FROM A CELL MODEL WITH ACTIVE MOTION TO A HELE-SHAW-LIKE
SYSTEM. A NUMERICAL APPROACH
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ABSTRACT. In this paper we deal with the numerical solution of a Hele-Shaw-like system via a
cell model with active motion. Convergence of approximations is established for well-posed initial
data. These data are chosen in such a way the time derivate is positive at the initial time.

The numerical method is constructed by means of a finite element procedure together with
the use of a closed-nodal integration. This gives rise to an algorithm which preserves positivity
whenever a right-angled triangulation is considered. As a result, uniform-in-time a priori estimates
are proven which allows us to pass to limit towards a solution to the Hele-Shaw problem.
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1. INTRODUCTION

1.1. The models. Tumour cells are active mechanical systems that are able to produce forces

which cause random migration [3, 8, 11]. This movement is due to rather complicate mechanisms
which occur inside cells and give rise to changes in cell shape. Another important mechanism
under which cells move is pressure [5, 8, 13] as a consequence of space competition generated by
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cell proliferation itself. In the setting up we take into consideration a very simplified model which
incorporates the two spatial effects for describing tumour growth.
Let © be a connected, open, bounded set of R, with d = 2 or 3, and [0,77] a time interval.

Consider the cell model with active motion [11] which consists in finding a tumour cell population
density n : Q x [0,T7] — R* satisfying

(1) om —V - (nVp(n)) —vAn =nG(p(n)) in Q x (0,7),

subject to the (natural) boundary condition

(2) Vn-n=0 ond2x(0,T1),

with n being the outwards unit normal vector on the boundary 92, and the initial condition

(3) nli—o =n° in Q.

Here p : [0, +00) — [0, +00) is defined by

(4) p=np(n):= %nk_l Vn>0, (keN, k>2),

and G = G(p) is a truncated decreasing function such that there exists Ppax > 0 (the homeostatic
pressure) with

(5) G(0)>0, Gp)=0 Vp>Puux>0, and G'(p) <0 Vp € (0, Ppax)-

In the above, G stands for the decrease in the tumuor cell growth rate when space is limited;
the lack of space is governed by the local pressure p, the parameter P, is the maximum pressure
threshold that tumour cells can exceed before entering a quiescent state, and the parameter v > 0
represents the effect of including the active (random) motion of cells.

It should be noted that the relationship of p(n) given in (4) is invertible for n > 0:

B\ Y#D
©) = () ez
In this work we assume that {n}rcw is a sequence of initial data (3) for (1) such that
(7) 0 <p(ng) < Prax in

and that there exists a limit function n2 such that

(8) ny —nd in LP(Q)-strongly for any p < oo as k — oo.

Consequently, defining Nypaz (k) := n(Ppaz) with n(-) being given in (6), we have

(9) 0 < nf < Npax(k) in Q.

from which we infer that there must exist Ny > 0 such that Np.<(k) < Np. Under the above
assumptions, equation (1) generates a sequence of solutions {ny}ren which lead to a solution
describing the dynamics of tumour growth as a free-boundary problem. To be more precise, the
convergence of the solutions {ny}ren of the active motion cell model problem (1)-(3) towards a

weak solution to a Hele-Shaw-like system, as the parameter k goes to infinity, was proven in [11].
This limit system reads as follows. Find ny : 2 x[0,7] = R* and py, : Q x [0, 7] — R" such that

(10) OiNoo — APoo — VAN = NeoG(Poo)  1n Q2 x (0,7),
subject to
(11) Noolimo =N, in €,

(12) Vne =0 and Vp,-n=0 ondQx(0,T),
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jointly to the complementary relation
(13) Poo(Apose + G(pso)) =0 in Q x (0, 7).

The key point in establishing convergence is imposing that d;ny(0) > 0. Moreover, equation (10)
is equivalent to solving

(14) OMoo — V - (Moo VDoo) — VAN = N G(Pao)  In Q x (0,7).

This equivalence will be accomplished due to the equality Vps, = 1o Vpso, which comes from the
equalities Poo Ve = 0 and poeNee = Poo-

In this paper, we shall be concerned with the convergence of a finite element scheme, the time
variable being continuous, for the active motion cell model problem (1)-(3) towards the Hele-Shaw
system (10)-(13) as the space discrete parameter h goes to zero and k goes to infinity.

1.2. Notation. We will assume the following notation throughout this paper. Let O C R, with
M > 1, be a Lebesgue-measurable set and let 1 < p < oo. We denote by LP(Q) the space of
all Lesbegue-measurable real-valued functions, f : O — R, being pth-summable in O for p < oo
or essentially bounded for p = oo, and by || f||zr(e) its norm. When p = 2, the L*(O) space is a
Hilbert space whose inner product is denoted by (-, -). To shorten the notation, the norm || - || 2(q)
is abbreviated by || - ||.

Let a = (ay, ag, ..., apr) € NM be a multi-index with |a| = oy + as + ... + ayy, and let 9% be the

differential operator such that
50 — d \« 0 \om

For m > 0 and 1 < p < oo, we define W™P(Q) to be the Sobolev space of all functions whose
m derivatives are in LP(Q), with the norm

1/p
[ lwmnor = { D 10" Fl o) for 1 < p < o0,
laj<m
7o) = g 10 Ni=ca, for p = oc,

where 90 is understood in the distributional sense. For p = 2, W™?(Q) will be denoted by H™(O).
We also consider C*(O) to be the space of functions continuously differentiable any number of
times, and C2°(O) to be the subspace of C*(0O) with compact support in O.

Spaces of Bochner-measurable functions from a time interval [0,7] to a Banach space X will

be denoted as LP(0,T;X) with ||f|lr20rx) = fOTHf(s)Hg(ds if 1 <p < ooor|flleeorx =
esssuPyc (o7 [/ (8)|lx < oo if p = oo

1.3. Outline. Next we sketch the remaining content of this work. In section 2 we present our
finite-element spaces and some preliminary result mainly concerning interpolation operators. Fur-
thermore, we set out our finite element numerical method, where the time variable remains contin-
uous, and the main result of this paper. Next is section 3 which is devoted to demonstrating the
main result. Firstly, a discrete maximum principle for finite-element approximations is achieved
by assuming a partition of the computational domain being made up of right-angled simplexes,
and a priori estimates are also established independent of (h, k) with h being the space parameter
associated to our finite-element space. As a result, we are able to prove positivity for the time de-
rivative of finite-element approximations. Then better a priori energy estimates lead to obtaining
compactness for passing to the limit as (h, k) — (0, +00). In section 4, we propose a variant of our
numerical algorithm for nonobtuse triangulations which keeps with a discrete maximum principle
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and positive for the discrete time but whose convergence is not clear. Finally, in section 4, some
numerical experiments are presented for studying the behavior of several parameters.

2. SPATIAL DISCRETIZATION

2.1. Finite-element approximation. Herein we introduce the hypotheses that will be required
along this work.

(H1) Let © be a bounded domain of R¢ (d = 2 or 3) with a polygonal or polyhedral Lipschitz-
continuous boundary.

(H2) Let {Ts}ns0 be a family of shape-regular, quasi-uniform triangulations of Q made up of
right-angled simplexes being triangles in two dimensions and tetrahedra in three dimen-
sions, so that ) = UgkeT, KX, where h = maxge7, hi, with hg being the diameter of K.
Further, let N}, = {a;}ic; denote the set of all the nodes of Ty,.

(H3) Conforming piecewise linear, finite element spaces associated to 7j, are assumed for approx-
imating H'(Q). Let P;(K) be the set of linear polynomials on K’; the space of continuous,
piecewise P;(K) polynomial functions on 7}, is then denoted as

Np, = {nh S OO<§) : nh|K Gpl(K) VK € 77L},

whose Lagrange basis is denoted by {¢g }aen,-

We now give some auxiliary results for later use. We begin by an inverse inequality whose proof
can be found in [/, Lem. 4.5.3] or [9, Lem. 1.138].

Proposition 2.1. Under hypotheses (H1)-(H3), it follows that,
(15) ||Vnh||L2(K) < Cipw h;(1||nh||L2(K) VK € 77“ Vny, € Nh,
where Ci,y > 0 s a constant independent of h.

Let Z;, be the nodal interpolation operator from C°(Q) to N, and consider the discrete inner
product

(nh,ﬁh)h :/QIh(nhﬁh) = Z nh(a)ﬁh(a)/goafo Vnh,ﬁh € Nh,

aE./\fh Q

which induces the norm ||n,||n = v/ (nn, np)n defined on N,,. We recall the following local error
estimate. See [1, Thm. 4.4.4] or [9, Thm. 1.103] for a proof.

Proposition 2.2. Under hypotheses (H1)-(H3), it follows that,
(16) lo — Tnpllre ) < Capphic IV @llmr) VK €Thy, Vo € W(K),
where Cypp > 0 1s independent of h.

We next state the equivalence between the norms || - ||, and || - || in &V, and a discrete commuter
approximation property for Zj,.

Proposition 2.3. Under hypotheses (H1)~(H3), it follows that, for all ny, 7, € Ny,

(17) Il < llnnlln < 5Y2(|n]|
and
(18) [ min — Zn(nuin) || 21 ) < Cappht |7l [[ V7],

where Cypp > 0 15 independent of h.
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Proof. We have

Il = 3" 2 / 2+ Y mla / e

GEN; a#aENh
and
Il = 3 w(a@) [ v
aGNh Q
Since 1 =) zcx. ¥a, we write
= 3 wia) [ pava= Y nit@) [+ Y wile [ vuva
a,acNy, Q aeNy, aZaeNy,
Then
Inall2 = lnal> = D (nia) +nj(@) — 2np(a)nu(a ))/%%
a>aclNy,
= Y (@) - m(@)? / papa > 0.
a>acNy,

From the above equality and Young’s inequality, we have

lnally = loal®+ Y (nh(a)—nh(a))Q/Qsoasoa

a>6€Nh

< P42 Y (ka) + k@) / vaia

a>acN,
= P42 3 @) [ o Yovat2 3 k@ [ ea Y
aclNy, a<a acN, a>a

< llnall®* + 4llna]l* < 5llna]*

We now prove (18). By using (16), we obtain

| Zn(nr i) — naiin i) = Z HIh(nhﬁh)—nhﬁhHLoo(K)/ 1
KeT;, K
< Cun Y Wl T [ 1

KET, K

Since ny, 7y, € P1(K) on K € Ty, we write

d
V2(nhﬁh) =2 Z 8mh8jﬁh.

ij=1
Then, from (15) and on noting that Vny, Vi, are piecewise constant on each K € T, we deduce
that

I (nnn) = miinllir) < Capp Y PNVl oo () | VIR oo ) / 1

KEeT, K
< Capp Z hi |Vnh| V7|
KeTy,
S C’appC’mV Z hK||nh||L2(K)||Vﬁh||L2(K)
KeTy

< CappCiny [l [ V7],
from which we conclude that (18) holds. O
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We will need to use an (average) interpolation operator into N, with the following properties.
In particular we use an extension of the Scott-Zhang interpolation operator to L'(Q) function. We
refer to [15, 10] and [2].

Proposition 2.4. Under hypotheses (H1)—(H3), there exists an (average) interpolation operator
Qn from LY(QY) to Ny, such that

(19) | Qrl|lwer) < Csal||lwer) fors=0,1and1 <p < oo,

(20) 19h(¥) = Yllwen() < Capph ™ [l wmirn) for 0 <s <m <1,

and, for all v € C*(Q) and ny, € Ny,

(21) 194(Tr1) — Tinthllwen) < Capph' ™ *[Tnllwmae) [¢lwmsree  for0<s<m <1,

The key point in proving a discrete maximum principle is the following property which is ac-
complished for right-angled simplexes assumed in (H2).

Proposition 2.5. Under hypotheses (H1)—-(H3), it follows that, for any diagonal nonnegative
matriz D = diag(d;)L, (with d; > 0),

(22) DVa Vg <0 a.e. inf
if a # a with a,a € Nj.

Proof. For every right-angled d-simplex K € T, of vertices {a;}i—o,. 4 with ag being the vertex
supporting the right angle, we denote by Fy, the opposite face to a; and by n,, the exterior (to
the d-simplex K') unit normal vector to the face Fy,. Let K be the reference unit d-simplex with
vertices @gp = 0 and @; = e;, i = 1, ,d, where {e; };=; ... 4 is the canonical basis of R?. Let Fx be
the invertible affine mapping that maps K onto K defined by Fx® = ao+ B, where Bi € R¥¢
is orthogonal.

Let ©g,(Z) = @q,(Fx®). Then we have

o~ 1 |F\ai
a; — d |f/€ a;
In particular, ng, = —e; if i # 0 and ng, = [1,--- ,1]7. Thus, we obtain
Vgoai-Vgpaj :ﬁwnai-naj <0 1f27£!].

Therefore, by means of the change of variable @ = ag + Bx@, it follows that Vy,, = B K@@ai and
hence

1 |Fa,|Fs

DV, - Voo, = DBxNV @, - BxV@a, = dQu?—PnaTiB};DBKnaj <0 ifi#j

because, since B is a orthogonal matrix, the inner products defined by D and B% D By preserves
angles. 0

Remark 2.1. When D = I; with I, being the d x d identity matriz, property (22) can be proved for
nonobtuse triangulations [7]. Then property (22) can be somewhat seen a generalization restricted
for right-angled triangulations.
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Let us now introduce the discrete Laplacian associated to the mass-lumping scalar product
(-, )n. For any ¥, € Ny, let —A,Y, € Ny, solve
(23) — (&hEh,ﬁh)h = (VZh, Vﬁh) \V/ﬁh - Nh.

We end up with a compactness result [1, Lm. 2.4] needed in proving the equivalence between
problems (10) and (14).

Theorem 2.1. Assume that (H1)-(H3) holds. Let % < < oo. Suppose that {pnithr>o C

L*(0,T; L*(2)) is such that pyx(t, ) € Ny, for allt € [0,T] and satisfies
HPh,kHHl(o,T;L@(Q)) + H/)h,kHLoo(o,T;L?(Q))mm(o,T;Hl(Q)) + thph,kHLQ(O,T;L?(Q)) < Clat-
Then there ezist a subsequence {pn i }tni>o (not relabeled) and a limit function p, such that

pne — p in L*(0,T, H'(Q))-strongly as  (h,k) — (0, +0c0).

Hereafter C' will denote a generic constant whose value may change at each occurrence. This
constant may depend on the data problem and the constants Ciny, Capp; Ceom and Caat.

2.2. The numerical scheme. In order to avoid dense technical calculations, we assume for sim-
plicity that each element K € 7T, has its edges lined up with the axes.

The numerical scheme relies on a finite-element method combined with a closed-nodal integration
applied to the time-derivative and pressure-migration terms. Thus our numerical method which
consists in finding ny, ;, € C*([0,T]; N,) such that

(24) (O gy t)n + (VI (i i)®), V) + v(V g, V) = (Go(nng))nng, Tin)n - V7 € Ny
ik (0) = 1 4,

k
()

Equivalently, we may write (24), as
(25) (O s Ton)n + (D) Vup e, Vy) + v(Vnp g, V) = (G(p(nk) ) ks T ks

where D(ny, ) is a piecewise constant, d x d diagonal matrix function with respect to 7, defined
as follows. Let K € T}, with vertices {a;};—o.. 4 where ag corresponds to the right angle. Then

(nn k)" (@i) = (nnp)* (@)
(26) [D(”hk)|K]u = nh,k(ai) - nh,k(ao)
0

k—1

Wlth p(th{) =

if npp(a;) — npr(ag) # 0,
if npp(a;) —npr(ag) =0.
By the mean value theorem, one can write

(27) [D(nn i) i = k (ap)* 1 (€)),

where €, = aa; + (1 — a)ag for a certain a € (0,1).
The above choice for the sequence of {nj ; }n >0 is as follows. Let {n)}rew C H'(2) N L®(Q)
satisfy (7) and (9). Then we select nj) , = Qp(ny) so that

(28) 0 < np (@) < Nuax(k) Va €Ny, [Vl < Coral [Vl

(29) np . — nyp in H(Q)-strongly as h — 0.
There is an additional technicality regarding the sequence of initial data that we must consider:
(H4) Assume {npx}tnr=0 to be such that

(30) — (VIh(n?l’k)k, Vi) — v(Vnp ., Vi) + (G(p(ny )0 e, Tin)n = 0 Vi, € Ny with 7, > 0.
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Remark 2.2. This last condition is related to imposing Ognp i (0) > 0 which is crucial to prove the
k — 400 limit.

The existence and uniqueness of a solution to scheme (24) may be readily justified by Picard’s
theorem. To be more precise, one may prove that there exists a time interval [0,7},) for which
problem (24) is uniquely solvable. As a consequence of a priori energy estimates, which we shall
prove in the next section, one deduces that Tj, = T for all h > 0.

2.3. Main result. We now are ready to state our main result of this paper. We shall prove that
scheme (24) produces a sequence of discrete solutions which satifies a priori energy bounds uniform
with respect to (h, k) allowing us to pass to the limit as (h, k) — (0, +00) towards weak solutions
of the Hele-Shaw-like system (10)-(13).

Theorem 2.2. Assume that (H1)-(H3) hold. Then the discrete solution {(np k. Phi)}ne of (24)
satisfies the following estimates, for all a € Ny, and t € [0,T]:
0 <npr(a,t) < Nmax(k),
0 < p(nax(a;t)) < Prax,
Ompi(a,t) >0, Op(npr(a,t)) > 0.

Furthermore, {n ., Tn((nn 1)*) }nr converges towards weak solutions (ne, ps) of problem (10)-(13)
in the sense that

Nhk — Neo 10 L®(0,T; HY(Q))-weakly—~* and in LP((0,T) x Q)-strongly,
and
Tn((nni)®) = peo in L=(0,T; HY(Q))-weakly-x and in LP((0,T) x Q)-strongly,
for any 1 < p < oo provided that
(H5) kEh—0 as (hk)— (0,400).

3. PROOF OF THEOREM 2.2

3.1. A priori energy estimates. Our goal is to prove a priori energy estimates for the discrete
solution ny, of (24) independent of (h, k).

This first lemma will be focused on proving a discrete maximum principle for nj, ; based on the
hypothesis of right-angled triangulations. Moreover, some a priori energy estimates are obtained.

Lemma 3.1. Assume that (H1)-(H3) hold. Then the solution ny of scheme (24) satisfies

(31) 0 <npi(a,t) < Npa(k) YaeN, and Vit>0,
and
(32) 17n,k || Loo 0.7 0209)) + [|mge | 20,700 (02)) < C,

where C' > 0 is independent of (h, k).

Proof. We first proceed to verify (31). In doing so, we introduce a modification to scheme (25)
which truncates the nonlinear diffusion term as follows:

(33) (&mh,k, ﬁh)h + (D([nh,k]T)Vnhk, Vﬁh) -+ V(Vnh’k, Vﬁh) = (G(p([nh,k]T))nh,k, ﬁh)ha

where [npx]7 is the usual truncation of ny, from below by 0 and from above by Nyq. (k). Again,
by means of Picard’s theorem, one has the existence and uniqueness of a solution ny, to (33).
Let nj = Ty(n, ) € Nj, be defined as
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where n;, (@) = min{0, nj(a)}. Analogously, one defines nj%* = Zy(ny) ) € Nj, as
=D mix(a)a,
ae/\/’h

where 1, (a) = max{0, nj(a)}. Notice that ny ;. = nj + npe*.
On choosing 71, = njy* in (33), it follows that

(D[ k)0) Vne, Vo) + v(Vine, Vo) = G (p([nnelr) 2niiell7
< GO)[Inpir1l3-

s sl

Next observe that
(D[ k] ) Vg, Vi) = (D([npkle) Vopr, Voprd) + (D([nnelr) Vigss, Vot

= Do) 2VRp P+ Y mi(@)ng 1 (@)(D([nnslr) Viea, Viea).
a#aeNy

Then, using the fact that n, . (a)n; (@) < 0if @ # @ and that D([nx]r) is a nonnegative diagonal
matrix function, one deduces, from (22), that

D([nni)r)Vea - Veoa <0 Ya#acN,
and thereby
(35) (D[ lr) Ving, Vi) 2 1D ([nns]r) 2 Vg2,
Analogously, one obtains
(36) (Vi g, V) > v Vapit|?,

where we have used again (22) but now for D = I;, with I; being the d X d unit matrix. Inserting
(35) and (36) into (34) yields

3 lm IR + Dol PYRERI? + VI < GO

By Grénwall’s lemma, we have nj?(t) = 0 in €, for any ¢ > 0, since nj’3*(0) = 0 in ; thereby this
implies 0 < ny,j, in (31). For the other inequality nj, ; < Npmax(k) in (31), we proceed in a similar
fashion. In this case, one chooses T, = (Np — Nmax(k))™ in (33) and takes into account that
G(p<[nh,k]T))nh,k(nh,k - Nmax<k))max = 0 due to p([nh,k]T) = Pmax if Npk 2 Nma:v(k>

It should be noted that any solution nj, of the modified scheme (33) satisfies the discrete
maximum principle (31), and consequently [nsx]r = npnk; hence nyy satisfies the non-truncated
scheme (24) as well. Finally, by uniqueness of solutions for scheme (24), the solution of (24) takes
values between 0 and Ny, (k); that is (31).

Now selecting 7, = npy in (25) and invoking Gronwall’s lemma, the following energy estimate

holds, for all ¢ € [0, T):

1 T T 1
1) SlmnslOl+ [ D) sl v [ [Vl < esp(OOT); 4

0 0
Then the weak estimates (32) are deduced from (37) and (17). O

A discrete maximum principle for (ny4)*~! and (njx)* follows as a direct consequence of (31).
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Corollary 3.1. There holds

(38) 0< (nap) Ha,t) < Puax Ya€N, and Yt>D0.

and

(39) 0 < (npi)*(@,t) < PoaxNumax(k) Ya €N,  and Vit >0.

Proof. Assertions (38) and (39) are satisfied in view of (31) and the bounds
k—1

n];:L,_kl(a”t) g Nmaﬂ?(k)kil = Tpmax g Pmam
and
ni,kz(aﬁt) < Nmaa:(k)k = Nmax(k‘)kileax(k) < Pmameax(k)-
[

The following lemma provides the positivity and some a priori estimates for the time derivative
of ny . and (ng )"

Lemma 3.2. Suppose that (H1)-(H4) hold. Then it follows that

(40) 6tnh,k(a,t) Z 0, Gt(nmk(a,t))k Z 0 Vace Nh and Vite [O,T],
and the a priori estimates

(41) 10 k|l o 0,121 ()) < C,

(42) Hat(nh,k)k”Ll(O,T;Ll(Q)) <,

where C' > 0 is a constant independent of (h, k).
Proof. Let us define ¥(np, ) € Ny, such that
S(nng) = Zn((nae)®) + v = To((nne)® + viog).
Moreover, let ¥'(np ) € N and ¥7(np ) € Nj, be defined as
X (npg) = kIn((npp)™™) +v and X7 (npg) = k(k — 1) Tn((nae) 3).
Then scheme (24) can be rewritten as
(Onp g, W) + (VEn k), Vin) = (G(p(nak)) bk Ton) b
and equivalently, from (23), as
(43) Oenges ) — (ArS(nag), Tn)n = (GP(hk) Mk T )i
Now take mj, = Zp,(¥' (np )W), for any w, € Nj, to get
(02 (nag), Wh)n — (E/(nh,k)zhz(nh,k):wh)h = (X' (na k) G(P(Mh k) )b Je, Wh) -
Differentiating with respect to time and defining wy € N, such that, for each @ € N} and
t€0,7],
wpr(a,t) = 0N (nng)(a,t) =3 (nyi)(a, t)dnni(a,t),
one arrives at
(Dwh e W)n — (2 (i) Atwn e, Wa )i = (" () O o An S (i), )
+ (=" (1, 1) Ok G (P (1 1) )t W )i + K (2 (1) G (D (1)) (i) O i, Wi,
(' () G (p(1 1)) O e, Wh ) s
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for any w;, € Nj,. Since wp, ,(a,t) = X' (ny)(a, t)0mny k(a, t) and X' (nyi)(a,t) > v > 0, we have

Wh k(a t)

Ompp(a,t) = W

Vae N, Vtel0,T].

Both previous equalities yield

Owhes @) — (5 (Mge) A e @n)i = (F (M o) Whoger Wi )i
for any wy;, € N}, where
X ()
X (np k)

Taking wj;, = w,‘fl}g“ = Ih(w; ,) in the above variational formulation, we get

F(npy) = {Ahg(nh k) + nnkG(p (nh,k))} + k(na )" G (p(nig)) + G(p(nng)).

- SRIE = () B w0 < 1 ) 1

2dt

Since np,x € C°([0,T]; Ny) and N, is a finite dimensional space, we have that || F (npx) ()] L) <
Chy for all t € [0,7], where C; > 0 may depend on h and k. It should also be noted that
— (X' (N ) Apw g, wﬂ“}f) > 0. Indeed, choose 7y, = ¢, in (23) to obtain

—(Bpwny)(a) / v = (Vins, Voa).

Q
Then
() Aol = = 3 Slmla AhW(“)wW“)/ “o
aeN}, “
= Z Z nhk th kavwa)w}T%n(a’)
aENh
= Y (@) (Ve Vea)uii(a)
aeN},
+ Y Slma(@)(Vupi, Voo up (@)
aGNh

Therefore, using the fact that 3'(nsx) > v > 0, we obtain

> S nnr(@) (Vs Vea)upi(a) = > S(nns(@)wps(@)wyy(a)(Ves, Vipa) > 0
acNy, a#acNy

and
> Y k(@) (Vupie, Voo Jwii(a) > v]|Vuwpi|® > 0.
aENh

Thus, (44) leads to

e R s P

and hence, by Gronwall’s lemma,
lwii (Ol < expT[F(nag)llze) lwik (0)* V¢ € [0, 7.
From (30) in (H4), we deduce that wpx(a,0) = ¥'(nyi)(a,0)0nnk(a,0) > 0 holds; therefore

w}?}cn( ) = 0 since w,rﬁ}cn(O) = 0. As a result, we have that 9;n;,; > 0 and in particular at(nhvk)k =

k(nhﬁk)k_lﬁtnh’k > 0. Thus, (40) is true.
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Now we are going to obtain bounds (41) and (42). For this, we take 71, = 1 in (25) and use (40)
to have

0mn k|l = (Omng, 1) = (Omng, Vi < G(0)||nnkllL1@) < G(0)[Q] Nmax(k);
hence estimate (41) holds. Furthermore, we have, by (39) and (40), that
T
d
1: () | 0.5 ) = / a((”h,k)k7 1) dt = ()" (T) = (,4)"(0), 1) < 29| Ninax (k) P
0
hence estimate (42) holds. O
We are now concerned with an a priori estimate for the gradient of nj, ; and Zh((nhvk)k). These

estimates will play an important role in obtaining compactness results which allow us to pass to the
limit as (h, k) — (0, 4+00) from scheme (24) towards weak solutions (1., pso) of problem (10)-(13).

Lemma 3.3. Suppose that (H1)-(H4) are satisfied. Then there exists a constant C' > 0, indepen-
dent of h and k, such that

(45) ||D(nh,k)l/2vnh,k||L°°(0,T;L2(Q)) F IV k| Lo 0,020 < C
and
(46) IV (i) )| Lo 0,722 () < C-

Proof. Select 7y, = npx € Np, in (24) to obtain
(Orn e, i) + (D) Vi, Vo) + vVl = G (i) *runell;, < G(0)[n el
From (31) and (40), we deduce that (O¢np g, npi)n > 0. Therefore,
ID(nn ) >V il + vV gel|* < G(O)||rnell7-

This last expression combined with (32) gives (45).
Take 15, = Zp,((np1)*) in (24) to have

(Onni, Zn((nne)™))n + | VIR () )12 4 (D () *) Vg Viin i)
= (G(p(a ) 1o, Zn () ) < GO)][(ne) ™l oo (@l kel [ < G(O) Pracl |70 1]

From this, it follows that (46) holds from (32), (40) and from noting that (D((nsx)*) V., Vg g) >
0 on recalling (26).
U

3.2. Passing to the limit. From estimates (31) and (45) jointly with (39) and (46), we have that
there exist two limit functions (n., ps) € L>(0,T; H'(2))? and a subsequence of {(n4 %, Zn((nn.1)") bk,
which we still denote in the same way, such that the following convergences hold, as (h, k) — (0, c0):

(47) Nhk — Neo 10 L(0,T; HY(Q) N L>®(Q))-weakly-x,
and
(48) Tn((nni)®) = peo in L0, T HY(Q) N L(N2))-weakly-x.

Before proceeding to pass to the limit, we need to obtain some strong convergences via an Aubin-
Lions campactness lemma [16]. From (31), (41) and (45), we have that there exists a subsequence
(not relabeled) such that, as (h, k) — (0, 00),

(49) Nhi — Neo 10 LP(2 x (0,7))-strongly, Vp < oo,
and

(50) Nhr — Moo in CO([0, T); LY(S2))-strongly, V¢ < 2%,
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where 2* stands for the conjugate exponent of 2 defined by 1/2* = 1/2 — 1/d. Analogously, from
(39), (42), and (46), we have

(51) Tn((nn)®) = poo  in LP(Q2 x (0,T))-strongly, ¥ p < co.

As a result, we also have the strong convergence of p(ny ) towards p., but under hypothesis
(H5) in Theorem 2.2.

Lemma 3.4. Assuming hypotheses (H1)-(H5), it follows that, as (h,k) — (0, 00),

(52) p(Nak) = P in LP((0,T) x Q)-strongly for any p < oo.
Moreover,
(53) Poolloo = Poo a-€. 10 (0,T) x .

Proof. For each element K € 7T, with vertices {ay,--- a4}, we associate once and for all a vertex
ag of K. Thus we define a piecewise constant function Py(ny ,)(x) = nj ,(ax) for all © € K,
which satisfies

Pu(ng i) (@) —np (@) = V(g 1 (€a,)) - (@ — ) = kn 3 (€a) Vingli - (ax — @)
where £, = Aag + (1 — A)x with A € (0,1). Then we have, by (38) and (45), that
1Pn(nf; 1) = s el oo,z < C kb Ikl o.r:000 @) | Vonk | Lo o/m322(0)) < €k Pryax.
The above argument also shows by replacing nj; ;. by Z,(nj; ) and using (46) that
1 (7 1) = Pu(ngy )l o020y < Ch V(g )|l o,m:220)) < C b
Thus, by (51) and (H5), we deduce, the following convergence, as (h, k) — (0, 00):
(54) ny = P in LP((0,T) x Q)-strongly Vp < oco.

In view of (49) and (54), there is a subsequence (not relabeled) of {(np, 7y ;) }nk such that, as
(h, k) = (0,00):

(nh,k(w,t),nfhk(w,t)) = (Neo (T, 1), P (@, 1)) ace. (x,t) € Q x (0,7T).
Thus, defining

Poo(@,t) .
~ — = if ne(x,t )
Poo(T,t) = § no(x, 1) if noo(@,) # 0
0 otherwise,

it follows that, as (h, k) — (0, 00),

k nzk(wvt) ~
’ solx,t e (x,t) € Q ,T);
k:—lnhyk(a:,t)%p (x,t) ae. (x,t) € Q2x(0,7)

p(nni(z,t)) =

furthermore,

k =1 kL
Pal@,t) = b (@) = (1= 1) p(ns(@, )77 = pua, ).

Thus, poo = Do a-e. (x,t) € Q x (0,7) and, in particular, one has equality (53) and the pointwise
convergence

p(npi(x,t)) = poo(x,t) ae. (z,t) € Qx(0,7).

Finally, (52) is deduced from the dominated convergence theorem since p(nyy) is bounded in
L>(Q x (0,7)). O
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3.2.1. Convergence towards (10). We are now ready to pass to the limit in scheme (24) as (h, k) —
(0,00). Let m € C*(R2) and ¢ € C(0,T). Consider i, = Qp(7m) in (24), multiply by ¢ and
integrate on (0,T) to get

~ [ Qa0+ [ (VT ), QU@L
‘I'V/O (Vnh,k,VQh(ﬁ))gb(t)dt:/o (G’(p(nhk))nh,k,Qh(ﬁ))hgb(t)dt.

We briefly outline the main steps of the passage to the limit since the arguments are quite classical.
We write

/0 (s Q)1 (1)t = / (s Qn () (£)dt + / (s Qn (7)) — (s Q)] 9 (E)dt.

It is an easy matter to show, from (20) and (49), that

T T
/ (s () (£)dt — / (noe. ) (1),
0 0
and, from (18) and (19), that

/0 [(na g, Qn())1 — (e, Qn(M))] ¢ (£)dt — 0.
Therefore,

/0<nh,k7Qh(ﬁ))h¢/(t)dt—>/o (oo, )P’ (t)dt.

Analogously, we obtain

/0 (G o)), Qu(F)nd(E)d — / (G (poo) oo, (1)t

from (20), (49) and (52). The diffusion terms are treated as follows. In view of (20), (47) and
(48), it is easy to check that

/0 (VT(nk 1), VO (7))(t)dt — / (Voo VI)(1)dt

and
T

T
1// (Vg VO,(M))p(t)dt — u/ (Vne, V) o(t)dt.
0 0
We have thus proved that (10) holds in the distributional sense.

3.2.2. Initial condition (11). The initial condition (11) can be recovered from (50), which gives
Nkl i=0 = Moo li—o in LI(Q), for 1 < ¢ < 2*, and from (8) and (29), which give ny , — n, in LP(2),
for 1 <p < ooas(hk)— (0,+00).

3.2.3. Equivalence between (10) and (14). In order to see the equivalence between (10) and (14)
we must prove that Vp,, = noVps which will be obtained by proving p,.Vn. = 0 and using
the equality in (53). Indeed, for each & € K, we decompose p(n,(x))0z,nnk(x) by using the
intermediate vector &, given in (27) into

k

k
P k(@) O () = 77— m(”ifkl(w) — 1y (€) O ()
VE i 1

= Sk EOVERL (6000 mns(@) + k(@ — €)nk52(0,) (O, nn (@)

ny  H(€,) O k() +
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where we have utilized the mean value theorem in the last term for n; = «&; + (1 — a)x with
a € (0,1) and that Jg,np, x(x) is constant on K. Thus, by virtue of (27), we find

Vi | k1 k=1
lp(en ) O illrcrey < =7 e (€)VEN,Z (€0 mn k|0

+k bl 2 (1) (O, i ()| 1 1)

vk
P D 2Vl
+Ck h PmaXHV”h,kH%Q(K)’

IA

where we have used n’,j’,f(nz) < Npax (k)2 = (%Pmax)% — Phax as k — +oo in the last line.

Summing over K € T, noting (45) and recalling the constraint hk — 0 given in (H5), we
conclude that
(k) Vg, — 0 in L0, T; L'(2))-strongly as (h, k) — (0, 00).
We further know, by (47) and (52), that
P(Mhk)Vp g — Poo Ve as (h, k) — (0,00),

and hence p,,Vne, =0 a.e. in Q x (0,7).
3.2.4. Convergence towards the complementary relation (13). To finish the proof of Theorem 2.2,

it remains to prove that (13) holds in the distributional sense. In doing so, we will start by proving
that

(55) 0< / (G(Doc)ioes Poct) — (V (oo + v11s0), ¥ (pooth))ds
and
(56) 0> / (G(poe) s Pocth) — (¥ (e + 11), ¥ (poctf) )

hold for all ¢ € C>°(Q x [0,T]) with ¢ > 0.
e To begin with, we prove that (55) is true. We use (43) to write

N — zhE(nh,k) = Tn(G(p(nn k) k)-

Let p. = p-(t) be a time regularizing kernel with compact support of length £ > 0. Then, extending
nn by zero outside [0, T, we have

(57) Ounp i * pe — Ap(S(np) * p2) = T ((G(p(np i) ) k) * p2),s

where we have used the equalities Ap(X(np ) *p:) = Ap(E(nnk))*pe and Ly ((G(p(nag))nn k) *pe) =
In(G(p(npg))nn i) * p- owing to the separation between spatial and temporal variables.

Since Oynp i * p- and (G(p(np x))nn k) * p- are uniformly bounded in LP(2x (0,77)) for 1 < p < oo
with respect to (h, k) for each fixed e, we also have that

—An(S(nag) * po) s bounded in LP(Q x (0,T)).

as well. In virtue of Theorem 2.1 and the above bounds combined with (49) and (51), we infer the
following convergence, as (h, k) — (0, c0):

(58) V(E(nng) * pe) = V((Poo +vneo) * pe)  in L*(Q x (0, T))-strongly.
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On testing (57) against Qy(Zx(nj ,)1) with ¢ € C2°(Q x [0,T1]) such that ¢ > 0, it follows that

(59) /0 Ok * pey Qu(Tn(ny 1)) = /OT((G<p(nh’k))nh’k> % pey Qn(Tn(nf )V
[ (T ma) 29, VT )0

Since (Oynn g * pe, Qn(Zn(nj 1)1))n > 0, we obtain

(60) 0< / (G () ins) * pos Qn(Tn(nk )e) ) — / (VS () * p2), V(T (0 L)1),

Taking the limit as (h, k) — (0, 00) yields

(61) / (G P mns) * por On(Tn(n L)) )ndt — / (G(Doo)too) * e Pooth)lt

and

(62) / (VS (nng) * po), V(T )ob))dt — / (V(poo + V1) * p2), ¥ (pacth) L.

In order to prove (61), we use the decomposition (up,vp)n = (un, vn) + (Zn(unvy) — upop, 1) for
up = (G(p(npk))nn k) * pe and vy, = Qh(Ih(n’,fb’k)@/J) to write

/0 (G p(nn)rng) * pos O (Tl ) = / (Cp(rns) s * per Qa(Tn(nl )0))

+ /0 (Zn (G (P i) n i) * pe Qu(Tn(n )10) — (G(p(mns))nnk) * pe Qu(Tn(ny, x)¥), 1).

Then, it follows from (21), (49) and (52) that the first term converges to fOT((G(pOO)nOO) *
Pe, Poot)dt, and, on noting that

IV Qn(Zn ()W) < CIIVIn(riy ) N1l + CINTn (1) 2 IV

from (19), and on recalling (18) and (46), the second term converges to zero; thereby (61) holds.
In order to prove (3.2.4), we write

/0 (V(S(ns) * p2), V(T (s )0)) = / (V(S(mg) % p2)., V(T (1))

- / (V(S(ng) * o), V(Tn(nh )0 — Qu(Tn(n )1))).

Then, it follows from (58), (48) and (51) that the first term converges to fOT(V((Poo + Vo) *
p=)s V(pooth))dt, and on noting that

IV (Zn ()0 = Qu(Tn (g )V < RNV Tw (g ) [l w2

from (21) and on recalling (46), the second term converges to zero; thereby (3.2.4) holds.
Thus, by applying the previous convergences (61) and to (60), we arrive at

0< /0 (G(Doc)ioe * pes Pooth) — (V (Do + ¥100) # p2), Y (poct)) e,

and finally (55) holds by taking the limit as ¢ — 0.
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e We proceed to prove (56). Write the first term on the right-hand side of (59) as
T T
/ (O i * pe, Qh(Ih(nikW))h = / (3tnh,k * Ps,Ih(nz,k)l/’)h
0 0

(63) .
T / (Outin g * pe Qa(Tn(nl 1)) — Tn(nls )
0

These two terms are handled as follows. For the second term of (63), we have, by (17), (21) and
(41), that

T
/ (O i * pey Qn(Tn(1y 1 )¥) — In(n 1 )¢)nds — 0 as (h,k) — (0, 00).
0

For the first term of (63), we have that, for each a € N,

,k:(a'vt)/ O (@, s)pe(t — s)ds
R

”Z,k(a; s)Onp k@, s)p:(t — s)ds

>

(Ornnila,t) = p)mj (@ t) = n

(nhi(a,t) = nj (@, 5)0mnk(a, s)pe(t — s)ds.

+
T

On integrating by parts in time and using (31) and (39), we obtain

1
/ nf%k(a, s)Onnk(a, s)p(t — s)ds = Tl nml(a, $)Ope(t — s)ds — 0
R +1Jr

as (h, k) — (0,00). Furthermore, for s > t, we have that ny ,(a,t) —nj ,(a,s) < 0 owing to (40).
Then, if we choose supp(p:) C (—¢,0), then

/ (0 (@, ) — (@, $))Omns(a, s)pa(t — s)ds < 0.
R

Letting first (h, k) — (0,00) in (63) and then € — 0, we obtain (56) by repeating the arguments
that led to (55).
As a result of (55) and (56), we note that

T
(69 | (Gpospoct) = (Vo + vi). V(s =0
0
is satisfied for all 1y € C>®(Q x [0,T]) with ¢» > 0, and therefore it also holds for all ¢ € C°(Q x
[0, 77).

From the fact that pVn. = 0 and ps, > 0 a.e. in Qx (0,7, we also deduce that Vp,-Vne =0
a.e. in Q x (0,7). As a consequence, the above variational equation (64) is equivalent to

T
| (G, pat) = (Vo Vlpoc))ds =0
0
which, taking into account (53), implies (13) in the distributional sense.

4. AN ALGORITHM ON UNSTRUCTURED MESHES

In order to avoid using structured meshes, we propose the following scheme. Find n,; €
C1([0,T]; Ny) such that
(65)
(@nh,k,ﬁh)h + k((nh,k)k*Vnh,k, Vﬁh) -+ V(Vn}%k, Vﬁh) = (G(p(nhyk))nh,k,ﬁh)h Vﬁh € Nh,
nh,k(O) = n?l,k.
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Equivalently, we may write (65), as
(Oenn o, i) + (M V(i i), Vi) + v(Vng i, V) = (G(p(na k) )Pk, 7o) -

Here the finite-element space Nj, is constructed over a family of triangulations {75 }nso of Q
being shape-regular, quasi-uniform and with acute angles. This acuteness property implies (22)
for the particular case where D is the d x d identity matrix [7]. We summarize the properties of
scheme (65) in the following theorem.

Theorem 4.1. Suppose that (H1)-(H4) are satisfied. Then scheme (65) satisfies the following
properties. For all a € N, and t > 0, we have:

0 < npr(a,t) < Nyax(k)
0< nik(a,t) < PmameaX<k)7
>

Ompi(a,t) >0, 8tn’fl7k(a,t) 0,

and the a priori estimates:
720,k | Lo (0,72 )2 0,081 () < C,

10kl oo 0,701 ) + 10 el 2oz @) < C,
with C' > 0 being a constant independent of (h, k).

Proof. Full details of the proof are left to the interested reader since it follows mutatis mutandis
the same arguments as for scheme (24). O

Corollary 4.1. Under hypotheses (H1)-(H4), it follows that

K~ Ke

KeTy,
where
E—1
n i
K.={zeckK: %(5) > 1
Np (z)
and
E—1
n i
K.={z€eK: ,f_”’l—(g) <1y,
Nhk (z)

with C' > 0 being a constant independent of (h, k).

Proof. Choose 7, = Iy(nj; ;) to get
(67)
(Oern s Zn (s )t (i)~ N0 s VI (05 1)) 40 (Vi ge, VI (1)) = (G (0120 1)) 7085 Tn (1 1) -

It follows immediately from (39) and (41) that

(68) (atnh,k7zh(n;k))h >0,
and from (26) that
(69) I/(Vnhk, VIh(nZk,)) = V(D(nh,k)Vnh,k, V?”Lh,k) Z 0.

Combining (67)-(69) yields on noting (31) and (39) that
()"~ Vrnge, VI(1 1)) < G(0)]2 N () Prnase
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Finally, we invoke again (26) and recall (27) to set
()" Vg, VIn(n ) = (Vg g, V(0 )) .

- K; / (Z’;f; |0, () [* + T:—((Z))@’Ihn“( )|2> d.
This completes the proof via the definitions of K. and K. O
Remark 4.1. Unfortunately, convergence for scheme (65) is not clear because estimate (66) does

not provide enough control over the gradient of {ny , }nx or {Iynf sk in order to obtain compact-
ness and therefore to pass to the limit as (k,h) — (0, +00).

5. NUMERICAL SIMULATION

5.1. Temporal integration. It is assumed here for simplicity that we have a uniform partition of

[0, 7] into M pieces, with time step size 7 = T/M and the time values (t,, = m7)Y_,. To simplify
nm—i—l —nm
the notation let us denote §,n™t! =

-
First we present a first-order time integration for scheme (65).

‘ Algorithm 1: Linear semi-implicit time-stepping scheme ‘

Step (m + 1): Given nj%, € Ny, find n;f,':l € N, solving the algebraic linear
system

(70) { (5t"hk ’nh)h+k((nhk)k IV”ZRJJ@F}Vﬁh)
+V(vn2nlj 7vnh) = (G(p(nsz))anzkaﬁ>h7

for all m;, € Ny,.

5.2. Computational experiments. In this section, we present several numerical experiments to
test the algorithm presented herein. To do this, we consider the evolution of problem (1)-(3) with

no(z,y) = e~ (@)

on the computational domain §2 = (—10,10) x (—10,10) with a > 0.

In the numerical setting, we construct a structured triangulation partitioning the edges of square
into 100 subintervals, corresponding with the mesh size h = 0.12582843 and the time step size is
7 = 1075. The choice of the time step 7 is such that it helps to mitigate the possibly numerical
deviation of the d-simplexes K € 7T, from the right-angled structure. The resulting matrix is
strictly diagonally dominant.

Our intention is to illustrate the behavior exhibited by the solution to problem (1)-(3) when the
diffusion coefficient v, the parameter k& and the homeostatic pressure P., vary.

We will set a and P, to be 1 and k to be 100 if not stated otherwise. Moreover, we consider

G(p) = @ arctan(4(Puax — D) +),
s

5.2.1. Analysis of the effect of o (contraction/dilation coefficient of the initial datum). In this test
we choose a = 0.5 and 1. We are interested in comparing the evolution of the density n and the
pressure p(n) when the maximum of the initial density takes different values. In particular, we have
for a = 0.5 that the maximum value of ny occurs only at the point (0,0) and is 0.5, hence Nyax (k)
remains below of 1. We thus observe that the maximum increases without modifying essentially
the exponential shape of the initial datum ng until reaches Ny (k) = 1. Once the density takes
the value 1 at ¢ = 0.01583 the measure of points at which the density reaches the maximum grows
radially around (0,0) due to the fact that the pressure starts increasing and pushes forward the
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tumor cells. Then the exponential structure of the initial datum ny becomes a traveling wave shape
which moves outwards as t increases. This behavior causes that the evolution of the interface is
delayed concerning the case a = 1 as shown in Figures 1 and 2 since the maximum value 1 is
reached from the beginning.

Figure 3 represents the difference between the density and the pressure at times ¢t = 0.1, 0.2, 0.3
and 0.4, and indicates that the pressure is responsible for the advance of the tumor cells which is
deduced from the annulus shape of the difference.

FIGURE 1. Evolution of the density at times t = 0.1,0.2,0.3,0.4 for « = 0.5 (top)
and 1 (bottom).

FIGURE 2. Evolution of the pressure at times ¢ = 0.1,0.2,0.3,0.4 for & = 0.5 (top)
and a = 1 (bottom).

5.2.2. Analysis of the effect of v (active motion coefficient). Now we set Py, = 1 and take different
values of v = 0, 0.5 and 1. The evolution of the density 74 is shown in Figure 4 where we see
that the velocity of propagation of the tumor cells increases with respect to v as noted for times
t =0.1, 0.2, 0.3 and 0.4. Moreover, no particular differences have been observed in the width of
the interface between the tumor and pre-tumor cells for the different values of v.

5.2.3. Analysis of the effect of k. In this simulation we select £ = 10 and 1000. The first thing we
have noted is that there is a dependence between k and 7 which has been taken 0.5-107°. As can

be seen in Figure 5, there are no particular differences for £ = 10 and 1000 at times ¢ = 0.1, 0.2,
0.3 and 0.4.
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FiGURE 3. Evolution of the difference between the density and pressure at times
t=10.1,0.2,0.3,0.4 for « = 0.5 (top) and a = 1 (bottom).

FI1GURE 4. Comparison of the density at times ¢ = 0.1,0.2,0.3, 0.4 for different v = 0
(top), 0.5 (middle), 1 (bottom).

FiGURE 5. Comparison of the density at times ¢ = 0.1,0.2,0.3,0.4 for different
k =10 (top) and 1000 (bottom).
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5.2.4. Analysis of the effect of Ppax. Let us take Pu.c = 10 and 30. Figure 6 shows that the
dynamics is sensitive to the different values for the homeostatic pressure. We highlight that, for
Po.x = 30, the evolution of the interphase is faster than the one for P,., = 10. Moreover, the
shape of the interphase seems different as depicted in Figure 6 for times £t = 0.1, 0.2, 0.3 and 0.4.

FI1GURE 6. Comparison of the density at times ¢ = 0.1,0.2,0.3,0.4 for different
Pax = 10 (top) and 30 (bottom).
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