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SPECTRAL ANALYSIS OF DISCRETE ELLIPTIC OPERATORS
AND APPLICATIONS IN CONTROL THEORY

DAMIEN ALLONSIUS*, FRANCK BOYER!, AND MORGAN MORANCEY*

Abstract. In this paper we propose an analysis of discrete spectral properties for a finite
difference discretization of quite general 1D second-order self-adjoint elliptic operators. We particu-
larly investigate some (uniform with respect to the discretization parameter) qualitative behavior of
eigenfunctions and eigenvalues.

With those estimates we manage to obtain new results for the construction of bounded families of
controls for semi-discrete parabolic PDEs, in particular for boundary controls of a coupled parabolic
system with fewer controls than equations.

Key words. Discrete spectral analysis, Sturm-Liouville operator, control theory, moments
method, systems of parabolic equations.
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1. Introduction.

1.1. General context. We consider the differential operator

(1) A= =0, (v(2)0:) + q(x) -

defined on the unit interval @ = (0,1). The real valued functions v and ¢ are given
and satisfy, for some s > 0,

(Hy) q € C*(Q) and v € C*TH(Q), with vin = igfv > 0.

We shall sometimes need to see A as a self-adjoint unbounded operator in L?()
whose domain is D(A) = H}(Q) N H?(). In this setting, it is well-known that
there exists an orthonormal basis of L?(2) made of eigenfunctions of A that we
denote by (¢g)r>1, the associated (real) eigenvalues being denoted by (Ag)x>1. Those
eigenvalues are simple and we assume that they are sorted in increasing order.

For any subset O C Q and any u € L?(Q2), we define the semi-norm
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and for any smooth function u : Q — R, we set
Opu :=u'(1), and du = —u'(0),

which are the normal derivatives of v at both ends of the interval €.

In this section, we recall some qualitative properties of the eigenelements (¢, Ak )k
that we are interested in. Of course, there exist much more accurate descriptions of
the asymptotic behavior of the eigenelements of such operators (see [19]) but we only
deal here with the same level of accuracy as the one that we shall achieve in the
discrete framework.
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Throughout this paper C denotes a positive number that may vary from line to
line. If necessary, we add information about dependency on parameters py,pa,... Pk
in the following way : C := C(p1,p2, ..., Dk)-

THEOREM 1.1. Assume that (Hg) holds. There exists C1(q,7y) > 0, such that
1. For any k> 1,
Ak4+1 — Ak > Chk.

2. Foranyk > 1
|0r-0k| > C1k, and |09k > Cik.

3. For any non-empty open subset w C ), there exists Ca(q,7y,w) > 0 such that
for any k > 1,
PrllL2 () > Ca.

REMARK 1.1. Considering v =1 and ¢ = 0 one can easily check that the bounds
given in Theorem 1.1 are sharp. Indeed, in this case, we know that A\, = k’m2,

or(x) = V2sin(vAgx). Thus,
Mex1 — A = (2k + )72 and |0ydr| = /20 = V2rk, Vk>1, Vbe {l,r},

and for w = (a,b) C (0,1), we have
b
||¢k||2L2(w) = / 2sin?(krz)de —— b —a = |w|.
a k—o0

REMARK 1.2. By using the min-maz principle and the exact knowledge of the
eigenvalues of the Laplace operator as recalled in the previous remark, we can show
that the eigenvalues of A satisfy

(2) YminT2k® = |lq|l e < X < |Vl peem®k? + ||q|| oo, VE > 1.

The first point in Theorem 1.1 implies in particular the so-called gap property for
the eigenvalues, which means that there exists some p > 0 such that A\p41 — Ap > p
for any k.

It appears that all those properties allow, by using the so-called moments method
(see [13]), to prove some null-controllability results for the parabolic problem asso-
ciated with A (either for a distributed control or for a boundary control) as well
as for some coupled parabolic systems associated with A with fewer controls than
components. This will be detailled in section 5.1.

The main goal of this paper is to study whether or not the three results given in
Theorem 1.1 still hold for a discrete version A" of the differential operator uniformly
with respect to the discretization parameter h > 0. As a consequence, we shall obtain
new uniform controllability results for the associated semi-discrete parabolic equation
and systems via the moments method adapted to the discrete setting.

1.2. Notations and discrete framework. For any two real numbers «, 5 we
define

[e, 8] := [min(e, 8), max(a, )] NN,

to be the set of all the integers between a and .

Let us recall here the standard notation for the finite difference discretization of
the differential operator A. We consider an ordered set of N +2 distinct points of [0, 1]
denoted by (z;)Yh! and satisfying 2o = 0 and zx41 = 1. Let (ziy1/2)o be the dual
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mesh points defined by ;1 /5 1= ”“%ﬂ’ We set hjy1/2 = xi41 — o for i € [0, N]
and h; 1= Ti11/0 — Ti_1/9 = w, for i € [1, N]. As usual, the mesh size
is defined by h := max;c[o,n] hi+1/2. We use the standard abuse of notation that
consists in using the index h to denote any mesh-dependent quantity even though it
obviously not only depends on h but also on the whole geometry of the mesh points.
For such a given mesh we introduce

h

@h = B 9
minN;efo,N] hi+1/2

which is a measure of the (non-)uniformity of the mesh. A family of meshes such that
(©r)r is bounded, is called quasi-uniform.

For any open subset O C 2, we define the discrete L?(O) semi-norm on RY by

2

U200 = | D hilwl® | , YU = (u)l, e RY,
i€[1,N]
z; €0

and for a time-dependent function ¢ € (0,7) ~ U(t) € RY we set

T
10l z20r) = ( / |U(t)||%2(oh)dt>

It is casily seen that [ - ||12(q,) is actually a Euclidian norm on RY, whose inner
product is denoted by (-,-)r2(q,)-

We set q; := q(3), Vit1/2 := Y(Tit1/2) and we define the square matrix A of
size N by

1

2

1 Uip] — Us Uj — Uj_
h o +1 1
(3) (A U)j = _h? (%‘H/zjhj ! _7j71/27Jh B 4

) + gju;,Vj € [1,N]
+1/2 j—1/2

for any discrete function U = (u;)Y,; € RY, and any j € [1, N], with the usual
convention that ug = uyy1 = 0 to take into account homogeneous Dirichlet boundary
conditions. By analogy with the continuous setting we define the normal derivative
of a discrete function U € RY, taking into account the Dirichlet boundary condition,
as follows
= O_UN, and oU := _u _0.

hy /2

0,U : Fvs

It is well-known that the discrete operator A" is a second order accurate approx-
imation of the differential operator A (see [5]). Moreover, A" is self-adjoint in the
space (RY, (-,-) 2(q,)) so that there exists a (finite) orthonormal family (¢/)~_; ¢ RY
made of eigenvectors of A" (also referred to as discrete eigenfunctions in this paper),
and associated with eigenvalues denoted by A" := (AZ)kN:I. In other words, we have
the relations

Al = Aoy, and <¢Za¢?>L2(Q;L) = 0xj, Vk,je[1,N].

All those eigenvalues are simple and we assume that they are sorted in increasing
order.
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1.3. Presentation of the results. The results of this paper are split into two
parts. We first study spectral properties of the discrete operator A" similar to the
ones given in Theorem 1.1 of Section 3 in the continuous setting. To prepare this
analysis we shall give the corresponding proofs at the continuous level in Section 2.
In Section 4, we propose some numerical simulations that illustrate our theoretical
results. In a second part of the paper (Section 5), we give our main applications in
discrete controllability theory for system of parabolic equations.

To begin with, notice that all computations are explicit in the case of discrete
Laplace operator on a uniform mesh.

REMARK 1.3 (discrete Laplace operator on uniform meshes). Let h, = 1/(N+1)
and denote by A"+ the discrete operator obtained on the uniform mesh of size h, with
v =1 and ¢ = 0 (which is nothing but the very usual discrete Laplace operator).
Then, the eigenelements of A are explicitely given by

A = % sin? (’”:) . (1) = Vasin(krih,), Vi, k € [1, N].

In particular, we have
4% < A < 72K, Yk e [1,N],

and

4 4
A < zhe = — cos” (gh) <-4, Vke[LN].

Here we used the standard inequality cos?(t) <1 — ﬂ%tz forany 0 <t <1.

By using the formulas recalled in the remark above, one can easily obtain the following
result.

PROPOSITION 1.1. Let h, and A" be as defined in Remark 1.3. The following
properties hold:
o Gap property:
. h h 2
12 < A — A7) <3
- ke[[?}}\rflq]]( ki~ ) S 3T
moreover the minimum is achieved for k=1 and k = N — 1.
e Discrete normal derivative estimate: for b € {l,r}

22k < |0poy | < V2km, Vk € [1,N/2],

W2AN +1—k) < [0l | < V2N +1—k)m, Vk e [N/2,N].

o L%-norm estimate: for any non empty open subsetw C Q, there exists ho(w) >
0 and a C(q,v,w) such that, for any h, < hg, we have

I3 L2 (ny = C, Yk € [1,N].

Some comments are in order. There are fundamental differences between Theorem
1.1 and Proposition 1.1. We first observe that the uniform gap property holds but
not the stronger property 1 of Theorem 1.1 since the distance between the two largest
discrete eigenvalues of A" does not tend to infinity. Similarly, the discrete normal
derivative of the eigenfunction (;5}1(,* for instance does not tend to infinity as N — oo
(and simultaneously h, — 0 of course). It thus already appears that the qualitative
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(a) Discrete and continuous eigenvalues

(b) N+ dpghs.
(N =100, k € [1, N]).

Figure 1: Differences between discrete and continuous eigenelements.

behavior of the eigenelements of A"+ for the upper part of the spectrum may be quite
different from the one of the continuous operator, as we can see on Figure 1. However,
for the lower part of the spectrum the properties are quite similar to the ones of A.

Our aim is to generalize the three estimates of Proposition 1.1 to non uniform
meshes and non constant coefficients operators for which we do not possess analytic
formulas for the discrete eigenfunctions and eigenvalues.

REMARK 1.4 (Spectral properties for a given mesh and operator). It is worth notic-
ing that, by straightforward linear algebra arguments, the following properties hold
without any assumption on the mesh or on the coefficient of the operator

: h h
min A — A7) >0
1<l~c<N—1< k41 k) ’

: h
1261%1]\[ |8b¢k| >0, Vbe {l,?"},

. h
>0,
oy 9kl L2(wn)
as soon as w contains at least two points of the mesh. However, those bounds from
below will in general tend to 0 as h — 0 (see the numerical experiments in Section /).
In that respect, the case of a constant coefficient operator on a uniform mesh is very
particular (see Proposition 1.1).

Therefore, our main concern in this paper will be to obtain lower bounds for the
quantities above that are uniform with respect to h. More precisely, we will try to
identify the mazimal subset of [1, N] for which such uniform bounds hold.

REMARK 1.5. From the discussion above, it already appears that this problem
cannot be tackled by classical numerical analysis arguments. Indeed, although it can
be established that in the continous setting k11 — A\ > Ck (see Theorem 1.1, first
estimate), we cannot deduce directly from this estimate that a gap property holds in
the discrete setting since Figure 1 reveals that the error of approzimation |[An — )\7\,|
can be as large as CN?, see also Proposition 3.1. However, for the low frequencies
(k € {1,...,CN*} with a suitable choice of oo < 1 and C (see Theorem 3.1)), one
can get that |\, — A\I| < ek, with e sufficiently small so that estimate 1 of Theorem 1.1
allows us to deduce a uniform gap estimate in the discrete setting for this particular
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portion of the spectrum. We will apply this argument in the most general setting we
consider. Nevertheless, with stronger assumptions, we develop a strategy to obtain
better estimates.

We will consider three slightly different sets of hypothesis for the regularity of the
meshes and the coefficients of our operator, namely

(S1) quasi-uniform meshes, ¢ and 7 satisfying (Ha),
(S2) uniform meshes, ¢ and v satisfying (Hy),
(S3) uniform meshes, ¢ and v satisfying (Hp), and + is constant.

In the remark below we show that the results we shall obtain in Section 3 about
operator A" on uniform meshes in the setting (S2) still hold, in fact, for a wide class
of regular but non uniform meshes. Yet, to simplify the presentation of the next
sections, we shall always deal with uniform meshes in the setting (S2).

REMARK 1.6 (Families of regular meshes). In this remark, we use the notation
A'i,q for the discrete operator defined on any given mesh and for any couple of co-

efficients ¢ and . We will also denote by Azfq the discrete operator defined on the
uniform mesh with the same number of cells and a mesh size h, = ﬁ

We define the vector o = (ai)1<i<n by

o hi
1 T h*’
and we set
o hi Vi € [0, N]
Yit1/2 = T ——="Yi+1/2, V¢ € [V, V],
2 b o lahi Y
and

_ 1 n )
di == qi — a—iA;onozh, Vi € [1, NJ.

With those notations, one can check by direct algebraic manipulations that, if

u € RN and X\ € R satisfy Aﬁ)quh = \u”, then we have

A;lfq(ahuh) = A uM).
In other words, the operators Az,q and Agfq have exactly the same eigenvalues and
the corresponding eigenfunctions are deduced one from each other by a term by term
multiplication by the coefficients «;.

It follows that, any (uniform with respect to h) spectral property proved on the
modified operator A,}—;fq on a uniform mesh, lead to the equivalent property for the
original operator A% on a non-uniform grid. The price to pay in this manipulation
lies in the fact that the new coefficients 4 and q actually depend on the geometry of
the initial mesh. In particular, one needs to control their “regularity” for uniform
estimates to hold. More precisely, we need to make sure that they are, in some sense,
bounded in Ct and C° respectively (as required in the assumption (Hp)). Of course, this
has to be carefully defined since those discrete coefficients are not, a priori, obtained
by sampling some functions on the primal and dual meshes.
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As an important example, it can be shown by using standard Taylor formulas that
any mesh obtained as the image of a uniform mesh by a diffeomorphism ¥ : [0,1] —
[0,1] of class C® as follows

z; =9(ih,), Vi€ [1,N],

fulfills all the required regularity properties for our results to hold.

Those particular meshes families were already considered for instance in [8] but
also in the recent work [12].

Observe however that the same manipulation does not hold in the setting (S3)
since it transforms a constant-diffusion problem into a variable and mesh-dependent
diffusion problem.

1.3.1. Discrete spectral properties. Let us first gather here the various re-
sults we will prove on qualitative properties of the eigenelements of A". Without loss
of generality we will assume that ¢ > 0 so that all the eigenvalues A} and \; are
positive. Otherwise, one need to replace A} by A + ||¢||o in all the results below.

Properties of discrete eigenfunctions. Let w be a fixed non empty open subdomain
of Q.

e In the case (S1), we obtain (Theorem 3.1) bounds from below of the following
kind
16812y > Cre= VA, E € [1,N],

for any non empty open subdomain w C 2 and h small enough, and

9hf] > Cia/Npe= VR, Wk € [L,N], b e {1},

where C; and Cs do not depend on the mesh size h.

e In the case (S2), we can refine those estimates on a constant lower fraction of
the spectrum by proving (Theorem 3.2) that there exists a constant 0 < o < 1
(depending only on v and w) such that

||¢Z||%2(wh) Z Cl; Vk' € H17QN]]

10p0}t| > C1n/ AR, Vk € [1,aN], Vb€ {l,r}.

Moreover, we can give a sharp estimate of the best constant « for which those
properties hold, as attested by numerical experiments in Section 4.

e Finally, in the case (S3), we can recover optimal (in a sense to be made precise
later) estimates on the whole spectrum (Theorem 3.3)

_R2O% = lalle~)

1,.N
™ >,Vke[[, 1,

1611220,y > Ca (1

|ab¢k|>clf¢ L T R (o

Observe that in the settings (S2) and (S3), for a fixed value of k and h — 0,
since it is well-known that /\Z — Mg, we recover the same asymptotic lower

bounds as for the continuous operator A. The latter are provided by Theorem
1.1.
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From those estimates, we will deduce in particular that for some Cy > 0,

Cy
D172 () > W Vk € [1, N,

0ppt| > Ca, Yk € [1,N], Vb e {l,r}.

Gap property for the eigenvalues. We study here the so-called uniform gap prop-
erty, that is : is there a constant C' > 0, independent of h > 0, such that

(4) Myt =M >C Vke[l,N-1] ?

In Proposition 1.1 we have shown that this property holds for the discrete Laplacian
on a uniform mesh.

In the general cases where ¢ and + only satisfy (Hp), numerical experiments
(Section 4) reveal that the uniform gap property may fail, at least on the upper part
of the spectrum. More precisely, one can exhibit two distinct eigenvalues that are
exponentially close as h — 0 in the case where ~y is not a constant function.

Thus, a reasonnable question is: does a gap property hold if one only considers a
lower fraction of the spectrum, or more precisely is there a positive increasing function
F : N — R such that for some C' > 0 we have for any ~A > 0,

(5) M1 —AE>C, Ve e [L,F(N)] ?

In the case (S2), we prove existence of a sharp (according to numerical simulations)
parameter o € (0,1] such that F(N) = aN satisfies the above requirements. In the
case (S3), we prove a weaker property, namely that for any 5 > 0 and any mesh
satisfying ©, < 3, there exists o := a(7, ¢, ) > 0 such that F(N) = aN?/°,

1.3.2. Applications to the numerical approximation of control prob-
lems. As a main application of the previous estimates we propose new uniform con-
trollability results for 1D semi-discrete parabolic equations and systems either for a
distributed control or for a boundary control. They are proved by using the moments
method that heavily depends on the discrete spectral properties established in this
paper.

We first consider the semi-discretized controlled scalar parabolic equation with a
finite time horizon T' > 0

©) {(yh)’(t) + Ahyh(t) = DEVIE(E) + BRVA(E), for 0 <t < T

y"(0) = y"" e RV,

Here, we consider two possible types of control
e VI': (0,7) — RV is a distributed control function that acts on the sys-
tem through the control operator D", which is the diagonal N x N matrix

depending on the control domain w and defined by

(7) (Dh)'*:: 1 ifz; €w,
Wit 0 ifz; ¢w.

e V' :(0,7) — R is a boundary control function that acts on the system on
the right boundary of the interval ) (that is at « = 1) through the control
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operator B!, which is the column vector defined by

0
h __ .
B, =
0
IN41/2
hNhNt1/2

The particular form of this vector comes from the fact that, the matrix A" was
designed in (3) for homogeneous Dirichlet boundary condition and thus, we
need to add a source term in the last component of the equation to account for
a non-homogeneous Dirichlet boundary datum (which is precisely the control
Vb we are looking for).

Of course, the same analysis can be carried out for a boundary control acting
on the left boundary of 2, that is at z = 0 but we will not give the details
here.

System (6) is a discrete version of the following parabolic PDE control problem

oy + Ay = 1,Va(t,x), for 0 <t <T
y(t,0) =0, y(t,1)=W(t), for 0 <t <T,
y(0,.) =y € L*(Q).

The typical questions we are interested in concern null controllability and may be
roughly formulated as follows (for a given set of data v,q,w, T, ...)
o Distributed control : Is there a constant C' > 0 such that for any A > 0 small
enough and any y*" € RY we can find a control th € L*(0,T,RY) such that
the solution of (6) (with V;* = 0) satisfies y"(7") = 0 and moreover

||thHL2(Q]7:) < Clly™" 2n)-

e Boundary control : Is there a constant C' > 0 such that for any, A > 0 small
enough, and any y%" € RY, we can find a control V{* € L?(0,T) such that
the solution of (6) (with V' = 0) satisfies y"(T) = 0 and moreover

||VbhHL2(O,T) < C||y0’h||L2(Qh)'

When + is constant, ¢ = 0 and for a uniform mesh, the boundary control case was
positively solved in [17]. The authors use explicit formulas for )\Z and QSZ in that
case (see Remark 1.3) to tackle the problem of null controllability with the moments
method. In the present work we propose to use the same kind of strategy but replacing
the exact knowledge of the eigenelements of A" by the estimates discussed above.

However, in the general case, it turns out that exact null-controllability at the
discrete level formulated above is a too strong notion. Indeed, it may happen in
some situations that the discrete problems are not uniformly controllable (we mention
here the counter-example in 2D given in [21] for which (6) is not even approximately
controllable for a given h). Finally, from a practical point of view, to obtain a bounded
family of discrete controls that converges (at least weakly) to a null-control for the
initial PDE problem, it is enough to weaken the requirement 3"(7) = 0,Yh > 0
replacing it by the convergence [|y"(T)||12(q,) — 0 at a prescribed rate when h — 0.
Such a weaker requirement was already studied for instance in [8, 9, 10, 15] (yet with
various naming conventions). A specific discussion on that topic was given in [7], from
which we borrow the following definition.
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DEFINITION 1.1. Let ¢ : (0, +00) — (0, 400) be a function such that limy_,o ¢(h) =
0. We say that the family of Problems (6) is uniformly ¢(h)-null controlable with a
distributed control (resp. a boundary control) if there exists a C > 0, such that, for
any h small enough and any y>" € RN, we can find a control th € L*(0,T,RY)
(resp. Vi € L*(0,T)) that satisfies

||V£||L2(QZ:) < CHyO’hHH(Qh)v (TESP- ||Vbh||L2(o,T) < C||y0’h||L2(Qh)) )
and such that the solution y" of (6) with V* =0 (resp. VI =0) satisfies
1" (D) 122,y < COMIY*"122(q,)-

It is shown in [8, 9, 10] that, for a finite difference approximation on smooth grids
with smooth coefficients, the uniform ¢(h)-null controllability property holds for a
distributed control as soon as ¢ does not tend to zero faster that some exponential
h s e C/h" (see also [15] where the case of Galerkin approximation is discussed).
However, in those references, the methods which are used (based on discrete Carle-
man estimates) do not allow to tackle the case of coupled parabolic systems with a
boundary control.

With the techniques developped in the present paper (however restricted to the
1D case), we are able to obtain similar results for the scalar equation (6) both for dis-
tributed and boundary control problems, as well as for the coupled systems presented
below, which is, up to our knowledge, the first result in that framework.

A typical semi-discrete parabolic system with two components we shall deal with
is the following

h h h
(Y™)(t) + (?h Elh) Yh(t) = ((I)h) (DIVE(E) + BMVR(t)), for 0 <t < T,

Yh(0) = YO ¢ (RV)2

(S)

In this system, I" (resp. 0") is the identity matrix (resp. the zero matrix) of size
N x N. The unknown Y"(t) € (RY¥)? has now two components. The first one
satisfies the same scalar equation as before and is controlled either by a distributed
control th or by a boundary control Vbh , whereas the second component satisfies a
parabolic equation without explicit appearance of a control; actually this component
of the solution is indirectly controlled by the first component itself by means of the

b ooh
coupling term which is here set to 1 and which appears in the matrix (Ih jh)

The controllability questions we are interested in are now exactly the same: is it
possible to find a bounded family of controls (V) (resp. (Vi*);) such that the two
components of the corresponding solution of (S%) are small at time 7T, that is

YY" ()220, < COMIY 220,

where the notation for the norms || - [|12(q,) are adapted to the fact that Y has now
two components. The corresponding precise theorems are stated in Section 5.3.

To conclude this introduction, we mention that we do not address here the ques-
tion of the actual computation of the controls. Even though we shall use the moments
method in the analysis, it has to be precised that this is not at all a constructive
method that can be efficiently implemented. Instead, once a theoretical uniform ¢(h)-
null controllability result is obtained, we can implement the penalised HUM method
that provides, in a more natural and generic way, discrete controls that fulfills the
properties of definition 1.1. This approach is discussed for instance in [7, 14].
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2. Spectral properties of elliptic operators. The continuous case. In
this section we present a proof of Theorem 1.1 even though this result is not new by
itself (see for instance [19]). Our goal is just to introduce a quite simple proof that
we will manage to adapt to the discrete setting in the following sections. In all this
section, we assume that hypothesis (Hp) holds.

LEMMA 2.1. Let w be a non-empty open subset of Q. There exists C1(g,7y) > 0
and Cs(q,v,w) > 0 such that we have, for any k > 1,

1
/\—k|8bgbk|2 >C1 Ry, Ybe{lr},

and
Iok72 () = Co R

where we have defined

- N L0 et vall 1Ol
V€D o (y) |2 + 2L g, (y) 2

This lemma says, in particular, that to obtain (possibly uniform in k) lower
bounds on [9y¢x |/ Ak and ||k L2(w), it is enough to obtain lower bounds on Ry. Its
proof is postponed at the end of the section.

Our strategy is based on interpreting the equation satisfied by eigenfunctions as a
particular first order ordinary differential system in such a way that the principal part
(with respect to the large values of A;) of the evolution matrix is skew-symmetric. It
will let us obtain suitable estimates on the quantity Ry defined in the previous lemma.
In this direction, we begin with the following lemma whose proof is a straightforward
computation and is left to the reader.

LEMMA 2.2. Let f : Q — R be a continuous function and X\ > 0. Let u € C%(Q)
be a real valued function satisfying the second-order differential equation (without any
assumption on boundary conditions)

9) Au(z) = du(z) + f(z), VeeQ,

then the following equation holds
(10) U'(z) = M(2)U(z) + Q(z)U(z) + F(),

where we have defined the vectors

u(x) 0
U(z) = ( (@) ., ) and F(x) := <_ f(=) > .
Sou'(x) (@A

and the matrices

0 A 0 0
M(z) = @) and Qx) := q(z !
Ry E— \/;77—()1) Vi@ (&) @

The key-point of this formulation is that the large terms in v/\ only appear in the
skew-symmetric matrix M (z), while the matrix Q(z) only contains bounded terms
with respect to A.

As a consequence of this particular structure, we can obtain the following esti-
mates.
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LEMMA 2.3. With the same notations as in Lemma 2.2, and assuming that X > 1,
there ezists C := C(v,q), independent of A, such that for any x,y € 0, we have

[ iras)).

Proof. Let x,y € Q. It is fundamental to notice that the matrices (M(s))s pair-
wise commute, so that the resolvant operator associated with x — M (z) simply reads

S(y, ) = exp (/y M(s)ds> .

We can then use Duhamel’s formula to deduce from equation (10) the following ex-
pression

(11) 1wl <c (IIU(x) +

Y
(12) Uly) = S(y, z)U(x) +/ S(y,s) (Q(s)U(s) + F(s)) ds.

We use now the fact that the matrix M(s) is skew-symmetric for any s, and so
is [V M(s)ds. It follows that the resolvant S(y, s) satisfies ||S(y, s)|| = 1 for any y, s.

We get
/ |F(s)]lds / QT (s)ds

[ 1relas ) exp ( [ 1aeas ) |

which gives the result since Q(s) is bounded uniformly in s and A, by using assumption
(Ho). 0

We can now prove Theorem 1.1. Note that it is enough to prove the claims for &
large enough and in particular, by (2), we can assume without any loss of generality
that A\ > 1.

e We begin with the proof of points 2. and 3. of the theorem, that is the prop-
erties which concern the eigenfunctions (¢). By definition, ¢y is a solution
of the equation

U@ < U ()] + +

Gronwall’s lemma finally yields

W)l < (|U<x>|| n

Adr = M@,
which is exactly (9) with u = ¢p, A = A, f = 0. From Lemma 2.3 we deduce
that there exists C' := C(v, q), independent of k, such that for any z,y € €,

13l + 5P > ¢ (Jon@P + 524 )

which exactly proves that the quantity Ry defined in (8) is uniformly bounded
from below. The claim thus immediately follows from Lemma 2.1.

e We shall now prove the first point in Theorem 1.1. For any index k£ > 1 with
Ak > 1, we define

u(z) := ¢ (1)pr+1(x) — Phyr (D (),
in such a way that u(1) = /(1) = 0 and

Au = )\k+1u+fa
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with
f(@) = ¢h 1 (Dgn(x) g1 — Ar) -

Using the notations introduced in Lemma 2.2, we observe that by construction
we have U(1) = 0 so that the estimate (11) specialized in z = 1 leads to

1 1
Wl e [ IFEls<c [ [FElds, e
y 0
Using the expression for F' and f, we find that

C A+l — Ak
Ak+1

Ul <

min

1
|¢2+1(1)>/0 [¢x(s)lds, Vy € Q.

Thanks to the normalisation condition ||¢x|/z2(q) = 1 and the expressions of
U and u, we obtain for any y € Q,

2
C A - A
|64 (D 11 (y) — Sy (Dr ()| < Wn( %%H(m) :

We integrate this inequality with respect to y € (0,1) and we use the L%(Q)
orthonormality of ¢r1 and ¢y, to finally get

|Ghir (D? < (Dhsr (1) + (94(1)* <

- "szn

2
C A -
( as k|¢z+l<1>|) :
Akt1

and since ¢y (1) # 0, we conclude that

M1 — Mg > O/ ANess

for some C(7,q) > 0 independent of k. The claim follows by the lower bound
in (2).

REMARK 2.1. Integrating (13) with respect to y over Q and using the min-maz
principle, we can easily obtain optimal L™ bounds on the eigenfunctions

okl < C) Ndpllpe@) < OV, VEk > 1.

REMARK 2.2. Observe that the only point where the reqularity of v is used in this
proof is in the uniform estimate of |Q(s)||. However, the only thing we need is that
Jo 1Q(s)|| ds < +o0, which proves that Theorem 1.1 still holds when ~y is piecewise
ct.

It remains to give the proof of the lemma. Using Caccioppoli-like inequality or
nodal sets of eigenfunctions of Sturm-Liouville operators, one can give a more direct
proof of this lemma. The advantage of the proof given here is that it can be more
easily extended to the discrete setting (see Section 3.4).

Proof (of Lemma 2.1). From (8) we can write

) R (1P + 52U P) < ol + S0k (@), Yoy < 0.
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We recall that ¢y satisfies the Dirichlet boundary condition ¢5(0) = ¢r(1) = 0, so
that by choosing x = 0 and = 1 in the previous inequality, we obtain in particular

0
%W@kﬁ > Rl dr(y)?, Vy € Q,
and

(1
Wil > Rulon)l?, vy € 2
Since the left-hand side does not depend on y, and thanks to the normalisation con-
dition ||¢x | r2(q) = 1, we can integrate those inequalities with respect to y to obtain
(0 (1
7( )|8l¢k|2 > Ryg, and 7( )|37.¢)k|2 > Re.
>\k )\k
Consider now any non empty open subset w C 2. Without any loss of generality
we can assume that w is a non-empty interval. Split w in three consecutive disjoint
intervals of identical measure : wy, we and ws.
e Suppose that there exists ax € wy and by € w3 such that

(15) dr(ar)dy(ar) > 0 and ¢ (by) by (br) < 0.
We multiply the equation A¢r = Apdr by ¢ and integrate by parts on
(ak,br). We get

by by
— (@) (2)br ()] +/ (V(JC) (¢k($))2+Q($)¢i($)> de =\, [ ¢F(x)da

ag ag

<0

thus,
by by,
(16) / () (4(2)) d < (ke + o) / 03 (x)dz.

We come back to (14) that we integrate on the whole domain € with respect
to the variable y and on the interval (ay,by) with respect to the variable x.
With the normalisation condition on ¢y, and (16) we obtain:

bk bk
Ruttn = a) < [ o)+ 2o < (24 1902 [ o
ag 1 Qg

Using that a;, € wy and by € ws we get by — ap > |wa| = % and we finally
obtain the claimed lower bound

Rk% < 'Rk(bk - ak) < C/ d)i(l’)dm

e Suppose now that either
(17) Vo € wi, ¢i(z)d)(z) <0
or
(18) Vo € ws, ¢r(z)d)(2) > 0,

hold. We only consider the second case (18), since the case (17) is similar.
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REMARK 2.3. Notice that from condition (18), we can deduce that either ¢y,
is positive and increasing on ws or ¢ is negative and decreasing on ws. Note
also that this condition implies that : © — |p|(x) is strictly increasing on ws.

We split w3 in two consecutive subintervals w3 1 and w3 2 of identical measure.

First case : Suppose that there exists o € ws 1 such that %}f)|¢§€(9:0)|2 <

%. This assumption and inequality (14) give

(o)
k

R
|dr(z0)]* + Tk > | (wo)|* + T\%(%)F > Rilor(y)]?, Vy € Q,

and integrating on ) with respect to the variable y, we get:

Ry,

|on(z0) > > 5

According to Remark 2.3, |¢|? is increasing on ws. Thus, integrating on ws o,
we obtain

| i@Pde = ORyJul.

Second case :  Suppose now that Vzy € ws 1, 7()\20) |9 (z0)|> > BE. Let us

integrate the square root of this inequality on ws ;

/ |9 (x0)|dzo > C/ A Ri|ws 1]

According to Remark 2.3, ¢ is monotonic on ws so fwg,l | (xo)|dzo =

|fw3,1 ¢ (zo)dxzo|. Denote by as 1 < bs,1 the end points of ws 1. We have

|6k (bs,1) — dr(as,1)] > CV ARilws ],

and thus, since |¢y| is increasing,

2|¢k(b371)‘ > C\/ )\kRk|W3’1|.

Hence,

> C ARy |wl]?,

/wﬁmmz/ 4P (@)dx > |0 (bs.1)|* s 2

w 3,2
which concludes the proof. ]
3. Discrete spectral properties.

3.1. General strategy. As previously stated, our goal here is to prove quali-
tative properties for the eigenelements of the discrete elliptic operator A". We shall
adapt Theorem 1.1 to the discrete setting by mimicking the proof given in Section 2.
We start by the following preliminary result. Its proof is postponed to Section 3.4.
We recall that we have assumed that ¢ > 0.
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LEMMA 3.1. Assume that (Hg) holds. Let w be a non-empty open subset of {2

and > 0. There exist hi(q,v,8) > 0, ha(q,v,w,B) > 0 and Ci(q,7,5) > 0,
Ca(q,7,w, ) > 0 such that for any mesh of ) such that ©), < 3, we have

1
ﬁ|ab¢’lz 2 Z Cl RZ? Vb S {l,’f’}, Yk S HLNHv
k

if h < hy and
82125y > CoRE, Wk € [1,N],

if h < ho, with RY given by

2
h h
Pik—Pi1,k

|00 ? + 2552

hi—1/2
(19) RI:= min 5 -
i,§€[1,N+1] |¢h 2 4 Yicie oh L —h
7,k )\2 hj,l/g

This lemma shows that, to obtain (possibly uniform in k& and h) lower bounds on

105071/ 1/ AL and || ¢} || 12(wy) it is enough to obtain lower bounds on R

To this end, we propose the following transformation of the discrete second order
equation into a suitable first order system.

LEMMA 3.2. We consider a given mesh of Q, f" a vector of RV, A > 0 and we
assume that u" € RN satisfies the discrete equation

(20) Al = xu +
Then, the following relation holds for any j € [1, N]

R\ 77h hyrh h
(21) Ujy = (I+ hM}) U + by (Q5U} + Fj')

where we have defined the families of vectors

h j
u'? —hj1/2
h._ I n ho._ J Vi+1/2
Uj = < (7 1 ul—u_ | and F}' = o ,
A Rz Yit1/2A
as well as the families of matrices

—h; 1/2 A hjt1/2 A
(22) M — IV hi V Vitayz

J o A O ’
Yi4+1/2
and L
b _4%  p AYj—1/2 \/’Y7+1/z T Vi-1/2
IH25500, L2 Vit1/2 hy

Q=
% —\/JH/"’ M
iiae VVi=1/2
REMARK 3.1. Note that the matrix (I + hJM]h) s a one step propagator which is
the discrete analogue of exp (f it M(s)ds).
J

We shall make use of the following estimates.
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LEMMA 3.3. For any mesh of size N and any v, q satisfying (Hp), we have the
inequalities

Ymin h, h,
TN — el < A < (Ol XL+ lalle. VE € [LN],

where )\Z* was defined in Remark 1.5. In particular, for any B > 0, there exists
C1,Cs,Cs > 0 depending only on v, q and B such that for any mesh satisfying Oy, < B
we have the inequalities
C1k* — Cy < N} < C3k? + Cy, Yk € [1, N,
B2\l < Cy, VK € [1,N].
The proof relies on Remark 1.3 and the min-max principle. It is a straightforward

computation that we leave to the reader. Those estimates can be seen as discrete
versions of (2).

Proof (of lemma 3.2). The proof of (21) is a tedious but simple computation.
The second component of U, — Ul satisfies

/’YJ+1/2 ug+1 [Yj— 1/2 U
hji1/2 hj—1/2

T R
V12— V-1
\/ /\7j+1/2 T2 Ry T R

uh =l T 1 1
4+ g J— / S _
hj_1/2 Tt/ VYit12 \/i-1/2

N e uh_h,fiﬂh
! \//\’Yj+1/2 ’ ]\/)\7j+1/2

uff =y [y 1/2 wiiuz*wlfxz
T Th s hivi-1/2 I ’
i

where we used the original equation (20) in the last equality, whereas for the first
component, we simply write

Uh — uh = h 1/2 A f)/j+1/2 U?+1 _ U?
AR i+l/ Yitv12 ] VA hji1/2

It follows, in vectorial form, the following equality

0 h, J— 0 0
Uj = Uj = (0 e ”’*”’") Uj1 + ( I —
J

0 Yi+1/2

0 O1 ) -
. a4 a+1/2 ~i—1/2 j
hj 4,7)\7_14—1/2 \/’Yj 1/2 ( h; >

+

0
aull O .
(VLTI
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This is not yet the required form since U? i1 appears in the right-hand side. Thus, we
collect the terms in U;ﬁrl in the left-hand side as follows

1 ) # - 1
( hj+1/2 ’Yj+1/2> UJh‘H < h A 1> U]h
J

0 1 Vit1/2

0 0 0
+ . q; vV J+1/2 \/'YJ 1/2 U]h + (_ . th ) )
h VAVit1y2 AVAERSYE ( s VYVi+1/2A

and we get the claim by multiplying the previous equality by

(1 hj+1/2\/ 7‘7:‘1/2> ’

0 1

which is nothing but the inverse of the 2 x 2 matrix appearing in the left-hand side
term. 0

For any j,k € [1, N], we denote by ?’k, Mj}-fk the matrices as defined in the
previous lemma for the particular value A = )\Z. Using the uniform bounds on the
discrete eigenvalues obtained in Lemma 3.3, one can easily deduce that there exists a

C(q,7,0p) > 0 but independent of h such that

(23) 1Q |l < C, and | M|l < C\/A}, Vh >0,V k€ [1,N],

and moreover, if 7y is assumed to be constant then we have the additional estimate

(24) 1}l <C Vh > 0,4,k € [1, N].

1
hjti1/2+——1,
VA

3.2. Estimates in the general case (S1). We are now in position to prove
our first results in the more general case we shall consider, that is the setting (S1).

THEOREM 3.1. Let v and q satisfying (Hp), w a non empty open subset of §2
and B > 0. There exists hi(q,v,8) > 0, ha(q,vy,w,B8) > 0 and C(q,v,8) > 0
Ci(q,7,8) > 0, Ca(q,v,w, 8) > 0 such that the following lower bounds hold for any
mesh of Q such that ©p <

1
W

as soon as h < hy and

|0y > CreOVE, Wk € [1, N], Vb € {17},

HQSZH%?(%) 2 02670\/)‘7;5, vk € [1, N],

as soon as h < hs.
Moreover, if v and q satisfy hypothesis (Hg), there exists Cs(q,7,5) > 0 and
a(q,v,B) > 0 such that

APy = A > Csk, VE € [1,aN?7].
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Proof. Let k € [1, N]. We apply Lemma 3.2 with u" := ¢! = ( pk)
pe[L,N]’

A= )\Z and f* = 0. The vectors U Jh are then denoted by U Jh’k to keep track of the

dependence on k. Moreover, with those notations, the quantity RZ defined in (19)
can be expressed as

Ul |I1P
25 Rh= in
(25) k ,]E[[l N+1] |UB )12

Therefore, to obtain the announced lower bound, we only have to obtain a bound of
||U;fk|\ by HUkaH for any two indices 4, j.

From the estimate (23) and the standard inequality 1+¢ < e*, V¢t > 0, we find the
upper-bound

I+ h; M k+th||<exp<hC\/ ) Vj e [1, N].

Direct computations, similar to the ones in the proof Lemma 3.2, also show that
-1 .
I mshtf+,@0) 1 < oo (hyCy/N: ) ¥ € [N,

Then, using (21) with f* = 0, we immediately obtain

exp( o/ )| hll < UL Vig € [N +1].

By (25) and Lemma 3.1, the claim follows.

We now prove the gap property for a part of the spectrum. To this end, we will
use Proposition 3.1 below. Take k a positive integer such that k& < aN?/5 where
a(q,7, B) > 0 will be chosen later on. Then, 3C(q,, ) > 0, such that

Nen = M= Ak = Ak — Ny = M| = AR = Ak
> Ck — Ch?)\}
> Ck — Ch2kS,
and the last inequality comes from (2). Now since
R2ES = (R*E°)k < (h2a°N?)k < ©20°k < B2k,
we can write
My — A > Ck — CB%a’k.

Now take « such that C > 2C32a° to get

Mgy = At > Sk

M\Q

This concludes the proof. ]

We have used above the following somehow standard numerical analysis result,
whose proof is omitted. It can be obtained by similar techniques as in [6] and [20]
and using the convergence analysis of finite difference methods on general grids given
in [5].
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PROPOSITION 3.1. Assume that q and v satisfy (Hg). For any 8 > 0, there exists
C(v,q,8) >0, such that for any mesh satisfying O < 8, we have

A — M| < Ch2A3, VE € [1, N].

3.3. Estimates for of a uniform grid, cases (S2) and (S3). In the previous
subsection, the exponentially small lower bound comes from the crude estimate of
the norm of the propagation matrix I+ th;fk by 14 Ch; )\Z. Besides, as noticed
in Remark 3.1, the counter-part in the continuous case of this propagation matrix is
exp (fw:“ M (s)ds) which is a unitary matrix (see the proof of Lemma 2.3).

Thus, our objective is now to improve those estimates in the case of a uniform

mesh. To this end, we introduce the discrete resolvant SI ;i defined by

T+ nMPy ) (T+RM ) - (T+hMY)  fori>j

Sh I fori=j

i—j,k * :
(S.ﬂ_i k‘)il for ¢ <]

and for which we will be able to prove sharper estimates. Observe that each matrix
I+ hM hk is invertible since its determinant is equal to one for a uniform grid (see

(22)).
LEMMA 3.4. With the same notations as in Lemma 3.2, there exists C(q,v) > 0,
and ho(g,7) > 0, such that for any h < hg, and any i,j € [1, N + 1],

(26) Ul <Cexp | C Y hlISE etk lIQp
pelid\ )

< ISEC kUl + D2 RSt kllIE
peliiN\{s}

Proof. Let i,j € [1, N 4+ 1]. From (21), discrete Duhamel formula gives

i—1

(27) fori>j: Uz'},Lk = Sﬁ—j,kUﬁk + hz Sﬁ—p—&-l,k (QZ,kU[’},k + F;ilk) )

p=J

(28) fori<j: Ui},Lk = z<—]k k hZSu—p—&-l k pkUz?,k +F£,k)'
So for any 4,5 € [1, N + 1],

(Lo TSR D ISt wll (1Q) kMU N+ 1
peli,j]

).

’L(—],

Using the bound (23) on ||Q" el

U2 (1 = CRIST i1 kll) < 187 1T

+h Z 1S}, tep+ Lkl (”Qhk”Hng” + HF;kH) .
peli,jI\{i}
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Note also that [|S_,,; .|l = [T+ hM]y|| < 14 Chy/A}. Thus, by Lemma 3.3 and

Remark 1.3 (remember that the mesh is assumed to be uniform), for h small enough
and some C(q,v) > 0, we have

Ul < ClUSE wlIUFl +Ch D7 STl (1QE & INTR il + 1 E 1) -
peliiIN\ {4}

We conclude with discrete Gronwall’s Lemma. 0

We recall that in the continuous case we had the fundamental property that
|S(z0,2)|| = 1. Here we will not obtain that the discrete resolvant S, e ix is unitary
but we are able to produce uniform bounds on this object at least for a well chosen
portion of the discrete spectrum.

Suppose that ¢ and ~ satisfy assumption (Hp). For any ¢ > 0, we define the
following integer

4
(29) sznams = max{k € [1,N]; M < ﬁfymm(l 5)}

PROPOSITION 3.2. Let q and «y satisfying (Hp). There exists ho(q,y) > 0 and
C(q,7) > 0 such that, for any € > 0 and any uniform mesh of size h < hg, we have
the estimate

(30) nsﬂm<0prﬁ,WJeMN+m Vk € [L K ]

If we additionally assume that the diffusion coefficient ~y is constant, then the
following estimate holds for the whole spectrum of A", for any h < hg

C
S(—jk‘” h
T EOE = lalls)

Note that, by Lemma 3.3 and Remark 1.3, there exists a a(g,7) > 0 such that

(31) I

Vi,j € [1,N+1], Vke€][l,N].

klpe > aNVI—e, Vh>0.

Thus, inequality (30) in the previous proposition gives actually a uniform estimate of

S’fﬂ_.,k for (at least) a constant portion of the eigenelements of the discrete operator

AP,

Proof. Since Szgj &
taining a bound on U hk in function of U 'y, for any i, j, where Uh ' 1s any solution of
the recurrence relation

Ujh,C = UZ > the study of the norm of S %J , amounts in ob-

(32) Uy = (T+hMP) UM, Vie 1N +1].

To simplify the notation in this proof, we shall sometimes drop the indices h and k
but we keep in mind that the condition k& < k" implies that the eigenvalue A = /\Z
we are considering satisfies the bound

max,e

4
(33) A< ﬁ’}/min(l - 6)'
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If we denote by z;,y; the two components of U;, according to (22), relation (32) reads

h2\ A
Tip1 = Ty (1 — ) +yih )
Yit+1/2 Yi+1/2
A
Yit1 = —Iﬂih\/7+yi~
Yi+1/2

The key-point is now to introduce the following quantity

[ A
Yi+1/2

As we will see below, this quantity is conserved in the recurrence process (H; 11 = H;),
when v is constant. However, in the general case, this conservation does not hold
anymore and we need sharper estimates.

After some tedious but straightfoward computations, we end up with the following
identity

1 1
(36) Hiy1=H;+ -
VYVit1/2 \/iv3)2

h2\ h2\ h2\ 2h2\
x |2 ( —1)+y?+xiyih\f)\(1— > .
VVit1/2 \Vi+1/2 vV Vit1/2 Vi+1/2

Using the regularity assumptions on v and the mean-value theorem, we deduce that
for some C(vy) > 0

(34)

2h2 )\ h2\ hvV 2h2\
|Hit1| < |Hi| + hC(y) ( +1> JFTf <1+ )

vV Ymin Ymin Ymin

(7 + y2).

Moreover, we know from Lemma 3.3 that the quantity k2 is uniformly bounded by
some constant depending only on ¢ and +. It finally follows that, for some C(q,v) > 0,
we have

(37) |Hiq1| < |Hi| + hC (z7 +y7), Vi€ [1,N].

Besides, from definition (35) of H;, we easily get that

(38) ($?+y3)<1—g A )SHiS(m?erf)(H; A )

Yit+1/2 Yit+1/2

Using again that A%\ is uniformly bounded, the right-hand side term can be replaced
by some C(z7+y?). However, the factor in front of (22 +?) in the left-hand side may
become negative for large eigenvalues. That is exactly the reason why the condition
(33) on A (which is nothing but the condition on % in the statement of the proposition)
enters into the analysis. Indeed, if we assume (33), the above inequalities become

(39) S (@2 +97) < H: < C(a.7) (aF +33)
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From (37), we can thus infer that
C .
|Hiv1| < |H;| + ;h\HZ| < exp(hC/e)|H;|, Vie[l,N],
and finally, for any ¢ > j, we get
|H;| < exp((i — j)hC/e)|H;| < exp(C/e)|Hj.

Using again (39), we deduce that

(2} +y7) <

C
e (£) (@2 442).

This exactly shows (30) in the case where ¢ > j.
To prove the same equality for j > i, we come back to the equality (36) to get

(40) |Hi| < [Hi| + Ch(a? + 7).
Then, from (34), we find

3

A
Z; _ 1 —h Yit1/2 Ti+1
Yi h A 1—h22 Yit1
Yi+1/2 Yi+1/2

and using again that h2\ is uniformly bounded we obtain that, for some C(q,~) > 0,
22 +y2 < C(x?, +v2), Vi€ [1,N].
Hence, (40) becomes

C
H < il + Chlats 4 020) < Hial (14 ).

and we can argue as before to prove our claim, when j > 3.
Let us consider now the case where «y is constant.
o We first assume that the eigenvalue satisfies

(41) LA S

Since vy is constant, we have H; = H; for any i, j (see (36)) and from (38) we

have
Y (27 +y?) < H; = H; <C (2% +y7)
2\ 5 i TY ) Sy = s T TY5)-

By (41), we observe that the first factor in the left-hand side is positive, so
that we can write

C
z} 4yl < T(iﬁi +y3), Vi,j €1, N +1],

and the claim follows since, using again (41), we have

R VR C (1+ lof=)

< <
ho/x h2) h2) h2(A—llgllre) *
1 T 1 7 1—
2\ 5 v v 1ny
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e Assume now that the eigenvalue does not satisfy (41). By Lemma 3.3 and
Remark 1.3, this implies that

2 2 2
(42) 1—£<Z—A<1—h2+m.

gl 2l 4y

We set A = A — ||q||~. We denote by M: k and S"

Mh ' and Sh e With A replaced by . An explicit computation shows that,
for h small enough and using the left-hand side inequality of (42), we have

e i the same matrices as

A=A
A+ VA

Since, by construction, \ satisfies the assumption (41), we have that

(43) IMP, — Db | < C—2—2_ < Ch, Vie[1,N].

C .
(44) HSHJ kH < h2X7 Vlv] € [[17N+1]]'
1 — h2A
dy

With those notations, the recurrence relation (32) can be written as follows

(45) Uz+1 B (I + hj\sz) Ui’,lk + h(M’Lhk - J\Z}fk)U'hkv Vi e [1,N +1].

This formula has the same form as (21) with Fh,C =0and Qh,c = Mlhk MZL,C
so that we can use the inequality (26) in this context, as well as (43) and
(44), to finally get

C Ch
exp = | I1U}%l, ¥i,j € [1, N +1].

h2X _ h2X
V11— g 1 g

Finally, since \ satisfies (41), we have /1 — h2)‘ > f which proves that the

exponential factor in the estimate above is actually uniformly bounded. It
follows that

U] <

U2l < ——=—==IIU}ll, Vi.j € [L, N +1],

147

which exactly proves the claimed estimate. ]

We can now state and prove the following discrete spectral estimates in the setting
(S2).

THEOREM 3.2 (The case of a uniform grid). Let v and q satisfying (Hp), w C Q

a non empty open subset of Q and € > 0. There exists hi1(q,v) > 0, ha(q,v,w) > 0
and Cy(q,7v,€) > 0, Ca(q,v,w,e) > 0 so that for any uniform mesh of size h, we have

1
ey

|0upt| > C1, Vk € [1, ks ], Vb € {I,7},Vh < hy,

||¢k||L2(wh > CQ? Vk € [[1) max, 6]] Vh < h2;

and

Ay = A > Oy /AR, VE € [1 K . — 1], Vh < ha.

» 'max,e
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Proof. We apply Lemma 3.2 with u" = ¢, A = A} and f* = 0. From Lemma
3.4 and inequality (30), we get for i,5 € [1, N + 1],

U < Cexp | exp(Cle)C D hl@p sl | x exp(C/e)l
pei, I\ {i}

U;fk | :

According to (23), we have a uniform bound ||QZ,€|| < C, so that we finally obtain

Ul < Cla, v, ) Ul Vi, 5 € [LN +1].

By (25), we just have shown that

h 1
= Sl er
which gives the first two lower bounds by virtue of Lemma 3.1.
Let us now estimate the difference A}, — A} for any k € [1,k]! maz.e — 1. We
follow the same lines as in the proof in the contlnuous case in Section 2. We set
b= (ar¢2)¢2+1 - (674’24-1)‘252 and fh = ()‘Z-H - )‘Z)(aﬂbZHWZv so that (20) is
satisfied with A = Al’, ;. We use the same notation as in Lemma 3.2, and we observe

that N
Uh . uN+1 . 0
N+1 = V;jrl/?a o] T \o)

since @} 41 and @k satisfy the homogeneous boundary conditions and moreover, by
construction, d,u" = 0.

We can then apply Lemma 3.4, with j = N + 1, and the estimates (23) and (30)
to get

Uk < Cla,v,e) > BIEE|, Yie [1L,N +1].
peliI\{i}
By definition of F"* and fh, we have

\/7 k+1

Since ¢} is normalized in L2(£2),) we conclude that

1E ] < A0 61 llop k], ¥ € [1, N].

v, €
U2 < (F 1 = NIl
By definition of U, we have |u?| < ||U}|| for any i € [1, N] and thus, the discrete L?
norm of u” is estimated by

C(g,7:¢)
||uh||%2(9h)§ \ |>‘k+1 >\2|2|5r¢2+1|2.
E+1

By definition of u” and since ¢}, and ¢} are orthonormal we have

4" 122 () = (Ordiin)? + (0r0)*.
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Combining the two previous inequalities (and using that 9,¢}, # 0) we finally get

Cl(q,7,¢)

h
)‘k+1

1 S |)‘k+l )‘2‘23

which gives the claim. O

Finally, in the case of a constant diffusion coefficient and uniform grids we obtain
a stronger result with precise lower bounds for all the eigenfunctions of A”.

THEOREM 3.3 (Uniform grid - constant diffusion). Let g be a continuous function
on Q and assume that v is a constant function. Let w C € be a non-empty open subset
of Q. There exist hi(q,7v) > 0, ha(q,v,w) > 0 sufficiently small and Cy1(g,7y) > 0,
C3(q,v,w) > 0 such that for any uniform mesh of size h, we have for h < hy,

1 h2(\h — o

Lol zcl\/l—(k”q'”,\ﬂce [L,N], Vb € {i,r},
h

A 4y

and -

R0 lalle)

h|2
16130 = €2 (1 -

for h < hy. Moreover,

N1 — Ak = Ciy /A k+1\/l - kH ”q”L ) , Vk e [1,N —1],

as soon as h < hy.

), Vk € [1, N],

Proof. We shall use the notation )\h = M — |lg|l L. We follow exactly the same
lines as in the proof of the previous theorem except that the estimate (30) is now
improved into (31). It follows that, for any 4,j € [1, N 4+ 1] we have

c c
U2l < exp Yo Rkl [T

w2 A 1 — B2 AL peligI\{i}
4 v 4 v

According to (24), we have the bound [|QF || < C (h +

)7 for any p and thus

1
VAR

h+ ——

0] < ——E—exp | €L | U
h2X\ h2 A\l
1_ 4,Yk 1_ 4’yk

It remains to prove that the exponential factor is actually uniformly bounded.
e Assume first that hg)\z < 7, so that we have

h2\h
1- Tk > \/3/4,
y

and the exponential term above is clearly bounded.
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e Assume now that v < h2A!. We have already seen that we also have h2\ <
44(1 — h?) so that

2\h
1-— AL > h,
4y
and then
ht 1 1 1
= < |1+ < |1+ —= _<1+),
Ry hy/ Al ha/ b val
4y
and we reach the same conclusion.
To sum up, we have just proved that
C
UL < 7~h”U£k”v
R2XP
1

which implies, with (25), that

h2\I

" ) . Vk € [1,N].

R’,3>C<1—

With Lemma 3.1 the first two inequalities are proved.
As in the proof of Theorem 3.2, the gap property is proved by defining u" =
(Or o) dis1 — Ordiyr)op and f* = (N — A)(9,¢11) ¢}, and using the uniform

h4—1L
. AR
estimate above on exp | C — |- O
h4 X\t
1— k

4y

A careful inspection of the arguments in the above proof shows that we have the
estimate

h2
A (1 - @uz - |q|oo)> > C(q,v), Vk € [1,N].

This immediately gives the following corollary

COROLLARY 3.1. With the same assumptions and notations as in the previous
theorem (the values of C1 and Cy being possibly different) we have

}ab(b;” > Cl, vk € H]-vNﬂv Vb € {177’},

Ay = Ap > Cy, Yk e [1,N —1],

as soon as h < hi, and
Co
10k Z2un) 2 35> v € [N,

as soon as h < hs.
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3.4. Proof of Lemma 3.1.

Proof. We follow exactly the same arguments as the ones given in the proof of
Lemma 2.1. For the sake of completeness, we provide here some technical precisions.
e Let us prove that

1
(46) F 100k > CRY Wb € {1
k

We recall, from (19), the following identity for ¢,7 € [1, N + 1]

2 2

h h
by — Pi—1
hi—1/2

h h
Pik — Pi-1k
hj_1/2

Yi—1/2
Ak

Yi—1/2
AR

Ri W)ZHQ + < ‘¢?,k|2 +

With j = N + 1, using Dirichlet boundary condition in = 1 and summing
the left hand side for ¢ from 1 to N, we get (46) with b = r. For the case
b =1, take 7 = 1 and again, sum with respect to the variable 7 :

h 2 h 2
Y2 |91k —0 2 Yiy2\ |#1k — 0
Rh S h 2_|_ 5 — <h + s
k |¢l,k| )\Z h1/2 1/2 )\Z, h1/2
i 2 \h h_ Clgy.B) | ¢4 =0 2
According to Lemma 3.3, hf , A} < Cl(q,v,8), so R < % ﬁ

e Denote by w”,j € {1,2,3} the set of mesh points which belong to w;. In the
discrete setting, hypothesis (15) is replaced by: suppose that there exists x;,
and z;, two points of Wi and wg respectively, such that

(47) Lok (B0 — O k) > 0and of, (61, — ¢1) <0

Thus, when multiplying the equation Ahtzﬁz = )\Z Z by (;SZ and summing
between ¢; and 3, the discrete integration by parts leads to boundary terms
(which are the analogues of [V($)¢§f($)¢k($)ﬁi) that are again non positive
thanks to (47).

e Remark 2.3 still holds in the discrete setting. Indeed, denote by iy the index

of the first point of w’ and suppose that for all indices i € {1,..., N} such
that z; € wh, we have 7 (@l1, — @l ) > 0. T 9l | > 0 then (80,); 4,cuy

is increasing and positive, else if qﬁ?m ) < 0 then (¢,)
negative.
Moreover, given that for all i € {1,..., N} such that x; € wh,

1 1

0 < 9l (lri = 1) = 5 (601 )? = (@10)7) = 5 [(@ap) = (B10]

i wicwh 18 decreasing and

we conclude that (|¢?k|2)i7ri€w§ is increasing on w?. d

4. Numerical illustrations. In this section we provide a few numerical simu-
lations that aim to illustrate our theoretical results on the discrete spectral properties
of the operator A" obtained in the previous section. We will consider the following
two control/observation domains w! = (0,0.3) and w? = (0.7,1).

Let us introduce the following notations for any K € [1, N]

I} (K) = min |00}, 1) == min |9, ¢}
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Figure 2: Case 1 - N = 400

h —m h —ms
Il ( ) IICI%III% |w1| ’ 12 (K) ]ICI%III% |w2| ’
and
AMK):= mi b= AR
(K) = min [Ags — Al

We are mainly interested in the values of I2(N) (vesp. IF(k!,. .)) in order to illus-
trate whether the corresponding quantities are bounded from below or not for the
whole discrete spectrum (resp. for a constant portion of the spectrum characterized
by Kl s.er see (29)) when the mesh size tends to 0. In the tables below, each right-
hand side sub-column (with a white background) corresponds to the whole spectrum
estimate (i.e. for K = N) whereas the left-hand side sub-column (with a gray back-
ground) corresponds to the partial spectrum estimate (i.e. for K = k‘fnam,s)‘ We have
chosen ¢ = 0.05, except for some cases for which it is explicitely mentioned.

Case 1. We consider y(x) = 2 + cos(mx)3, ¢(z) = 0 and a family of uniform

meshes. This case corresponds to the framework (S2) and to Theorem 3.2.

N k?@zam,s Ilh() Iﬁ() I{l() Iél() Ah()
kmaze| N |Fmaze| N |Fpaze| N |Fmaze| N |knae| N
50 26 2.99 (2.99| 7.07 | 1.01_23 0.29 [0.29| 0.86 | 8.71_29 | 56.82 |56.82
100 52 2.99 (2.99| 7.08 | 2.46_51 0.28 [0.28| 0.85 1.26_59 | 56.89 |56.89
200 104 2.99 (2.99| 7.08 [4.16_-107| 0.28 [0.28| 0.85 |1.97_121| 56.91 |56.91
300 156 2.99 (2.99| 7.08 [4.22_163| 0.28 [0.28]| 0.84 |2.70_183| 56.91 |56.91
400 208 2.99 (2.99| 7.08 [3.47_219| 0.28 [0.28]| 0.84 |3.50_245| 56.91 |56.91

Table 1: Case 1 - behavior as h — 0

We observe in Table 1 that, in accordance with our theoretical results, all the
partial spectrum quantities computed with K = k‘,@mm’a (which is almost equal to N/2
here) are bounded from below.

Interestingly enough, we observe that Ij*(N) and I7'(N) are also uniformly bounded
from below but it is not the case for I"(N) and I}(N). This discrepancy seems to
come from the fact that the diffusion coefficient v is decreasing and maximal exactly
on the left boundary of the domain. For those latter quantities, the only theoretical
result we have is the one of Theorem 3.1. We can check numerically that the expo-
nential bound given in this result seems to be sharp. Indeed we have observed that,
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for all the considered values of N, we have

log ([} Il 2 w2))
g kIIL2(w})

log(|0, 6]
log(10- i) —0.36, min —— R g9
kelkl oz, V] B kelkl oz, N1 AR
k k

so that the quantities of interest actually behaves, in the upper part of the discrete
spectrum, like e =€V A% for some C independent of h.
Moreover, we observe in Figure 2b that the actual value of &

that 0,¢} becomes exponentially small as soon as k > kﬁmz,o.

h .
maz,e 18 sharp and

However, in Figure
2¢ the exponential behavior of ||| L2(w2) Seems to appear for higher values of k.
This can be explained (and actually it can be deduced by a careful observation of
our proofs) by the fact that, due to the monotonicity of v, the minimal value of ~
that has to be taken into account in the evaluation of k", . is not its infimum on ©
but rather its infimum on Q \ w?. The correct threshold in that case is thus the one
defined by

- 4
h — b ~
Emaz e = max{k‘ € [1,N]; A\p < 72 <Ql{1(£2 7)(1 - E)} )

We represent the value of k", o in Figure 2a and 2c.

Last but not least, we observe on this particular example that the uniform gap
condition seems to be satisfied. In particular, by the methods given in Section 5, we
can then conjecture that the associated parabolic equations or systems are indeed
uniformly null-controllable by either distributed or boundary control.

Case 2. We consider now a case which is very much similar to the previous one
by setting v(z) = 2 — cos(2mz)?, q(x) = 0 and again a family of uniform meshes.
The results are gathered in Table 2. The main difference with the previous case lie in
the fact that - is no more monotonic and is actually symmetric with respect to the
mid-point = 1/2 (see Fig. 3a). It appears, in this configuration, that the uniform
gap property does not hold anymore and that neither I7*(N) nor I'(N) are uniformly
bounded from below. We illustrate further those behaviors by plotting the difference
between two successive eigenvalues in Fig. 3b as well as the last two eigenfunctions in
Fig. 3c. We observe that those two eigenfunctions are essentially supported in one half
of the domain (which explains why their L? norm on w! or w? can be exponentially
small) and that they are almost symmetric to each other (which explains that the
corresponding eigenvalues are very close).

N [kas.e IP() () () I3 () AR
L N Eam.e N |k N KR as.e N Klaee| N

50 32 6.39 | 1.74_5 | 6.39 |1.74_3| 0.56 0.56 0.6 0.6 33.53 | 4.51_g

100| 64 6.41 |6.85_15 | 6.41 [7.18_ 30| 0.59 | 1.75_30 | 0.59 |2.83_45 | 33.58 [2.91_1,

200 126 6.42 | 3.02_63 | 6.42 |3.80_14| 0.58 | 8.90_g7 | 0.58 |2.81_3¢0 | 33.59 |2.91_11
300 187 6.42 | 841 15| 6.42 [9.47_ 97| 0.61 | 4.41_30 | 0.58 |1.60_131| 33.59 |1.16_19
400 250 6.42 [2.50_130| 6.42 |5.30_15| 0.58 [7.38_176| 0.58 | 6.02_30 | 33.59 |6.98_1¢

Table 2: Case 2 - behavior as h — 0

Case 3. In this case we consider a constant diffusion coefficient v = 1 but a
variable potential g(z) = 50 cos(mz?). We propose two subcases: in Subcase 3.1 we
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Figure 3: Case 2 - N = 100

still use uniform meshes families whereas in Subcase 3.2 we use families of quasi-
uniform meshes obtained by gluing a uniform mesh of (0,1/2) with cells of size h and
a uniform mesh of (1/2,1) made of cells of size h/2; the value of h is chosen so as we
finally obtain the expected total number N of cells. For this test case, we have chosen
e=0.1.

h h h h h h
N kmax,s Il () Ir () [1 () 12 () A ()
h h h h h
kmam,e N kmam,s N kmam,e N kmam,e N kmaa:,e N
50 43 1.12 |1.12| 2.92 [1.7/9.97_5(9.97_o| 0.31 |8.77_o| 44.07 |21.54
100 86 1.12 |1.12| 2.92 [1.7(9.73_5(9.73_2| 0.31 |8.66_o| 44.21 |21.56

200 172 1.12 |1.12| 2.92 [1.7]9.60_2(9.60_2| 0.3 |[8.61_5| 44.25 |21.57
300 257 1.12 |1.12| 2.92 [1.7/9.55_2|9.55_2| 0.3 |8.59_5| 44.26 [21.57
400 343 1.12 |1.12| 2.92 [1.7/9.53_2(9.53_2| 0.3 [8.58_o| 44.26 [21.57

Table 3: Subcase 3.1 - behavior as h — 0

N ke IMC) () e () A
Bee] N |Brawe] N Mool N |Rhwos] N [heol] N
50 26 1.12 |9.49_417| 2.91 |2.91| 0.11 1.65_18| 0.25 |4.11_o| 43.9 43.9
100 50 1.12 |9.55_16| 2.92 [2.92 0.1 1.74_30| 0.13 [1.04_o| 44.17 |44.17
200 96 1.12 |2.91_15| 2.92 [2.92|9.95_5[6.68_30| 0.28 |[8.09_4| 44.24 |44.24
300 144 1.12 |1.24_14 2.92 [2.92]9.71_5(1.32_99| 0.25 |3.35_4| 44.25 [44.25
400 190 1.12 |4.26_15 2.92 [2.92]9.67_2(1.93_29| 0.24 |8.11_4| 44.26 [44.26

Table 4: Subcase 3.2 - behavior as h — 0

As predicted by Theorem 3.3 and Corollary 3.1, we observe in Table 3 that, in the
subcase 3.1 all the quantities of interest are uniformly bounded from below. However,
when considering a non uniform mesh we can see in Table 4 that the quantities I}'(N)
and I7'(N) seem to be very small, but actually not exponentially small with respect to
V. Tt is interesting to observe that the right derivative term I(N) is still uniformly
bounded from below as well as IZ(N). This is an illustration of the fact that the
bounds from below are more likely to be uniform when it concerns the finest part of
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the mesh than the coarsest part.

Case 4. We conclude this series of numerical illstrations by considering the case
of a piecewise constant diffusion coefficient v = 1j9,0.4) + 2 X 1j9.4,1, With ¢ = 0 and
a family of uniform meshes. This case does not directly enter our analysis but our
arguments can be adapted and we can prove in that case (see Section 6, remark 2, for
more details) that each quantity I7(N) is

e cither exponentially small if it concerns a part of the domain where v takes
its lowest value (in the present example: the left normal derivative and the
L? norm on w')

e or uniformly bounded from below if it concerns a part of the domain where
7 takes its highest value (here : the right normal derivative and the L? norm

on w?).
h h h h h h
N kmazs Il () I’I‘ () Il () 12 () A ()
[ [ h h h
k;laz,f N k';la-l/' € N kmam € N kmam € N kmam € N
50 35 4.41 1.89_14 3.79 |[3.79| 0.55 |2.43_11| 0.12 0.12 44.89 [44.89
100 68 5.37 | 9.21_3¢ 3.79 |[3.79] 0.68 |7.18_2909|5.87_2|5.87_o| 44.62 |[44.62

200 131 5.37 [ 2.19_¢0 | 3.79 |3.79| 0.67 [4.53_36|8.86_2|2.79_o| 44.47 |44.47
300 194 5.37 | 5.22_91 | 3.79 |3.79] 0.67 [6.63_52(9.81_2|1.88_o| 44.42 |44.42
400| 257 5.37 [1.25_121| 3.79 |3.79| 0.67 [1.37_¢7| 0.1 |1.42_5| 44.4 | 44.4

Table 5: Case 4 - behavior as h — 0

5. Applications in control theory. The moments method has been success-
fully used to prove null-controllability of parabolic equations and systems, in particular
with boundary controls, see for instance [13, 3]. In section 5.1 we present this method
on the heat equation, then on cascade systems. Eventually, in Sections 5.2 and 5.3
we show how to adapt this strategy to the discrete setting.

5.1. Null-controllability via the moments method in the continuous
setting. Let us fix y° € H~(Q) and consider the following control problem

Oy (t, z) + Ay(t, z) = 1,(x)Vy(t, ), in (0,T) x Q
(48) y(t,0) = 0,y(t,1) = Vp () in (0,T)
y(0,2) =3°(2) in Q,
with V; € L2((0,T) x ), V,, € L*(0,T). Of course, all the results remain unchanged
if one controls (48) at the left boundary instead of the right boundary.
For a given pair of controls V;, € L?(0,T) and V; € L((0,T) x ), we say that a

function y € C°([0,T], H~1(Q)) is a solution of (48) if and only if for any k > 1 and
any t € [0,7T], we have

WO 08) 1y — W€ g
t
/ / 2)Va(s, 2)e 09 g, (z)dads — / Y(1)Va(s)e 90,6, (1)ds
0

where (Mg, ¢x) are the eigenelements of the self-adjoint operator A as defined in the
introduction.
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It is proved in [11] that for any V} and Vj, such a solution exists and is unique.
Since we are interested in the controllability of such a system at time 7', we will often
make use of the above formula specialized at time t =T

(49) <y(T)7¢k>H*1><H& - <yoaeiAkT¢k>H—1xHé
T T
- / / 1o (@) Va(t, @)z (t, ) dadt — / A()Va()u e (t, 1),
0 Q 0

where we have defined z;, by 2 : (t,x) — e *(T=Y ¢, () which is nothing but the
solution of the adjoint problem with final data ¢

— Oz (t, ) + Azp(t,z) =0 1in (0,T) x £,
(50) 2k(t,0) = 2z (¢,1) = 0 in (0, 7)),
z(T,x) = ¢p(x) in Q.

e Consider first the right-boundary null-control problem : we set Vi = 0, and
we look for a boundary control Vi, € L?(0,T) such that the corresponding
solution y of (48) satisfies y(T") = 0.

We write the decomposition of y° in the basis (¢x)k>1 as follows y° =
k>t y,?qbk and from (49) we see that the problem amounts to finding V,
such that

T
(51) yne T = 4(1)0,¢x (/ Vb(t)e_’\’“(T_t)dt> k> 1.
0

The set of equations (51) indexed by k is called a moment problem. The
moments method consists in solving (51) using a biorthogonal family of the
real exponentials (e*’\k(T*t))pl.
Let A = (Ar)x>1 be a sequence of positive numbers. A biorthogonal family of

(e’)‘k(T’t))k21 is a set of functions in L?(0,7T) denoted by (q{‘)l21 verifying
T

(52) / eI dt = 6y, VI k> 1.
0

We can now solve, at least formally, the moment problem (51) and give a
possible expression of V},
AT

o ype~ A
(53) Vi(t) == kZZl (1008 Qe (1)-

e Now, we study the distributed control problem : we set V,, = 0 and we look for
a control V such that the corresponding solution y of (48) satisfies y(T") = 0.
Using again (49), this amounts to finding V; satisfying the following family
of equalities

T
(54 *y’ge*M:/ / Valt, 2)e= T g (2)dadt, Wk > 1.
0 w

Inspired by the boundary control case, we look for a suitable Vj in the fol-
lowing form

(55) Va(t,z) = ongp () (),

k>1
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where (a)g>1 is a sequence of real numbers to be determined.
Injecting (55) in (54) and using (52) we finally get the following formula for
the unknown coefficients

yleMT

A

Formally, the control problem is thus solved by defining

e MT
(56) Va(t,z) = <—k> g (t)dn ().

E>1 H¢k||2Lz(w)

Qp =

REMARK 5.1. This strategy is not classic. In many papers (see [3], [4], [15])
when A is the Laplace operator, the authors rather look for a distributed control of the
form Vy(t,z) = u(t)f(x), where f is a well chosen profile function, supported in w,
and satisfying some lower bounds for its generalized Fourier coefficients UQ fox da:|.
Howewver, it is not straightforward to find such a f when A is a more general elliptic
operator as in (1), since we dot not have analytic formulas for the ¢y, (and, a fortiori,
finding the equivalent of f in the discrete setting seems to be even more complicated).

Thus, the ansatz Vy(t,z) = >, <, akqi (t)or(z) we choose here is somehow more
convenient since it does not require to find such a function f. Notice that the family
(t,x) — q,’c\(t)gbk(:z:)/H(ka%Q(w) can be seen as a space-time biorthogonal family of
(t,x) = e~ TV gy () in L2((0,T) x w).

This form of distributed control has been used in [16] to prove exact controllability
of the 1d-wave equation.

To sum up, in order to justify the previous application of the moment method, we
must check that
1. Such a biorthogonal family (g )>1 exists.
2. The formal series (53) (resp. (56)) that defines V; (resp. V) converges. To
this end, we need
(a) to estimate the L2(0,T)-norms of ¢, for all k > 1,
(b) to give lower bounds on ||¢x|[2() and [0,¢x|, that appear at the de-
nominator in those formulas.
The lower bounds in the point 2b were stated in the assertions 2 and 3 of Theorem
1.1. We shall now tackle points 1 and 2a at the same time.
Problems of existence and bounds on the biorthogonal family have been studied
in [13] and [2] and we recall below some useful results.
First, we need to extend the definition of a biorthogonal family given above, for
the purpose of controlling systems of coupled parabolic equations.

DEFINITION 5.1. Let ¥ := (0y)k>1 be a sequence of positive real numbers. Let

T > 0 and m € N. A biorthogonal family of ((t - T)ie*"’c(T*t))k21

ie[o0.m] is a set of

1>1
functions in L?(0,T) denoted by (qu,l) satisfying

j€[0,m]
T .
/ (t—T) exp(—op(T — t))qj%l(t)dt = 0k10;5, Vk,1>1,Vi,je[0,m].
0

Before stating an existence result and estimates for such biorthogonal families in
Theorem 5.1, we need the following definition (see [13, Theorem 1.1])
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DEFINITION 5.2 (class of sequences L(p,N)). Let p > 0 and let N' : RT — N.
We denote by L(p,N') the class of all sequences of positive numbers ¥ = (oy)k>1 that
satisfy the conditions:

Ok+1 — Ok = p, Yk 2>1,
=1

Y =< >
k=N (e) 7

THEOREM 5.1. Let T >0 and m € N. Let p >0 and N : Ry — N.

For any 7 > 0, there emists K(r,T,p,N,m) > 0 such that for any sequence
Y = (o)k>1 in the class L(p,N), there exists a biorthogonal family (quJ)I21

kE>1 je[[o’m]]
L(0,T) for ((t = T)'e~+T=0) 50

m

such that

g7\ 220y < K™, VI >1,Vj € [0,m].

REMARK 5.2. We emphasize that the upper bound Ke™ ' does not depend on the
choice of the particular sequence 3 in the class L(p,N). Thus, if there exist p and
N such that Yh > 0, A" € L(p,N), then the sequences ||q§flh||L2(07T) are uniformly
bounded with respect to parameter h. This point is essential to get uniform bounds
with respect to h on boundary and distributed controls Vi* and V1.

For m = 0, this result is proved in [13, Theorem 1.1] and for m > 1 it is proved
in [2, Theorem 1.2]. In this last reference, the dependence of the bounds with respect
to the sequence X is not precised but a careful inspection of the proof shows that the
constants are actually uniform in the class L(p, N) as in [13].

We can now completely justify the moments method applied to system (48) that
we described formally above. For the sake of completeness, we state the following
theorem in the more general case of a cascade system of d > 1 parabolic equations.
We introduce a control vector B € R% and a coupling d x d matrix C defined as follows

1 0—0
0 1

0
0 0——010

Let w be a non empty open subset of  and T > 0. For any Y° € (H~1(Q))4,
V, € L*(0,T), V4 € L*((0,T) x ) the problem

8Y + AY + CY = 1,BVy(t,z) in (0,T) x ,
(57) Y (,0)=0, Y(¢1)=DBV,(t) in (0,7),
Y(0,2) = Y°(x) in Q,

has a unique solution in C°([0, 7], (H~1(2))%). Observe that Y has d components
(and A acts component-by-component on Y') but the controls V;, and V; are scalar.

THEOREM 5.2. Assume that (Ho) holds. For any Y° € (H=Y(Q))4, System (57)
is null controllable at time T with either a distributed control Vg € L*((0,T) x Q) (in

this case, we set Vi, = 0) or a boundary control Vi, € L?(0,T) (in this case, we set
Va=0).
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REMARK 5.3. Notice that when d =1, system (57) is nothing but system (48).

Notice also that, as usual in the study of controllability properties of systems with
fewer controls than equations, not every equation is directly controlled. Indeed, the
control directly intervenes only in the evolution equation for the first component of
the solution. Thanks to the particular structure of the coupling matriz C, the second
component is indirectly controlled by means of the first component itself and so on.

Proof. As an example, we start by considering the case d = 1. The first assertion
of Theorem 1.1 as well as (2) ensure that Theorem 5.1 applies with m = 0 and ¥ = A.
Choosing for instance 7 = T'/2, and using the second and third assertions of Theorem
1.1, one can easily check that the series (53) (resp. the series (56)) converges in
L?(0,T) (resp. in L%((0,T) x ), which justifies the formal approach and proves the
claim.

The same kind of arguments apply to the case d > 1. First, note that the
eigenvalues of the adjoint operator £ := A+ 'C in (L*(Q))? are the (A\x)r>1, as in
the case d = 1. They are geometrically simple and possess a d x d Jordan bloc. More
precisely if we define, ®}, := ¢pe, for r € [1,d] where (ei,...,eq) is the canonical
basis of R? and ®) = 0, then we have

L] = AD}, +1CD}, = N\, @f + @171, Wr € [1,d],

so that @} is an eigenfunction, and the ®7, r > 2 are generalized eigenfunctions.
With those notations we can explicitely compute the semi-group associated with
L for each initial data ®}, as follows

r—1 o\
6785(1)2 = Z 7( lf) ef)‘*‘s@z_l, Vs > 0.
=0 :

e The right-boundary null-control problem consists in finding a control V;, €
L?(0,T) such that Vk > 1, Vr € [1,d],

r—1

T =T7)
et = Z (B,@mfl)z_l(l))’y(l)/‘/},(t)Te—)\k(T—t)dt,
=0 0 ’

(Y0 e TEar)

where (-,-) denotes the canonical inner product of RY. By definition of B
and @2_1, we see that (B,ach;—l(l)) = 0;,,—10:01(1). We are thus led to
solve the following moments problem: find V; € L?(0,7T) such that for any
k>1and r € [1,d]

0 —TLagr (Do [T ro 1 A (T—t
<Y , € (I)k>H*1><H01 = m o V;;(t)(t—T) e ( )dt

The gap estimate in Theorem 1.1 (first assertion) and the inequality (2) ensure
that we can apply Theorem 5.1 with m = d — 1 and 7 = T/2 (for instance)
and obtain a biorthogonal family whose norms are bounded by e**”/2. Then,
we observe that

r—1

T _ T! _
le TE(I)k“Hé <e T (Z l') H¢k||H5 <Ce /\kTV Ak-

=0



SPECTRAL ANALYSIS OF DISCRETE ELLIPTIC OPERATORS AND APPLICATIONS 37

Finally, with the uniform lower bound on 9,¢ given in Theorem 1.1 we can
conlude that the following definition of V}

<_YO7 67T’C(I)2>H*1><Hé A

d
(58) W)(t) = Z Z(r - ]‘)| 7(1>8r¢k QT—l,k(t)v

k>1r=1

is actually a series that converges in L?(0,7") and which is a solution of our
boundary control problem.

e Considering now the distributed control problem, we look for a control Vy of
the following form

d
Va(t,z) = Z Z ak,r%j}fl,k(t)d)k (z),

k>1r=1

with the coefficients ay, , to be determined. By using formally this expression
in the weak formulation of the problem, we obtain

(¥ Teay)

—1 1
oy = (r—1)! A7 xHo

, Vk > 1,Vr € [1,d].
||¢k||%2(w)

Still using the bounds on the biorthogonal family (qA)]:g[[lo 1]’ the bound
—TLq,r
k

on |le |2 and the uniform lower bound on [|¢x |2 (w) given in Theorem
1.1, we obtain that the series

0 ,—TL
Yoe (I);>H*1><H§ A

-1,k () Pk ()

d _
(59)  Valt,z)=>_> (r— 1)!<

k>17r=1 198172

converges in L?((0,7) x ) and is solution to our distributed control problem.
0

5.2. Null controllability in the discrete setting. We now want to apply
this strategy to a discrete version of (57). For a given mesh, we consider the discrete
control problem

(s) (Y™ () + AMY " (t) + ChY " (t) = BY(DIVI(t) + B VR (1)), for 0 <t < T,
d Y}L(O) — yOh ¢ (RN)d,

where B” is the (Nd) x N matrix and C" the (Nd) x (Nd) matrix given by

" ok ok
0" I
Bh — . Ch = oh\ ,
RN
Oh Oh — Oh Ih Oh

that approximate the control vector B and the coupling matrix C'. Here we still use
the notation A" for the component-by-component discrete elliptic operator.
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The solutions of this system satisfy the discrete analogue of (49) that is: Vk €
[1, N],Vr € [1,d],
T, — h oy
(60) (Y'(T), o) (YO e TE ot

L2(Qp) >L2(Qh)

T
—(T— b rh
:/0 (BDLV (1), =T o)

- [ e
A b \U)YN+1/20r Pk r—1)!

L2(Q4)
)rfl ox h 3

where D" is defined in (7). Here, q);’h is a column vector of size dN and (@}ch)l =
(¢1)i—(r—1)n for i € [1+ (r — 1)N,rN] and 0 otherwise.

We have used here that the semi-group associated with the adjoint operator £" :=
Al 4-tCP satisfies

—“Alrsgr—Lh
e kD .

—sL xrh = (_S)l
=2
1=0

In the discrete setting, we not only want to control the discrete system for any
mesh but also to have uniform bounds on them, with respect to h, in order to be
able to conclude that, at least in a weak sense, the discrete controls will eventually
converge towards a control of the continuous problem.

Therefore, in this setting, for a given family of initial data (Y'%");, the null-control
problem consists in finding distributed controls (th)h>0 (resp. boundary controls
(V")h>0) such that the corresponding solution Y” with Vi = 0 (resp. VI = 0)
satisfies

(61) YMT) =0,Yh >0,

and such that, for some C' > 0 depending only on the data (v,¢,w, and so on),
(VM) =0 and (VJ*)pso satisfy

(62) IVl 2 (p)y < ClIY™"

22> and [V llz20m) < ClIY*"| 120,y VR > 0.

In the discrete case, we will refer to uniform null controllability as the combination
of condition (61) and (62). We start by considering the setting (S3), which is the
simplest one.

THEOREM 5.3. Let d € N* and T > 0. Consider a uniform mesh and suppose
that v is a constant function, while q is any continuous function. Then, the discrete
cascade system (S) is uniformly null controllable at time T either with a distributed
control, or with a boundary control.

Proof. Let us introduce the sequence

Rh =

A for k€ [1, N,
Mo 4 dyk? for k> N +1.

Notice that (A"); > 4vk? — ||g|ls for any k > 1 (see Lemma 3.3 and Remark 1.3).
First, we prove that there exists p > 0 and N, an integer-valued function, such that
A" € L(p,N) for any h > 0. Let N : R, — N be a function satisfying

(63) >

E>N(n)

- <p,Vp>0.
4vk? — gl 0o
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According to Corollary 3.1 we know that there exists x > 0 such that, for any h > 0,
we have

(64) My — A >k, Ve e [1,N —1].
One can check that
(65) A" € £(min(k, 4v),N), Yh > 0.

Thus, we can apply Theorem 5.1 which states that given any 7 € (0,7"), there exists a
K > 0, such that for and any h > 0, there exists a biorthogonal family (q{}’bfggé’ﬂlﬂ

satisfying
(66) g2 ell 20,y < Ke™*, Vh > 0, Vk € [1,N], vr € [0,d — 1].

It is fundamental to notice that the upper bound in (66) is valid for any h > 0 even
though the sequence of eigenvalues depends on h, thanks to (65), see also Remark 5.2.

From equation (60) and adapting the strategy of Section 5.1, we find the following
expressions

YO,h efTﬁh @hﬂ”
)

N
(67) W(w:ZZ(wln< L) (84 and V() = 0,
k=1r=1 70,9y,

for the boundary control case and

—(YOr e TE QI 120,
< D E) gA" L ()f, and V() = 0.

d
(68) Vit)=>_> (r—1)

k=1r=1 H(ZSZH%Q(wh)

for the distributed control case.

We deal now with finite sums and there is no series convergence problem as soon
as Op¢) # 0 (this is alway true) and [|¢}||12(,,) # O (which is true as soon as w
contains at least two different points of the mesh, see Remark 1.4).

However, it remains to check that condition (62) is satisfied. According to the
lower bounds in Corollary 3.1 and to (66), we find that for any h > 0, the distributed
control in (68) satisfies

N
IV 2oy < CIYOP 2,y D Me™ T2 < Oy O 2gq,) Y k2e™ (T4,
k=1 E>1

and thus,
IVillz2@ry < CIYOM L2 ()

The same computations hold for (V)¢ in (67).

REMARK 5.4. Notice that, for the problem of control under consideration, we did
not need so much precision on the lower bounds of Corollary 3.1. Indeed, controls
(VM=o and (V=0 satisfy condition (62) as soon as the sums (67) and (68) are
bounded uniformly in h. Thus, for this purpose, results of Theorem 3.1 would have
been enough.
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5.3. ¢(h)-null controllability. As already mentioned in the last paragraph of
Section 1.3.1 and observed in numerical simulations of Section 4, the gap property
(4) as well as the uniform lower bounds for |[9,¢%| or ||¢}||12(.,) may not be satisfied
when the diffusion coefficient is not constant or when the mesh is not uniform. Nev-
ertheless, by Remark 1.4, we may still follow the proof of Theorem 5.3 exactly the
same way and produce semi-discrete controls for which the associated solution satisfies
Y"*(T) = 0. Unfortunately, due to the lack of uniformity for the spectral properties
mentionned above, we will not be able to produce a uniform bound for the control
costs |V HL2(QT)0r Vi r2(0,7)- It follows that such semi-discrete null-controls may
be unstable when i — 0.

Therefore, in these latter cases, we will no longer look for controls that lead to (61)
and instead, we consider an adapted weaker definition of null-controllability, namely,
we now investigate the ¢(h)-null controllability problem (see Definition 1.1).

REMARK 5.5. Note that the property HYh(T)HZLQ(Qh) < C(b(h)HYO’hHQLQ(Qh) en-

sures that YR(T) — 0 as h — 0 if the family of discrete initial data are bounded.
Thus, the ¢(h)-null controllability problem really aims at approaching null-controls in
the limit h — 0 and not approximate controls.

Let us first state a lemma on which the proofs of Theorem 5.4 and Theorem 5.5 both
rely.

LEMMA 5.1. Let to € (0,T), K > 1, and 8 > 0. There exists a C(q,7,t0,5) >0
such that
e for any mesh satisfying O, < f and N > K
e for any VI € L?(0,T,RY) and V;* € L*(0,T) that vanish on (to,T) for which
the associated solution Y™ of (S%) satisfies

(69) (2" Y"1, =0 Yk [LKL vr € [1.d]

we have

L (T—t A" 1
IY™(T)| 120,y < Cem TN (IlYo’h||L2<nh> + W”Vbh”L?(&T) + IIthLz(sz£>) '

Proof. Since the family (&7 h)’:g[[[[i é\ﬁﬂ, is an orthonormal basis of RV?, we have
Y (to) = (Y"(to), >
1¥" ()220, = ZZ ety
Now, using (60) with T replaced by to we find that
2
Pl <330 (1 S S e ot
k=1r=1 L2(Qp)
2

o R\ tyht hril v (t—t0)! h
+ / Vi(E), "DLB Y @) exp (< (o — 1)) dt
0 ' L2(Q)

1=0
OnlVllo 9% L
* ( h (r—1)

2

/Vb )t —to) " texp (=A(to — 1)) dt
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Thus,

N d
HY (ﬁO)HL2 @) = C(to, 8,7 ZZ

2
<Y° h h>
LZ(Qh)

k=1r=1
o 1h h ?
VR, D, By Mty —t
+/0 < a (1), K exp (=g (to ))>L2(Qh)
to 2
+ /0 Vi (t) exp (= AL (to — 1)) dt

In the last inequality we used that ||¢||2. < %Hgﬁ)ZH%Q(Qh) <8

1Y (t0) 320 < C

N N
11 1
YO 0+ 1VE gy D 57 + IV N eom 2 AZ] '
k=1 k=1

Finally, taking the square root and using the lower bounds for A} given in Lemma
3.3, we conclude that

1
(70) Y™ (to) || 220y < C [IIYo’hHH(Q,L) + HthHLz(Q{) + h?,/QVbhHm(o,T)] .

Now, we take advantage of the assumption (69) that implies the exponential decay
of coeflicients <<I>Z’h, Yh(t)> (o) for t > to. Indeed, since both souce terms V' and
L2(Qp

V})h’ are null after time tg, the solution at time T' writes,

d N
Vh(T) = < rh v h > NPT — rh
(T)=> > (", Y"(to) LQ(Qh)GXP( Ne(T —to)) @y,
r=1 k=K+1
Thus,
Y™ (T)llz2(0,) < exp (=N 41 (T = t0)) 1Y (to)ll 22(020)
which gives the claim with estimate (70). |

Now we can state the main theorem of this section which applies in setting (S2).

THEOREM 5.4. Let T > 0 and suppose that the mesh is uniform and that q and
v satisfy hypothesis (Hp). Let any function ¢ : RY — R% such that

(71) lim inf [7*1og(#(h))] > —8YminT.

Then, system (S") is ¢(h)-null controllable in time T.

Proof. The proof follows the same lines as the ones of Theorem 5.3 except that
we only set to 0 a given portion of the Fourier modes of the solution.
From (71) we can find ¢ty € (0,T) and ¢ € (0,1) (depending only on ¢) such that

(72) lim inf [2*log(¢(h))] > —~8%min(T = to)(1 - &).
—
Let kI as in (29). We define A" as follows

max,e
_ vfor ke 1,k L ],
A? =3\ 5 h
Agn  +dymink” for k> ko + 1
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Thanks to the gap estimate in Theorem 3.2, there exists a k. > 0 such that

A" e L(ke,N), for any h, where N is defined by (63).

We apply Theorem 5.1 with T replaced by to and 7 = t3/2, in such a way that the
biorthogonal family we obtain in L2(0,t,) satisfies

Ah
1657 122(0.10) < Ko ™ 072, Wl € [1, ks ], V5 € [0,d = 1],
We define now the following controls on (0, o)

kh

mawz,e d 0,h —toLh Fhr _
hipy — (YOh e™™ &y ) 12, AL oo
(73)  Vi'(t) = ;; ;(T - 1! N, g, ,(t), and V'(t) = 0
in the boundary control case and
T —(YOR e L QLT g,y An
(74) th(t) = Z Z(’r—l)! ||¢h||2 k h qrjl,k(t)gbz’ and ‘/E)h(t) =0,
k=1 r=1 kL2 (wp)

in the distributed control case. Using the above estimates on the biorthogonal family
and the lower bounds on 8,/ and ||¢}||12(.,) given in Theorem 3.2, we obtain

(75) {”thlLZ(QZO) SCsnfo||Y07h||L2(Qh)»

IVl 22(0,t0) <Certo Y 2 (20)
and moreover, by construction, we have

<<I>Z’h,Yh(t0)> =0, Vk € [1, k. ], ¥r € [1,d].

L2(Qn)

Therefore, we can use Lemma 5.1 with K = kfnm’s to conlude that

1 —(T—to) A"
”Yh(T)”L?(Qh) Scto,s| YO’hHL2(Qh) (1 + h3/2) e Ok g 1

—(T—to) (1—¢) “ain

1
<Cel Yo’hHL2(Qh)W6

By (72), for h small enough, we conclude that

IY"(T)II72(,) < Cro.e

Yo" 320, 8(R).
With the bounds (75), the claim follows. d
We can now state an analogous theorem in the setting (S1).

THEOREM 5.5. Let T > 0. Suppose that v and q satisfy (Hz). For any § > 0,
there exists o(q,7,8) > 0, such that for any function ¢ : R} — R% satisfying

(76) lim inf [1?/®log(4(h))] > —aT,

and any mesh family such that ©p, < B, the system (S7) is ¢(h)-null controllable at
time T'.
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Proof. This proof is similar to the proof of the previous theorem and the details
are left to the reader. However, we precise below their main differences.
Let o > 0, as in the last estimate of Theorem 3.1 and define
AP

A for ke [1,aN?/5 — 1],
{AZ + 4 mink? for k > aN?/5.
Thanks to the gap estimate of Theorem 3.1, there exists x > 0 such that
Al e L(k,N), for any h.

By constructing the same kind of controls as before, we get

<¢Z,h’yh(t0)>L2(Qh) =0,Vke [[1704N2/5]]a vr e [1,d],

which, using Lemma 5.1 with K = aN?/%, leads to

1 (T — to)Ot
1Y) 20, < Cto||Y0’h||L2(Qh)WeXP <_hg/5) :

and the claim follows.

REMARK 5.6. The notion of ¢(h)-null controllability has been introduced here to
remedy the fact that the gap property does not hold for the entire spectrum in the
general case. Note that if one is able to prove, on a particular choice of v and q, that
the gap property is valid for the whole spectrum, then the estimates of Section 3 allow
to conclude that uniform null controllability holds.

6. Remarks and further results.

1. In [18] the authors consider the problem of null-controllability at the boundary
for the semi-discretized in space linear beam equation with hinged boundary
conditions and constant diffusion coefficient. They discretize the operator
Ogzze With finite differences in 1D on a uniform mesh. The equation writes:

(Y")"(8) + (AM)?Y"(8) = BrVy' (1), t € (0, T)
Yh(O) — Y'h707 (Yh)/(O) — Yh’l,

where Y"0 and Y"1 are vectors in RY. The corresponding adjoint system
with final datum Z& € R?V writes

(ZM () +L"Z"t) =0
ZMT) = Z}

( 0 1"
(A"? 0
that uniform null controllability holds for this equation for some initial data
whose high frequencies have been filtered out. As for parabolic problems, their
proof makes use of explicit computations on the eigenelements ( ug, w,};) 1<|k|<N
of the operator L".

Using the discrete spectral estimates obtained in Section 3 of the present pa-
per, it is very likely that one can adapt the ideas of [18] to obtain similar
results for more general second order elliptic operator A" and, more impor-
tantly, for non uniform grids.

where L = . The authors show, via the moments method,
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2. We give here some additional information about the theorical results men-

tionned in Section 4, test case 4, where the mesh is uniform, ¢ = 0 and ~ is
piecewise constant and takes its largest value on the right side of the domain :
O :=]0.4,1[. First, note that the equation AthZ = )\quz defines a linear recur-
rence relation with constant coefficients for the indices ¢ such that x; € Q\O,
since -y is constant in this region. Using the homogenous Dirichlet condition
at = 0, we can prove by explicit computations that I]*(N) < exp(f%) and
IMN) < exp(—%), where Cy depends only on v. Next, we check that the
computations done in Theorem 3.2 and Proposition 3.2 are still valid locally
where v is constant and in particular in O. Doing this, we can show that
I"(N) > Cy and I$(N) > Cy|w?|, where Cy only depends on 7.

. In Remark 5.4 we stressed that, for the distributed control problem on a uni-

form mesh, the exponentially small lower bound of Theorem 3.1 was enough
to give a uniform bound on V. In [8, Th 6.1], the authors show that a par-
tial discrete Lebeau-Robbiano inequality holds for a discretization of a second
order elliptic operator of the form A = —0,(y0,+), on regular families of non-
uniform meshes (as the ones considered in Remark 1.6). Thus, considering a
uniform discretization, they obtain that there exist C > 0 and ¢ > 0, both
independant of h, such that for any eigenvalue A} satisfying A} < e/h2, we

have [|¢}]|£2(w,) = & exp(—Cy/AF). This is the same lower bound as the one

of Theorem 3.1, but only for a fraction of the spectrum, and only for regular
grids and coeflicients. Note also that the Lebeau-Robbiano inequalities do
not give any information on the normal derivatives of the eigenfunctions.

. The techniques used in this paper seem to be clearly restricted to the 1D

situation. However, in a forthcoming paper [1], we manage to use those results
(with a more precise estimate of the control cost in short time like ¢©/7) in
addition to discrete Lebeau-Robbiano techniques to obtain similar results
for the boundary control of multi-dimensional coupled systems in Cartesian
geometries.

Observe that the multi-dimensional situation has a more complex behavior
since, contrary to the 1D case (see Remark 1.4 and the beginning of Section
5.3), it may happen that the semi-discrete problem is not even approximately
controllable for a constant coefficient operator discretized on a uniform mesh.
This is a consequence of the counter-example by O. Kavian reported in [21]
that shows that it exists eigenfunctions of the 5-point 2D discrete Laplace
operator that are localized along the diagonal of the domain. Therefore, the
associated discrete normal derivative is zero on almost every point of the
boundary of the domain.
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