k for all p € Z .

Proposition 4.6 For any k generated in Rpplyalv, €], ifj € Ng with oj < oy, then
=k Ifj € Ng with §j < Lk, then oj > ok.

Proof The assertion follows from Theorem 3.4 with (4.21) and using Assumption 4.A.
Note that g > 0 for all j € N¢, and if ok > 0, the second statement in Theorem 3.4
applies.

Let (K;);cn, denote the sequence of k generated in Applya[v, ] if the loop is not
terminated. We abbreviate ¢; := ¢k, and o; := oy, .

Remark 4.7 In particular, Proposition 4.6 implies convergence of the greedy subrou-
tine in Applya[v, e]. Since ngy1 > ng + 1 forallk € Npand k; , = O foralli € Ny
if # supp v[p) = 0, 0; goes to infinity asi — o0. Since j can be made arbitrarily small
for suitable j € N, it follows that §; — 0.
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5 Analysis of the adaptive application routine
5.1 Convergence analysis

For the analysis of Apply,, we assume that the values ea  are spaced sufficiently
regularly, with at most geometric convergence to 0.
. _ eA
Assumption 5.A 7p := sup —
keNp €A k+1

< OQ.

In particular, es x > O for all k € Ny, i.e. if A is sparse, this is not reflected in the
bounds ea . An admissible value is ez x = dA,Sn;S since for all k € Ny,

- N

€Ak N+ ;

— 2 — ( + ) E Cj& < Q.
€A k+1 ni

Lemma 5.1 Foralli € Ny, & < ra&i+1-

Proof Leti € Ny. Note that
i = Cit1 = (eAk,, — €Ak, +DIVigiille and Gip1 = eak, +1lVigille -
Therefore,

1+ CAky —CAKg 1 Ak, P
€A kg, +1 €Ak, +1

Ci — Ciy1 -

G,
Cit1 Ci+1

The following theorem is adapted from [20, Thm. 4.6]. We emphasize in advance
that knowledge of s and s™* is not required in Applya[v, €]. The algorithm satisfies
Theorem 5.2 with any s* for which A is s*-compressible, provided that the bounds
e x from (4.11) decay at the rate implied by s*-compressibility. The constant in (5.2)
may degenerate as s — s*.

Theorem 5.2 Let v € (2 be finitely supported and ¢ > 0. A call of Applyalv, €]
produces a finitely supported z € 0> with

AV — 2]l 2 <8+ ik < e. 5.1)

If A is s*-compressible for an s* € (0, oo] and supyc ea xny < oo foralls € (0, s*),
then for any s € (0, s¥),

#suppz < ok S e o |v)|!} (5.2)

with a constant depending only on s, ea o, A, N1, (da,5)5e(s,s*) and Ta.

Proof Convergence of Applyalv, €] follows from Proposition 4.6, see Remark 4.7.
Then (5.1) is shown in Proposition 4.5.
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Letk = (kp)f7=1 be the final value of k in Applya[v, €], and s € (0, s*). By
Proposition 4.5, to prove (5.2) it suffices to show that thereisaj € Ng withg; <k =: ¢
and oj < g 1/s ||V||L,{'§. Then Proposition 4.6 implies

#suppz < ok < 0j < 8*1/S||v||l/s )
The construction of such a j is analogous to the proof of [20, Thm. 4.6] with ¢ in place

of ¢ — 6. We provide it here for completeness.
Let € (0,2) be defined by ! = 5 + %, andlets < §; < 5 < s*. Then

#suppviy) < # {n € 23 [uu| > 2772Vl | S 2P PIVIE IV

see e.g. [19]. In particular,
IVipille2 < 2*(1771)/2”‘,”(Zoo #supp v, <2- psr/2”V”1 r/2”V”r/2

Let J > ¢ be the smallest integer with Zf,zl 2_(1_”)517/_2||v[p]||g2 < ¢ and let
i = (p)—; € Ng with j, minimal such that & ;, < 27/~P%17/2 Then

L Ja
G= > enj,IVipillee < D 27PNyl <

p:l p:l

It remains to be shown that oj < e~ ls ||V|| l/s

<1,

If j, > 2, since eAj _1n] 15
u

——1/52 (J=p)S1/52)T/2
Rjp 5 njp—1 5 eAj <2 :

This estimate extends to j, € {0, 1} since p < J. Therefore, using 51 < 57,

4 4
oj = anp (#suppvi,) < Z2(pr)(s1/sz)t/227psr/2”V”e—og”V”;ﬂ
p=1 p=1
S 2V OGS 2=y Sy 1T < 2772t IV

_ 15
Se v

Thus, the assertion reduces to 27/7/2 ||V||ZOE ||V||§w

If J = ¢, by minimality of ¢,

- Ust/2 1—7/2 /2
ea 02 2 vl IV

o0
> vl S
p=t

If J > ¢, then by minimality of J, using s < 57,
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¢ ¢
1-1/2 2
r < 22 (J-1- p)slr/ZHV[ 2 <22 (J=1=p)si7/29~ pST/ZHV” -1/ v ”t/
p=1 p=1
<2- (J=1=0)517/29— ew/zn ”1 r/2” ||r/2 <2~ J— 1)n/2” ”1 r/2” ”r/Z

Lemma 5.1 implies ¢ < ra¢. Therefore, in both cases,

Jst/2 1—7/2 /2
e 27Tl v

or equivalently,

JT/2 1w — —1 1/s
2 VIV, S e v,

which completes the proof.

It is known that s*-compressible operators A map .27* boundedly into .<7* for all
s € (0, s), see [9, Proposition 3.8]. Theorem 5.2 implies that this carries over to the
approximate multiplication routine Apply,.

Corollary 5.3 Let A be s*-compressible for some s* € (0, o0], and assume that for
all s € (0, ), supgcn €axny < 00. Then for any s € (0, s*) there is a constant C
depending only on s, ea 0, cA, 11, (dA 5)se(s.s*) and rA such that for all v e &/* and
all ¢ > 0, the output z of Applyalv, €] satisfies

IZllors < ClIVlers. (5.3)
Proof Let z be the output of Applyl[v, €] for some v € &7° and some ¢ > 0, and
define w := Av. By [9, Proposition 3.8], w € &%, and ||W|| os < ||V|| os. Since z is
finitely supported, z € <. Let N := # supp z. Theorem 5.2 implies

Iw =zl S IVlLs N7

Foranyn > N, P,(z) = z, and thus (n + 1)°||z — P,(2)||,;2 =0.Letn < N — 1 and
z, € £* with #suppz, < n. Then

m+ Dz =24ll2 < (n+ DW=zl 2 + (n + D |W — 2, ]| 2.
The first term is bounded by
(n+ D’ lw—zllp S 4+ DNVl S IVIars.
Taking the infimum over z,, with # supp z,, < n and using ||W|| ;s < ||V|| o5, We have

n+ Dz = Pa@ 2 S IVl + (n+ DY infllw =z, 2 S (1V]Lors

The assertion follows by taking the supremum over n € Ny.
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5.2 Complexity analysis

By (4.15), the number of operations and storage locations required by BucketSort
in a call of Applya[v, €] is bounded by

#supp v + max(1, [log(2ea o|[V|e~+/#suppv/e)])
<1+ #suppv + log(e ™ |v]lg). (5.4)

The value of ¢ can be determined with at most # supp v operations. We assume that the
values of ||v[pll ©2(z,) are known from the computation of £. Then by Proposition 3.5,
initialization of the greedy subroutine requires €' (¢ log £) operations, and each iteration
requires (1 + log¢) operations e.g. if a tree data structure is used for .4 from
Sect. 3.3. As ||kl iterations are performed if k = (k,,)f,:1 is the final value of Kk in
Applyalv, €], the total cost of determining £ and k is on the order of

l
#suppv + Llogt £+ (1 +1log™ €) > kp, (5.5)
p=1

where log™ x := log(max(x, 1)). Since £ < P, (4.14) implies
¢ <1+ logt#suppv) + log™ (e v][g). (5.6)

Finally, the number of arithmetic operations required by the last step of Apply [V, €]
is bounded by

4
ok = Z N, (# Supp v p)), (5.7)
p=1

and this value is optimal in the sense of Proposition 4.6. If A is s*-computable for any
s* € (0, oo], then (5.7) includes the assembly costs of A, .

Theorem 5.4 Let v € €2 be finitely supported and ¢ > 0. If A is s*-computable for
an s* € (0, 00] and supycy eaxn; < oo for all s € (0, s*), then for any s € (0, 5¥),
the number of operations and storage locations required by Applyalv, €] is less than
a multiple of

1 +#suppv + s_l/sllvllia/{i (1 +log™ log™ (# suppv + &~ ! ||V||(06)) (5.8)
with a constant depending only on s, ea o, ca, 11, (dA §)se(s,s*), TA and ba. The double

logarithmic term in (5.8) is due only to the greedy subroutine and does not apply to
the storage requirements.’

L' As above, logJr x := log(max(x, 1)).
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Proof We first note that
log(e ™ [Vlle=) S e IVIE < e vl
Therefore and by (5.4), the cost of BucketSort is less than
1+ #suppv + log(e I Vllge) < 1+ #suppv + e~ /|25
The cost of the last step of ApplyalV, €] is ok, which in Theorem 5.2 is bounded by
ok S & IVl

The cost of the rest of Applya[v, €] is given in (5.5). By (5.6), for x > 1,

Llogl < €% <1+ log(#suppv)* + 10g(8_1||V||(c>0)X

1/s /s

<1 +#suppv+s‘1/v||v|| <1 +#suppv+a_1/s||v||d

Since

€S 1+ log(#suppv) + log(e ™ [Vlie) S 1+ log(# suppv + &~ [vl]¢),
we have
log £ < C+log(1 + log(# supp v-+e~|v|lg=)) < 1+loglog(# supp v4&~ 1 [[v] e=).
Finally, since k < ny for all k € Ng and k,, = O if # supp v[,) =0,

4 12

S kp <> i, Gsuppvip) = o S e v S
p=1 p=1

Remark 5.5 The double logarithmic term in (5.8) can be dropped under mild condi-
tions. If ny 2 k¥ for an o > 1, then by Holder’s inequality,

Furthermore, for a x > 1, as in the proof of Theorem 5.4,

s logt < (EX)O%1 < (1 +#suppv+£_1/sllvlll/y)

It follows that

4 a—1
logt > ky S 0/ (1+#suppv+s*‘/s||v||”f) © S L#suppve v
p=1
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and (5.8) can be replaced by
1+ #suppv + &~/ ||v] ./} (5.9)

in Theorem 5.4, with a constant that also depends on «. The assumption ny 2> k¢
is generally not restrictive, since by (4.1), ny may grow exponentially for an s*-
compressible operator.

6 Computation of spectral norms by the power method
6.1 Estimation of errors in sparse approximations of s*-compressible operators

The routine Apply, in Sect. 4.2 makes explicit use of bounds e x on the errors
IA — Akll,2_, s2, where Ay is an ng-sparse approximation of an operator A € .Z %),
see (4.11). Such bounds are derived e.g. in [3,34] for a large class of operators in
wavelet bases. However, these estimates only hold up to an unspecified constant.

We suggest a power method for numerically approximating ||A — Al ,2_, »2, which
is equal to the square root of the spectral radius of the bounded positive symmetric
operator (A — Agx)*(A — Ag) on 2

Remark 6.1 1f A is s*-compressible with a sequence (A ;) jen of 7 j-sparse approxi-
mations, then A — Ay is also s*-compressible with approximations (A4 ; — Ag) jeN.
We have

A =AY — Akrj — Al = A — Aksjllem e = easrj < dasng ;-
6.1)

Furthermore, Ay ; — Ay is at most (ng; + ng)-sparse, which implies da—a,,s <
2%dj . If the nonzero entries of Ay are also nonzero for Ay, ;, then Agy; — Ay is
niy j-sparse, or even (ng4; — ny)-sparse if the values of these entries coincide. In
either case, da—a, s < da,s. Similar considerations lead to ca—a, < 2ci/(cA —1).

6.2 Analysis of an idealized iteration

Let A € Z(¢£?) be a positive symmetric operator. The power method successively
approximates the spectral radius 7o of A by Rayleigh quotients

R (An+lv’ Anv)Zz _ (A2n+lv, V)(z en ©2)
" 1AV |2, (A%v,v), ’ '

for some starting value v € £2.

Remark 6.2 The classical analysis of the power method in a finite dimensional setting
makes use of the gap between the two largest eigenvalues. In our infinite dimensional
setting, such a gap need not exist, and thus a different analysis is required.

@ Springer



494 C. J. Gittelson

Theorem 6.3 For appropriate starting values v € £ and any ¥ € (0, 1), there is a
constant cyy > 0 such that

ra >R, >09ra(l —cy9n™') VneN. (6.3)

In particular, R, — rp.

Proof We note that R, < ra for all n € N by definition. Due to the spectral theorem
for bounded symmetric operators, there is a o-finite measure p on some domain S
and a unitary map U : Li (S) — €2 such that

U*AUg = fo Vg € L}(S),

where f € LZO(S) with f > 0 and rpo = ||f||Lﬁo(S). We assume without loss of
generality that ||v|,2 = 1 and define ¢ := U*v. Then the Rayleigh quotients (6.2) are

B fS f2n+l|(p|2 d/'L B fS f2n+l dﬂ(p

R, = _
T [ ek du [s f2rdpy

for the probability measure duy, := ||> du. By Jensen’s inequality, ”f”Lﬁ"“(S) >
14
”f”Lﬁ’(L(Sy and thus

2n+1

2n

(fs f2n d,bL(p) %
Ry > IS = (/sz" d,u(p) = 1z cs)-

Since ||f||Lﬁ s ||f||Lm(g) as p — 0o, convergence of R, to ra follows, provided
(4
that

esssup f(x) =esssup f(x). (6.4)
xesuppg& xes

We estimate || f| L2 (S) from below in order to get a convergence rate. Let 9 € (0, 1).
¢
Then Markov’s inequality implies

12z 2 20 ge o™ k=g ([ € S5 F@ 220 f g 9 }) €. 11

Furthermore, by the fundamental theorem of calculus,

l1—«1

1

>1

25 (1 )
- 2n

The proof of Theorem 6.3 clarifies the conditions on the starting value v: It must
satisfy (6.4) for ¢ = U*v and f as in the proof, which is analogous to the assumption
that the starting vector in a finite dimensional power method is not orthogonal to the
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eigenspace associated to the largest eigenvalue. We expect round-off errors to make
this condition irrelevant for numerical computations.

6.3 A practical algorithm

The Rayleigh quotients (6.2) cannot be computed exactly since the operator A cannot
by applied exactly. We suggest an approximate adaptive procedure for evaluating Av
similar to the routine Apply, from Sect. 4.2. To this end, we assume that for all
k € Np, A is an ng-sparse approximation of A, with ng = 0, nx41 > ny + 1 for all
k € Ny and

IA = Axllz 2 < Cea (6.5)

for a constant C. We emphasize that this assumption is weaker than (4.11) since the

constant C need not be known, and our algorithm does not depend on this constant. If

itis known that A is s*-compressible, then we may set éa i := n,; * forany s € (0, s*).
Let v = (vy),en be a finitely supported sequence. We consider a sorting routine

Sort[v] = (u)M, (6.6)
with M := #suppv and such that (|vm|)f‘i | is a decreasing rearrangement of
(lv ) pen- To approximate Av, we apply either Ay or a better approximation of A
to the first my, terms of this decreasing rearrangement, i.e. we apply Ay to v restricted
to the set {u; ; mg+1 + 1 <i < my}. For any nonincreasing sequence m = (mk),fil,
the number of multiplications performed in this approximate application of A is at
most

Om = an(mk —Mpy1) = Z(ﬂk — ng—1)mg, (6.7

k=1 k=1

and the error is bounded by

o m 1/2
me= > aan | O ] - (6.8)
k=1 i=mj41+1

The routine NextOptInf from Sect. 3.3 extends to objectives of the form xp, in a
straightforward manner, and its output m is assured to be nonincreasing.

The routine NApply, does not ensure a fixed error, contrary to Applya. This
would not be possible due to the unknown constant in the estimate (6.5). Instead,
NApplya limits the computational cost of the approximate multiplication. It can be
thought of as an adaptively constructed matrix representation of A of size N x M.

Remark 6.4 By construction, o, < N for the final value of m in NApply. This
implies that no more than N multiplications are performed in the computation of z in
the final step of NApplyy, and thus #suppz < N.
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NApplyalv, Nl — z

(m)f‘il <— Sortlv]
m = (mk);ozl D (O)I?O:l
m= (r;lk);ozl < (O)I?O:l
while o3, < N do
m <— m
L m <«— NextOptInf[m] with objective —xm and cost om

forall the k € Ndo & «— {u; ; myq1 +1=<i <my}

[o¢]
z— D Avlg,
k=1

Remark 6.5 The exact sorting in the first step of NApplys uses (M log M)
operations. If n; increases exponentially in k& and ea x decreases exponentially
in k, then at most O(N log N) steps are required in the subsequent greedy algo-
rithm. By Proposition 3.6, these can be realized at a computational cost of
O(N(log N )2). Finally, as noted in Remark 6.4, the actual computation of z uses &' (N)
operations.

Starting from an arbitrary finitely supported nonzero v € ¢2, SpecRady, iteratively
uses NApply, to approximate multiplications by A in the Rayleigh quotients (6.2).
As a termination criterion, lacking alternatives, we simply compare two consecutive
approximations of the spectral radius of A.

SpecRadp[v, N, el — p

p <— 00
v < v/IIVll2
repeat
po <— P
W <— NApplyalv, N]
p<—W-V
v — w/lwll,2
until |p — pg| < ep

Remark 6.6 Since N is held constant throughout SpecRady, assuming # suppv < N
for the starting value of v, each step of SpecRad, has a computational cost of
O (N (log N )2) due to Remark 6.5. Consequently, the choice of v is not particularly
important—a poor choice is likely to be compensated by a few steps of the iteration,
and the cost of subsequent steps is not affected. Note that the situation would be
different if Applya were used in place of NApplya.

Remark 6.7 In order to compute the spectral radius of A*A for an operator A €

Z(£?) that is not positive, instead of constructing sparse approximations of A*A, the
algorithm SpecRad+a can be used with NApplya=a[Vv, N] replaced by

NAPpplya«[NApplyalv, N1, N]. (6.9)

@ Springer



Adaptive wavelet methods for elliptice PDE with random operators 497

All vectors appearing in the iteration are still ensured to have at most N nonzero
entries, and Remark 6.6 still holds. This can be used in the setting of Sect. 6.1, with
A — Ay in place of A.

7 Random operator equations
7.1 Pathwise definition

Let V be a real separable Hilbert space, and V* its dual space. We consider operator
equations depending on a parameter in I" := [—1, 1]°°. Given

A: T - £V, V¥ and f:T — V7", (7.1)

such that the bilinear form (A(y)-, -) is symmetric and positive on V forall y € I,
we wish to determine

u:I'—>V, AV u(y) = f(y) Vyel. (7.2)

Let Z(I") denote the Borel o-algebra on I". Defining a probability measure 7 on
(I', B(I")), A, f and u become random variables. Although 7 is arbitrary in this
section, we assume in Sect. 7.2 below that 7 is a countable product of probability
measures on [—1, 1].

We decompose the operator A into deterministic and random components,

AY) =D+ R(y) Vyel, (7.3)

with D € Z(V, V*) boundedly invertible and R(y) € Z(V,V*) forally € I.
Consequently, we also have the multiplicative decomposition

A(y) = D(idy +D7'R(y)), yeT. (7.4)
Under the assumption
IDT'RMIlvy <y <1 ¥yel, (1.5)

a Neumann series argument ensures existence and uniqueness of the solution u(y) of
(7.2)forall y € I', and

A

AW Ilvsvs < [IDllvsv=(1+y) Vyel, (7.6)

. .
14G) vey < = ID ey Wy el (17

Asine.g. [5,6,12,36], we consider random components that are linearin y € I,
o0
R(Y) =D ymRn ¥y =(Qmgpo €T, (7.8)
m=1
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with R,,, € Z(V, V*) for all m. Such operators arise e.g. if A is a differential operator
that depends affinely on a random field and this field is expanded in a series. We
assume that (R,,)m € £ (N; Z(V, V*)) with

o0
DD Rullvoy <y <1, (7.9)

m=1

which implies (7.5) since |y,,| < 1.

7.2 Discretization

Let the map I" > y — A(y)w(y) be measurable for any measurable w: I" — V.
Then due to (7.6), the map

LA V) — L2(I5 V), wis [y = A0)wO)], (7.10)

is well-defined and continuous with norm at most (1 + y)|| D[y — v+. We assume also
that f € L2(I"; V*).
In order to construct a basis of L% (I'"), we assume that  is a product measure. Let

o0
7 =) mm (7.11)
m=1

for probability measures 7, on ([—1, 1], Z([—1, 1])); see e.g. [4, Section 9] for a gen-
eral construction of infinite products of probability measures. To avoid degeneracies,
we forbid 7, from being a convex combination of finitely many Dirac measures.

Forallm € N, let (P,;");’f’zo be an orthonormal polynomial basis of L%m ([—1,1D,
withdeg P;" = n.Such abasisis given by the three term recursion P, := 0, Py’ := 1
and

By P () = (& —a, )P (5) — B P)5(6), neN, (7.12)
with
1 o
o :=/ EPM(E) dm, () and BT = Z;‘ , (7.13)
—1 n

where ¢’ is the leading coefficient of P*, B;' := 1, and P, is chosen as normalized
in L%m ([0, 1]). This basis is unique e.g. if ¢/ is chosen to be positive. We note that

ot = 0if m, is symmetric.

We define the set of finitely supported sequences in Ny as
A= {MGN%?; #suppu<oo}, (7.14)
where the support of ;1 € N(I? is defined as supp . := {m € N; w,, # 0}.
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The countably infinite tensor product polynomials
o
Pi=(Pu),cnr Pu=QPL. nea, (7.15)
m=1

form an orthonormal basis of L% (I'), see e.g. [25, Theorem 2.8]. Note that each of
these functions depends on only finitely many dimensions,

o0
Py =[P om= [] PrOw. weAa. (7.16)
m=1 mesupp

since Py' = 1 forallm € N.
To the basis P of L72r (I'"), we add a Riesz basis @ = (¢,),cz of V, and discretize
(7.2) with respect to the product basis P x @ = (P, ® @) (u,)eaxz as

Au = f (7.17)

with A € Z(2(A x &), f = ([ (f(0). @) Pu() dr(0))(uneaxs € 2(A x &)
andu = (U ) (u,neAxs € 02(A x B) representing u through

M= D, . Pue, (7.18)

(W, )EAXE

with convergence in L% (r;v).
Due to the recursion (7.12),

ymPu(y) = ﬂ,rfm+1pﬂ+sm ) + a,’fm Pu(y) + ,B,Tm Pu—sm ) (7.19)

forany u € A and m € N, where ¢, = (;un)nen is the Kronecker sequence and
P, = 0if any v, < 0. Consequently, the map

K, : (c)pea — (ﬂ}'fm+lcu+g,,l + aZ’m cu + ﬂ/’fmcu,gm)ueA (7.20)
represents w(y) — y,w(y) with respect to the basis P. By [25, Lem. 2.11], K,,, is
Symmetric and ||Km ||g2(A)_>€2(A) < 1.

Let D, R,, € £ (¢%(&)) denote the representations of D and R,,, respectively, in
the basis @ of V, and let I be the identity on ¢>(A). Then

o
A=I®D+2Km®Rm (7.21)

m=1

with convergence in .Z (£2(A x E)), where the tensor products are meant with respect
to the usual identification of £2(A x &) with £2(A) ® £2(&).
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8 Sparse approximations of discrete random operators

8.1 Definition of approximations

Let (D;) jen, and (R, j) jeN, be approximating sequences of D and R,,,, respectively,
such that D; is ng, j-sparse and R, j is n,, j-sparse, m € N. We assume n,, o = 0 and
N, j is strictly increasing in j for all m € Ny. Furthermore, let

ID—Djlle2z)—e@E <eo; and [[Ry — Ry jll2@z)—e@E) < ém.j (8.1

for all m € N. Such bounds can be computed numerically as in Sect. 6.
For all finitely supported sequences j := (jim)meN, in No, define the operator

o0
Aj:=1®Dj,+ > K, @Ry j,. (8.2)
m=1
Let 0, := 2 if the distribution 7, is symmetric, and o, := 3 otherwise. We set

oo := 1 and define 7, ; := opn,,j for m € Ng. Then for all j € No, I® D; is
no, j-sparse and K, ® R, j is nnyy, j-sparse, m € N.

Lemma 8.1 For any finitely supported sequence j = (jm)menN, in No, Aj is Nj-sparse

for

oo
Nj =D iim - (8.3)
m=0
and
o0
1A = Ajllzaxz)>2axa) < z €m, j =: €A.j- (8.4
m=0

Proof The first part of the assertion follows by construction since Iis 1-sparse and K,,,
is oy, -sparse for all m € N. Equation (8.4) is a consequence of [|Ky, [l i2(4)—¢2¢4) < 1
and (7.21).

We use the greedy algorithm from Sect. 3 to select specific j in (8.2). The cost ¢j
and objective wj are given by

oo (0.¢]
Gji=Nj= D iimj, and ji=—erj= D —em.j,- (8.5)
m=0 m=0

We initialize jo := 0 € N(I?I % and construct (jx)xeN, recursively by
jk+1 = NextOptInf[ji], k € Np, (8.6)

using (8.5). Then
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Ay :=Aj,, k€N, (8.7)

defines a sequence of approximations of A. By Lemma 8.1, Ay is Ny := Nj, -sparse
and its distance to A is bounded by ea i = ea j, -

Under mild assumptions, (8.7) defines the optimal Ni-sparse approximation of A
given the bounds (8.1) and the estimates in Lemma 8.1.

Assumption 8.A For all m € N, ny, 0 = 0 and the (n,, ) jen, is strictly increasing.
The sequence (€;,,0)meN 18 in ¢! and (€m,j) jeN, is nonincreasing. Furthermore, if
i > j,then

—(@m,it1 = emi) _ —(em,j+1 — em,j)

= = < — - , (8.8)
Nmyi+1 — Nmi M, j+1 — Am,j

and ﬁ;ll (ém.1 — €m,0) 1s nonincreasing in m.

The following corollary follows using Theorem 3.4 since Assumption 8.A implies
Assumption 3.A for (8.5).

Corollary 8.2 For all k € Ny, ji minimizes the error bound ea j among all finitely
supported sequences j in No with sparsity bound Nj < Ny. Furthermore, if ep  # 0,
then ji minimizes Nj among all j with ep j < ea .

8.2 Numerical computation

We consider the complexity of a routine Buildy as in Def. 4.4 for constructing
columns of Ay, interpreted as bi-infinite matrices. To this end, we assume that such
assembly routines are available for D and R,,;, m € N. More specifically, the routines

Buildg[j, (] — [(ki)?i’{, (di)no,j] ’

i=1

. . N, j Nm, j
Build,lj, > |Gy, M2 ], meN,
construct all nonzero elements of the (-th column of D; and R, ;, respectively, using
no more than by,n,, ; arithmetic operations and storage locations for a constant by,
independent of j and ¢.
Due to the assumptions on Build,,, m € Ny:

Lemma 8.3 The number of arithmetic operations and storage locations required by
a call of Buildalk, (i, v)] is bounded uniformly in k by Ny + 231020 b, ji -

Remark 8.4 1t is often necessary to construct ji before calling Buildy[k, -], for
example to determine Nj and ea k. In this case, we can assume j; to be readily
available in Builda [k, -]. Otherwise, NextOptInf from Sect. 3 can be used to
compute ji in the first call of Buildalk, -]. If this is done directly for an arbitrary
k € Ny, it adds &' (k log(k)) to the complexity of Builda[k, -] even if .4 is realized
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Buildalk, (1,01~ [( 2%, @) |

10, jk.0 0, .0 , .
|:()"i),':1 s (di),':| <— Buildgljk,o0,

fori=1,....n0j o do [(vi, ), a;] «— [, ), d;]
n<—"n0,j; o
form e N; ji , > 1do

m, ji. N, j . .
|:(Ai)i:1 oy, ’”"] <« Buildmljkm.
t<—20
fori=1,..., M, i 4O

Wnte41s Aaget1) <— (L +Emy A¢)
m m
Aptt+1 <— 'Bum—Hri
if w,; > 1 then
Vntt+425 Anpe42) <— (0 — &m, Aj)
Ap+142 <— ﬂgm rlm
if 0,;, = 3 then
L Wntr43, Antr+3) <— (W, Aj)

m m
An+1+3 YT

t<«—t+onm

n<—n+omnhp j .

by a tree data structure, which may dominate e.g. if Ny < k. However, if Bui1lda [k, -]
is called successively for k € N and the values ji, .4 and M are cached, then the cost
of NextOptInf is negligible even if .4 is realized by a simple linked list.

8.3 Adaptive application of discrete random operators

In this section, we analyze the structure of the adaptive multiplication routine Applya
from Sect. 4.2 for a discretized parametric operator A and the approximating sequence
(Ay) from Sect. 8.1.

By Assumption 8.A, (Ng)reN is strictly increasing, and Ng = 0 since jo = 0. By
definition, (jk,m)keN, is nondecreasing for all m € No. Therefore, Assumption 8.A
implies that (€A x)xeN, is nonincreasing. If e, ; — Oas j — oo forall m € Ny, since
(em,0)meN, € e, Corollary 8.2 implies that ep y — 0 as k — o0o. We note that

€Ak — CA k+1 Cmi, jimy — Emk, jimy +1 (8.9)
M = == = ’ :
Ni+1 — Ni Mg, Jimy +1 7 T, jiemy

which is nonincreasing in k by construction of (jx)xeN,» see Lemma 3.3. Consequently,
Assumption 4.A is satisfied under the sole additional requirement that e, ; — 0 as
Jj — oo forall m e Ny.

Also, since

CAk _ CAk - Emp, ji.my,

- - - _ - 9
€A k+1 €Ak + emk’jk.mk‘i'l - emk’jk.mk emk’jk.mk‘i'l
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Assumption 5.A is satisfied if

em,j
sup sup — < Q. (8.10)
meNy jeNy €m,j+1

Assuming the sequences (ji) and (my) are known, the first two parts of the routine
Applyalv, €] can be used to partition the vector v into (v[ p])f,zl and a negligible
remainder term, and to assign to each of these a kp € Np.

The final step of Applya [V, €] performs the multiplications

4
z:=> A,V (8.11)
p=1

Using the tensor product structure (7.21), (8.11) can be decomposed into multiplica-
tions with the coefficient operators D; and R, j, m € N.

Let v{) ;. denote the p-th coefficient of vi,), i.e. Vp),, = (vy,), for ¢ € E such
that (u, 1) € &). Then assuming m,, is symmetric for all m € N, z = (z;,) ye 2 With

M,
— . m . m .
ZM_Z D]kp.OV[P]sM+ : ,ﬂ/\Lm—‘rlRms]kp‘mV[[’]»ﬂ+3m+ﬂﬂmRm1Jkp,mV[[’]aM_5m ’
p=1 m=1

(8.12)

where M), := max{m € No; ji, m # 0}. This does not, however, represent an efficient
way to construct z. It is not clear which z,, are nonzero, and many multiplications
with R, ; are repeated. The routine Multiply, performs the same computation
efficiently, for arbitrary 7,,, by looping over p and the support of v{,.

Multiplyal(vip)h_;, (kp)o_i1+— 2z

z<«— 0
forp=1,...,¢do
forall the u € A with vy, # 0do
2w < 2u+Dj o Viplu
form=1,..., M)y do

W Ry i, Vipln
Zyutey < Zutey, + 'BZlme
if w > 1thenzy ., «~—z, , +,Bl’fmw
if 0y =3 thenz, <z, +ozZ’mw

Remark 8.5 In Multiplyal(vip)t_;, (kp)_,], each multiplication with Ry, ; is
performed only once, and copied to o, components of z. This suggests defining
Ny, j = np,j for m € N, without the factor of oy, from the original definition.
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9 s*-compressibility of discrete random operators
9.1 Preliminary estimates

We assume for the moment that D and R,,,, m € N, are strictly s-compressible for
some s > 0. By Proposition 4.3, there is a map jo: [0, 00) — Ny such that the sparse
approximation D, is r-sparse and

ID =Dy ll2z)s 202y < €050ty < dosr ™, >0, ©.1)

with d~0,s = JD,S. 2 Similarly, for all m € N there is a map j,,: [0, o0) — Np such
that the sparse approximation Ry, ;) is ro,, ! -sparse and

IRm — R l2(2y (@) =< @mojm(r) < dmst " 1 >0, 9.2)

with Jm,s = U,fﬂR,,,,s-

Lemma 9.1 If(c?m,s)m € Eﬁ(No), then for all r > 0 there is a finitely supported
sequence j(r) in Ng such that Ny < r and

00 s+1
> 35:3) e 93)
m=0

U
Proof Lett > 0 and define ry, = d,i,fslt for all m € No. Set j := (jm (rm))meN,-
This sequence is finitely supported since r,,, < 1 for all but finitely many m € Ny. By
Lemma 8.1,

o
N =D o) < Z m = zdr;zsl =:r
m=0 m=0
and

00 00 00 . 00 L\t
> > 7 -5 F5+1 ,—s Js+1 -5
eA,j = Z emvjm(rm) = Z dm»frm = Z T;l»st = Z "Y’l,x r .
m=0

If (C?m,s)m is not in Eﬁ (Np), a similar property still holds if we replace the infinite
sum by a partial sum. We define the operators

M
A =18D+ D K, @R, € L(*(A x 5)). 9.4)

m=1

2 Proposition 4.3 initially only implies that the first term in (9.1) is bounded by the third. However, if (9.1)
does not hold, we can replace eg_j; () by do sr~* in (8.1).
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Let
D22y e2(z) < €.0 and [Rulle2zy-e2m) < €mo, meN. 9.5

Then by Lemma 8.1,

o0
IA = Al axz)—»e2axe) = Z €m,0- 9.6)
m=M+1
For any s > 0, if either
emo < s8as(m 4+ VmeN 9.7)

or

00 . s+1
(Z e,;(;) < 8, 9.8)

then it follows as in [27, Prop. 4.4] that

o0
> emo =AM+ DT VM eN. (9.9)
m=M+1
We define
M
eApj 1= Z em, jpu - (9.10)
m=0
Then for all sequences j in Ny with supportin {0, 1, ..., M},
o0
eAj = éA[MJ,j + Z em.0- 9.11)
m=M+1

The following statement is shown analogously to Lemma 9.1.

Lemma 9.2 Forall M € Nyandallr > 0, there is a sequence j(r) in Ny with support
in{0,1,..., M} such that Njy < r and

M . s+1
eAp.ir) = ( "m) re. 9.12)

m=0

Proposition 9.3 Let (9.7) or (9.8) be satisfied for an s; > 0 and

M . s+1
(Z m“) <dyM', M €N, (9.13)
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withds > 0 andt; > 0. Then forallr € [1, 00) there is a finitely supported sequence
j(f') in N() such that Nj(r) <r and

2 < (C?s - (SA,sg) P 9.14)

Proof Letr € [1,00)and M := |r ﬁj . Then for the sequence j(r) from Lemma 9.2,

eApn.ir) = d;MUsr=s < dyrsotis | Equation (9.9) implies

00
- e —SSg_
E em,0 = 8A,s0 (M+1) o < BA,SGVS"H‘ s
m=M+1

and the assertion follows using (9.11).

9.2 s*-compressibility

The above estimates combined with Corollary 8.2 show s*-compressibility of A with
the approximating sequence (Ax)icn from Sect. 8.1. Define the constants

_ - M, j+1

Cm = max{ fiy. 1, sup I ) c o0, me Nop. (9.15)
jeN Mm,j

Note that cp < ¢p and cR,, < 0,,C form € N.

Theorem 9.4 Let 5§, s} € (0, oo] and assume

C:= sup ¢y < 0. (9.16)
mENO

1. If(c?m,s)m € Eﬁ(No)for all s € (0, 53), then A is s*-compressible for s* = s3.
2. If (9.7) or (9.8) holds for all s € (0, s}) and (9.13) holds for all s € (0, sgk) with

ty < < oo, then A is s*-compressible for

s*
R R— 9.17)
L+1/s%
In both cases, (Ay)reN is a valid approximating sequence with cp < ¢,
das < 1@ndmll 1 5€(0,5%) (9.18)
£ s+1 (NO)
in the first case and
dA,S E R inf (£S(1+f/Yg) + (SA,SU) , S € (0, S*) (9.19)
S <sq <sk
.Ta -5

in the second case.
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Proof Condition (9.16) ensures (4.1) for (Ay)ien since for k € Nand j := ji m,, if
j Z 1’

Nigt N +npgjrt =Ny N Ry el g j4l -
= = — S — S ka,
Ni Ni n+npy,j Ry, j

where n = Ny — i1y, j = 0, andif j =0,

Niv1 Ne+ g
ks - ~
= = g, 1 = Cig -

Ny Ny

Lets € (0, s*). In case 9.4, Corollary 8.2 and Lemma 9.1 with » = Nj imply
00 . s+1
ek < EAjNy) < (z dri;,rsl) N
m=0
In case 9.4, select s5 € (0, s5) and s, € (0, 57) such that

B
S = ——.
14+1/ss

This is possible since the right hand side is increasing in ss and s, . By monotonicity,
(9.13) holds with ; = . Then Corollary 8.2 and Proposition 9.3 with r = Ny imply

eak < eajvy < (dsa + (SA,SG) N°.

Equation (9.19) follows since ss = s(1 + f/sg).

9.3 s*-computability

Under the assumption that the sequence (ji)ken, is available, s*-computability of A
follows from Theorem 9.4 as a corollary.

Corollary 9.5 In the setting of Theorem 9.4, if

sup b, < 0o (9.20)

mENo

for by, from Sect. 8.2 and the sequences jj are given as in Remark 3.8, then A is
s*-computable and Buildy is a valid assembly routine.

Proof s*-compressibility follows from Theorem 9.4. By Lemma 8.3, (9.20) and
Remark 3.8, the number of arithmetic operations and storage locations required by a
call of Buildalk, -]is O(Ny).
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If jx are not readily available, Proposition 3.6 implies that recursive application of
NextOptInf can construct ji in &'(k log(k)) time. Thus A is still s*-computable if
klog(k) < Ng. As discussed in Remark 8.4, the cost of computing ji from ji_; using
NextOptInf is only &'(log(k)). Therefore, if NextOptInf is used to construct
jr in the first call of Buildalk, -], then Buildal[k, -] requires &'(Ny) operations
provided that jx_1 is known, for example from a previous call of Builda[k — 1, -].

10 An illustrative example

10.1 An elliptic boundary value problem

As a model problem, we consider the isotropic diffusion equation on a bounded Lip-
schitz domain G ¢ R¢ with homogeneous Dirichlet boundary conditions. For any

uniformly positive a € L*°(G) and any f € L?*(G), we have

—V.-(@ax)Vukx)) = f(x), xe€aq,

(10.1)
ux)=0, x € 0G.
We view f as deterministic, but model the coefficient a as a series
o0
a(y.x) = a@) + Y ymam (), (10.2)

m=1

with y,, € [—1, 1] for all m € N. Hence a depends on a parameter y = (ym),j’f:1 in
r =[-1,1]%.
We define the parametric operator

A(y): Hy(G) - HY(G), wr> =V - (a(y)Vw), (10.3)

for y € I'. Due to the linear dependence of A on a,
o0
A()=D+R(y), R() =D yuRw Vyerl (10.4)
m=1

with convergence in =?(HO1 (G), H~'(G)), as assumed in (7.3) and (7.8), for

D: H(G) - H'Y(G), w+ —V-(@vw),
Rm:HOl(G)—>H_1(G), wr— —V-.(a,Vw), meN.

To ensure bounded invertibility of D, we assume there is a constant § > 0 such that

essinfa(x) > 6. (10.5)
xeG
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Since ||Rm||H01(G)—>H*1(G) < llam |l L>(G), (7.9) follows from

o]

8D llamllL=@) < v < 1. (10.6)

m=1

This condition can be loosened by defining (D-, -) as the inner product of HOl (G), in
which case the factor § in (10.6) vanishes, and ||, || L (G) isreplaced by ||a;, /a|| 1 (G)-
We refer to e.g. [25,23,31] for further extensions that still ensure (7.5).

10.2 Optimal finite element discretization

Approximation results for the solution u of (10.1) have been shown in [12] for the
case that y,, are uniformly distributed. In this setting, the orthogonal polynomials
P! from Sect. 7.2 are Legendre polynomials, normalized with respect to the uniform
probability measure on [—1, 1].

Let (Vj)iio be a nested sequence of finite element spaces in HO1 (G) with geomet-
rically increasing dimensions M; := dim V/, satisfying

inf ||w—wj||H1(G)§CM._t|w|Z Ywe Z, (10.7)
w;eV; 0 J
where Z is a subspace Z C HO1 (G) with seminorm |-| , and norm (||| + |-|ZZ)1/2,

HY(G
such as a higher order Sobolev space. We consider approximations to ;(in) which, for
some finite set & C A, each coefficient u,, for 4 € Z is approximated in some finite
element space V), := V), and the remaining u,, are set to zero.
Ifu e £7(A; H(} (G)) for some p € (0, 2), then Stechkin’s lemma [11, Lem. 5.5]
implies that if Z'y contains the first N — 1 indices p in a decreasing rearrangement of
el HL(G)> the truncation error satisfies

172

2 —
2 g | =l N ™ 5=
HEAEN

(10.8)

S | =
N =

Following [12], we select spaces V,,, u € &y, to match this rate. To this end, suppose
u € ¢9(A; Z) fora g € [p, oo]. Using a Lagrange multiplier to minimize the total

dimension Ngof = ZMGEN M,,, with M, = dim V,,, under the condition that the

2
total error is equivalent to N°, leads to a choice of M, proportional to |u H|§‘+'
This approximation has a convergence rate of ¢ with respect to Ngof if t < L %,
which coincides with the rate for a single finite element approximation, see (16.7). It

t> 37 — %, the resulting approximation rate is

(10.9)

~
+
<=~
|
Q=
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This is generally less than the semidiscrete approximation rate s, with equality if
q = p; this last case is considered in [12, Theorem 5.5].

The above summability assumptions are proven in [12] for the case that |v|, =
| AvllL2(G)- Then u € €7 (A; H(} (G)) if (a;y) € LP(N; L*°(G)), and u € ¢9(A; Z)
holds under the condition (a,,) € £¢(N; W!>°(G)). In this setting, ¢ has a maximal
value of 1/d.

Remark 10.1 A similar analysis can be performed if, instead of choosing M, by a
continuous optimization problem, the finite element spaces are selected to equidis-
tribute the error among all coefficients u,,, as in the heuristic from [27,24].3 Due to
(10.7), this is achieved for M L ~ |uy|z. The resulting convergence rate with respect
to Ngof 1S

2s ,
2s +1

(10.10)

if t < 1/q, and coincides with (10.9) if # > 1/q. Thus the convergence rate reached
by the above optimization procedure is attained only if rg > 1.

10.3 Application of the adaptive stochastic Galerkin method

In Sect. 7.2, D and R,, are discretized by a Riesz basis of HO1 (G), such as a wavelet
basis, leading to operators D and R,, on ¢2, which can be interpreted as bi-infinite
matrices. Although these matrices are generally not sparse, they can be approximated
by sparse matrices, and these approximations are pivotal in the efficient adaptive
application of the discrete random operator A. We refer to [30] and references therein
for constructions of wavelet bases.

It is shown in [34] that for wavelets of order n, i.e. if the dual wavelets have n
vanishing moments, D and R,,, can be s3-compressible with s = (n — 1)/d. This is
the highest rate of compressibility that adaptive wavelet methods can take advantage
of since the order of the wavelets limits the solution of a generic discrete deterministic
problem to the space 7* fors < s5, see [19,8]. For higher compressibility, the sparsity
of the exact solution becomes the limiting factor in the convergence of adaptive wavelet
algorithms.

We consider the example G := (0, 1) and

am(x) := Cm *sin(mnx), m e N, (10.11)

with C sufficiently small such that (10.6) holds. Since trigonometric functions often
appear in Karhunen-Logve expansions of random fields, see e.g. [S] and refer-
ences therin, this academic example is quite representative. We note that (a,,) €
2P (N; L*(G)) and (a,,) € £4(N; W°(G)) forany p > 1/kand g > 1/(k — 1).
Thus u € £7(A; H(}(G)) and u € ¢9(A; H*(G)) for the same ranges of p and ¢

3 This heuristic is actually used to distribute tolerances for a subproblem in [27,24]; it is not clear whether
the resulting error in the approximation of « is distributed evenly among all active coefficients.
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by [12]. The resulting approximation rates from Sect. 10.2 are 1 for k > 5/2 and
Tk — 1) < 1fork <5/2.

As mentioned above, it is realistic to assume that the operators D and R,,,, m €
N, are s5-compressible with sy > 1. In order to derive s*-compressibility of the
discrete stochastic operator A, Theorem 9.4 requires a degree of summability of the
compressibility constants of these operators. Entries in the matrix representations of
these operators are zero for basis functions with disjoint supports, and they generally
also become insignificant if the supports overlap, but the wavelets have sufficiently
different length scales. In this example, the latter effect only sets in once the smaller
length scale is below 1/m. Consequently, we are left with &'(m) significant entries in
columns of R,, corresponding to coarse-scale basis functions.

For any r > 0, let ¢,  denote the error in an r-sparse approximation of R,,. Then
the sparsity required to achieve an error of e, , ~ m=k e1,p in the approximation of
R,, is r ~ pm. This implies

d~m,s ~ supriep , ~ sup psmsm*kel,p = m*(k*”c?l,s. (10.12)
r>0 p>0

In this setting, the condition ((im,s) m €4 T (Np) of Theorem 9.4 is equivalent to
k—s > s+1,i.e.s < (k—1)/2. Hence we can realistically expect s*-compressibility
of A for s* = (k — 1)/2, provided s§ > s*.

For k < 3, the compression rate s* is less than or equal to the approximation rate,
and thus s*-compressibility is the limiting factor in the complexity of adaptive wavelet
methods for our model problem. For & > 3, the limited spatial regularity shown in [12]
becomes the main obstacle, and the compression rate is larger than the approximation
rate given here.

Despite the slightly suboptimal complexity of adaptive wavelet methods due to the
compression rate s* being smaller than the approximation rate, the direct application of
these methods to the fully discrete problem improves on the heuristic used in [27,24].
Forexample,if k = 3, then A is s*-compressible fors* = 1,andu € &/ (A x &) forall
s < 1. However, if u is approximated by finite elements with the same approximation
error in each active coefficient, then the optimal approximation rate is only 5/6, see
Remark 10.1. A similar property holds forany k > (3++/5)/2 since the approximation
rate with equidistributed errors is essentially 1 — 21_k fork > 2.
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