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Abstract The main goal of the paper is to establish time semidiscretespace-time fully discrete maximal
parabolic regularity for the time discontinuous Galerkatusion of linear parabolic equations. Such estimates
have many applications. They are essential, for examplesteblishing optimal a priori error estimates in non-
Hilbertian norms without unnatural coupling of spatial ime&zes with time steps.
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1 Introduction

Let 2 be a Lipschitz domain ifR?, d = 2,3 andI = (0,T). We consider the heat equation as a model of a
parabolic second order partial differential equation,

Ou(t,z) — Au(t,x) = f(t,z), (t,x) €l x 0,
u(t,z) =0, (t,x) € I x 092, 1)
u(0, z) = up(z), x e

with a right-hand sid¢f € L*(I; LP(£2)) for somel < p,s < co andugy € LP(£2),1 < p < oo.
The maximal parabolic regularity far, = 0 says that there exists a constahsuch that,

10sull s (r;Le () + 1Aull Lo r:r(2)) < C N fllLsior(e)), 1<p,s<oo, forall fe L*(I;LP(£2)),
(see, e.q./18.18,20]). The maximal parabolic regulastam important analytical tool and has a number of ap-
plications, especially to nonlinear problems and/or optigontrol problems when sharp regularity results are
required (cf.[[21, 22,283, 25]). Our aim in this paper is taabtish similar maximal parabolic regularity results for
time discrete discontinuous Galerkin solutions as wellasttie fully discrete Galerkin approximations. Such
results are very useful, for example, in fully discrete aprérror estimates and are essential in order to keep the
spatial mesh sizé and the time stepk independent of each other (df. [28]). [n[27] we apply thautessof this
paper to establish pointwise best approximation estinfatdslly discrete Galerkin solutions.

Maximal parabolic regularity with applications to semitiste finite element Galerkin solutions in space were
analyzed for smooth domains in_[14]15] and for convex padyaen [29]. Time discrete results are much less
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known in the finite element community. Explicit methods aesated in [[5,6,36]. Implicit Euler methods with
pointwise norms in time are considered(ini[16,17]. A moreeystic investigation of discrete maximal parabolic
regularity for various time schemes was carried out by Sals#li and Ashyralyev and summarized in the book
[a.

In this paper, we investigate maximal parabolic regulaidtya family of time discontinuous Galerkin (dG)
methods, which were first deeply analyzed for linear secaddrgarabolic problems in [13]. There is a number
of important properties that make the dG schemes attrafciivemporal discretization of parabolic problems. For
example, such schemes allow for a priori error estimategptifnal order with respect to discretization parame-
ters, such as the size of time steps and the mesh width, asswefith respect to the regularity requirements for
the solution (see, e.gl, [10,/11]). Different systematiprapches for a posteriori error estimation and adaptivity
developed for finite element discretizations can be addptediG temporal discretization of parabolic equations,
(see, e.g./138.39]). Since the trial space allows for dificaities at the time nodes, the use of different spatial
discretizations for each time step can be directly incaxpeat into the discrete formulation, (see, elg.} [38]). Com-
pared to the continuous Galerkin methods, dG schemes arenhpiA-stable but also strongly A-stable, (see,
e.g., [24]). An efficient and easy to implement approachalratds complex coefficients, which arise in the equa-
tions obtained by a direct decoupling for high order dG sabgmvas developed in_[37]. For the treatment of
optimal control problems, Galerkin methods are partidylsuitable since they expose an important property that
the two approaches optimize-then-discretize, i.e., therdtization of the optimality system built up on the con-
tinuous level, and discretize-then-optimize, i.e., ditization of the state equation and subsequent constrnuctio
of the optimality system on the discrete level, lead to thmeesdiscretization scheme, (see, elg., [4]). Compared to
continuous Petrov-Galerkin time-stepping schemes (fjddB8details), dG schemes also have the advantage that
the adjoint state can use the same discretization as tleevstaable. This allows for unified numerical treatment
and simplifies a priori and a posteriori error analysis, (seg, [ 7, 3%, 33, 34]).

The main results of this paper for the time semidiscreteotiBouous Galerkin, solution consist roughly of
two parts. First, for the homogeneous problem (f.e= 0) with ug € LP(§2), 1 < p < co we show

[Uk]m—l

C
. < ZHUOHLP(Q)a (2

||atuk||L°°(Im;LP(Q)) + ||A“kHL°°(Im;LP(Q)) +
Lr(£2)
form = 1,2,..., M. Then, using this smoothing result, we also establish disanaximal parabolic regularity
for the inhomogeneous problem whef = 0. We show,

<Z |3tuk|is(1m;m(n))> + || A Le(1;Lr(2)) t <Z Kem
m=1

[uk]mfl *

Ls(I;LP(82))s

®3)
for1 < s < oo andl < p < oo, with obvious notation changes in the cases6f co. In the case of the lowest
order piecewise constant method, i~ 0, the first terms on the left-hand side of the above estimaash.
In contrast to the continuous case, the limiting cases< {1, oo} are allowed, which explains the logarithmic
factor in [3). We also provide the fully discrete analogldf42d [3).

The rest of the paper is organized as follows. In the nexi@eete introduce the discretization method and
the resolvent estimates, which build the main analytical td the paper. For better communication of the ideas
we first analyze the d®f method, which is technically much simpler, and in the failog section we analyze the
general d&{) case. That is done in Sectidds 3 &and 4, respectively. AtrileoéSectiof ¥4 we provide an example
of how such maximal parabolic regularity results can ratfesily lead to optimal order error estimates. Finally,
Sectiorh is devoted to fully discrete Galerkin solutiomsSkectior 6 we provide an extension of our results to
the case of a general norm fulfilling a resolvent estimatés gkneralization, being of an independent interest,
is used, for example, in [27] for derivation of pointwisedribr (local) error estimates of fully discrete Galerkin
solutions.

m=1 m Lr($2)

: T
<Ch=
) <Ol ]

2 Preliminaries

To introduce the time discontinuous Galerkin discretaafior the problem, we partitiofi = (0,7") into subin-
tervalsl,, = (t;—1,tm] Of lengthk,, = t,, — t,n,—1, Where0 = tg < t1 < -+ < ty-1 < tyy = T. The
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maximal and minimal time steps are denotedkby max,, k., andky,;, = min,, k,,, respectively. We impose
the following conditions on the time mesh (as [n_[31]):

(i) There are constants 8 > 0 independent o such that
kmin > Ckﬁ-
(i) There is a constant > 0 independent ok such thatforalln =1,2,..., M — 1

K

-1
ko <
km+1

< K.

(iii) Itholds k < 17T
The semidiscrete spacé! of piecewise polynomial functions in time is defined by

X! = {uy € L*(I; Hy(2)) : uklr,, € Py(H(82)), m=1,2,...,M},

whereP, (V) is the space of polynomial functions of degeem time with values in a Banach spate We will
employ the following notation for functions i/

wh = lim u(ty, +¢), u, = lm u(t, —¢), [um=u) —u,. 4)
e—0t e—0t+

Next we define the following bilinear form

M M
B(u, ) = > (0t 9)1,,x02 + (Vu, Vo) o + Y ([tlm-1, 05 _1) 0 + (ud, 07, (5)
m=1 m=2

where(-, ) and(-,-) 1, « are the usual? space and space-time inner-produgts) ;. « (, is the duality product
betweenL?(I,,; H='(£2)) and L?(I,,; H} (£2)). We note, that the first sum vanishes fore X?. The dG()
semidiscrete (in time) approximatien € X} of (1) is defined as

B(uk, pr) = (fipr)rxe + (UOMPIO)Q forall ¢r € X} (6)

Rearranging the terms inl(5), we obtain an equivalent (cexadyession of3:

M M-—1
Blug) = — 3 (0, 0t xe + (Vi Vo) xo — 3 (s [ehm)a + (g o310 ™
m=1 m=1

The analysis of such schemes in non-Hilbertian setting isllysdone by using a semigroup approach that
represents time stepping formulas as a Dunford-Taylognaleén the complex plané [41, Ch. 9]. This approach
requires certain resolvent estimates. For Lipschitz domand a givery € (0, 7/2), the resolvent estimate (see
[40]) guarantees the existence of a const@msuch that for alu € LP(£2),1 < p < oo, and anyz € C\ X, the
following estimate holds:

[z + A) " ull oo llull Lo (), (8)

< -
14|z
where the Laplace operaterA is supplemented with homogeneous Dirichlet boundary ¢iomdi, and
Xy ={2€C:larg(z)| <~} 9)
Using the identityA(z + A)~! = Id —z(z + A)~!, one immediately obtains,
Az + A) " || poo) < Cllullzee), z€C\E,, 1<p<oo, ueLP(N). (10)

We note, that all our results for semidiscrete solutionsltiiolve replace the Laplace operaterA with a more
general self-adjoint second order elliptic operatqorovided it satisfied (8).
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3 Estimates for dG(0)

For the ease of the presentation, we first establish thetsesukthe lowest order piecewise constant discretization
dG(0). In this case, we use the following notation,

_ + - _ _
Uk = Uk 1,5 Up = Ukymtls  Up = Ukm, m=1,2,...,M—1. (11)

First, we establish results for the homogeneous problethisrcase the d®) method is equivalent to the Back-
ward Euler method.

3.1 Results for the homogeneous problem

Let f = 0, up € LP(£2) and letu, € X} be the semidiscrete approximation[of (1) defined by
B(Ukan) = (UOan,l); vxk S X]?7 (12)
i.e., the dG() solutionu,, satisfies

ug,1 — k1Aug1 = uo,

Uk,m — km AU m = Uk, m—1, m=2,3,..., M. (13)
The first result shows that the solution can not grow from @me step to the next one.
Lemma 1 Letuy be the solution off2). Then, forug € LP(£2), 1 < p < oo there holds

uemllzoc2) < lluollpre) Ym=1,2,..., M.
Proof First, we assume, € L>°(f2) and establish

llurk,mll Lo (2) < Jwollpoee)y m=1,2,..., M. (14)
It is sufficient to consider only a single time step,

ug,1 — k1Aug,1 = uo. (15)

We want to show thafug,1 ||z~ (o) < |luollz~ (o). Assume itis false. Let, € 2 be a point wherey; ; attains a
maximum. By [18, Theorem 3.3], we know that 1 € Cy(£2), hence, there exists an open bBjl(x() of radius

d > 0 centered at with Bs(xy) C {2 such that
uk71($) > HU()”Loo(_Q) forall z € Bg(%o).

Hence,
Uk.,l(x) - ’lL()(:L') >0 Ont(:L'()).
By the maximum principle, from

1
*Auk,l = k_l (Uo — Uk,l) <0 OI"IB(;(:L'()),

we obtain a contradiction to the assumption thai has a maximum at the interior poin§. This contradiction
establishe$(14). Next, using a duality argument, we withsh

lukallr2) < lluollre)- (16)
Consider the problem, to fing, ; € H{ (£2) that satisfies,
21 — k1Azg1 = 20, with zg = Sgnug. 1.

The solutionz; ; can be thought of as a single step of the @)Gfiethod to a parabolic problem with initial
conditionsgn uy 1. Thus,

llurllLro) = (ur1,20) = (2r,1, uk,1) +k1(Var1, Vug1) = (o, 26,1) < |luollzr o)l 2ol o2y < lluollzr(0),

where we have use@ ([14) foy, and the fact thafiz[| (o) = [lsgnug,1llz~(2) = 1. This establishes (16).
Interpolating, we obtain the lemma for< p < oc.
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Next we will establish a smoothing result.

Theorem 1 (Homogeneous smoothing estimatéetu;, € X} be the solution offl2) with vy € LP(£2), 1 <
p < co. Then there exists a constaitindependent of such that

C
||Auk,mHLp(Q) < t_HUOHLp(Q), m=12,..., M.
m

Proof The proof is given on page 1321 in12] for tfhé(£2) norm, but the proof is valid for thé?(£2) norm as
well by using the resolvent estimafé (8) with respect toth&2) norm.

Remark 1Let ur, € X} be the solution of[(12) withuy € LP(£2), 1 < p < co. Then there exists a constafit
independent ok such that

luk,mllLe(2) + (tm — )| Aurmll ey < Cllunilloe(2)y, Ym>1>1.

From [13), we immediately obtain the following result.

Corollary 1 Letuy, € X} be the solution ofL2) with ug € LP(£2), 1 < p < co. Then there exists a constafit
independent of such that

[uk]mfl

C
. §5HUOHLP(Q), m=1,2,..., M.

L ()

3.2 Results for the inhomogeneous problem

Now we consider, € X} to be the dG({) solution to the parabolic equation withy = 0, i.e.,u;, satisfies,
Bluk, o) = (fror)1x2, VYor € Xy, (17)

Thus, the dQY) solution satisfies

ug,1 — k1Aug1 = k1 fi1,

(18)
uk,m_kmAuk,m = Uk,m—1 +kmfma m=2,3,..., M,
where
1
fm(:) = k_/ f(t,-)dt.
m ITVL
Sincef,, is theL? projection off onto the piecewise constant functions on each subintégyalve have
P < oo (. [P < <
| Jnax [ fmllze)y < CllfllLo(rie(2)y, 1<p< oo, (192)
M
D kmllfmllioe) < Clfirpisy, 1<p<oo, 1<r<oo. (19b)
m=1

We now state our main result for the dip@pproximations.

Theorem 2 (Maximal parabolic regularity) Let1 < s,p < co andug = 0. Then, there exists a constaft
independent of such that for every € L*(I; LP({2)) andu, satisfying(17), the following estimate holds:

[ Auy]

T
Lo (LLp(2) < Clngllfl Le(nir(2), 1<s<oo, 1<p<oo.
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Proof Using [18), we can write the d@) solution as

m m—I+1
uk,m:zkl H r(=km—jr1Q) | iy m=1,2,.... M,
=1 j=1
wherer(z) = (1 + 2)~L. Then,
A’U/k,m:Zkl H m ]-‘rlA) fl, m=1,2,...,M.
Hence
m m—Il+1
| Atgen || Lo (2) SZ A H ki1 A) | £ ., om=1,2,...,M.

LP(Q)
From Remarkl, since each term in the sum on the right-hamdcsid be thought of as a homogeneous solution
with initial condition f; att = t;_1, we have

m—I+1 C
A H km—j+14) | fi Sm”ﬁ”ﬂ(m-
LP(£2)
Thus, we obtain
m kl
Aug ooy <CS —— (D)s =1,2,..., M. 20
| Aug,mllLr(o) < ;ﬁm—t1_1||ﬁ”L @, m (20)
For s = oo, we obtain from the above estimate and using (19),
| A | Atmllirgey < € max 3" —F g
Uk || Loo(I;LP(2)) = 1<max Uk,m || LP(£2) 1<ma<XMl - 1, UiLr ()

m k;

T
< Clgigu I fillze2) e <Mzz; 7 < Cln | fllo=Lr @),

m — ti—

where in the last step we used that

m

mo t T
<1 =142 <Cln= 21
Z tm — tl 1 / + K, k’ (21)
=1
by using the assumptio,, > Ck” andk < .
Fors = 1, we have
M M m
| Aug |l 11,0 (2)) = Z k|| Aug,m|lLe(2) < C Z K, Zﬁ ”fl”LP(.Q)
m=1 m=1 =1 ™
Changing the order of summation and using (19), we obtain
M k
[ AukllLr(rLe(2)) < Czklnfl lLr(0) Z P

=1 m=l
M

T
<Chn~ Zkzl\fz |12y < Cln— HfHLl(I LP(2));
=1

where we used again that
M k’
> ——< Cn L
m:lt — 111 k’

Interpolating betweern = 1 ands = oo, we obtain the result for any < s < co.
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Remark 2The appearance of the logarithmic term is natural for thiécetivaluess = 1,p = 1, s = oo, Or
p = o0, since the corresponding maximal parabolic regularityltedor the continuous problem hold only for
1 < s,p < o0. Fors = 2 orp = 2, the power of the logarithm can be lowered. Thus,fot 2, from [33] we
know,

| Aug |l 21,2200y < Cllfllz2 02 02)
and from [20), we have

T
| Auglzs(r;22(2)) < Cln EHfHLS(I;LQ(Q))a 1 <s<oo0.

Interpolating betweern = 2 ands = oo and betweer = 2 ands = 1, we obtain
[s—2]

T s
s(1;02(02)) < C (ln E) S(I;L2(02))s foranyl < s < oc.

Similarly, we can obtain,

lp—2|

T P
||Auk||L2(I;Lp(Q)) <C <1n E) HfHLZ(I;Lp(_Q)), for anyl <p < oo

Corollary 2 (Maximal parabolic regularity for jumps) Letl < s,p < oo andugy = 0. Then, there exists a
constaniC' independent of such that for every € L*(I; L?({2)) andu, satisfying(17), the following estimate
holds,

[Uk]m—1

T
. < ClnEHfHLw(I;LP(Q))z 1 <p< oo,

max
lsmsM L ()

Z Fim <om Ly
Lr(R2) k

where the jump terrfu)o att = 0 is defined asiy, 1.

@ =

ukml

Lanr(), 1<s<oo, 1<p<oo,

Proof Since by[[1B) on each time subintervg] we have
kM urlm—1 = Atk + fm, m=1,2,..., M,
by using Theorernl2, we have

max Fr Wuklm—1ll Lo (2 | Atg | Leco) + [ fmllLeco)) <01H—||f||Loo(1 LP(2))-
( )

1<m 1< <]\/I (

Sim|larly, using Theoreml2, for < s < oo we have

M S
S S T S
Z - <€ Y o (1Al + U lincen) < € (0 ) WA
m=1

Where the constartf; depends or. By taking thes-root we obtain the corollary.

ukml

L ()

4 Estimates for dG(g)

In this section we will establish the deg(version of the results from the previous section. It is @ment to
introduce some additional notation. Let> 1 andv;(¢t) € P,([0,1]),1 = 0,1,..., ¢ be the standard Lagrange

basis functions on the intervgl, 1], i.e., )y (%) = 15, whered; is the Kronecker symbol. Then for amy € X/
on the time interval,,, = (¢,,—1, t,n] We have

q —
wlr, = 3 U (5. 22)
1=0 m

with U™ € Hg(£2) independent of. In this notation, we have

+ _ m—+1 — _ m
ug = U and wu, . =U"
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4.1 Results for the homogeneous problem

Letu;, € X{ be the semidiscrete in time solution to the parabolic equatiith f = 0, i.e.,
Bl(uk, o) = (uo,¢50),  Yeor € X} (23)
Alternatively, on a single intervdl,,, we have

Ull :Tl,o(—klA)uO, l :0,1,...,(],

L (24)
ur :rl_,o(fkmA)U;”‘ , 1=0,1,....,q, m=2,3,..., M,
where the rational functions ( are of the form,
Dio(A)
rio(A) = — , 1=0,1,...,q, 25
170( ) p()\) ( )

with p being a polynomial of degreg+ 1 with no roots on the right-half complex plane ang, ! = 0,1,...,q
being polynomials of degreg(cf. [12], page 1322). Since, o()) is a subdiagonal Padé approximatioreof*,
we also have (cfL]9])

740(0) = pg0(0) =p(0) =1 and |rgo(N) —e | = O(|A?7*2), (26)
asA — 0. The rational functions;  satisfy the following properties, which we will often use
Api(N)
p(A)
wherep; () are some polynomials of degreeThe first property follows, for example, by considering kizano-
geneous Neumann problem with initial conditiop = 1. Then the exact solution and the dG{) solutionuy

are the same and equal to 1, i.= u; = 1. Hence, all nodal value§;" = 1 forallm = 1,2,...,M and
1=0,1,...,q. Forexample forn = 1, we have

r0(0)=1, and ro\)—1= l=0,1,...,q, (27)

1= Ull = 7‘170(—]{51A)UO = 7‘170(—]{51A)1 = 7“[,0(0),
and as a result; o(0) = 1. The second property ii(R7) is just a consequence of theofilest

Remark 3The dG() solutionuy on each subintervdl,, is of the form

A o (t—tm_1
i () +or ()

and the rational functions ag\) = 1+ 2\ + *—62 ro0(A) =14 2X, andryo(A) =1 —

w|>

For later proof we require two supplementary results.

Lemma 2 Let the rational function:(z) be of the formr(z) = ggg, wherep(z) is a polynomial of degreg + 1
with no roots on the right half complex plane apgt) is a polynomial of degreg, for someg > 0. Then, there
exists a constar@@ independent of > 0, such that for any € LP(£2)

l7(=kA)gllLr2) < CllgllLr(0)- (28)

Proof For simplicity we assume that the rootsg zs, . . ., z, Of p are pairwise distinct. If it is not the case, the
argument can be slightly modified. Fer= 0 we haver(z) = _2- and the desired estimate follows directly by
the resolvent estimatEl(8), since

r(—kA)g = —%0 (Z—I: + A)_l g

and therefore by {8)

Cleol

|0l

|Co| C
[r(=kA)gllLe(2) < T 1 Tzl lgllLr(2) <
I+ 5

”gHLP(.O)-
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Forg > 0 we use the partial fraction decomposition

r(z) = Z zizzl

q
=0

with somec; € C. Applying the estimate fog to each summand we obtain

q
|ci
r(=kA)gllLra) < C <E B gl Lr (2,
i=0 7"

which completes the proof.

Lemma 3 Let the rational function:(z) be of the form+(z) = Zﬁp((j)) , wherep(z) is a polynomial of degrege + 1
with no roots on the right-half complex plane ap@) is a polynomial of degreg, for someg > 0. Then for any

g € LP(2) with Ag € LP(02), 1 < p < oo, there exists a constant independent of such that

[r(=kA)gllLr(2) < Ck”Ag”LP(Q)-

Proof This lemma is just a consequence of the previous one. \Wg st ﬁgzg and obtain:

r(—kA)g = —kATF(—kA)g = —k7(—kA)Ag.
The the result follows by Lemniad 2.

Lemma 4 Let the rational functiom(z) be of the fornr(z) = Z:féz)) , Wherep(z) is a polynomial of degree + 1
with no roots on the right half complex plane apg) is a polynomial of degree, for someg > 1. Then, there

exists a constar@ independent of, such that for any; € L?(2)

l7(=kA)gllr2) < ClligllLro)- (29)

Proof We seti(z) = 28 and obtain:

[r(=kA)gllLr (o) < kI AF(=kA)gllLr(0)-

The estimate C
IAF(=kA)gll o) < Fllgllir o)

is provided on the top of page 1322 in [12] using a decompmmsitiz) = r1(z) + r2(z), wherer,(z) = =,
with zo being a root ofj(z) andc such that the degree of the polynomial in the numeraton6f) is less or
equalg — 1. Then the estimate fof7; (—kA)g follows directly by applying a dG)) type argument and the term

Ay (—kA)g is estimated using the Dunford-Taylor formula.

Next we provide some properties of the d¢olutions of the homogeneous problem.

Lemma 5 Letuy be the solution of23) with uy € LP(£2),1 < p < oo. Then,
lukllLoe (1,,:2r(2)) < Clluollzr(2y, Ym=1,2,..., M.

Proof The proof is given in[12, Thm. 5.1] for the?(2) norm, but the proof is valid for th&?(£2) norm as well
by using the resolvent estimalé (8) with respect tofih&?2) norm.

Theorem 3 (Homogeneous smoothing estimatépt vy, be the solution of23) with ug € LP(£2), 1 < p < .
Then there exists a constafitindependent of such that

C
HAuk||L°°(Im;LP(Q)) < t—HUQHLzJ(Q), m=1,,2..., M.

Proof Again the proofis given in[12, Thm. 5.1] for th&*(2) norm, but the proof is valid for th&?(£2) norm
as well by using the resolvent estimdié (8) with respected ti{{2) norm.
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Remark 4Notice that the statement of TheorEm 3 is equivalent to
m C
||AUI ||LP(.Q) < t_”uO“LP(.Q)v m:172a"'7M7 1:0517"'7(15 (30)

which we will use in the following proofs.
Remark 5Let u;, be the solution of (23). Then there exists a constaimdependent ok such that
||’U,];m||Lp(_Q) + (tm — tn) | Ats || Loo (1,500 (2)) < CHUI;,””LP(Q), m>n, n=12,..., M,
or in terms of nodal values
10 | o)+ (tm—t) |AU] | o) < CNUF Loy, m>n, n=12,....M, 1=0,1,...,q. (31)

Theorem 4 (Homogeneous smoothing estimate for jumpd)et u;, be the solution of23) with uy € LP(£2),
1 < p < oo. Then there exists a constatitindependent of such that

[Uk]m—l

C
. §t_HUOHLP(Q), m=12,..., M,

Le() tm

Where[uk]o = Uol — Ugp-
Proof Form > 1, using [24), we have

[uklm—1 = U§" = U =10 o(—km AU = U = (ro,0(—kmA) = 1)U
Using [2T) and Lemmi@ 3, we obtain

[uk]m—l
K,

< CAU Lo -
Lr(£2)

Now by Remark¥ and the assumption on the time n{eshwe obtain

C C
m—1
AU HLP(Q) < P wollLr(2) < ZHUOHLP(Q)-
That finishes the proof for this case.

Form = 1, by Lemmd®} we have,

[uk]o

1, ¢ ¢
i = k_anO —uol|Lr(2) < k—1||U0HLP(Q) = EHUOHLP(Q)'

Lr(2)
Similarly, we can obtain the corresponding result for theetiderivative.

Theorem 5 (Homogeneous smoothing estimate for time deriviaes)Letu, be the solution of23) with uy €

LP(£2),1 < p < co. Then there exists a constafitindependent of such that

C
|0sur| oo (1,500 (02)) < t—HUOHLP(Q)-

Proof Form > 1, using [22) and{24), we have

q q
t— b B t—tm1\
Ouunls, =t S UP )t () =kt S o e () U o)

=0

By the fact thafy 7, v (t_z—";*l) =1 we have}"}_, v/ (t_z—";*l) = 0. Using [27), i.e.71,0(0) = 1 we obtain

grl,o(zw{ (7f _kt:—l) _ ZﬁES)’
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wherep(z) is the same polynomial as in(25) apd =) is some polynomial of degree— 1 whose coefficients are
time dependent, but uniformly bounded By. Thus again by Lemnid 3, we obtain

|Osuk || Lo (1ns2r(2)) < CIAUT M| Lo (-

Remark#4 and the assumption on the time m@sh finishes the proof fom > 1.
Form = 1, by Lemmd® we have,

q
_ C
10tk || oo 1y;r (2)) < Ch Y N Lo 19l (1) < Elluollm(m-
=0
4.2 Results for the inhomogeneous problem

In this section we establish properties of the g)G&olutionu;, € X/ to the inhomogeneous parabolic equation
with ug = 0, that satisfies,

B(ukv()ok) = (f7 (Pk)v Vi, € XZ (32)

Alternatively, on a single time intervd],,, we have

q
Ullzklzrl,j(iklA) j17 1:0517"'5(]7
j=0

. (33)
U™ = 11,0(~km AU + ki Zrlyj(fkmA)me 1=0,1,....q, m=23,...,M,
7=0
where
1 t—tm_1
m) = — t.o Vs | ———— ) dt
50 = o [ e, ()
and the rational functions
P (A) :
;= —2 , lL,j=0,1,...,q, 34
EATN J q (34)

are as in the homogenous case witheing a polynomial of degreg+ 1 with no roots on the right half complex
plane ang, ;,l,j = 0,1, ..., ¢ being polynomials of degreg(cf. [12], page 1322).
Notice that form = 1,2,..., M,

17 o2y < Cllf ey and ([ o) < Ok I F Il Lt (1sLe(2))- (35)

Theorem 6 (Maximal parabolic regularity) Letuy, satisfy@2)with f € L*(I; L?(2)) for1 < s,p < oo. There
exists a constant’ independent of and f such that

[ Auy]

T
o) < Cln = Il

L3(I;LP(£2))-
Proof Using [33), we have the following representation
m—1 m—n—1
U = kmGP 4 100(—kmA) Y ko | [ ra0(—km—j14) | G, (36)

n=1 j=1
where

q
GP' = ri(=kmA)f", m=1,2,..., M.
j=0
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with the usual convention th;ﬂl1 is an empty product. The proof now follows along the lines bédreni 2.
Taking the Laplacian of both sides we obtain

m—1 m—n—1
AU™ = by AGT + Am,o(—k/’mA) kn Tq70(—km_j_1A) G:;,
n=1 j=1
and as a result
m—1 m—n—1
AU o2y < [EmAGY o) + || Ario(—kmd) > kn | [ rao(—km—14) | Go
n=1 g=1 Lr(Q)
By Lemmd4, we have
m P < m P == N
HkmAGl ||L (2) > Corgja‘gq ||f_] ||L (£2)» l 0) 1 » 4, (37a)
and by Lemmal2 we also have
HGimHLP(Q) < Colgﬁgq”f;nHLp(Q)v l :051"'7(1' (37b)

On the other hand by Remdrk 5 for ahy= 0, 1,. .., g, since each term in the sum on the right-hand side can be
thought of as a homogeneous solution with initial condiﬁm]att =t,_1, we have

m—n—1
Aryo(—kmA II reo(=km—4) | Gp <CZ \G zr(2)-  (38)

L ()

M
o

To establish the result for = oo, we observe

| Auilli=riiray = | max,, o AUl
-
<C max max 17" | oge) + €| mas Z HG e (2)
P
<O 2025, 0, 1 Nercen (” 120 2 W)

< _
Cln k 1<ma<XMo< i<q ||f] ”LP(Q)v

where in the last step we uséd]21). Using (35) we can conthaddors = oo

T T
| Aug || oo ;20 (2y) < Cln 7 1Jmax I fllLo(1inr(02)) < Cln EHJCHL“(I;LP(Q))-

Similarly, for s = 1, we have

M
I D A R

M m—1
kn ”
<C Z km maX ||f] HL:U(_Q) +C Z km Z ﬁ”Gq”LP(Q)
m=1 n=1 " n-
M m—1 k
<C’Zk max ||f HLp(Q)JrCZk Z #Oglggqllf}ll\m(m
m=1 n=1 " n- T

<C’Zk Z ot e £ | (2)-



Discrete maximal parabolic regularity for Galerkin finiterment methods 13

Changing the order of summation and using (21) we obtain,

m

Syt

n=1

P < P
- nax. x || f7' e (o) Zk max Hf lzr(2) Z ™~

M

<Cln— Z max Hf e ()

m 1

Thus, by using[(35), we have
M

T - T
| Aug || 11,0 (02)) < Cln— km nax I e ) < ClnEHfHLl(I;LP(Q))-

m:l
Interpolating betweern = 1 ands = oo we obtain the result for any < s < oc.

Remark 6As in the case of d®) the appearance of a logarithmic term is natural, since imrest to the contin-
uous case the choicesp € {1, oo} are allowed. The power of the logarithm can be improvegfer2 or s = 2.
In fact, we can obtain the following estimates,

T\ =
< In —
(Q))_C(nk)

lp—2|

T P
[Augl 2,00 (2)) < C <1H E) 11l 210 (2))-

S(I;L2(2))

and

Theorem 7 (Maximal parabolic regularity for jumps) Let u;, satisfy(32) with f € L*(I; LP(£2)) for 1 <
s,p < oco. Then there exists a constatitindependent of and f such that

[Uk]mfl

T
3 < Cln |l fllpe=sLeay, fors=oo,

X
1<m<M Le(2)

M s 3
D || <
m=1 LP(Q)

Proof Using [33) and[{36), we have the following representatiarife jump terms
usdms _ U — U™
km km
=Gy + k' (roo(—km AU = UPY) = Gt + k' (ro,o(—kmA) —1d) UL

Using thatr o — 1 satisfies[(27) and using Lemilna 3, Lenima 2, and proceedinfgsiyrto the proof of Theorem
[6, we have

forl <s < oo.

K k) m—1ll e 2) < C (1GG Loy + 1AUT o))

m—1 k

< C max 1f]"llne) +C 3 wax 175 lle )

= tm — tn—105j<q (39)
i k.
< . mm
< Cniil PR R— I £ Le()-

Now, the proof of the cases= 1 ands = o is identical to the one of the previous Theofgm 6 and we have

[uk]mfl

T
A < ClnEHfHLOO(I;LP(Q)); 1 <p< oo,

1<m<M

M
>k
m=1

L ()

T
< ClnEHfHLl(I;LP(Q)); 1<p<oo.

Lr(£2)
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Forl < s < oo using the Holder inequality Witlit + }, = 1, we obtain,

[uk]m—l =
A < p
2y <O e i Mo
m 1/s m i 1/s’
< __m
<C <n§_1 Pa——lo 3 £} Ime)) (;_l P— tn_1> (40)
1/s
T kn,
< — _ .
<c(wl)” ( - s 15 |Lp<m>
Hence
M
[uk]mfl

Sk

m=1

s T s/s" M m k
<C|ln— km — " max »
e SC(ME) X b 3 e s 1 o

m=1 n=1"™

km
Changing the order of summation, we obtain
M

>k

m=1

[uk]mfl

s T s/s" M
< In —
km ey ~ ¢ (n k> o 1k 05%0 15 oo Z

T 1+s/s" M T\ *
<C (ln E) n:1k max || f}']|7n2) = C (ln E)

0<i<q

Taking thes-root we finish the proof.

Theorem 8 Letu,, satisfy(32). Then there exists a constafitindependent of and f such that

M 5
< L+ (I ) s(Lr(2), 1<s<oo, 1<p<oo.
m=1

Proof Similarly to the proof of Theoreiln 4, usinig (22) andl(33), weea

E t— b E t— b
Oruplr, = k" Y UM () (Tl) +) G ) (Tl)
m 1=0

1=0 m

—1 . / t— tm—l m—1 ! m ’ t— tm—l
= km Zrl,o(_kmA)wl (T) Uq (l’) + ZGl ('r)l/Jl (T) .

1=0 =0

Using [27) and>_7_, v, (t_}%”) = 0, we can conclude that

3 (S522) = 5

=0

wherep(z) is the same polynomial as i (25) afid =) is some polynomial of degrepwhose coefficients are
time dependent, but uniformly bounded By. Thus again by Lemnid 3 and Lemfda 4, we obtain

m—1 m
0curl| Lo (1,057 (2)) < CIlAUS ™ |lLr(2) + Corgfgq 7 ey

The rest of the proof is identical to the proof of the previtu=orem.
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4.3 Application to optimal order error estimates.

As an application of the maximal parabolic regularity, wewloptimal convergence rates for the @golution.
First, we establish that the error is bounded by a certaifeption error. A similar result was obtained for the
L3(I; L*(£2)) norm in [32]. First, we define a projection, for u € C (I, L?(£2)) with myu|r,, € P,(L*(£2)) for
m = 1,2,..., M on each subintervdl,, by
(ﬂ'k’lL*’LL,(ZS)[mX_Q = 0; VQS S qul(I’vaQ(Q>>a q> 07 (413)
meulty,) = ulty,). (41b)

In the casey = 0, m,u is defined solely by the second condition.

Theorem 9 Letu be the solution tqT) with v € C(I; LP(£2)) anduy, be its dG§) approximation(8), for ¢ > 0.
Then there exists a constafitindependent of such that

T
Ls(I;LP(02)) < Cln EH’LL - 7Tk’LL|

[lu — ug| Le(;Lr(2)), 1 <8,p<oo,
where the projectiomy, is defined above ifdT).

Proof Pute := u — up, = (u — mpu) + (mpu — ug) = ng + &. Forl < s, p < oo, we have
1 1 1

1
H€|LS I;LP(0)) — sup (eﬂ/f)l 2, _+_:17 -+ —==1
( (2 peLs (1;LP' (2)) . S s p pl
HwHLS/(I;LP/(Q)):l
For each suchp, we consider a dual problem for, € X/ satisfying
B(ek, zk) = (er,¥)ixe  forall ¢ € X[
Thus, we have
(V)i = M V)1 + (V) ixo = J1 + Ja.
Using the Holder inequality, we find
J1 < H77k|\Ls(1;Lp(Q))|W| Ls' (I; L7 (£2)) <[ Le(I;L7(82))-
On the other hand using th&(v — ug, xx) = 0 for anyx, € X/, we obtain
M
Jo = B(& ) = =B, 21) = Y 00k, 002) L w2 — (Vi Var) 1,2 + (s [26]m) 2
m=1

= —(Vnr, Vi) <o,

where we used that the first sum vanishes dugid (41a) and inénsalving jumps due td (41b). Integrating by
parts in space, using the Holder inequality and Thedrienmetoain

J2 = =(Vik, Var)ixo = (M, Azi)1xe < nkllps ;00 2)) 1A%k Lo (1,00 (2))

T T
<Cln EHWHLS(I;LF(Q))H?/A Ls'(I;L¥' (2)) <Cln EHWHLS(I;LP(Q))'

Combining the estimates fol and.J, we obtain the result.

If the exact solution is sufficiently smooth then the abowailieeasily leads to an optimal convergence rate,
modulo a logarithmic term.

Corollary 3 Letu € WatL:s(I; LP(£2)) be the solution tqT)) andu, be its dG§) approximation fory > 0. Then
there exists a constant independent of such that

T
lw = uglls(r,00(2)) < CET In E||U||Wq+1,s(1;1:p(9)), 1<s,p<oco.
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Remark 7The above result can be extended to the case of non-homagebéahlet boundary conditions. Let
g € C(I; L*(2)) N L*(I; H(£2)) be given and consider the equation

dwu(t,x) — Au(t,x) = f(t,z), (t,z) €I x 0,
u(t,z) = g(t,z), (t,x) €l x I,
u(0,2) = uo(x), x € L.

It turns out, that it is convenient to usg g as boundary conditions for the semidiscrete solution, i.e.
up € meg + X 0 Bluk,ox) = (f,08)1x0 + (w0, 91 o) forall g € X,

Then following the lines of the proof of Theordrh 9 and usingti = m,u — ux has homogeneous boundary
conditions, i.e.§, € X/, we obtain

&k, V) ixo = —(Vni, Vai) = (e, Azi)rx o +// (9 — Tkg)Onzi ds dt.
I1J080n

Under an additional assumption éhthat for anyv € H}(2) with Av € L¥'(£2) the estimate

||3nv||1:v’(ar2) < C”AU”LP’(!Z)

holds, we obtain

T
lw —ur||ps(r;L0(2)) < Cln Z (llw = mul s (1,0 (2)) + 119 = Trglls (e 002)) » 1< s,p < o0

The above assumption is fulfilled, for example, if Grthe 27" elliptic regularity holds.

5 Fully discrete solutions

In this section, we consider the fully discrete approximaif the equatioi {1). From now on we assume that
the domain(? is a polygonal/polyhedral convex domain. Foe (0, hol; ho > 0, let T denote a quasi-uniform
triangulation of(2 with mesh sizey, i.e., 7 = {7} is a partition ofs?2 into cells (triangles or tetrahedrons)of
diameterh, such that folh = max, h,,

diam(t) < h < C|7|7, VreT, d=23,

hold. LetV}, be the set of all functions i/} (£2) that are polynomials of degreeon eachr, i.e.,V, is the usual
space of conforming finite elements. To obtain the fully cise approximation we consider the space-time finite
element space

XZ:ZZ{UkhZ vkl € Pa(Va), m=1,2,....M, ¢>0, r>1}. (42)

We define a fully discrete analeg,, € X}, of u; introduced in[(B) by

B(ugn, oxn) = (f, oxn)ixa + (uo, i) e forall o, € X (43)

Moreover, we introduce the discrete Laplace operatpr V;, — V}, by

(=Anvn, x)e = (Von, Vx)a, Vx € V.
The semidiscrete results from the first part of the papestat® almost immediately to the fully discrete setting
provided we have the corresponding resolvent estimate,

Iz + Ah)_leLD(Q) < HXHLP(Q), Vze C\X,, VxeV, 1<p<oo, (44)

¢
1+ 2|
with some constanf’ independent ofi. Such a result was established[in [3] for smooth domainsrliatvas
extended to convex polyhedral domains(in|[30] (for some 0) via stability and smoothing properties of the
semigroupBy, (t) = e~4»* and directly for an arbitrary > 0 but with logarithmic dependence of the constant
onh in [26].
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5.1 Result for the homogeneous problem
Letug, € XZ:Z be the fully discrete dGjcG(r) solution to the parabolic equation with= 0, i.e.
B(ugn, prn) = (0, 93n0)s  Veorn € X (45)

Theorem 10 (Fully discrete homogeneous smoothing estimateetu, be a solution of@8) with ug € LP(£2),
1 < p < . Then there exists a constatitindependent of andh such that

_ C
|0surn Lo (1,10 (2)) T | Antinll Lo (1,10 (2)) + K 1 [wkn)m—1] Lo (o) < t_HUOHLP(Q)z

form=1,2,..., M.

5.2 Results for the inhomogeneous problem

Letuy, € X,‘j_j}l' be the dG¢{)cG(r) solution to the inhomogeneous parabolic equation with-= 0, i.e.

Blugn, rn) = (fsorn),  Veorn € X[, (46)

Theorem 11 (Fully discrete maximal parabolic regularity) Let uy, satisfy@8) with f € L5(I; LP(£2)), 1 <
s,p < co. Then there exists a constatitindependent of andh such that

M
<Z [[Ovurn|

m=1

M
Ls(J;Lp(Q))+< km
m=1

s

SLs(zm;Lp(Q))> +| Anugn|

[Ukh]mfl ?

km

1
’ T
) <Cln E||f| Le(I;Lr(2))>

L ()

with obvious notation changes in the case 6f ~.

5.3 Application to optimal order error estimates.
Similarly to the semidiscrete case, as an application ofrtagimal parabolic regularity, we show optimal conver-
gence rates for the d@(cG(r) solution.

Theorem 12 Letu be the solution t) with u € C(I; L?(§2)) anduy, be the dG§)cG(r) solution forqg > 0
andr > 1. Then there exists a constatitindependent ok and i such that forl < s, p < oo,

T
Lo(rrr(2) < Cln - (llw = mul| Ls(r,0(2)) + 1 Phw = wllps(r.0o(0)) + [[Rht = ull Lo 00(0)) -

llu — ugn|

where the projection, is defined in{@d), P, : L*(£2) — V}, is the orthogonal.? projection andR),: H} () —
V4 is the Ritz projection.

Proof Pute := u — ugp = (u — Prmgu) + (Pumgpu — ugn) := Nin + Ekn- FOrl < s, p < oo, we have

1 1

Le(L;Lp(02)) = sup (e,V)ixe, -+ =1,
weLs' (1;LP' (2)) s 8

Il

1
lle] -
b P
L' (L (@)~

For each suchp, consider a dual problem

B(@kh, zkn) = (Pkh, V) 1x0-

Thus, we have
(e, V)ix2 = Men V) 1x0 + Ekh, V) 1x 0 = J1 + Ja.
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Using the Holder inequality, the triangle inequality, 8tability of theL? projectionP, in L?(£2) and the approx-
imation properties ofr;, and P, we find

Ju < Cllnenllpe (oo @) 10l Lo (1,00 (2)) < ClimenllLe (1,00 (2)) = Cllu = Pampul|ps(r,00(2))
< Ollu — Puullpsr;ne(0)) + CllPu(u — mew) || Lo (1,00 (02))
< Cllu — Poullps(rioe(2)) + Cllu — mrul| Lo (1,00 (2)) -

On the other hand, using th&(u — ugp, xxn) = 0 for any xx, € X,Z:,TL, and the properties of the? projection
and the properties of, we obtain
M
Jo = B(&kn, 2kn) = —B(Mkn, 2kn) = Z (s Or2kn) 1 x 2 = (Vehs Vakn) 1, <2 + Mgy s [2kR]m) 2

m=1

M
= Z (u — T, Oezikn ) 1, x 2 — (Vkh, Varn) 1, x2 + (Uy, — (TR0) 15 [2k8)m) 2

m=1

= —(V(u— Pymiu), Varn)ixo-

where we used that the first sum vanishes dué fal (41a) and thensolving jumps due to[(41b). Using the
properties of the Ritz projection, integrating by partspase, and using the Holder inequality and Thedrem 6, we
obtain

Jo = —(V(u — Pympu), Varn)ixo = —(V(Ryu — Prmgu), Vaen) ixo = (Rhu — Pymgw, Apzien) 1x o
< C||Pn(Rpu — mpu)|

LS(I;LP(Q))||Athh| Ls' (I; LY (£2))

T
< Chn [ Bpu = mpul| e e 19| L (1300 ()

T
<Cln = (I|1Rhu — ul

Leninr() + lu = mull Lo (oo 2))) -
Combining the estimates fol, and.J> we obtain the result.

Corollary 4 If the solutionu to (@) satisfiess € W4t (I; LP(£2)) N L8 (I; WP (£2)) and 2 such that elliptic
W?2P - regularity holds, then there exists a constéhindependent of and ~ such that

T :
l|w — wrn| Le(I;Lr(02)) < Cln = (kq+1H“HWﬁLS(I;Lp(Q)) + h7+1||u| LS(I;WTH,P(Q))) ;1< s,p<oo.

6 Fully discrete results in general norms

For the future references we provide discrete maximal di@begularity results in general norms. For exam-
ple, we use these results to establish pointwise best aippation estimates ir_[27] for fully discrete Galerkin
solutions.

Let (2 be a Lipschitz domain and I8t = {7} be an arbitrary partition of? into cellsr (triangles, tetrahedrons,
quads, or hexahedrons, not necessary quasi-uniformy;Lbe the set of all functions i/ ({2) that belong to a
certain polynomial space (i.€5, or ;) on eachr. As before, we define a fully discrete solutiog, € X,’j:,: by

B(ukn, rn) = (f> orn)ixe + (uo, oin) e forall op, € X7, (47)

where
X,Z:,TL = {vkn : vknlr, € Pe(Vh), m=1,2,...,M}, forsomeqg>0, r>1. (48)

As in the previous section, we introduce the discrete Laptgeratotd,: Vi, — Vj, by
(_AhvhaX)Q = (vvh7VX)97 VX S Vha
and the orthogondl? projectionP, : L?(2) — V}, by

(thvx)ﬁ = (U;X)Q, VX S Vh-
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Let ||-|| be a norm or¥/;, such that for some < (0, %) the following resolvent estimate holds,

My,

||

Gz + An) 7 'xl| < T lixll,  forzeC\ 2, (49)

for all x € V4, whereX, is defined in[(P) and the constahf;, is independent of.
For quasi-uniform meshes, this assumption is fulfilled|faf = ||-|| .» () with a constanf\f;, < C indepen-

dent ofh, seel[30], as discussed and exploited above. For a weigbtea i || = ||a%~||L2(Q) with the weight

0z () = v/|x — x0|? + h? and M}, < C|ln h| we established this estimate in [27], and used the correpon
result to obtain interior (local) pointwise estimates. Bover, the resolvent estimafe{49) is known also to hold in
L?(£2) norms on a class of non quasi-uniform meshes as well| ee [2].

6.1 Smoothing estimates for the homogeneous problem irrglamarms
For the homogeneous heat equatldn (1),f.e= 0 and its discrete approximatian,, € X,’j:,: defined by

Bl(ukn, prn) = (w0, 93n0)  Veorn € X1, (50)
we have the following smoothing result.

Theorem 13 (Fully discrete smoothing estimate in general ms) Let ||-|| be a norm onV}, fulfilling the
resolvent estimat@9). Letuy;, be the solution of&0). Then, there exists a constaftindependent ok and h
such that

— CM
Sup 19w (I + sup [ Anaegn (O] + kol fusnlm—1 ]l < ==

€lm tel, tm

| Pruolll,

form = 1,2,..., M, whereP,,: L?(2) — V}, is the orthogonal.? projection. Form = 1 the jump term is
understood a$uxs]o = uf, ; — Pato.

6.2 Discrete maximal parabolic estimates for the inhomeges problem in general norms

Now, we consider the inhomogeneous heat equdiion (1), it 0 and its discrete approximatian, € X,’j:,:

defined by
Blugn, pxn) = (fsorn),  Veorn € X[ (51)

Theorem 14 (Discrete maximal parabolic regularity in geneal norms) Let |||-|| be a norm onV}, fulfilling
the resolvent estimat@9) and letl < s < oo. Letuy, be a solution of(&1l). Then, there exists a constaft
independent of andh such that

M g M : M )
<m2_1 J. '”at“’“h“)”'sdt) : (; /. “'Ammlﬂsdt) + (; bl | )

T s :
<omm? ( [umson dt) ,
I

1
s

whereP,, : L?(§2) — V,, is the orthogonal.? projection and with obvious notation change in the case ef cc.
For m = 1 the jump term is understood &sis]o = uj), ;-

The proofs of the above two results are identical to the mobthe corresponding time discrete results from
Sectiori#, provided the resolvent estiméatd (49) holds.
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