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NUMERICAL QUADRATURE IN THE BRILLOUIN ZONE
FOR PERIODIC SCHRODINGER OPERATORS

ERIC CANCES, VIRGINIE EHRLACHER, DAVID GONTIER, ANTOINE LEVITT, DAMIANO LOMBARDI

ABSTRACT. As a consequence of Bloch’s theorem, the numerical computation of the fermionic
ground state density matrices and energies of periodic Schrédinger operators involves integrals
over the Brillouin zone. These integrals are difficult to compute numerically in metals due to
discontinuities in the integrand. We perform an error analysis of several widely-used quad-
rature rules and smearing methods for Brillouin zone integration. We precisely identify the
assumptions implicit in these methods and rigorously prove error bounds. Numerical results for
two-dimensional periodic systems are also provided. Our results shed light on the properties
of these numerical schemes, and provide guidance as to the appropriate choice of numerical
parameters.

1. INTRODUCTION

The computation of the electronic properties of a d-dimensional perfect crystal in a mean-field
setting (e.g. Kohn-Sham density functional theory) formally requires to solve a periodic problem
with infinitely many electrons. In practice, a truncation to a finite supercell composed of L4
crystal unit cells with periodic boundary conditions is necessary for the actual computation, and
L is increased until an acceptable accuracy is achieved. Bloch’s theorem allows for a tremendous
reduction of computational costs by an explicit block-diagonalization of the Hamiltonian operator,
transforming an electronic problem for LN one-body wave functions, where N is the number of
electron pairs per unit cell, to L¢ electronic problems for N one-body wave functions. In the
infinite-L limit, the theorem states that properties of the perfect crystal can be obtained as an
integral over the Brillouin zone (a d-dimensional torus) of properties of a parametrized system of
N electron pairs. The truncation to a supercell of L? unit cells can then be seen as a numerical
quadrature of this integral. This leads to the famous Monkhorst-Pack numerical scheme [20].

Mathematically, the natural question is that of the speed of convergence of a given electronic
property as L — oco. There appears a distinction between insulators, characterized by a band gap,
and metals, with no band gap. In a sense that will be made precise later, electrons are localized in
insulators, but delocalized in metals. Accordingly, the convergence of electronic properties is much
faster for insulators than for metals. This translates to quantities of interest being very smooth
across the Brillouin zone in insulators, so that the quadrature is very efficient: see for instance
[11], which proves the exponential convergence with L of a number of properties of interest for
insulators in the reduced Hartree-Fock model. In this paper, we aim to extend these results
to the case of metals, under natural genericity assumptions on the band structure at the Fermi
level (see Assumptions 1 and 2 in Section 3.1). To reduce the technical content of the paper,
we limit ourselves to the case of independent electrons modeled by a single-particle Hamiltonian
H=—3A+V on L?*(R%), where V is a given (non self-consistent) periodic potential.

For metals, because of the absence of a band gap, quantities of interest are discontinuous when
the electronic bands €, cross the Fermi level er, and specific quadrature rules have to be used
to locate this singular set (the Fermi surface) and recover an acceptable convergence speed. In
the simple case when the Fermi level intersects a single isolated band B 3 k — f(k) :=e,,xk € R
(which can be the case for a metal with 2ng + 1 electrons per unit cell), the problem of computing
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the ground-state energy boils down to evaluating

E = E(€F)
where the function R 3 € — E(¢) € R is defined by
(1.1) PE) = [ 1091700 < <) dik
and the Fermi level ep by the constraint
1 1
1.2 —/]lfk <ep)dk = -.
(12 g [ 109 < eyl = ;

The Fermi surface then is the level set {k € B| f(k) = ep} of the function f, and the Fermi
level is chosen such that the volume of the set Q := {k € B| f(k) < er} is half the one of the
Brillouin zone. Similar quadrature problems are encountered in the level set method introduced by
Osher and Sethian [23]. However, the Brillouin zone integration problem encountered in electronic
structure calculation has some specificities. First, for one of the most important quantities of
interest, namely the ground-state energy, the function to be integrated on 2 is precisely the level
set function f (see (1.1)), which requires a specific analysis. Second, the shape of the Fermi
surface can be very complicated for real materials, and the required accuracy is much higher than
in standard applications of the level set methods, where linear approximations of the boundary of
Q from a fixed uniform grid are usually sufficient [22, 26]. Additional technical difficulties appear
when the Fermi level intersects several bands, and when the quantity of interest is not the ground-
state energy, but some observable involving the Bloch eigenfunctions of H and non only the Bloch
eigenvalues €,x, such as e.g. the ground-state density.

The most famous Brillouin zone integration method is the linear tetrahedron method and its
improved version by Blochl [2] (the Blochl scheme is not covered by the results in this paper,
and we plan to investigate it in a forthcoming paper). Other numerical quadratures have been
proposed [21, 24] (see also [12] for an adaptive numerical scheme). In this paper, we study these
quadrature rules, and prove that an interpolation of quantities of interest to order p coupled to
a reconstruction of the Fermi surface with a method of order ¢ leads, in general, to a total error
of order L~ (min(p+1,a+1)): this is the content of Theorem 4.5. On the other hand, the error made
on the ground state energy is, to leading order, proportional to the error made on the number of
electrons, which is kept fixed by varying the Fermi level: therefore, the energy is less sensitive to
the location of the Fermi surface, and the leading order contribution to the error vanishes, leaving
a total error of order L~ (min(p+1.24+2))

Another way to improve the convergence, and the most widely used method to compute prop-
erties of metals, is the smearing method [18]. This amounts to regularizing the discontinuities of
the occupation numbers, restoring smoothness across the Brillouin zone. The smearing parameter
o > 0, which has the dimension of an energy, should be chosen small enough so that it does not
change the properties of interest too much, but large enough so that the quadrature is efficient. In
numerical codes, this choice is left to the users, who must use their expertise to select an appro-
priate value for the parameter o. This is a complex task, and rules of thumb provide suboptimal
choices of o.

We show in this paper that, up to sub-exponential factors, the total error for a given smearing
parameter o and supercell of size L is bounded by C(aP*! 4+ e~"°%) for some C' € Ry and n > 0,
where p > 0 is the order of the smearing method used (Theorem 5.11). This leads to the conclusion
that o should in practice be varied at the same time as L to balance the two sources of error. We
also investigate the precise convergence with respect to L at o > 0 fixed, and find the surprising
result that, while the convergence is exponential when the Fermi-Dirac smearing is used, it is
super-exponential (bounded by Ce_"L4/3) when Gaussian-based smearing methods are used, due
to the different complex-analytic properties of these functions. Such a phenomenon has already
been observed in [27], in the context of the locality of the density matrix of metals with Gaussian
smearing.
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The structure of the paper is as follows. We introduce our notation and recall the basic prop-
erties of the periodic Schrodinger operator H = —%A + V in Section 2. We carefully study the
band structure of this operator in the vicinity of the Fermi level in Section 3. We analyze in-
terpolation methods in Section 4 and smearing methods in Section 5. Technical results on the
complex-analytic properties of the integrand in smearing methods are proved in Appendix A. Two-
dimensional numerical results illustrating our theoretical results are presented in Section 6. Some
tests are also given where our assumptions on the band structure are violated (in the presence of
a van Hove singularity or an eigenvalue crossing at the Fermi level).

2. NOTATION AND MODEL

In this section, we set our notation, and define the different quantities of interest.

Let d € {1,2,3} denote the dimension of the crystal, and R C R? the crystalline lattice. We
denote by R* the dual (or reciprocal) lattice, by T' the fundamental unit cell of R, and we let B be
either the first Brillouin zone, or the fundamental unit cell of R*. Our results being independent
of this choice, we will call B “the Brillouin zone” for simplicity. The periodicities in R and R*
equip the sets I" and B with the topology of a d-dimensional torus.

Throughout this paper, C¥(E, F) denotes the usual class of k times continuously differentiable
functions from E to F, and LP(R?) (resp. H*(R)) denotes the usual Lebesgue (resp. Sobolev)
space on R?, while L., (resp. H3,) denote spaces of R-periodic complex-valued functions on
the torus I'. In particular, the space Lger

product

is a Hilbert space when endowed with its natural inner

Vg2, (fig) = / Fr)g(r)dr.
N

We use the notation & := %(L2,,) to denote the space of bounded operators on Lger, and

per

6, = GP(Licr) to denote the Schatten class of compact operators on Lfm with finite norms
1/p

|Als, = (Tr LZe,|A|p) . In particular, &; is the space of trace-class operators on L2, while

2
per*

G, is the space of Hilbert-Schmidt operators on L We finally introduce, for s > 0, the space

G1oi= {1 €@ |7 =7 (1-2)"(1-8) e},
which we endow with the norm

e = 11— A)*2y(1 = A)*? e,

Let O be an operator acting on L?(R¢) which commutes with R-translations. Thanks to the
Bloch-Floquet transform Z [25, Chapter XIII], we have the decomposition

(&3]
Z*0Z = ][ Oy dk,
B

where we denote by fB = ﬁ fB, and each of the operators Oy, the Bloch fibers of O, acts on

L2, If O is locally trace-class, its trace per unit cell is then given by

T (0) = ]l Trpa, (Ok) dk.
B

We consider the one-body electronic Hamiltonian
1

H .= —§A +V acting on L?*(R%),
where V' € Lpg, (R9) is a real-valued R-periodic potential. This hypothesis could be relaxed and
a more general class of potentials could be considered; this choice simplifies some technical proofs
in the Appendix by ensuring that V' is bounded as an operator on Lger. It is well-known that H
is a bounded from below self-adjoint operator on L?(R?) with domain H?2(R?), whose spectrum is
purely absolutely continuous (see e.g. [25, Theorem XIII.100]). Since the operator H commutes
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with R-translations, we can consider its Bloch-Floquet transform. For k € B, the fiber Hy is given
by

1 1 k2
(2.1) Hk:5(—iv+k)2+vz—7A—ik.v+7+v,

which is a self-adjoint operator on Lper with domain ngr It is bounded from below, and with

compact resolvent. We denote by g1k < €9 < -+ its eigenvalues ranked in increasing order,
€ (H?

N . .
per) a corresponding Lier-orthonormal basis of

counting multiplicities, and by (u,x)
eigenvectors, so that

neN*

Hkunk = EnkUnk, <unk7 umk> = 5nm
Seeing Hy as a bounded perturbation of the operator % (—=iV + k)2, standard min-max arguments
show that there exist g,a eR Cg,@ > 0 such that

(22) Cl + CQTL 2/d <enk < Cl + 0271

Let us now introduce several physical observables. A fundamental quantity in our study is the
one-body density matrix at level ¢ € R, which is the bounded non-negative self-adjoint operator
acting on L?(R%) and defined by

~v(e) :=1(H < e).
Its Bloch-Floquet decomposition is simply

(€)== U(H <) = Y Lenk < &)lunk) (unk-

neN*
The integrated density of states is the function N from R to R, defined by

(2.3) Ve e R, N(e):=Tr(y Z][ (enk <

neN*

The function N is a non-decreasing continuous function, with N'(—oo) = 0 and N (400) = +o0. In
particular, if N denotes the number of electron pairs per unit cell, then N~} ({N}) is a non-empty
interval, of the form [e_,e]. If e_ < e, the system is an insulator. In this case, supercell methods
are very efficient to compute numerically the properties of the crystals (see for instance [20, 11]).
In this article, we focus on the metallic case e_ = 1. In this case, the Fermi level of the system
is the unique number ep :=¢c_ =¢,.

We then introduce the integrated density of energy E : R — R defined by

(2.4) E(e) :=Tr (H~(e Z ][snkll ek < €)dk,

neN*

and the (zero-temperature) ground state energy (per unit cell) E := E(ep). Finally, the electronic
density up to level ¢ is defined as the density of the locally trace-class R-periodic operator 7(e),
that is the real-valued function p, € Lll)er characterized by

Vv e Loe,, /Fpg( r)v(r)dr = Tr (v Z ][ (Unk|v|tnk)L(enk < €)dk.

neN*

We therefore have

(2.5) vrel, p(r Z ][ [t |2 (1)1 (e i < €)dk.

neN*
The (zero-temperature) ground state electronic density then is p := p...

Remark 2.1 (Observables). In this article, we focus on the numerical calculation of the integrated
density of states N, the Fermi level e, the ground state energy per unit cell E and the ground
state electronic density p of the system. It is possible to extend our results to a broader class
of observables, but precising the complete set of assumptions needed to formulate our results is
cumbersome and we will not proceed further in this direction.
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Remark 2.2 (Discretization errors). The goal of this paper is to study various numerical schemes
to compute Brillouin zone integrals of the form above. In particular, we assume that the eigenvalues
enk and eigenvectors unk are perfectly known on some mesh of the Brillouin zone B, and we study
the numerical errors coming from the discretization of the Brillouin zone in (2.3), (2.4) and (2.5).
We do not study the effects of numerical errors in the computation of the e,k and u,x themselves.
We also do not study more complicated nonlinear models such as the periodic Kohn-Sham model.

It is however interesting to note that the discretization of the eigenvalue problem Hyupx =
EnkUnk N a k-consistent manner is not trivial: since Hy is not equal but unitarily equivalent to
Hy x for K € R*, a fired Galerkin space will yield eigenvalues enx that are not R*-periodic.
Conversely, popular choices such as a k-dependent Galerkin space Vi consisting of all the plane
waves T such that 1|k + K|? < Eey will yield eigenvalues that are periodic, but not continuous
as a function of k. It is possible to restore continuity by using a smooth cutoff; we plan to explore
this possibility from a numerical analysis viewpoint in a forthcoming paper.

3. PROPERTIES OF THE BAND STRUCTURE AT THE FERMI LEVEL

We first partition the Brillouin zone B into several sets, whose definitions are gathered here
for the sake of clarity. For a given energy level ¢ € R, we introduce, for n € N (and with the
convention that egx = —00), the sets

Bn(e) :={ke€B, enx <€ <éept1kr n-th component of the Brillouin zone,

Sn(e):={k eB, ex =¢} n-th sheet of the level set,

S(e) == U Sne)={keB, IneN, e =¢} level set.
neN

The set S(er) is called the Fermi surface. For all € € R, it holds that

(3.1) B=38()U <U Bn(5)> .

neN

From (2.2), the unions in the above definition of S(¢) and in (3.1) are finite. The sets S (g), Sa(g), - - -
are pairwise disjoint outside of band crossings where €,x = €,41 x = € for some n. The boundary

of B,,(g) is 0B, (g) = Sp(e)US,41(g). A typical example of the sets By, (¢) and S, () is represented

in Figure 1.

[ B

FIGURE 1. Partitioning of the Brillouin zone into the sets B, (g) and S, (¢), for a
given value of ¢.

As we shall see in Lemma 3.2, various spectral quantities are smooth in B,,(¢) and on S, (g). It
will be useful in our analysis to extend this smoothness to the following neighborhoods of these
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— Sn(er,0)
E ~
= Snt1(er,6)
gn(EF’(;)
== Boyi(er, 0)
e — =
. o N bt
e - L New

FIGURE 2. A schematic view of the sets En and §n,

sets (see Figure 2): for § > 0, we set

En(e,é) = U Bu(e')={keB, I € (e —6b,e4+9), enk <& <ent1x},
e'€(e—6,e+96)

Sn(ed)i= |J Sale)={keB, e (c—05c+0)}.
e'€(e—6,e+96)

Here and thereafter, smooth means infinitely differentiable.

3.1. Assumptions on the Fermi level. Recall that we are studying metallic systems, so that
the Fermi level e is uniquely defined. In particular, the Fermi surface S(ep) is non empty. We
make the following two assumptions to ensure a good mathematical structure of the Fermi surface:

Assumption 1 (no band crossings at ¢p): Vn#£m, Sper)NSmier)=10;
Assumption 2 (no van Hove singularities at ¢r): Vn e N*, Vk € S,,(er), Vkéenk #0.

From Assumption 2, we see that, for all n € N*, the map ¢, : k — &, is a submersion near the
Fermi surface, so that S,,(ep) = €, !(cr) is either empty or a smooth compact co-dimension 1
submanifold of the torus B. From Assumption 1, S(ep) is itself a smooth compact manifold, as
the finite disjoint union of the S, (¢x).

Remark 3.1 (Genericity of hypotheses). It is an interesting question to know whether such as-
sumptions hold generically, i.e. for almost every potential V. For a generic smooth family Hy
of self-adjoint operators on L%er with compact resolvents, eigenvalue crossings happen on a set of
codimension 3 [29], and band degeneracies on isolated points.  Band crossings or degeneracies
thus do not appear in general at the Fermi level in the physical cases d < 3, and we would nat-
urally expect that both these assumptions are generically true. There are however two important
caveats: first, many natural conjectures on the genericity of properties of the band structure still
remain open in general (see [14] for an overview), and second, symmetries may force crossings
or degeneracies. For instance, Assumption 1 is violated in the case of the free electron gas, or in
graphene [9], due to the high symmetries of these systems. We will treat the case of the graphene
in future work. In the sequel, the quality of Assumption 1 and Assumption 2 are measured by
quantities 09 > 0 and Cy > 0 respectively (see Lemma 3.2 below). For instance, for systems with
Fermi level close to van-Hove singularity, Cv will be small.

Let us define by
M :=min{n e N*, S,(cr) #0} and M :=max{n € N*, S,(cr) # 0}.
The existence of M and M comes from (2.2), and it naturally holds that M < M.
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In the next lemma, we collect a number of properties of the Fermi surface and of spectral
quantities on the sets B, (cr,d) and S, (er,d). In order to state these results, we introduce the
density matrices

(3.2) Vnk 1= Z [umk) (umk| acting on Lger,

m=1

which are well-defined operators whenever e,k < €,41,k, and the associated densities
n
(3.3) prk =D [tmi|* € L},
m=1

We recall that a smooth map F : R? — E where E is a Banach space is real-analytic if it is locally
equal to its Taylor series.

Lemma 3.2. Under Assumption 1 and 2, there exists dg > 0 and Cy > 0 such that

(i) For any n € N* and for all 0 < § < &, Sn(er,0) # 0 if and only if M <n < M;

(ii) for all M <m <n <M, Sp(er,d0) NSnler, ) =0 ;

(iii) for all M <n <M and allk € S,(cp,00), |Vienk| = Cv ;

(iv) for all M < n < M and all € € (ep — do,eF + 0p), Sn(e) is a non-empty smooth compact
manifold of co-dimension 1, with non-zero Haussdorf measure |Sy(g) > 0. The same
properties hold for S(e);

(v) assume in addition that V € HS_. for some s > 0. Then, for all M <n < M,

per

‘Hauss

e the map k — ~,x is real-analytic from En(z—:p,éo) to &1 st2;
e the map k — pyx is real-analytic from B, (cr,d0) to H332;

per

o the map k — epx is real-analytic from S, (er,d0) to R.

Proof. Assertions (i) and (ii) come from Assumption 1 and the continuity of the maps k — e,k.
We now prove (v). Using (v) and Assumption (ii) we will deduce (iii), which implies (iv).
Let M <n < M and & > 0 small enough so that (i) and (ii) hold true.

The map k — &, is continuous on gn(sp, dp) and for all k € B, (er,00), we have e41 k —Enk >
0. Therefore, there exists 0 < d; < §p and g > 0 such that

vk € gn(EF,él), €ntlk — Enk = g-

We first prove the analyticity of k — 7,k on gn(ap,él). Let ko € gn(sp,él). We then set
€ := €nk, + g/2, and consider the positively oriented loop (we denote by ¥ := mino(H))

¢ =[L—1-ie—iU—ie+iU[e+L,S—1+i]U[E—-1+12—1-1i.

4

1 g

T T T

k Enk En+1k

=

——
i

()

FIGURE 3. The contour €.

From the definition of &, we see that there exists 0 < do < §; such that
vk € Bs.t. |k—ko| <dy, VAEFE, |\—Hyl >g/4

In particular, we see that Cauchy’s residual formula

1 dA

3.4 nk = 5O T
(34) Tk = o A — Hy
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holds for k in a neighborhood of kq. In addition,
k — kol|?
Hy = Hy, +(k—k0).(_iV+k0)+7| 5 d )

so that, for k — kg small enough,

(A= H) ' = (A= Hyg,) ™ (1 - [((k — ko) - (—iV + ko) + |k_2k°|2> (A — Hko)‘lbl .

For all 0 < s’ < s, the linear operator (A — Hy,)~! is continuous from H;lcr to H;/Cjz by classical
elliptic regularity results, and the operator in brackets is bounded on H s'. Therefore we obtain,
by expanding in Neumann series, that the map k — 7,k is real-analytic from a neighborhood of

ko to B(HE,,, H.+2). Using the fact that v, = 72, and a bootstrap argument, this implies that

pers ttper
the map k +— 7y is real-analytic from a neighborhood of ko to B(L2.., H5%?).
Let (1Ko, »Unk,) be an L2, -orthonormal basis of Ran(ynk,), Ujk = YnkVjk, and
n
vie =Y el S i
j=1
where Sy is the overlap matrix defined by [Sk|j;i = (Ujk, Vik), so that (vik,...,vnk) is an L%er—
orthonormal basis of Ran~y,k. Of course, it holds that vk, = vk, and Sk, = Id,. It is easily
checked that the map k — (vix, -+ ,vnk) € (H5H?)™ is well-defined and real-analytic in a neigh-

borhood of ky. In particular, we have, in a neighborhood of kg, that
(1= D)2 (1= A2 =N i) (we,
j=1

where the maps k — wji := (1 — A)5F2)/2y, € L2, are real-analytic in a neighborhood of k.

It follows that the map k — v,k is analytic from a neighborhood of ko to &; s42, hence from

Bn(EF, (51) to 61’5+2.

On the other hand, whenever s + 2 > g (which is the case whenever s > 0 and d < 3), it
holds that ngf is an algebra. As a result, from the analyticity of the map k — (vik, - ,vnk) €

(H52)™, we deduce the analyticity of the maps k — ppx := > i, lua> = 320 Jvae € Hst2.

To prove the analyticity of k + £, on gn(é'p, 1), we notice that gn(sp, 01) = fj;n_l(é'p, d1) N
B (er,01). As a result, both k — v,_1k and k — v, are analytic from S,(er,01) to &1 512
Therefore, on S, (eF, d1), it holds that

Enk = TrLger [Hk(’Ynk - ’Yn—l,k)}
=Trpa, |(1—A)2H (1= A) 21— A) Y2 (v = 1) (1= A) V2

Since the maps Sp(ep,d1) 3 k — (1 — A)"Y2H (1 — A)"Y2 € B and S, (ep,01) 2 k — (1 —
A)l/2 (Ynk — Yn—1,k)(1 — A)1/2 € &, are real-analytic, this proves the real-analyticity of the map
k— epk on S,(ep, d1). O

3.2. Density of states. We are now concerned with the properties of the density of states D(¢),
defined as the derivative of the integrated density of states N'(¢) defined in (2.3). Since N is a
non-decreasing continuous function which is increasing on o(H) and constant outside o(H), D is
a positive measure on R whose support is exactly o(H). Our goal in this section is to establish
that, under Assumptions 1 and 2, both N and D are smooth around ep.

We recall some tools of differential geometry. In the sequel, if S is a (smooth) hypersurface
of B, we denote by dog the Haussdorf measure on S. We write do instead of dog if there is no
risk of confusion. We first recall the co-area formula, which allows the integration of a function
g : B — R along the level sets of another function £ : B — R.
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Lemma 3.3 (co-area formula [8]). Let £ : B — R be a Lipschitz function and g € L*(B), then

/Bg(k)|V€(k)|dkA(/Sl{g}g(k)da(k)> de.

Setting f = g|VE|, we deduce that for all f : B— R such that k — Zigy € L'(B), then

_ CIAN
(3.5) /Bf(k)dk_/R</gl{s} o (k))d.

This allows us to differentiate functions defined as integrals on the sets S,(¢) and B, (g) with
respect to the energy level €.

Lemma 3.4. Let f € CP(B,R). Under Assumptions 1 and 2 and with the notation of Lemma 3.2,
the maps F, : (ep — 0,67 +00) = R, M < n < M, defined by

Ve € (ep — do,er + 00), Fn(e) ::/5 ( )f(k)do(k),

are of class CP, and we have

(3.6) Ve € (er — d0,er +00), F,(e) = /
Sue) |Venk|

Proof. Using suitable cut-off functions, it is sufficient to prove the result for f compactly supported
in 8,(er,00). The outgoing normal unit vector of S,(¢) at k (oriented so that its interior is
{k € B,enk < €}) is vk 1= Venk/|Venk|. Using the divergence theorem, we get

Fu(e) = / Fk)do(k) = / FIOYE (k) = / div (f(k) v5““>dk.
Sn(e) Sn(e) |Venk| (KEB, eni<e) |Venk|

We now use the co-area formula (3.5) with f(k) := 1(cni < ¢)div (f( )‘g?n‘l;l) and €(k) = ek,
so that

. div (f(k) e )
Fu(e) = / / — Ve o) | de.
oo \Js0(e1) Vel
Differentiating this expression leads to (3.6), and iterating p times leads to the result. O

Formally, using the co-area formula on the integrated density of states N'(¢) would yield

1 c 1 ,
N(e) = 8] > [ </sn<€/> Vsnk|do(k)) de’,

but the integrand may not be well-defined for all &’ < e. This argument is however valid close to
the Fermi surface, and we therefore have the following result.

Lemma 3.5. Under Assumptions 1 and 2 and with the notation of Lemma 3.2, the integrated
density of states N is smooth on (eg — 8g,eF + 0g). Moreover, we have

Ve € (ep — do,er +00), D(e) =N — / ———do(k) >0.
|B| nZM Sn(e) |V€nk|
Proof. Applying the co-area formula with f(k) = 1(e,x < ep), we have

S 1
N =) ]én(enk e)dk = N(ep — 0o) + Ep

gMz\

: 1
de’ / do(K),
/spao Sn(e) | Venkl
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from which we get

1 & 1
(3.7) D) =N(e) = — / ———do(k).
|B| E:M Sn(e) | Venk]
By Lemmas 3.2 and 3.4, this function is smooth and positive. O

The function D appearing in (3.7) is called the density of states. This lemma justifies our
Assumptions 1 and 2 as natural assumptions to ensure a smooth density of states at the Fermi
level. The presence of crossings at the Fermi level may indeed yield singularities of the density of
states, as is well-known for instance in graphene. Similarly, a zero of the band gradient (leading
to so-called “flat bands”) produces van Hove singularities in the density of states.

Following the same steps as in Lemma 3.5, we obtain that the integrated density of energy
defined in (2.4) is also smooth on (ep — dg, eF + do), and that its derivative (the density of energy)
satisfies

(3.8) Ve € (ep — 0o er +00), E'(g) =eD(e).

We also record here the following technical lemma on the volume of the sets :3;(5, d), which
will be used in our analysis. It is an easy consequence of the co-area formula.

Lemma 3.6. Under Assumptions 1 and 2 and with the notation of Lemma 3.2, there exists
C € Ry such that, for all e € (ep — dp,eF + o) and all 0 < § < &g such that (e — d,e +9) C
(er — S0,€F + 60), it holds that |S,(¢,8)| < C§ for all M <n < M.

Proof. We apply the co-area formula (3.5) with f(k) := 1(e — § < ek < €+ 6) and E(k) = ey,

and get that
. e+o 1
Sn(e, d :/ / ———do(k) | de’.
|Sn (e, 0)| s s 9emd (k)

From Lemma 3.2, the map &’ — [ = |Venk|~tdo(k) is continuous and bounded on (e —dg, e+
d0). The proof follows. d

4. INTERPOLATION METHODS

In this section, we investigate methods based on the local interpolation of the functions k — £,.
We consider families of linear interpolation operators ITX : C°(B,R) — C°(B,R) indexed by L € N*,
which strongly converge to the identity operator when L goes to infinity, i.e.

Vf e C'B,R), HLfL—> f in C°(B,R).
—00

We say that (HL)LGN* is of order (p+1) € N if, for all > 0, there exists C} € R4 such that, for
all p’ € N, all open sets 2 C B, and all f € C”'*1(£,,R), where Q, := {k € B, d(k,Q) < n} is the
n-neighborhood of €2, it holds that
L Clyl (p'+1)

. - < —0 __ P .
(4.1) sup £ (k) = I f (k)| < T kseu& If (k)|
One of the most used interpolation operator is the linear tetrahedron method (and its improved
version [2] -see also [13]- that will be studied in a future work). In this case, we choose a sequence
of uniform tetrahedral meshes (7%)pcy, and we define ITX f as the piecewise linear function (linear
on each tetrahedron 7' € TF) interpolating f at the vertices of 7. In three dimensions, a linear
tetrahedron method constructed from a regular L x L x L mesh of the torus B is of order 2.
Similarly, the quadratic method described in [19, 3] and the cubic tetrahedron method described
in [30] are of order 3 and 4 respectively. We chose this convention so that p denotes the degree of
the polynomial in a usual polynomial interpolation (of order p + 1).
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Remark 4.1 (Local interpolation). The approximation property above is local, in the sense that
the quality of the approximation at a point depends only on the smoothness of the function near this
point. This is necessary to interpolate efficiently the functions e,x, which are not smooth across
the whole Brillouin zone. By contrast, a Fourier interpolation on the whole Brillouin zone would
not satisfy this condition: discontinuities in the interpolated function produce Gibbs oscillations,
which slow down the convergence of the Fourier series even far from the point of discontinuity.

4.1. Error on the Integrated density of states and on the Fermi level. Recall that the
integrated density of states N(g) is defined in (2.3). In practice, we cannot compute N (), but
only an approximation of it. We therefore introduce

(4.2) VeeR, NP(e)= > ][ e)dk  with &9 =115 [, ],

neN*

where (HL’q)LeN* is a family of interpolation operators of order g + 1. In practice, the integral
in (4.2) is performed analytically (hence at low computational cost). Because of the smoothness
of e,k near S, (ep), we are able to control the error on this function.

Lemma 4.2 (Error on the integrated density of states). Under Assumptions 1 and 2, there exist
C e Ry and § > 0 such that

C

VLEN, max |N(e) - NP < £y

e€ler—0,er+9]

Proof. Let (5L’q be the maximum error between e,k and 5 7 on the whole Brillouin zone, i.e.

5" == max max|5 - 5nk|.
n<M keB
From the fact that k — e,y is Lipschitz and (4.1) in the case p’ = 0, we deduce that limy,_, (55"1 =
0. For L large enough, (5é’q < 89/2, where &y was defined in Lemma 3.2. Let € € [ep — §0/2,eF +
d0/2]. We have

(4.3) N(e) = NP1(e) = 3 f (L < 2) — Uelid < )k

The integrand in (4.3) can only be nonzero in the discrepancy regions where e, < e < € kq or

Eﬁl’{q < € < gxk- In these regions, it holds that e — e] < |enk — Enk |, so that they are included
in Sy (e, 6{;"7). We can therefore rewrite (4.3) as

1

(44) N(e) =N 1(e) = 1

> /~  (U(enx<e) - 1(e59 < e))dk.

e J8u(eh)

From Lemma 3.6, we easily deduce that |V (¢) — N'49(e)| < Cd?. This is however a very crude

approximation, since (55"1 only decays as L™! (and not as L~(at1]) a5 wanted). This comes from

the fact that e, is Lipschitz but not C' on B. However, according to Lemma, 3.2, €, is analytic
< L,q :

on Sp(e,d5?). Hence, by setting

L L
dg?:=max max |e, 7 —enkl,

n<M keS8, (er,80)
we first deduce from (4.1) that 5§’q = O(L~(@*1) then that the integrand in (4.4) is non-zero
only on S, (¢, 5§’q), which again from Lemma 3.6 is of Lebesgue measure O(L~ (1), O

For all L € N, the function N'X? is continuous and non-decreasing from N%9(—c0) = 0 to
NL:4(4+00) = +00. However, it is not necessarily increasing, and the non-empty set (N24)~1({N})
may contain more than one point. Our results however will be independent of the choice of the
approximated Fermi level e? € (NL9)~1({N}). We state the next lemma in a very general
setting.
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Lemma 4.3 (Error on the Fermi level). Under Assumptions 1 and 2, there is 61 > 0 such that,
for all 0 < 6 < 81 and all continuous function Ny : R — R satisfying

D(er)
2

(4.5) max ‘N(E) N (5)’ < .

e€lep—0,ep+0]
the equation ./\75(5) = N has at least one solution e in the range [ep — d,ep + §], and any such
solution satisfies

2

4.6 erp —ép| < —— max
( ) | F F| D(EF) EG[EF75,€F+6]
Together with Lemma 4.2, we deduce that there exists C € Rt such that

C
La+1l’

VL € N*, ’6}7 — 5§’q‘ <

Remark 4.4 (Failure of hypotheses). Lemma 4.3 fails when D(er) = 0, i.e. when the density of
states is zero at the Fermi level (i.e. in semimetals such as graphene). In that case, the bound
depends on the local behavior of D around ep .

Proof of Lemma 4.3. Thanks to Lemma 3.5, there exists §; > 0 such that inf.cfc, s, cp15,) D(€) >
D(er)/2. In particular, for all € € (ep — 61,6 + 1) and 0 < § < d; such that [e — d,e + 6] C
[er — 01,eF + 01], we have

D(€F)5
2 b

e+o
@) N(e+06) = N(e) + / D(e)de > N (&) +

D(er)

and similarly, N'(e — d) < N(e) — Té. Let now N5 : R — R be a continuous function

satisfying (4.5). Then, it holds that
Ns(er —8) < N < Ns(ep +9).

Hence, by continuity of N, the equation ./\75(6) = N has at least one solution in [ep — §,ep + J].
Let €r be such a solution. We denote by £, 5. = MaXcglep—6epto] ‘N(E) —/\75(5)‘. Since
D(

°r) 5. we can again use (4.7) and get

S 73

K N5
= ~ — 2
N =N(er) = N5(€r) S N(EF) + hip i, SN <€F + D(EF)”/\/’,J%) ,
and, similarly, N = N(ep) > A (&5 — —2
11 similar = > - K -
) Y, F F D(EF) NN
and the inequality

— 2 ,v 2
N(EF_D(gF)KN”A‘?‘S) <N(EF) <N<EF+’D(€F)KN;/\76)’

we obtain (4.6). O

). From the fact that A is non-decreasing,

4.2. Error on the ground state energy and density. We now focus on the calculations of
the ground state energy (2.4) and density (2.5). Let II*? and I1»9 be interpolation operators of
order (p+ 1) and (¢ + 1) respectively. For the total energy, we introduce

el =TEP () and e =TT (e .

Using two different interpolation operators allows us to identify the error coming from the inexact
approximation of e, everywhere in the Brillouin zone (bulk error) and the one coming from
the inexact calculation of the Fermi energy (surface error). We assume that the Fermi level
is approximated by {—:IL,’q as in the previous section, using the same interpolation operator IT%:9.
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Altogether, we compare the ground state energy E = E(ep) defined in (2.4) with the approximate
ground state energy

(4.8) Ebra= %" ][ ebP1(eld < ep?)dk,
neN*

and the ground state electronic density p = p. ., where p, is defined in (2.5), with the approximate
ground state density

LRy Z][HLP e (r)[?) Lkt < eb?)dk.

neN*

The main theorem of this section is the following.

Theorem 4.5. Assume V € Hp,, for some s > 0. Under Assumptions 1 and 2, there eists

C € R, such that, for all L € N,
1 1
L,p,
lp = o7 e < © <Lp+1 + Lq+1) )

1 1
_ pLpa
|E B | gC"(llp-‘,-l +L2q+2)'

Proof. We start with the density. Let W € Hpe(f“) and introduce
Wk = <VV7 |unk|2>pre(rs+2)7HS$2 and WL’p nhr (Wnk) R

so that the error is ||p — pL’p’q’|Hs+2 = sup elP (W), where we set
per _
WGHpe(rSJrz)’”WHH—(erm:1
per

LIIY) = (Wop = g7 gz = 3 (W (e € 2) = WL < ) ke

neN*

We decompose the error into two contributions: the bulk error and the surface error. We write
bW = el? (W) + elB9(W) with

surf
(4.9) ehuc(W Z f Wik — ) 1(enk < ep)dk
n<M
and
(4.10) e IW) =y ][ WP [ enk Ser) — Lend <ep?)| dk,
n<M

The bulk error (4.9) is spread over the whole Brillouin zone, while the surface error (4.10) is

localized near the Fermi surface S. In order to control these two terms, “we use Lemma 3.2 which

shows that k — Y _ Wy = (W, pnk>H7<s+z> ge+2 18 smooth on k — B, (¢F,d0), while the map
per sddper

k — £,k is smooth on svn(EF,(So).
Bulk error. We have

L, L,
bu;ll)k |B| Z/ mk Wmf)dk

n<
= @ Z /B - (<I/V7 Pnk>H;e<rs+2>7H5$_z — P (W, pnk>H;e(!_s+2)7H§;rr2:|) dk.
ngﬁ n\&F

Let us introduce the maps

7 [ B = R
n,W - k — <VV’pnk>H;e<,-S+2),HS$2
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According to Lemma 3.2, the maps F,, y are analytic on gn(sp, 00/2), and it holds that
Vi < M, Yk € By (e, 00/2), ‘Fff;” W su Ha P,
e keB,L(sF,ao/z)
Together with (4.1), we deduce that there exists C € R, such that

k ‘ .
2
HiE

L,
B8 ()] < o Wy govor

Surface error. For the integrand in (4.10) to be non-zero, it must hold that

enk < ep and snk > EF or epk > ep and ErLLl’{q < Ef{q.
In the former case for instance, we have

0<epr —epk = <5F — 51L;’q) + (6?‘1 — sﬁkq) + (s:il’f — sp) )
The middle term being negative, we deduce that |ep — e,k| < faF — 5§| + |5£k — €nk|. The other
case is similar. In particular, as in the proof of Lemma 4.3, for L large enough, we can first
restrict the integral in (4.10) to S, (er,60/2), then to some S, (ep, CL™(*Y). Finally, since the
maps k — Wyx = (W, pny1kx — pnk>H7<s+z) ge+2 are smooth on Sn(eF,d0), we deduce that there
per sdlper

exists Cyq € Ry such that

C,
L,p,
LR < S W g

e
and the result follows.

Remark 4.6. As we see from the proof, the surface error behaves as L~971, while the bulk error
behaves as L~P~L. For the case of insulators (no Fermi surface), the surface error vanishes, and
the bulk error can be exponentially small with good choice of interpolants. However, for metallic
systems, we believe that our estimates are optimal, hence much larger due to Gibbs oscillations.
This is illustrated in our numerical simulations in Section 6.

Case of the energy. We now focus on the energy. We follow the same lines as above, and
decompose the error into a bulk error and a surface error. The bulk error is bounded as above.
We focus on the surface error, which reads

b = X f b [1enc < er) ~ 1(eli? < )]k

n<M
= 3 b o [tleme < er) - Uk < <] o+ e Wier) - NPIE).
n<M =0

Again, the integrand of egu’ff’q is supported on sets of the form S, (ep, CL=(a+1D)), On these sets,

it holds that

52 — er| < I = curd + e — el = O(L~#+) 4 L=+,

We easily deduce that

1 1
Lpal O(L*@“) L*<q+1>) dk<C(—m 4~
Court ’ |B| Z / (ep,CL—(a+1) * Lptat2 + L2a+2 )’
n<M ’ )

and the proof follows. O

Remark 4.7 (Order gain on the energy). The interest of choosing two different interpolation
operators IIXP and I1™9 for the calculation of E™P9 is now clear: the integration zone 1(e, L 1<
e®) can be approzimated with a lower order term (i.e. q = [251]) with no loss of order. For
instance, when using a cubic method (p = 3), it is enough to evaluate the integral of cubic functions
on tetrahedra (q = 1), and not on complicated intersections of cubic surfaces (q = 3).

This is surprising at first: since the computation of the approzimate energy EXP9 involves the
approximate Fermi level sIL;’q, how can the energy be more accurate than the Fermi level? The
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answer, as shown above, is that, to leading order, the variations of the energy caused by an error
in the determination of the Fermi surface is proportional to ep times the error on the number of
the particles. Since this number is kept fized to N for all L, this leading order error vanishes. This
means that, even if the exact Fermi level is known, it is still numerically advantageous to keep it
determined implicity through the equation N»1(el?) = N.

5. SMEARING METHODS

We now focus on smearing methods. Let A denote either the integrated density of states N,
the ground state density p or the ground state energy E. We want to approximate A by A, where
AL is obtained by replacing the integral in (2.3)-(2.4)-(2.5) by a corresponding Riemann sum on
a regular grid with L? points. However, since the step function f(x) := 1(x < 0) appearing in the
integrand is discontinuous, we expect the convergence to be slow. The idea of smearing methods
is to replace this step function by a smeared function f° that is smooth: we define

(5.1) A%(e) = ]é > Anief (Eme — €)dk,

neN*

where f? is a smooth approximation to f, as we will discuss below. This approximate quantity
A° can then be efficiently computed by a Riemann sum. We introduce, for L € N*| the uniform
grid

By :=BNL 'R,
where we see here B as a torus, so that there are L? points in Bz. We then define

1

(5.2) A%l (e) = — Anef7 (Enk — €).

d

keBy neN*

We define €% and sj‘,’L to be the (a priori non-unique) solutions of the equations

(5.3) N(%) =N, NoL(EGh) =N,
and we finally set
(5.4) A7 = A%(eF),  ATE = AT (eRh).

The quantities A%*" are the ones that we can compute numerically. Our goal is to compute the
error between A%L and A. We first estimate the error between A% and A in Section 5.2. Then,
we provide in Section 5.3 error estimates for the discretization error A%“ — A°. The combination
of the two provides the total error estimates for smearing methods.

5.1. Smearing functions. In this section, we explain how smearing functions are constructed.

Definition 5.1 (Smearing mollifier). We say a function 6* : R — R is a smearing mollifier if it
satisfies the two following properties:

(P1) 6* € S(R), where S(R) denotes the Schwartz space of fast decaying functions;
(P2) [6' =1.
We say that a smearing mollifier is of order at least p € N if

/ P(x)8*(z)dx = P(0) for all polynomials P with deg(P) < p.
R

that is Mo(6) = 1 and M, (6') = 0 for 1 < n < p, where the M, (¢) is the n-th momentum of the
function ¢ € S(R):
VYneN, M,(¢)= / 2" P(x) dz.
R

The order of a smearing method is the largest p such that the above property holds. We say that
fL:R — R is a smearing function if there exists a smearing mollifier §' such that

fw-[ " 5 (y)dy.
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For any smearing mollifier 5!, we set §9(x) := 0 =16 (0~ 12) and
x
(5.5) Foa) =1 / 57 (y)dy,  so that  f7(z) = f1(o~1a).
— 00

Note that §7 = —(f?)’, and that we have in a distributional sense 6° — ¢ and f? — f as 0 — 0.

The true step function f is non-increasing (which implies that the set of possible Fermi levels
N~L({N}) is an interval), and has values equal to either 0 or 1. In particular, f,x = f(enk — €F)
is interpreted as the occupation number of the Bloch modes with energy e,x. By contrast, this
interpretation is not valid for a smearing method of order p > 2, since smearing functions of order
p > 2 necessarily have values outside the range [0, 1] (otherwise, [(f' — f)z would be positive).

Let us mention some possible choices encountered in the literature and used in practice:
e the Fermi-Dirac smearing [7, 10, 17]:

1 1

5.6 ! =—" =

(56) fio(@) = 1o Ohp@) = g

This method is of order 1 and fip is decreasing from 1 to 0;
e the Gaussian smearing [6]:

1
(1—erf(z)), 64x):= ﬁe—”.
This method is of order 1 and f} is decreasing from 1 to 0;
e the Methfessel-Paxton smearing [18]: this method is defined by the sequence of functions

(f1\1/[P7N)N€N given by

DN | =

(5.6") fa(@) =

N N
(5.6") P (@) = f4@) + > AnHan 1 (2)e™, Ohp n(2) =D ApHon(z)e ™™ .
n=1 n=0

Here, the functions (H,,)nen are the Hermite polynomials (defined as Ho(z) = 1, Hy41(x) =
_1)"
2zH, (z) — H],(z)), and the coeflicients A,, := =D are chosen such that the method
nl4n/m
is of order 2N + 1. For N > 1, flxl/lp, N 1s not monotone, and has negative occupation
numbers;
e the Marzari-Vanderbilt cold smearing [16]:
1
(5.6") Jesw) i= J&(@) + o= (—ata(@) + Hy(@))e™,

corresponding to

1 3 3
oL (x) = NG (aa:s — 2% - 0% + 2) e

where a is a free parameter, usually chosen so that fl is always non-negative (avoiding

negative occupation numbers). This method, like the N = 1 case of the Methfessel-Paxton
scheme above, is of order 3.

Remark 5.2 (Temperature). The Fermi-Dirac distribution is used to model electronic systems at a
finite temperature. In this case 0 = kT, where kg is the Boltzmann constant. The other smearing
functions do not have such a physical interpretation and are only chosen for their mathematical
properties.

The Fermi-Dirac function is meromorphic, but has poles at the imaginary energies (2Z + 1)ir
(called Matsubara frequencies in the context of field theory). By contrast, the other smearing
functions introduced above (called Gaussian-type in the following) are entire. This will have an
impact on our estimates.
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FIGURE 4. Some smearing functions. Approximation to the Dirac function f!
(left), and occupation numbers 6% (right).

5.2. Error between exact and smeared quantities. In the remaining of this section, we fix
a smearing mollifier §* of order p, and we are interested in the behavior of A — A as o goes to 0.

Consider a quantity of interest of the form

(5.7) => ][ Apicd (e < ) dk.

neN*

Then, formally (we will justify this computation case by case for various A later)

3 ][Ankfl (f-:nk ) dk =Y ][Ank (/k Eal(x)dx> dk

neN* neN*

Ly ][Ank </ 5t </U€) d5’> dk

nGN*
/ J—
3 ][ Al (e < )dk) st (”) de’
ag

<A
(5.8) :%/R Ae)8! (5/_6) de’ = (A 57)(e).

In other words, the effect of smearing is to smooth the function A(e) by a convolution with §7.
In order to understand the properties of the smearing method, we therefore have to study the
asymptotic behavior of integrals of the form (5.8) for o — 0.

To make this precise, we introduce the mollification operator. Let us denote by S&’(R) the set
of tempered distributions on R. For g € §’'(R) and ¢ € S(R), we define (in the sequel, g ~ A, and
¢ ~ &' is a mollifier)

-—€

(5.9) Ve eR, Vo e R*, My4(e,0):= <g, %gb <>> and Mg 4(,0) = g(e)Mo(o).
5.8

g

Note that we extended M to o negative. Due to the change of variables in (5.8), this does not
correspond to taking a negative smearing parameter in the original definition (5.1) of A?. The
main idea of this section is that if ¢ is smooth, then we can write that

Myg(e,0) = é /]R g(€)¢<5';g> de’ = /R g(e + ox) ¢(z) da.
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In particular, if ¢ is a smearing mollifier of order p, then by Taylor-expanding g around e, this
quantity is also g(¢) +O(oP*1). We make this statement rigorous in the next Lemma, whose proof
is postponed until the end of the section.

Lemma 5.3. Let g € S'(R) be such that g|(c, s, »+54) 15 @ function of class C*, and let ¢ € S(R).
Then, the function Mgy 4(c,0) is of class C* on (ep — do,er + 0o) x R, and we have, for all
(m,n) € N x N such that m+n < k,

1 -—€ .
e (o (55)) g Fo70
g™ (&) M (9) if o =0,
where ¢rn € S(R) is defined by
qm+n

VEER,  Gpmalt) = (—1)" T (170(1)

5.2.1. Error on the integrated density of states and on the Fermi level. By choosing A,k = 1 in
(5.7) and using the decay at infinity of 6 to justify the exchange of integrals in (5.8), we have

N () = N(e, o), where we set for clarity N := My s1.

Lemma 5.4. For any smearing mollifier 5* of order p > 1, the function N is smooth on (er —
d0,eF + o) X R, and satisfies

ON N oPHLN

E(E,O) :D(Z':) >O7 V1 < nép, W(f‘:,o) :0, W(E,O) :D(p)(E)Mp+1(5l).
In particular, there exists C € RT such that
(5.10) max IN(g) = N7 (e)| < CoPtt,

e€(er—00,er+d0)

Proof. Applying Lemma 5.3 with ¢ = A/, which is smooth on (er — dg,er + dp), and ¢ = 6%, we
obtain that A is smooth on (er — 0p,er + do) X R. The proof is then a consequence of the fact
that My(6') = 1 and M, (6') = 0 for 1 < n < p, together with the fact that N’(g) = D(e) by
definition (see (3.7)). O

From (5.3), €% is solution to ./\7(6}';, o) = N. From the previous proposition together with the
implicit function theorem we directly get the following result.

Lemma 5.5. For any smearing mollifier 0% of order p > 1, there exists 01,01 > 0, such that for
lo| < o1, the equation N'(-,0) = N has a unique solution €% in (ep — d1,ep + 01). In addition,
the function (—o1,01) 3 0 — €% € R is smooth, and it holds that

p+1_0o
dPTe%
’ do’p+1

n .o
d"e%
do™

o D?)(ep)
o=0 B D(SF)

e7 ' =¢ep, VI<n<p, My11(3%).

o=0

In particular, it holds that

. 1 D(p)(gF) , ,
cr=cr+ P <— Dler) Mp+1(51)> P 4+ O(aP1?).

5.2.2. Error on the ground-state energy. By choosing A,x = €,k in (5.8), we have that E7(¢) =

E(e,0), where we set for clarity £ := Mg s1. Numerically, the true ground state energy E is
approximated by E° := E(¢%,0).

Lemma 5.6. For any smearing mollifier o' of order p > 1, there exists o1 > 0 such that the
function o — E is well-defined and smooth on (—o1,01) X R, and satisfies
OF OE PHE

S0 =eDE), VI<n<p 5(20)=0, Fo7(6,0) = (sDP() +pDT V() My (87)
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In particular, it holds that

_ d"E° dPripe _
E°=0=F,, V1<n<p, o =0, Jori = pD 1)(€F)Mp+1((51)~
o=0 =
Finally, we have
1
(5.11) B =B+ (pD@*l)(sF)M,,H(al)) o"* 1 1 O(oP*2).

Proof. The first part is a consequence of Lemma 5.3 applied to g = E(:) (which is smooth on
(e — 00,er +3p)) and ¢ = 0, together with (3.8). The second part comes from Lemma 5.5, and
the chain rule. O

Extrapolation of the energy. Following Marzari [15], we can introduce the entropy defined

as
(5.12) s7=3 ][s <5”“€F) dk,
neN* 5 g

where s : R — R is the unique function of S(R) such that s'(t) = t§'(¢). Following the same
computation as in (5.8) with f1 = s, we see that S7 = §(5‘§,0), where we set S = M o1
Note also that M, (t6*) = M,,1(6') for all 0 < n < p— 1. As in the proof of Lemma 5.6, we
deduce that if 8! is of order p > 1, then S is smooth on (—o1,01) x R, with

oS oS ors

VI<n<p-1, 50(2,0)=0, S2(s,0) =0, ——(e,0) = —DP Y, (5Y).
Together with Lemma 5.5, and the chain rule, this lead to
amse drse
Vi<m<p-1, —| = = D"V (ep)M,i1(5").
n p 9 da_n oo ’ do_p oo (€F) P+1( )
Thus,
o 1 —
(5.13) 5= (—m D(gF)MpH(al)) o? + O(oP ™).
From (5.11) and (5.13), we finally obtain that
BT — oL S7 = E+ O(c?1?)
p+1

As pointed out in [15], the right-hand side provides an approximation of F which is consistent of
order p+ 2, and therefore outperforms the estimator £ in the asymptotic regime when o goes to
zero. This is numerically useful, as, from the definition of S? in (5.12), S can be easily computed
numerically.

5.2.3. Error on the ground-state density.

Lemma 5.7. Consider a smearing mollifier §' of order p > 1. Under Assumptions 1 and 2 and
with the notation of Lemma 3.2, there exists o1 > 0 and C' € Ry such that

(5.14) Vo € (—o1,01), llp—p7llgsz2 < CoP Tl

Proof. Let W € H};C(r5+2), and set Wy := (W, |unk|2>H7(s+2) ere- We also set
IASER £ e

Aw(e) == Z ]iWnk]l(Enk <e)dk and Af,(e) = Z ]iWnkf” (enk — ) dk.

neN* neN*

In this proof, C' denotes a positive constant independent of W, n, k and o, for ¢ small enough,
but whose value can vary from line to line. Since H;,;z is an algebra for s > 0 and d < 3, we have
that

Wt = [V, ftnae®) o s | < CIW oo il
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Besides, using the equality Hytnk = EnklUnk, (2.2), the continuity of the pointwise product H$}2 x

per
Hj., to Hy,,, and a bootstrap argument, we see that

(5.15) vn>1 VkEeB, HunkHH;j’2 <C (1 +€S+2) < Ond(s+2)

Therefore, we have
|Wnk| CHW”H (e+2)nd( +2)

This estimate shows that Ay is a tempered distribution (as a continuous function of polynomial
growth), and that the computation in (5.8) is justified. In particular, we have

Ay (e) = May, 51(¢,0).

From similar considerations as in Lemma 3.5, Ay is smooth on [ep — dg,er + o], and

E k
A |B| Z /5 " |Vsnk| do (k).

It follows that
[ Wop = 0%) o gore | =[Aw (er) = AW (€F)| < [Aw (er) — Aw (6F)| + [Aw (eF) — A%y (eF)|

) <[ B et 'A’W@') ler = ef| 4 | Aw () — ATy (5]
—9o, 0
< (CIW | gm0+,

where we have used Lemma 5.3 and Lemma 5.5. The result follows. O

5.2.4. Proof of Lemma 5.3. We finally prove Lemma 5.3. Let g € S'(R), ¢ € R and o € R*. We
define the shifted and scaled tempered distribution g(e + o-) by duality:

V¢ S S(R)7 <g(5 + U')a ¢>S’,S = <gu AE,J¢>S’,S7
where A, , is the linear map on S(R) defined by

V6 € S(R), V&' €R, (Acod)(e):= 1 (5/ — 5) .

o] o

This is consistent with the usual shift and scale operation for functions. If g is a tempered
distribution that is continuous at e, we define g(e 4 0-) to be the constant tempered distribution
with value g(e).

It is easy to check that the family (A: ;) 0)crxr+ forms a group of continuous linear operators
on S(R) satisfying for all (¢,0) and (¢/,0’) in R x R*,

AE,JAE’,U’ = Ae+oe’,oa’-

In addition, we have the following properties on the derivatives of A, ,: for all ¢ € S(R),

a 0! ¢ (e U’)*}(E o) 6,o¢7

Aoy — A

e
g —e e’ —e

AEO"_AEO'
5 —1

— ¢ — —0 A, Lo,
g — 0 el —e

the convergences holding in S(R), where L is the continuous operator on S(R) defined by

Vo SE), ViR (LoD = T (6(0) = 19/(1) + o(0)

It immediately follows that M, 4 is of class C! on (ep — o, ep + dp) X R* and that

V(e’—j’ O') eER x R*7 %(Ev O-) = _0-71<97A€,0'¢/>S/,$a 8/;‘(]@ (570) = _071<ga AE,O'L¢>S/,S
g
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Let us prove that M, , is also C! at ¢ = 0. Let € € (ep — do,er + o), and let x € C>°(R) be
a cut-off function supported in a compact interval K C (ep — dp,er + dp) and equal to 1 in a
neighborhood V of €. For ¢ € S(R), ¢’ € V and ¢ € R*, we have

(9,Act 0P)s1.5 = (X9, Act0P)s',s + (1 = X)g; At o D)5 5

= (A 00, X9) o (k) ,cok) + (9, (1 = X)Acr o) 5.5 (e)Mo(9),

—
(e’,0)—(g,0) g
since when (¢/,0) — (£,0), Acr o — My(9)d. in the space C°(K)’ of bounded Borel measures
on K, while (1 — x)A. »¢ goes to zero in S(R). This proves that M, 4 is continuous on (ep —
(50, €r, +50) x R.

If in addition, g is of class C! on (ep — &0, + 0p), then for o # 0,
M!],¢(€’ 0) - M9,¢(5’ 0) <Xga Aa,a¢>8’73 - MO((b)(Xg) (E) + <(1 - X)g7 Aa,cf¢>3’75

g g g

= (07 (A, — Mo(8)3:), X9) (01 (1)) ,01 (1) + (9, (1 = X)o " Ac o) st s

—(x9)'(e)M1(¢) = g'()Ma (),

since 071 (A: ¢ — My(9)d:) converges to M;(¢)d. in C*(K)" , while (1 — x)o~t A ,¢ converges
to 0 in S(R). Hence, for € € (ep — do,er + o), we have

M ) = S M), P2(e.0) = M0

Observing that My(¢') = 0 and My(L¢) = 0, so that My(¢') = —My(¢), and that, M;(Lo) =
—M;(¢) with an integration by part, and reasoning as above, we obtain that for ¢’ € V and o € R*,

oM
Téw(s, 0)=—0 9, Ac0¢)s.s s —g'(e)Mi(¢') = g'(e)Mo(),
My

9 (6,0) = —U_1<97Ae,aL¢>S',s3—9/(5)M1(L¢) = g'(e)M1(9).

It follows that M, . is of class Clin (er — 69, + 6p) x R. Similar arguments allow one to show
that Mg . is of class C*in (ep — 6o, er + 60) x R whenever g is of class C* in (ep — o, e + d0).
The proof follows by a straightforward induction.

5.3. Error between smeared quantities and corresponding Riemann sums. We now in-
vestigate the convergence of A% to A7, for o fixed. As we already mentioned, the advantage of
using smearing functions is that the quantities A% are defined as the integral of smooth periodic
functions. It is therefore natural to approximate numerically the integral by a regular Riemann
sum, for which we can expect exponential convergence, depending on the analytic properties of
the integrand (see for instance [28] for a review). For Y > 0, we introduce the (closed) complex
strip
Sy =R'+i[-V,Y]?={zeC? |Im(z)| <Y}.
We recall the following classical result, which is proved as in [11, Lemma 5.1].

Lemma 5.8. There exists C € Ry and n > 0 such that, for allY > 0 and all F : C* — C that is
analytic on Sy and R*-periodic on R, we have

1
]iF(k)dk - 73 > F(k)

keBr

VL € N*,

efnYL
<C F —_—
(?é%f' (z”) v

We see that, for a fixed value of o, the greater the region of analyticity of the integrand, the
faster the convergence as L — oco. We distinguish here the different smearing functions: the
Fermi-Dirac function fZy has poles at (2Z + 1)7woi and displays exponential convergence, while
the Gaussian-type smearing functions are entire, leading to super-exponential convergence. We
collect in Lemmas A.1-A.2 estimates on the analytic behavior of the integrands of interest, from
which the results in this section proceed.
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We would like to emphasize at this point that, if the value of ¢ is not fixed but depends on L,
obtaining rates of convergence becomes a more subtle and intricate task. We address this issue in
more details in Remark 5.12.

5.3.1. Error for the integrated density of states.

Lemma 5.9 (Convergence of the integrated density of states). It holds that
o If f1 is any of the smearing functions (5.6-5.6""), there exists C € Ry and 1 > 0 such that for
all0 <o < og and all L € N¥,

(5.16) max INTE(e) = N7 (e)| < Co™ DL,
e€ler—d0,er+d0]

o If f1 is a Gaussian-type smearing function (5.6-5.6""), then there exists C' € Ry and ' > 0
such that, for all 0 < o < 09 and all L € N*, such that 0>L > 4, it holds that

5d d ,
(517) max |N0’L(E) _NU(5)| < C/O'igLige*n 02/3L4/3.

e€ler—00,er+d0]

Proof. We want to compare NI (¢) with N7 (). This is exactly the framework of Lemma 5.8,
with integrand

FN (&)= > (e — &) = Trpa [ (Hi —2)].
neN*

In Appendix A, we study the analytic property of such functions. From Lemma A.1, there exists
C € Ry and Y > 0 such that, for all ¢ € [ep — dg,er + 0] and all 0 < o < g9, the map FEA{,
admits an analytic continuation on S,y, and it holds that
sup |Fé\g(z)| <Cot.
zES,y

Together with Lemma 5.8, we deduce that there exists C,C’ € RT and 1’ > 0 such that
|NJ,L(E) —NU(g)’ < CU—l(Uy)—de—ngYL < O/ g (d+1) = oL

This proves the first part (5.16). For the second part, we use Lemma A.2, and get in a similar
way that if f! is a Gaussian-type smearing function, then there exists C € RT and n > 0 such
that for all Y > 1, all ¢ € [ep — dg,eF + o] and all 0 < o < oy,

INTE(2) — N7 (e)| < C(aY)‘deTI(%_YL).

Taking Y =Y (0,L) = (iUQL)l/3 leads to the result. The condition 02L > 4 comes from the fact
that we need Y > 1 for this result to be valid. O

5.3.2. Error for the Fermi level, the total energy, and the density. We now turn to the Fermi
energy, the total energy, and the density. As above, N°% is a continuous function that satisfies
N@E(—00) = 0 and N (+00) = 400, hence there exists €3” € R so that NOZ(e5") = N. As
NI is not necessarily increasing, 5UF’L may be non unique. However, since N'%F is continuous,
close to N7 (in the sense of the lemma above), and N7 (%) = N with 9.N7(e%) > 0, it follows
from the intermediary value theorem that there exists an %" close to €% so that N0L(e7%) = N.
It is this aj'p’L that we assume to be chosen for the rest of this paper.

Lemma 5.10 (Convergence of the Fermi energy, the total energy, and the density). It holds that
o If f! is any of the smearing functions in (5.6-5.6" ), there exists C € Ry and n > 0 such that
for all0 < o < oy and all L € N*,

(5.18) £f — E;L‘ +|ET = B2 4+ ||p7 = p7 " || e < Co ek,

o If f! is a Gaussian-type smearing function (5.6-5.6""), there exists C € Ry and n > 0 such
that, for all 0 < 0 < 0¢ and all L € N* with 0>L > 4, it holds that
2/374/3

(5.19) €f — g;L‘ +[B7 = BT+ {07 = p7 || paye < Co 5L e
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Proof. The Fermi level is estimated as outlined above. For the energy (the proof is similar for the
density), we have

(5.20) |B7 - B < |B7 () - B (e3")| + [Bo(e3) — B7R(e3")|.
The second term of (5.20) is exactly in the scope of Lemma 5.8 when we consider the function
FP (k) := Z Enief (Enie — £7F) = Trpz | [Hif7 (Hx —7%)].
neN*

Following the lines of Lemma 5.9 together with Lemmas A.1-A.2, we see that the first term is
exponentially (resp. superexponentially) small. The first term of (5.20) can be evaluated by
noticing that

(T,L‘

E°(s%) — F° U,L‘< 9.E° o _
(e3) - E° (%) (Ee[wg;ggm o |) €5 — €%

The proof follows. O

5.4. Total error. We finally combine Lemma 5.5, Lemma 5.6, Lemma 5.7 and Lemma 5.10 to
obtain our final result.

Theorem 5.11. Consider a smearing method of order p > 1. Under Assumption 1 and 2, there
exist C' € Ry and n > 0 such that, for all 0 < 0 < 0y and all L € N*, it holds that

(5.21) €% — ex| + [B7F = Bl + 07" = pll oz < C(o"+! + 0=+ Demm7Ly,

Remark 5.12 (Choosing o adaptively). In practice, only the parameter L is relevant when con-
sidering CPU time. The numerical parameter o can be chosen freely with no extra numerical cost,
and can be optimized with respect to L. For instance, the choice o o< L™' has been recommended
for practical calculations in [1], based on a heuristic argument. According to our previous theorem,
this is not enough: the right-hand side of (5.21) does not tend to zero when L — oo and o = C/L.
Still, choosing the slightly different scaling o o< log(L)L™! leads to a decay of the error proportional
to L=PD up to log factors. Our results therefore broadly support those of [1].

Remark 5.13 (Superexponential convergence). The choice o  log(L)/L gives o*L o log(L)?/L,
which goes to 0 as L — infty. In particular, the condition 0?>L > 4 is not satisfied for large L.
The super-exponential scaling result is therefore irrelevant for numerical purposes when we want
to compute zero-temperature quantities.

6. NUMERICAL RESULTS

The aim of this section is to present some numerical results on toy test cases to illustrate the
convergence properties of the methods analyzed in the previous sections. We also present some
examples where Assumption 1 or Assumption 2 are not valid. In these cases, we numerically
observe a degraded convergence rate.

In Section 4, some results about interpolation methods are presented for different interpolation
orders. In Section 6.2, numerical tests are performed using some of the smearing methods described
in Section 5.

6.1. Interpolation methods. We consider two-dimensional toy test cases, with B = (—1/2,1/2)2.
For a given L € N*, we consider a uniform L x L discretization grid of B as described in Section 4,
and use B-splines of order 1 and 2 as interpolation operators. In all computations in this section
the numerical quadratures are performed up to an error of 1076, and so we display error curves
only above that threshold.
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Case 1. Let us first consider a two-dimensional example where Assumptions 1 and 2 are satisfied
(case 1 in the following). We consider one analytical band:

(6.1) Vk := (k1,k2) € B, e1x = 3cos(2mky) cos(2mks) + sin(4mky) cos(4mks)

represented on Figure 5. The number of electrons per unit cell is chosen to be equal to N =
0.85 so that the exact Fermi level is approximately er ~ 1.7275. We plot the error on the
energy ’E — EL’p’q| and the Fermi level ‘sp — Ef,iq‘ as a function of L on Figure 6, for different

interpolation schemes (we recall that p is the order used to interpolate the integrand, and ¢ the
order used to interpolate e, for the purposes of determining the integration region and Fermi

level).
1.0 - -
© Y '/ Y
AR AN
VAN D,
NS~
0.8 S ="
0
0.6 1
N
A4
0.4
0.2 4
0.0
0.0
FIGURE 5. Isolines of the band structure (6.1) used in cases 1 and 2 (Fermi level
~ 1.7275 and 0 respectively).
1071 4 3
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1072 o - —
g g
e )
g o5
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107% o 3 4]
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FIGURE 6. Case 1: errors made on the energy (left) and the Fermi level (right).
The two dashed lines are proportional to L2 and L~2 respectively. The p = 1,
q=1and p=1, g =2 curves are almost identical in the left plot.

We see that the energy for the methods with p = 1 converge converges as 1/L?, irrespective of
q, and that the Fermi level converges as 1/L? for ¢ = 1, as expected from our estimates. For the
higher-order methods, the convergence is more erratic, and it is difficult to determine the order
precisely. However, it can be seen that the p = 2, ¢ = 2 method only marginally improves the
error on the energy compared to the p = 2, ¢ = 1 method, as expected from our estimates.
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Cases 2 and 3. We now consider two other two-dimensional examples where either Assumption 1
or Assumption 2 is violated.

In the test violating Assumption 2 (case 2 in the following), only one band is considered, with
the same analytic expression (6.1) as in case 1. However, the number of electrons is now chosen to
be equal to N = 0.5 so that the exact Fermi level is equal to e = 0. There are saddle points of the
function e1x at level ep = 0, as can be seen in Figure 5. This produces a van Hove singularity in
the density of states at the Fermi level, violating Assumption 1. Note however that the singularity
for a saddle point is relatively mild in 2D: D(e) diverges logarithmically near ep.

The test case violating Assumption 1 (case 3 in the following) is the standard tight-binding
model of graphene [5], where band crossings occur on the Fermi surface.

We denote for all k = (k1,ks) € B

. k1 + ko k1 — 2ky

—2k; + k
(k) s ek ="7— c;;(k):%.

For all k € B, we then define the 2 x 2 Hermitian matrix H (k) as follows

0 23:1 e~ 2mic; (k)
H(k) = < 23 . e27'ric_7~(k) ! 0 .

j=
It can be checked that, while H is not periodic, for all K € R*, H(k+K) is unitarily equivalent to
H(k), so that the eigenvalues of H (k) are periodic on B. In this test case, the number of electrons
per unit cell is chosen to be equal to N = 1 so that the exact Fermi level is ep = 0. The two
bands 1y and g9y touch at the Fermi level at two non-equivalent points of the Brillouin zone (the
Dirac points K and K’), violating Assumption 2.

In Figure 7 we plot the errors between the exact and approximate energies |FE — EL*p*q| as a
function of L using the same interpolation schemes as described above.
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FIGURE 7. Errors made on the energy for interpolation methods on cases 2 (left)
and 3 (right). The two dashed lines are proportional to L~=2 and L~ respectively.
On the right plot, the results are independent of q.

The different errors for case 2 seem to decay at a rate similar to that in case 1. We attribute this
to the relatively mild singularity of this case. Case 3 however displays a very different behavior,
the results depending on the position of the Dirac points K and K’ on the grid and therefore
displaying an oscillating pattern.

6.2. Smearing methods. The aim of this section is to present numerical results for some smear-
ing methods presented and analyzed in Section 5, for the three two-dimensional test cases pre-
sented in Section 4. We consider here the Gaussian (denoted by GA, of order 1) and the first
Methfessel-Paxton method (denoted by MP, of order 3) smearing schemes.

|
|
T T
10! 102
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Let us begin with the first test case, namely the one-band model (6.1) for which Assumptions 1
and 2 are satisfied. The errors on the energy and on the Fermi level are plotted on Figure 8 as a
function of L and for different values of o.

1072 4 L
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B 107 3 D 107! 4
g 2
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O 104 o L ;q-‘) 1072 4
2 52
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- ‘. 2 10 4 g s e ]
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o == GA0=0.125 |\ /’\ 8 10-4 4 == GAo=0.125 | *++' —+ =ttt
g . | cao=0.0625 \ S -l GA0=0.0625 \
M 107 3 3¢ MPo=05 ! - Fl gy - 3] S MP0=0.5 \\ ,I \
@ MPo=025 )\ 4 = ‘ M 10-5 @ MPo=0.25 (W] \ A E-gEE
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FIGURE 8. Error on the energy ’E — E”’L| (left) and Fermi level ‘EF — ej'p’L‘

(right) for case 1 as a function of L for different smearing schemes and different
values of o.

From this we obtain the following conclusions:

e The error as L — oo decreases as o decreases. As o is reduced by a factor of 2, the error
|E9>° — E| is reduced by a factor of about 4 (for GA) and by a factor of about 8 (for
MP1), suggesting that the asymptotic regime is not yet reached for the MP1 method (we
would expect a factor 16 since the MP1 method is of order 3).

e As o is reduced, so is the speed of convergence of E%F to E%°. The number of points L
required to achieve convergence of E%L to E7> scales approximately linearly as 1/0, as
expected from the =L term in Theorem 5.11.

e On this toy example and in the parameter regimes considered here, the method that gives
the lowest error for a given L seems to be that with lowest smearing and highest order,
giving the impression that smearing is not advantageous. This is of course not the case in
more realistic examples with lower values of L, where there is a non-zero optimal smearing.

We also present numerical results obtained on the two degenerate cases presented in Section 4
where Assumption 1 or Assumption 2 are violated. Errors |E"’L - F | are plotted as a function of
L for cases 1 and 2 in Figure 9. In contrast to before, we see that the Methfessel-Paxton scheme
is not able to achieve a higher order than the Gaussian smearing. This is because of the lack of
regularity of the density of states at the Fermi level in these two cases.

7. CONCLUSION

We have presented an a priori error analysis of quadrature rules and smearing methods for
k-point integration in the Brillouin zone. Our conclusions justify several non-obvious schemes,
and give rigorous bounds allowing one to choose the smearing parameter optimally.

Our analysis is concerned with linear periodic Schrédinger operators; as such, a number of
extensions are necessary to covers the framework of density functional theory, which is the main
motivation underlying this work. The nonlinearity of the Kohn-Sham equations is expected to
give rise to difficulties, which can probably be addressed using the tools developed in [4]. Another
source of error not considered here is the space (or plane-wave) discretization used in numerical
simulations of periodic Schrodinger operators. This has a strong impact on our estimates, which

rely on the fact that the map R? 5 k — (i+ Hy)™' € B(L2,,) is smooth and pseudo-periodic.
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FIGURE 9. Error on the energy ‘E - E”’L‘ for cases 2 (left) and 3 (right) as a
function of L for different smearing schemes and different values of o.

This cannot be ensured at the discrete level for a standard Galerkin discretization, see Remark
2.2. We plan to explore all these issues in a forthcoming paper.

In this work, we only considered simple ground state properties. Several quantities of interest
do not fit into this framework, such as response functions, which involve integrals over Fermi
surfaces, derivatives with respect to k of occupied Bloch states, or unoccupied Bloch states. The
error estimates in this case are expected to be substantially different, in accordance to the common
observation that these quantities converge slowly in practice as functions of L.

To establish our results, we have relied on Assumptions 1 and 2, which mathematically define
what is a “simple” metal (at least for the properties we have considered). For such metals, the
asymptotic behavior is universal, and the scaling laws only depend on the interpolation or smearing
used. It would be interesting to explore what happens in the case of a semimetal, or when a van
Hove singularity is present at (or close to) the Fermi surface.

APPENDIX A. ANALYTIC PROPERTIES OF THE INTEGRAND
The goal of this appendix is to study the analytic properties of the functions FQ{,, Ffa and
Fr)V defined respectively by

FA (k) = Trpp [f7 (Hi =€)l
FP (k) := Trpz,, [Hif? (Hx —¢)],
F (k) o= Trpe (W7 (Hi —e)].
We prove the following two results. The first one studies the analytic properties of these
functions near the real line.

Lemma A.1 (Analyticity near the real line). Let f! be any of the smearing functions (5.6)-(5.6").
Then, there exist C € Ry and Y > 0 such that, for all € € [ep — dp,er + o] and all 0 < o < 0y,
the maps Fe)i7 admits an analytic continuation on S,y , and it holds that

sup }FEJ\Q(Z)‘ + zzl;py |F2,(2)| + sup |FeV(z)| < Co .

e
So bt
2eS.y €50y, IW - av2)

Our second result studies the analytic properties on the entire complex plane.

Lemma A.2 (Analyticity on C). Let f' be one of the Gaussian-type smearing functions (5.6°)-
(5.6""). Then, the maps Fg)fa are entire, and there exists C € Ry and n > 0 such that, for all
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Y >1,alle €ep —dp,er + o] and all 0 < o < 0y,

4
sup | FYo(2)] + sup |F ()] + sup |23 (2)] < e
zES,y z€ES,y z€S,y, HW||H,<S+2):1
per

Let us first highlight the idea of the proofs of these lemmas. First, we will obtain bounds that
only depend on ||Vper| roe, so that we can absorb € € (ep — dp,ep + o) in Vper. Without loss of
generality, we take ¢ = 0 and drop the subscript €. In addition, to shorten the presentation, we
only do the proof for the energy. In the following, F,, denotes FEEZOJ.

We wish to study the analytic properties of the function

Fg(k) = TL“L?)Gr [kal (Hk/J)] 5

where f1 is one of the smearing functions (5.6)-(5.6""). Formally, Hy admits an analytic continu-
ation to the whole complex plane: when z = k + iy € C%, we set

Hy =30+ Voo
where
(A1) —A, = (=iV +2)? = (-iV + k) + 2iy - (-iV + k) — |y|*.
The operator H, is not self-adjoint (it is not even a normal operator), so it is difficult to compute

the analytical extension F,(z) of F,,(k). We will use a representation in terms of contour integrals.
Formally, it holds that

Ty, (B (/o) = Tz, [ f A Ovo) (5= ) ]

i z
1 . 1
— Trp2
D AP o) Trg, { s

" 2mi
for some (infinite) contour € enclosing the spectrum of H,. Unfortunately, we cannot commute
the trace and the integral in the last line whenever the dimension d is greater than 1. The reason
is that the operator (A — H,)~! is not trace-class when d > 2 (see (2.2)). Instead, we consider the
contour integral®

ax

1

(A2) Gy (z) = = Aﬂ [)\f1(>\/o)(/\ + 2)2] Trrz, <(Hz i SIED) —1Hz> dX,

where 3 € R is a well-chosen shift, and prove that G, is an analytic continuation of F,.

We prove Lemma A.1 and Lemma A.2 in the following two sections. In both cases we prove
that there exists appropriate contours such that G, = F,, using a perturbation argument. When
z = k + iy € C? with |y| small, we see H, as a perturbation of Hy, while when y is large, we see

it as a perturbation of the free operator —%Az.

A.1. Proof of Lemma A.1. We introduce % the parabolic contour in the complex plane defined
by

Re A
(A.3) C = {)\ € C,|Im A\ = o2 <1 + ; )}, where we set X := ||V||p= + 1.
It is the (unique) parabola that passes through the points —3 and +ic. In particular, it does not
encounter the poles of the Fermi-Dirac function at (2Z + 1)woi. Let us prove that € encloses the

spectrum of Hyyiy for y small enough (see Figure 10).

IIn the case of the density, we can take for instance

1

: 1 1 1
w o 1 2
o (=)= o /cg [+ 27 Trpg, ((Hz + ) (s+4)/2 W (Hgy +X)+0/2 X — Hz> d’\’

with the integrand trace-class from (5.15).
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FIGURE 10. Spectrum of the operator H, for z = k+1iy, and the contour ¥ that
encloses it, while avoiding the poles of the Fermi-Dirac function at (2Z + 1)oi

Lemma A.3. There exist C € RT and Y > 0 such that, for all 0 < o < 0g, allz =k +iy € S,v,
and all A € €, we have the following estimates:

(A4) I(H, =2z < Co™
(A-5) I(Hz +2) e, <€,
(A.6) Trpz, <(H YRS H> Co™
(A?) 8 TI'Lger <(H T E 2 N _ H )

Proof. From (A.1), it holds that
1 1
H, = 5(—iv + k)2 +iy- (—iV +k) — §|y|2 + Voer = (Hi — 3ly|?) +iy - (-iV + k).

For Y < 1, the spectrum of the self-adjoint operator Hy — %|y|? is contained in [-X + §,+00),
which is disjoint from ¢. In particular, for A € €, we have

(A8) (A= Hy) = (A= (Hc— ly[) (1+iy- (A= (H— $y) ' (V +K)).
Let us evaluate the norm of the normal operator (A — (Hy — %|y|2))71. From (A.3), we have
H (Hx — ly))~ H = dist (A, Spec(Hy — %\y|2))71 < [(ImA)? + (=2 + 3 — ReM)% ] 12
=[*1+82)+ (-2 +1 - ReA)i}_l/Q < Cot,

where z; := max(z,0) and where C' € R is a constant that depends only on 3 and 0. The last
inequality is obtained by optimizing over all ReA > —X.

From the fact that Hy is a bounded perturbation of 1 (—iV+k)?, and using similar calculations,
we easily get that there exists C' € R, that depends only on ¥ and o¢ such that

(A.9) iy - (X = (Hx = 5ly[*) ™" - (=iV + k) |5 < Co™'yl.

As a consequence, for Y < 1/(2C) and |y| < oY, the operator on the right parenthesis of (A.8)
is invertible, and its inverse is bounded in norm by 2. Inverting (A.8) leads to (A.4).

Inequality (A.5) is proved in a similar way (notice that the operator (X — (Hx — 3|y|?))~! is
Hilbert-Schmidt by (2.2)). Inequality (A.6) is a consequence of (A.4) and (A.5), together with the
operator inequality |Tr(B2A)| < IB||&, 1Al -

We finally prove (A.7). For all p in the resolvent set of H,, we have

1 1 1 1 1
O (Hz,“> (HZN>8Z Z(Hzlu> Hz*/‘( 1V+Z)Hz*ﬂ

We then use similar arguments and the fact that the operator (—iV+z) (H, — A) ™" is bounded. [
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We can now prove the analyticity of G, defined in (A.2).
Lemma A.4. There exist C € Ry and Y > 0 such that, for all 0 < o < 0g, the function G, is
analytic on Syy, and

sup |G, (z)] < Co™t.
z€ES,y

Proof. From the previous Lemma A.3, we already see that G, is analytic. Let us prove the bound.
It holds that

Gola)] < Cot [ 17NN+ D7
€
To evaluate the last integral, we parametrize the contour € with A(¢) := %(? — 1) +iot for t € R,
so that
(A10) A= (22 -1 +0%%) " <CE +1) and [d\ = V4252 + 02dt < O([t| + 1)dt,
for some C € R that depends only on ¥ and o¢. We obtain

|Gy (2)] < Co™? </R (oIS — 1) +it) [ (1+ t|7)dt) .

Let us prove that the last integral is uniformly bounded for 0 < ¢ < 0¢. We prove this result
in full details for the Fermi-Dirac smearing f!(x) = (14 e®)~!, the other cases being similar. We
split the integral in the regions |t| < 7/2 and |t| > 7/2. For |t| < 7/2, it holds that cost > 0, so
that

1/2

1

_ L1 _ I\ |
FH I = 1) +it)| = 14+ =D < [Re (1467 D) |

1
—1 2
= ‘1 4o E(t-1) cost‘ <1

We deduce that the integral over |t| < 7/2 is uniformly bounded for 0 < o < 0. For t > 7/2 > 1,
it holds that (2 — 1) > 0, so that
-1

)

1 _,’_eo’lE(tz—l)eit eaflz(tz—l) . 1‘71 < egglz(tz—n 1

<

where the right-hand side no longer depends on 0 < o < gg. Finally, we check that the integral

/t|>’2r

is absolutely convergent, and independent of 0 < o < g¢. This ends the proof of Lemma A.4.

_ ~1
000 (1) 1‘ (1+ |¢]7)dt

O
We now prove, as claimed, that G, is an analytic extension of Fj.
Lemma A.5. For all 0 < o < 0g and all k € R?, it holds that G, (k) = F,(k).

Proof. We first approximate Hy by a finite-rank operator, then apply the Cauchy residual formula,
and pass to the limit. Recall that Hy is a self-adjoint operator with spectral decomposition (2.1).
For @) € N*, we introduce the truncated operator

Q
H[? = Zgnk‘unk><unk|-
n=1
We have
(A.11) G (k) = Fo (k)| < |Go(k) = Trrg (B (HD))]
(A.12) | Teg,, (277 (HQ)) = Terg, (Hif” (H))|

We first focus on (A.12). Using the asymptotic (2.2) and the decay properties of f7, it holds that

(A.13) TrLEer (kaa(Hk)) _ TrLEer (HSfU(HS)) = Z €nkf0(5nk) m 0.
nzQ
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We now focus on the right-hand side of (A.11). For M > egk + 1 we denote by @ the positively
oriented closed contour defined by

Cr ={\€F, Re)\iM}U[MJriJ(lJrJ\;),MiJ(lJr]\;)].

The contour %), is obtained by truncating the parabola % to the region Re\ < M and closmg the
contour by a segment. For all M > egk + 1, this contour encloses the spectrum of Hk , so that,
from the Cauchy residual formula,

Ty, (HE07 (D) = 5o 77O+ 97 T, <(HQ o 1HQ> .
k - Mk

As M — oo, and using the same arguments as in the proofs of Lemmas A.3 and A.4, we see
that the right-hand side converges to the integral over the full contour 4. Moreover, we have the
point-wise convergence

Q
1 1 1
YA e €, hm Trpe lim g
Lo ((HQ + 2)2 A HQ> Qo0 &= (Enk + 2)2(A — £nkc)

> 1 1
:T .
z:: (Enk + 2 A=) Lber ((Hk i) Hk)

We conclude from the dominated convergence theorem that Trrz (Hli2 fou( Hl? )) converges to
Gy (k) as @ — oo. The proof of Lemma A.5 follows. O

Combining Lemma A.5 together with Lemma A.4 ends the proof of Lemma A.1.

A.2. Proof of Lemma A.2. We now focus on Gaussian-type smearing functions. The idea of
the proof is similar to previously. We need however to re-define G, for large |y| (i. e. choose an
appropriate contour). In the sequel, we fix Y > 1 and provide estimates uniform in z € Sy

Looking at the operator —%Az in Fourier basis, we see that its spectrum is

0 (=384) = {3(K+2)" g cp. {;(IK + k[ = |y[?) +iy - (K + k)} :
KeR*

hence is contained in the parabolic set (ImA\)? < Y?2(2Re\ + Y?). In the sequel, we take an
parabolic integration contour that encloses this region. More specifically, for « > 1 and Y > 1,
we introduce the dilated contour

%oy = {A €C, Im\? = a®’Y?(2ReA + a’Y?)}.

—1A,

LA,) goes to +o00. Since the operator 5

As « increases, the distance between €,y and o(—3
is normal, this implies that there exists o, > 1 such that

VY 21, Vze€Sy, VA€%ay, |[((A+3A,) @|V]|e)""

Tl <

The contour € := 6, y is our integration contour for z € Sy (see Figure 11).
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iR

FIGURE 11. The spectra of the operator —%Az and H,, and the contour % that
encloses them.

For A € €, it holds that (compare with (A.8))
A=—Hz)=(A+30,-V)=(A+34,) (1—-(A+34,)7'V).
As in Lemma A.3 we deduce the following inequalities. We do not repeat the proof, as it is similar.

2vy2
We denote by ¥ := QCQY for the sake of clarity.

Lemma A.6. There exists C € Ry such that, for allY > 1, all z € Sy, and all A € €, it holds
that

I(H, =Nz < C, I(Ha +2) e, < C

1 1 1 1
T <C, d 0,Try: <C.
rLgef((HZ—i—E)?)\—Hz) an rLﬁer<(Hz+2)2>\_Hz>

We now define, for 0 < 0 < 0g and Y > 1, the function defined on Sy by

(A.14) Goy(z) := % lg IAF (A o) (A + 2)?] Trrz,, ((Hz _1|_ S)ER) _1Hz> dA.

Before stating a bound on G, y, we need the following technical lemma on the growth of f1:

Lemma A.7 (Growth of f! in the complex plane). When f1 is one of the Gaussian-type smearing

functions (5.6"-5.6""), then f' is entire, and there exists C € Ry and q > 0 such that

C(1+ (2% +9%)9) (ey2_z2> if >0,

(A.15) Vr,y €R, |fl(z+iy)| < .
O+ (22 +12)9) (1 feve ) if x<0.

Proof. We first handle the case when f! is the Gaussian smearing function (in which case we can
choose ¢ = 0). We have

1 1 *°
Fa) =5 (1 et (@) = ﬁ/m e dt.
First recall that for z € R, we have 0 < f!(x) < 1. Moreover, for x > 1, it holds that

1 1 > _2 1 .
ng(x)gﬁ ' te dt:gﬁe .

This already proves (A.15) for y = 0. Then, we notice that an analytic continuation of f! is given

by
fl (x =+ iy) — i = e_tzdt +i Y e—(w+it)2dt _ fl(ir) + ie_IQ Y e—2iztet2dt
VT \Jo 0 VT Jo ‘

Lemma A.7 then follows from the inequalities

Yz +iy)| < | f* +i/ 4,
|z +iy)| < | (2)] NG [O,y]e
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together with the fact that

t2 t2 t2 t2 t2 2
e dt = e' dt + e dt < e’ dt + tet dt < Ce¥ .
[0,9] [0,1] [1,9] [0,1] (1,9]

The case of the Methfessel-Paxton and cold smearing schemes follows immediately by noting that
they differ from the Gaussian smearing function by terms of the form x”e‘”z, and the fact that

n_ —z2 _ (x2+y2)n/26y2712.

z e

We are now in position to prove estimates on G,y defined on (A.14).

Lemma A.8. There exists C € Ry and n > 0 such that, for all 0 < o < 0¢ and all Y > 1, the
function G,y is analytic on Sy, and

4
sup |G,y (2)] < Celoz .
zESy

Proof. For the sake of clarity, we do the proof when f! is the Gaussian smearing function (i. e.
g =0). From Lemma A.6, it holds that

Gar@I<C [ A+ 2.
We parametrize the contour € with A(t) := %((t2 — 1) +i2t), so that (compare with (A.10))
A <CY2(t? +1) and |d\| < CYZ(Jt] + 1)dt.
Then,
|Goy (2)] < CYS/}R ’fl (%:2 (> -1+ 1215))‘ (1 + [¢]")dt.

We split this integral in regions where [t| > 1, and |¢| < 1. When [¢| < 1, it holds that ReA(t) < 0.
Together with the second inequality of Lemma A.7 and the inequalities

V—1<t<1, (1+t7) <2, and 4% — (1> —1)® <4,

we get

[ T e
[7171]

[1 +exp (“3;4 (4t — (£* - 1)2))} dt
[7171]
ady4 adyd
<4C [1 + 602] <8Ce o7 .
For |t| > 1, we use the first inequality of Lemma A.7, and obtain
/ (52 (2 1 i) | o g < 20/ exp (SE51 (412 — (12— 1)) (1 4 17
[-1,1] 1

When t > 1, we have the inequalities

1
(1+t]7) <2/t|” while 6t < 5(754 +6%) sothat 4t — (2 —1)2 < -5 +17.
As a result,
> ary? 2 2 2 7 170ty o —atvt 4\ L7
/ exp( o (4t — (7 = 1) )) (1+ ¢ )dt<2exp( s )/ exp( et )t dt.
1 0

We finally perform the change of variable u = %t and get

o} . 81/4 8 e}
exp #t‘l t7dt = 7\/5 e_"4u7du,
8o Y
0 0% 0

where the right-hand side is uniformly bounded for 0 < ¢ < 09 and Y > 1. Combining all the
inequalities concludes the proof of Lemma A.8 O
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Lemma A.2 is a consequence of the Lemma A.8 and the following one, whose proof is similar
to the one of Lemma A.5

Lemma A.9. For all0 < o < 09, allY > 1, and all k € RY, it holds that G,y (k) = F,(k).
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