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NUMERICAL APPROXIMATION OF THE INTEGRAL
FRACTIONAL LAPLACIAN

ANDREA BONITO, WENYU LEI, AND JOSEPH E. PASCIAK

ABSTRACT. We propose a new nonconforming finite element algorithm to ap-
proximate the solution to the elliptic problem involving the fractional Lapla-
cian. We first derive an integral representation of the bilinear form correspond-
ing to the variational problem. The numerical approximation of the action of
the corresponding stiffness matrix consists of three steps: (i) apply a sinc
quadrature scheme to approximate the integral representation by a finite sum
where each term involves the solution of an elliptic partial differential equation
defined on the entire space, (ii) truncate each elliptic problem to a bounded
domain, (iii) use the finite element method for the space approximation on
each truncated domain. The consistency error analysis for the three steps is
discussed together with the numerical implementation of the entire algorithm.
The results of computations are given illustrating the error behavior in terms
of the mesh size of the physical domain, the domain truncation parameter and
the quadrature spacing parameter.

1. INTRODUCTION

We consider a nonlocal model on a bounded domain involving the Riesz frac-
tional derivative (i.e., the fractional Laplacian). For theory and numerical analysis
of general nonlocal models, we refer to the review paper [24] and references therein.
Particularly, several applications are modeled by partial differential equations in-
volving the fractional Laplacian: obstacle problems from symmetric a-stable Lévy
processes [I8| [34, 40]; image denoisings [27]; fractional kinetics and anomalous
transport [45]; fractal conservation laws [23] [5]; and geophysical fluid dynamics
(19, 16, 17, (30].

In this paper, we consider a class of fractional boundary problems on bounded
domains where the fractional derivative comes from the fractional Laplacian defined
on all of R%. The motivation for these problems is illustrated by an evolution
equation considered by Meuller [38] of the form:

(1) u = —Asu+ f(u), inRt x D,

(2) u=0, in D°.

Here D is a convex polygonal domain in R?, D¢ denotes its complement and
Agu = ((-=8)) |p

with % denoting the extension of u by zero to R%. This fractional Laplacian on R¢
is defined using the Fourier transform F:

(3) F(=A)* Q) = [CP*F(H)(©).
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The formula (3)) defines an unbounded operator (—A)® on L2(RY) with domain of
definition

D((=A)°) = {f € L*[R?) : [¢[*F(f) € L*R?)}.
It is clear that the Sobolev space
H»[RY) = {f e L*RY) : (L+[¢]*)°F(f) € L*(RY)}

is a subset of D((—A)?®) for any s > 0. Note that (—A)%v for s = 1 and v € H%(R?)
coincides with the negative Laplacian applied to v.

The term —/~&5 along with the “boundary condition” represents the generator
of a symmetric s-stable Lévy process which is killed when it exits D (cf. [38]). The
f(u) term in (1)) involves white noise and will be ignored in this paper.

The goal of this paper is to study the numerical approximation of solutions of
partial differential equations on bounded domains involving the fractional operator
jN\S supplemented with the boundary conditions . As finite element approxima-
tions to parabolic problems are based on approximations to the elliptic part, we
shall restrict our attention to the elliptic case, namely,

/N\Su = f, in D,

4
@ u =0, in D€,

The above system is sometimes referred to as the “integral” fractional Laplacian
problem.

We note that the variational formulation of can be defined in terms of the
classical spaces H #(D) consisting of the functions defined in D whose extension by
zero are in H*(R?). This is to find u € H*(D) satisfying

(5) alu, p) = /quSd:c, for all ¢ € H*(D),
where
(© aw.0) = [ [(~8)(~8)"3]da

with w and (E denoting the extensions by 0. We refer to Section for the de-
scription of model problems. The bilinear form a(-,-) is obviously bounded on
H*(D) x H*(D) and, as discussed in Section [2} it is coercive on H*(D). Thus, the
Lax-Milgram Theory guarantees existence and uniqueness.

We consider finite element approximations of . The use of standard finite
element approximation spaces of continuous functions vanishing on 9D is the nat-
ural choice. The convergence analysis is classical once the regularity properties of
solutions to problem are understood (regularity results for have been studied
in [I] and [41]). However, the implementation of the resulting discretization suffers
from the fact that, for d > 1, the entries of the stiffness matrix, namely, a(¢;, ¢;),
with {¢r} denoting the finite element basis, cannot be computed exactly.

When d =1, s € (0,1/2) U (1/2,1) and, for example, D = (—1,1), the bilinear
form can be written in terms of Riemann-Liouville fractional derivatives (cf. [33]),
namely,

(01,0i,09;)p + (0195, 0r%i) D
2 cos(sm) ’
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Here (-,-)p denotes the inner product on L?(D) and for ¢ € (0,1) and v € H}(D),
the left-sided and right-sided Riemann-Liouville fractional derivatives of order ¢ are
defined by

. B 1 d [* v(y)
" 0 = = | o
and

" B 1 d ! v(y)
9) Opv(x) = 711(1 ) ﬁ/a: 7(1, )t dy.

Note that the integrals in and @ can be easily computed when v is a piecewise
polynomial, i.e, when v is a finite element basis function. The computation of the
stiffness matrix in this case reduces to a coding exercise.

A representation of the fractional Laplacian for d > 1 is given by [44]:

10 (A =y [ T ratges.

where S denotes the Schwartz space of rapidly decreasing functions on R?, PV
denotes the principle value and cq s is a normalization constant. It follows that for
1,0 €8,

Cd,s (n(x) —n(y))(0(z) — 6(y))
11 0) = ((—A)°n,0) = = dy dx.
(1) aln0) = (~Ayg0) = e [ [ SO pUIES ydo
A density argument implies that the stiffness entries are given by

s [ [ G =BG -5,
12 aoes) = [ | dy d,

|£L’—y|d+28

where again 5 denotes the extension of ¢ by zero outside D. It is possible to ap-
ply the techniques developed for the approximation of boundary integral stiffness
matrices [42] to deal with some of the issues associated with the approximation
of the double integral above, namely, the application of special techniques for han-
dling the singularity and quadratures. However, requires additional truncation
techniques as the non-locality of the kernel implies a non-vanishing integrand over
R?. These techniques are used to approximate in 21, ). In particular, [I] use
their regularity theory to do a priori mesh refinement near the boundary to develop
higher order convergence under the assumption of exact evaluation of the stiffness
matrix.

The method to be developed in this paper is based on a representation of the
underlying bilinear form given in Section 4l namely, for s € (0,1), 0 < r < s,
n € H"(R?) and § € H*~"(R?),

dt

13) [ [Cari-a)e s = [T E(-A) - #).0) G

where (-,-) denotes the inner product on L?(R?) (see, also [3]). We note that
for t > 0, (I —t?A)~! is a bounded map of L?(R?) into H?(RY) so that the
integrand above is well defined for 1,0 € L?(R?). In Theorem we show that
for n € H"(R%) and 0 € H*~"(R?), the formula holds and the right hand side
integral converges absolutely. It follows that the bilinear form a(-,-) is given by

14) a(n,0) = cs 273 (=AY —t2A) 717,06 Dﬂ, forallnﬁeﬁ[sD.
t
0
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There are three main issues needed to be addressed in developing numerical
methods for based on :

(a) The infinite integral with respect to ¢ must be truncated and approximated by
numerical quadrature;

(b) At each quadrature node ¢;, the inner product term in the integrand involves
an elliptic problem on R%. This must be replaced by a problem with vanishing
boundary condition on a bounded truncated domain Q2 (¢;) (defined below);

(¢) Using a fixed subdivision of D, we construct subdivisions of the larger domain
QM (t;) which coincide with that on D. We then replace the problems on
QM(t;) of (b) above by their finite element approximations.

We address (a) above by first making the change of variable t=2 = e¥ which

results in an integral over R. We then apply a sinc quadrature obtaining the
approximate bilinear form

NT
(15) a*(n,0) := c;k Z e ((=A) (e I-A)"'7,0)p, for all 6,7 € L*(D),
j=—N-

where k is the quadrature spacing, y; = kj, and N~ and NV are positive integers.
Theorem shows that for § € H*(D) and € H®(D) with § € (s,2 — s], we have

|a‘<777 9) - ak(% 9)‘
< 0(57S7d) [e—erd/k + 6(8—6)N+k/2 + e—skN’] Hanlé(D)”eHﬁS(D)v

where 0 < d < 7 is a fixed constant. Balancing of the exponentials gives rise to an
O(e=?m4/k) convergence rate with the relation N* + N~ = O(1/k?).

The size of the truncated domain Q*(¢;) in (b) is determined by the decay of
(e¥% I —A)~1f for functions f supported in D. For technical reasons, we first extend
D to a bounded convex (star-shaped with respect to the origin) domain Q and set
(with t; = e¥i/2)

2 (1) '_{ {2+ M)z : z€Q}, t;<1.

Let A; denote the unbounded operator on L2(QM (t)) corresponding to the Lapla-
cian on QM (t) supplemented with vanishing boundary condition. We define the
bilinear form a** (1, #) by replacing (—A)(e¥ I — A)~! in by (—Ay;)(e¥ ] —
Atj)*l. Theorem [6.2| guarantees that for sufficiently large M, we have

|ak(77,9) — ak’M(n,9)| S Ce_CM||77||L2(D)HHHLQ(D)? fOI‘ all ’17,9 S LQ(D)

Here ¢ and C are positive constants independent of M and k. This addresses (b).
Step (c) consists in approximating (—Ay, ) (e I—A; ) =" using finite elements. In
this aim, we associate to a subdivision of QM (t;) the finite element space Vi (t;)
and the restriction ay™ (-,-) of a®M(-,-) to VM(t;) x VM(t;). As already men-
tioned, the subdivisions of QM (tj) are constructed to coincide on D. Denoting by
Vi (D) the set of finite element functions restricted to D and vanishing on 9D, our
approximation to the solution of is the function uy, € V(D) satisfying

(16) a’,z’M(uh7 0) = / fOdzx, for all § € Vi, (D).
D



APPROXIMATION OF THE FRACTIONAL LAPLACIAN 5

Lemma [7.2 guarantees the V;,(D)-coercivity of the bilinear form afL’M( -,+). Conse-
quently, up is well defined again from the Lax-Milgram theory. Moreover, given,
for every t;, a sequence of quasi-uniform subdivisions of Q2 (¢;), we show (Theo-

rem that for v in H?(D) with 8 € (s,3/2) and for 6}, € V, (D),
"M (v, 05) — ay™ (vp, 0)] < C(1+ ln(h‘l))hﬂ““llvllfww)\\Ghllgswy

Here C' is a constant independent of M, k and h, and vy, € V(D) denotes the Scott-
Zhang interpolation or the L? projection of v depending on whether 3 € (1,3/2)
or B € (s,1].

Strang’s Lemma implies that the error between u and wj, in the H*(D)-norm
is bounded by the error of the best approximation in H*(D) and the sum of the
consistency errors from the above three steps (see Theorem .

The online of the paper is as follows. Section [2] introduces notations of Sobolev
spaces followed by Section [3| introducing the dotted spaces associated with elliptic
operators. The alternative integral representation of the bilinear form is given in
Section [d] Based on this integral representation, we discuss the discretization of
the bilinear form and the associated consistency error in three steps (Sections 5] (6]
and . The energy error estimate for the discrete problem is given in Section
A discussion on the implementation aspects of the method together with results of
numerical experiments illustrating the convergence of the method are provided in
Section [8] We left to Appendix the proof of technical result regarding the stability
and approximability of the Scott-Zhang interpolant in nonstandard norms.

2. NOTATIONS AND PRELIMINARIES

Notation. We use the notation D C R? to denote the polygonal domain with Lip-
schitz boundary in problem and w C R to denote a generic bounded Lipschitz
domain. For a function 1 : w — R, we denote by 7 its extension by zero outside w.
We do not specify the domain w in the notation 7 as it will be always clear from
the context.

Scalar Products. We denote by (-, ), the L?(w)-scalar product and by || - || f2() :=

(-,-)i/ % the associated norm. The L2(R%)-scalar product is denoted (-,-)gs. To
simplify the notation, we write in short (-,-) := (-, ")ge and || - || := || - | L2 (re)-

Sobolev Spaces. For r > 0, the Sobolev space of order 7 on R?, H"(R?), is defined
to be the set of functions § € L?(R?) such that

1/2
(1) Bl = [ A+IEPIEOOP ) <.

In the case of bounded Lipschitz domains, H" (w) with r € (0,1), stands for the
Sobolev space of order r on w. It is equipped with the Sobolev—Slobodeckij norm,
ie.

1/2
(18) 10/l 7wy = (1011720y + 1017 0y) s

where
5 _ (6(x) — 6(y))?
|9|Hr(w) .—/w/wi‘m_ywwr dz dy.
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When r € (1,2) instead, the norm in H"(w) is glven by

V6(x) ~ Vo) P
101y = 161+ | / |x_y|d+w I iy,

where [[w]| 1wy = (w72, + |||Vw|||L2(w))1/2. In addition, HJ(w) denotes the
set of functions in H!(w) vanishing at dw, the boundary of w. Its dual space is
denoted H~!(w). We note that when we replace w with R? and r € [0,2), the
norms using the double integral above are equivalent with those in (see e.g.
35, 37)).

The spaces H™(D). For r € (0,2), the set of functions in D whose extension by
zero are in H*(R?) is denoted H” (D). The norm of H"(D) is given by [[*|| g+ (ra).-
Note that for r € (0,1), implies that for ¢ in the Schwartz space S,

) — 2
(19) (=A)"¢,¢) = \Cd,r\/Rd /Rd dedy.

Thus, we prefer to use

e ) — = 9 1/2
(20) 19l -y = (ch,r|/Rd /R dedy)

as equivalent norm on H" (D) for € (0,1). This is justified upon invoking a variant
of the Peetre-Tartar compactness argument on H"(D) C H" (D).

Coercivity. Since C§°(D) is dense in H*(D) for s € (0,1) [28], and a density
argument imply that for n,0 € H*(D), we have

= e () ((2) — 0(y))
- /nw /Rd |x_ y|d+2s dydx.

In turn, from the definition of the H® (D) norm, we directly deduce the coer-
civity of a(+,-) on H*(D)

1) al.) = Il e Vi€ HH(D)

Dirichlet Forms. We define the Dirichlet form on H'(w) x H'(w) to be
dw(n, ¢) == / V- Védz.

On H'(R?) x H'(R?) we write

d(n, ¢) := dga(n, ¢) = /Rd Vn -V dz.

3. SCALES OF INTERPOLATION SPACES

We now introduce another set of functions instrumental in the analysis of the
finite element method described in Section [6] and [l In this section w stands for a
bounded domain of R?.

Given f € L?(w), we define § € H{(w) to be the unique solution to
(22) (0, 0)w +du(0,0) = (f,¢),  forall g € Hy(w)
and define T, : L?(w) — H}(w) by
(23) T.f =0.
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As discussed in [32], this defines a densely defined unbounded operator on L?(w),
namely L, f :=T;1f for f in

D(L.) = {Tup : ¢ € L3w)}
The operator L, is self-adjoint and positive so its fractional powers define a Hilbert
scale of interpolation spaces, namely, for r» > 0,

H"(w) := D(L"/?)

with D(L[)) denoting the domain of L. These are Hilbert spaces with norms

lwll ey = HL:;/27~U||L2(w)'
The space H'(w) coincides with H{ (w) while H°(w) with L?(w), in both cases with
equal norms. Hence for r € [0, 1], we have

H' () = (L*(w), Hy (@))r.2,
where (L?(w), H}(w))r2 denotes the interpolation spaces defined using the real
method.

Another characterization of these spaces stems from Corollary 4.10 in [I4], which
states that for r € [0, 1], the spaces H"(w) are interpolation spaces. Since H'(w) =
H}(w) and H°(w) = L?(w), H*(w) coincides with H"(w). In particular, we have
(24) CHON by < 100y < CllON e
for a constant C' only depending on w.

The intermediate spaces can also be characterized by expansions in the L?(w)
orthonormal system of eigenvectors {¢;} for T, i.e.,

H'(w) = {¢ € L(w) : gkfl(qﬁ, Yidwl? < 00}-

Here \; = p; L where 1; is the eigenvalue of T, associated with ;. In this case, we
find that

1617+ 0y = 12201720y = D A1, i)l

i=1
and for r € (0,1), (see, e.g., [13])

2sinmr [ _,. dt
61y = = [ T E0.0F
™ 0 t

Here
— 2 2 2
K, (¢,t) = welirllf (16 = wllZ2 ) + llwllF 0))-

0 (w)
Note that if w’ C w then since the extension of a function ¢ in H}(w’) by zero is in
H}(w), the K-functional identity implies that for all r € [0, 1],

(25) 161 2r oy < Nl ey

where (E denotes the extension by zero of ¢ outside w’.

The operator T, extends naturally to F € H~1(w) by setting T,,F = u where
u € H}(w) is the solution of with (f, ¢)., replaced by (F, ¢). Here (-, ) denotes
the functional-function pairing. Identifying f € L?(w) with the functional (F, ¢) :=
(f,®)w, we define the intermediate spaces for r € (—1,0) by

H'(w) = (H ™ (w), L2 (W))14,2
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and set H~' := H !(w). Since T,, maps H'(w) isomorphically onto H'(w) and
L?(w) isomorphically onto H?(w), T,, maps H " (w) isometrically onto H?~"(w) for
r € [0,1].

Functionals in H~!(w) can also be characterized in terms of the eigenfunctions
of T,,, indeed, H~!(w) is the set of linear functionals F for which the sum

SN E )
=1

is finite. Moreover,

1/2
T p— (ZA (F )] )

OcH} (w) ||9||H1(w) =1

for all F € H~!(w). This implies that for r € [-1,0],
(o)
H'(w) ={F e H™" : 3 NF,v)[* < oo}

and
) 1/2
Pl = (S AIE0R)
i=1

Remark 3.1 (Norm equivalence for Lipschitz domains). For r € (1,3/2), it is
known that H™(w) = H" (w) N H(w). On the other hand, we note that when Ow is
Lipschitz, —A is an isomorphism from H'(w) N Hi(w) to H 2(w); see Theorem
0.5(b) of [B1]. We apply this reqularity result into Proposition 4.1 of [§] to obtain
H"(w) N HY (w) = H™(w). So the norms of H"(w) and H"(w) are equivalent for
r € [0,3/2) and the equivalence constant may depend on w. In what follows, we

use I:V(D) to describe the smoothness of functions defined on D. When functions
defined on a larger domain (see Section @ and @, we will use these interpolation
spaces separately so that we can investigate the dependency of constants.

We end the section with the following lemma:

Lemma 3.1. Let a be in [0,2] and b be in [0, 1] with a+b < 2. Then for p € (0, 00),
we have

1T+ To) Bl g oy < 12 MWl oy, for all ¢ € H(w).

Proof. Let ¢ be in H%(w) = D(LY?). Setting 6 := LY ?¢ € L2(w), it suffices to
prove that

(26) (|1 + To) T8 200 vy < V20| 2y, for all 0 € LP(w).

The operator T, and its fractional powers are symmetric in the L?(w) inner product.
Therefore, we have
(e + ) T8 2005y = D (] + T) M T8720,9)u PAT°
i=1
> )\ a—b

_Z M+/\ ) wi)wl'
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Inequality follows from Young’s inequality
)\;(a+b)/2ul—(a+b)/2(u+ )\;1) <1

O

4. AN ALTERNATIVE INTEGRAL REPRESENTATION OF THE BILINEAR FORM

The goal of this section is to derive the integral expression and some of its
properties.

Theorem 4.1 (Equivalent Representation). Let s € (0,1) and 0 < r < s. For
n € H**"(RY) and 6 € H*~"(R?),

@) (), () ) e [ A - 28) 0 T
0
where
oo ,1-2s -1 :
Y 2sin(7s)
2 G 1= d = —,
(28) ‘ (A 1+y2y> ™

Proof. Let I(n,0) denotes the right hand side of . Parseval’s theorem implies
that

-~ 201 _ I¢[?
@) CAU-EA 0 = [ s FaOFE d
and so
o[l i
Bt e [ o [ FE@ e

In order to invoke Fubini’s theorem, we now show that

> 1—-2s IC'2
© /Rd/o t 1+t2|§|2|]:( Q)| |1F(0)(¢)] d¢dt < oo.

Indeed, the change of variable y = t|¢| and the definition of ¢, implies that the
above integral is equal to

. [ 1Fm@IF©! [ o= [ errmelFe) @

which is finite for n € H"(R%) and § € H*~"(R%). We now apply Fubini’s theorem
and the same change of variable y = t|(| in to arrive at

:/RJC'QSf(n)( FOQ) d¢ = ((=A)+ 2, (~4)70720).

This completes the proof. O

Theorem above implies that for 7,0 in H* (D),

(31) a(.0) = ¢, / T (i), 0)p 2

t 9
where for ¢ € L%(R?)
w(t) == w(,t) = —t2AI — t2A) " .
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Examining the Fourier transform of w(v,t), we realize that w(t) = w(,t) =
¥+ (1), t) where v(t) := v(¢,t) € H(R?) solves
(32) (v(t), ) + 2d(v(t), ¢) = —(¢,¢),  forall ¢ € H'(RY).

The integral in is the basis of a numerical method for . The following

lemma, instrumental in our analyze, provides an alternative characterization for
the inner product appearing on the right hand side of (31J).

Lemma 4.2. Let n be in L?(RY). Then,

(3) (win.t)m) = _inf  {lln— 0] +2d(6.0)} = K(n.1).

Proof. Let nbe in L?(R9). We start by observing that for any positive t and ¢ € R,

2o F Q)
?(¢) = 12

solves the minimization problem
E{F()(Q) — 2 + 221}
and so

2112
(34) LIFO) P + PI0PIP) = T F P,

1+t2|C
We denote ¢ to be the inverse Fourier transform of ¢E Note that ¢ is in H'(R?)
(actually, ¢ is in H?(R9)).
Applying the Fourier transform, we find that
(35)  K(n,t)= inf / (IF@)(C) = FO)OP + 2[¢*IFO)(O)I) de.
0cH'(R?) JRrd
Now, ¢ is the pointwise minimizer of the integrand in and since ¢ € H(R?),
it is also the minimizer of . In addition, , and imply that
£2]¢]? 2
Knt)=| —3 _|F d¢ = 1), 7).
)= [ T PR = (w(a.t).1)
This completes the proof of the lemma. (I

Remark 4.1 (Relation with the vanishing Dirichlet boundary condition case). The
above lemma implies that for n € H*(D),

dt

(o)
alnn) = e, [ R T.
0

It is observed in the Appendiz of [I3] that for any bounded domain w, and n €
(L2 (w), H} (w))s,2, the real interpolation space between L?(w) and H}(w), we have
© dt
s mgenon = [ RS0 G

where

36 K%(n,t):= inf — 0|22,y + t2d(6,6)}.
(36) S t)i= it {0 =0l + 2da(0:0))

Let {49} C H}(w) denote the L?*(w)-orthonormal basis of eigenfunctions satis-
fying
do(7,0) = Ni(4),0)w,  for all 0 € Hj(w).

79
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As the proof in Lemma[{-9 but using the expansion in the above eigenfunctions, it
is not hard to see that

(37) (wo(n, ), = KJ(n,1)
with wy,(n,t) =n+v and v € H} (w) solving

(0,0)0 +12dy(v,0) = —(u,0),  for all 0 € H(w).
This means that if n € L*(w), K(1,t) < K% (n,t) and hence

(w(,1),m)ew < (We(1,1), 1)

5. EXPONENTIALLY CONVERGENT SINC QUADRATURE

In this section, we analyze a sinc quadrature scheme applied to the integral
(31). Notice that the analysis provided in [6] does not strictly apply in the present
context.

5.1. The Quadrature Scheme. We first use the change of variable t=2 = ¢¥ so

that becomes

Cs

o(.0) =% [ el e). 0 dy

Given a quadrature spacing k > 0 and two positive integers N~ and N7, set
y; = jk so that

(38) t; = e Vil2 = ¢Ik/2

and define the approximation of a(n, ) by

Nt
csk S~
(39) af(n,0) === Y e (w(@,t;), 0)p.
j==N-

5.2. Consistency Bound. The convergence of the sinc quadrature depends on
the properties of the integrand

(0)  glyin6) = e (Wl ), 6)p = e (~A@E'T - A)717,)

More precisely, the following conditions are required:

(a) g(+;m,0) is an analytic function in the band
B=Bd):={z=y+iweC: |w| <d},

where d is a fixed constant in (0, 7).
(b) There exists a constant C' independent of y € R such that

d
/ lg(y + iw;n,0)| dw < C;
—d

)= [ " (gly + ids . 0)] + lgy — idin, 6)]) dy < oc.
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In that case, there holds (see Theorem 2.20 of [30])

o0 = N(B
(41) ‘/_wg(y;nﬁ)dy—k Z 9(’%7%9)‘ = 7627rd/(k11'

j=—00
In our context, this leads to the following estimates for the sinc quadrature error.
Theorem 5.1 (Sinc quadrature). Suppose 0 € H*(D) and n € H*(D) with § €

(5,2 —s]. Let a(-,-) and a*(-,-) be defined by and (39), respectively. Then we
have

la(.0) — a*(.0)] < 249 ( 2

s—0)Ntk/2
s \ g e />||77||ﬁs(p)|9||gs(D)
(42)

C(d) 2 —sN ™ k
+ 29 <627rd/k_1+6 I1nllL2 o) 191l 22Dy,

-—_ %
where c¢(d) = V/(1+cosd)/2”

Proof. We start by showing that the conditions (a), (b) and (c¢) hold. For (a), we
note that g(-;n,0) in analytic on B if and only if the operator mapping z — (e*I —
A)~1 is analytic on B. To see the latter, we fix 29 € B and set pg := e*. Clearly,
pol — A is invertible from L*(R?) to L*(R?). Let My := ||(pol —A) 7| p2(ra)—s 12 (Re)-
For p € C, we write

pl — A= (p—po)l + (pol — A) = (po = A) ((p— po)(pol — A) " + 1),
so that the Neumann series representation

oo

(pI = A) ™ = | D (=1 (p—po) (pol — A) 7 | (pol — A)~

§=0
is uniformly convergent provided ||(p — po)(pol — A) || 12(ray— r2(ray < 1 or

lp = pol < 1/Mp.
Hence (pI — A)~! is analytic in an open neighborhood of py = e* for all py € B
and (a) follows.
To prove (b) and (c), we first bound g(z;n,0) for z in the band B. Assume
n € HP(D) and 6 € H*(D) with 8 > s. For z € B, we use the Fourier transform
and estimate |g| as follows

2 —_
stz = | [ N 7@ ac

a e +¢|2

< (e [ _ I # 7@ ac,

ko 5+ [CP

where ¢(d) = m and upon noting that

€% + [CPP > e(Tmz) 71 (e + [C[?) = e(d) (e + [¢).
If Rez < 0, we deduce that
(43) 19(z3m, )] < e(d)e”1nl| L2 (1) 6] L2 () -
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Instead, when PRez > 0, we write

2 1—(5+s)/2(6%ez)(6+s)/2
‘n.0)| < e(d (s—é)%ez/2/ (‘C' )
|9(2777a )l = C( )6 Rd eNez + ‘<|2

<+ | F @I F(6)] d.
Whence, Young’s inequality guarantees that
(44) 19(zim.0)] < ()2l s ) 10]1 71 1

Gathering the above two estimates and gives

d InllL2ollbllz2py, ¥y <0,
) [ loty +iusn,0) v < 20e(0) (o)1)
. il ol ooy 20,
and N(B) in satisfies
4 2
(46) N(B) < C(d)(m||77||f15(D)||9||ﬁs(D) + ;Hn”L?(D)”aHL?(D))'
Estimates and prove (b) and (c) respectively.

Having established (a), (b), and (c), we can use the sinc quadrature estimate
. In addition, from and we also deduce that

— . c(d) _ n-
Py |g<iw;n,e>|s%e Nyl oy W0l and

(47) j<—N-—
ZC(d) s_SIN*
k Z g(kjin,0)| < me( ON k/2||77||ﬁ6(D)H9||ﬁs(D)~
J>N++1
Combining with and shows and completes the proof. (Il

Remark 5.1 (Choice of N~ and NT). Balancing the three exponentials in
leads to the following choice

27d/k ~ (0 — s)NTk/2 ~ sN k.

Hence, for given the quadrature spacing k > 0, we set

(48) Nt = [k@(z?-ds)-‘ and N~ = [iﬂkg-‘
With this choice, becomes

(49) (1. 0) — a* (1, )| < (K1) g5 () 101 7=
where

(50) (k) == C (51 1 d> ¢~ 2md/k

6. TRUNCATED DOMAIN APPROXIMATIONS

To develop further approximation to problem based on the sinc quadrature
approximation , we replace with problems on bounded domains.
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6.1. Approximation on Bounded Domains. Let ) be a convex bounded do-
main containing D and the origin. Without loss of generality, we assume that the
diameter of  is 1. This auxiliary domain is used to generate suitable truncation
domains to approximate the solution of . We introduce a domain parameter
M > 0 and define the dilated domains

M. ly=0Q+tA+M))z : z€Q}, t>1,

(51) @ (t)'_{{y:(Q—i—M)x:xEQ}, t<1.
The approximation of a*(-,-) in reads
Eoas
Cs . ~
(52) a M, 0) === > W @1;),0)p,
Jj=—N-—

with ¢; == t(y;) = e ¥/2, according to (38), and
(53) wM<t) = wl\/j (777 t) = ’mQM(t) + UM(ﬁa t)a

where vM (t) := vM (7, t) solves
(54) (M (2), B)ans (1) + 2 dans (1 (v (1), @) = —(m. 0)p,  for all ¢ € Hy (M (1));

compare with . The domains QM (t;) are constructed for the truncation error to
be exponentially decreasing as a function of M. This is the subject of next section.

6.2. Consistency. The main result of this section provides an estimate for a* —
a™M Tt relies on decay properties of v(7,¢) satisfying (32)). In fact, Lemma 2.1 of
[2] guarantees the existence of universal constants ¢ and C' such that
(55) IV, )| 2 )y + 10 )| L2 ) < Ce™ X EOM ) )
provided 5 € L?(D) and v(t) := v(7,t) is given in (32). Here

BM(t) .= {z e QM (t) : dist(z,00M (1)) < t}
so that the minimal distance between points in D C Q and BM () is greater than

M max(1,t). An illustration of the different domains is provided in Figure

Lemma 6.1 (Truncation error). Let n € L*(D), e(t) := v(7),t) — o™ (f),t) and c be
the constant appearing in . There is a positive constant C' not depending on M
and t satisfying

(56) le(®)]| p2 1)) < Ce™ maxEOMEp) o .

Proof. In this proof C' denotes a generic constant only depending on 2. Note that
e(t) satisfies the relations

(e(t), ¢) + t2doury(e(t), 0) = 0, V¢ € Hy(QY (1)),
e(t) =v(t), on dQM(t).

Let x(t) > 0 be a bounded cut off function satisfying x(t) = 1 on 9QM(¢)
and x(t) = 0 on QM(¢)\ BM(t). Without loss of generality, we may assume that
VX)) Lo (ray < C/t. This implies

Ix(@®) ()] L2 1)) + LIV X))l 2(BM @)
< Clv®) 2z ey + HIVOE) L2 (B (1))
< Ce™ max(l,t)cM/tHnH

(57)

L2(D)-
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FIGURE 1. Illustration of the different domains in R2. The domain
of interest D is a L-shaped domain, Q C QM (¢) are interior of discs,
and B (t) is the filled portion of QM (t).

Here we use the decay estimate for last inequality above. Now, setting e(t) :=
x()v(t) + ¢(t), we find that ((t) € H(QM(t)) satisfies

(C(t)a ¢)QM (t) + tdeM(t) (C(ﬂ? QS) = 7(X(t)v(t)7 ¢)QM (t) — t2dQM (t) (X(t)v(t)v ¢)
for all ¢ € HE(QM(t)). Taking ¢ = ¢(t), we deduce that
ICNZ 20 1y + EIVEEN 20 19y < X0 Z2(ar 1y + NV XO 0 T2 (3 1))
< 0672max(l,t)cM/tHn||%2(D).

Thus, combining the estimates for ((¢) and x(¢)v(t) completes the proof. O

Lemma [6.1] above is instrumental to derive exponentially decaying consistency
error as M — oo. Indeed, we have the following theorem.

Theorem 6.2 (Truncation error). Let ¢ be the constant appearing in and
assume M > 2(s+ 1)/c. Then, there is a positive constant C' not depending on M
nor k satisfying

(58) |ak(7779) — ak’M(n,9)| < Ce_CM||n||Lz(D)||9||L2(D), for alln, 0 € LQ(D).

Proof. In this proof C' denotes a generic constant only depending on . Let 7,6 be
in L(D). It suffices to bound

Nt
csk sus
il D et~ 0n
Jj=—N-—

—1 Nt
<Ok Y ety —vM(t),0)pl+ kD e |(u(t;) — v (1)), 0)p]
j=—N- =0
=: E1—|—E2
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with v(t) = v(7,t) defined by and vM(t) = vM(7],t) defined by (54). We
estimate 1 and Fs separately, starting with F;.

From the definition t; = e~ ¥i/2 we deduce that when j < 0, t; > 1 so that
gives

-1
E; < Cke™M Z e*¥ |nllL2py 101l 2 (o)

j=—N-
kefsk:

P Il 2oy 101l 22Dy < 0675M||77||L2(D)||9||L2(D)-

Similarly, for j > 0, i.e. t; < 1, using again, we have

S CefcM

N+
Ey <Ck Z i e~ M/t [l p2(py 10l L2 ()
j=0
N+
< CkZesyjefcM(1+yj/2)HHHH(D)HQHLQ(D)
j=0
N+
= Cke~M Ze(S*CM/z)yj 1220y 1] 2 (D)
=0

k
<C —cM 0
= 1 —exp(k(s—cM/2))||T]”L2(D)” IL2(p)

< 9 iz o8l 2o < O oo 6]

_ e

= M2 s NlL2(D) L2(D) > MiL2(D) L2(D)>

where we have also used the property ¢M/2 — s > 1 guaranteed by the assumption
M>2(s+1)/c |

6.3. Uniform Norm Equivalence on Convex Domains. Since the domains
QM (t) are convex, we know that the norms in H"(QM (t)) are equivalent to those
in H™(Q) N H}(QM(¢)) for r € [1,2], see e.g. [8]. However, as we mentioned in
Remark the equivalence constants depend a-priori on 2 (¢) and therefore on M
and t. We show in this section that they can be bounded uniformly independently
of both parameters.

To simplify the notation introduced in Section E} We shall denote T 4y by Tt,
Loy by Ly and H*(QM(t)) by H®. We recall that QM () is a dilatation of the
convex and bounded domain 2 containing the origin, see . We then have the
following lemma.

Lemma 6.3 (Ellipitic Regularity on Convex Domains). Let f € L2(QM(t)). Then
0 :=T.f is in H2(QM(t)) N HL(QM(t)) and satisfies

(59) 101l 220 (1)) < Cllfll 2 (1))
where C' is a constant independent of t and M.

Proof. Tt is well known that the convexity of  and hence that of QM (t) implies
that the unique solution 6 of with w replaced by QM (t) is in H2(QM(¢)) N
HY(QM(t)). Therefore, the crucial point is to show that the constant in does
not depend on M or t. To see this, the H? elliptic regularity on convex domains
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implies that for § € HZ () with A € L2(Q) then § € H2(Q) and there is a constant
C only depending on (2 such that

(60) 10lm2(2) < CllAD| 2(0)-

Here |- |g2(q) denotes the H?(Q) seminorm. Let 4 be such that QM (¢) = {yz, = €

Q} (see (BI)) and 0(z) = 0(y) for & € Q. Once scaled back to QM (t), estimate
gives

(61) 1012 n (1)) < CIAO| L2(am @)y = ClIf = Oll L2 (v (1)) -
Now immediately implies that [|0( g1 qm@))) < |fllL2@(¢)) and follows
by the triangle inequality and obvious manipulations. O

Remark 6.1 (Intermediate Spaces). Lemma implies that D(L;) = H?> =
H2(QM (1)) N HE(QM (1)) with norm equivalence constants independent of M and t.

As D(L}?) = H' = HY(QM (1)), for s € [1,2]
H* = (Hy (@Y (1)), H(QY (1)) N Hg (2 (¢)))s—1,2= H*(QM (1) 0 Hg (M (1))
with with norm equivalence constants independent of M and t.
Lemma 6.4 (Norm Equivalence). For 8 € [1,3/2), let 6 be in H? and 0 denote
its extension by zero outside of QM (t). Then 6 is in H?(RY) and
1611 g5 < Cl10]] g5 (me)
with C' not depending on t or M.

Proof. Given 0 € H'(QM(t)), we denote RO to be the elliptic projection of § into
HH(QM (1)), ie., RO € HY(QM(t)) is the solution of
(RO, d)s (1) + dom 1) (RE, §)

— (0, )y + davn(0,0),  for all g € HL(QY (1)).

It immediately follows that
ROl g2 = (1RO 1 v o)y < 10N e (v (1) -

Also, if § € H*(QM (t)), Lemma (see also Remark [6.1)) implies

1RO g2 < Cl|RO|| g2 (01 (1)) < C|01 20 (1))
with C not depending on t or M. Hence, it follows by interpolation that
(62) 1ROl 75 < CallOl (2 (1)), B2 @M (1)) 1.2+

Now when 6 € H? ¢ H (QM(t)), Rf = 0 so that in view of (62), it remains to

show that

1011222 (07 (1)), 1122 (6)))5 1.2 < ClNON £r5 ()
for a constant C' independent of M and t. To see this, note that ¢ is in H*(R?)

and the extension of V6 by zero is in H~1(R?) for B < 3/2. We refer to Theorem
1.4.4.4 of [28] for a proof when d = 1 and the techniques used in Lemma 4.33 of

[22] for the extension to the higher dimensional spaces. This implies that 6 belongs

to HP(R?). Moreover, the restriction operator is simultaneously bounded from

HI(RY) to HI(QM (t)) for j = 1,2. Hence, by interpolation again, we have that
101l (2 (8)), 2 (@M (8))) 510 < 101 5 (R -

This completes the proof of the lemma. (I
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7. FINITE ELEMENT APPROXIMATION

In this section, we turn our attention to the finite element approximation of each
subproblems in a®M (., .). Throughout this section, we omit when no confusion
is possible the subscript j in ¢;, i.e. we consider a generic ¢ keeping in mind that the
subsequent statements only hold for ¢ = ¢; with j = —N—,..., N*. We also make
the additional unrestrictive assumption that Q used to define QM (¢) (see (51)) is
polygonal. In turn, so are all the dilated domains QM (¢).

7.1. Finite Element Approximation of a*" (. ). For any polygonal domain
w, let {Tn(w)}r>0 be a sequence of conforming subdivisions of w made of simplices
of maximal size diameter h < 1. We use the notation T, (t) := T,(QM(t)) for
t=t;,j=—-N",., Nt given by . We assume that the subdivisions on D are
shape-regular and quasi-uniform. This means that there exist universal constants
o, p > 0 such that

diam(T))
63 sup max — | <o,
(63) h>%T€Th(D)< r(T) -
di T
(64) Sw(mannw)@M))gm
r>0 \ Minper, (py diam(7)

where diam(7") stands for the diameter of 7" and r(T") for the radius of the largest
ball contained in 7. We also assume that these conditions hold as well for T,M (¢;)
with constants o, p not depending on j. We finally require that all the subdivisions
match on D, i.e.

(65) Tu(D) € T ()

for each j. We discuss in Section [§] how to generate subdivisions meeting these
requirements.

Define V;,(w) C HE(w) to be the space of continuous piecewise linear finite
element functions associated with 7y, (w) with w = D or QM (t). Also, we use the
short notation VM (¢) := V,,(QM(t)).

We are now in position to define the fully discrete/implementable problem. For
nn, and 6, in Vj, (D), the finite element approximation of a® (-, ) given by is

N+
csk sus ~
(66) aZ’M(nh,Gh) = Z e’Yi (w;:/[(nh,tj),@h)p
=N~
with
(67) wp (T, t) o= Tnlas gy + i (1)

and where v (t) € VM (t) solves

(68)  (vh" (1), dn)an () + t2dar 4y (V4" (£), &) = — (T, Bn)anm(ry, Vo € VAL (t).

Remark 7.1 (Assumption ) Two critical properties follow from . On the
one hand, our analysis below relies on the fact that the extension by zero vy of
v, € V(D) belongs to all VM (t). This property greatly simplifies the computation

Of (w%(ﬁhatj)vah)lj in '
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The finite element approximation of the problem is to find uy, € Vi(D) so
that

(69) ay ™ (un,0n) = (f,0n)p  for all 8, € V, (D).

Analogous to Lemmal[f.2] we have the following representation using K-functional.
The proof of the lemma is similar to that of Lemma [£.2] and is omitted.

Lemma 7.1 (K-functional formulation on the discrete space). For n, € Vi (D),
there holds

(wi" (s ), 1) o = (Wi (Tns 1), Tn) v ey = Kn (i, 1),
where

Kp(Tn, t) = i (~7 2 +t%d , )
n(7n, 1) R 17h = enllz2om 2y o (1) (ns Pn)

We emphasize that for v, € VM(t), its extension by zero 7j, belongs to H!(R?)
and therefore

(70) K (0n,t) > K (tn,1).

This property is critical in the proof of next theorem, which ensures the Vj(D)-

ellipticity of the discrete bilinear for aZ’M. Before describing this next result, we
recall that according to

|a (i, 0) = a*(nn O0) | < YRl 25 ) 1001l 2

with & between s and min(2—s,3/2) (since V(D) € H327¢(D) for any ¢ > 0) and
v(k) ~ Ce=2™4/k_ Also, we note that from the quasi-uniform and shape-regular
assumptions, there exists a constant c; only depending on o and p such that
for 7= < r* < 3/2, there holds

r~—rt
(71) lonllzes oy < erh™ " lonllge oy Vou € VL),

Theorem 7.2 (V,(D)-ellipticity). Let § in Theorem between s and min(2 —
$,3/2), k be the quadrature spacing and cy be the inverse constant in . We
assume that the quadrature parameters N~ and N+ are chosen according to .
Let v(k) be given by and assume that k is chosen sufficiently small so that

cry(k)h* ™% < 1.

Then, there is a constant c independent of h,k and M such that

k,M
(

ap™ (Mhynn) > C||77h||%s(D)a for all np € V(D).

Proof. Let ny, € VM(t) so that 7, € H'(RY). We use the equivalence relations
provided by Lemmas and together with the monotonicity property (70)) to

write

Nt Nt
csk sus - csk SUs T~
ay™ (n,mn) = 5 > VKL (i, t) > 5 > VK (i, ) = a* (gn,mn).
j=—N~— j=—N-—

The quadrature consistency bound supplemented by an inverse inequality
yields

k,M s—
ay™ () > @y ) =R s oy Il 7o oy = @l mn)—ery(R)R =2 a3, -
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The desired result follows from assumption c;y(k)h*~% < 1 and the coercivity of
a(-,-), see . 0

7.2. Approximations on QM (¢). The fully discrete scheme requires approx-
imations by the finite element methods on domains QM (¢). Standard finite element
argumentations would lead to estimates with constants depending on Q () and
therefore M and ¢. In this section, we exhibit results where this is not the case due
to the particular definition of QM (t).

We can use interpolation to develop approximation results for functions in the
intermediate spaces with constants independent of M and t. The Scott-Zhang inter-
polation construction [43] gives rise to an approximation operator 73* : HE (QM(¢)) —
VM (t) satisfying

7 =m0l vy < Clinll @ ey,
for all n € HY(QM(t)) = H' and
Im = mi2nllar @)y < Chlnlla2 v 1)),
for all n € H2(QM(t)) N HY(QM (t)) = H?. The Scott-Zhang argument is local so

the constants appearing above depend on the shape regularity of the triangulations
but not on ¢ or M. Interpolating the above inequalities shows that for all r € [0, 1]

72 inf - < Ch|I0|| e s for all n € H'"
(72) Xeth)ﬂﬁ Xl @ (1)) < 71l g1+ n

with C' not depending on ¢ or M.
Let T}, denote the finite element approximation to T} given by (23), i.e., for
Fe H Y T, ,F = wy, with wy, € VM(t) being the unique solution of
(wns §)ar(p) + dawpy (wn, 6) = (F,¢),  forall ¢ € V3! (1),
The approximation result and standard finite element analysis techniques im-
plies that for any r € [0, 1],
(73) IT.F = TonFll L2 @mayy < CRTITF | gragr < CRF|F| i,

where the last inequality follows from interpolation since || Ty F|| g1 (om (1)) < |F |l -1 (0 (1))

and hold.

For f € L?(QM(t)), we define the operator
(74) Suf :=n € Hy(QM (1))
satisfying,
dov 1y (1, 0) = (frd)amy,  forall ¢ € Hy(QY (1))

and let Sy, f € VM(t) denote its finite element approximation; compare with T}
and Ty ;. Although the Poincaré constant depends on the diameter of QM (¢), we
still have the following lemma.

Lemma 7.3. There is a constant C independent of h, t, or M satisfying

1Sef = Senfllzzm ey < CR?(| fll Lz (1))-
Proof. For f € L2(QM(t)), set ey, := (S; — Si.n)f. The elliptic regularity estimate
(61) on convex domain and Cea’s Lemma imply

len] r(aar (1)) = Xheiifl;/(t) 1St.f = Xnlmr vty < ChlSef|m2(0m 1))

< Ch||AS fllL2m )y = Chllfll 2 1)),
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where C' is a constant independent of h, t and M. Galerkin orthogonality and the
above estimate give

||€h||2L2(QM(t)) = dou (1) (en, Sten) = dam(r)(en, (St — St,n)en)
< lenlmr (@ )| (Se = Sen)enl i @ o)
< Chlen| vy llenll 2@ v)-

Combining the above two inequalities and obvious manipulations completes the
proof of the lemma. O

We shall also need norm equivalency on discrete scales. Let (V) (£), ||| 2o (¢)))
and (VAL (t), |- | 72 (@ (1)) denote V! (t) normed with the norms in L?(Q(t)) and
HY(QM (1)), respectively. We define || - 7@ (1)) or Simply |||l 7, to be the norm
in the interpolation space

(VAT @) 1 - 2@t ep)s (VR @), 1~ e ar 9)) -

For r € [0, 1], as the natural injection is a bounded map (with bound 1) from V3 (¢)
into L2(QM (t)) and H} (M (t)), respectively, [jvp| - < [on 7y, for all vy, € VM(1).

For the other direction, one needs a projector into Vﬁ/l (t) which is simultaneously
bounded on L?(QM(t)) and H}(QM(t)). In the case of a globally quasi uniform
mesh, it was shown by Bramble and Xu [I2] that the L2(Q(t)) projector
satisfies this property. Their argument is local, utilizing the inverse inequality
and hence leads to constants depending on those appearing in and but
not ¢, h, or M. Interpolating these results gives, for r € [0, 1],

(75) clonllgy < lonllge < llvnllgy,  for all vy € Vi (1),

where c¢ is a constant independent of h, M and ¢t. The spaces for negative r are
defined by duality and the stability of the L?(Q2M (t))-projection 7, yields

(76) clonll— < lonllg < lonllz—.  for all vy € Vi (2).

We finally note that a discrete version of Lemma[3.1]holds. Its proof is essentially
the same and is omitted for brevity.

Lemma 7.4. Let a be in [0,2] and b be in [0,1] with a + b < 2. Then for any
u € (0,00),

(L +Ton) " il o < W2 il g, for all o € VR (2).

7.3. Consistency. The next step is to estimate the consistency error between
a®M(...) and a’;’M(-, -) on V(D). Tts decay depends on a parameter 8 € (s,3/2),
which will be related later to the regularity of the solution u to (4]).

Theorem 7.5 (Finite Element Consistency). Let 5 € (s,3/2). We assume that
the quadrature parameters N~ and Nt are chosen according to . There exists
a constant C independent of h, k and M satisfying

|a* M (nn, 00) — @™ (1, 6)|

(77) -1 B—s
<C(1+1In(h™"))h ||77h||f1ﬁ(D)||9hHﬁS(D)

for all np,, 0, € Vi (D).
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Proof. In this proof, C denotes a generic constant independent of h, M, k and ¢.
Fix nn, € Vi(D) and denote by 7, its extension by zero outside D. We first
observe that for 8, € V(D) and 6}, its extension by zero outside D, we have

(78) (WM (T, t5),00)p = (thM(ﬁhytj)ygh)QM(t)a

where 7, denotes the L? projection onto V(M (t)). Using the above identity and
recalling that ¢; = e~¥1/2, we obtain

Cs . _ _ ~
a* M (g, 0n) — ap™ (g, 0n) = -5 k > i (mpw™ (i, t5) — wp! (nst5), On) o )
t;<1

=:F

C . ~ ~ %Y
+§Sk Z s (mpw™ (7, t5) — wh' (s t5), 0n) e 1) -
tj>%

=:Fs
We bound the two terms separately and start with the latter.
In view of the definitions of wM(t) and (67) of wi!(t), we have
(79) mpw™ (7, t) — wp! (An, ) = wno™ (s 1) — vy (s 2).-
We recall that T; = Tom ;) and Sy are defined by and respectively. Using
these operators and the relations satisfied by v™ (t) and v} (¢) (see and (68)),

we arrive at
MTnt) = wi (T, t) = [Sen(Sen + 1) 7 = 7u8e(Se + 1) 7w
= t2(Sh,t =+ t_gl)_lﬂ'h(styh — St)(St + tQI)_lﬁh.

ThW

(80)

Thus,
mnw™ (7n,t) = wil (n, )| L2 00 (1)
< (Sen + D) wn(Sen — Se)(Se + DT Ikl 22 1)
< N (Sen + D) wn | 11Sen — Sell 1St + 2D 7 17l L2 ¢ -

Here we have used | - || to denote the operator norm of operators from L2(Q(t))
to L2(QM(t)). Combining

[(Sen + D) [l <72, (e +£2D)7H| <72
and Lemma gives
[mnw™ (7, t) — wi! (7n, )| < C2R2 ([ 20 (1) -
Whence,
B < CR%k Y TR 2 gaar (o) 100 | 200 1))

tj>%
< CR?mnllzoy10nllaoy | B D €75 ) < CR2|lnnllL2 0y lI0nll L2 (D)-
jk<2In2

We now focus on F; which requires a finer analysis using intermediate spaces.
Also, we argue differently for 8 € (1,3/2) and for 8 € (s, 1]. In either case, we define

e:=min{l —s,1/In(1/h)}
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and note that
(81) et <ce(l+In(1/h)) and h“<c

with ¢ depending on s but not h.
When 8 € (1,3/2), we invoke (79) again to deduce

() Bk Y e lme™ G t) — ol G t) 18l s
;<3
We set u(t) :=t=2 — 1 and compute
Tn 0™ (s t) = vy (s t) = 721+ p(O)Ton) ™ T — a1+ p() )™ 7n
= (tu(t) ()" + Ton) " mn(Te — To) (u() L+ 1)~ i,
which is now estimated in three parts. Lemma [3.1] guarantees that
()™ T+ T0) Ml ggo s <1,

where we recall that H® stands for H*(QM(t)). For the second part, the error
estimate with 1+ r = 3 reads

HTt,h - Tt||H3*2—>L2(QM(t)) S Ch'B
We estimate the last term of the product in the right hand side of by

(83)

()™ + nyh)ilﬂ—h”LQ(le(t))ﬁH;S
< O ()™ + Ton) e
Thus, Lemma the inverse estimate and yield
()" + Tt,h)ilﬂhHLQ(QM(t))ﬁH’?s < ChsmetZster2) < opmop(2ste=2),

7ThHL2(QM (t))—>H’5L+€ .

— 4 1
Note that for ¢ € (0,1/2], 0 < < p(t)~" < 5t* < 3 so that

162
(tu(t)) ?< 9
Combining the above estimates with gives
(84) 17 0™ (n, t) = op! (s ) g < O TR =*|[7n| 5,

Since t; = e ¥%i/2
et — mml?

Estimates (82)), and then yield
Br| <CH=k 3 e 2 i s |00l -
(85) ky;>21In2
< R [l s 19 -
We bound the norms on QM (t) by norms on D using with r = s and
Lemma [6.4] to arrive at
|Ex| < CRP =5 1nll o ey |10l 1o oy -
Applying the norm equivalence gives

(86) B < O imnll s ) 1081l 72 (-
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When 8 € (s, 1], we bound using different norms. In fact, we have
I T+ T) Mg <775 N Ten = Tell i p2(@u ey < Ch
and by Lemma[7.4]
[[(u(t) ™" + Tt,h)ilﬂ-h”LQ(QM(t))—H':I;S

S W)™+ Ten) ™ nll grssesey gy
< Ch_1+5_st(25+6_’8_1).

Th ”L?(QM(t))—)Hl*ﬁJrS*f

These estimates lead and hence as well when 3 € (s,1]. The remainder of
the proof is the same as in the case 8 € (1,3/2) except that the norm equivalence

is invoked in place of Lemma
The proof of the theorem is complete upon combining the estimates for F

and Es. O

7.4. Error Estimates. Now that the consistency error between a(-, -) and aﬁ’M(~, )
is obtained, we can apply Strang’s lemma to deduce the convergence of the ap-
proximation uy towards u in the energy norm. To achieve this, we need a result
regarding the stability and approximability of the Scott-Zhang interpolant 73* [43]
in the fractional spaces H?(D).

This is the subject of the next lemma. Its proof is somewhat technical and given
in Appendix [A]

Lemma 7.6 (Scott-Zhang Interpolant). Let 8 € (1,3/2). Then, there is a constant
C independent of h such that

(87) 777 vl sy < Cllvllge(p)

and for s € [0,1],

(55) 17370 — ol ) < OB ol
for allv e H?(D).

We note that the above lemma holds for 8 € (0,1) and s € (0, 8) provided that
m;° is replaced by 7y, the L? projection onto Vj(D); see e.g. Lemma 5.1 of [9]. In
order to consider both case simultaneously in the following proof, we set II;, = 7,
when 5 € [0, 1] and IIj, = 7 when S € (1,3/2).

Theorem 7.7. Assume that the solution u of () belongs to H?(D) for 8 € (s,3/2).
Let § := min(2 — s, 3) be as in Theorem k be the quadrature spacing and cy be
the inverse constant in . We assume that the quadrature parameters N~ and
N7 are chosen according to . Let (k) be given by and assume that k 1is
chosen sufficiently small so that

cry(k)h* =% < 1.

Moreover, let up, € V(D) be the solution of . Then there is a constant C
independent of h, M and k satisfying

(89) = unll oy < COK) + M + (14 (A= NRP)lul g .
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Proof. In our context, the first Strang lemma (see e.g. Theorem 4.1.1 in [I5]) reads

||u7uh||f{§(D) S C inf ||ufvh||f]b(D) + sup |(@—aZ7M)(Uh,wh)| ,
vr €V (D) wp €V (D) ||wh||1§s(D)

where C' is a constant independent of h, k and M. From the consistency estimates
, and , we deduce that
flu— Uth[s(D) <COllu-— Hhu”ﬁs([))
+C(y(k) + e M+ (1+In (k=))W gs

The desired estimate follows from the approximability and stability of IIj. O

8. NUMERICAL IMPLEMENTATION AND RESULTS

In this section, we present detailed numerical implementation to solve the fol-
lowing model problems.

8.1. Model Problems. One of the difficulties in developing numerical approxi-
mation to is that there are relatively few examples where analytical solutions
are available. One exception is the case when D is the unit ball in R%. In that case,
the solution to the variational problem

(90) a(u,¢) = (1,¢)p,  for all ¢ € H*(D)
is radial and given by, (see [21])

B 27251(d/2)
(01) U = T T+ )

It is also possible to compute the right hand side corresponding to the solution
u(x) = 1 — |z|? in the unit ball. The corresponding right hand side can be derived
by first computing the Fourier transform of u, i.e.,

F(w) = 2J5(/¢) /1<%,
where J, is the Bessel function of the first kind. When 0 < s < 1, we obtain

(92) Sla) = F I e)) = it

where o F is the Gaussian or ordinary hypergeometric function.

(1= |2*)*

2F1 (d/2+3a5_17d/2a |l‘|2)7

Remark 8.1 (Smoothness). Even though the solution u(z) =1 — |z|? is infinitely
differentiable on the unit ball, the right hand side f has limited smoothness. Note
that f is the restriction of (—A)*U to the unit ball. Now @ € H3/?~¢(R%) for e >0
but is not in H3?(R?). This means that (—A)*u is only in H3/?>~25=¢(R?) and
hence f is only in H3/?>=25=¢(Q). This is in agreement with the singular behavior

of oFy (d/2+4 s, —1,d/2,t) at t =1 (see [39], Section 15.4). In fact,
I'(d/2 + s)I'(1 — 2s)
I'(d/2+1—s)'(—s)

oF (d/2+4s,s—1,d/2,1) = when 0 < s < 1/2,

lim 2F1(d/2+573713d/27t): F(d/Q) when5:1/2,
t—1- —log(l—1t) I'(-1/2)r(1/2)

-1 r
lim 21 (d/2+ 55— 1Ld/2 1) (d/2) when 1/2 < s < 1.

1 (1 —t)=2s+1 - T(=1/2)T(1/2)
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This implies that for s > 1/2, the trace on |x| = 1 of f(x) given by fails to
exist (as for generic functions in H3/?>=25(R%)). This singular behavior affects the
convergence rate of the finite element method when the finite element data vector
is approximated using standard numerical quadrature (e.g. Gaussian quadrature).

8.2. Numerical Implementation. Based on the notations in Section [6] we set
Q) = D to be either the unit disk in R? or D = (—1,1) in R. Let QM(¢) be
corresponding dilated domains. In one dimensional case, we consider T, (D) to be a
uniform mesh and V(D) to be the continuous piecewise linear finite element space.
For the two dimensional case, T,(D) a regular (in the sense of page 247 in [15])
subdivision made of quadrilaterals. In this case, V(D) is the set of continuous
piecewise bilinear functions.

Non-uniform Meshes for QM (t). We extend Ty (D) to non-uniform meshes T, (),
thereby violating the quasi-uniform assumption. For ¢ < 1, we use a quasi-uniform
mesh on QM () = QM (1) with the same mesh size h. When ¢t > 1 and D = (—1,1),
we use an exponentially graded mesh outside of D, i.e. the mesh points are F-e**
for i = 1,...,[M/h] with hg = h(ln~y)/M, where « is the radius of QM (¢) (see
(51)). Therefore, we maintain the same number of mesh points for all QM ().
When D is a unit disk in R?, we start with a coarse subdivision of Q*(¢) as in
the left of Figure [2| (the coarse mesh of D in grey). Note that all vertices of a
square have the same radial coordinates. We also point out that the position of
the vertices along the radial direction and outside of D follow the same exponential
distribution as in the one dimensional case. Then we refine each cell in D by
connecting the midpoints between opposite edges. For the cells outside of D, we
consider the same refinement in the polar coordinate system (Inr,8) with » > 1
and 0 € [0,2x]. This guarantees that mesh points on the same radial direction
still follows the exponential distribution after global refinements and the number of
mesh points in 7, (¢) is unchanged for all ¢ > 0. The figure on the right of Figure[2]
shows the exponentially graded mesh after three times global refinement.

FIGURE 2. Coarse gird (left) and three-times-refined non-uniform
grid (right) of QM (¢) with M = 4 and ¢t = 1. Grids of D are in
grey.
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Matrixz Aspects. To express the linear system to be solved, we denote by U to be
the coefficient vector of u;, and F to be the coefficient vector of the L? projection
of f onto V(D). Let My,(t) and Ap(t) be the mass and stiffness matrix in VM (¢).
Denote Mp j, to be the mass matrix in V(D). The linear system is given by

. Nt
(93) Sln(+6)k Z e*¥ Mp p(e¥i My, (t;) + Ah(ti))_lAh(ti)U =F
i=—N-

with y; = ¢k and t; = e~vi/2 Here Mpp, U and F' are all extended by zeros so
that the dimension of the system is equal to the dimension of VM (¢).

Preconditioner. Since the linear system is symmetric, we apply the Conjugate Gra-
dient method to solve the above linear system. Due to the norm equivalence be-
tween (L?(D), H}(D))s,2 and H*(D), the condition number of the system matrix is
bounded by Ch~2%. In order to reduce the number of iterations in one dimensional

space, we use fractional powers of the discrete Laplacian Lp ;, as a preconditioner,
where Lp j, : H}(2) — L*(D) is defined by

dp(Lp,nw, ¢n) = dp(w, dn), for all ¢y, € Vi (D).

This can be computed by the discrete sine transform similar to the implementation
discussed in [7]. More precisely, the matrix representation of Lp j is given by
(MD)h)_lAD,h, where Ap j, is stiffness matrix in Vj (D). The eigenvalues of Ap 5,
and Mp j, (for the same eigenvectors) are a; := (2 + cos(jmh))/h and m; := h(4 +
2cos(jmh))/6 for j = 1,...,dim(V, (D)), respectively. Therefore, the eigenvalues
of Ly, are given by A; » := a;/m;. We use

B := SAS

as a preconditioner, where S;; := v2hsin(ijmh) and A is the diagonal matrix whose
diagonal entries are A, /m;. We also note that S 1=
In two dimensional space, we use the multilevel preconditioner advocated in [11].

8.3. Numerical Illustration for the Non-smooth Solution. We first consider
the numerical experiments for the model problem and study the behavior of
the L?(D) error.

Influence from the Sinc Quadrature and Domain Truncation. When D = (—1,1),
we approximate the solution on the fixed uniform mesh with the mesh size h =
1/8192. The domain truncation parameter M is also fixed to be 20. Thus, h is
small enough and M is large enough so that the L?(D)-error is dominant by the sinc
quadrature spacing k. The left part of Figure shows that the L?(D)-error quickly
converges to the error dominant by the Galerkin approximation when k approaches
zero. Similar results are observed from the right part of Figure [3| when the domain
truncation parameter M increases. In this case, the mesh size h = 1/8192 and the
quadrature step size k = 0.2.

Error Convergence from the Finite Element Approximation. We note that we im-
plement the numerical algorithm for the two dimensional case using the deal.ii Li-
brary [] and we invert matrices in using the direct solver from UMFPACK [20].
Figure [4] shows the approximated solutions for s = 0.3 and s = 0.7, respectively.
Table|l|reports errors ||u —up||2(py and rates of convergence with s = 0.3,0.5 and
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0.7. Here the quadrature spacing (k = 0.25) and the domain truncation parameter

(M = 4) are fixed so that the finite element discretization dominates the error.
We note that Theorem 7.1 together with Theorem 5.4 in [29] (see also Proposition

2.7 in [10]) guarantees that when 9D is of class C°° and f is in L?(D), the solution

of (B) is in Ht* (D) where

(94)

o :=min{s, 1/2}

and a~ denotes any number strictly smaller that a.. This indicates that the expected
rate of convergence in L2(D) norm should be 8+~ —s if the solution u is in H?(D).
Since the solution w is in H*+/2=¢(D) (see [1] for a proof), Table [1| matches the
expected rate of convergence min(1, s + 1/2).
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FIGURE 3. The above figures report the L?(D)-error behavior
when D = (—1,1). The left one shows the error as a function
of the quadrature spacing k for a fixed mesh size (h = 1/8192) and
domain truncation parameter (M = 20). The right plot reports
the error as a function of the domain truncation parameter M with
fixed mesh size (h = 1/8192) and quadrature spacing (k = 0.2).
The spatial error dominates when k is small (left) and M is large

(right).
#DOFS s=0.3 s=0.5 s=0.7
345 2.69 x 1071 | - 1.63x 1071 | - 1.03 x 1071 ] -
1361 1.59 x 10~ [ 0.7575 | 9.07 x 102 | 0.8426 | 5.55 x 10~ 2 | 0.8918
5409 9.56 x 1072 | 0.7323 | 5.05 x 10~2 | 0.8438 | 2.95 x 10~2 | 0.9091
21569 571 x 1072 [ 0.7447 [ 278 x 1072 | 0.8633 | 1.54 x 102 | 0.9366
86145 3.38x 1072 [ 0.7547 | 1.51 x 1072 | 0.8832 | 7.91 x 10~3 | 0.9641
344321 [1.99 x 1072 ] 0.7644 | 8.07 x 10~3 | 0.9004 | 3.97 x 10=3 | 0.9936

TABLE 1. L?(D)-errors for different values of s versus the number
of degree of freedom used for the 2-D nonsmooth computations.
#DOFS denotes the dimension of the finite element space VM (t).
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FIGURE 4. Approximated solutions of for s = 0.3 (left) and
s =0.7 (right) on the unit disk.

8.4. Numerical Illustration for the Smooth Solution. When the solution is
smooth, the finite element error (assuming the exact computation of the stiffness
entries, i.e. no consistency error) satisfies

lu— up||2(py < ch® 5T

)

where « is given by . In contrast, because of the inherent consistency error,
our method only guarantees (c.f., Theorem [7.7))

(95) ||u — UhHLZ(D) < Ch3/2_s+a_ .

Table [2| reports L?(D)-errors and rates for the problem (5) with the smooth
solution u(x) = 1 — |z|> and the corresponding right hand side data in the unit
disk. To see the error decay, here we choose the quadrature step size £ = 0.2 and
the domain truncation parameter M = 5. The observed decay in the error does
not match the expected rate . We think this loss of accuracy may be due either
to the deterioration of the shape regularity constant in generating the subdivisions
of QM (#) (see Section [8.2)) or to the imprecise numerical integration of the singular
right hand side in (92]).

To illustrate this, we consider the one dimensional problem. Instead of using
to compute the right hand side vector, similar to @), we compute

(8i571¢j7 UI)D + (8%5717‘7 (b;)D
2 cos(sm)

(96) (f85) = alu, ¢;) =

with D = (—1,1). We note that when s < 1/2, the fractional derivative with the
negative power 2s — 1 still makes sense for the local basis function ¢;. The right
hand side of can now be computed exactly.
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#DOFS 5s=0.3 5=0.5 5=0.7

409 6.24 x 1072 | - 9.55 x 1072 | - 1.35 x 1071 [ -
1617 290 x 1072 [ 1.10 | 433 x 1072 [ 1.14 | 6.27 x 10~2 [ 1.10
6433 1.44x 1072 [ 1.01 | 1.94 x 1072 [ 1.15 | 2.81 x 1072 | 1.16

25665 721 x 1073 1.00 | 855 x 1073 [ 1.19 | 1.20 x 10~2 [ 1.23
102529 | 3.56 x 1073 | 1.02 | 3.67 x 1073 | 1.22 | 4.78 x 1073 | 1.32
409857 | 1.74 x 1073 [ 1.04 | 1.54 x 1073 [ 1.25 | 1.73 x 1073 | 1.47

TABLE 2. L?(D)-errors and rates for s = 0.3, 0.5 and 0.7 for the
problem (5)) with the right hand side (92)). #DOFS denotes the
number of degree of freedoms of QM (t).

We illustrate the convergence rate for the one dimensional case in Table [3| when
the L?(D)-projection of right hand side is computed from (96). In this case, we
compute at s = 0.3,0.4, 0.7 as the expression in is not valid for s = 0.5. We also
fix k = 0.2 and M = 6. In all cases, we observe the predicted rate of convergence
min(3/2,2 — s), see (95)).

h s=20.3 s=04 s=10.7
1/16 | 4.51 x 1074 3.47x 1071 9.27 x 1071

1/32 [1.42x 107 | 1.58 [ 1.02x 10~ [ 1.77 | 4.16 x 10~ % | 1.16
1/64 [ 4.25x107° | 1.63 [ 3.31 x 107° [ 1.62 | 1.80 x 10~ % [ 1.21
1/128 [ 1.34 x 107> | 1.66 | 1.14 x 1075 | 1.54 | 7.66 x 10~° | 1.23
1/256 | 4.43 x 1075 [ 1.59 | 4.06 x 107° [ 1.49 | 3.21 x 10~° | 1.25
1/512 [ 1.50 x 1076 | 1.56 | 1.46 x 1075 [ 1.48 [ 1.33 x 107" | 1.27

TABLE 3. L?(D)-errors and rates for s = 0.3, 0.4 and 0.7 for the
one dimensional problem when right hand side of the discrete prob-

lem is computed by ‘

APPENDIX A. PROOF OF LEMMA [7.6]

The proof of Lemma requires the following auxiliary localization result. We
refer to [26] for a similar result in two dimensional space.

Lemma A.1. Forr € (0,1/2), let v be in H"(D) and v denote the extension by
zero of u to RY. There exists a constant C independent of h such that

7t < C(W Wl + X o)
TEWL(D)

with a constant C independent of h.

Proof. Let T, (D) be any quasi-uniform mesh (satisfying and (64)) which ex-
tends T, (D) beyond a unit size neighborhood of D. Fix § > 0 and for 7 € T,,(D)
set

T= U{neﬁ(D) - dist(n,7)<sn} "

D= |J 7

TE€TH(D)

Let
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and let 7,(DJ) denote the set of 7 € T,(D) contained in DJ. Finally, for 7 €
Ti(Dy) \ Ta(D), set
F= U 1.

{n€Tn (DY) : dist(n,7)<sh}

Fix v € H"(D). Since v vanishes outside of D,

y)?
|U|HT(]R"Z)_/D(S /D‘S |x—y|d+2r dx dy
2
+2// %dmdyzzjﬁb.
D J(Ds)e [ —y|H2r

The second integral above is bounded by

v(y)?
Jy <2 / / _ W e ay
D Jjg—y|zen [T — y|4T2"
—206m) > [ Py [ (el ds = O ol
D |z|>1

Expanding the first integral gives

J = Z // |x—y\d+2r dacdy

TETh(D

(v(z) = v(y))*
+ > // ‘x y|d+2r dady =: Js + Js.

TETh(D

(97)

(98)

Applying the arithmetic-geometric mean 1nequahty glves

(99) <2 > // |x_ |d+2r " dn dy.

TETh(D
As in 7
(100) Jsi= > // |I_ ‘M drdy < Ch™*" 0|32
TETh(D TT
Now,

{(r,71) : T€ ﬁ(D;i) and 7 € 7}
={(r,7) € Th(DY) x Tu(D2) : dist(r,71) > 6h}
={(r,7) : 7 € Tp(DY) and 7 € 7¢Y.

Using this and Fubini’s Theorem gives

7’Z(:D5 | [ e
T7€TH
= Z //T |x— ‘d+2r dydx = Js.

T1 G'Th (D

Thus Jy < 4J5 and is bounded by the right hand side of (100]).
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For J3, we clearly have

J3 S Z |'U|i1r(’7:).
€T (DY)

For any element 7/ € 7~7L(D,51), let v, denote v restricted to 7" and extended by zero
outside. As r € (0,1/2), v,» € H"(R?) and satisfies

[or e ray < Cllollr (-

The constant C' above only depends on Lipschitz constants associated with 7 (see
[28, 22]), which in turn only depend on the constants appearing in (63). We use
the triangle inequality to get

ol < Y lorlare)

' CT

and hence a Cauchy-Schwarz inequality implies that

053 < Ne D i < C Y el
T'CT T'CT
with N, denoting the number of elements in 7. As the mesh is quasi-uniform,
N, can be bounded independently of h. In addition, the mesh quasi-uniformity
condition also implies that each 7" € 7,(D) is contained in a most a fixed number
(independent of h) of 7 (with 7 € ﬁ(Di)) Thus,

J<C Y ol
7' €Tn(D)

Combining the estimates for Js, J3 and Jy completes the proof of the lemma. O

Proof of Lemma[7.6, In this proof, C' denotes a generic constant independent of h
and j defined later. The inequality (4.1) of [43] guarantees that for 7 € T, we have

(101) o = 7320l (ry < C B = pllgss, ) for m = 0, 1,
k=0

for any linear polynomial p and v € H*(S,). Here S, denotes the union of 7/ € Ty,
with 7 N7 # 0.

Now, we map 7 to the reference element using an affine transformation. The
mapping takes S, to §T. Our aim is to take advantage of the averaged Taylor
polynomial constructed in [25], which requires the domain to be star-shaped with
respect to a ball (of uniform diameter). The patch §T may not satisfy this property.
Howecer, it can be written as the (overlapping) union of domains ﬁj with each ﬁj
consisting of the union of pairs of elements of §T sharing a common face. These Bj
are star-shaped with respect to balls of diameter depending on the shape regularity
constant of the subdivision, which is uniform thanks to . Hence, the averaged
Taylor polynomial Q; constructed in [25] satisfies (see Theorem 6.1 of [25]), for all
ve HA(S;),

(102) lo = Qivll i1 (p,) < Clolus b,
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Taking || - ||5j to be || - HLz(f)j) or || - ||H1(f)j) and |- |f7_7 =] |Hﬁ(ﬁj) in Theorem 7.1
of [25] implies that (102]) holds with ﬁj replaced by §j. This, (101)) and a Bramble-
Hilbert argument implies that for v € H?(D) N HE(D),

(103) lv = mi*vll 2oy + hllv = w3 vl oy < ChPJvl e o).

Inequality follows from ([103]) and interpolation.
We cannot use Theorem 7.1 of [25] to derive (87)) because of the non-locality

of the norm | - |gs(py. Instead, we apply Lemma (103), and the fact that
w52 v] ga(ry = 0 to obtain, for v € H?(D) N Hi(D),

v — 770 38 py < C(h2—25||v(v =m0y + D “%F(T)>
(104) €T (D)
< |vl%s (py-

The norms in can be replaced by || - || zs(p) and hence follows from (T03))
and (104)). O
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