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Abstract Maximal regularity is a fundamental concept in the theory of par-
tial differential equations. In this paper, we establish a fully discrete version of
maximal regularity for a parabolic equation. We derive various stability results
in LP(0,T; L9(£2)) norm, p,q € (1,00) for the finite element approximation
with the mass-lumping to the linear heat equation. Our method of analysis
is an operator theoretical one using pure imaginary powers of operators and
might be a discrete version of G. Dore and A. Venni (On the closedness of the
sum of two closed operators. Math. Z., 196(2):189-201, 1987). As an appli-
cation, optimal order error estimates in that norm are proved. Furthermore,
we study the finite element approximation for semilinear heat equations with
locally Lipschitz continuous nonlinearity and offer a new method for deriv-
ing optimal order error estimates. Some interesting auxiliary results including
discrete Gagliardo-Nirenberg and Sobolev inequalities are also presented.
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1 Introduction

Let 2 be a bounded domain in R%, d = 2,3, with the boundary 0f2. Let
Jr = (0,T) be a time interval with T € (0, oc]. We consider the finite element
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approximation of linear heat equation for the function u = u(z,t) of (z,t) €
2 x[0,7):

Ou=Au+g in 2 x Jr,

u=0 on 02 x Jr, (1)

ul=0 = Uo on {2,

where dyu = du/0t, Au = Z?Zl 0*u/0x;?, g = g(z,t), and ug = up(z); g and
ug are prescribed functions. All functions and function spaces considered in
this paper are complex-valued.

The purpose of this paper is to derive various stability estimates in the
L?(Jr; L9(§2)) norm

T 1/q
lvlle (gria(2)) = / (/ |v(z, t)]? dx> dt
0 17

and discrete LP(J7; L9(£2)) norm defined as with X = L9({2), where p,q €
(1,00). As applications of those estimates, we also derive optimal order error
estimates in those norms for the finite element approximations of and
semilinear heat equation

1/p

O = Au—+ f(u) in 2xJp
u=20 on 982 x Jr, (2)

ult=0 = ug in £2,

where f : C — C is a prescribed function. Particularly, we assume only a
locally Lipschitz continuity and offer a new method of error analysis for .

In other words, we intend to develop a discrete version of theory of max-
imal regularity for evolution equations of parabolic type. To recall maximal
regularity in a general context, let us consider an abstract Cauchy problem on
a Banach space X as

3)

u'(t) = Au(t) + g(t), te Jr,
u(0) =0,

where A is a densely defined closed operator on X with the domain D(A) C X,
g: Jp — X is a given function, u: Jr — X is an unknown function and
uw'(t) = du(t)/dt.

Definition 1 (Maximal regularity, MR, CMR) Let p € (1,00). The op-
erator A has mazimal LP-regularity (LP-MR) on Jr, if and only if, for every
g € LP(Jr; X), there exists a unique solution u € WP (Jr; X)N LP(J7; D(A))
of (3) satisfying

lwllLe(arixy + 14 | Lo(arix) + AU Lo (i x) < OMRIIGlLe(5ix)s (4)

where C\yigr > 0 denotes a constant that is independent of g. We say that A has
maximal reqularity (MR) if A has maximal LP-regularity for some p € (1, 00)
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(see Lemma [1)). To distinguish LP-MR, and MR from the discrete versions
introduced later, we say that A has continuous mazimal LP-regularity (LP-
CMR) and continuous mazximal regularity (CMR) .

It is proved that the L9(2) realization A of A with D(A) = W24(Q2) N
Wy?(£2) has LP-CMR for any p,q € (1,00) (see [14,32]). The problem ()
admits a unique solution v € WYP(Jp; LI(£2)) N LP(J7; D(A)) satisfying (4]
with ug = 0. This result implies that d;u and Au are well defined and have
the same regularity as the right-hand side function g. Moreover, 0;u and Au
cannot be in a better function space than g, since g = dyu — Au. This is
not a trivial fact. For comparison, we recall the solution obtained using the
analytical semigroup theory, which is a powerful method to establish the well-
posedness of and . For example, assume g € C7(Jr; L9(£2)) for some
o € (0,1), that is, assume

l9(t) — 9(s)llLa(2)

< 00.
|t —s|7

sup
t,s€Jr, t#s

Then, by application of the analytical semigroup theory, we can prove that
the problem with ug = 0 admits a unique solution u € C(Jr;X) N
C(Jr; D(A)) N CY(J7; L1(£2)); see [35, Theorems 4.3.2, 7.3.5]. However, we
are able to obtain slightly less regularity dyu — Au € C(Jp; L9(£2)) than
g. To obtain the same regularity d;u — Au € C°(Jr; L4(£2)), we must fur-
ther assume g(z,0) = 0 for all x € §2; see [35, Theorem 4.3.5]. Therefore,
WP (Jp; LY(£2)) N LP(Jr; D(A)) is an appropriate function space to study
parabolic equations such as . Moreover, CMR is a “stronger” property than
the generation of analytical semigroup in the sense that, if A has CMR, then
A generates the analytical (bounded) semigroup (cf. [I5]). Although CMR is
a concept for linear equations, it actually has many important applications
to nonlinear equations, as reported in the literature [3,[32,40]. Moreover, the
analytic semigroup theory and its discrete counterparts play important roles
in construction and study of numerical schemes for parabolic equations (see
e.g. [I8/20121137,[38[46]). Therefore, it is natural to wonder whether a discrete
version of CMR is available.

This study has another motivation. Considering the problem (2) with
f(u) = uju|® for o > 0, then without loss of the generality, we assume 0 € 2.
Let A > 0. Then the function

uy(z,t) = Aau(Az, M2t)

also solves where 2 and Jr are replaced, respectively, by 2\, = {\"lz |
x € 2} and Jr/x2. Moreover, if p,q € (1, 00) satisfy

2 d 2

==l o)

a p g
we have

||U)\||LP(JTM2;L‘1((A)) = ||ulle(1r:La())
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for any A > 0. Those p, q are called the scale invariant exponents. The function
space LP(Jp; L1((2)) with p, ¢ satisfying plays a crucially important role
in the study of time-local and time-global well-posedness of . Furthermore,
such a scaling argument is applied to deduce a novel numerical method for
solving (see [B]). Therefore, it would be interesting to derive stability and
error estimates in those norms from the dual perspectives of numerical and
theoretical analysis.

Based on those motivations, we studied a time discrete version of maximal
regularity for in an earlier study [29]. Let

Ny — {LT/TJ (T < o0)

Ny =00 (T =). ©

We consider the implicit 6 scheme for given as

un—i—l —um
- A4 gt n=0,1,...,Np—1,
T (7)
u’ = 0,
where 7 > 0 is the time increment, 8 € [0,1], g = (¢")%, is a given X N7 +1.

Nt
n=0

vn+9 _ (1 _ 9)’1}" + evn+1

valued function, and u = (u") is an unknown XV7*+1_valued function. Set

for a sequence v = (v™),,. We moreover assume that A is bounded when 6 # 1.
The function u™ might be an approximation of u(n7) for n =1,..., N.
We introduce the space IP(N; X) by setting

XN+l NeN,

PN X) = {ZP(N;X), N = oo,

and let

N-1 1/p
[vlliz(v.x) = (Z |U”|§(T> ; (8)

n=0
1 n N-—1
vt —
_ _ n\N
D.v= (7_ > , Av = (Av"™)p—o>
n=0

vn—&-@)Nfl

UG:( n=0 ">

for v = (v™) € IP(N; X).
Discrete maximal regularity is then introduced as follows (see [29]).

Definition 2 (Discrete maximal regularity, DMR) Let p € (1,00). The
operator A has mazimal IP-regularity (IP-DMR) on Jr if and only if, for every
g € IP(Np; X), there exists a unique solution v € X7 of satisfying

lluolliz (vrsx)y + 1 Drulliz(vpsx) + | Auslliz vy x) < Comrllgelliz(vesxys  (9)
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uniformly with respect to 7, where Cpyr > 0 is independent of g. We say
that A has discrete maximal regularity (DMR) if A has [P-DMR, for some
p € (1,00).

In [6], Blunck considered the forward Euler method (# = 0) and character-
ized DMR by developing a discrete version of the operator-valued Fourier mul-
tiplier theorem. However, the dependence of 7 on DMR inequalities is not clear
since only the case 7 = 1 is studied. The backward Euler method (§ = 1) with
an arbitrary time increment 7 is discussed in [4]. Ashyralyev and Sobolevskii
provided no reasonable sufficient conditions for DMR. Consequently, those re-
sults cannot be applied straightforwardly to numerical analysis. In contrast to
those works, we gave sufficient conditions on 7, 8, A for DMR to hold in [29].
We recall the statement below (see Lemma@.

Spatial discretization must be addressed next. We introduce the finite ele-
ment approximation Ly, of A in H}(£2) and prove that Lj, has CMR. Herein,
h denotes the size parameter of a triangulation 7;,. As a matter of fact, Geis-
sert studied CMR for the finite element approximation of the second order
parabolic equations in the divergence form in [22/[23]. He considered a smooth
convex domain {2 and triangulations defined on a polyhedral approximation
2y, of 2. (For the Neumann boundary condition case, he considered the ex-
actly fitted triangulation.) Therefore, combining those results with our Lemma
@ we are able to obtain DMR for the smooth domain case. In those works, the
method of [39] and [42] for studying stability and analyticity in L norm is
applied. He first derived some estimates for the discrete Green function asso-
ciated with the finite element operator in parabolic annuli. Then he obtained
some estimates in the whole {2 by a dyadic decomposition technique. Con-
sequently, the proofs are quite intricate. Moreover, he applied several kernel
estimates for the Green function associated with a parabolic equation. There-
fore, the domain and coeflicients should be suitably smooth.

In the present paper, we take a completely different approach. We directly
establish a discrete version of the method using pure imaginary powers of op-
erators developed by [16]. To this end, we consider polyhedral domains and
study the discrete Laplacian with mass-lumping Ay instead of the standard
discrete Laplacian since the positivity-preserving property of the semigroup
generated by Aj, (see Lemma@ plays an important role in our analysis. Actu-
ally, the standard discrete Laplacian has no such property (see [43]). It must be
borne in mind that the L4 theory for the discrete Laplacian with mass-lumping
is of great use in study of nonlinear problems, such as the finite element and
finite volume approximation of the Keller-Segel system modelling chemotaxis
(see [37.[38,46]).

After having established CMR and DMR for Aj (see Theorems
and , we derive optimal order error estimates for the finite element approx-
imations combined with the implicit § method to (see Theorem . We
address not only unconditionally stable cases (6 € [1/2,1]), but also condition-
ally stable cases (6 € [0,1/2)). For the latter case, we give a useful sufficient
condition for the scheme to be stable. As a further application, we study the
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finite element approximation for and prove optimal order error estimates
(see Theorem. Since nonlinearity f is assumed to be only locally Lipschitz
continuous, the solution u might blow up in some sense. Our error estimate is
valid as long as u exists in contrast to [23]. To achieve such an objective, we
apply the fractional powers of —A;, and derive a sub-optimal error estimate
in the L*(£2 x (0,7)) norm as an intermediate result (see Theorem [VII).
Our proposed method is apparently new in the literature. Some auxiliary re-
sults including discrete Gagliardo-Nirenberg and Sobolev inequalities are also
presented (see Lemmas [24] and .

We learned about [33l[3T] after completion of the present study. The paper
[33] specifically examined the time-discrete version of LP-L9-maximal regular-
ity for arbitrary p, ¢ € [1, o], by discontinuous Galerkin time stepping (cf. [41])
for parabolic problems. This result is valid for p,q = 1, co. However, they did
not consider the R-boundedness of sets of operators, which plays an important
role in the theory of maximal regularity developed by Weis [45]. The main tools
in [33] were the smoothing properties of the continuous and discrete Laplace
operators. Consequently, their estimate invariably contained the logarithmic
term, so that the optimal error estimate is never obtained. It was established
by a related work [3I] that arbitrary A-stable time-discretization preserves
the time-discrete version of maximal LP-regularity for abstract Cauchy prob-
lems and for p € (1,00). These results were obtained via the theory of R-
boundedness. It is therefore partially the same result of our previous work
[29). An optimal error estimate was established only for semi-discrete back-
ward Euler scheme for a semilinear parabolic problem. In contrast to these
works, we deal only with the finite difference scheme in time. However, our
error estimate is optimal for fully discretized problems.

The plan of this paper is as follows. In Sec. [2] we introduce the notion
of finite element approximation and state main results (Theorems . We
summarize some preliminary results used in the proofs of Theorems in Sec. [3|
Some auxiliary lemmas related to MR, DMR and A;, are described there. A
useful sufficient condition for DMR to hold is also described there (Lemma [6]).
In Sec. {4 we prove Theorems by a discrete version of the method of [16]
using pure imaginary powers of operators. Auxiliary results, Lemmas
and themselves are of interest. The proor of error estimate (Theorem [V))
for the linear equation is described in Sec. [5| The semilinear equation ([2)
is studied in Sec. [6] Therein, we also prove auxiliary results including discrete
Gagliardo-Nirenberg, Sobolev inequalities and provide useful results related to
the fractional powers of A;. Combining those results, we prove the final error
estimate, Theorems [VI] and [VII]

2 Main results

Throughout this paper, {2 is assumed to be a bounded polygonal or polyhedral
domain in RY, d = 2,3, with the boundary 92. We follow the notation of [I].
As an abbreviation, we write LY = L4(£2), W49 = W*4(2) and H* = W*?2 for
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g€ [1,00] and s > 0. We use Wy'? = {v € W4 | v|go = 0} and HE = W, 2.
Generic positive constants which are independent of discretization parameters,
h and 7, are denoted as C'. Their values might be different in each appearance.

Since the boundary 92 is not smooth, we make the following shape as-
sumption on {2.

Assumption 1 (Shape assumption on 2) There exists p > d satisfying
[v]lwe2a < C|Av|La, Vo€ WHTAW,, (10)
for ¢ € (1, u), where C' > 0 depends only on {2 and gq.

For example, if {2 is a convex polygonal domain in R?, then one can find p > 2
satisfying Assumption [1f (see [24]).

Let T, be a triangulation of {2 with the granularity parameter h defined
below. Hereinafter, a family 7 of triangles or tetrahedra is a triangulation of
(2 if and only if

1. each element of T is an open triangle or tetrahedron in {2 and
2 =1Int ( U K) ,
KeT

where Int(-) is the interior part of a set,
2. any two elements of 7 meet only in entire common faces (when d = 3),
sides or vertices.

We use the following notations:

e h =maxgeT, hi; hx = the diameter of a triangle or tetrahedron K
e N = the number of nodes of 7;,; Nj = the number of interior nodes;

o {P }Jﬁzh1 = the nodes of T5; {P; }j\;’l = the interior nodes.
We assume the following.
Assumption 2 (Regularity of {7}},) There exists v > 0 such that
hx <vpg, VYK €Ty, Yh>O0,
where px denotes the radius of the inscribed circle or sphere of K.

Here we consider the P; finite element. Let V}, be the space of continuous
functions on (2 which are affine in each element K € 7. For every node P;
(j =1,...,Nyp), ¢; is the corresponding basis of V},, which satisfies ¢;(P;) =
di;, where ;5 is Kronecker’s delta. Namely, V}, is the linear space spanned by
{¢; };V:hl We also set

Sy, = {Uh eV | vh|ag = 0} = span{gbj éV:hl.

Moreover, we presume that {7}, satisfies the following conditions if nec-
essary.
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(H1) (Inverse assumption) There exists v > 0 such that
h<~hx, VK€ET, Yh>0.

(H2) (Acuteness) For each h > 0 and for each i,j € {1,2,..., N} with i # j,

0

Remark 1 In the two-dimensional case, let o C {2 be an edge of the triangu-
lation 7, and K and L be the triangles of 7, which meet in o. Assume that
the nodes P; and P; be both endpoints of o. We denote the interior angle of
K opposite to the edge o by affj. Then, the condition is equivalent to the
equation of ai{(j + aiL)j < . See [30], Corollary 3.48] for the detail.

Remark 2 (Discrete maximum principle) The condition (H2) is equivalent to
the discrete maximum principle, i.e., the following conditions are equivalent.

1. The triangulation 7} fulfills the acuteness condition.
2. Let up, € Vj, be the solution of the following problem for f € L? and
gn € Vi
{(VUh,Vvh)Lz = (f, Uh)Lz, Yoy € S,

unlog = gn-
Then, up > 0 in {2 provided that f > 0 in {2 and g > 0 on 042.
See [30, Theorem 3.49] for details.

Remark 3 When ¢ = 2, Ap is a self-adjoint operator in Xj, 2. Therefore,
(H2) is not required in the following discussion. However, the condition (H1)
is required for the inverse inequality, which implies H'-stability of the L?-
projection (the equation ) and the discrete Gagliardo-Nirenberg type in-
equality (Lemma. Therefore, this condition is imposed for the consequences

of and Lemma [24] for example, Theorems [V] even if ¢ = 2.

We describe the method of mass-lumping. For a node P;, we designate the
corresponding barycentric domain as A;; see Figure [I| for illustration and see
[20/19] for the definition. We denote the characteristic function of A; by x;
for j=1,..., Nj. Then, we set

Sh = span{y; é\':hl

and define the lumping operator My : S, — S}, as

Nh,
thh = Z Uh(Pj)Xj.
Jj=1

Moreover, we define K; = M My, where M} is the adjoint operator of M),
with respect to the L2-inner product. As one might expect, M, is invertible
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Fig. 1: Barycentric domains. Pj;: interior node, Pj,: boundary node. ®: node,
o: midpoint of an edge, @: barycenter of a triangle.

and therefore K} is as well. We define the mesh-dependent norms and inner
product as

[onllng = IMpvnlle,  (un,vn)n = (Mpup, Mpow),  up,vn € Sh
for ¢ € [1,00]. In fact, || - ||5,q is an equivalent norm to || - ||« in S}, for each
q € [1,00] (see Lemma[I2).
At this stage, we introduce a discrete Laplacian as follows. Define the

operator A, on S} as

(Ahuh,vh)h = —(Vuh, Vvh), Yy, € Sh,

for up € Sp. We designate Aj, the discrete Laplacian with mass-lumping.
From the Poincaré inequality, Ay is injective so that it is invertible due to
dim S}, < oo.

We are now in a position to state the main results of this study. In the
theorems below, we always presume that Assumptions [1| and [2| are satisfied,
unless otherwise stated explicitly. The first one is about CMR, for Ay,.
Theorem I (CMR for Ap) Let T € (0,00], p € (1,00) and ¢ € (1, ). As-
sume that (H1) and (H2) are satisfied when q # 2. Then, Ap has LP-CMR on
Jr in Xp,q uniformly for h > 0. That is, there exists C > 0 independent of
h > 0 satisfying

lwnll e (rrixn.,) + 1unllLerixn.,) + 1AnuallLe(rix,.) < CllgnllLerixn.,)

where gy, € LP(Jr; X}, 4) and uyp, is the solution of

{u;l(t) = Apup(t) + gn(t), te Jr,

uh(O) =0. (12)
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Remark 4 Since (12)) is a system of (inhomegeneous) linear ordinary differen-
tial equations, the unique existence of a solution follows immediately.

Next, we state results about DMR for Aj. To state them, we set

0, = arccos |1 — q/2|, (13)
Rp = II{%I%L KK,

where kg denotes the minimum length of perpendiculars of K.

Theorem II (DMR for A, in J.) Letp € (1,00), q € (1,1) and 6 € [0, 1].
Assume that (H1) and (H2) are satisfied when q # 2. We choose ¢ and T
sufficiently small to satisfy

2sinf, — ¢

ST dr 2

.
— 1
(14

when 6 € [0,1/2). Then, Ay, has IP-DMR on Jo in X}, 4 uniformly for h > 0.
That is, there ezists C' > 0 independent of h and T satisfying

||Uh,0||z£(N;X,L,q) + ||Druh|\z£(N;Xh,q) + ||Ahuh,0||l£(N;X,L,q) < C||9h,0||z£(N;X,L,q)7

where gn = (g7 )n € P(N; X4,q) and up = (u}})n is the solution of

(Drup)™ = A;Luﬁw + gZH, n €N,
u?L =0.

Theorem III (DMR for Ay in Jr) Let p € (1,00), ¢ € (1,pu) and 0 €
[0,1]. Assume that (H1) and (H2) are satisfied when q # 2. Choose £ and
T sufficiently small to satisfy , when 0 € [0,1/2). Then, for every T >
0 and for every g, € IP(Np — 1; X}, 4), there exists a unique solution uy €
lp(NT;Xhﬂ) Of

(Drup)™ = Apup*? + g7, n=0,1,...,Np — 1,

ud) =0,

and it satisfies
Huhﬁ”lg(NT;Xh,q)+||D7—uh||l£(NT;Xh,q)+||Auh79||l£(NT§Xh,q) < C”gh”lg(NT;Xh,q)’
where C > 0 is independent of g, T, h, and 7.

Theorem IV (DMR for non-zero initial value) Let p € (1,00) and q €
(1, ). Assume that (H1) and (H2) are satisfied when q # 2. Then, for every
T >0, gn € IP(Np; Xpnyq), and uop € (Xn,q, D(An))1-1/p,p, there exists a
unique solution uy, € IP(Np; Xp ) of

{(DTuh)” = Ahuzﬂ + g,’f+17 n= 07 ].7 ey NT — 1,

0 _
Uy, = UO,h,
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which satisfies

lunallie(veix.,) + 1Drunllie v x,. ) + 1Al vex,.,)

< C gl (vpsxn.y) + luonlli=1/pp)
where C > 0 is independent of g, uo,n, T, h, and T.

Therein, (X4,q, D(An))1-1/p,p and || - |l1-1/p,p respectively denote the real
interpolation space and its norm. (see Subsection for related details.)

Those theorems are applicable for error analysis of the fully discretized
finite element approximation for heat equations. First, we consider a linear
heat equation for T € (0,00), g € LP(Jp; L) and up € L7. We further
assume g € C°(Jp; LY9)). We consider the following approximate problem to
find up, = (u}), € IP(Nr; Sy) satisfying

((DTuh)”,vh)h + (VUZ+0, vvh)L2 = (G"+9,vh)L2, Yo, € Sh,
n=0,1...,Np—1,
(u%,vh)Lz = (ug,vp) L2, Yoy, € S},

(15)
where 7 € (0,1), 8 € [0,1], t,, = n7, and G™ = g(-, ). An alternative scheme
is obtained with replacement (G"*% v;)2 by (G™*? vy,),. However, the re-
sulting scheme has a shortcoming reported in Appendix [B]

Let Py, be the L2-projection onto S}, defined as

(Ph’U,’Uh)L2 . (1}, Uh)Lz, Yup, € S, (16)
for v € L.
Then, is equivalently written as

{(DT’uh)" = Ahuz+9 + K;lthn+9, n=0,1,...,Np—1, (17)

u(,)l = Pyug.

Since Ay, is invertible, there exists a unique solution of (17). We introduce

e {2, 0=1/2, 18)

1, otherwise

and pg = max{u',d/2}. Since p/ < d' <2 <d < p, it might be apparent that

_ :u/a d:27
HE=Ya/2=3/2, d=3.

Theorem V (Error estimate for linear equation) Let p € (1,00) and
q € (pa,p). Let up, = (ujl)n, € P(Np;Sy) be the solution of and u be
that of ([I). Assume u € WHP(Jp; W29) 0 W2P(Jp; W) 0 WHie-P (Jp; L9)
and set U™ = u(-,t,). Assume that (H1) and (H2) are satisfied. Moreover, we
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choose € and T sufficiently small to satisfy (1)), when 6 € [0,1/2). Then, there
exists a positive constant C' such that

Np—1 L/p
( 3l - U"+9||’zn> < O(h? + 7). (19)
n=0
The constant C is taken as

C =C" (lullwre(riw2a) + 10sullwiopwiay + [[ullwitsop (1ps29)) 5
where C' depends only on 2, p, q, and 0, but is independent of h and 7.
For ¢ € (1,0), let A, be the realization of the Dirichlet Laplacian:

D(Ay) = W>INW, 9, Agu= Au. (20)

We are assuming Assumption |1, We consider a semilinear heat equation
under the following basic assumptions:

up € (LY, D(Ag))1-1/p,ps (21)

f: C — C is locally Lipschitz continuous with f(0) = 0. (22)

Herein, (L%, D(Agq))1-1/p,p denotes the real interpolation space [2,34,44]. Re-

striction f(0) = 0 is set for simplicity. It is noteworthy that the solution u of

might blow-up: let T, € (0, o0] be the life span of u (the maximal existence

time of u).

To avoid unnecessary difficulties, we restrict our consideration to a semi-

implicit scheme for given as

{(DTU,,,)" = At + K Pf(ul), n=0,1,...,Np—1, (23)

0 _
uy, = Pruog,
or, equivalently,

(Drun)™ vp)n + (Vup ™, Vop) 2 = (f(ull),vn)r2, Vop € Sh,
n=0,1,...,Np — 1,
(U?vah)m = (uo,vn) L2, Yo, € Sh.
Since Ay, is invertible, there exists a unique solution of . Our final theo-
rem is the following error estimate for semilinear equation. Our error estimate

remains valid as long as the solution of ([2)) exists and requires no size condition
on ug.

Theorem VI (Error estimate for semilinear equation) Let p € (1,00),
q € (pa, ) and p > 2q/(2q — d). Assume that (H1) and (H2) are satisfied.
Presuming that admits a sufficiently smooth solution u under the conditions

and ([22), then, for every T € (0,Tx) and the solution uj = (up)Nr o of
(2

3)), we have

Nr 1/p
<Z [[ur, — U”iﬂ) < C(h2 +7),
n=1

where U™ = u(-,nt).
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In the proof of Theorem (Sec. @, the following sub-optimal error esti-
mate, which is worth stating separately, will be used.

Theorem VII (L* error estimate for semilinear equation) Under the
same assumptions of Theorem [V1, for every oo € (0,0,4.4) and T € (0,T),
the following error estimate holds:

max ||up — U"||pe < C(h2a +7),
0<n<Nrp

where apgqa=1—1/p—d/(2q) and U™ = u(-,n1).

3 Preliminaries

As explained in this section, we collect some preliminary results used for this
study.

3.1 Continuous maximal regularity

The definition of CMR in Definition [Il is the classical one. The weaker one is
introduced in [45] Definition 4.1], which requires the inequality

Wl e 12y + 1 AUl Lo (grsx) < ClfllLearix) (24)

instead of . Also, CMR in this sense is characterized by operator-theoretical
properties ([45, Theorem 4.2]). However, two inequalities and are
equivalent if 0 € p(A), where p(A) denotes the resolvent set of A. Since the
condition 0 € p(A) is satisfied in our application, we ignore the differences
between these definitions.

Conditions necessary for CMR to hold have been studied by many re-
searchers (see e.g. [I5l[45]). Among them, we review some sufficient conditions
for CMR, which will be used for this study. For the detail, see [I5] and refer-
ences therein.

Lemma 1 Let T € (0,00], X be a Banach space and A be a densely defined
and closed operator on X. Assume that A has LP°-CMR on Jp for some
po € (1,00). Then, A has LP-CMR on Jr, for any p € (1,00).

Lemma 2 Letp € (1,00), X be a Banach space and let A be a densely defined
and closed operator on X. Assume that A has LP-CMR on J... Then, A has
LP-CMR on Jp, for any T > 0.

The next lemma is the celebrated result of Dore and Venni [16] Theorem
3.2] (see also [3], Section III.4]).

Lemma 3 Letp € (1,00), X be a UMD space, and let A be a densely defined
and closed operator on X. Assume that —A € P(X; K)NBIP(X;M,0) for
some K >0, M > 1, and 0 € [0,7/2). Then, A has LP-CMR on Jr, for any
T >0 and T = oo. Moreover, the constant Cyigr > 0 depends only on X, K,
M, 0, and T.
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Herein, the sets P(X; K) and BZP(X; M, 0) are defined as

PX;K)={AecC(X)|p(A) C (—00,0] and
[(L4+XNRA;A)|zx) <K, VA>0},
BIP(X;M,0)={A € P(X)| A" € L(X) and |A"||(x) < MM, vt € R},

for K > 0, M > 1, and § > 0, where C(X) is the set of all closed linear
operators on X with dense domains, P(X) = Uy, P(X; K). The imaginary
power A% is defined by H®°-functional calculus (see Appendix .

The dependence of the constant Cyr on the Banach space X derives
from the boundedness of imaginary powers of the time-differential operator
on LP(Jp; X). See [3, Lemma I11.4.10.5] for T' < oo and [25, Corollary 8.5.3]
for T' = co. Chasing the constants appearing in the proofs, we can obtain the
following property (see [29]).

Lemma 4 Letp € (1,00), X be a UMD space, Xo C X be a closed subspace,
and A be a densely defined and closed operator on Xy. Assume that —A €
P(Xo; K) N BIP(Xo; M,0) for some K >0, M > 1, and 6 € [0,7/2). Then
A has LP-CMR on Jp, for any T > 0 and T = oo. Moreover, the constant
Cumr > 0 depends only on X, K, M, 6, and T, but is independent of Xy.

In the definition of CMR 7 we consider only the zero initial value. How-
ever, in general cases, particularly in the nonlinear cases, the choice of ini-
tial values is extremely important. Therefore, we now consider the following
Cauchy problem:

{u’(t) = Au(t) +g(t), te€ Jr, (25)

u(0) = uyp,

for ug € X.

Lemma 5 Let p € (1,00), T € (0,00], X be a Banach space and A be a
densely defined and closed operator. Assume that A has LP-CMR on Jr. Then,
for each g € LP(Jr; X) and for each ug € (X,D(A))1-1/pp, there exists a
unique solution u € WP (Jp; X) N LP(Jr; D(A)) of satisfying

lull o (1psx) + ||U/HLP(JT;X) + [ Aul| Lo (775x)

< Cmr (HgHLT’(JT;X) + ||U0H1—1/p,p) ;
where Cyr > 0 s independent of g and ug.

Herein, the norm || - [|;_1/,, is the norm of the real interpolation space
(X, D(A))1-1/p,p-
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3.2 Discrete maximal regularity

As in the CMR case, the weaker definition can be considered, which does not
require that 0 € p(A). Indeed, the weaker one is used in [6l29]. However,
for the same reason as that presented in the previous subsection, we do not
distinguish these two definitions.

We investigated a sufficient condition for DMR on J, in the UMD case
in [29]. More precisely, we proved the following result.

Lemma 6 Letp € (1,00), 0 € [0,1], X be a UMD space, Xo C X be a closed
subspace, and A be a bounded operator on Xy. Assume that A has LP-CMR
on Joo with the constant Cyr. Furthermore, we suppose that the following
conditions (condition (NR)s.) are satisfied when 6 € [0,1/2):

(NR1) There exists 0 € (0,7/2) such that S(A) C C\ Xsir /2.
(NR2) There exists € > 0 such that (1 — 20)1r(A) + & < 2sind.

Then, A has I[P-DMR on Js. Moreover, the constant Cpur depends only on
p, 0,0, ¢, X, and Cyr, but is independent of Xo.

Herein, for w € (0, 7), the set X, denotes the sector
Yo ={z€C\{0}| |argz| < w}. (26)

The set S(A) C C is the numerical range of A defined as

_ * CL'ED(X), HxH:L

where (-, -) is the duality paring ([201[35]). We set

r(A) = max |z|.
( ) z€S(A) | |
Actually, DMR on finite intervals is obtainable from the infinite-interval
case. The following lemma corresponds to Lemma[2] Although the inequality
below is slightly different from @D, it does not affect error analysis.

Lemma 7 Letp € (1,00), 6 € [0,1], X be a Banach space, and A be a bounded
operator on X. Assume that A has [P-DMR on Js with Cpmyr = Co. Then,
for every T > 0 and for every g € IP(Ny —1; X), there exists a unique solution
u € IP(N7; X) of the equation

" — Ayt 4 g =0,1,...,Np—1
T u +gv n 5 Ly s VT ) (27)

and it satisfies

luolliz(vrix)y + 1 Drulliz v x) + 1 Aualliz v x) < Collgllim v x)- (28)
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Proof Fix T > 0, 7 > 0, and g € I?(Ny —1; X) arbitrarily. Define g € I?(N; X)
as

n_)g" n=0,1,...,Np—1,
R FUR

and consider the Cauchy problem

ﬂn+1_an
~n+6 ~
f:fh},n+ +gn, n:O,l,...,

% = 0.

Since A has [P-DMR on J,, we can find the corresponding solution 4 =
(@), € XV satisfying

ol iz v, x) + D=l v, x) + [ Ao |12 v x) < Comrllglle v x)-
Then, u := (a"))\Z, € I(Np; X) is a solution of ([27), and fulfills

e lliz(nrsx) + 1Drullie (vesx) + [[Aullir (v xy < Comrllgllie v x) s

which implies . The uniqueness of the solution might be readily apparent.
O

An a priori estimate with non-zero initial value is obtained only in the case
where 6 = 1. See [4] for T' < oo and [29] for T' = oc.

Lemma 8 Let p € (1,0), 0 € [0,1], T € (0,00], X be a UMD space,
Xo C X be a closed subspace, and A be a bounded operator on Xy. As-
sume that A has IP-DMR on Jp. Then, for each g € IP(Np; Xo) and for each
ug € (Xo, D(A))1-1/p,p, there exists a unique solution u € IP(Nt; Xo) of the
equation

un+1_un
f:Au"‘H—l—g”*'l, n=0,1,...,Np — 1,

u® = u,

which satisfies

lutlliz(Ng;xo) + 1 Drtlliz(np; xo) + 1 Autlliz (v xo)

< Comr (1911l (vrixo) + luolli=1/pp) »

where Cpmpr > 0 is independent of g, ug, and Xy.
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3.3 Operator-theoretical properties of Ay
A semigroup T'(t) on a Lebesgue space X = LI(£2,u) (¢ € [1,00]) is said to
be positivity-preserving if

u>0 prae in 2 = T(t)u >0 p-a.e. in 2

for each t > 0 and u € X. In the proofs of the following two lemmas, the
discrete maximum principle (Remark [2)) plays a crucially important role.

Lemma 9 ([41, Theorem 15.5]) Let ¢ € [1,00]. Assume that the family
of triangulations {Tp} satisfies the acuteness condition (H2). Then, the semi-
group e'4r generated by Ay, is positivity-preserving in Xhq-

Lemma 10 ([13, Theorem 4.1]) Let q € [1,00]. Assume that the family of
triangulations {Tn} satisfies the acuteness condition (H2). Then, Ay generates

an analytic and contraction semigroup on Xy, 4. Moreover, if ¢ € (1,00), then
Ay, satisfies the condition (NR1) with the angle 0, defined as (L3).

We introduce several mesh-depending operators on S;,. The L? projection
P, is defined as . Let Rj, be the Ritz projection of W — S}, defined as

(VRhw Vvh)Lz = (V’LL, Vvh)Lz, Yy, € S},

for u € W11, These operators have the following well-known properties. See
[2812/[7] for the proofs.

Lemma 11 Assume that {Tp}n satisfies (H1). Then, there exists C > 0 de-
pending only on {2 and q such that

[Prolle < Cllvllpa, Vo€ LY, Vg€ [1,00],
[Prollwra < Clloflwra, Voe W, Vg e l,00], (29)
|Rhvllwia < Cllvllwre, Vo€ Wh  Vqe (1,00,
v — Pyollpe < Ch?|Jvllwea, Vo€ W9, Vg€ (d/2,00],
[ = Rpollpe < Ch?||vllwza, Vv € D(A,), Vg€ (4',00),

where u' is the Holder conjugate of . When q # 2, (H1) is not required for
all inequalities above except for .

Mass-lumping operator My, and K} have the following properties. For the
proof, see [20].

Lemma 12 Let g € [1,00]. Then, there exists C > 0 depending only on q and
{2 such that

C YopllLe < [[Mpopllpe < Cllonllpa,  vn € Sh, g € [1,00].

Moreover, if {Tn}n satisfies (H1) when q # 2, then there exists C' > 0 depend-
ing only on q and §2 such that

Cwnlls <1 Kpvnllze < CllonllLe, vn € Spy g € [1,00].
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We use the standard discrete Laplacian L;, defined as
(Lhuhavh) = 7(vuhavvh)7 V’Uh S Sha

for up, € Sp. We designate Ly the discrete Laplacian without mass-lumping.
From the Poincaré inequality, Lj is injective. Consequently, it is invertible due
to dim Sj, < co. Then, by the definitions given above, it is apparent that

Ly = KpAn, Ry =L;'P,A. (30)

From these relations, the following estimate is obtained.

Lemma 13 Assume that {Tp}n satisfies (H1) when q # 2. Then, for q €
(1, ), there exists C > 0 satisfying

lvallng < CllAnvnllng:  VYon € Sh,
where C' depends only on 2 and q.
Proof By and Lemma [12] it suffices to show that
[onllze < CllLavnl|La

for all vy, € Sy. Fix vy, € S, arbitrarily and set f, = Lpv, and v = A7l f}, €
D(A). Then, noting that Pp, fr, = f5 and from , one obtains

Vp = L]:lth}L = L}:lPhAU = th.
Therefore, we have
[vnl[Le < |Rhollwra < Cllvllwre < Cllvllwea < Cl|Av||Le = Cf|Lyvn||La

by Lemma and . O

Furthermore, the following estimate holds. See [37, Lemma 4.6] for the
proof.

Lemma 14 Assume that {Tp} satisfies (H1) when q # 2. Let q € (¢/, ).
Then, there exists C > 0 depending only on q and {2 such that

||A}:1(I — K;l)’l)hllh,q < ChQHV’l)hHLq7 Vp € Sh.
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4 Proofs of Theorems [[} [IT}, III) and [V]

The aim of this section is to establish CMR and DMR for A;,. We first consider
the continuous case via the method of imaginary powers of operators. Then,
we obtain DMR for A;, by our previous result (Lemma @ We also present a
useful criterion to check the condition (NR)s .

In view of Lemma [3] it suffices to show that

—Ay, € 'P(X}hq; K) n BIP(X}MI; M, 9)

for some K > 0, M > 1, and 6 € [0,7/2), uniformly with respect to h. We
first show that —Aj € P(Xp q; K).

Lemma 15 Let ¢ € (1,u). Assume that the family {Tn}n satisfies (H1) and
(H2) when q # 2. Then, there exists K, > 0 satisfying

—Ah (S ’P(Xh}q; Kq),
where K, is independent of h > 0.

Proof Let Ty(t) be the semigroup e‘4% generated by A in Xj 4. Then, by
Lemma Tr(t) is an analytic and contraction semigroup. Since Tj(t) is
contraction semigroup, we have

1
1RO Anleox, < 50 VA0

for each h > 0. In addition, by virtue of Lemma [13| and analyticity of T}, (t),
we have

IR(X; An) frllng = 1AL AR An) = 1 fullng < Cllfullng,  Vfn € Sh

for all A > 0 and h > 0, where C' > 0 is independent of h. Therefore, we obtain
—Ap € P(Xp,q; Ky) with K, = C + 1 since R(;A4,4) € C(]0,00); L(Xp.,q))-
O

To show —Aj, € BIP(Xp,q; M, 0), we use Duong’s result, which is based
on H°-functional calculus. The imaginary power is understood as the special
case of the function of operators. Let X be a Banach space, D C C be a
domain and O(D) be the space of holomorphic functions on C. We set

H*>(D) = O(D) N L=(D;C). (31)

Then, for A € P(X) and for m € H*™(Xy) with suitable 6, m(A) can be
defined as a linear operator on X. When we take m(z) = 2%, the imaginary
power A% is defined in this sense. The definition and details of the properties
of m(A) have been presented in the literature [I1] and in the Appendix [A] We
refer to [I7] for the proof of the following lemma (see also [10]).
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Lemma 16 ([17, Theorem 2]) Let ({2, u) be a o-finite measure space and let
A be a linear operator on X = L1(82, ) for q € (1,00). Assume that A € P(X)
and that —A generates a contraction semigroup T(t) on X. Moreover, we
suppose that T(t) is positivity-preserving on X. Then, for each 0 € (w/2,7),
there exists M > 0 satisfying

[m(A)llzxy < M|mllpe(s,)

for all m € H*(Xy). Furthermore, M depends only on q and 0, but is inde-
pendent of A and measure space (2, ).

Lemma 17 Let X and A be as in Lemma . Then, for each 6 € (7/2,7),
there exists M > 0 such that A € BIP(X;M,0).

Proof Let m(z) = 2% for z € ¥y and t € R. Here, 2% is defined as

it _ eit(log |z|+iarg z)
- )

z argz € (—m,m)

for z € .. Then, setting z = |z|e®’ (¥ € (—6,0)), one can readily obtain
|2t| = e~ . Therefore, we have

HmHL”(Es) < e‘tlav

which yields m € H>®(Xy) and A € BIP(M,0) for some M > 0 by Lemma
Hol O

Now, we are ready to show the following lemma.

Lemma 18 (Imaginary powers of discrete Laplacian) Let g € (1, u).
Assume that (H1) and (H2) are satisfied when q # 2. Then there exist My > 0
and 0, € (0,7/2) satisfying

—Ap € BIP(X}, 4, My, 0,),
where My and 0, are independent of h > 0.

Proof We begin by proving that —Aj, € BIP(X}, 4; M, 0) for each 0 € (7/2, )
and for suitable M > 0 independent of h. Let T},(t) be the semigroup et4»
generated by Ay, in X, 4. Then, by Lemma[9] and [T5} we can apply Lemma [T7]
Therefore, for each 6 € (7w/2,7), there exists M > 0 satisfying

— Ay, € BIP(Xpq; M, 0). (32)

Now, we show our assertion. We first assume that ¢ = 2. In this case, X}, o is
a Hilbert space and — Ay, is self-adjoint and positive definite without conditions
on the triangulation by Poincéare inequality. Consequently, by Theorem we
have

1= An) lexan < / dE_s, (V) =1
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for all t € R, which implies —Aj, € BIP(X2;1,0). Here, E_ 4, is the spectral
decomposition of —Ay. Then we presume that ¢ # 2. Set

q—l _ 2—1

for r # 2. Since g # 2, we can choose 7 € (1, 00) satisfying 6, , € (0,1). Then,
by the Riesz-Thorin theorem, we obtain

i it | 1—6q, it10q,r 0y r 00,
1(=AR) "0, < I(=AR)" I, 27 (= An) Y < MParefarl]

for any t € R and 6 € (7/2,7), where M > 0 is as in (32)). Since 6, € (0,1),
we can take 0 as

eq,r =

Tch<—
2 20,4,

which implies
—Ayj, € BIP (X}, 4 M%7, 00,.,)
with 06, , < m/2. This is the desired assertion. O

Owing to Lemma [6] and Theorem [[] we are able to obtain DMR for Aj,. To
apply Lemma |6} it is necessary to verify that the condition (NR)s . is satisfied.
From Lemma the condition (NR1) is always satisfied. Therefore, what is
left is to check the condition (NR2). We begin with the following lemma,
which is a generalization of [I9, Lemma 2]. No condition on the triangulation
is required.

Lemma 19 Let r € [1,00). Then, we have
d+1

[Vop|[zr < lvnllnes  Von € Sh.
Proof Fix K € Ty, arbitrarily. Then it suffices to show that
d+1
Kn,
where [|vp||n,r,x = [|Mponl| - k). Let Q; (j =0,...,d) be the vertex of K, A;

be the corresponding barycentric coordinate in K, and ; be the length of the
perpendicular from P; in K. Then it is well-known that |VA;| = 1/k;. Take

IVor|l rxy < llonllarx,  Yvn € Sh,

vp, € Sy, arbitrarily and set v; = v, (Q;). Since vy|x = Zj:o vjAj, we have

d d
|U| r
IVonllLraey < D il A L or ) = ??|K|1/
=0 j=0 "7
J 1/r’ d 1/r
1 T T
<\ S| K
j=0 "3 j=0
1/r

' d

(d+ 1) .

el 1 >l : (33)
i=0
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where r’ is the Holder conjugate of r. Moreover, it is readily apparent that

1/r
1 d
lvnllnrx = mu{‘ Z |vj]
=0
This, together with , implies that
(d+ 1)t/ d+1

[VonllLr k) < lvnlln,rx = v lln,rx-

Thereby we complete the proof. O

Now, we describe a sufficient condition for (NR2) to hold.
Lemma 20 (A sufficient condition for (NR);_) Assume 6 € [0,1/2) and
q € (1,00), and Let 0, = arccos|1—2/q|. If we choose € and T sufficiently small
so that Ay, satisfies , for every h, then the condition (NR)eq,a is fulfilled.
Proof The numerical range of Ay is expressed as

S(An) = {(Anvn, vp)n | v € Sn, |vnllng =1}
where v € S), is defined as
v} (P) = |vp(P)|9%vs(P) for every node P of Ty,

for vy, € Sy. Therefore, by Lemma we have

(d+1)?
|(Anon, vp)ul < [Vonllzal[Vopllng < ——5— llvnllf. ,
h

for all vy, € Sj,. Hence we can deduce (NR2) form the assumption (14). O

At this stage, we can state the following proofs.
Proof (Proof of Theoremm) It is a consequence of Lemmas and ad

Proof (Proof of Theorem It is a consequence of Theorem |I| and Lemmas |§|
and20 O

Proof (Proof of Theorem It is a consequence of Theorem [[I| and Lemma
@ o

Proof (Proof of Theorem It is a consequence of Theorem [lI] and Lemma
B O
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5 Proof of Theorem [V]

This section is devoted to error analysis of the solution uj, = (u}) € I”(Nr; Sy)
of . We begin by presenting some lemmas.

Lemma 21 Let X be a Banach space, T > 0, p € (1,00) and 7 € (0,1). Set
t, =nt form=0,1,..., Np. Then, there exists Cs > 0 satisfying

Np—1 1/p Nt 1/p
( > v(tn)||§T> + <Z v%)ll?ﬁ) < Csllvllwrerix)y — (34)
n=0 n=1

for all v € WYP(Jp; X), where Cs depends only on p, but is independent of
T, 7, and X.

Proof By the Sobolev embedding W1(0,1; X) < L°(0,1; X), there exists
C1 > 0 such that
[0l 2o 0,1,x) < Callollwe(o,15x)

for v € WP(0,1; X). One can check that C; is independent of X. See the
proof of [8, Theorem 8.8]. Then, setting J,, = (tn,tn4+1) and considering the
change of variables, we have

[o(ta)llx < [ollzoernix) < Cr(l+ 1) P ollwie(s,:x)
for each n € N. Therefore, we have with Cs =2C,. 0O

The next lemma is shown readily by Taylor’s theorem. Therefore, we skip
the proof.

Lemma 22 Let X be a Banach space, T > 0, p € (1,00), 8 € [0,1] and
€ (0,1). Set t, =nt forn=0,1,..., Ny and

dt

n_ Utary) —v(ta) _ [(1 ~ 0%, WCC{;(%H)

o=
T

for v e Wiethp(Jp; X), where jg is defined as (I8). Then, there exists C > 0
such that

Nr—1 1/p
( Z ”Tn”Z))(T) < CT]0|‘U||Wj9+1’p(JT;X)7
n=0
where C' is independent of 7 and X.

Now we can state the following proof.
Proof (Proof of Theorem@ We set e}y = uj, — PLU™ so that

upy —U" =ep + (P, —1)U™.
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Then, by Lemmas [[1] and 2T} we have

Nr—1

Z (P Un+0||LqT

Np—1 Nt
cowr|aap 3 |Uﬂ||sv2,q7+epz||mzw,w]
n=0 n=1
< OB [l gy (35)

It remains to derive an estimation for e}. Set V" = Qyu(-,t,) and

tn — tn _
ZG = ( ;1PhA — AhPh)U”Jra + P, <“(+1>“()) ~-K; Lp, ynto,
T
Then, by a simple computation, we have

(Drep)” = Apedt® 4070 n=0,1,..., Ny — 1,
6220.

Therefore,

(Dr (A ren))™ = Ap(A7tel™0) + A7 ? . n=0,1,...,Np — 1,
A;leg =0.

Consequently, according to Theorem [[TI} we obtain

Np—1 Np—1 Np—1
Z ‘|€h+6|‘Lq7—_ Z [[An(A h1ez+9 a0 Z HAhlri?g 7.7 (36)

n=0

We divide TZ’Q into two parts as

T

tnir) — ultn )
i = (K Py A= Ap P)U™, 13f = By, (“( +1) —ul )>—Kh1PhV”+9.

We first estimate r?’g . Noting the relation , we have
Aptrin = (R — PU™,

so that

Nop—1 1/p Np—1 1/p
(Z A, el m) < Ch? ( Z (U™ T )

< Oh2”uHW1‘P(JT;W2v‘1) (37)
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by Lemma |11/ and Lemma Also, A;lr;f:g is expressed as

tn —u(ty _ _
Ahlr;Lg — A;lph |:U( +1) U’( ) _ Vn+9:| +Ah1(I_Kh l)thn-‘rg.

T

According to Lemmas 1] and 22] we have
Npr—1 l/p
n,0
( Z ||Ah17"2h )
Npr—1 1/}7
< C’Tj9||uHWj9+l,p(JT;Lq) + Ch? ( Z ||VPhVn+9|7qu>

No—1 1/p
< O |ullwio+1o(gppay + CR® ( Z IV lys.07 )
T eI W (3

Combining , , , and , we obtain the error estimate .

O

6 Proofs of Theorems [VI] and [VIIl

This section is devoted to analysis of semilinear problems and . We
first prove several auxiliary lemmas.

6.1 Embedding and trace theorems

For ¢ € (1,00), we recall that A, denotes the realization of the Dirichlet
Laplacian defined as . Let D(A,) be a Banach space equipped with the
norm ||Ay - ||za. This is a norm if ¢ € (1, ) by the regularity assumption (1
We also set D(Ap, 4) = (Sh, ||An - ||n.q), which is a Banach space for ¢ € (1, u)
by Lemma

For N € NU {oo} and vy, € S)', we set

[onllyps = llonallizovix,.) + 1Anvnallevix, ) + 1P-onllieovix,,) - (39)
and Y.y = (S}JLVH, Il ”Yf’qw)' For abbreviation, we write Y;/'! = V,"!
and

lonllve = llvallype (40)

for T' > 0, where N is defined as @
Then, we have the following embedding result.
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Lemma 23 Let ¢ € (g, 1) and p > 2q/(2q — d). Assume that the family
{Tn}n satisfies (H1) and (H2) when q # 2. Then, the embedding

(Xh,qv D(Ah,q))l—l/p,p — L™
holds uniformly for h > 0.

To show Lemma 23] we prove the discrete Gagliardo-Nirenberg type in-
equality. The following result is the generalization of |26l Lemma 3.3], and
that the proof is almost identical. However, for the reader’s convenience, we
provide the proof.

Lemma 24 (Discrete Gagliardo—Nirenberg type inequality) Let g €
(tq, ). Assume that the family {Tn}n satisfies (H1) and (H2). Then, we have

d 1— -4
lonllze < CllAnvnllpllvnlly, ™ Yon € Sh.

Proof Tt suffices to show that

. fp 1y 1o
L5 fullzee < ClfRllZa Ly fulla ™
for every fj € Si. We decompose the left-hand side as
1Ly fulloee < Lyt = PoA  fo) fulloee + I1PaAL fufull =t a +b.

From the usual Gagliardo-Nirenberg inequality [I, Theorem 5.9] and the reg-
ularity assumption , we have

b< CllAL fulle <CILAl 214 full ™
<clllfh (1Ll + 1045 - 2 Pl
Setting u = A; ' fr, € D(A,), we have
I(AZ" = Ly " Po) fullzs = llu — Rpullpe < CR?Jullwza < CR?||fallza,  (42)
by Lemma and . Since Lemma and the inverse assumption imply
| Lnonllne < Ch™3||vpllLe, Yovn € S,

we obtain
14, = Ly P e < CILG ful o (43)

From and , we have

d _ 1—.4
b< Cllfull 2Ly full e ™
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We estimate a. The inverse assumption (H1) is well known to imply (see [9
theorem 3.2.6]) the inverse inequality

[vnll o= < Ch=Y" |lvpl|zas  Von € Sh,
where C' > 0 is independent of h. This, together with and , implies
a = ||Pa(Ly Py — AN fullee < CH™ (L Py — A7) full o

Sa|r—1¢ 173
< Ol fullgall Ly full o™ -
Therefore, we can complete the proof. 0O

Proof (Proof of Lemma From the general theory of interpolation spaces,
it is readily apparent that the embedding

(Xh,q7 D(Ah,q))lfl/p,p — (Xh,q7 D(Ah,q))lfl/pfs,l

for € € (0,1 —1/p), uniformly with respect to h. Take e =1 —1/p —d/(2q) so
that 1 —1/p—e = d/(2q). Then, the assumptions ¢ > d/2 and p > 2¢/(2¢ —d)
imply € € (0,1 — 1/p). Therefore, we can obtain from Lemma that the
embedding

(Xn,q: D(Ang))as2q)1 <= L=,
holds uniformly with respect to h, by the same argument of the embedding
theorem for the Besov spaces (see [I, Theorem 7.34]). O

We next show the trace theorem for Y;’?. The following result is the discrete
version of the characterization of the real 1nterpolat10n space via the analytic
semigroup [34, Lemma 6.2].

Lemma 25 Let ¢ € (1,u) and p € (1,00). Assume that the family {Tpn}n
satisfies (H1) and (H2) when q # 2. Then there exists C' > 0 depending only
on p such that

21;1?1) [vhlli=1/pp < OH”hHY,‘Z’f'

for every vy, € Y2,
Proof Fix vy, € Y,ﬁ ' arbitrarily. It suffices to show that
1
lorlli-1/p.p < Cllonllypa (44)
by translation. Since

n
E J+1 _ vh + vn+1

for n > 1, we have

n
L
K(t o) <3 [0f™ = vllng + tAnvp g (45)
j=1
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for t > 0. Here, the function

K(t, wh) = inf{||ah||h7q + t”Ahbh”h,q | wp = ap + by, ap, by € Xh’q.},
t>0, w, € Xh7q

is the K-function with respect to the interpolation pair (Xp, ¢, D(Apq)) (see
[34] and [44]). Then, implies that

> P dt
||U;LH§_1/M:/ R (10|
' 0

g/ LK (vl Pt
0
o0
ry |
n=1 n

< 2% Anonllfy ix, 20D Ine (46)

n=1

P

(n+)7 [ ™ " ,

1
7o o = vilng | e+ Tl A,
j=1

T

In the last step, we used the property K(t,v}) < t||Apv}||ln.q and we defined

1, as
p

tn41 1 n i1 .
I, :/t nglvi — U llhg | dt

n J:1

for n > 1. The term I,, is bounded as

P p
tnt1 1 n 11 ) 1 n )
O A =) ST AR W) IRl D Sl (LR
tn j=1 j=1

Therefore, we can obtain

oo p oo

P .
Sz (25) Sl )
n=1 n=1

by the Hardy inequality [27], and inequalities and imply , with
a constant C' depending only on p. O

For Y, v, we have the following trace theorem.

Lemma 26 Let N € N, g € (1,u) and p € (1,00). Assume that the family
{Tn}n satisfies (H1) and (H2) when q # 2. Then, there ezists C > 0 indepen-
dent of N, h, and T such that

0
s [0 1o/ < © (lonllvpe, + 1oRli-1/ms)

for every v, € Y .
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To prove this result, we need to extend each element of Y}f’ ’T‘{ y to that of

Y4 . First, we obtain the following extension lemma, which corresponds to

I3, Lemma 7.2).

Lemma 27 Let X be a Banach space and A be a linear operator which has
discrete mazimal regularity and which satisfies 0 € p(A). Let N € NU {oo}
and set

[llp,n = lvrllizvix) + [Avill ovix) + [ Drolleovix)

Jorve XNt and Y = {v e XNt 0 € (X, D(A))1-1/pps [V]lp,n < 00}
Then, for M € N with M < N, there exists a map extar: Yy, — Y satisfying

(extprv)* =", mn=0,...M,

and
lextar vllp,n < C (0llpar + [0°l-1/pp) »

where C' is independent of 7 and M.

Proof For v € Y}, we define g € Y} as

n {(DTv)”—Av"H, n=0,...,N—1,
g =

0, otherwise.

Let V' be the solution of
(D,V)" =V g7, neN,
VO =0

which is uniquely solvable by discrete maximal regularity of A. Then, if we set
extps v = V), it satisfies the desired properties. Indeed, since w™ = v — V"
satisfies

(Dyw)* = Aw™, n=0,...,M —1,

w® =0,

we can obtain w™ = (I —7A)""w® = 0 for n = 0,..., M. Moreover, by discrete
maximal regularity, we have

IVIpny < C(lgllizenvxy + 1VOi-1/pp) < C (I0llpar + 10°01-1/p,) -
O

Proof (Proof of Lemma ) Let v, € Y;'! . Then, by Lemmas and we
have

n < t -
OglnanN lvplli-1/pp < f}elg”(ex N vR)"li=1/pp

< C (llexty vnllygs + [08l1-1/p.0)

<0 (lonllyps, + 108lh-1/p0)
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6.2 Fractional powers

We will use the fractional power (—Ap)* for z € (0,1) and z € (—1,0); see
[35]. The negative powers are defined as
sin(7z)

(—Ah)_zvh = /oo t_ZR(t; Ah)vhdt (48)

™ 0

for z € (0,1). Since —Ay, is an operator of positive type, it is well-defined.
One can check that (—Ajp)~* is invertible. Consequently, the positive power
(—Ap)? defined by the inverse operator of (—Ap)~* for z € (0,1). Fractional
powers satisfy the following interpolation properties:

1(=An)*vnllng < Cllonllhg 1Anvallf o (49)
1(=An)"vnllng < Cllonll g 145 ol g (50)

for each z € (0,1) and v, € Sy, uniformly for h. Consequently, we have
1(=An)""vnllng < Cllonllng, Yo € Sn (51)

uniformly for h, because of Lemma Below we set (—A;)? = I and (—A)! =
_ A,

Lemma 28 (Discrete Sobolev inequality) Assume that the family {Tn}n
satisfies (H1) and (H2). For every q > d/2 and o € (d/(2q),1), there exists
C > 0 independent of h, which fulfills the inequality

[onl[L= < Cll(=An)*vn| La,
for all vy, € Sp,.
Proof It suffices to show that
[(=An)"*frllLe < Cllfullng, Vfn € Sh. (52)

By the definition (48)), it is necessary to estimate ||R(t; Ap) fn||Le. Lemmas
and [15] imply
14l
|Gt An) fullzoe < CL+ )72 fillng:

Consequently,
sin(ra) [
IAn Al < T [T Rs At
0
<c [ e ) filn, (53)
0

Since a € (d/(2q), 1), the integral in the right-hand-side of is finite. There-
fore, we can obtain the estimate (52). O
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Lemma 29 Assume that the family {Tp}n satisfies (H1) and (H2) when q #
2. For every B € (0,1 — 1/p), there exists C > 0 independent of h, which
satisfies

1(=Ar)vnllng < Cllonll—1 5,

for all vy, € Sy,. Here, the norm || - |l,_1 , is that of (Xpn,q, D(An))1_1 ,-
P’ P’

Proof By the general embedding theorem for positive operators [34, Proposi-
tion 4.7], we have
(Xn.gs D(AR))p1 = D((—=Ap)").
Moreover, 5 < 1 — 1/p implies
(Xhq D(An))1-1 = (Xng, D(AR))s.1-

Chasing the constants in these proofs, one can show that both embedding
properties are uniform for h. Therefore, we can establish the desired estimate.
O

Lemma 30 Assume that the family {Ty}n satisfies (H1) and (H2). For every
a € (0,0p,q,q4), there exists C > 0 independent of h, which satisfies

Jmax oz < O (1A wnllypa 1A ", )

for all N € N and vy, € S}JLVH.

Proof Since av+d/(2¢q) <1 —1/p, we can find 5 € (0,1) that satisfies

d 1
—+a<f<l+a and 0<fB<1——-.
2q p

B —a € (d/(2q),1). Then, owing to Lemmas and [26] we have
loillzee < Cl(=AR)"" i lng < Cl(=AR) il 1,

<O (I=An)unllypa, + (=40 0li-1,)

for vy, = (v}), € Sy Tt andn € N. O

6.3 Completion of the proofs of Theorems [V and [VI]|

Let v and up = (u’,})ﬁzo be solutions of and , respectively. Set U™ =
u(nt). We consider the error e, = (ef)NZ € SN+ defined as

ey =up — P U" (n=0,1,...,Np).

We first state the sub-optimal error estimate for a globally Lipschitz nonlin-
earity f. If f is a globally Lipschitz continuous function, then admits a
unique time-global solution and the solution of is bounded from above
uniformly in h and 7 (see Remark [5). Recall that || - [y, is defined as and

(E0).
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Lemma 31 In addition to hypotheses of Theorem [V1, we assume that f is
a globally Lipschitz continuous function. Then, for every o € [0,1] and T €
(0, 00),

I(=An)~“enllyy < C(R** + 7). (54)

Proof The proof is divided into two steps.
Step 1. We prove that there exists 71 = T} (ug, T) € (0,T) satisfying

1(=An)~enllyr, <C(R* +7). (55)
The error e;, satisfies

Dyep)" = Ape? ™ 402 n=0,1,...,
h h
ey =0,

where 1! = Fj,(u}) — Po(D;U)" + Ay P,U ! and F, = K, ' o P, o f. We
decompose 7} into two parts:

n __ n n n . n n n . n n
Th =T1p + 75, 11 =Fluy) = F(PU"), 15, =1y =1}

We perform an estimation for ry,. Let V" = Juu(-,n7). Noting that
Vil = AU 4 f(U™ 1), the residual term 73, is can be decomposed as

ry, =Ry, + Ry, + Ry p,

R} ) = Ap(Py — Ry)U™,
= (K, ' = DP V™ + P (V' — (D-U)"),
= [Fu(PaU™) = Fy(U™)] + [Fa(U™) — F, (U]

From the interpolation property and the inverse inequality, we have
I(=Ar)"onllng < CR*[vnlng,

for v € (0,1). Therefore, the first term R}, is estimated as

(= AR) " RY yllng = 1(=An)' =" (Pr = Ra)U™ 14
< Ch™2=2) . 2| U™ ypr2.
= Ch2*||U™ Y |yya.a. (56)

Similarly, from and Lemmas|11| and we have
I(=Ap) (K" = DRV g < CR*([V o

Combining this inequality with Lemma 22] we have

N-1 1/p
(Z [[(—Ap)™* §,h||ﬁ,q7> < C(h* +7). (57)
n=0
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Since f is globally Lipschitz continuous, we have by

N-1 1/p
<Z [(=Ar)~" g,hi,f)

n=0

N-1 1/p N—1
<CL (Z 1(Pr — I)U”i,q7> + (Z |um*t — U"IIZ,J)
n=0

n=0

1/p

<CL(h*+7), (58)

where L is the Lipschitz constant of f. The equations , , and yield

N-1 1/p
(Z (—Ah)“‘r&hlli,q7> < C(R** + 7). (59)

n=0

Now, we are ready to show . We designate some constants appearing in
this proof. Since Ay, has discrete maximal regularity on Jo in X} ; uniformly
for h, there exists Cpyr > 0 depending only on p, ¢, {2 satisfying

[vrllys < Cpmr (th,1||l';(1vs;xh,q) + chhHl—l/p,p) ) (60)

for every gn = (97)n € IP(Ng; Xy 4) and zj, € Sy, where v, = (v}}),, is the
solution of

(DT’U}L)“ = AhU}TLH_l + gZH, n= 0, ceey Ng — 1,
Uy, = Th.

In view of and the Lipschitz continuity of f, we have

Crip = sup{ I(—=An)~*(Fn(vn) — Fn(wp))|lng | A >0, vy, wp € Sh,} <,

lon — whl.q Up # Wh
which is the Lipschitz constant of (—Ap)~% o Fj,. Finally, we set
Co = ConrCrip| 2|7,

where |2 denotes the d-dimensional Lebesgue measure.
Let e (j = 1,2) be the solution of

{(D76j7h)n = Ahe;—}tl + T;L,h’ n=0,...,Np—1, (61)

0 _
€in = 0.

It is apparent that e, = e + ez . Moreover, for every S < T, one can
obtain

I(=An)~“eznllvs < C(A** +7) (62)
by and (59).
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Next, it is necessary to derive an estimation for e; ;. Take S < T arbitrarily.
Since ey, is the solution of (61]), discrete maximal regularity and Lemma
yield

I(=An)""e1nllvs
Ng—1

1/p
< Cpmr ( Z | F (upy) — Fh(PhUn)”z,qT)

n=0

Ne—1 1/p Ng—1 1/p
< Cpwmr |ClLip ( Z ||€§L,h||i,q7> + CLip ( Z ”eg,h”%q7>
n=0 n=0

< ComrCrip|$2[1/951/7 o ax  [ledpllre + C(h** +7)

< CoSYP|[(=AR) " ernllvs + C(h** + 7).
Consequently, taking S = (2Cy)~P, we obtain
I(=An) " enallye, < C(R** +7) (63)

with T} = (2Cp)~P. This, together with , implies .

Step 2. We prove for any T € (0, 00). We denote the constants appearing
in Lemma [26) by C},, and set

C1 = CoCy, Cy = CpMmrChr.
Then we show that
1(=An) %5 v, < C(I(=An) " "ernllvs + B> +7) (64)

for all S < T and 0 < min{Ty, T'— S}. Take S < T and 0 < min{Ty, T — S}

arbitrarily, and set w?;, = e?",’;Ns ( = 1,2). Then, wy p satisfies

Ns

(DTwl,h)” = Ahw;l:gl + Fh(uZJrNS) — Fh(PhU"+NS), n=0,...,Nr_g,
0o _
Wih = €1 h-
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Therefore, discrete maximal regularity , Lemmas and yield

[(=An)"“winlly,
1/p
P
T)
h,q

+ ||(—Ah)_a€f,[i||1—1/p,p1

< CDMR[ <Nil H(—Ah)_o‘ [Fh(uZ+Ns) _ Fh(PhUnJrNs)} ‘
n=0

< Cpmr

No—1 1/p N, -1 1/p
CLip ( > ||wfh||i,q7> + CLip ( > ||w3,h||i,q7>
n=0

n=0

+ CtrII(Ah)”‘el,hHYs]

< Coo™/7 (l(=An) ~“winlly, + (= An) ~eNi i 1/pp) + C(H* +7)
+ CoMrCu ||(—An) " “e1nlvs

Cir Y .
=) =) vl + OO +7)

1
< - _ —x
< SI(=An) " winlly, + ( 5

since o < Ty = (2Cy) P. Therefore, we obtain .
Noting that Ngi, < Ng + N,, one obtains

-+ N,
[ollyesss < lvnllyvs + 1o ly,

for vy, € IP(Ng+ Ny;.Sp) and S, o > 0. Therefore, we can inductively establish
from and . Now we can complete the proof owing to Lemma
O

Finally, we state the following proof.
Proof (Proof of Theorems and Observe that
luiy = U™lzs < llepllze + 1 PU™ = U||za < [lejllza + CR U™ |[w2.a

by Lemma [11] Therefore, it suffices to prove

Nr 1/p
nip < 2 n - < 2c
(}_1)||eh||m> <O +7) and | max [efli~ < O +7)

for o € (0, v q.4)- To this end, let

M = |[ul|Le(2x(0,1)) + sup | Pre| oo (2 (0,1))
>
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for the solution u of and T € (0,T). It is apparent that M is finite since
the L2-projection P, is stable in the L>-norm (Lemma . We introduce

) . f(2), 2| < M,
J) = fulz) = f(ML>’ 2| > M.

2|

Then, f is a globally Lipschitz continuous function. We consider the problems
and with replacement of f by f , and denote the corresponding solu-
tions by @ and uy, respectively. Moreover, we consider the error € = (éﬁ)gio €
SN+ where €} = a} — Pyi(nt).

In view of Lemma the following error estimate holds:

[(—=An) " %Enllyy < C(K** +7)

for any « € [0, 1]. By setting o = 1, we obtain

Nr 1/p
(Z éZII’iJ) < O(h? + 7). (65)
n=1

Applying Lemma we can deduce

S| oo < 2a
L [l < OO 4 1), (66)
for a € (0, ap,q,a)-
At this stage, we have 4 = u by the unique solvability of . Indeed,
[ull L (x(0,r)) < M implies f(u(z,t)) = f(u(z,t)) for every (z,t) € £ x
(0,T). Moreover, according to 7 we estimate as

max ||ip|pe < max ||éf]lpe + max ||PRU"| L
0<n<Nrp 0<n<Nrp 0<n<Nrp

< CO(h** + 1)+ sup | Prel| Lo (2 (0,7))
>

for a € (0, v q,a). Therefore, there exist hg > 0 and 79 > 0 such that

Ul || oo < < <
og%g);vTHuhHL < M, Vh < hg, V7 <719,

which implies that f (a}) = f(un). Again, the unique solvability of (23) yields
Up, = uy, for h < hg and 7 < 7y. Hence we can replace €} by e} in (65) and
, which completes the proof of Theorems [VI| and O

Remark 5 Based on the same assumptions of Lemma the solution u, =
(up)y, of admits
[upllze < Clluol|=e™™.
We briefly show this inequality. Let T}, , = (I-7Ap)"tand F, = K,;l oPyof.
Then the first equation of is equivalent to
n—1 , ]
up =Ty Poug +7 Y T3 Fr(uf)

n=0
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for n € N. It follows from Lemma and the Hille-Yosida theorem that
[A"R(A; AR)" [l 2(x 00) <1
for all n € N and A > 0. Particularly, we have

175l exno) <1
for all n € N. Moreover, one can find L > 0, independent of h, such that
||Fh(’l)h) —Fh(wh)HLoo < L||vh—wh||Loo, Vh >0

for vy, wy, € Sy, by the globally Lipschitz continuity of f and Lemmas [11| and
Then, we obtain

n—1

lupllze < Clluollzes +7 Y Llju |~
j=0

Therefore, the well-known discrete Gronwall lemma [36], Lemma 2.3] implies
lujt| e < Clluo|lz=e™™ < Cllug|lL~e™™

for n € N.

A H*°-functional calculus

In this appendix, we review the notion of H-functional calculus. We present only the
definition and the theorem used for this study. For relevant details, one can refer to [11] and
references therein. Throughout this section, X denotes a Banach space and X, is the sector

defined as .

Definition 3 For w € (0,7), a linear operator A is of type w if and only if

1. Ais closed and densely defined,

2. 0(A) C Yo,

3. for each 6 € (w,], there exists Cp > 0 satisfying ||R(z; 4)|lz(x) < Co/|z| for all
z € C\ Xy with z # 0.

Every positive type operator is of type w for some w € (0,7/2). Now, we define the
functions of operators of type w. For 6 € (0,7), we set

|2]*

m, VZEE@},

v = U {rem=@y|neisc

C>0, s>0

where H (X)) is defined as . Let Iy = {—te™ | —oo <t <0} U {te’? | 0 < t < o0}
be a contour for ¢ € (0, 7), which is oriented so that the imaginary parts increase along I'y.

Definition 4 Let A € P(X;K) for some K > 1. Assume that A is of type w and let
w < ¥ < 0. Then, we define the function of operator A as

1
21

P(A) = /F (A - 2D) " 1p(2)d

for ¢ € ¥(Xy). We also define m(A) for m € H>*(Xy) as
m(A) = ¢o(A) ™ (Yom)(A),
where g (2) = 2/(1 + 2)2.
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In the case in which X is a Hilbert space and the operator A is positive type and self-
adjoint, we can define m(A) for m € L>°(R*) by the spectral decomposition. It is natural
to wonder whether these two definitions coincide. The answer is as follows. See for example
[2, Theorem 4.6.7 in Chapter III] for the proof.

Lemma 32 Let X be a Hilbert space and A € P(X). Assume that A is self-adjoint and let
E A (M) be its spectral decomposition. Then, we have

m(A) = /Ooo m(N)dEA(N)

for m € H>®(Xy).

B Remark on the scheme (17)
An alternate of the scheme is given as
(Drup)™ = Apupt? + PG, (67)
or, equivalently,
(Drup)™ vp)n = —(Vup ™, Vop) 2 + (PoG™ Y vp)n, Vo € Sh.

If taking (67)) instead of the first equation of (17), we can only obtain the following error
estimate:

Np—1 1/p

Do luptt Ut < C(h+779), (68)

n=0
since Lemma is not available. This shortcoming is confirmed by numerical examples as
follows.

Let us consider the following two-dimensional heat equation in §2 = (0,1)2:

o
5@yt = Au(y.0) +g@y.t), (1) €2 0<t<T,

u(z,y,t) =0, (z,y) €02, 0<t<T, (69)
u(z,y,0) = 2>/2(1 —2)?/2y(1 —y) (z,y) € 2,

where T' > 0 and

gy, t) =221 = ) 2t (2201~ 2Py~ ) — 23— 42)(1 — 42)y(1 —y) +2| .
The exact solution is u(z,y,t) = x5/2(1—z)5/2y(1—y)et. We approximate the equation
by the schemes and @ with meshes such as Figure [2| which satisfies the conditions
(H1) and (H2).

We consider the case for § =0, 1/2 and 1. When 6 = 1/2 and § =1, we take T as 7 = h
or 7 = h2. In the case for # = 0, 7 should be chosen to satisfy the condition . We take
€ =sinfy and

sin 64 2
12,
(1—20)(d+1)2

so that 7 satisfies 7 = O(h2) by the inverse assumption. We set the parameters as follows:

i (p,q)=(4,2),
e T7=01(0=0)orT=05(0=1/2,1).
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Fig. 2: Meshes.

1074 1073
case | —a—
case 2 —eo—
) case 3 —e— 1074 b
107 & case 4 —=—4
= case H —m— i
£ order h ----- 21075 L
= order h? =
106 L E )
10-6 L |
1077 1077 :
0.01 1 0.01 0.1 1

(a) Scheme (b) Scheme @

Fig. 3: Behavior of L*-L2-errors.

Behavior of the errors is shown in Figure[3] In these figures, cases 1-5 mean the following
cases:

case 1: 6 = 0 (1 = O(h?)),
case 2: 0 =1/2, 7 = h, case 3: 0 = 1/2, T = h?,

case 4: 0 =1, 7 =h, case 5: 0 =1, T = h2.

Let us consider the order of the error. In case 4 with the scheme , for example, from
Theorem m and 7 = h, we have

(The error) < C(h? +71) < Ch

if h is sufficiently small. We summarize these theoretical orders and results in Tablem ‘When
we use the scheme , the orders correspond to the theoretical bounds. In the case for the
scheme @), all orders are expected to be O(h). However, except for case 4, the orders are
apparently O(hg). It is of course no problem since the error estimate is just an upper
bound. In case 4, it also seems that the order is O(h?). However, when we compute (@ in
case 4 for smaller h, the error decreases more slowly. It seems to approach O(h®) for some
a € [1,2): Figure@ We leave more rigorous error estimates for the scheme @ as a subject
for future work.
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conditions bounds | results conditions bounds | results
0=0 | Tch? | O?) | O(R?) 6=0 | Toch? | O(h) O(h?)
T=h | O(h? O(h? T=h O(h O(h?
)1 @ [own | |, () | ow?)
T=h% | O3 | O? T=h% | O(h) O(h?)
T=nh O(h O(h T=h O(h ?
) () | om ) (h)
T=h% | O(h?) | O(h?) T=h%| O(h) O(h?)
(a) Scheme (b) Scheme (67)

Table 1: The convergence rates: theoretical bounds and results.
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Fig. 4: Behavior of L*-L2-errors in case 4 with scheme (17) for smaller h.
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