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Abstract

We investigate the numerical approximation of the nonlinear Molodensky problem, which
reconstructs the surface of the earth from the gravitational potential and the gravity vector.
The method, based on a smoothed Nash-Hormander iteration, solves a sequence of exterior
oblique Robin problems and uses a regularization based on a higher-order heat equation to
overcome the loss of derivatives in the surface update. In particular, we obtain a quantitative
a priori estimate for the error after m steps, justify the use of smoothing operators based on
the heat equation, and comment on the accurate evaluation of the Hessian of the gravita-
tional potential on the surface, using a representation in terms of a hypersingular integral. A
boundary element method is used to solve the exterior problem. Numerical results compare
the error between the approximation and the exact solution in a model problem.

Key words: Molodensky problem, single layer potential, second—order derivatives, heat—
kernel smoothing,

1 Introduction

The determination of the shape of the earth and its exterior gravitational field from terrestrial
measurements is a basic problem in physical geodesy [II, 2]. It is usually formulated as an exterior
free boundary problem for the Laplace equation in R3 with boundary conditions corresponding
to the type of observation. In the formulation introduced by Molodensky [3l, [4], the gravitational
potential W and field G are prescribed on an unknown boundary diffeomorphic to the 2—sphere
by a map ¢ : S2 — R3. With the advent of satellite technologies to determine the earth’s surface,
high-precision studies combine satellite data with local gravity measurements.

The mathematical analysis of Molodensky’s problem was initiated by Hérmander [5], who
investigated the local existence and uniqueness of solutions based on the implicit function theo-
rem for C*°—functions on the boundary. In this article, we consider the mathematically justified
numerical analysis of the Molodensky problem, using a feasible reformulation of the constructive
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proof of existence.

To solve the free boundary problem, we iteratively construct a sequence (¢, )men, of approx-
imate solutions, where ¢, is obtained from the solution to the problem linearized around ¢, 1.
As the main difficulty, the solution operator to the linearization is of order 2. It is unbounded
in the natural Banach spaces of functions, and approximations constructed from Banach fixed—
point iterations will eventually lose regularity. Based on the insights of Nash [6] and Moser [7],
Hormander defines a smoothened, convergent sequence of approximate solutions for data, which
are close in a Holder norm to those of a given solution.

Note that the increments ¢, 11 — ¢, differ from certain increments considered in the geodesic
literature. In our case, the linearized problem involves the solution of an exterior boundary prob-
lem for the homogeneous Laplace equation, and no “topographic-isostatic” correction is necessary
to correct for unknown masses between ¢,,(S?) and ¢o(S5?).

In this work, we show that a variant of this construction is numerically feasible and obtain
an a priori estimate for the error in the m—th step. We test it on a simple example, in which
the algorithm is started with the canonical embedding of the unit sphere in R? and recovers the
sphere of radius 1.1. The reader will find a precise exposition of our main results below. In par-
ticular, we legitimize the use of smoothing operators based on the solution of higher—order heat
equations in this context. We also numerically explore the accurate evaluation of second—order
derivatives on the boundary.

This article shows that the rigorous numerical solution of the nonlinear Molodensky prob-
lem is computationally feasible. To improve the stability and numerical accuracy of the method
proposed in this paper, further development needs to focus on the domain discretization error,
comparing higher—order approximations of the surface with meshless methods for realistic data.
In particular, to be relevant for the geodesic community, one might model the exact surface by
the ETOPO1 model of the earth and compute the gravity vector from the EGM2008 model. A
more realistic model problem could then try to recover ¢ starting from the GRS80 ellipsoid as
surface g and the corresponding Somigliani-Pizetti field as (Wy, Go) [8].

For simplicity, most of this article considers the case of a nonrotating earth. The analysis,
however, readily extends to the general case.

1.1 Related work

Local existence for the Molodensky problem with data in a neighborhood of a given solution
consisting of a gravitational potential Wy, gravitational field Gg and surface g, regularity and
uniqueness were first established by Hormander.

Theorem 1 (Theorem 3.4.1, [5]). Assume that (Wy, Go, po) satisfies the assumptions in Section
[3, and let € > 0.



a) For all W,G in an A% neighborhood of Wy, Go, the Molodensky problem admits a solution
@ close to g in S>TE.

b) If W,G are in % for some non-integer a > 2 + €, then ¢ € F°.

¢) Any small H37¢ neighborhood of @o contains at most one solution of the problem.

See the appendix for our definition of the space 7% of Holder—continuous functions. Based
on ideas of Nash and Moser, Hormander found an iterative method of solution, which overcomes
the loss of derivatives in each iteration step with an abstract smoothing operator. We consider
the numerical aspects of his approach and discuss an implementation using the boundary element
method (BEM).

The numerical solution of the linearized Molodensky problem using linear boundary elements has
first been analyzed by Klees et al. [9], see also work by Holota [10] or Freeden and coauthors [I1].
Their general convergence analysis implies the convergence and stability of our solution, and we
refer to their paper for a discussion of the linearized problem.

To overcome a loss of derivates in simple ordinary differential equations, smoothed iterative solvers
have been investigated by Jerome [12] and Jerome and Fasshauer [13]. The smoothing step would
usually involve the solution of a heat equation, which does not satisfy the non-saturation property
made in previous theoretical analyses (Property (1] (iii) in Section . However, smoothing with
the help of the heat equation is used in a variety of contexts such as high-dimensional statistics or
image processing, and numerous optimized implementations are readily available. Our analysis
rigorously legitimizes their application. We are not aware of previous numerical investigations of
smoothed fixed—point iterations for 2— or higher—dimensional problems.

There has been recent interest in the numerical analysis of semilinear elliptic and parabolic equa-
tions on the sphere (see e.g. [I4]). Our article focuses mostly on the specific difficulties of the
Molodensky problem.

1.2 Formulation of the problem

In the following, the earth is assumed to be a rigid body of mass M, which rotates with a constant
and known angular velocity w around the z3 axis through the center of mass 0. The surface is
diffeomorphic to the sphere S? = {x € R% 2% + 22 + 22 = 1} under a map ¢ : S — R3. The
measured data W and G may then be considered as functions on S?

W:S? >R, G:58° =R
The Molodensky problem is to find a sufficiently smooth embedding ¢ : S? — R? such that
W=woyp, G=Vwop=goyp on S5 (1)

where w : ¢(S?) — R denotes the gravity potential, g = Vw : ¢(S?) — R3 the gravity vector.
The static gravitational potential v is harmonic in the exterior of the earth with boundary values

w2
w(z) =v(z)+ 7(3:% +223) on  p(S?). (2)



The center of mass is fixed to 0 by the radiation condition

v(x) = M +O(|z|™?) for z— o0 . (3)

|z

We also require that the Marussi condition [15],

detg'(x) #0, =z € (S, (4)

is fulfilled and set
h=—g"'g. (5)

To determine ¢, we start with a C'*° solution of the Molodensky problem (¢, Wy, Go) such that
is satisfied and the corresponding hg is never tangential to o(S?). Linearization around
(o, Wo, Go) results in the oblique Robin problem
: 2 2 M -3

Au=0 outside ¢o(S%), (u+ (gradu,hg))op=f on S, u(zr)= Tl +O(|z]7?) .

Under certain conditions on ¢ and h, which we assume to hold in what follows, the oblique
Robin problem is a regular elliptic boundary value problem, and Fredholm’s alternative holds.
The oblique Robin problem can be shown to have Fredholm index 0, and the homogeneous prob-
lem admits three linearly independent eigensolutions. FExistence and uniqueness are therefore
assured provided that f belongs to a subspace of C*°(9f) of codimension 3.

For example, the linearized problem is well-posed when g (S?) is the unit sphere and Wy, G
are the Newton potential and its gradient. The three—dimensional subspace is then spanned by
the spherical harmonics {Y1 _1,Y10,Y1,1} of degree 1. A careful analysis in [5], Theorem 1.5.1
and subsequent examples, shows that the problem remains well-posed as long as ¢ is close to
the identity and h makes a small angle with both the exterior normal vector field and the radial
vector field é—‘ Numerically, the conditions are satisfies e.g. for any topography with slopes < 41°,
provided slopes > 10° are sufficiently rare. In general, we may then use the restrictions {A; }?:1
to ¢o(5?) of harmonic functions uf° with uf°(x) — 0 for x| — oo, such that the first degree
harmonics in the multipole expansion at infinity are linearly independent.

The augmented formulation of the linearized problem now reads as follows: Find u and
constants a; € R such that

Au =0 outside ¢(S?),

3
u+Vu~h:f—ZajAj on ¢(S?) (6)
j=1
u(z) = é +O0(|z|™®) when |z| = 00, c€R,

for suitable f € C°°(¢(S5?)).



The iterative solution of the Molodensky problem solves a sequence of linearized problems
with

fm:Wm090;11+<Gm080;11)'hm (7)

as specified in Sectionand updates ¢ by an increment proportional to ¢ = (Vgop) ™ (G—Vuoyp).

As the main difficulty of the Molodensky problem, the update ¢ is in general less regular than ¢.

1.3 Error estimates

We complement Hérmander’s existence result by giving an a priori estimate for the error between
the solution and the m-th iterative approximation. Here and in the remainder of the article, € > 0
will be such that the relevant Holder exponent is not an integer.

A sequence of approximate solutions (W, ¢,,) will be defined in Section 2} depending on a
given solution (Wy, Go, o) and two parameters 6y and k. Under the assumptions of this section
we obtain the following a priori estimate in Hélder norms for data (W, G) in an H?*¢ neighborhood
of (Wo, Go):

Theorem 2. Leta>2+2¢, 0<a<a, E=a—a—1 and 7 > 0 sufficiently small. Then there
exist constants Oy, kg > 0 and Cr > 0 such that the approzimate solutions (W, om) satisfy for
allm >0 and Kk > Ko

E+1+47

W = Wallate + I = emllate < Cr (IW = Wollate + |G = Gollate) (05 +m) = (8)

The constants depend only on the data.

Below, we note that the estimate on W — W,,, and ¢ — ¢,,, implies a corresponding estimate
on G — Gyp,.
The explicit dependence on the parameters 6y and s obtained in Theorem [2| allows us to

investigate also a restarted algorithm, which is less susceptible to the spreading of numerical
errors (see Algorithm [2)):

(0) Choose an approximate solution (W, Gy, po) and 6y.
(1) Using (Wp, Go, ¢o) do k steps of Hormander’s method leading to (W, G, ¢k ).
(2) Set (Wy, Go, Po) = (Wi, Gg, pr), a corresponding new 6y and go to (1).

We denote the approximate solution after [ iterations of (1) by (W® G® x®) and the corre-
sponding 0y by 6p;. From the Lipschitz—continuity of the map I' : (W, ¢) — G,

G - G(lil)Ha—&-e <Ck (HW —win latote + [l — 80(171) Ha+2+e>

on bounded subsets ||¢ — @ol|lat+2+e < K, we obtain

E+1+4T

IW = WOllare 4+l = @llase < Cr (IW = WD aye 116 = G Dllase) O + )

E4+147

< Cr (IW = WD ase + G = GO lase) (B + 1)

E+4147

S (IW = WD apaie + e = ¢ lasare) (0 +8)



for any 7 > 0.

Iterating this estimate yields that the sequence of iterates of the restarted algorithm converges,
if we choose a sufficiently rapidly increasing sequence of ;. As the proof will show, fy; has to
be chosen as a function of certain higher Holder norms of W — W® and ¢ — ¢®. Summing up:

Proposition 1. Under the assumptions of the theorem,

E+1+47

IW = WOllare + Il = 0Ollare S (IW = WD agare + o = ¢ Dlarare) @1 +8)
(9)
In particular, the algorithm with restart converges for appropriate 0y, depending on W — Wy and

¥ — o-

Iterating @D, we can estimate W —W® and ¢ —¢® in terms of the initial error W —Wo, po— .
The proofs of Theorem [2| and Proposition [1| are contained in the appendix, Section [6.1

1.4 Numerical considerations

From a computational perspective, we give a proof-of-principle for fully nonlinear numerical
computations with the Molodensky problem. Besides showing the practicality of standard heat
equation smoothing, the implementation involves subproblems of possible interest beyond the
particular problem:

a) The updates of ¢ and h require the highly accurate evaluation on the surface for first and
second derivatives of the gravitational field, expressed as derivatives of the single layer potential
[16, [l 17]. We show that second order finite elements are necessary. If we combine them with
a partially analytic evaluation of the singular integrals for the gradient and finite differences for
the Hessian, the error becomes negligible.

b) Surface discretization turns out to be the dominant source of error for smooth data. This
shows the need for third or higher—order approximations or meshless methods. See e.g. [1§],
Ch. 8, for boundary integral equations on surfaces approximated to degree p. The approximately
spherical geometry suggests meshless eigenfunction expansions, and [19] contains a first study of
in the case of a particular linearized problem.

Parallelization and nontrivial optimization are necessary to deal with the large, dense matrices
of a higher-order boundary element formulation and the large number of data points available
from geodesic measurements. For the linearized Molodensky problem, panel clustering and fast
multipole methods have been discussed in [9], particularly in the case of a non-oblique Robin
problem.



2 TIterative solution of the nonlinear problem

Our approach to the Molodensky problem is based on the abstract Nash—Hormander iteration
[5], as adapted to the Molodensky problem. It solves a sequence of linearized problems, whose
solutions are less regular than the data, and recovers regularity with the help of a smoothing op-
erator. To simplify notation, we restrict ourselves to a nonrotating earth, w = 0. The equivalence
of the formulation to the standard Nash—Moser iteration is discussed in Appendix See also
[20] for a detailed derivation.

We fix a C* solution of the Molodensky problem (g, Wy, Gp) with a gravitational potential
vg which satisfies the Marussi condition. We assume that the corresponding hg is not tangential
to ¢o(S?) and that the homogeneous linearized problem (|1.2)) has only the trivial solution.

As stated in the introduction, the linearized Molodensky problem involves an oblique Robin
problem in the exterior R3\Q,, of ¢,,(S?). In each iteration step m, we solve the augmented
problem:

Given Wy, : 82 = R, Gy 2 82 = R, iy : 0m(S?) — R and ¢y, : 5% — ¢,,(S?) € R?, find
U : R3\Q,, — R and constants ajm € R such that
Au,, =0 in R3\Qm,
3

U + Vi - B = frn — Z ajmAj(z) on om(S?) (10)
j=1

U (x) = - O(|z|™®) when |z] =00, c€R.

]
. TR -1 - -1 . . A .
Again f, = Wy, 0905, + (G 0 ¢, ) - han. A feasible choice for A; is discussed after .

The solution u,, determines a nonlinear correction to ., ¥m, given by

Om = (Vgmo @m)_l(Gm = Vum o o) - (11)

The gravitational potential g,, is determined from the approximation to the potential as computed
in the first m steps,
Wy, = Wip—10 Spr_nl + Apty,  on gom(SQ) ) (12)

W v © o + Doug © o+ Aqui o1 + -+ D 1Um—1 © Prm—1, for m>1
_1=
" vpoy for m=0

for suitable stepsizes A; and initial approximation vg by solving an exterior Dirichlet problem:
For given wy, on ¢,,(5?), find v, : R®\Q,, — R and constants ajm € R such that

AT, =0 in R3*\Q,,
3
Um|aq,, = Wm — Z aj:mAj(m)‘xg om(s2) O ‘PM(SZ) (13)
7j=1

U () = % +O(|z|™®) when |z| — oo



Here jj need not be the same as in 1’ For the numerical solution using boundary elements,
we can reuse the matrix entries of the discretized Robin problem for this Dirichlet problem.
Now equation yields the surface update ¢y, to ¢, using g, = V0,, and Vg, = V0.

The full iterative method involves smoothing in each step based on the solution operator Sy
to a higher-order heat equation as discussed in Section [3| It reads as follows:

Algorithm 1. (Nash-Hérmander algorithm)

1. For given measured data W, G, choose Wy, Gy, hg, 0,600 > 1,k > 1

2. Form=20,1,2,... do

(a)

(b)

(c)

(d)
(e)
(f)
(9)

(h)

()

Compute
O = (05 +m)", DNy = Oyt — O (14)
Compute
= . W — Wy
WQ L= S@OWO = S@O(TO)
= 1
Compute
~ . G — Gy
Go : = Sp,Go = S,
0 60Go 00( 2o )
o 1 m—1 - m—2 N
Gm @ = A7(597”((;*— Gm+Y_0jGj) =S, (G— Gm1+> _2;G;))  (16)
m =0 =0

Find uy, by solving the linearized problem (@ with (W, G replaced by (Wm, ém)
Find v, by solving with wy, as defined in (@
Compute Gm = VU and Vg, = V>0,
Compute the surface increment o, by
om = (Vgm o @m)_l(ém — V0 om)
and update surface map by Ym+1 = Om + DmPm

Update direction vector and gravity potential by

i1 = ((_(va)ilgm) © Som) o (90m+1)71

Gm—i—l = 3dm © Pm

Stop if ||gm © pm — G| + [[Um © pm — W] < tol



|| - || might usually be chosen to be e.g. an H*-norm.

We also consider a variant of the algorithm which is restarted every k steps, using as initial
condition the approximate solution from the k-th step:

Algorithm 2. (Nash-Hérmander algorithm with restart)

1. For given measured data W, G and k € N, choose Wy, Go, hg, 00,00 > 1,k > 1
2. Compute Wy, Gy, or in Algorithm (1]
3. Stop if |Gy — G|| + ||Wr — W|| < tol

4. Blse set Wy = Wy, Go = G, ho = hg, po = ¢k, choose k,6y, and go to 2

To solve the homogeneous exterior Robin and Dirichlet problems resp. , we use a
single layer potential ansatz for w,, = Vp,um, and satisfy the decay condition at oo in a weak
sense. Boundary element formulations for the oblique Robin problem with general boundary
data were first analyzed in [9]. They, in particular, showed the relevance of multipole expansions
and panel clustering for the fast solution for experimental geodesic data.

The ansatz transforms into a saddle point problem for the integral operator

1
S=V+ 3 cos(£(n,h))I + K'(h), (17)
on ¢,,(S%), which is defined in terms of the multilayer potentials
1(y) / /" 1(y)
% = [ —==—4d K'(h =h-V | —"—ds, . 18
uo) = [ s, K (B)p() [ s, (15)

In particular for h = m the unit normal vector, K'(n) is the standard adjoint double layer po-
tential.

Solving the Robin problem for arbitrary W, G requires an appropriate choice of Ej. Let
A = &% and N := span{A;};=1. 3. Then wu, = Vyun, satisfies the decay condition of
whenever p,, € L*(m(S?))NNL. Since fr, = Wi oot + (Gmowyl) -hm € L*(0m(S?)), but not
necessarily in S(L2(¢n(52))NANL), A; must be chosen such that span {gj}?zl +S(L2(em(S?))N
N1) = L2(om(S?)) for to be well defined. Xj = SAjl,,.(s2) 1s a feasible choice and leads
to an equivalent variational formulation of :
Find (ptm, am) € L*(pm(S?)) x R3 such that

3
<Su’m7 ¢>(ﬂm(52) + <Szaj,mAj7 ¢>(pm(52) = <fm7 ¢>gpm(5’2) \V/¢ € LZ(SOW(SQ))

=1 (19)

<,Um7Ak><pm(SQ) =0 vk € {1,2,3} .

9



Note that any L2-solution of the weak problem is actually C*. Indeed, S is an elliptic pseudod-
ifferential operator, so that p,, € L? and Sjm = frn — S 2?21 a;jmAj € C* in the distributional
sense implies p,, € C* [21].

The Dirichlet problem is similarly reformulated: Find (fim, dm) € H™Y?(0m(S?)) x R3
such that

3
<Vﬂm7§>§0m(52) + <Vzaj,mAja€>¢m(S2) - <wma€>apm(52)v§ € H71/2(90m(52))
j=1

<ﬂma Ak)(pm(SQ) =0 Vk € {1, 2,3} .
(20)
On the right hand side,

(Wi, &) o (52) =Win=10 0 E) i (52) + Lm (U, E) o (52)

m—1

=((v0°%0) P’ (s + Y Di{(Vipi 0 1) 0 01, €) o (52)
=0

+ D Vintim, §>gom(52)-

As discussed in Section [4) we use standard boundary element methods for the efficient numerical
solution of and . Note that the matrix elements of V' have already been computed for
the Robin problem.

3 Smoothing operator

The smoothing operators Sy appearing in the iterative solution of the Molodensky problem com-
pensate for the loss of derivatives in the increments of . For a theoretical analysis, smoothing
operators Sy defined from compactly supported functions ¢ € C5°(R) are most convenient. If M
is a submanifold of R3, we define S} : 5#¢(M) — #*(M) as

1

Séhu = ¢(92

Apu .

Here A is the Laplace-Beltrami operator associated to the metric which M inherits from R3,
and (b(e%AM)u can be computed by expanding u into L?(M)-eigenfunctions of Ajy.

These operators have the following properties (Theorem A.10, [5]):
Properties 1. For all u € C*°(M) we have
(0) 1185 — ulla =% 0;
(i) 15§ ully < Cllulla, b <a;
(i7) ||Sgully < CO°*|lulla, a <b;

(iii) |lu— S§ully < CO"ulla, b<a

10
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(i)

< CGbﬂ*lHuHa.
b

The oscillatory nature of the corresponding integral kernels renders a stable implementation
of these operators difficult. In practice, solution operators to heat-like equations are frequently
used as smoothing operators in a variety of contexts such as high-dimensional statistics, image
processing etc. with readily available, optimized implementations. They have been also used
in the numerical explorations of smoothed Newton and similar methods, though without much
justification, see e.g [13] [12].

More generally than the heat equation, we consider smoothing operators associated to ¢(z) =
e*Mk, k € N. They correspond to the time-1/6%* solution of the k-harmonic heat equation

%v(x,t) — Av(z,t) =0 in M x (0,00)

v(z,0) =u(zr) in M

with A := (=1)**1A% and u € #°. Considering A : %2 C #* — #° as an unbounded
operator on the Holder spaces (a > 0,a ¢ N) we have the following theorem.

1
Theorem 3. A generates an analytic semigroup et on H*, and the operator Sy := ez

satisfies the properties (0), (i), (i), (iv) (with S replaced by Sy) and in addition
(ii7)  |lu— Spully < COYulls, VO0<a—b< 2k

A proof of this theorem will be given in the Appendix. In particular, we note that these re-
stricted properties are sufficient to rigorously analyze the convergence of the algorithms presented
in Section 2

4 Numerical methods

The main effort to numerically solve the Molodensky problem consists in the accurate solution
of the saddle point problems and for the multilayer potentials S and V on the surfaces

SOm(SZ)'

For the solution, we choose a quasi-—uniform triangulation 7, of ©m(S?%) by plane triangles
of diameter ~ h and solve the saddle point problems for piecewise polynomial elements on the
resulting discretized surface.

In the case of , the discretized formulation for the subspace

Sﬁ,m = {space of discontinuous piecewise polynomials of degree p on 7"} = span{b; }évzl

of L*(T;™) reads as follows: Find (fim p, am,p) € Sﬁ’m x R3 such that

3
<S:um,h> ¢h>7’hm + Zaj,m,h<SAja ¢h>7’hm = <fma ¢h>Th’" v¢h S Sﬁ’m
j=1

<Nm,ha Ak>7'hm =0 Vk € {1, 2,3}

11



Expanding i, ,, and ¢y, 5, in the basis b,

N N
P = D Wjmbsy  Gmp =) bjmbj
j=1 j=1

i _[7
anp 0

where (Sk]) = <Sbj7bk>7 (3\];]) = <SA]'7b/€>a (Ak?]) = <bjaAk>a (fk) = <fmabk> and fi € RN,E’: €eR3.

we obtain a matrix equation of the form:

S S
A0

For the Dirichlet problem we consider S¥ as a subspace of H —1/2 (7T;"), leading to the
S

problem: Find (i p, Gm,pn) € Sy, X R? such that

3
(Vs €n)Tm + > G (VAj, ) Tm = (W, Gp)m ¥En € T3

= (22)
{fm,n, Ag)Tm =0 vk € {1,2,3} .
In matricial form: P
Vv ﬁh o ’U_jm
A O|lan| |0

The suggested numerical solution of the linearized Molodensky and Dirichlet problems is sta-
bly convergent with quasi-optimal convergence estimates. They are derived in [9} 20] by verifying
an inf-sup condition for the boundary element spaces.

Our theoretical analysis legitimizes using the solution of heat-like equations on ¢,,(S?) as
smoothing operator Sy in the algorithm. We use the implementation presented in [22], which
computes an FEM-solution of the heat equation for the geometric Laplace—Beltrami operator by
spectral methods. SpF is defined as the solution at time #~2 with initial condition F.

4.1 Details

The initial sphere S? is triangulated by starting with an icosahedral mesh and subsequent refine-
ments [23]. Assigning to each node a vector in R3 corresponds to a continuous, piecewise linear
representation of ¢,,. As we need to evaluate second derivatives of the gravitational potential, the
polynomial degree on each triangle is p = 2, and h,, is represented by a discontinuous piecewise
constant function interpolating the h,,, from equation in the midpoints of each triangle. Fur-
thermore, Gy, is the linear interpolation of g| om(52), Obtained from equation , in the nodes.
The local basis functions b; are monomials for both the linearized Molodensky problem and for
the auxiliary Dirichlet problem. We use analytic expressions to compute (Vb;,b;) and K(h)by
([24]) and perform an hp-composite Gauss quadrature with geometrically graded meshes [25] [17]
to determine (K'(h)b;, by) = (bj, K (h)by). (VA;,b) and (K'(h)A;, by) are treated analogously.

12



The update of ¢ requires the delicate computation of the Hessian for the gravitational poten-
tial, Vgm, on ¢, (S?). Our numerical experiments suggest to derive the component of g in some
direction e using the adjoint of the double layer potential, e- gm = %7 iy, + K’ (€) tim,h, and to use
finite differences to compute Vg,,. More precisely, for the tangential components we use a central

finite difference scheme, U'(x) =~ %{W, in the exterior domain and extrapolate to the
boundary. If 2’ is the point closest to z on the discretized boundary, we choose § smaller than the

distance of z’ to the nearest vertex of the triangulation. For the normal component we combine the
AU (246)—3U (z)—U (2+26)
20 )

central finite difference scheme with a Crank-Nicolson method, U'(x) =~
which is forward oriented. The error in both schemes is of order §2.

Alternative approaches are discussed in detail in Section

5 Numerical experiments

The numerical experiments were carried out on a cluster with 5 nodes a 8 cores with 2.93Ghz and
48GB memory, where each core uses two Intel Nehalem X5570 processors. With parallelization
and optimization we need 20 minutes for each iterations in the case of icosahedron refinements
corresponding to 320 triangles (N = 2), whereas we need 3 hours for refinements corresponding
to 1280 triangles (N = 3). A further global refinement would lead to 5120 triangles and 16 times
larger dense matrices. For realistic models of the gravity field used in geodesy, the data is often
given at grid points spaced less than 10 degrees apart, corresponding e.g. in [9] to triangulations
with between 2048 and 131072 triangles. This shows the need to develop local adaptive refine-
ments and matrix compression. Local refinements can be introduced into the restarted Algorithm
2 every k steps.

5.1 Computation of second derivatives

The accurate determination of second derivatives of the gravitational potential on the surface
is crucial for our approach and is of interest also in other contexts. The first derivatives of the
single layer potential on the boundary have been analyzed in [I6]. They can be evaluated by a
composite hp Gauss quadrature with geometrical grading towards the singularity [25, [17]. Higher
derivatives have been analyzed by Schulz, Schwab and Wendland, e.g. in [26], 27], who compute
the second normal derivative from the less singular tangential derivatives in a similar way. For
the current problem, a simpler approach gives sufficient accuracy.

We investigate a general Dirichlet problem

~Au=0 in RI\Q (23a)
u=f on I:=090Q (23b)

with an appropriate decay condition. Using a single layer potential ansatz, the problem is equiv-
alent to the integral equation Vu = f, where

—wlogllz—yl, d=2

u(z) = Vi) = /F k( y)uy) ds, . k(x,w:{l 1 e

Ar flz—yll?
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As in Section [d, we solve the discretized Galerkin equations on the discretized boundary I'y,,

(Vin, 1), = (9,61, VEE S, (25)

in the subspace Sﬁr c H Y 2(I'y,) of piecewise polynomials of degree p. To approximate the
Hessian of u, we have to evaluate the Hadamard finite-part integral

VVVup(z) =p.f. g VaVak(z,y)pn(y) dsy (xeTy) . (26)
h

The hypersingular kernel V.,V k(x,y) is the main challenge in evaluating the potential. We
analytically compute the gradient w = VVyu, using the adjoint double layer potential. The
second derivative Vw is approximated by second—order accurate finite differences (FD):

ow(zx) dw(x+6-n)—3w(x) —w(z+20-n)

on 2 +0()
ow(r) wx+0-t)—w(x—4-t)
ot 26 +00%)

In the computations, the step size § is set to 10~ for the normal component and to 10~° for
the tangential component when approximating second derivatives. For the presented numerical
experiments the FD-approximation error is of magnitude 10~7 if no Galerkin-BEM approximation
error were to occur. However, for very small step sizes the finite differences become numerically

instable and the BEM-error is dominating. If H = (H;;) denotes the exact and Hjy, = (Hp ;) the
1/2
approximated Hessian, we measure the error in a point x as (Z” (Hpii(x) — Hyj (3:))2) . The

BEM-approximation error is measured in the energy norm || — up |12 == (V (i — pn), 1t — pon)r), -

Example 1. Let Q = [-1, %}2 be the domain and uw = In||x| the exact solution. Then the

). Figure |1| shows the pointwise error of the

Hessian approximation in the point r = (%, %) for h—versions of BEM with polynomial degree
p=0,1,2,3, as well as for a p—version with h = 0.2. Figure[] displays the corresponding BEM-
error || — pp|y between pp, and an extrapolated density pu. All versions show their characteristic
rate of convergence, i.e. 1.5, 2.5, 3.5, 4.5 for the h-versions and exponential for the p-version
until the error is about 10~8 at which point the quadrature errors for the outer integration in
the semi-analytic evaluation of (@ dominate the BEM-error with analytic computation of the
inwvolved integrals.

1—222 —2
exact Hessian is H(x) = :%2 ( ) 1 ) x;xg
—2xymy 1 —213

Example 2. Let Q = [~1,1]3 be the domain and g corresponding to the exact solution u(x) = ||71H
x% T1x2 X1T3
with Hessian H(x) = ﬁ T1Ty  TF  mowsy | — WI. Figure |3 displays the BEM-error

T1Tx3 T2X3 €3
| = pnlly, for three h-versions (p = 0,1,2). Figure shows the error in x = (1,3, 3). Again, at
least for p > 2 we observe good convergence of the Hessian approrimation.
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—+h-version, p=0
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=7 h-version,

-©-h-version,
_;[L.-E-p-version, h=0.2| .

Figure 1: Error of the Hessian approximation for a point on I'y,

—+h-version, p=0
—¥-h-version, p=1
-7 h-version, p=2
~©-h-version, p=3
-8-p-version, h=0.2]

Error in Energy Norm
3
T

DOF

Figure 2: BEM-Error ||t — pp|lv in the energy norm for the 2d case

Similar qualitative results hold for the case of a sphere. However, in this case the error for
the domain approximation quickly dominates the numerical error of differentiation [20].

To control the error of the domain approximation, it is well known [28] that the finite elements
to approximate the surface should be one order higher than the finite elements to approximate
the solution of the integral equation with the single layer potential. As the accurate computation
of the Hessian requires at least quadratic elements, third order elements should be used for .
The corresponding software development will require further research.
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Figure 3: BEM-Error || — pp||v in the energy norm for the 3d case on the cube
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Figure 4: Error of the Hessian approximation 3d case, h-versions for a point on I

5.2 Molodensky problem

In this section we perform a first study of the numerical solution of the fully nonlinear Molodensky
problem. To assess the accuracy and convergence properties of the proposed algorithm, we study
it in a simple, but algorithmically nontrivial model problem with an explicit exact solution.

The data W, G are those of a spherical earth of radius 1.1 with the Newton gravitational
potential: For x € S2, the surface is described by ¢(z) = 1.1z, the gravitational potential is

W(z) = %, and G(r) = —15z. We choose the unit sphere S? po(x) = x, as initial approxima-
tion. Therefore, Wo(z) = 1, Go(z) = —z and hg = £ (z € S?).

Since our model problem is rotationally invariant and the algorithm preserves this symmetry,
we expect a sequence of computed surfaces which are slightly perturbed spheres converging to a
sphere of radius 1.1. The perturbation should be due to discretization and rounding errors. The
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mean L? error in ¢ is thus equivalent to

# nodes

lom =@l = 57— Z dist(pm (1), 9(5%))*'/2 .

+# nodes

We have performed several numerical experiments with different parameters g, k. Firstly, if
the amount of data smoothing is too small, the algorithm is unstable as expected (and observed) in
the case without smoothing operator. Secondly, if the amount of data smoothing is too large, then
essential information on the right hand side in the linearized Molodensky problem is lost in the
first steps, and in combination with the numerical errors convergence is lost. Also if the amount
of smoothing does not decay sufficiently fast, the right hand side in the linearized Molodensky
problem is close to machine precision, leading to numerical artefacts. Figure [5| presents some
reasonable choices of parameters 6y,

Figure[5|shows that the propagation of the discretization error cannot be eliminated. However,
increasing the amount of smoothing per iteration for a fixed mesh delays the point at which the
propagated discretization error becomes dominating. Decreasing the mesh size, leads to a more
even error reduction per iteration step. However, the error reduction per iteration step also
decreases. The point at which discretisation errors become dominant seems difficult to predict.

Figure [6] shows the average pointwise error

1/2
lun (@) — u(®@)|aw = - (Z\u ) (w?“t)|2>

computed in a set of M = 10242 exterior points for the linearized Molodensky problem with
smoother (fy = 2.6,k = 6) for the first three Nash-Hormander iteration steps. Here u(x) is
obtained by extrapolation. All three curves show similar convergence rates for DOF — oo, see
Table [l

Figure [7| displays the L? error in ¢ versus the number of restarts for the restarted algorithm.
The restart is done after each iteration step. We observe the same structural behaviour as
for the other two experiments. Therefore, from the third restart of the algorithm onwards the
discretization error propagation becomes dominating. However, refining the mesh, from N = 2
to N = 3, slightly reduces the error after the second and third restart, before increasing after the
third restart.

Figure [§] displays the L? error in the gravity vector,

1 # nodes

G = Gllzz = o[ 32 (Gmla) = G2

in the algorithm with restart. The errors slowly decreases for the first five iteration steps, but
from this step onwards the method provides uncontrollable surface updates (peaks and undesirable
deformations occur) afterwards.

To sum up, we observe convergence of the algorithm in ¢ until numerical errors due to
discretization and domain approximation accumulate. A higher-order discretization of the surface
seems to be necessary to obtain stable convergence and an improved approximation of G after

17
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Figure 5: ||¢m — ¢||12 for the algorithm without restart
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Figure 6: Pointwise error |uy(z) — u(%)|q computed in a set of 10242 exterior points for the

linearized Molodensky problem
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Figure 7: ||¢m — ¢|| 12 for the algorithm with restart
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Figure 8: |G, — G||2 for the algorithm with restart

Iter | DOF | uy(2) — u(@)|aw | EOC
0 120 0.10170
480 0.03850 0.70
1920 0.01022 0.96
7680 0.00271 0.96
1 120 0.56875
480 0.03582 1.99
1920 0.01034 0.90
7680 0.00299 0.90
2 120 0.28961
480 0.09885 0.77
1920 0.02660 0.95
7680 0.00716 0.95

Table 1: Pointwise errors and experimental orders of convergence for the linearized Molodensky
problem
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a larger number of steps. For the restarted algorithm, a better understanding of the optimal
smoothing parameters must be achieved.

Figure [9] displays the sequence of obtained surfaces. The marked point is always the north
pole of the sphere, i.e. x = y = 0 and only z varies. Interestingly, for each experiment the surface
update is almost constant over the mesh points, leading to a sequence of almost spheres.
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6 Appendix

We are going to use the following definition of the Holder—spaces, but will rarely use them for

integer exponent a:

Definition 1 (Definition A.3 [5]). Let k € No,k < a < k+1 and B CR"™ compact, convezr such
that B # 0.

Define
A(B) := {u € C*(B) :|ullo = sup |u(z)| < co and
€D
|u‘a — Z sup |a U(ZE) _?7:(y)‘ < OO}
‘a|:kx¢y€B |1: - y|
We also set #°(B) := C(B). Then s := #*(B) with the norm || - |la == || - o + | |a 95 @

Banach space.

For a compact manifold, one defines 7 by covering it with a finite number of neighborhoods
homeomorphic to subsets of R™.

Basic interpolation estimates will be used frequently:
1olloata-op < Cllolgllvl,™ (0 € (0,1), ve s>ttty (27)
Similarly, if (a,b) € Ri belongs to the convex hull of (aq,b1),...,(as,by) € Ri, then
J
[llallwls < CY " Nwllagllwly, (v € ™%} w e smexttaly (28)
j=1

6.1 Proof of Theorem [2]

For ease of presentation, we set u = (u),u®) := (W,p) : §2 5 Rx R3, f := (G,W) : §? —
R? x R. The map from (W, ¢) to the corresponding G is denoted by I'. The Molodensky problem
assumes the form ®(u) := (I'(u),uV) = f.

In this notation, the Nash—Hormander iteration reads as
Um41 = Um + Amurru Uy, = \Ij(vm)gma Um = Semum ,

U being the inverse operator to the linearization of ® around vy,. To show that the Algorithm [I]
is a reformulation of the one in [5], we show that the equations and are equivalent to
usual definition

Nogo = So,f,  gm = 85 (S, = S, ) (f = Bm—1) = A—18p,,6m—1) (m>0). (29
Here, the errors e, = e}, + e/’ are defined as the sum of a smoothing error
€ = (&' (tm) = ' (vm))tim (30)
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and a linearization error

el = AN (um + Amtin) — @ () — A ® (U )it - (31)

m

The total error is E,, = eg+ -+ + em—1 (€0 = Ep = 0).
In our case, ®'(u)t = (I'(u)i, uV), so that with G, = TV (Wi, 0m) Win, m)

€ = (Wi, ‘Pm)(Wma Pm) — (I)/(Wmv {5771)/(me Pm)
= (T ( my ‘Pm)(Wmv Pm), Wm) - (F/(Wm’ ‘:Em)(Wma Pm), Wm)
(G — gm ,O) .

Similarly, for the linearization error we have
Ame;—,n = q)(Wm + Ame7 Pm + Am‘ﬂm) - q)(Wrm (Pm) - Amq)/(Wrm (Pm)(Wma (Pm) )

with second component W,, + Ame — W — Ame = 0. The first component, by definition,
is Grg1 — G — A Gon.

As a consequence, the second components of the errors e, and E,, vanish. Equation (29)
yields

Aog?) = Sp (W = Wo) ,  Apmg® = Sp,, (W —Wo) — Sp,, (W —Wp) (m>0). (32)
(1)

Concerning the first component of g,,,, we use Agg,’ = Sp,(G — Go) and our above computation:

MgV = (Sp, — Sao) (G — Go) — Do S, (Go — g§7) = 86, (G1 — Gy — AgG)
— 59, (G — G+ Dogh) — S (G = Go)

Similarly we obtain a recursion formula for m > 1:
m—1 m—2
Amg D =89, [ G =G+ S 258 | =S5, |G CGrr + Y 256l | . (33)
§=0 §=0
Equations and show the equivalence of Algorithm [1| to the formulation in [5].

of Theorem[J By the above reduction, it is sufficient to analyze Hormander’s iterative method
and derive an a priori estimate for the error after m steps. Our proof relies on certain estimates
in Hormander’s qualitative analysis. Recall that the smoothing operator is generated by (—1)*AF.

The proof is given in several steps. We are going to rely on a number of auxiliary results.
Given a sufficently large, fixed ag, we recall the following continuity estimates for ®” and the
inverse of the linearization ¥ from ([5], equations (2.1.5/6)):

1.) Forall e > 0,0 < a < ag and u,v,w € C* with |lu|24. < C we have:
127 (s v, w)lat2e S [0llaratzellwllo + ollollwllatzrse + llvlloflwllollwllarst2e (34)
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2.) For all e > 0,0 <a <ag and v,g € C* with ||v[jeyr. < C

1V (v)gllate S N1gllate + llgllellvllatare (35)
The first lemma translates a bound for the first m increments 1; into properties of U,, =
2 o Dt
Lemma 1. Let e >0, a+e¢ ¢ N, —e < a_ < a < a;. Assume that 2k > o+ € — a and that for
some d >0, m>0

lijllare <8097°7 VO<j<mVa€la,ai]. (36)

Then Uy, = 37700 Ajiy € AT satisfies

[Unlla <C16  Va<a+e, (37)
U = So, 1 Umlla < C2805757¢  V0<a<ay+e, (38)
15,041 Umlla < C586%7079% V0 <a<ag (39)

for fized ag.

We refer to [, Lemma 2.2.1]) for the proof.

The lemma implies that under the given assumptions all iterates w,, will remain in a neigh-
borhood of ug. We may therefore localize and appeal to estimates valid near ug and justify the
linearization of the problem. A quantitative formulation of the localization is as follows:

Corollary 1. Let € >0, p < a+¢, and a, § as above. Define
Veim fue € fu— ol < s} .
Vo= {ueC®: Jull, < s} .
Then there exist C,C" > 0 (which depend only on Cy and the constants in Theorem [J(i), (iii’))

1

such that for all § > C <ﬁ> “and all 6 < C'E:
a) Spuo € V/2
b) If a = p < a+e, then Uy, SgUy € Vo, upy1 = uo + U € Ve and Sp,, upt1 € Ve

We note some related estimates for the smoothed iterates v,, = Sp,, upm, which in particular
hold for b = a + ¢

Corollary 2. Under the above assumptions there holds:
luj = vjlle < Clluollsb ™ + 86577 Ve<a+e 0<b—c<2k (40)
lvjlle < C(luallpS™ + 067 Ve<e, b<e (41)

Proof. Indeed, using Property (iii’) of Sp and Lemma

< Clug||s85° + CO05 >

|wj — vjlle < [luo — Se;uolle + |Uj—1 — So;Uj-1le (42)

Similarly, [l < 1Sy, uolle + 150, Uy-1e < C85 ol + 050 5
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The a priori estimate of Theorem [2| will be shown by induction in m.

As hypothesis we assume (36)), that || f||a-+e is small and that the assumptions of Lemma [1] are
verified for a suitable §. We are going to deduce the corresponding assertions with m replaced by
m+ 1.

Together with the induction hypothesis, Lemma [I] and the above corollaries provide bounds
of the Holder norms of u;, v; and u; —v; for 0 < j < m. To estimate ,,+1 in terms of these
data, note that by definition of ., +1 and gm 1,

. 24-a—
litmillate < CUlgmstllate + llgms[|BZTE)

~ A
Im+1 = Sm(f — Em) — Aim‘sbmﬂem
m—+1
m—1 g 56141~ 50m i O d g
where F,, = ijo Aje; and S, = B e Writing Sy, as an average of 7559, Sy, f can be

bounded using Property (iv) of the smoothing operator,
1Sm fllo < CO M fle

for any b, c. Properties (ii) and (iv) of the smoothing operator give similar estimates for the other

terms:
156,041 €mlls < COL™ e (43)
" m—1
1SmEmlls < 05771 Ajlleller. (44)
j=0
Hence
m—1
lgm+1llate S O Flle + 057D Allegller + 057 flemlle ,  (45)
7=0
m—1
2 _ _ _ _ _ Hi .
BT g lle S 05 CTIFETImO | pll o 05, C IR0 A e o
j=0
R Cat Al [N /PO (46)

giving a bound on y,4+1. If we choose c =a+¢,C=a—a+ec+(2+a—a); < a+e, the terms
involving f are dominated by 6Z || f|la-te

To estimate e, we will consider the smoothing error e;- and the linearization error e;-’ separately.

At the end of this section we use and to bound e;- resp. eg-’ in terms of the Holder norms of
uj, v; and u;—v; for 0 < j < m, which are controlled by the induction hypothesis. A computation
eventually results in

i lae < COZy (Allflae +00(1+ 6+ 6%))
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for small o € (0,1) whenever 6y = 6y(o, ug, a, Sp) is sufficiently large. A only depends on the
constants in and Property (iv) of the smoothing operator. Both 6y and A are, in principle,

explicit. We choose o = %ﬁ-

Then for all f in the ball {u: ||u/qte < %} we have

||um+1 ||a+6 < 597€L+1' (47)

On the other hand, in the first step the solution to the linearized problem g = Aal‘ll(Sgo u0)So, f
is easily estimated using and the smoothing properties

Dolltiollate < C(1S00 fllate + 1100 f lell Sayuollata+e)
< C//90(1 + eaaHUOHQ-i-e-f—a)||f”a+€9(€3~

We now denote by € the maximum of C”A;0p(1 + 05 %||uol|24e+a) and the previous constant
2AC and choose § = €| f|lare- Since || f|la+e was sufficiently small by hypothesis, so is §, and
(47) is fulfilled. By induction, we deduce

Ham-&-l”a-i-e < Q:HfHoa—i—eaferl Vk=>0. (48)

If u denotes the exact solution, we obtain

oo o
[u—tmlate < Z Ajllujllatre < €|l fllate Z A]ﬂf’
j=m+1 j=m+1
< CT¢||f||a+607€z+1+T

for any 7 > 0 small such that F+ 147 < 0. As u was the exact solution, this yields the assertion
of Theorem [

Note that
P (um+1) — P(v) = @(um+1) — P(wo) — f = (S0,.f — f) + Dmem + (Em — So,, Em) -

We have shown that the right hand side converges to 0 in H*"¢, so that also ®(u,,) converges to
O (u).

To complete the proof, it remains to estimate e,, and to translate the result into a bound on
Um+1. For the j—th smoothing error

1
= (@) = o)y = [ (o, -ty = )iy = vy

equation implies

€ ll2era S lluj = vill2tserallijllo + llu; — villollisll2r3era

+ 2llug = villollisllo(llujllz+2eta + [lvjlla+2eta) -
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Using Lemma [1] [lu;ly < [luolls + C6, and the estimates for v; and u; — v; from ([40)), ([41]), we
obtain

€ et S (ol 035500 + 563 +20=2)50-0=1 4 (gl 0 + 607 %3612~ (a9)

+ (l[uolles0; 2 + 66,7305 ([Juoll2ca + 6 + 6617 7%) .

Similarly, as the remainder of the first Taylor approximation, €’ is also controlled by ®”, and

J
analogous estimates result in

lefll2e+a S 25 ll2+3erallisllo + a5 (lusllss2era + 1l3426+0)} (50)

S A 08070 4 (607 (o llssacra + 6 + 00Ty,

To estimate gp4+1 in and ([46]), it remains bound sums >0 " {H€;‘Hb+ He;.’Hb}. We

consider a generic term of the form Zm 1A i0; 4F(8,up) for suitable F obtained from
resp. » il ! AQ dF (6,up) from (50). Concermng the former, if d > 1, we have for any small
T>0

m—1 m—1
n—d —d+1+41 p—1-7 —d+1+7
N4 < 6 S 06717 < Oy,
j=0 7=0

with C; independent of 6y > %nin >0 and K > Kmip > 0. Here we have used that

AT S RTOEIT = (g )T R

For d < 1,
m—1 m—1
A(g d<0 d+1+TZA9 1— ’7’<00 d+1+‘r.
j=0 j=0
Finally, for d =1
m—1
N0 < Cr7,
§=0

As for the term coming from
Azg'fd < C —192 d—r+T )

Estimating the sums in resp. (46)) thus increases the exponent on 6, resp. fy in the estimates
of e/, by at most 1+ 7. From the estlmates of e/’ , one obtains 6y raised to a power which is
arbitrarily negative for large «.
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As a result

szac”lmzlAjHe;”C” S 5HUOHbegnqtsfc”flaij}%-‘rc”—b—iw 4 629gn+sfc”71931—‘;8”—2a+7
B + 0|y O T2 GTTONT 4 g2 kem g2 S Rek
010l |+ B =" 710, 27t
+ 52||U0H3+C”97%z+€_c,/_10;i62a+7- + 52HUOHCQG%—&-E—C”—IQ;C/Q(;CHW
+ 53921+e—c“—107;s/62a+7 + 62Huo||C26;1n+6—6”—19;16/20*a+(6//7a73€)++‘r
+ 539;;%—6“—19;1%2“(6”*&*35”“ : (51)

Here 6,9 is 0., or 6y, depending on whether its exponent is greater or smaller 7. Choosing
eg " =a+2e,b=3+e+"+27,¢1 =2+ —a+27 and ¢z = 0, the exponents of 6,y are
negative and the exponent of 6, is strictly smaller than F = a — a — 1. Similarly, we obtain

m—1
Hgn—&—e—c”—l Z Aj”(i;/HCN 5 529?:—5—0”—198+c”72a+27n+‘r + 52(||U0H3+c” + 5)0%—0—6—0//—19620471{«#7
7=0

+ 530gn+a—c”—100—2a—/4+7— ’ (52)

where the exponents of the 6y and 6,, have the same properties as in (51).
It remains to estimate the term 00+~ llemlle in (45). We choose ¢ = a + € and, in (49)), set
c1 = ¢ equal to the above ¢’ obtain

05t~ lemlle S (uollp0 200 4 662 Ha=) 50271 4 (Jlug | b8 + 60,27 €)o0L e
+ (luoller 5 + 66,2780, (luolls4era + 6 + 505 ))
+ 02 Db 4 7 D0, 207 (|0 [34era + 8) + 67 A0, 20 2B

The exponent of 6, is again strictly smaller than F.
The analysis of is analogous. This completes the proof of Theorem O

6.2 Proof of Theorem [3]

We consider the operator A as an unbounded operator on the Hélder space 7% with domain
D(A) = "2 (if a ¢ Np). Using the nonpositivity of A and [29, Theorem 9.3], we see that
A — X is invertible for A € Sp = {\ € C\ {0} : |arg\| < 0}, § € (7/2,7), and that (A — \)~! is
a pseudodifferential operator, depending on the parameter A\, whose symbol decays as % The
mapping properties [30, Proposition 8.6] of such operators in Hélder spaces, which are analogous
to those for Sobolev spaces, therefore imply

_ C
(A =Nl < e, YA€ S (53)

Equation allows to define the analytic semigroup generated by A,

1
ety = eMA =N Tlud), t>0, (54)

21 e

27



where 7 > 0,1 €]r/2, [, and 7,, is the curve {A € C: JargA| = n,|A| > r} U {X € C: |arg)| <
n,|A| = r}, oriented counterclockwise. e!4, does not depend on the choice of 7 and 7. We recall
some basic properties of analytic semigroups (Proposition 2.1.1, [31]):

Proposition 2. (i) ||e"tull, < Collulle, ¥t >0.
(ii) ettesA = elt+9)A vt s>,
(i) lim [|edu —ull, =0, Yue D(A).
t—0+
(iv) There are constants Cy, such that
[t Ale"ull, < Cllulla, 0<t <1 (55)

(v) t — e is a real-analytic function from (0,00) to the Banach space of bounded linear
operators on H* (with norm given by the operator norm) and

!
4
dt!
Concerning Theorem (3] we first consider Property (0). Using Proposition iii) and setting
Sp = et4 and t = 672F we have

A=Al > 0. (56)

lim Sgu=u, Yue #?*te (57)

0—o00

and thus, Property (0) holds.
Using Proposition (1) and the fact that Sy = €' is a continuous operator on 7 we have

e ully < Nlulls S llulla, Vo< a

and thus also Property (i).
In order to prove Property (ii), note that it suffices to show the assertion for 0 < ¢ < 1, or
equivalently # > 1. We use that (A — 1)71 : #% — #972k is continuous, ||[(A — 1) u| jpasar <
||| #a. We then have

Follasat S ICA = D)vlla S [Avlla + fo]lo

We first set [ = 1 and v = te*4u and deduce
te" ullaror S (A= Dteulla S [[EA o + [[te  ullq (58)
and by using Proposition [2(i) and Proposition [2[iv) we have
[te"ulla < e tulla S ufla, 0 <t<T,

and finally by we obtain
It ullaror < llulla.

By iterating this argument [-times using

t t
[t e ul| gy om = lllliet/lA jet/lAUHaHkl
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we have
[t e Al arort S Julla -

Setting b = a + 2kl, t = 6~ 2%, Property (ii) holds for this specific b.
For an arbitrary b, b := a + 2kl > b, write b = oa + (1-— a)lN). The interpolation estimate
gives

et 4ully < fle“ulllle A ulli ™ <t OV ully flulls™

and we deduce
leullp St~ M Juflq = =2y,
Setting now Sy := et with t = 2% we have proved
1Soully < 0" [[ulla
and thus, Property (ii) holds.
For Property (iv) we first use t = #~2¥ and observe
d 4q0 dtd 44

2k
06 U= gt U= —2kt'/?* (tAetAu) = —?tAetAu.

The same proof as for Property (ii) yields, setting Sp = et4:
d 2k tA 2k b—a b—a—1
|2 Soull, = 2t Acully < 276" ulla = 246" ua

Finally, given the continuity of Sy on 2%, it suffices to show Property (iii’) for b # a. Note
that 1 — A : %2 5 # is an isomorphism. With 1 —e* = —\ fg e ds, we have for v € C™,
v={(1 —A)aT_kbu and t € (0,1]

1 ae
u—etu = / (l—et’\)(A—)\)fl(l—A)kabvd)\
27 )y
',
1 ! s —1 _a-b
= —— A e¥ds (A=XN)"(1—=X)" 2xvd\.
2wt )y, Jo
The double integral is absolutely convergent for “Q—_kb € (0,1). After interchanging the order of

integration and using the triangle inequality as well as [[(A — ) "1l < %, the right hand side
is smaller than a constant times

t
// e Re M1 N7 ||ully |dA| ds -
0 J~

n

If r < 1, we may bound |1 —A|7* < C,(1+|A|)~! for all X € ;. It therefore remains to estimate

t
// ¢* Be A1 [\~ T [ully |dA| ds -
0 Jy

'
We split the integral f%n = I, + I, + I_ into integrals over 7. = {\ = re’ € C : |o] < n},
Y ={A=pemcC:p>r}resp. 7 ={\=pe ™ c C:p>r} and consider the three terms
separately. The first integral,

t n a—b
I, = / / e* %) dods (1+7)"2 ||olly
0 J—nq
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is bounded by t(2n)e(1 + r)faTikb ||v||» and hence of order ¢. For the second and third integrals,

t 0
Ii:/ / el oSt (1 4 )= |ju]|, dpds
0 Jr

the change of variables p — m leads to

a—b
_ s| cos(n)| >2k 1
Iy = p = _dpds,
= L™ Grocstas) 1ol sy o

L < /0 (5] cos(n) ) F

or

* _, _asb a=b
/ o T ||olly dpds < T [l
0

Using t = 02% and [|v||y = ||(1 — A)az;kbqu < ||ula, (iii’) follows.
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