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ON THE MONOTONICITY AND DISCRETE MAXIMUM
PRINCIPLE OF THE FINITE DIFFERENCE IMPLEMENTATION OF
C°-Q? FINITE ELEMENT METHOD

HAO LI* AND XIANGXIONG ZHANG 1

Abstract. We show that the fourth order accurate finite difference implementation of continuous
finite element method with tensor product of quadratic polynomial basis is monotone thus satisfies
the discrete maximum principle for solving a scalar variable coefficient equation —V - (aVu)+cu = f
under a suitable mesh constraint.
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1. Introduction.

1.1. Monotonicity and discrete maximum principle. Consider a Poisson
equation with variable coefficients and Dirichlet boundary conditions on a two dimen-
sional rectangular domain Q = (0,1) x (0, 1):

(L1) Lu=-V-(aVu)+cu=0 on €,
' u=g¢g on O,

where a(z,y), c(x,y) € C%(Q) with 0 < amin < a(z,y) < amax and ¢(z,y) > 0. For a
smooth function v € C*(Q) N C(Q2), maximum principle holds [12]: Lu < 0 in Q =
maxg u < max {0, maxpq u}, and in particular,

(1.2) Lu=0in Q= |u(z,y)| < max lu|, V¥(z,y) € Q.

For various purposes, it is desired to have numerical schemes to satisfy (1.2) in the
discrete sense. A linear approximation to £ can be represented as a matrix Lj. The
matrix Ly is called monotone if its inverse has nonnegative entries, i.e., L,:l >0. All
matrix inequalities in this paper are entrywise inequalities. One sufficient condition
for the discrete maximum principle is the monotonicity of the scheme, which was also
used to prove convergence of numerical schemes, e.g., [4, 10, 1, 13].

In this paper, we will discuss the monotonicity and discrete maximum principle of
the simplest finite difference implementation of the continuous finite element method
with Q2 basis (i.e., tensor product of quadratic polynomial) for (1.1), which is a fourth
order accurate scheme [20)].

1.2. Second accurate schemes and M-matrices. The second order centered
difference u” =~ % for solving —u"(x) = f(x),u(0) = u(1) = 0 results in
a tridiagonal (—1,2, —1) matrix, which is an M-matrix. Nonsingular M-matrices are
inverse-positive matrices and it is the most convenient tool for constructing inverse-
positive matrices. There are many equivalent definitions or characterizations of M-
matrices, see [24]. One convenient characterization of nonsingular M-matrices are
nonsingular matrices with nonpositive off-diagonal entries and positive diagonal en-
tries, and all row sums are non-negative with at least one row sum is positive.
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The continuous finite element method with piecewise linear basis forms an M-
matrix for the variable coefficient problem (1.1) on triangular meshes under reasonable
mesh constraints [33]. The M-matrix structure in linear finite element method also
holds for a nonlinear elliptic equation [15]. For solving —Awu = f on regular triangular
meshes, linear finite element method reduces to the 5-point discrete Laplacian. Linear
finite element method or the 5-point discrete Laplacian is the most popular method
in the literature for constructing schemes satisfying a discrete maximum principle and
bound-preserving properties.

Almost all high order accurate schemes result in positive off-diagonal entries in Lj,
for solving —Aw = f thus Ly is no longer an M-matrix. The only known exceptions
are the fourth order accurate 9-point discrete Laplacian and the fourth order accurate
compact finite difference scheme.

1.3. Existing high order accurate monotone methods for two-dimensionallj
Laplacian. There are at least three kinds of high order accurate schemes which have
been proven to satisfy L,:l > 0 for the Laplacian operator Lu = —Au:

1. Both the fourth order accurate 9-point discrete Laplacian scheme [4, 6] and
the fourth order accurate compact finite difference scheme [18, 19] for —Au =
f can be written as Su = Wf with S being an M-matrix and W > 0, thus
Ly'=5"M>o0.

2. In [5, 7], Bramble and Hubbard constructed a fourth order accurate finite
difference discrete Laplacian operator for which Lj is not an M-matrix but
monotonicity L,:l > 0 is ensured through an M-matrix factorization L; =
MiMs, i.e., Ly is a product of two M-matrices.

3. Finite element method with quadratic polynomial (P2 FEM) basis on a regu-
lar triangular mesh can be implemented as a finite difference scheme defined
at vertices and edge centers of triangles [31]. The error estimate of P2 FEM
is third order in L2?-norm. The stiffness matrix is not an M-matrix but its
monotonicity was proven in [22].

For discrete maximum principle to hold in P2 FEM on a generic triangular mesh,
it was proven in [14] that it is necessary and sufficient to require a very strong mesh
constraint, which essentially gives either regular triangulation or equilateral triangu-
lation. Thus discrete maximum principle holds in P2 FEM on a regular triangulation
or an equilateral triangulation. For finite element method with cubic and higher or-
der polynomials on regular triangular meshes, it was shown that discrete maximum
principle fails in [28].

1.4. Other known results regarding discrete maximum principle. For
one-dimensional Laplacian, discrete maximum principle was proven for arbitrarily
high order finite element method using discrete Green’s function in [30]. The discrete
Green’s function was also used to analyze P1 FEM in two dimensions [11]. Discon-
tinuous coefficients were considered and a nonlinear scheme was constructed in [21].
Piecewise constant coefficient in one dimension was considered in [29]. A numerical
study for high order FEM with very accurate Gauss quadrature in two dimensions
showed that DMP was violated on non-uniform unstructured meshes for variable co-
efficients in [23]. A more general operator V(aVu) with matrix coefficients a was
considered for linear FEM in [16]. See [17] for an anisotropic computational example.

1.5. Existing inverse-positive approaches when L; is not an M-matrix.
In this paper, we will focus on the finite difference implementation of continuous finite
element method with Q2 basis (Q2 FEM), which will be reviewed in Section 2. The
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matrix L, in such a scheme is not an M-matrix due to its off-diagonal positive entries.
There are at least three methods to study whether L,:l > 0 holds when M-matrix
structure is lost:
1. An M-matrix factorization of the form Ly = M; M3 was shown in [7] and [2].
In Appendix A, we will demonstrate an M-matrix factorization for the finite
difference implementation of Q* FEM solving —Au = f.
2. Perturbation of M-matrices by positive offdiagonal entries without losing
monotonicity was discussed in [3].
3. In [22], Lorenz proposed a sufficient condition for ensuring L, = Mj;Ms.
Lorenz’s condition will be reviewed in Section 3.3.
The main result of this paper is to prove that L,:l > 0 and a discrete maximum prin-
ciple holds under some mesh constraint in the fourth order accurate finite difference
implementation of Q? FEM solving (1.1) by verifying the Lorenz’s condition.

1.6. Extensions to discrete maximum principle for parabolic equations.
Classical solutions to the parabolic equation u; = V - (aVu) satisfy a maximum
principle [12]. With suitable boundary conditions and initial value u(x,y,0) such as
periodic or homogeneous Dirichlet boundary conditions and rns%n u(z,y,0) = 0, the

solution to the initial value problem satisfies the following maximum principle:

(1.3) {nir;U(:v, y,0) S u(z,y,t) < r(na>)<U(:v, y,0).
z,Y z,Y

Now consider solving u; = V - (aVu) with backward Euler time discretization,
then U™t satisfies an elliptic equation of the form (1.1):
Ly Lyn,

_v. n+1
(1.4) V- (@VU) + "

If S}, denotes spatial discretization for —V - (aVu), then the numerical scheme can

be written as U™ = (I + AtS,,)"'U". Let 1 =1 1 - l]T, then for suitable
boundary conditions usually we have Sp1 = 0 since S;, approximates a differential
operator. So we have (I + AtS,)1 = 1 thus (I + AtS,)~'1 = 1. If we further
have the monotonicity (I + AtSy)™! > 0, then each row of the (I + AtS,)™! has
nonnegative entries and sums to one, thus the discrete maximum principle holds
min; U < U JTL“ < max; U}", which is a desired and useful property in many applica-
tions. For instance, second order centered difference or P1 finite element method has
been used to construct schemes satisfying the discrete maximum principle in solving
phase field equations [27, 26, 32]. In the rest of the paper, we will only focus on
discussing the equation (1.1), even though all discussions can be extended to solving
the parabolic equation with backward Euler time discretization.

1.7. Contributions and organization of the paper. To the best of our
knowledge, this is the first time that a high order accurate scheme under suitable
mesh constraints is proven to be monotone in the sense L;l > 0 for solving a variable
coefficient a(x) in (1.1) in two dimensions. For simplicity, we only discuss an uniform
mesh in this paper, even though the main results can be extended to non-uniform
meshes. However, an additional mesh constraint is expected for discrete maximum
principle to hold. See such a mesh constraint of non-uniform meshes for Q1 FEM in
[8] and P2 FEM for one-dimensional problem in [30].

This paper is organized as follows. In Section 2, we describe the fourth order
accurate finite difference implementation of C°-Q? finite element method. In Section
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3, we review the sufficient conditions to ensure monotonicity and discrete maximum
principle. In Section 4, we prove that the fourth order accurate finite difference imple-
mentation of C°-Q? finite element method is monotone under some mesh constraints.
Numerical tests are given in Section 5. Concluding remarks are given in Section 6.

2. Finite difference implementation of C°-Q? finite element method.
Consider solving the following elliptic equation on Q = (0,1) x (0,1) with Dirichlet
boundary conditions:

Lu=-V-(aVu)+cu=f on €,

2.1
21) u=g¢g on ON.

Assume there is a function g € H'(f2) as an extension of g so that glog = g. The
variational form of (1.1) is to find @ = u — g € H}(Q2) satisfying

(2.2) Ala,v) = (f,v) = Ag,v), Vv e Hy(9),

where A(u,v) = [[,aVu - Vodzdy + [ [, cuvdzdy, (f,v) = [[, fodzdy.

(a) The quadrature points and a FEM (b) The corresponding finite differ-
mesh ence grid

F1G. 1. An illustration of Q2 element and the 3 x 3 Gauss-Lobatto quadrature.

Let h be the mesh size of the rectangular mesh and V§* C H}(€2) be the continuous
finite element space consisting of piecewise @ polynomials (i.e., tensor product of
piecewise quadratic polynomials), then the most convenient implementation of C°-
Q? finite element method is to use 3 x 3 Gauss-Lobatto quadrature rule for all the
integrals, see Figure 1. Such a numerical scheme can be defined as: find uy € Voh
satisfying

(2.3) An(un,vn) = (f,on)n — An(gr,vn),  Vou € V3,

where Ay, (up,vn) and (f,vp), denote using tensor product of 3-point Gauss Lobatto
quadrature for integrals A(up,vs) and (f,vy) respectively, and gr is the piecewise Q2
Lagrangian interpolation polynomial at the 3 x 3 quadrature points shown in Figure
1 of the following function:

o it (2,y) € (0,1) x (0,1),
9 ’y)_{g(x,y), if (z,y) € 09.

Then 4, = up + gr is the numerical solution for the problem (2.1). We emphasize
that (2.3) is not a straightforward approximation to (2.2) since g is never used. It was
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proven in [20] that the scheme (2.3) is fourth order accurate if coefficients and exact
solutions are smooth. Notice that u; satisfies:

(2.4) .Ah(’ﬁh, ’Uh) = <f, 'Uh>ha Yoy, € Voh.

See [20] for the detailed finite difference implementation and proof of fourth order
accuracy for the scheme (2.3).
2.1. One-dimensional case. Now consider the one-dimensional Dirichlet bound-li
ary value problem:
—(au') 4+ cu =f on (0,1),
u(0) = 09, u(l) =o7.
Consider a uniform mesh x; =¢h, 1 =0,1,...,n+1, h = n+1 Assume n is odd

and let M = "TH Define intervals I, = [xak, Togt2] for k =0,..., M — 1 as a finite
element mesh for P? basis. Define

h={vec®0,1]):v e P*(I),k=0,...,M —1}.

Let {qﬁi}?jol C V" be a basis for V" so that ¢;(z;) = 0;j, 3,5 = 0,1,...,n+ 1. Let
u; = up(x;), up = 09 and un,1 = o1, then uy, @, € VP can be represented as

n+1

r) = Z u;i(w), up(r) = Z u; i ()
i=1 i=0
Let f; = f(x;), then (2.4) becomes

<CL’LL;“ ¢;>h + <CUh, ¢’L>h = <f7 ¢i>h7 1= 15 <oy NSUY = 00, Up41 = 01,
which are

n+1 n+1
ZUJ a¢;7¢>h+ (cgj, Pi)n Zf] Gjs Pi)ns, i =1,...,n;u0 = 00, Unt1 = O71.
7=0
The matrix form is Sa = Mf where
_ T & T
u:[UO Up Uz--c Up un+1} ) fZ[Uo fi feror S 01}

The scheme can be written as L, (1) = f. The linear operator £;, has the matrix
representation L, = M~18S.

For the Laplacian Lu = —u”, we have
(2.5a)
Lp(@)o =uo =00, Lp(Q)nr1 = tny1 =01,
(2.5b)
_ —Uj—1 + 2u; — Uiq1 e . .
Ly(a); = = = f;, ifiis odd, i.e., x; is a cell center,
(2.5¢)

i—2 — 8u;—1 + 1du; — 8u; i ) .
Ly(a); = Yiz2 i1 F 4}; Uit + Uivd = f;, ifiis even, i.e., z; is a cell end.l
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For the variable coefficient operator Lu = —(au’)’ + cu, we have

(2.6a) Lr(@)o=uo =00, Lp(Q)nt1 = Uny1 =01,

and if x; is a cell center, we have
(2.6b)

o —Baimr Faip)uicr +4(aim1 + aip1)u — (@im1 + 3ai11) Uiy
ﬁh(u)i =

4h?

+ciui = fi
and if x; is a cell end, then

(Baj—2 —4a;—1 + 3a;)ui—2 — (da;—o + 12ai)ui_1 + (ai_z +4a;—1 + 18a; + 4a;y+1 + ai+2)ui
8h?
+ —(12@1' + 4ai+2)ui+1 + (3ai+2 - 4ai+1 + 3ai)ui+2
8h?

Eh(ﬁ)i =

(2.6¢) + ciu; = fl-.l
2.2. Two-dimensional case. Consider a uniform grid (z;,y;) for a rectangular

domain [0, 1] x [0, 1] where z; =ih,i=0,1,...,n+1land y; = jh, j=0,1,...,n+1,

h = 525, where n must be odd. Let u;; denote the numerical solution at (x;,y;).

Let u denote an abstract vector consisting of w;; for 4,5 =1,2,--- ,n. Let G denote

an abstract vector consisting of u;; for ¢,7 = 0,1,2,--- ,n,n + 1. Let f denote an

abstract vector consisting of f;; for ¢,7 =1,2,--- ,n and the boundary condition g at

the boundary grid points.
The scheme (2.4) for solving (2.1) can still be written as Ly (@) = f.

2.2.1. Two-dimensional Laplacian. For the Laplacian Lu = —Au, L}, (@) can
be expressed as the following. If (z;,y;) € 0€, then

Ly ()i = wij = Gij-

If (z;,y;) is an interior grid point and a cell center , £ (1); ; is equal to

TUi1,j — Wity AU Wi — Wiy

3 = fij-
For interior grid points, there are three types: cell center, edge center and knots. See
Figure 2. If (x;,y;) is an interior grid point and an edge center for an edge parallel
to x-axis, Lp(@);,; is equal to

(2.7a)

—Wi—1,j + 22U — Uiy, 4 W2 T Bujj—1 + 1w j — 8ui 1 + Ui j42
h? 4h?

If (x;,y;) is an interior grid point and an edge center for an edge parallel to y-axis,
Ly (1), ; is similarly defined as above. If (x;,y;) is an interior grid point and a knot
({Ei, yj)a Lh(ﬁ)i,j is equal to
(2.7¢)
Ui—2,5 — 8’[1,1',17]' + 14’U,1'7j - 8’U,1'+1_’j + Ui42,5 Ui -2 — 8ui7j,1 + 14ui7j - 8ui7j+1 + U, 542
h? * 1h? = Jug I

(2.7b)

= fi;j-

If ignoring the denominator h2, then the stencil of the operator £, at interior
grid points can be represented as:

1
1
-1 -2
cell center —1 4 -1 knotsi -2 7 =2 %
-1 -2
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F1G. 2. Three types of interior grid points: red cell center, blue knots and black edge centers
for a finite element cell.

edge center (edge parallel to y-axis) % -2 5 =2 %

edge center (edge parallel to z-axis) —1

2.3. Two-dimensional variable coefficient case. For Lu = —V - (aVu) + cu,
Ly (1) will have exactly the same stencil size as the Laplacian case. At boundary
points (z;,y,) € 08, Ly (u) = £ becomes

(28&) Lh(ﬁ)i,j = Uj5 = Gij-
If (z;,y;) is an interior grid point and a cell center, £;(@); ; is equal to

—(3ai—15 + Git1,5)8i—1,5 +4(ai—1,j + @iy1,5)0i; — (@iz1,j + 3Qit1,5)Uit1,;

2.8b
(2.8b) Tz
—(Bai 1+ aiji1)uij1 +4aij1 + aije)uig — (aij-1 4 30i541)ti51
+ J J J J 4h2 J J J J J + Cijuij I
If (z;,y;) is an interior grid point and a knot, £5(1); ; is equal to
(2.8¢)
(Bai—2,j —4ai—1,; +3ai;)ti—2; — (402, +12ai;)ui1,; + (@25 +4ai1,; +18ai; +4ai1; + Giy2j)ui;
8h2
+ —(12@1'_0' + 4ai+21j)ui+1_’j + (3ai+27j - 4ai+17j + 3ai7j)ui+27j
8h?
(Baij—2 — 4a; -1 + 3ai;)uij—2 — (40i;-2 + 120 ;)i 1 + (aij—2 + 40i ;-1 + 180 ; + 40 j41 + @i ji2)ui,
8h2
—(12ai,; + 4aij12)uij+1 + (Bij42 — 4ai 11 + 3ai ;)i s

h2 + Cijuj 1

If (x;,y;) is an interior grid point and an edge center for an edge parallel to y-axis,
Lr(@); ; is equal to

(Bai—2,j —4ai—1,; + 3a;,5)ui—2,j — (4ai—2,; + 12a; j)ui—1,; + (@i—2,j + 4ai—1,; + 18a;,j + 4ait1,j + aito,5)i;
8h?
—(12@1'_0' + 4ai+21j)ui+17j + (3ai+27j - 4ai+1_j + 3ai7j)ui+27j
8h?
—(Baij—1+ aijr1)uig—1 +4(ai -1 + aijp1)uig — (@1 +3ai41)ij41
4h?

(2.8d)

+ CijUsj I
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If (x;,y;) is an interior grid point and an edge center for an edge parallel to z-axis,
Lr(1); ; is equal to

(3&1'_0‘,2 — 4&1'73‘,1 + 3ai7j)ui_j,2 — (4&1'_0‘,2 + 12ai7j)ui_j,1 + (ai7j72 + 40,1'7]',1 + 180,1'7]' + 4ai_j+1 + ai7j+2)ui7j

8h?
(2.8¢) —(12ai5 + 4a; j12)uij+1 + (3aijv2 — 40 541 + 3ai ) ui 12
' 8h2
—(Bai—1,j + aip15)uwi—1,; + 4ai—1,5 + Gir1,)Ui; — (@i—1,5 + 3ait1,5)Uit1,

7 +eyt

3. Sufficient conditions for monotonicity and discrete maximum prin-
ciple.

3.1. Discrete maximum principle. Assume there are N grid points in the
domain Q and N? grid points on 9. Define

u:(ul Uy - uN)T7 uaz(u? ug u‘?\,@)T,
= (Ul U9 N uN u? ug e u’?\[a)T

A finite difference scheme can be written as

1—wauj+2bw ul =f;, 1<i<N,
ul- =g;, 1<i<N?.

The matrix form is

- L 2] -
-t )= (3) ()

The discrete maximum principle is

(3.1) Lp(0); 0,1 <i< N = max u; < maX{O,mlaxu?}

which implies
La(0); = 0.1 < < N => [ug] < max [uf)]

The following result was proven in [9]:

THEOREM 3.1. A finite difference operator Ly satisfies the discrete mazimum
principle (3.1) ZfL >0 and all row sums of Ly, are non-negative.

Let @ and f be the same vectors as defined in Section 2. For the same finite
difference scheme, the matrix form can also be written as

Lpia="f.

Notice that there exist two permutation matrices P; and P» such that u = Pyu and
f= ng Since the matrix vector form of the same scheme is also Lhu = f we obtain
Py ‘L, = Lh. Notice that a permutation matrix P is inverse-positive and the signs
of row sums will not be altered after multiplying P to Ly. Thus we have

THEOREM 3.2. If Ly, is inverse-positive and row sums of Ly are non-negative,
then Ly, satisfies the discrete mazimum principle (3.1).
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—1 —1 pd

L, -L,'B
0 I

THEOREM 3.3. If L' >0, then L' > 0 thus L, * > 0.

Let 1 denote a vector of suitable size with 1 as entries, then for all schemes in
Section 2, L£,(1) > 0, which implies the row sums of L, are non-negative. Thus from
now on, we only need to discuss the monotonicity of the matrix L.

Notice that L;l = ( ), thus we have

3.2. Characterizations of nonsingular M-matrices. M-matrices belong to
the set of Z-matrices which are matrices with nonpositive off-diagonal entries. Non-
singular M-matrices are always inverse-positive. See [24] for the definition and various
characterization of nonsingular M-matrices. The following is a convenient sufficient
condition to characterize nonsingular M-matrices:

THEOREM 3.4. For a real square matrixz A with positive diagonal entries and non-
positive off-diagonal entries, A is a nonsingular M-matriz if and only if all the row
sums of A are mon-negative and at least one row sum is positive.

Proof. By condition C1 in [24], A is a nonsingular M-matrix if and only if A+ al
is nonsingular for any ¢ > 0. Since all the row sums of A are non-negative and
at least one row sum is positive, the matrix A is irreducibly diagonally dominant
thus nonsingular, and A + al is strictly diagonally dominant thus nonsingular for any
a>0. d

DEFINITION 1. Let N = {1,2,....,n}. For N1,Na C N, we say a matriz A of
size n x n connects N1 with No if

(32) VioENl,HZ'TENQ,Hil,...,Z'T_l eN st iy 1y, 7507 k=1,---,r.

If perceiving A as a directed graph adjacency matriz of vertices labeled by N, then
(3.2) simply means that there exists a directed path from any vertex in Ny to at least
one vertex in No. In particular, if N1 = (), then any matriz A connects N1 with N>.

Given a square matrix A and a column vector x, we define
NO(Ax) = {i: (Ax); =0}, NT(Ax) = {i: (Ax); > 0}.

By condition Lsg in [24], we have the following characterization of nonsingular
M-matrices:

THEOREM 3.5. For a real square matriz A with non-positive off-diagonal entries,
if there is a vector x > 0 with Ax >0 s.t. A connects N°(Ax) with N+ (Ax), then A
is a nonsingular M-matriz thus A= > 0.

3.3. Lorenz’s sufficient condition for monotonicity. All results in this sub-
section were first shown in [22]. For completeness, we include detailed proof.

Given a matrix A = [a;;] € R"*", define its diagonal, positive and negative
off-diagonal parts as n x n matrices Aq, A,, AT, AT:

Ag)ij = , A =A— Ay,
(Aa)y {0, i i d

(A)ij = 4 0 oo >0 s Ay = A, — A7
0, otherwise.
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LEMMA 3.6. If A is monotone, then for any two matrices B > C, A~'B > A~'C.

Proof. For any two column vectors b > ¢, we have
b—cZO:>A_1(b—c) >0= A"'b > Aec.

By considering b and ¢ as column vectors of B and C, we get A~1B > A=1C. 0
LEMMA 3.7. If A is an M-matriz, then Aq > A and A~! > A;l.

Proof. Agq > A is trivial. A is monotone, thus
Ag> A= A"TA; > A TA=T.
And A;l > 0 implies

AT A > T= A VAGA > TA = A > AL

THEOREM 3.8. If A, < 0 and there exists a monzero vector e € R™ such that
e >0 and Ae > 0. Moreover, A connects N°(Ae) with N (Ae). Then the following
hold:
e e>0.
° CL“'>O,V’L'€N.
e A is a M-matrix and A=1 > 0.

Proof. Assume there is one index i such that e; = 0, then

0<L (Ae)z- = Zaijej <0= (Ae)z- =0= Zaijej =0= aije; = O,Vj
J#i J#i
Thus if a;; < 0, then e; = 0, which implies (Ae); = 0 by the same argument as
above. Therefore, A has no off-diagonal nonzero entry ay; such that k € N°(Ae)
and [ € NT(Ae). In other words, if A represents the graph adjacency matrix for
a directed graph of vertices indexed by 1,2,---,n, then any edge starting from a
vertex i € N9(Ae) points to vertices in NY(Ae), thus there is no directed path from
i € N°(Ae) to any vertex in N7 (Ae), which contradicts to the assumption that A
connects N9(Ae) with N'*(A4e). With e > 0, the rest is proven by following Theorem
3.5. 0

COROLLARY 3.9. If A is a nonsingular M-matriz, £ € R™ is a nonzero vector
with £ > 0 and A connects N°(f) with N*(f), then A=*f > 0.

Proof. By using e = A7'f > 0 in Theorem 3.8, we get A~'f > 0. d
THEOREM 3.10. If A < M{Ms--- ML where My,--- , My are nonsingular M-

matrices and L, < 0, and there exists a nonzero vector € > 0 such that one of the
matrices My, - -+ , M, L connects N°(Ae) with N+ (Ae). Then A is a product of k+1
nonsingular M-matrices thus A= > 0.

Proof. Let M = M1 My --- My, then M is monotone. By Lemma 3.6, we get
(3.3) M1'A<L,
thus

(3.4) (M~'4), <0.



DISCRETE MAXIMUM PRINCIPLE OF C°-Q2 FEM 11

For each M;, +=1,...,k, by Lemma 3.7, we have

(3.5) (Mi)™h > (Mi)a) ™ = M1 > (My)g - (M)
which implies

(3.6) M~ Ae > cAe,

for some positive number c.

If L connects N°(Ae) with Nt (Ae), then M 1A also connects NV(Ae) with
NT(Ae) because (3.3) implies that (M ~'A4);; # 0 whenever L;; # 0 for any i # j.
By (3.6), Nt (4e) ¢ NFT(M~1Ae) and N°(M~1Ae) C N9(Ae), thus M~1A also
connects NO(M~!Ae) with N*(M~1Ae). With (3.4), by Theorem 3.8, M 1A is a
nonsingular M-matrix thus A is a product of £ + 1 M-matrices which implies A is
monotone.

If M; connects N°(Ae) with N+ (Ae) forsome 1 <i < k. Let M = My ... M; ;.
Similar to (3.5) and (3.6), we get

(3.7) (M)t Ae > cpAe, ¢y >0,

which implies that M; connects NO((M')~1Ae) with N+ ((M’)~!Ae). By Corollary
3.9, we know M;'(M')~'Ae > 0, thus M~'Ae > 0. With (3.4), by Theorem 3.8
M~'A is a M-matrix thus A is a product of k& + 1 M-matrices which implies A is
monotone. a

THEOREM 3.11. If AT has a decomposition: Ay = A* + A® = (af;) + (af;) with
A% <0 and A* <0, such that

(3.8a) Aq + A% is a nonsingular M-matriz,

(3.8b) AF < APATY A or equivalently Ya;; > 0 with i # j,a;; < Z afka;klazj,
k=1
(3.8¢)
Je ¢ R"\ {0},e > 0 with Ae >0 s.t. A* or A® connects N°(Ae) with N (Ae).

Then A is a product of two nonsingular M-matrices thus A~ > 0.
Proof. By (3.8b), we have

(3.9) A=Ag+ A% + A"+ AT < (Ag+ A*)(I + AT A%).

By (3.8¢), either Ay+ A% or I+ A;'A® connects N°(Ae) with N'*(Ae). By applying
Theorem 3.10 for the case k = 1, My = Ag+ A% and L = I—l—A;lAS, we get A~ > 0.0

4. The main result. For a general matrix, conditions (3.8) in Theorem 3.11
can be difficult to verify. We will first derive a simplified version of Theorem 3.11
then verify it for the schemes in Section 2.

4.1. A simplified sufficient condition for monotonicity. We will take ad-
vantage of the directed graph described by the 5-point discrete Laplacian, i.e., the
second order centered difference scheme, which has similar off-diagonal negative entry
patterns as the schemes in Section 2.

For the one-dimensional problem —u" = f, z € (0,1) with w(0) = u(1), the scheme
can be written as ug = 09, Unt1 = 01, W = fi,i=1,--+,n. The matrix
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.\_/./_\/\
. ° ° ° . . ~
(a) Grid points. (b) The directed graph.

F1a. 3. An illustration of the directed graph described by off-diagonal entries of the matriz in
(4.1): the domain [0,1] is discretized by a uniform 5-point grid; the black points are interior grid
points and the blue ones are the boundary grid points. There is a directed path from any interior
grid point to at least one of the boundary points.

. . . . . . . . . .

. ° ° ° . o—k\ \%o

. ° ° ° . o—%‘%‘\%—o

. ° ° ° . o%\‘%\\%—o

. . . . . . . . . .
(a) Grid points. (b) The directed graph.

Fic. 4. An illustration of the directed graph described by off-diagonal entries in the 5-point
discrete Laplacian matriz: the domain [0, 1] X [0, 1] is discretized by a uniform 5 X 5 grid; the black
points are interior grid points and the blue ones are the boundary grid points. There is a directed
path from any interior grid point to at least one of the boundary grid points.

vector form is K = f where

Co1o2 -
h2

which described the directed graph illustrated in Figure 3. Let 1 denote a vector of
0 = 17 T . o -

Z, " By Figure 3, it is
1 1=0,n+1
easy to see that K connects N°(K1) with N+ (K1).

Next we consider the second order accurate 5-point discrete Laplacian scheme

for solving —Au = f on Q = (0,1) x (0,1) with homogeneous Dirichlet boundary
conditions:

suitable size with each entry as 1, then (K1); =

“UWi1,j = Uig1,j + AU — Ui — Uit

h2

See Figure 4 for the directed graph described by its matrix representation. Let K be
the matrix representation of the 5-point discrete Laplacian scheme, then

1, lf (.Iz,y) S 89,
(K1), = ’

0, if (l‘i,yj) e .

By Figure 4, it is easy to see that K connects N°(K1) with N *(K1).
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Let A := L, denote the matrix representation of any scheme in Section 2. Then

1, if (x;,y;) € 09,
(A1) = : (ri,07)
Cij > 0, if (Ii,yj) € Q.

Therefore, N7 (K1) C NT(A1) implies N9(A1) € N°(K1), thus K also connects
NC(A1) with N T(A1). Notice that indices of nonzero off-diagonal entries in K is
a subset of indices of nonzero entries in A, , thus A, also connects N°(A1) with
NT(A1). So the vector e can be set as 1 in (3.8¢). If assuming c(x,y) > 0, then
A1 > 0 thus the condition (3.8¢c) is trivially satisfied.

By Theorem 3.4, for any decomposition of off-diagonal negative entries A, =
A%+ A% Ag+ A? is an M-matrix if (Ag+ A%)1 # 0 and (Ag+ A%)1 > 0. So Theorem
3.11 for the schemes (2.6) and (2.8) can be simplified as

THEOREM 4.1. Let A denote the matrix representation of the schemes solving
=V - (aV)u+ cu = f in Section 2. Assume A, has a decomposition A, = A* + A®
with A* <0 and A* <0. Then A= > 0 if the following are satisfied:

1. (Ag+ A*)1 #£0 and (Aqg+ A*)1 > 0;

2. AT < A7A1 A3,

3. For c¢(z,y) > 0, either A* or A® has the same sparsity pattern as A . If
c(x,y) > 0, then this condition can be removed.

4.2. One-dimensional Laplacian case. As a demonstration of how to apply
Theorem 4.1, we first consider the scheme (2.5). Let A be the matrix representation
of the linear operator £, in the scheme (2.5). Let Ay and AT be linear operators
corresponding to the matrices A; and AF respectively.

Consider the following decomposition of Ay = A* + A* with A* = A* = A :

A*(@)o = A°(0)o =0, A*(@)n41 = A*(@)n41 =0,
A*(a); = A%(u); = W, if x; is a cell center,
—8u;—1 — 8uiy1

A (1), = A*(@); = - ,

if x; is an interior cell end.
The operator Ag and A7 are given as:

Ag(a)o =uo, Ag(Q)pt1 = Ung1,

2u;
Aq(a); = h—ué, if z; is a cell center,
A(ﬁ)-*Mui if z; is an interior cell end
a(w); = 7o, if ; is an interior nd.
Af(@)o =0, AJ (W1 =0,
Af(@); =0, if 2; is a cell center,

Ui—2 + Ujt2

A (u); = FTERE

if x; is an interior cell end.

Obviously, A* and A® both have have the same sparsity pattern as A; . It is straight-
forward to verify [A? 4+ A%](1) is a non-negative nonzero vector. So we only need to
verify AT < AZAJlAS to apply Theorem 4.1. Since AZA;lAS > 0, we only need to
compare nonzero coefficients in A7 (@w); and A* (A} '[A° (1))

i
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When z; is an interior cell end, x;4+1 are cell centers, and we have

S(e —Uj—2 — Uy — S/— hQAS u);—
A (@)1 = #a A A ()]0 = $7
2 A s/ —.A_l —As(a)];—1 — A_l As(a)]; Ui—o + 2u; + u;
A (Adl[A (u)])1 — d [ ( )] }12 d [ ( )] +1 _ 2 0 +2

We can verify A} < AZA;lAS by comparing only the coefficients of ;12 in A} (0);
and A* (A;l[AS(ﬁ)])i because A*A;'A® > 0. By Theorem 4.1, we get A~! > 0.

4.3. One-dimensional variable coefficient case. As we have seen in the pre-
vious discussion, all the operators are either zero or identity at the boundary points
thus do not affect the discussion verifying the condition (3.8b). For the sake of sim-
plicity, we only consider the interior grid points for the linear operators. With the
positive and negative parts for a number f defined as:

B i PSS el

+
f 5 g

the linear operators Aqg, AL are

-
ai—1 + Qi1

Aq(a); = (T + ci) u;, if x; is a cell center,

.Ad(l_l)i

i—2 +4a;—1 + 18a; + 4a; i . . L
Gi2 7 20i-1 + 100 F 2ig1 + Gt +¢; | u;, if x; is an interior cell end.
8h? I
At (d); =0, if z; is a cell center,
~ (Baj_o —4a;_1 +3a)Tuio + (3ai42 — 4ai 1 +3a:) T uigo
B 8h?2

A (),

, if x; is an interior cell end.l

—(3a,— i+1)Ui—1 — (@i—1 + 3ai41)U;
If x; is a cell center A, (w); = (Bai1 + @iy Ju ihQ (@iz1 + a+1)u+17

If z; is an interior cell end A7 (@); =
—(30,1',2 —4a;_1 + 3&1')711,1',2 — (40,1',2 + 120,1')11,1',1 — (120,1 + 4ai+2)ui+1 — (30,1 — 4ai+1 + 3ai+2)*ui+2
8h? '
We can easily verify that (Aq + A*)1 > 0 for the following A*:

—(3a;—1 + Git1)ui—1 — (@i—1 + 3ai41)Uit1

if z; is a cell center A% (i1); = ,
if z; is a cell center A*(1); = € T

if z; is an interior cell end A*(q); =
—(3ai_2 —4a; 1+ 3ai)_ui_2 — [4&1'_2 + 12a; — (3a;—2 — 4a;—1 + 3ai)+]ui_1
8h?
—[1204' +4aiyo — (3a; —4ai1 + 3ai+2)+]ui+1 — (3a; — 4ait1 + 3a;42) Uit
8h? ’
where € > 0 is a small number. Moreover, A* has the same sparsity pattern as A7
for any € > 0. For € < 1 we can verify that A° = A, — A* <0:

—(3a;—1 + ait1)ui—1 — (@i—1 + 3ai4+1)Uig1
4h? ’
(Bai—2 — 4a;—1 + 3a;) T ui—1 — (3a; — daip1 + 3ai2) Tui
8h2 |

If x; is a cell center A°(a); = (1 —¢)

If x; is an interior cell end A°(@); = —
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Now we only need to compare nonzero coefficients in A} (11); and A* (A" [A*(w)]),
for x; being an interior cell end. When z; is an interior cell end, x;11 are cell centers,
and we have

—(3ai—2 + a;)ui—2 — (a;—2 + 3a;)u;

A*(@)i—1 = (1 —¢)

4h? ’
o/ —(3&1',4 —4a;_3+ 3ai,2)+ui,3 — (3&1',2 —4da;_1 + 3ai)+ui,1
AN Wi = 8h2
_ h? —(3ai—2 + a;)u;—2 — (a;—2 + 3a;)u;
1 S( S/ i 1) W i 1)U
i—1 = i—1 = (1— .
‘Ad [‘A (u)] 1 (%‘—2 +a; +h26i71)“4 (U.) 1 ( 6) 4(011_72 +a; +h26i71)

It suffices to focus on the coefficient of u;_» in A* (A} '[A*(@)]); and the discussion for
the coefficient of w4 is similar. Notice that A '[A%(@)];—2 will contribute nothing
to the coefficient of u;_». So the coefficient of u;_s in A% (A7 [A%(W)]); is

(Ba;—2 + a;)(4ai—2 + 12a; — (3a;—2 — 4a;—1 + 3a;)™)
32h2(ai_2 +a; + h2ci_1) '

(1—-¢)

Thus to ensure A < A*A; A®, it suffices to have the following holds for any interior
cell end z;:

(1 )(3ai_2 +a;)(4a;—2 + 12a; — (3a;—2 — 4a;—1 + 3ai)+) > (Baj—2 —4a;—1 + 3ai)+ I
—€ .

32h2(ai,2 + a; + hQCifl) - 8h2

Equivalently, we need the following inequality holds for any cell center x;:

(4.2)
(1—¢)

(30,1',1 + ai+1)(4ai,1 + 126Li+1 - (3@1',1 - 4&1' + 3ai+1)+)
32]7,2(04'_1 + ai41 + h2ci)

>
- 8h?

(3&1',1 - 4ai + 3ai+1)+ I
Notice that € can be any fixed number in [0,1) so that A; + A* is an M-matrix
and A® < 0. And e must be strictly positive so that A* has the same sparsity pattern
as A, . Thus if there is one fixed € € (0,1) so that (4.2) holds for any cell center x;,
then by Theorem 4.1, A=! > 0. A sufficient condition for (4.2) to hold for any cell
center x; with some fixed ¢ € (0,1) is to have the following inequality for any cell
center x;:
(4.3)
(3@1',1 + ai+1)(4ai,1 + 12ai+1 - (30,1',1 - 4ai + 3ai+1)+) (30,1',1 - 4ai + 3ai+1)+
32h2 (ai_l + @ip1 + h2Ci) = 8h? '

If 3a;—1 — 4a; + 3a;+1 < 0, then (4.3) holds trivially. We only need to discuss the
case 3a;—1 — 4a; + 3a;+1 > 0, for which (4.3) becomes

(4.4) (3a;—1 +ait1)(ai—1+4a;+9aiy1) > 4(ai—1+air1 +h*c;)(3a;—1 —4a; +3a;41).

So we have proven the first result for the variable coeflicient case:

THEOREM 4.2. For the scheme (2.6) solving —(au’)’ + cu = f with a(x) >0 and
c(z) > 0, its matriz representation A = Ly, satisfies A=1 > 0 if (4.4) holds for any
cell center x;.

The constraint (4.4) will be satisfied for small enough h. The proof of the following
two theorems are included in the Appendix B.
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THEOREM 4.3. For the scheme (2.6) solving —(au’) + cu = f with a(z) > 0 and
c(z) > 0 on a uniform mesh, its matriz representation A = Ly, satisfies A% > 0 if any
of the following constraints is satisfied for each finite element cell I; = [x;_1,x;i41]:

o There exists some A € (%, 1) such that

_ : 2 /
BN @) gy
h c; < - N h - <
GmIa_Lx a(x) — 4n};n a(x) min a(x) 6

min a(z)

o 2hmja_ux|a’(x)| + h2¢; (1 21"7) s

3 max a(x) 3 max a(x) *

min a?(x)
Ti

max|a/(1)|

o Ifc(x) =0, then we only need h*—: aaT < @*3.
z€l;

o Ifa(x) =a >0, then we only need h*c; < ba.

THEOREM 4.4. For the scheme (2.6) solving —(au’)’ + cu = f with a(x) > 0 and
c(z) > 0, its matriz representation A = Ly, satisfies A=t > 0 if the following mesh
constraint is achieved for all cell centers x;:

3 74
(4.5a) h? (—c» +  max a”(:v)) < min{a;_1,a;, ai+1}-

2 ‘ IE(Iifl,IFFl)
If a(x) is a concave function, then (4.5a) can be replaced by
(45b) hQCi < 3min{ai,1, a;, CLiJrl}.

REMARK 1. For solving heat equation with backward Euler time discretization
(1.4), the mesh constraints in Theorem 4.3 and Theorem 4./ imply that a lower bound
for % is a sufficient condition for ensuring monotonicity. Numerical tests suggest
that a lower bound on % is also a mecessary condition, see Section 5. A lower bound
constraint on the time step is common for high order accurate spatial discretizations
with backward Euler to satisfy monotonicity, e.g., [25].

4.4. Two-dimensional variable coefficient case. Next we apply Theorem 4.1
to the scheme (2.8). The splitting A, = A* + A® is quite similar to one-dimensional
case due to its stencil pattern.

Let A := Lj, be the matrix representation of the linear operator £, in the scheme
(2.8). We only consider interior grid points since Ly, is identity operator on boundary
points which do not affect applying Theorem 4.1. We first have

_ a_l)_i_a 17+a7_1+a/) 1 X X
Aq(a);; :( ozlg Tt Jh2 Gy it +cij ) wij, if ;5 is a cell center;

A1+ 18 + A o 8(a; y
Ad(ﬁ)w _ ((az 2,7 + 4a; 1,5 + Q5 + az;—}];; + a1+2)]) + (aw 1+ az)]+1) I Cij> wijy
if z;; is an edge center for an edge parallel to y-axis;
i j—2 +4a; j—1 + 18a:; +4a; j41 + i j42) + 8(Ai—1,5 + Qit1,5
Aa(a)i; = ((am S - azéji;l e + Cij> Uij,
if z;; is an edge center for an edge parallel to z-axis;
~ ((ai—2j + 40,1+ 18ai; + 4015 + aiyoy) + (aij—2 +4a;j—1 + 18as; + 4a; j11 + aiji2)
)ij = 5,2 +cij | wij,

if z;; is a knot. I

Ad(fl
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For the operator A7, it is given as

a
Af(@);; =0, if 2;; is a cell center;
(3ai—g,; —4ai—1; +3ai ) ui—oj + (Bair2,; —4aiv1; +3ai ) uira,

8h?
if z;; is an edge center for an edge parallel to y-axis;

Af ()i =

(3aij—2 — 4ai ;1 +3ai;) uij—o + (3aij42 — 4i11 + 3a55) Ui 4o
8h?
if z;; is an edge center for an edge parallel to z-axis;

Al () =

(3ai,27j - 40,1',1_0' + 3ai7j)+ui,27j + (3ai+2_j - 4ai+17j + 3ai7j)+ui+27j
8h?

+ (30,1'7]',2 - 4@1'73',1 + 3ai1j)+ui7j,2 + (3ai7j+2 - 4a1-_,j+1 + 3ai7j)+ui7j+2

8h?

Al () =

if z;; is a knot.

Let € € (0,1) be a fixed number. We consider the following A* < 0 so that
(Ad + Az)l > 0:

(Bai—1,; + Git1,5)Ui—1,5 + (@i—1,j + 3@it1,5)Uit1,5
4h?

if @;; is a cell center A*(@1);; = —¢

(Bai,j—1 + aiji1)tij1 + (@1 +3i41)uije
4h? ’
if x;; is an edge center for an edge parallel to y-axis, A*(Q);; =

—€

—(3ai,2_,j - 40,1',1_0' + 3ai7j)*ui,2_j - [4ai,27j + 12&1'73' - (30,1',2_0' - 40,1',1_0' + 3ai7j)+]ui,17j

8h?
—[12ai7j + 4ai+2_j - (3ai+27j - 4ai+1_j + 3ai7j)+]ui+17j - (3ai+27j - 4ai+1_j + 3ai7j)*ui+27j
8h?
4 2Bt F i)t i1 — (@i + 30041 ) Ui
4h? '

if x;; is an edge center for an edge parallel to z-axis, A*(a);; =
—(Baij—2 —4aij—1 +3ai ) wijo — [4aij-2 + 12a; j — (3a;j-2 — daij—1 +3a; ) |ui j1
8h?
—[12a; ; + 4a; j+2 — (3ai 12 — 4aij11 + 3ai ) uijv1 — (3ai 12 — 4ai i1 + 3ai ) Ui jto
8h?

i1 + aip1 i1y = (i1 +3ai15) Ui
ARZ ’
if ;5 is a knot, A*(0);; =

+ €

—(3ai,2_,j - 40,1',1_0' + 3ai7j)*ui,2_j - [4ai,27j + 12&1'73' - (30,1',2_0' - 40,1',1_0' + 3ai7j)+]ui,17j
8h?
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n —[12a; j +4aiv2; — (Baiva,; —4aiv1; +3ai ) Tuiv1; — (3aire; — 4aiy1j +3ai ;) wita; |
8h? ’

—(Baij—2 —4aij1 +3ai;) uij—o — [4aij—2 + 12a; ; — (3ai ;-2 — 4a;j—1 + 3a; ;) ui j1

+ 8h?2
—[12a;,5 + 4ai 442 — (aij42 — 4ai 41 +3ai5) i1 — (3ai 42 — 40441 + 30i) Uijto
8h2 ’
Then A® = A, — A” is given as:
if x; is a cell center, A°(@);; = —(1 —¢) (Bai—1, + ai+1’j)ui71’j4z2(ai71’j t3ais15 Uity
-6 (Baij—1 + aijr1)uij—1 + (aij—1 4+ 3aij41)ui i1
4h? ’
if z;; is an edge center for an edge parallel to y-axis,
A5(a);; —(Bai—2,; —4ai—1; + 3ai;)  uio1; — (3aire; — daip1; + 3ai4) Uiy
Wi = 8h?
(e —Baij 1+ a;ji1)uij1 — (@i 1+ 3a;j11)uij41
4h2 ’
if z;; is an edge center for an edge parallel to z-axis,
A (@) = —(3as,j—2 — 4aij—1 + 3ai;) T uij—1 — (3ai 2 — 4ai 1 + 3ai ) Ui 441
W= 8h?
- —(Bai—1,j + aip1,5)ui—1,5 — (@1, +3aip1,5)Uiv1) |
4h? ’
, , _ —(Baj—2; —4ai—1j + 3ai ;) ui—1; — (Baizej — 4ait1,j + 3a; ;) Tuiv
1f$ij is a knot, As(u)ij — ( 1—2,) 1—1,J U) % éhz ( 142,75 i11,5 U) i11,5
L 2B = daijo1 + 3ai;) Tijo1 — (312 = 4ai i1 + 30i5) i,
8h? ’

For the positive off-diagonal entries, A} (1);; is nonzero only for z;; being an
edge center or a cell center. Thus to verify A7 < AZAglAS, it suffices to compare
A? [Agl (AS (ﬁ))]u with A7 (@);; for z;; being an edge center or a cell center.

If z;; is an edge center for an edge parallel to y-axis, then z;41 ; are cell cen-
ters. Since everything here has a symmetric structure, we only need to compare the
coefficients of u;_» ; in A [A7" (As(ﬁ))Lj and A} (1);;, and the comparison for the
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coefficients of u;42 ; will be similar.

3a;—2; + aij)ui—2,j + (ai—2,j + 3a; ;)i ;
4h?

] (Bai—1,j-1 + @i—1j41)ui—1,j-1 + (@i—1,j-1 + 3ai—1,j41)Ui—1,j+1
—(1=¢) e :

AJA (@)1 = —(1 - 5)4(

Ay = —(1— o)

(Bai—2,; + aij)ui—2,; + (ai—2,; + 3aij)u;
@i—2,j + @ij + @i—1,j+1 + @i—1,j-1 + hci—15)

(- )(3%71,3‘71 + i1 j41)Uim1,5-1 + (@i—1,j-1 + 3Gi—1 j4+1)Wi1 j+1
Aai-2,5 + aij + i1 g1 + Gio1 o1 + h2cioyj) 1

Since the coefficient of Ui—2,5 in AaJr (ﬁ)ij is (3041'72_0' — 4ai,17j + 3aij)+/(8h2), we
only need to discuss the case 3a;—2; — 4a;—1,; + 3a;; > 0, for which the coefficient of
wi—oj in A% [A7' (A% ()] ;; becomes

Q-2 5 + 4041'71_0' + 9aij (1 — e)(3ai,2_j + aij)
8h? 4(&1‘_2,]' + Qij + Qi—1541 T Gi—15-1 + h2ci_17j).

To ensure the coefficient of u;—s ; in A* [A7" (A% (1))] ;; 18 10 less than the coefficient
of ui_y; in Af(@);;, we need

(1 = (ai—2,j +4ai—1,; +9aij)(3ai-2,5 + aiy) 3ai-2,; — 4ai1,j +3ay
32h2(ai,2_j + Qi + Qi—1,5+1 + Qi—1,5—1 + hQCi,Lj) - 8h2

Similar to the one-dimensional case, it suffices to require

(az;g_,j + 4ai,1_j + 9a¢j)(3ai,2_j + aij)
Aai-2,5 + aij + Gio1 g1 + i1 o1 + hPciogj)

> 36Li727j — 4ai,17j + 3CLij.

Equivalently, we need the following inequality holds for any cell center x;;:
(ai,u + 40,1'7]' + 9ai+17j)(3ai,17j + ai+1_,j)
Aai-1,; + @it1j + Gijer +aij1 +h%ci )
Notice that (4.6a) was derived for comparing A* [A7" (A (ﬁ))]ij and Al (1);; for x;;

being an edge center of an edge parallel to y-axis. If x;; is an edge center of an edge
parallel to xz-axis, then we can derive a similar constraint:

(ai1j71 +4a; ; + 9&@j+1)(3&1‘_’j71 + awqu)
4aij—1 + i1 + ait1,5 + ai-1,5 + h2e;j)

(4.6a)

> 3ai,1_j — 4ai7j + 36Li+17j.

(4.6b)

> 3a;,j-1 — 4ai,; + 30,541

If ;; is a knot, then z;41 ; are edge centers for an edge parallel to z-axis. Since
everything here has a symmetric structure, we only need to compare the coeflicients
of u;—a; in A* [A7" (As(ﬁ))}ij and A} (), and the comparison for the coefficients
of u;y2 j, wi j—2 and u; jyo will be similar.
—(3ai—2j +a;ij)ui—2; — (ai—2; + 3a;;)u;

4h?
—(Bai—1,j—2 —4a;—1 -1+ 3ai—1;) Tui—1j—1 — (3ai—1j+2 — 4ai—1 j+1 + 3ai—1,5) Tui—1 41
8h?
—(3ai—2,j + aij)ui—2j — (@i—2,j + 3ai,;)ui;

A*(@)i—1,; = (1 —¢)

+

ATAR (@)1, = (1 —€)

3(aiz o2 +4ai-1j-1 +18ai-15 +4ai-1541 + ai1,j42) +4(ai-2,5 + aij) +4h%cio1
—Bai—1,j—2 —4ai—1,j-1 + 3ai—1,5) Tui—1, -1 — Bai—1,j4+2 — 4ai—1 41 + 3ai—1,5) Tuis1 4
(ai,17j72 + 4ai,17j,1 + 186Li717j + 4ai,17j+1 + ai,17j+2) + 8(ai,2_j + aiyj) + 8h20i,17j

+
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For the same reason as above we still only consider the case where 3a;_2 j —4a;—1 ; +
3ai; > 0. So the coefficient of u;_s ; in A* [A}" (As(ﬁ))]ij is

RS (1 —e)(ai—2,; +4ai1,; + 9ai;)Bai—2,; + ai,j)
4h? (ai717j72 + 4ai,17j,1 + 18ai,1,j + 40,1',1 g+l +a;—1 j+2) + 8(ai,27j + aw-) + 80i717jh2'

To ensure the coefficient of u;_» ; in A* [A;"' (A°(u ))} is no less than the coeflicient

of ui_o j in Af(@);;, we only need

2(0,1',2_]‘ —+ 40,1',1_0‘ —+ 9aij)(3ai,2_,j + CLl'_’j) I
(@i-1,j-2 +4ai—1j-1+18ai-1; + 4ai—1j+1 + ai-1,542) + 8(ai—2,; + ai ;) + 8ci—1,;h?
> 36Li727j — 46Li717j + 3CLij.

Equivalently, we need the following inequality holds for any edge center x;; for

an edge parallel to z-axis:
2(ai—1,j +4ai; +9ai41,5)(3ai—1,; + ait1;)
(@i j—2 +4aij—1 +18a;; + 4ai j41 + @i j+2) + 8(ai—1,; + ait1,5) + 8ci jh?

(47&) > 3ai71,j — 4@1-_,3- + 3ai+17j.

We also need the following inequality holds for any edge center z;; for an edge parallel
to y-axis:
2(0,1'7];1 + 4ai7j + 9&@j+1)(3&1‘1j71 + aiﬁjfl)
(@i-2,j +4ai1,; +18ai; +4ait1; + aiy2,) + 8(aij—1 + aij41) + 8¢ jh?
(47b) > 3&1'_0‘,1 — 4&1-73- + 3ai7j+1.

We have similar result to the one-dimensional case as following:

THEOREM 4.5. For the scheme (2.8) solving —V - (aVu) + cu = f with a(z) >0
and c(x) > 0, its matriz representation A = Ly, satisfies A~ > 0 if (4.6) holds for
any cell center x;;, (4.7a) holds for z;; being any edge center of an edge parallel to
x-axis and (4.7b) holds for z;; being any edge center of an edge parallel to y-axis.

The constraints (4.6), (4.7a) and (4.7b) can be satisfied for small h.

THEOREM 4.6. For the scheme (2.8) solving —V (a(z)Vu)+cu = f with a(z) > 0
and c(x) > 0, its matriz representation A = Ly, satisfies A= > 0 if the following mesh
constraint is achieved for all edge centers x;;:

49 8
H}ZIJHQ( r)? > an}?jxa( r)? + 6L (3maxa( )—2mjjna(x)) h%ci;,
where J;; is the union of two finite element cells: if x;; is an edge center of an edge
parallel to x-axis, then Jij = [xi—1, Tiv1] X [Yj—2,Yjt+2]; if Tij is an edge center of an
edge parallel to y-axis, then Jij = [Ti—2, Tiva) X [Yj—1, Yj+1]-

THEOREM 4.7. For the scheme (2.8) solving =V - (aVu) + cu = f with a(x) >0
and c(x) > 0 on a uniform mesh, its matriz representation A = Ly, satisfies A=t >0

if any of the following mesh constraints is satisfied for any edge center x;;:
e There exists some \ € (2.1) such that

61"
_ .
o 61(1—\) min o (x) hwnel% |Va(z)| _ V- 73
1] R )
8 (3 maxa(x) — 2 n}lin a(:z:)> IHGHJI}J a(x) 28
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3 I:I]li]] a(z) I}lin a?(x)

49v2 2 2 Jij ij

o hn}ix|Va(x)| +2h%c; [ 1 - §m;;<a(z) ml;xa(m) )
ij ij

max |Va(z)|

o Ifc(x) =0, then we only need hzergiin - < 122257‘/5.
oy

e Ifa(z) =a >0, then we only need h*c;; < 3a.
Here the definition of Ji; is the same as in Theorem 4.0.

The proof of Theorem 4.6 is included in the Appendix B. The proof of Theorem 4.7
is very similar to the proof of Theorem 4.3 thus omitted. Since the two-dimensional
case is more complicated, it does not seem possible to derive a similar mesh constraint
involving second order derivatives of a(z,y) as in Theorem 4.4. For instance, by
Theorem 4.4, if a(z) > 0 is concave and ¢(z) = 0, then the one-dimensional scheme
(2.6) satisfies I_/;l > 0 without any mesh constraint. For the two-dimensional scheme
(2.8), even if assuming a(x,y) > 0 is concave and c¢(z,y) = 0, constraints (4.6), (4.7a)
and (4.7b) are not all satisfied for any h.

5. Numerical test. In this section we show some numerical tests of scheme (2.8)
on an uniform rectangular mesh and verify the inverse non-negativity of £;,. See [20]
for numerical tests on the fourth order accuracy of this scheme. In order to minimize
round-off errors, we redefine (2.8a) to its equivalent expression Lp(1);; = Ui =
% gi,; so that all nonzero entries in Lj, have similar magnitudes. By Theorem 3.3, we
have L;l > 0 whenever I_/;l > 0. Even though Lt > ( is not sufficient to ensure the
discrete maximum principle, in practice only L; ~ is used directly thus its positivity
is also important.

We first consider the following equation with purely Dirichlet conditions:

(5.1) —V-(aVu)+cu=f on|0,1] x[0,2]

where ¢(z) = 10 and a(z,y) = 1 + dcos(mz) cos(my) with d = 0.5,0.9, and 0.99. The
smallest entries in L,:l and I_/;l are listed in Table 1, in which —10~'® should be
regarded as the numerical zero. As we can see, L,:l > (0 and E,:l > 0 are achieved
when h is small enough.

TABLE 1
Minimum of entries in E;l and L;l for Poisson equation (5.1) with smooth coefficients.

Finite Element Mesh ,71d =05 — ,71d =09 — ,71d = 0.9 —
Ly L, L, Ly L, Ly
2x4 -7.32E-18 | 7.48E-06 | -3.90E-04 | 6.37E-06 | -7.41E-04 | 6.14E-06
4x8 -1.31E-18 | 1.23E-07 | -4.02E-19 | 9.95E-08 | -1.65E-04 | 9.44E-08
8 x 16 -3.96E-19 | 1.91E-09 | -4.91E-19 | 1.52E-09 | -1.77E-05 | 1.44E-09
16 x 32 -1.92E-19 | 2.98E-11 | -7.60E-19 | 2.35E-11 | -1.06E-18 | 2.22E-11

Next we consider (2.8) solving (5.1) with ¢(z,y) = 0 and a;; being random uni-
formly distributed random numbers in the interval (d,d+1). Notice that the larger d

max{a; } max{a;; }
is, the smaller mZTaJ} is. When d = 10, we have miTaJ} < %, thus L,;l >0 and
ij ij

I_/;l > 0 are guaranteed by Theorem 4.6. In Table 2 we can see that the upper bound
max{a;;}
ij

on is indeed a necessary condition to have E,;l > 0, even though constraints

min{a;; }
ij
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in Theorem 4.6 may not be sharp since we still have the positivity when d = 1. We
have tested d = 0.3 many times and never observed negative entries in L,;l and L;l.

TABLE 2
Minimum of all entries of I_/;l and L;l for a(z,y) being random coefficients

Finite Element Mesh ,71d = 0.1 — = d=1 — = d=10 —
L, L, L, L, L, L,
2 x4 -1.00E-03 | 6.60E-05 | -8.15E-18 | 4.73E-05 | -1.98E-16 | 6.74E-06
4x8 -2.14E-04 | 3.22E-06 | -3.46E-18 | 9.95E-07 | -5.10E-17 | 1.35E-07
8 x 16 -6.73E-05 | 2.88E-08 | -5.24E-19 | 1.65E-08 | -1.81E-17 | 2.21E-09
16 x 32 -2.34E-05 | 3.61E-10 | -9.01E-19 | 2.02E-10 | -8.37E-18 | 3.56E-11

Last we consider solving the heat equation u; = Au on [0, 1] x [0,2] with back-

—u

ward Euler time discretization —Aum*! + ﬁu"“ = %3 corresponding to (5.1) with
a(z,y) =1 and ¢ = ﬁ. By Theorem 4.7, % > %, is a sufficient condition to ensure
E;l > 0 and L,:l > 0. In Table 3, we can see that it is necessary to have a lower
bound constraint on % but % > % is not sharp at all. In Figure 5, we can see the
minimum of entries in E;l and L,;l decreases for smaller %. The lower bound to

ensure the inverse non-negativity of L;l and L;l seems to be near % = 3—16.

TABLE 3
Minimum of all entries of E;l and L;l for solving heat equation with backward Euler.

At = 312 At =1 At =1
Finite Element Mesh |—=— 2 =7 . =7 |
L, L, L, L, L, L,
2x4 0 | 7.95E-06 | 0 | 3.21E-07 | -9.14E-05 | -5.34E-07
4x8 0 | 1L.O1E-09 | 0 | 1.93E-13 | -2.28E-05 | -1.00E-07
8 x 16 0 | 7.74E-17 | 0 | 2.58E-25 | -5.71E-06 | -2.51E-08
16 x 32 0 | 263E-30 | 0 | 2.73E-48 | -1.43E-06 | -6.27E-09

6. Concluding remarks. In this paper we have proven that the simplest fourth
order accurate finite difference implementation of C°-Q? finite element method is
monotone thus satisfies a discrete maximum principle for solving a variable coeffi-
cient problem —V - (a(z,y)Vu) + ¢(z,y)u = f under some suitable mesh constraints.
The main results in this paper can be used to construct high order spatial discretiza-
tion preserving positivity or maximum principle for solving time-dependent diffusion
problems implicitly by backward Euler time discretization.

Appendix A. M-Matrix factorization for discrete Laplacian. The matrix
form of (2.5) can be written as ;5 Lyt = f. As an example, if there are seven interior
grid points in the mesh for (0, 1), then the matrix Ly, is given by

—
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—
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3+ i o
B
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35| + i o
+ o
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o
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dih? dih?

(a) Minimum of entries in Z;l (b) Minimum of entries in L,:l

Fic. 5. Minimum of all entries of I_/gl and L;l on 16 x 32 mesh with different time steps.

The matrix Lj, can be written as a product of two nonsingular M-matrices Ly, = M, M,

where

— 1 1 I 3 3
My = —1l-z , Mo = -3 3 —3

1
1
1 —1 —1
1

Such a factorization is not unique and it does not seem to have further physical or

geometrical meanings.
For the scheme (2.7), we can find two linear operators A; and Ay are with their

matrix representations A; and A, being nonsingular M-matrices, such that £,(u) =

As(Aq(0)).
Definition of A; is given as
e At boundary points:

vij = A1(Q)i; = uij = Ggij-
e At interior knots:
vij = A1(Q)ij = uij.

e At interior cell center:

_ 1 1 1 1
vig = A1 @iy = 2uij = o1 = i1y~ UG-l = Ui

e At interior edge center (an edge parallel to x-axis):

_ 1 4
v =Ai(a);; = _guifl,j + guzg — guiJrl,j-
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e At interior edge center (an edge parallel to y-axis):

_ 1 4 1
vig =A@ = —gtigo1 + Ui = gUige
Definition of A5 is given as:
e At boundary points:

A2(V)ij = vij-

e At an interior knot:

_ 3 3 3
A2(V)ig = —5vim15 + 3Vij = FVit1 = GUig-1+ 3Vij — FVig1
e At an interior cell center:
_ 3 3 3 3 1 1 1 1
A2(V)i5 = 2vi,j_gvifl,j_gvzﬁrl,j_gvi,jfl_gvi,jJrl_gvifl,jJrl_g'UiJrl,jJrl_gvifl,jfl_gviJrl,jJrl-
e At an interior edge center (an edge parallel to x-axis):
_ 7 15 7 3 3
A2(V)ij = = JgVi-1g + Vi T gVt T VigHl T Vig—1 T plin1g—1 T Ykl

3 3 1 1 1 1
—Vi—1.4 — —V; 1 — —=Vi—_1.,4 — —=U; i — —=Vi—1,j—2 — —<U; i—92.
16 1,5+1 16 +1,5+1 32 1,5+2 32 +1,7+2 32 1,j—-2 32 +1,5—-2

e At an interior edge center (an edge parallel to y-axis):

_ 7 15 7 3 3
A2(V)i,j = —Evz‘,jq + zvi,j - Evi,jJrl — Vi1, —Vi-1,5 — Evifl,jfl - Evifl,jJrl

3 3 1 1 1 1
TR Vit1,5-1 — TEVid 1,541 T 5 Vi42,i—-1 — o5 Vit2,4+1 — 55 Vi—2,5-1 — o5 Vi—-2,+1-
16 +1,5—1 16 +1,5+1 32 +2,5—1 32 +2,5+1 32 2,5—1 32 2,7+1

It is straightforward to verify that £p(0) = A2(v) where v = A;(a). Obviously,
matrices of A; and Ay have positive diagonal entries and nonpositive off-diagonal
entries. Moreover, A;(1) > 0 and A3(1) > 0 thus A; and A, satisfy the row sum
conditions in Theorem 3.4. So A; and As are both nonsingular M-matrices and the
matrix representation of £, is As A;. However, this kind of M-matrix factorization
cannot be extended to the variable coefficient case.

Appendix B. .

Proof of Theorem 4.3. If ¢(x) = 0, then (4.4) reduces to
(28a;_1 + 20a;41)a; + 4a;1a; 1 > 9a? | + 3a12+1.
A convenient sufficient condition is to require
52min{ai ,,a?,a?,,} > 12max{a;_|,a?, a7},

which is equivalent to
max{ai,l, a;, CLl'Jrl} 13

min{a;_1, a;, ait1} 3
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Let a(z!) = max{a;_1,a;,a;+1} and a(x?) = min{a;_1,a;,a;11}. Then the inequality
above is equivalent to

a(zt) —a(x?)  V39-3
< .
a(x?) 3
By the Mean Value Theorem, there is some ¢ € (x;_1,¥;+1) such that a(z!) —a(2?) =
a'(€)(x? — x'). Since |22 — 2| < 2h, we have

la(z') —a(2?)] < max  |d'(x)|2h.

2€(Ti—1,Tit1)
Thus a sufficient condition is to require

ma; a'(x
EG(IFi;Hl)l ( )| < V39 -3

min  a(x) 6
2E(Ti—1,Tit1)

h

For ¢(x) > 0, (4.4) reduces to
(280,1'71 + 20ai+1)ai + 4ai+1ai,1 > 90412_1 + 3&12+1 + 4h26i(3ai,1 - 4ai + 3ai+1),
for which a sufficient condition is

(B.1) 13 n}ina2(x) > 3mlaxa2(:v) + h%c;(6 mlaxa(:v) - 4n}ina(x)).

One sufficient condition for (B.1) is to have

3N € (0,1),h%c;(6 mlaxa(x)—élmin a(z)) < 13(1=X) H}ina2(x), 3maxa?(z) < 13)\H}ina2(x).l

i i i

By similar discussions above, a sufficient condition for 3 maxa?(z) < 13\ min a®(z) is

k3

to have \ > % and

i
h?eai('“ (@)] _ V30A-3

i 6
min a(x)

The inequality (B.1) is also equivalent to

10 n}in a*(x) > 3(InIaX a*(x) — H}in a*(x)) + h%e;(6 max a(x) —4mina(z)).

i k3

Let a?(2!) = max a®(z) and a?(2?) = min a®(z), then by the Mean Value Theorem

on the function a?(z), there is some & € (x;_1,2;41) such that

@(a) - (') = 2a(Oa (€)' ~ 2?) < Ahmax a(z) max|a(z)].

So it suffices to have

10 rr}in a*(x) > 12h max a(z) max @ ()] + h?c;(6 max a(z) —4mina(x)),

i

which can be simplified to

o Min a(x) 5 min a?(z)
2hmax|a’(z)| + h%c;(1 — = L o b .
I; 3 maxa(x) 3 maxa(x)

k3 i

If a(x) = a > 0, it is straightforward to verify that (4.4) is equivalent to he; < 5a. O
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Proof of Theorem /.J. For a smooth coefficient a(x), by Taylor’s Theorem,

e+ 1) = ale) + ha' () + Sh%a"(€1), 61 € [o, 2 + ],

a(r —h) = a(z) — ha'(z) + %hza”(ég),ég € [z — h,x].

With the Intermediate Value Theorem for a”(x), we get

a(z) = sla(x +h) +a(z — h) = h*a"(€)], €€ (§2,&) C [z —h,z +h].

1
2
Thus we can rewrite a; as a; = %(ai_l + ai41 — dih2) where

a;—1+ a;y1 — 2a;
72

d; == =a"(¢), for some € € (wi—1,Tit1).

If ¢(x) = 0, then (4.4) reduces to (28a;—1 + 20a,41)a; + 4a;41ai—1 > 9a?_; + 3a§+1
Introducing an arbitrary number A € (0, 2], it is equivalent to
dair1a;—1 + (4 —2N)a;(Ta;—1 + 5ai11) + 2Xa;(Ta;—1 + da;y1) > 9a2 1+ 3af+1
(12X + 4)air1ai-1 + (4 — 20)a;(Tai—1 + Baiy1) + (TA — 9)ai_; + (5A — 3)aZ,,
> AR2d;(Ta;—1 + 5aiy1),
4 (BA —3)0% + (12X + 4)0 + (T — 9)

(X — 2)&1 + a;—1

hid;, =2t
(56‘ + 7) - ’ a1’

1 o)t 509 +1 +(1-2 h2d
N a; W a;—1 N Qi1 > i

Notice that Z. By taking 2 £ < A <2, it suffices to require

50+7

9 3
3\ —)aip1 > hid;,

4
et 5A

(B.2) 1- .

2)&1' —|— (1 —

as a sufficient condition of the above inequalities If a(z) is a concave function, then it
satisfies a(x;) = a(%) > cL(yrzZ 1)—|— a(x;y1), which implies a;_1+a;1—2a; <
0, thus (B.2) holds trivially. Otherw1se (B 2) holds for A\ = £ if the following mesh

constraint is satisfied:
74

h? max a ( ) < —mln{az 1,auaz+1}
IG(Ii71,1i+1) 45

If e(x) > 0, for any A € (0,2], (4.4) is equivalent to

(12/\ + 4)&i+104'71 + (4 — 2/\)0,1'(70,1'71 + 56Li+1) (7/\ 9) a;_q + (5/\ 3) ity
(B.3) > )\h2di(7ai_1 + 5a;41) + 4h? ci(ai—1 + aiy1 + 2dih )

If assuming d;h? < 45 2 min{a;_1,a;,ai11}, then d;h? < M\ja;_1 + Apasyq for any two
positive numbers )\1, Ao satisfying Aj + Ay = E In particular, for A\; = 282, we get

2 ~ 563 540°
dih* < 28a; 1 + $5q;,1, which implies

119
Q;— 1—|—a1+1—|—2dh < ﬁ(’?az 1—|—5a1+1)
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By replacing a;_1 + a;11 + 2d;h? by the inequality above in (B.3), we get a sufficient
condition for (B.3) as following:

(12X + 4)ait1ai-1 + (4 — 20)ai(Tai—1 + 5aiy1) + (TA — 9)a?_; + (5A — 3)a? 4

119
(B.4) > )\h2di(7ai71 + 56Li+1) + 4h20i

ﬁ(7ai71 + 5ai+1).

Similar to the derivation of (B.2), we can derive a sufficient condition of (B.4) as

74
h? (1.5ci +  max a”(:t)) <= min{a;_1,a;, ai+1}-

T€(Ti—1,Tit1)

If d; < 0, then a sufficient condition for (B.3) is

(12)\ + 4)ai+1ai,1 + (4 — 2)\)&1'(7&1'71 + 5ai+1) + (7)\ — 9)&12_1 + (5)\ — 3)0,12_’_1 < AR2e. I

Ai—1 + Qjy1

from which we can derive a sufficient condition as
5
4h2ci < (7)\ - 9)@1'_1 + (5 - 5)\)0%- + (5)\ — 3)ai+1, 0

for which a sufficient condition by setting A = 2 is h2¢; < 3min{a;—1, a;, a1}
Proof of Theorem 4.6. Since (4.6a) and (4.7a) are equivalent to
4(7ai,17j + 5ai+11j)aij + 4ai,17jai+1,j + 16(11'3' (am;l + aw—H)
>9a7 ;4 3a7 4+ 12(ai1; + aiv1 ) (i1 + aijy1) + 4(3aio1; — 4ag; + 3aiy1;)h ey
and
8ai-1,jai+1,5 + 2550515 + daij(aij2 + 4aij-1 + 18a;; + dai 11 + aige2) > 18aiy ; +6a7,
—|—14aijal-+1,j + 3(ai,1,j + @i+1,j)(@i,j72 + 4ai,j71 + 4ai,j+1 + ai,j+2) + 8(3ai,1,j — 4&1'3‘ + 3ai+1,j)h2cij.l

A sufficient condition is to require

2
(B.5) 7mina(z)? > 5maxa(r)? + = (3maxa(z) — 2mina(z))h’c;;
ij L 30 I Lij
for all cell centers x;; of cell I;; = [xi—1, Tit1] X [Yi—1,Yi+1], and the following mesh
constraints for all edge centers x;:

(B.6) 61 mina(z)? > 49maxa(z)? + 8(3 maxa(r) — 2mina(z))h’e;;,

where we J;; is the union of two cells: if x;; is an edge center of an edge parallel to
x-axis, then J;; = I; j_1 U I; j41; if 255 is an edge center of an edge parallel to y-axis,
then J;; = I;—1; U Ii11 ;. Notice that (B.6) implies (B.5), thus it suffices to have
(B.6) only. O
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