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Maximum principle in linear finite element approximations of

anisotropic diffusion-convection-reaction problems

Changna Lu? Weizhang Huang! Jianxian Qiut

Abstract

A mesh condition is developed for linear finite element approximations of anisotropic diffusion-
convection-reaction problems to satisfy a discrete maximum principle. Loosely speaking, the
condition requires that the mesh be simplicial and O(||b||och + ||¢||sch?)-nonobtuse when the
dihedral angles are measured in the metric specified by the inverse of the diffusion matrix,
where h denotes the mesh size and b and ¢ are the coefficients of the convection and reac-
tion terms. In two dimensions, the condition can be replaced by a weaker mesh condition (an
O(||b]lsch + |Ic||sch?) perturbation of a generalized Delaunay condition). These results include
many existing mesh conditions as special cases. Numerical results are presented to verify the
theoretical findings.
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1 Introduction
We are concerned with the linear finite element (FEM) solution of the anisotropic diffusion equation
-V -(DVu)+b-Vu+cu=f, in Q (1)
subject to the Dirichlet boundary condition
u=g, on 09 (2)

where Q@ € R? (d > 1) is a connected polyhedron and D = D(x) € R¥*9 (the diffusion matrix),
b=>b(x) cRY c=c(zx), f=f(z), and g = g(x) are given, sufficiently smooth functions defined
on 2. We assume that for any € , D(x) is symmetric and strictly positive definite and functions
b and c satisfy

o(x) — %v b)) >0, @) >0, Voeo (3)
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It is known (e.g., see [§]) that the solution of the boundary value problem (BVP) and
satisfies the maximum principle.

The numerical solution of BVP and has attracted considerable attention from scientists
and engineers. The BVP is a prototype model for anisotropic diffusion problems which arise in
various fields such as plasma physics [10, [I1], 28], petroleum reservoir simulation [1l 26], and image
processing [27,, [32]. Moreover, it has been amply demonstrated that a standard numerical method,
such as a finite element, a finite difference, or a finite volume method, does not necessarily satisfy
a discrete maximum principle (DMP) and may produce unphysical solutions that typically contain
spurious oscillations, undershoots, and overshoots. Furthermore, designing a numerical scheme to
preserve the maximum principle is an important research topic in its own right. As a matter of fact,
considerable work has been done in the past to develop numerical schemes to satisfy DMP; e.g.,
see [2, B 4} 6, 16, 17, 19} 211 291 30}, B1l, B3] for isotropic diffusion problems (D = a(x)I with a(x)
being a scalar function) and [7), 10} 111, 14], I8} 20, 22} 23], 24, 25] 26], 28] for anisotropic diffusion
problems. In particular, it is shown in [6] that the linear FEM satisfies DMP when the mesh is
simplicial and satisfies the so-called non-obtuse angle condition which requires that the dihedral
angles of all mesh elements be non-obtuse. In two dimensions the condition can be replaced by
a weaker condition (the Delaunay condition) which requires that the sum of any pair of angles
opposite a common edge is less than or equal to 7 [30]. Similar results have been obtained recently
for anisotropic diffusion problems in [14] 22].

It is pointed out that most of the existing work has been concerned with problems without
convection terms. For continuous problems, it is known (e.g., see [8]) that convection terms have
no effect on the satisfaction of the maximum principle by the solution. However, the situation is
different for discrete schemes. The main difficulty comes from the fact that discrete convection terms
typically do not vanish at an interior maximum point and the entries of the corresponding matrix
can be both positive and negative. A few researchers have tried to address the issue for isotropic
diffusion problems. For example, Xu and Zikatanov [33] employ a special number treatment for
convection terms so that they have no effect on the DMP satisfaction by the discrete solution.
Burman and Ern [3] propose a nonlinear stabilized Galerkin approximation of the Laplace operator
which satisfies DMP on arbitrary meshes and for arbitrary space dimension without resorting to the
non-obtuse angle condition. They prove that the result can extend to diffusion-convection-reaction
problems with constant diffusion coefficient when the mesh is locally quasi-uniform. More recently,
Wang and Zhang [31] study quasilinear isotropic diffusion-convection-reaction problems and show
that linear finite element approximations satisfy DMP when the mesh is O(||b||ooh + || c||coh?)-acute
(i-e., the dihedral angles of all mesh elements are less than or equal to 5 — 71[|b||ch — 72|l och?
for some positive constants ; and ). On the other hand, no work has been done for anisotropic
diffusion-convection-reaction problems.

The objective of this paper is to develop a mesh condition for linear finite element approxima-
tions of anisotropic diffusion-convection-reaction problems and in any dimension to satisfy
a discrete maximum principle. We shall use the approach of [22] to show the stiffness matrix
associated with the linear finite element discretization to be an M-matrix and have non-negative
row sums, with the focus on the treatments of the convection and reaction terms. We shall also
investigate the two dimensional case where a weaker sufficient condition can be developed.

The paper is organized as follows. A linear finite element discretization for BVP and is



introduced in Section 2. In Section 3 geometric properties of the gradient of linear basis functions
are studied. A general mesh condition valid in any dimension and a specific and weaker condition
in two dimensions are developed in Section 4, followed by numerical results in Section 5. Finally,
Section 6 contains conclusions.

2 Linear finite element formulation

We consider the linear finite element solution of BVP and . Assume that an affine family of
simplicial meshes {73} is given for Q. Let

U, = {ve H'(Q) | vloa = g}.

Denote by U h the linear finite element space associated with mesh 7j,, where ¢ is a piecewise

linear approx1mat10n to g on the boundary. A linear finite element approximation u" € U
BVP (1)) and ([2)) is defined by

/(Vuh)TDVuhdw+/vh b - Vuh)daz+/cu v
Q Q Q

:/vahdsc, v ol e Ub. (4)

The above equation can be rewritten as

> K] (Vo) DKVu+Z/ (b- Vu")da

KeTy, KeTy,

—1—Z/cu vhdx = Z/fvhd:z: Vol e U ()

KeTy, KeTy,

where |K| is the volume of element K and Dy is the integral average of D over K, viz.,

1
]DK:/]Dda:. 6
K]/ (6)

Scheme can be expressed in a matrix form. Denote the numbers of the elements, vertices,
and interior vertices of mesh 7, by N, N,, and N,;, respectively. Assume that the vertices are
ordered in such a way that the first N,; vertices are the interior vertices. Then USL and u" can be
expressed as

U(? = Span{(ﬁh T 7¢NU1‘}7 (7)
N'ui N’U
P> uigi > uey, (8)

where ¢; denotes the linear basis function associated with the j-th vertex, a;. The boundary
condition is approximated by

Uy :g(aj), j:Nm‘—i-l,...,NU. (9)



Substituting into , taking v = ¢j (7 = 1,...,Ny;), and combining the resulting equations
with @, we obtain the linear algebraic system

Au=f, (10)

T T
where w = (U1, ..., UN,, s UN, ;415 - UN, )" 5 F = (f1s ooy [Ny Ny 415 - GN,) T

A App
0 I

A= : (11)

and I is the identity matrix of size (N, — N,;). The entries of the stiffness matrix A and the
right-hand-side vector f are given by

o= 3 IKIV) DR Vo, + 30 [ 00 (b Vo))

KeTy, KeTy

+ > / cjpide, i=1,..,Ny, j=1,..,N, (12)
K

KeTy

fi= Z /Kfﬁf)idm, i =1,..., Ny;. (13)

KeT,

In the following sections we shall investigate under what condition on the mesh the solution of
satisfies a maximum principle. A key to this investigation is to understand geometric properties of
the gradient of linear basis functions which are to be described in the next section.

3 Geometric properties of the gradient of linear basis functions

Let K be an arbitrary simplex with vertices a1, as, ..., agz11. Denote the face opposite to vertex a;
(i.e. the face not having a; as its vertex) by S; and its unit inward (pointing to a;) normal by n;.
The distance (or height) from vertex a; to face S; is denoted by h;. The result of the following
lemma exists in literature; e.g., see [2, [19] 33].

Lemma 3.1. For any simplex K € R, the gradient of linear basis function ¢; associated any

vertex a; (i=1,...,d+ 1) is given by
n;

Véi= 4

(14)

It is remarked that Brandts et al. [2] have obtained the same result using the so-called g-vectors
defined through the edge matrix of elements. Specifically, they show that g;, a g-vector associated
with face S, is an inward normal to S;, has the length 1/h;, and is equal to V¢;; i.e.,

1

These g-vectors will be used frequently in the remaining of the paper.
The next property of gradient of linear basis functions is related to the diffusion term in stiffness
matrix ((12]) for the case Di = I. Denote the dihedral angle between any two faces S; and S; (i # j)
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Figure 1: A sketch of unit inward normals, dihedral angles, and heights of element K.

by a;;. It can be calculated as the supplement of the angle between the inward normals to the

faces, i.e.,

Y (16)
il - llg;ll

(In fact, (L6]) is often used as the definition of the dihedral angle.) A sketch of the g-vectors,

dihedral angles, and heights of an element are shown in Fig.

cos(ayj) = —m;-ny =

The result of the following lemma is also known in literature; e.g., see [2, [0} [14].

Lemma 3.2. For any simplex K € R, we have

K6V = — Bl cos(ag), i # 3 (a7)
hih;
It reduces to 1
[K|(Vi)! Ve = =5 cotla), i #j (18)

m two dimensions.

Proof. Equation follows from Lemma and .

In two dimensions, K is a triangle. Consider the case with ¢ = 1 and 7 = 2. From Fig. [} we

have h b
1 112
K|=— — - -=
K] 2 laz = as] 2sin(a2)
Combining this result and gives . O

We now study the diffusion term |K|(V;)TDg V¢, for general symmetric and positive definite
matrix Dg using Lemma [3.2] Define

_1 -
Grg(x) =Dz K— K, (19)

where K = G(K). Obviously, K is also a simplex in R?. For any vertex a;, we denote the
corresponding vertex, face, height, and g-vector of K by a;, S;, h;, and gq;, respectively. We have
~ -3 S -3 ~ _1
a; :DK2ai, Si :]D)KQSMK| = det(Dg) "2 |K], (20)
1 ~
~ 3 -1
q; =Dga;;, hi= qu‘HDKv
where || - [|p, denotes the distance measured in the metric Dg. The derivations of the first three
relations are trivial. To derive the last two, we first notice that

bi(z) = 6i(D3LE) = 3i(3).



Then from we have
~~ 1 1
q;, =V = DIQ(V@' = ]D)IQ(qiv
which gives the second last relation in . The last relation is obtained by taking the norm of the
above equation.
To obtain the relation between h; and h;, we rewrite the last relation in as
~ 1
= ST
(g;)' Dkq;
from which we obtain
h; ~ h;
—— < h < ——m—,
)\max (DK) )\mzn (DK)

where Az (Dr) and Apin (D) denote the maximum and minimum eigenvalues of D, respectively.
1

(21)

Denote the dihedral angle between faces S; and §j by QD Since S; = D,>S; and §j =

_1
D2 9S;, it can also be viewed as the dihedral angle between S; and S; measured in the metric ]D)I_(l.
Moreover, from we see that the angle can be calculated by

q.-0. TDwq.
COS(aZ-j’D—l) _ qu qi _ q; VKq; ] (22)
K gl - gl 1gillok ;g

We now go back to the quantity |K|(Ve;)TDxVe;. Notice that

LN e
|K|(V¢i) Dr Ve, = det(Dr )2 | K|(q:)" ;-
Applying Lemma to K and using relations , we have the following lemma.

Lemma 3.3. For any simplex K € R% and any symmetric and positive definite matriz Dy, we

have _ )
K| det(Dk)2

|K|(Véi) DV, = = cos(aypor), i# S (23)
(2L
It reduces to )
det(Dg)2 . .
KI(V6) iV = ~ S oty ), i (21)

n two dimensions.

4 Mesh conditions for DMP satisfaction

In this section we study the mesh conditions under which the linear finite element scheme
satisfies DMP. The main conclusions are given in Theorems [£.1] and [£.2]

Theorem 4.1. If the mesh satisfies

K Bl ek e ) )
Amin(Dr)  (d+1)  Apin(Dg) (d+1)(d+ 2) VK

h,j=1,...,d+1,i#j VKT,

where ||bl|oo,x = maxgek [|B(2)], ||lc/lco.x = maxgek c(x), and hX s and ;i po? s are the heights
and dihedral angles of element K, respectively, then the linear finite element scheme (@ for BVP
and @ satisfies DMP.



Proof. Following [22] we prove this theorem by showing that stiffness matrix A defined in and
has non-negative row sums and is an M—matrixﬂ From Stoyan [29, Theorem 1], this implies
that scheme satisfies DMP.

(1) We first show that matrix A has non-negative row sums. Notice that we only need to show
that the first N,; row sums are non-negative. Using the fact Z;V:”l ¢j(x) = 1 and the assumption

c¢>0 (cf. ), from we have, for 1 = 1,..., Ny,

Ny Ny
Yoag = > IK[(Ve) D V[ ¢
j=1 j=1

KeTh

Ny

+ ) /K@» b-V ;qﬁj dz

KeTy

Ny
+ ) /Kc<b,~ ;gﬁj da

KeTy

= Z /chﬁida:

KeTy
> 0. (26)

(2) Next, we show that A is a Z-matrix; i.e.,

aj < 0, Vi#j i=1,... Ny j=1,..,N, (27)
(0773 Z O, 1= 1,...,Nm'. (28)
Recall from Ciarlet [5, Page 201] that
K] / LY
’Ld = ) % idx = ) 2
/ dide = T 0105l = G d+ 2) (29)
Kew; KEwiﬂwj

where w; and w; are the element patches associated with vertices a; and a;, respectively. We havex

aj= ) (IKI (Vi)' Di V¢j+/K ¢i (b-Vo;)de + /K c é; ¢jdm> (from (12))

Kew;Nw;

1
< Y <|Ky (Vo)! Dg V¢j+h§</K¢i]b~an|dm+/Kc¢i b; dw) (Lemma [3.1)

KewNw;

< Y <|Ky (Vo) Dg Vi + (from (29))

Kewmw]-

(K] [[Blloore KT l€lloo,x
hMi(d+1)  (d+1)(d+2)

K K| ||blloo K 00
K| K| [bllocic K] ] ,K> (Lemma B3)

= 2 <_5g<z§<cs(awxl)+ WE(d+1) " (d+1)(d+2)

Kewmwj

"Matrix A is called an M-matrix if it is a Z-matrix (see (27) and (28] below) and satisfies A=! > 0 (i.e., all entries
of its inverse are nonnegative).



K| REREblloc,x  hERE |0,k
= E ~—=— | —cos(a;; p-1) + —F% +
4D hE(d+1) (d+1)(d+2)

K| hZK 16|00, K
< Z = ~' - Cos(aij,ﬂ);gl) + )\mm(DK)(d + 1)

Wi ht Jlelloo, i )

Amin(Dr)(d + 1)(d + 2) (from (21))

Combining this with implies .
On the other hand, for i =1, ..., Ny,

ai = Y |K| (Vei)" Dk Vqﬁi—i—/g i (b~Vq§i)dw+/Q c ¢rdx (from (12))

KeTy,
(B . ) 2
2/9<bz(b V¢,)dw+/ﬂcq§zdw

1
= / (c— EV - b)p2de. (Gauss’ divergence thm)
Q

The assumption implies that a;; > 0. Thus, the stiffness matrix A is a Z-matrix.

(3) We now show that Aj;, the northwest block of matrix A, is an M-matrix. This is done by
showing Aj; is positive definite. For any vector v = (vy,vg, ..., fqui)T, we define v = Zfi”{ vip; €
Up. Notice that Vo' is constant on K. As in the proof for a; > 0, from we have

vl Ajv = Z K| (VoM Dy Vol +/ o (b- Vo) dax + / c (v")%dx
KeT, Q Q
1
> YK (V") Dg Vo + / (c— =V -b)(v")dz > 0.
KETh @ 2

Moreover, from the above inequality, v7A;;v = 0 implies v®

= constant, which in turn implies
vP = 0 due to the fact that v" € Uy. From these, we know that Aj; is positive definite. Since Ay
is a Z-matrix, so it is an M-matrix.

(4) Finally, we show matrix A is an M-matrix by showing the inverse of A is positive. From

, the inverse of A is given by

Aﬁl _Af11A12
0 I

A7l = (30)

Using the fact that A1_11 >0 and A3 <0, then A~! > 0, which, together with the fact that A is a
Z-matrix, implies that A is an M-matrix. O

Remark 4.1. Loosely speaking, requires

cos(a;;p-1) > O(hl|bls) + O(h? ¢l ) (31)
or
™
0< Qiipt S 57 O(h|bllso) — O(h?||c|lso) (32)



for all dihedral angles, where h = gla;_( hx is the maximum element size. In other words, if the
S

mesh is O(h)-acute in the metric D! for the case b # 0 or O(h?)-acute in the metric D=1 for the
case b= 0 and c £ 0, then the linear finite element solution of and (@) satisfies a DMP. O

Remark 4.2. When no convection and reaction terms are involved, condition reduces to the
nonobtuse angle condition of [6] and the anisotropic nonobtuse angle condition of [22] for isotropic
and anisotropic diffusion problems, respectively. Moreover, the condition is consistent with the
DMP conditions obtained by Brandts et al. [2] and Wang and Zhang [31] for isotropic diffusion-
reaction or diffusion-convection-reaction problems. Thus, can be viewed as a generalization of
those existing results to anisotropic diffusion-convection-reaction problems. ]

Remark 4.3. Condition can be rewritten into a more friendly form to mesh generation.
Indeed, combining with we have

WE bllok | PRT T elloo
Amin(Dr)  (d+1) Amin(Dr)  (d+1)(d+2)
qiTDKqJ‘

(33)

< - .
\/ q! Dxgq, \/ q; Dkq;

Denote the reference element and its g-vectors by K and q; (i=1,...,d+ 1), respectively. Let Fg
and FJ; be the affine mapping from K to K and its Jacobian matrix. As for 1) it is not difficult
to show that

q;, = (Fi)q;, i=1,..,d+1.

Inserting this into leads to

RE bllses |, PERE el
Amin(Dr)  (d+1) " Apin(Dr)  (d+1)(d + 2)
al (Fi) "Dk (Fr)~'ay

1
(a! ) "Dk (Fj) )" (a] (Fi) TDw(Fy)ay)

- (31)

T-
2

We now consider so-called M-uniform meshes for a given tensor M = M (x) which is assumed
to be a symmetric and positive definite d x d matrix for any € Q = Q U 0. These meshes are
approximately uniform in the metric specified by M. They are defined (e.g., see [13][15]) as meshes
satisfying

SIS

(FR) M F) T = (T) L VK e (35)

where

1
MK:m/KM(a:)daz, ahzgﬁﬂ Vdet(Mg),

and det(Mp) is the determinant of Mp. M-uniform meshes (or more practically, almost M-
uniform meshes) can be generated using a variety of techniques including blue refinement, direc-
tional refinement, Delaunay-type triangulation, front advancing, bubble packing, local refinement
and modification, and variational mesh generation; see references in [22].



When the metric tensor is chosen as My = ]D)I}1 or, more generally,
Mg = 0Dy, (36)

where 6 is a scalar, piecewise constant function, the corresponding M-uniform meshes will be
referred to as D~ -uniform meshes. For those meshes, (35)) becomes
Oh

_2
(Fi) TDg (Fie) ™" = 0k (ﬁ) I VK eT,

Inserting this into we get

hi bl hihi s
A L S U Y S

where ¢;; is a dihedral angle of K. If the reference element K is chosen as a regular d-dimensional
simplex, we have cos(d&;;) = 1/d, and the above inequality becomes

th . HbHoo,K + thh]K . HCHOO,K < 1 (37)
)\mm(DK) (d + 1) )\mm(DK) (d + 1)(d + 2) —d
This inequality holds if the maximum element size satisfies
I < - ) .
Wbl + b2 lelloe < S0 min Anin(D(a)) (39)

It should be emphasized that is generally too conservative to be useful in practical compu-
tation. However, it does show that when the reference element is chosen as a reqular d-dimensional
simplex, a sufficiently fine (with h satisfying @), D~ -uniform mesh satisfies the condition .
In other words, a mesh satisfying can be obtained by refining a D™ -uniform mesh. O

It is known that the acute or nonobtuse angle condition can be replaced by the weaker, so-called
Delaunay condition in two dimensions for a linear finite element solution to satisfy a DMP; e.g., see
Strang and Fix [30] for the anisotropic diffusion case and Huang [14] for the anisotropic diffusion
case. In the current situation with convection and reaction terms, a similar weaker condition can
also be obtained in two dimensions. The argument is almost the same as that of Theorem
except that Step (2) of the proof needs to be fine-tuned. Let e;; be the edge connecting vertices
a; and aj (i =1,..., Ny, j=1,...,N, i # j). Denote the two elements sharing e; ; by K and K.
From Step (2), we have

(K] [1blloc,rc K] llefloo,x
hEd+1)  (d+1)(d+2)
(K] [[Blloc,icr K] l€lloo, 7
M (d+1)  (d+1)(d+2)
1
det(]D)K) det(DK/)E
—g o cot(ay ) =~ cot(ay )
(K] [[Blloc,ic 1K llelloo,g | [E] [[Blloo,xr K] l€lloo, k7
W d+1)  (d+1)(d+2)  AfF(d+1)  (d+1)(d+2)

aij < |K|(Véili) ' D Vi +

+ | K'|(Vil i) Dy V| s +

N

(Lemma

10



where 5 Dt and Qi p-1 are the angles of K and K’, respectively, that face the common edge e;;.
kl KR!
From this we can conclude that the linear finite element solution in 2D satisfies a DMP if the mesh
satisfies
(K [blloo,c K] lelloore K[ NBlloo,ir | K] llelloo, k7
hEd+1)  (d+1)(d+2)  hE'(d+1)  (d+1)(d+2)

1 1
det(]D)K)i det(]DK/)§
< SO SRR cotfay ) (39)

for all internal edges. Following [14], we can rewrite the above inequality as

ot(aij,D;(l) +

1
0<35 [O‘z‘j,D; +a;p-

2
det(D g 2C(K,K',j
+ arccot D) cot(a,; p-1) — 20K K j)
det(Dg) I ket det(Dg)
det(Dg) 2C(K,K',j)
+ arccot ——=cot(,; . 1) — —— <m, 40
< det(Dg) ( ”’DKl) det(Dg) 40)
where
K| ||b]| K 50 K'| |b|o.i
ccr gy - Bl | K]l I bl

COREd+1) (A1) +2)  RE(d+1)
K| [lelloo, k7
(d+1)(d+2)

The following theorem summarizes the above analysis.

(41)

Theorem 4.2. If (@) holds for all internal edges of the simplicial mesh Ty, then the linear
finite element scheme (@ for BVP and @ in two dimensions satisfies DMP.

Loosely speaking, can be written as

1 det(]D)K/)
0< 5 aij,]]]);{} + aij,]D);{} + arccot W COt(aij,ID);(})

det(D
+ arccot ( (ileté]))[];)) cot(aij7DK1)> ]
<7 = O(h||bllsc) — O(h?|lcl o). (42)

Remark 4.4. For the case where D = I, b =0, and ¢ = 0, it is easy to see that reduces to
the Delaunay condition: o;j i +«;j k7 < m. Moreover, for the case without convection and reaction
terms, gives the Delaunay-type mesh condition obtained by Huang [I4] for two dimensional
anisotropic diffusion problems. O

5 Numerical examples

In this section we present numerical results obtained for four 2D examples to verify the mesh
condition and . In all but Example the convection vector b is taken as a constant
vector with equal, positive z and y components, i.e., b= ||bs(1,1)7.

11



Ezample 5.1. The first example is in the form of and , and the coefficients are given as

CZOa f:()v g(x,(]):g(l6,y):0,

0.5y, for0<y<?2
9(0,y) =
1, for 2 <y <16

1, for0<z<14
g(z,16) =
8 — 0.5z, for 14 < x < 16.

For this example, the diffusion matrix is taken as the identity matrix, i.e., D = I. This is an
isotropic homogeneous diffusion problem. Note that the example satisfies the maximum principle
and its solution stays between 0 and 1.

An acute-type mesh is used in the computation. Such a mesh is obtained by partitioning each
square element of a uniform mesh into eight triangles with acute angles; see Fig. 2] The maximum
angle of the mesh is 0.497 and thus condition holds when the mesh size is sufficiently small.

Fig. [3| shows the contours of the linear finite element solutions obtained for N = 9800 and
N =20000. (N is the number of elements.) There are no undershoot nor overshoot for N = 20000
whereas both undershoots and overshoots occur for the case with N = 9800. In Fig. (a), —Umin 1S
shown as functions of the number of elements N. From the figure one can see that —u,,;, decreases
as the mesh is refined and the decrease rate is about quadratic initially and then exponential near
N = 10000. Moreover, —u,;, becomes zero (more precisely, at the level of roundoff error) after
around N = 17000. This is consistent with Theorem .1l which states that there are no undershoot
nor overshoot when the mesh size is sufficiently small.

To further verify Theorem [4.1] we fix the number of elements at N = 3200 and let ||b||« vary.
Quantity —umin is plotted in Fig. [[b) as a function of ||b||e. From the figure, we can see that
there is no undershoot until ||b||o & 4. Then —u,,;, increases exponentially until ||b||o, &~ 20 where
the increase rate is about linear as ||b||s increases.

Finally, it is pointed out that a similar behavior can be observed for the overshoot. The results
are omitted here to save space. O

L v h L
0 2 4 6 8 10 12 14 16

Figure 2: A typical mesh (N = 200) used for Example
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(a): N = 9800 (b): N = 20000
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Figure 3: Contours of the linear finite element solutions for Example

(a): b= (10,10)T (b): N = 3200
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Figure 4: The undershoot, —u,n, is plotted as a function of the number of elements N in (a) and
as a function of ||b||o in (b) for Example

Ezxample 5.2. In the second example, BVP and with all the coeflicients being the same
with Example except the diffusion matrix is used. The diffusion matrix is taken as

500.5 499.5
Dlz.y) = ( 1995 500.5 ) '

This matrix represents a homogeneous but highly anisotropic diffusion process. A mesh with right
triangle elements (see Fig. |5 is used for this example. Such a mesh is obtained by dividing each
square element of a uniform mesh into two right triangular elements. Although each element of
the mesh is a right triangle (in the Euclidean sense), the maximum angle is 0.497 when measured
in metric D~!. Thus, the mesh is of acute-type in the metric and condition can be satisfied if
the mesh size is sufficiently small.

Contours of linear finite element solutions are shown in Fig. [f] while the undershoot is plotted
as functions of N and ||b|| in Fig. [} From these results we can observe a similar behavior of the

undershoot and overshoot as in Example i.e., they occur only for relatively coarse meshes or
relatively large ||b]|oo. The behavior is consistent with Theorem O

Ezample 5.3. In this example, the same BVP and with Example except the diffusion

13



Figure 5: A typical mesh (N = 200) used for Example (with anisotropic D).

(a): N = 450 (b): N = 7200

Figure 6: Contours of linear finite element solutions for Example

matrix is used for this example. The diffusion matrix is taken as

50 12
D(z,y) = ( 2 50 )

This diffusion matrix has a weaker anisotropy than that in the previous example.

The mesh used for Example (see Fig. [2) is also used for this example. Recall that the mesh
is acute in the Euclidean sense. When measured in metric D!, however, the maximum angle of
the mesh is 0.557 and the maximum sum of any pair of angles opposite a common edge is 0.977.
Thus, the mesh will satisfy but not when its size is sufficiently small.

Contours of numerical solutions are shown in Fig. [§] while the undershoot is plotted as functions
of N and ||b|s in Fig.[9] A similar behavior of the undershoot and overshoot can be observed as
for the two previous examples.

In particular, for N > 4000 there is no undershoot or overshoot in the numerical solutions for
the case with b = [200,200]”. This example shows that condition is weaker than condition
29). O

Ezample 5.4. In the last example, we consider BVP and on domain © = [0, 1]2\[%, 22
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(a): b = [200,200]" (b): N = 3200
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Figure 7: The undershoot, —umin, is plotted as a function of the number of elements N in (a) and
as a function of ||b||s in (b) for Example

(a): N = 2312

Figure 8: Contours of linear finite element solutions for Example [5.3

with -
b= [5000(0.5 —y),5000(x — 0.5)] , =100, f=0, )
g=0 on Noyut, g =2 on Iy,

where 0€q,t and 9€);, are the outer and inner boundaries of €2, respectively. The diffusion matrix

is taken as
cosa —sinao 1000 O cosa  sina
D(z,y) = ) . )
sinav  cos« 0 1 —sina  cosa

where a = wsin(z)cos(y). This diffusion matrix is anisotropic and heterogeneous. The BVP
satisfies the maximum principle and its solution stays between 0 and 2.

We use two sets of D~ !-uniform meshes (cf. Remark for this example. The first set (referred
to as Mpysp meshes) is M-uniform meshes with M defined in and 0 = 1. Notice that this set
of meshes is completely determined by the diffusion matrix . The other set of meshes (referred to
as Mpa p+adap Meshes) is M-uniform meshes with M defined in the form and O determined
by minimizing an interpolation error estimate. M has the expression [22][equation (55)] as

1
1 2

Mg = <1 + aBK> Vdet(Dg) D, (44)
h
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(a): b = [200, 200] (b): N = 3200
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Figure 9: The undershoot, —umn, is plotted as a function of the number of elements N in (a) and
as a function of ||b||s in (b) for Example

where

IR 1
Bic = dei (@) HBR - /K | Dl (w)] |2,

()

|| -] is the Iy matrix norm, |H (u)| = v/ H (u)?, and H(u) denotes the Hessian of the exact solution u.
In the computation, the integral is calculated with a Gaussian quadrature rule and the Hessian is
replaced by approximations obtained with a Hessian recovery technique [22] which employs piece-

wise quadratic polynomials fitting in least-squares sense to nodal values of the currently available
computed solution.

2
)

An iterative procedure is used for solving this example. It involves three basic steps, solving
the BVP on the current mesh, computing the metric tensor, and generating a new mesh. In
our computation, each run is stopped after 10 iterations. We have found that there is very little
improvement in the computed solution after 10 iterations. A new mesh is generated using the
computer code BAMG (bidimensional anisotropic mesh generator) developed by Hecht [12] based
on Delaunay-type triangulation. The code allows the user to supply his/her own metric tensor
defined on a background mesh.

Two typical Mpyp and Mpprpyadap meshes for this example are shown in Fig. The
quantity —umn is plotted as a function of the number of mesh elements in Fig. One can see
that undershoots occur for relatively coarser meshes but not for fine meshes. This is consistent
with Remark which shows that sufficiently fine D~!-uniform meshes satisfy the mesh condition
. It should be pointed out that the maximum element size of the finest mesh for the considered
range of N in Fig. is h ~ 0.058, which is much larger than h = 0.0003 required by for
the current example. This indicates that is quite conservative in estimating h for a mesh
satisfying condition . From Fig. one may also notice that Mp s p4qdap meshes lead to larger
undershoots than Mpj;p meshes. Fig. shows that the former has a larger maximum element
size than the latter. There are no clear explanations why this should happen. We recall that
Mpprp meshes are completely determined by D whereas Mppsp4adap meshes are determined by

16



D in element shape and by minimization of interpolation error in element size. These two sets of
meshes serve different purposes and it seems that it can go either way.
Finally, contours of linear finite element solutions are shown in Figs. [13| and Once again,

one can see that for both sets of meshes, undershoots occur for a relatively coarse mesh and vanish
for a finer mesh. O
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(a): MDMP mesh (b) MDMP+adap mesh
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Figure 11: The undershoot, —umin, is plotted as a function of the number of elements N for (a)
Mpuyp and (b) Mpasp+adap meshes for Example

6 Conclusions

In the previous sections we have developed a mesh condition under which the linear finite
element solution defined in for the general anisotropic diffusion problem and involving
convection and reaction terms to satisfy a discrete maximum principle. Loosely speaking, the
condition requires that the dihedral angles of all elements of the mesh be O(||b|ooh+||¢/|cch?) —acute
when they are measured in the metric specific by the inverse of the coefficient matrix, where b and
¢ are the coefficients of the convection and reaction terms, respectively. Moreover, we have shown
that in two dimensions a weaker condition, or — an O(||b]|och + |Ic|lwh?) perturbation
of the generalized Delaunay condition developed in [14], is sufficient for the linear finite element
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M_DMP mesh ——
M_DMP+adap mesh —=—

h: maximum element size

L L
1000 10000 10000¢
N: number of elements

Figure 12: The maximum element size is plotted as a function of the number of elements for both
Mpup and Mpasp+adep meshes for Example

(a): N = 5460 (b): N = 31295

Figure 13: Contours of linear finite element solutions obtained with Mpj;p meshes for Example

b4l

solution to satisfy a discrete maximum principle. Finally, it is worth pointing out that many existing
mesh conditions such as those developed in Ciarlet and Raviart [6] (for isotropic diffusion without
convection terms), Strang and Fix [30] (for 2D isotropic diffusion without convection terms), Wang
and Zhang [31] (for isotropic diffusion with convection and reaction terms), Li and Huang [22] (for
anisotropic diffusion without convection and reaction terms), and Huang [14] (for 2D anisotropic
diffusion without convection and reaction terms) are special cases of mesh condition or .

Acknowledgment. The work was supported in part by the National Science Foundation
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