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Abstract

We develop an adaptive algorithm for large SDE systems, which automatically selects
(quasi-)deterministic time steps for the semi-implicit Euler method, based on an a
posteriori weak error estimate. Main tools to construct the a posteriori estimator
are the representation of the weak approximation error via Kolmogorov’s backward
equation, a priori bounds for its solution and the Clark—Ocone formula. For a certain
class of SDE systems, we validate optimal weak convergence order 1 of the a posteriori
estimator, and termination of the adaptive method based on it within O(To1 ") steps.

Mathematics Subject Classification 65C30 - 60H35 - 65Y20

1 Introduction

Let L, K € N\{0}, and T > 0. In this work, we study a new adaptive time-stepping
strategy to efficiently approximate the R -valued solution X = {X;; t € [0, T]} of
the stochastic differential equation (SDE)

K

dX; = (—szth+f(Xt)) dt+Zak(X,) dB(r) forall 1 €[0,T], Xo=y eRE,
k=1

(1.1

where {Bi(¢); t € [0, T]},k =1, ..., K are independent R-valued Wiener processes

on the filtered probability space (2, F, {F:};>0, P), and &7 € RL*L is invertible and
positive definite. We refer to Sect. 2, where proper settings for data <7, f, {0y}, are
given. Problem (1.1) may be motivated from a spatial discretization of the semilinear
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stochastic partial differential equation (SPDE) on a bounded domain D c R¢,

K
dX, = (eAX, +[B- VIX, + F(X)) di + 3 Si(X) di(t) forall 1 €0, T],
k=1
Xo=yeH, (1.2)

for given ¢ > 0, B : D — R< constant for simplicity, and H a Hilbert space; see
Sect. 5 for further details.

Our aim is an adaptive mesh strategy for the semi-implicit Euler method applied to
(1.1), which, forevery j € No, automatically selects the new step size 7/ ! = ¢ 11,
and then determines the RE-valued random variable Y/*! from (j € Np)

K
Y/ =Y 4 o (Y 8 (Y)) + ) ek (YDA B Y=y, (13)
k=1

for Aj 1Bk := Br(tj+1) — Bk (t;), to approximate the solution th+1 from (1.1) at time
tj+1. Conceptually, we base this local step size selection strategy on a (computable) a
posteriori weak error estimator & in each step, i.e.,

J—1
j Jj+1 L Jtl J
max [E[6X,)] ~ E[p(v))]| < ]_220: ot (p YY), (1)

for ¢ € C3(RL) with globally bounded first, second and third derivatives. A criterion
may then be set up to select a new, large 7/*! in every step, such that the right-hand
side of (1.4) stays below a chosen tolerance Tol > 0. For the derivation of (1.4) we
benefit from [28], where an expansion of the weak approximation error for uniform
deterministic time steps (and originally for the explicit Euler method) was obtained
via Kolmogorov’s backward equation:

du(t,x) + Lu(t,x) =0 forall (z,x) € [0, T) x RE,
u(T,x) = ¢(x) forall x € RE, (1.5)

where £ = Lx is the generator of the Markovian semigroup from X = {X;; ¢t €
[0, T]}in (1.1),

K
Lu(t,x) = <—42f’x + f(x), Dxu(t, X))RL + % ZTr(o‘k(x)okT(x)Diu(t, X))
k=1
= (~/x+E(), Dyult, %)) + %Tr(a x)o " (%) D2ult, x)),

with 6 () = [01(-), A o'K(-)] e RL*K Under proper assumptions, such as for
instance those stated in Sect. 2, the function u(f,x) = E[¢ (XZT’X)] is the unique
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solution of (1.5); see e.g. [15, p. 366ff]. As usual we denote by X' = {X§X, s €
[, T1} the RE-valued process which starts at time ¢ € [0, T] inx € RE.

As already mentioned, we are motivated by (a spatial discretization of) SPDE
(1.2), which is why we aim for adaptive methods, which are applicable to SDE (1.1)
with L > 1 large; in this respect, we prefer (quasi-)deterministic (rather than ran-
dom) meshes {t;} ;>0 C [0, T'] to avoid requirements for too large storage resources,
or time-consuming post-processing tasks to synchronize data, such as interpolation,
or projection. This approach lends itself to a vectorized implementation (see Algo-
rithm 4.1) and is of advantage over procedurally generated meshes (such as those in
[10,16,17]) where the efficient implementation as a vectorized algorithm is an unsolved
problem.

The following example illustrates local mesh refinement and coarsening by the
adaptive Algorithm 4.1, which is detailed in Sects. 4 and 5.

Example 1.1 Let L = 25. Consider SDE system (1.1) with K = 5, which results from
a finite element discretization (with spatial mesh size h = LL_H) of SPDE (1.2) with
e=1,8=0,and

1
F(X/(x)) = Lsin(z X, (x)), Zi(X,(x)) = % sin(wkx) X, (x),

y(x) =sin(wx), x € (0,1);

see Sect. 5.1 for details. For the test function ¢ (x) = «/71||XI|RL to approximate the
L2-norm, and an initial step of size 0.1, we observe an instantaneous refinement via
Algorithm 4.1 to t! ~ 10™*; the mesh size then rapidly increases to values close to
10! at times 7 & 0.5, reflecting (spatial) smoothing dynamics; see Fig. 1b. Figure 1a
shows a typical trajectory, where the buckling is caused by the driving noise. Figure 1c
compares related errors for (1.3) on uniform vs. adaptive time meshes through Algo-
rithm 4.1. Here, Eu[¢(Y/)] := é > 1 ¢(Y/(wn)) denotes the empirical mean to
approximate E[¢ (Y”)], where we choose M = 10* Monte-Carlo simulations. For the
tolerance parameter Tol = (.1, Algorithm 4.1 generates an adaptively refined mesh
with J = 501 time steps to stay below the given error threshold Tol. In contrast,
a uniform mesh needs J = 2000 time steps to perform equally well. In Fig. 1d, the
evolution of the a posteriori error estimator j +— & (¢: T/, Y) is displayed,
that approximately takes values between Tol and T—Sl; this is in accordance with the
tolerance criterion of Algorithm 4.1, indicating an efficient selection of variable step
sizes. See Sect. 5.1 for more details.

Different adaptive methods to solve SDE (1.1) may be found in the literature,
addressing diverse numerical goals: in [20], an adaptive time-meshing concept is
combined with the Euler—Maruyama method to foster discrete stability of the explicit
time-stepping scheme in cases where the local Lipschitz drift only satisfies a ‘one-
sided Lipschitz condition’. Automatic mesh refinement (resp. coarsening) for each
realization w € Q is applied if rapid (resp. slow) changes in the drift at two subsequent
states are observed, where a maximum mesh size Ay, bounds local (random) mesh
sizes {‘L’j (@)}j=0 C [0, Apax] to conclude asymptotic strong convergence. Another
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Fig.1 (Example 1.1 for Tol =0.1,M = 104, T = 1) a Contour plot of the solution for a single realization
w up to time ¢ = 0.25. b Semi-Log-Plot of the corresponding adaptive time step size. ¢ Error for uniform
(bule line) vs. adaptive (red line) time meshes via Algorithm 4.1. d Plot of the a posteriori weak error
estimator ¢&® (¢; 7+l s Yj) (color figure online)

work which uses adaptive random meshes as well to strengthen the stability of the
underlying explicit discretization of the above mentioned class of SDEs (1.1) is [10]:
here, a ‘discrete one-sided Lipschitz condition’ is used to generate random mesh sizes
{1 (@)} >0, which are then further constrained to lie in [Amin, Amax]. The main result

in [10] is the derivation of an optimal convergence rate (’)(Arln/a%() on variable random
meshes of size between Apin and Apax. Close to the goals and applied tools in this
work are [16,17], where, again, to set parameters Ay, and A,y requires some a priori
knowledge, and the complexity in the worst case of the method may depend on A;liln,
and the dimension L of the problem due to the explicit character of the discretization
that affects relevant discrete solution bounds; see also [13] in this respect.

A different line of research derives a posteriori error estimates (such as (1.4)) to
judge the quality of the current approximation, and uses it then as a ‘steering tool’ to
initiate an automatic remeshing strategy. While this conceptual idea to design adaptive
methods has been well-known in the context of (certain) ODEs and PDEs before, it
has first been introduced in [23,27] for SDEs in the contents of weak approximation
of SDE solutions (here again via Euler-Maruyama discretization). In these works, an

@ Springer



An adaptive time-stepping method based on a posteriori... 421

(asymptotic weak) a posteriori error expansion
J—1 '
‘E[(])(XT)] - IE[(;&(YT)]‘ =FE Z Pj+1 - (IJH)Z + ‘higher order terms’, (1.6)
j=0

with computable {p;} ]J‘=1 has first been obtained. Its derivation in [23,27] rests on the
weak error expansion of Talay and Tubaro [28] via Kolmogorov’s backward equation
(1.5), and numerically approximates derivatives of the solution u of the PDE (1.5),
whose simulation is limited to small dimensions L. Then, (random) time meshes are
generated automatically based on the computable part of the right-hand side of (1.6)—
with no minimum or maximum mesh sizes to be set, but only the parameter Tol (also
serving as convergence parameter) to bound the leading error term on the right-hand
side of (1.6). The iterative generation of an adapted time mesh requires the repeated
computation of (approximations of) the global problem (1.5)—opposed to determin-
ing local time steps /7! based on ‘so far’ computed solutions {Ye}é:(l) only. From an
analytical viewpoint, the results in [23,27] crucially rest on the assumed boundedness
of the involved drift and diffusion functions to circumvent the deficiency of ‘discrete
stability’ of the governing (explicit) Euler—Maruyama scheme; the advantage, how-
ever, is a theoretical backup for this weak adaptive algorithm in terms of termination
at optimal rate, and the asymptotic weak a posteriori error estimate (1.6).

Conceptually, the derivation of the adaptive Algorithm 4.1 below is close to [23,27]
and uses a related weak error representation (see (1.8) below) for the semi-implicit
Euler scheme (1.3) with the help of the solution u of (1.5)—but differs in some relevant
aspects: the first is the use of the semi-implicit Euler scheme (1.3), which allows for
L—independent (higher moment) stability bounds for its solution in case data satisfy
(A1)—(A3) in Sect. 2.1; see Lemma 2.6. These stability bounds for (1.3) in Lemma 2.6
are the relevant property to show optimal order of weak convergence of the a posteriori
weak error estimator proposed in Theorem 3.1 on given meshes; cf. Theorem 3.5.

A second difference to [23,27] is that we bound derivatives of u that appear in
(1.5) in the weak error representation (1.9) by a priori bounds (see (1.10) below) in
terms of derivatives of ¢, which removes the neccessity to numerically approximate
derivatives of the solution of (1.5)—and thus enables the applicability of Algorithm 4.1
to large SDE systems, as they e.g. come from SPDE (1.2) via spatial discretization (in
Example 1.1).

To further detail relevant steps in our program, we start with the continuified process
Y = {Y;; t € [0, T1} of the sequence of random variables {Y/} =0 which solves (1.3).
We easily observe in Sect. 3 that

Yo=Y + ((H + o) TR — o (T4 r-/“ﬂ)‘lY/)(t —1))

K - .
+Z(n+a+w) ]O'k(Yf)(,Bk(t)—,Bk(tj)) forall 7 elrj, 1011 (1.7)
k=1
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interpolates {Yj}jzo at {t;} >0, and is {F;};>0-adapted. Now assume 0 = 1) < t; <
. <ty =Tandfixn=0,...,J—1;considering (1.5)on [0, t,,;-1] x RL, a standard
argument then leads to (see Lemma 3.2)

([ (X, )]-E[¢(Y"*1)]| = B[40, y) — u(t 1, Y"D)]|

< Z‘E[u(tHl,YjH) - u(tj,Yj)]’. (1.8)
=0

We may now use Itd’s formula with u from (1.5) to transform ) on each time interval
[#j,tj+1] to represent each increment u (41, Y/“) — u(tj, Y/) in the last sum, and
employ (1.5) to deduce

Elu(tjp1. Y —u(tj, Y]

1 . . . .
_fj+1E[<(H+r-/+'y/)lf(Y/)—szf(JI+r/+1M)lY-/ —EQy) + o Vs Dyus. Vs) } ds
1 N

RL

‘error indicator (drift)’ ‘weight’

tj . . . .
+1f’“ E Tr<{(I[+zf“,gaf)*‘a(YJ)[(JHrf“,;zz)*‘o(Yn]T —a(ys)aT(ys)}»D,%u(s,)’ﬂ)] ds:
20 —_

‘error indicator (diffusion)’ ‘weight’

(1.9)

see Lemma 3.2 for the justification of this identity. Conceptionally, the right-hand side
of (1.9) uses the continuified process Y built from the iterates Y/ and Y/*!—and first
and second derivatives of the solution u from (1.5) to transform {Y;; ¢t € [t i tir1]).
An interpretation of (the right-hand side of) (1.9) in a corresponding setting in [23,27]
is its view as products of (local) error indicators for the drift and diffusion, and weights
Dyu, Diu, which ‘encode’ the chosen test function ¢.

In the next step, we use the first to third variation equations for (1.1), see (2.2)—(2.4)
in Sect. 2.3, to deduce bounds

14

sup  [[Dgu(t, ) ge <Y Crisup D¢l (€€ {1,2,3), (1.10)
(t,x)€[0,T1xRL i—1 xeRL

for derivatives of the solution u of (1.5), where constants C;; > 0 do not depend
on the dimension L. Note that only derivatives of u are involved in (1.9), so their
estimation with the help of (1.10) suggests to choose test functions ¢ : Rl — R
in (1.4) whose derivatives are uniformly bounded on R“—such as norms; see also
Example 1.1.

While the derivation of estimate (1.10) is known for a general class of SDEs, see
e.g. [3, Sec. 1.3], we calculate the constants {C¢;; 1 <i < £, 1 < £ < 3} under the
assumptions (A1)—(A3), which are needed in the a posteriori error estimate (1.4); see
Lemma 2.5. A further tool to derive (1.4) then is the use of common Malliavin calculus
techniques such as the Clark—Ocone formula, to avoid that the error estimator uses the
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interpolated process Y in (1.7) rather than computable iterates Y/ from (1.3). Here,
we benefitted from similar ideas and concepts, which were used in [6] in the context
of a priori weak error analysis of SPDEs of form (1.2) with 8 = 0; see Remark 3.2 for
further details. For a fixed ¢ € C 3(RE), our first main result in this work then is the
weak a posteriori error estimate (1.4) (see also Theorem 3.1), giving quantitative error
bounds for iterates {Y/} j>0 solving (1.3) on a given a mesh {¢;} ;>0 covering [0, T']
with the help of computable (local) weak error estimators {& (¢; /1, Y/)};20.

In Sect. 4, we use the a posteriori error estimation (1.4) for iterates (Y7} j=0 of
(1.3) to automatically steer the computation of local mesh sizes v/ via the adaptive
Algorithm 4.1, yielding tuples {(rj +Hyi +l)}j20‘ Given j > 0, the guiding criterion
for admissibility of a new tuple (t/ +1yJ+1y is that the evaluation with the local error
estimator yields &(¢; T/ *!, Y/) < Tol where the tolerance Tol > 0 is provided by

T 9
the user. We generate such an admissible tuple by successively halving the previous
. . : . : j+1,0
time step, and thus generating a sequence {t/71¢},~9 c R* with ¢/+1.t = Tj—[

; ; . - i+1,0%, . .
and t/t1.0 = ¢/ until admissibility of a tuple for some 7/ LG s attained; see

Fig. 2. This sequence of steps precedes a single potential step of coarsening; see
Algorithm 4.1 for further details. As a result, we obtain an adaptive method where
only Tol > 0 needs be set, and where admissible tuple {(1:JJrl Yf“)} satisfy
(1.4), where the right-hand side is now bounded by To1l > 0. The second mam result
in this paper then is Theorem 4.2, which ensures computation of each new time step
7/+1 in Algorithm 4.1 after no more than 2;‘.4_1 = O(log(Tol_l)) many iterations

(indexed by j; local determination), and at most J = O(Tol™h many steps to reach
T (global termination); its proof again rests on the stability bounds given in Lemma 2.6
and yields the existence of a lower bound of the step sizes generated via Algorithm 4.1;
see also Fig. 2. We remark that this local construction of the new mesh size 7/ with
the help of only Y/ differs from the strategy in [23,27], where admissible meshes
are obtained by iterative computation of global problems (‘approximate Kolmogorov
equation’), and where again the assumed boundedness of drift and diffusion is crucial
to conclude optimality of attained meshes.

Section 5 then reports on computational studies for different SPDEs (1.2) after finite
element discretization with the help of the adaptive Algorithm 4.1: we specify the cor-
responding a posteriori error estimator, and pinpoint those computable expressions
{E¢}¢>1 involved in the error estimator in Example 1.1, which are mainly responsible
for local mesh adjustments. For the different examples, including one which is convec-
tion dominated, the results evidence efficiency in comparison with uniform meshing,
and accuracy of the weak adaptive Algorithm 4.1.

The paper is organized as follows: Sect. 2 collects the assumptions needed for the
data <7, f, {0} of (1.1) and recalls relevant tools from Malliavin calculus; moreover,
variation equations for (1.1) are recalled to verify the bounds (1.10) and stability
bounds for iterates {Y/ }j=0 from (1.3) are presented. The a posteriori error analysis
for (1.3) is given in Sect. 3. The related weak adaptive method is proposed and analyzed
in Sect. 4, and corresponding computational studies are reported in Sect. 5.
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Fig.2 Tllustration of the local (for fixed j) and global termination argument given in Theorem 4.2, yielding

a maximum of E}k‘-H = O(log(Tolfl)) many refinement steps (\); see also (4.2), within the loop of
i . i j+1,0% .
{r/H1 'K}ZZQ, to accept the new step size 7/ R , and the existence of a lower bound of step

sizes generated via Algorithm 4.1, such that either (2) (x1) or (3) (*2) is met. Note that due to the choice
of the initial mesh size ! for the generation of Y' and the setup of Algorithm 4.1, it is not possible that
i+t . Tol 5

20T T

2 Assumptions and tools

Section 2.1 lists basic requirements on data </, f,0 = [01, ...,O’K], y in (1.1)
throughout this work. Section 2.2 shortly recalls needed tools from Malliavin calculus.
In Sect. 2.3, we derive explicit bounds for {D,‘;u}zz1 from Kolmogorov’s backward
equation (1.5) under Assumptions (A1)—(A2). Stability bounds for {Y/} j>0 from (1.3)
are given in Sect. 2.4 provided (A1)—(A3) are valid.

2.1 Assumptions

Throughout this work, (€2, F, {F;};>0, P) is a given filtered probability space with
natural filtration of the Wiener processes in (1.1). Below, we use positive constants
Cpets Cf(efl), Cpis ‘(f*l), Cg*]) (1 < ¢ < 3), and A to specify dependence on
data &7, f,0 = [01, R O'K] in (1.1); none of these constants depend on L. For a

sufficiently smooth g € C(R%; R"), corresponding (matrix) operator norms are given
as follows (n, L € N\{0}, x € RE):

1D g = sup [|D'gX)(vVi,...,vo)llrn (£ € N\{0}),
IR x ... x RL.pe [1Villpz =1
——
£—times

where ||-||g» denotes the (Euclidean) vector norm of a R”-valued vector. If n = L, we
write £f = [,(]RL x - x RE; ]RL). Ifn = 1, D = Dy denotes the gradient and D? =
D,% the Hessian matrix of g, and we also write L= E(RL x - x RL; R). Moreover,
IDxg®)ll 21 = [ Dxg®)llrz, IDFEX)l 2 = | D38(X) lIge<L, where |- [|pexL denotes
the spectral (matrix) norm.
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(A1) (a) The matrix .7 € RE*L is invertible and positive definite, i.e., there exists
aconstant A > 0, s.t.

(X, X)pL > kng”"”%L forall x e RE.
(b) The map f € C3(RE; RL), and there exist constants {C peg}i_,, s.1.

sup DXz < Cpep (1 <€ <3);

xeRL
moreover, there exist constants {Cf“) }%:0, s.t.
7 8 g < {7 (1 + |7/ x|lpe) forall x e RE (0 <€ <2).

(A2) Themapso € C3(RE; RE) forevery k = 1, ..., K, and there exist constants
{Cheti_y, sit.

K
Y sup [Dor®)lge < Cpiy (1< L= 3);
k=1 xeRL
moreover, there exist constants {C,(,a}%zo, s.t. foreveryk=1,..., K

Il o () lpe < C(1+ |1/ x||ge) forall x e RF (0 < ¢ <2).
(A3) For0 < ¢ < 2, there exists C (E), s.t. the initial datum y € RZ in (1.1) satisfies
17 yllge < CF.

Throughout this work, we admit test functions ¢ € C3(R”) with globally bounded
first, second and third derivatives.

2.2 Malliavin calculus

We briefly recall the Malliavin derivative, recall the chain rule for Malliavin derivatives
and state the Clark—Ocone formula. For further details, we refer to [25].— We denote
by CSO(RL) the space of all smooth functions g : RY — R, such that g and all
of its partial derivatives have polynomial growth. Let ‘B3 the set of R-valued random
variables of the form

F=g(Wh), ..., W(hp))
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for some g € C°(RF) and hy, ..., hy € L*(0, T). Here, W : L*(0,T) — L%ET(Q)
is defined by

T
W(h) = fO h(t) dB(1).

We further define for any F € P its R-valued Malliavin derivative process DF :=
{D;/F; 0 <t <T}via

L
DiF = 8,g(W(h)..... W(he))hi(0). 2.1)
i=1

For any p > 1, let D7 denote the closure of the class of smooth random variables
with respect to the norm

1
IFllpr, = (EUFIP)+ E[IDFI. 0 1 )"

Next, we recall the chain rule for Malliavin derivatives; see [25, p. 28, Prop. 1.2.3].
Let ¢ : RE — R be a continuously differentiable function with bounded partial

derivatives of order 1, and p > 1 be fixed. Let further F = (F L . F L)—r be arandom
vector whose components belong to the space D7, Then ¢(F) € D7, and

L
D(¢(F)) = ) 3., ¢(F)DF".

i=1

Finally, werecall the Clark—Ocone representation formula; see [25,p. 46, Prop. 1.3.14].

Lemma 2.1 Let F € D2, and B be a one-dimensional Wiener process. Then
T
F = E[F] +/ IE[DIFl}"t] dg(t).
0

2.3 Variation equations for (1.1) and a priori bounds for {D,‘;u}z=1 of (1.5)
Kolmogorov’s backward equation (1.5) has a unique solution [0, 7] x RL 3 (¢, x) —
u(t,x) = E[¢ (thx)], whenever assumptions (A1)—(A2) hold; see e.g. [15, p. 366f].
The derivation in Sect. 3 requires explicit bounds for derivatives u, which are uniform
in L, in particular. To this end, we use the variation equations corresponding to (1.1)
and derive these results here. For a detailed verification of the upcoming results, we
refer to [22].
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For y € R’ fixed, we denote by X = X°7Y the solution of (1.1). Let h € RL,
Following [3, p. 37ff], we recall the first variation equation corresponding to (1.1),

K
dp! = (—«/ + DE(Xy)) - pidr + Z Do (X,) - ndBi(r) forall t € [0, T],
k=1

nt =h. (2.2)

Since assumptions (A1)—(A2) are valid, there exists a unique solution n {'h i te
[0, T'1}; it is equal to DyXO*y - h, the derivative w.rx.t. the initial datum y € RL of the
map y — X%, along the direction h € RE.

Lemma 2.2 Assume (A1)-(A2) in (2.2). Then, for every h € RE and p>1,

sup E[[lnf12,] < ViV - n|?, .
te[0,T]

—1
pT max {—)w/ +CDf+pTC%a,0}

where Vlgl) = e (p>1), and Vl(l)

eT max{—kd +CDf+%C%)0_,0}.
Proof (a) p > 1:Lett € [0, T],h € RL and p > 1. By Itd’s formula,

Ihil?

—E[lInf15,] <

t
= +E[ /O (—o + DEXy) - ) - ImP12,
1 K
P r(Dox Xt Do X" ) - (p = DinllG }
Using assumptions (A1)—(A2) leads to

—E[Infll5.]

Ihig, ' h b
== +E[/O {((—M+Df(Xs))-ns»'7s>RL

K
PT Z | Do i (X;)n" IIRL } " Iz 2ols]

(115
<

t
< —pRL + max {—sz + Cpr + pT_lC%)m 0} / E[”"?HHQL] ds
0

Applying Gronwall’s inequality leads to the first result.
(b) p = 1: This follows by using Jensen’s inequality. O
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Next, following [3, p. 39ff], we consider the second variation equation correspond-
ing to (1.1), that is, for h, w € RL,

A = (= + DECX)) - £1"™ + DX, - (o' )

K
+ 3" (PowX) - ¢ + Do(X) - (' n") )dBe(r) forall 1€ [0, T,
k=1

(MY 0 e RE. 2.3)

Since assumptions (A1)—(A2) are valid, there exists a unique solution ;h’w =
{{?’w; t € [0, T]}; it is equal to D%XO’y - (h, w), the second derivative w.r.t. the
initial datum y € R of the map y — X%¥ along the directions h, w € R”.

Lemma 2.3 Assume (A1)—(A2) in (2.3). Then, for every h,w € RL, &1, 60 > 0 and
p=>1

h,
sup B[ 10,1 < V2 o, - Inl2 Iwll, .
t€l0,7T]

where V(z) = V(z)

Ley,ea "™ 2,61,62

for p =1, and

1 2 p

2) ._ P P _ (1)

VP,81,82 =T (8,:—1 Csz + 8(17_2)/2 CDZa (r—D 2) V2p
1 2

—1 —2
pT mﬁx[—&o/ +CDf+(P—1)Céa+M81+M82,

o A I,

Proof The proof follows the steps outlined in the proof of Lemma 2.2: by It6’s formula,
we may control %IE[H;‘?’W I, ] in terms of data, and h, w in (2.3); the assertion then
follows with the help of generalized Young, and Gronwall inequalities. O

Now, let hy, hy, hy3 € RE. Following [3, p. 43ff], we recall the third variation
equation corresponding to (1.1),

1
d@Phahs ((—d + DECK)) - O 2 S D) - (g

Bes;

+ DX, - (M, 2, ni“))dr

K
1 h h h
hy.ha.h )
+ 1; (Do’k(Xt) .@tl 2hs Z B; Dzak(X,) . (nt[}(l)’;tﬁm 3(3))
= 3
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+ Do (X,) - (™, mp2, ni“))dﬂka) forall 7 € [0, T,
eyt — g e R 2.4)

Here, S5 denotes the set of all permutations of a set of three elements. Since (A1)-(A2)
apply, there exists a unique solution @h1-h2:hs = (@ht-h2hs. 4 1o 771t is equal to
DyX®¥ - (hy, hy, h3), the third derivative w.r:z. the initial datum y € R of the map

y— X0y along the directions hy, hy, h3 € RL.

Moment bounds for the solution of (2.4) may be obtained as in Lemmata 2.2 and
2.3 ; see [22] for further details; in view of Lemma 2.5 below, it suffices to consider
only second moment bounds in the following lemma.

Lemma 2.4 Assume (A1)—(A2) in (2.4). Then, for every hy, hy, h3 € RL and ez > 0,

hy,hy,h3 2 3 2 2 2
sup B[O P, ] < Vi, - el I I
t€[0,T]

where

3 ._ W /vy 9 ~2 27 2 [vD (1 ~2 2
V2,83 =T V4 < V4,81,82(ECD2f+TCD26)+ VS <5CD3f+3CD3a))

32
. €2T max {7)&;27« +C[)f+§CDD.+€3,O} )

Moreover for V1(36)3 =,/ V2(38)3,

hy,hy h 3
sup B[O/ 5] < Vi - Iy e halge [hsllge -
t€l0,T] :

Letz € [0, T]and x € RL. In order to obtain global bounds for the first and higher
derivatives of u in (1.5), we use the following identities, which can be found in e.g.
[3, p. 94] in connection with Kolmogorov’s forward equation, which is just a time
reversal t — T — t and a change of the terminal condition into an initial condition in

(1.5).

(Dyu(t, %), by, = E[(DX¢(X’T’X), DyX4X -h)RL] forall he RE,  (2.5)

(DZu(t, h, Wy, = E[(Dﬁgb(X’T’X)DXX’T’X “h, DXLX w)RL]

n E[(Dxmx;"), D2XX . (h, w))RL] forall h,w e R:
(2.6)

and

(Dx{D3utt x0hy bl ha) | = B[ (D6 () DX 1y DX g, DX gy |
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DSXGIDIXG - (hy, ha), DeX5™ - hag |
D2¢ (XX) DxX5X -y, DEXLX - (hy, h3))RL]

D3 (X7 DIXG™ - (hy, hy), DxX™ s |

2.7)

In the following Lemma 2.5, based upon (2.5)—(2.7) and Lemmata 2.2, 2.3 and 2.4 ,
we derive global bounds for the first, second and third derivatives of the solution u of
(1.5) in terms of derivatives of ¢, which are independent of the dimension L.

Lemma 2.5 Assume (A1)-(A2), and let {Dﬁu}:z:] be from (1.5). Then, for all
€1, €2, €3 > 0,

. 1

(i) sp 1Dt X) e < v Sup D¢ () 1.
(1,x)€[0, TIxR xeR

(i) D2 <y® D [ALN D2

n sup LH Xt X lgexe = Vi o SupLII ¢ X gz +V, suPLII @ X)|RLxL,
(1,x)€[0,TIxR xeR: xeR

D3 <v®. D 3yDy@ . D?

(i)  sup  IDJu Nl < V- sup [Dp®)ge +3VVVE - sup [ D2P0)[grne
(t.x)e[0,T1xRL " xeRL xeRL

1 1
+ vV sup 1D )|l 23,
xeRL

where VIV, vV vV v® v

ererr Ve, AT given in Lemmata 2.2, 2.3 and 2.4.

Proof (i) Let x € RL and 0 # h € RL. We apply the Cauchy—Schwarz inequality to
the identity (2.5) and use Lemma 2.2 to get
(Daat, 30, Bl | = VIV sup ID@@ Iz - Il
zeRL

RL

Thus, taking h = Dyu(t, x) immediately yields the assertion.
(i) Let x € R, 0 # h,w € R” and &1, &, > 0. Similar to (i) we obtain, using
Lemmata 2.2 and 2.3,

. sup [| Do (@) |l + VA

zeRL

‘(Diu(r, X)h, W),

< (V(Z)

Ler,e2

: 5up [ D29 @)t ) - [l [Wlg

zeRL

Taking w = D2u(t, x)h, we further obtain

I Dgu(t, X)h||pe > I
S TR <y @ sup Do @) ge + Vs - sup D26 @) e
Ih||ge zeRL zeRL

The assertion now follows since

2 . 2
IDgu(t,x)||gexL ;= sup [[Diu(t,x)h|pe.
Ihllpr=1
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(iii) Let x € RL and 0 # h1,hy, h3 € RZ. Similar to (i) and (ii), the verification of
assertion (iii) follows by means of identity (2.7), the Cauchy—Schwarz inequality and
Lemmata 2.2, 2.3 and 2.4 . O

2.4 Stability bounds for iterates {V/ Jj=o0 from (1.3)
We derive L-independent stability bounds for iterates {Y/} j=0 from (1.3), provided
(A1)-(A3) are valid.

Lemma 2.6 Assume (A1)—(A3). Consider a mesh {tj}JJ-ZO C [0, T]. Let p € N\{0}
and let {Yj }j=0 solve (1.3). Then, for £ =0, 1, 2, we have

Cop y
sup E[|l.7°Y7 |12, ] < €Y,
=0 '

where constants C (IZL > 0 are independent of L.

We give the proof for p = 1, 2, and the proof for general p > 2 then follows induc-
tively.

Proof (a) p=1:Fix j > 0and £ =0, 1,2. LetZ/ := o7*Y/. We multiply (1.3) by
(o Z)TZJ +1 and use the binomial formula, as well as Young’s inequality (81, 82 > 1)
to estimate

1 . . 1 1 1 . . . . .

+1)12 2 +1 2 +1 +1 Z7j+1

S22 = 12712, ) + (5 o E) 12!~ 2|2, + o 2 2,
<@ EYD)IRL + T/ N T IR 112 e

K K
+8 ) Il oY) A Bl + D (7 ok (YA 11 B 2 ) (2.8)
k=1 k=1

Note that the last term vanishes if E[-] is applied. By (A1)-(A2), the tower property
for expectations, and the identity E[l Ajr1Br |2] = /%1, we further conclude that

%E[MZHI 2] < (zal(cf“))zT +2c + 2521((05,”)2) 1273, ] o0
+(281(c)°T +2¢{” + 25K (C0)) - T
We set
Ci= (20(c{")’T +2¢(” + 282K (C")?).

Summation over all iteration steps, and using (A3) then lead to

jr-1
E[1Z77112.] < (cy))2 +2Ct +2C Y UHE[1Z715.] GF = D.
Jj=0
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Now, the discrete Gronwall inequality yields the assertion.
(b) p = 2: Multiply (2.8) with |Z/*!||2, and use the binomial formula to get the
estimate

1 _ ) 1 ) . 2 1 1 1
Z(HZ’H”?‘RL - ||2/||?RL) + Z(MZJ“II]%{L — IIZJII]%L) + (5 T @)
127! =2/ 12 W + T (2 D g 12

<81 (/T CYD 5 127 15 + o/ B e 127 (e 127 e

K
+82 ) 1 ok (V) A1 Bl 1277 5
k=1

K
+ Y (oY) A1 B 2 ) 1277 1
k=1

We now add and substract ||Z/ ||]%%L in the two terms on the right-hand side which
involve random increments, to then absorb part of it to the second term on the left-
hand side. For 8, 85, 53, 84 > 0, thanks to (A1)-(A2), taking expectations and using
the tower property leads to

1 . .

7 (B2 1] - E[127 1))
| IS RS S | . A
<4 FET S 484) 11274112, = 12712, ]

1 1 1 i i j
(373~ a5 L 2 a2

+ Tj-Hﬂ_z[(%zj—l—l’ Zj+l>RL ||Zj+l ||[2RL]
= C(1+E[IZIE.]) - o/,

with

C:=85;18773(C{V)" +4781(C") + 4T85 (CV)* + 8¢ +24T83K253(cP)*
+4K8(CL) +4K25,(CL)

Choosing 61, 62 > 1, 51, 52, 53, 54 > 4 and using (A1) then leads to
1 . . ~ . ~ . .
Z(E[IIZ’“ I%: ] — E[1Z/ ||]1§L]) <C- /" 4+ CE[1Z/ 5. ] - T/ F.

Now, similar arguments as in b) yield the assertion. O
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3 A posteriori weak error estimates for the Scheme (1.3)

In Theorem 3.1, we derive an a posteriori error estimate for iterates {Y/} ,J-:o of scheme
(1.3).Itis shown in Theorem 3.5 that this error estimator converges with optimal order
on uniform meshes, recovering a corresponding result in [6] on a priori weak error
analysis for a corresponding time discretization of (1.2); the relevant tools to verify
Theorem 3.5 are the (discrete) stability properties of (1.3) in Lemma 2.6.

3.1 A posteriori weak error estimation: derivation and properties

We bound the weak approximation error Jmax ‘]E [¢(X:)]-E[¢(Y))] ‘ ina posteriori
=J= ’

form in Theorem 3.1. For this purpose, we employ the (data-dependent) estimates in

Lemma 2.5, and therefore define [cf. also (1.10)]

Cp@) ==V sup IDGX) I,

xeRL
Cr,
1
Cpa(¢) = V{2 - sup [Dg®)llge + V3" - sup | D?*p(X)|pere.
—— xeRL —~~— xeRL
Ca 1 Can
3 1 2
Cps (@) = V{2 - sup D) g +3V(V V2 - sup | D26 () e
~—~ xeRL bv—‘ xeRE
Ci31 Cin

1 1
+ VIOV sup 1D ®)ll e, (61, €2, 83 > 0).
~———— xeRL
C33

The following result estimates the weak error caused by {Y/ }]J.=0 from (1.3) on
a mesh of local mesh sizes {t/ ‘H}JJ.;(; in terms of a computable a posteriori error
estimator & = {&(g; rf+1,Y/)}JJ.;(;

Theorem 3.1 Assume (A1)—(A3). Let {z‘j}jJ.:0 C [0, T] be a mesh with local mesh
sizes {r-/+l};;é. Let {Yj}]J'=O solve (1.3). Then, we have

J—1
max, [ [¢<Xz,>]—E[¢><Y">]\fgf“‘@(@ LY G

where the a posteriori error estimator Qﬁ(d); it yi ) is given by

(6 1, YI) im {300(4» Ey (Y/) + 229 g,y (7)) 4 C2@) . gy YTy

Dz @) C () Dz )
2

1 Co@) gy (v 4 Es(Y/) + “Ee(Y/) + -Eq(Y/)
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n Cp3(p)

. . 2 . .
- Ba(Y) + Cp2(9) - Bo (Y/) 4 S0 -Eu(Yf)} S

+HcD(¢)Csz~ Bao(Y7) + | 2G50 4+ € () Cpe | - VELL (V)

+Cp2($)Cp2y - VE13(Y)) + [CDZ@# +Cp (qb)Cng]

\/m} : % -E10(Y/) + § .E12(Yj)} . (fj)l-S

+f i moviy + SO msrn ) ()

with @I +! .= I+ Tj'HJZf)_l, and computable terms

—_—

LBl (Y) = [Hgﬂg{/“w ,;zi-/+1f(Y<")||RL]

2. BE3(Y/):=E Z |7 o (Y) | e ‘}%ﬂ]+lak(Y1)}|RL:| ,
Lk=1
3. By (V) 1= B[ |/l — IO IDECY) ],

r K
4. Eg(Y) :=E ||D2f(Yf)||£z-Z||~eif“ak(Yf)||§L},
L k=1

5. Bs(Y) :=E||DEY) D ||peif+‘ak<Yf>||§§L} :
L k=1

K
6. Eg(Y/) =E {\\%df+lYf—df+lf(Yf>y|RL : Znak(Yf)nRL||Dak<Yf)||g} :
k=1

K
7. Eq(Y) :=E| ) I/ or (Yl - Znak(w)nRL||Dzok(Yf>||£z},
_k 1 k=1

8. Eg(Y/) :=F an“ak(Yf)nRL Znak(Yf)nRL||Dak<Yf>||L],
Lk=1 k=1

K
9. Bo(Y):=E|)_ H@{.Jf“ak(Yf)HRL||ok(Y")IIRL} ;
Lk=1

10. E1o(Y/) := E[”Mﬁ;ﬁlyi - bJij(YJ')“%L],

|
. K - . 2
E12(Y/) :=E [Z ||.e¢f+‘ak(Yf>||RL} :

k=1

K
11. Ey1(Y/)):=E [‘ I EZART O]
k=1

12.

[\S]
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]

13. E13(Y/) :=E ”ﬂ'ﬂ[j-i-lyj —'Qijﬂf(Y'i)legL

K .
> ok (Y lIge
k=1

1

K
14. E1a(Y):=E ‘Z |7 (Y |5
L k=1

|

K .
> lok(Y) e
k=1

r K
15. E15(Yj) —F Z “d‘gﬂﬂak(Yj)“HéL] .

Lk=1
Remark 3.1 1. Forf = Oand/oro,k = 1, ..., K constant, the estimator & simplifies
considerably; also, Theorem 3.1 remains valid for ODE systems, i.e., for oy = 0
(k=1,...,K), where only terms E1 (-), E3(-) and E1¢(-) constitute &.

For ODE systems (1.1) witho, =0(k = 1, ..., K), adifferent approach to derive
a (residual-based) a posteriori estimate on a mesh {¢; }jJ»=0 c [0, T]for | X7 — Y’/ lrE
is via duality methods [8], which exploit (strong stability properties of) the related
adjoint equation; see also 2. below. Another variational approach here that avoids
duality methods is [24], where an inherited ‘(discrete) energy dissipation’ property
of the implicit discretization of (1.1) is used to bound maxj<;<y ||X,j —-Y/ |gz for
cases where the drift operator in (1.1) is the gradient of a convex functional. We
also mention [29, Ch. 6], where (residual-based) a posteriori estimates are derived
by variational methods for space-time discretizations of the more general (1.2) with
2, =0k =1,..., K), where the drift operator need not be the gradient of a convex
functional.

2. For finite element based discretizations of (linear elliptic, parabolic) PDEs
A(u) = f,residual-based a posteriori estimates are obtained in [8], where dual/adjoint
problems are the relevant tool; their (global) stability properties may then be exploited
to bound the error in terms of the residual p (1) = A(up,)— f of the computed solution
uj, times a related stability constant. In later works, dual problems involve functionals
¢, and its solution z is computed approximately to then enter as local weights w(zp)
in the ‘duality-based weighted residual” estimator of the form

() — ¢ (up)| < [(p(un), w(z))| + ‘higher order terms’

to sharpen computable error bounds; see the surveys [2,11].

The derivation of a posteriori error estimate (3.1) for iterates of (1.3) uses the
(backward) Kolmogorov equation (1.5) on [0, #,41] x RE for the transform u(z, x) =
E[¢(X}},) ] —instead of an adjoint evolutionary problem on (0, #,41) that is motivated
from optimal control: the works [23,27] approximate derivatives of u to build local
weights contained in {p; =1 in (1.6), which is possible for small L; in this work, we
use the global stability estimate (1.10) that leads to the a posteriori error estimator in
(3.1) for iterates from (1.3), which is applicable to SDE (1.1) for arbitrary L.

3.1n [23,27], (asymptotic) a posteriori error expansions for the terminal time T are
given for both, random and (quasi-)deterministic meshes, while (3.1) bounds the error
uniformly in time. The proof of Theorem (3.1) exploits that meshes {¢ j}{zo c [0, T]
are (quasi-)deterministic, e.g., by repeated use of Itd’s formula.
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4. The weak Euler method replaces Wiener increments {A I,Bk}f;& in (1.3) by
bounded, discrete random variables {E’ SENVETESS };;& with approximate moments, see
e.g. [18, p. 458]: fcg exarEple, P[EIZH ==+1] = % leads to iterates {?j}fzo, and their
‘continuification’ Y = {Y;; t € [0, T']}, given by

Y, =Y+ (.gf_j+1f(8~(f) - 427.2(_]+1§~(-/>(t — 1))

K
+ 3 e (YOE[ T =1 forall 1 elr). 141 (3.2)

k=1

The a posteriori weak error analysis now starts again with (1.8), but lacks It6’s formula
in (1.9), and thus proceeds with the mean value theorem and Taylor’s formula,

Elutjsr, Y —u(t;, Y)] = E[u(tjr, Y —u(;, Y
+uty, Y —u;, Y]
—E[a,u(t Y o 4 (Dautey, ¥, ¥ — Y,

+ %Tr(D,%u(zj, Y (Y - ¥I) (Yt - ?f)T)],

where 1* € (tj,1;+1) and Y*:= Y/ + 0/ — YY) for some © € [0, 1]. A repeated
use of (1.5) and (1.3) (in modified form) [cf. also (3.2)] then causes changes to the
proof of Theorem 3.1: no Malliavin calculus is needed any more for the weak Euler
method—as is needed to handle terms (3.9) and (3 29); also, h1gher derivatives of u
appear, and further computable terms constitute {Qj(q& ritl Yf Y/+! ) }j=o0for (3.1).
5. Inpractice, the terms {E¢ (-) }¢=1,... 15 may be appr0x1mated by Monte-Carlo method;
see Sect. 5 for more details.

The representation of the a posteriori weak error estimator & = {& (¢ (AR
Y/ )} in (3.1) involves the bounds (global in time and space) C pe(¢) (€ =1, 2, 3;

cf. (1.10)), as well as computable error terms {E¢(Y/ )}e, j. The matrix &7+ which
also arises in the representations of {E¢(Y”/)}¢—1.... 15 results from the use of the semi-
implicit Euler scheme (1.3).

The proof of Theorem 3.1 consists of several steps: Lemma 3.2 is based on the
identity (1.8) in the introduction, where we represent the weak approximation error
via (1.5). Lemma 3.3 then examines the first expectation on the right-hand side of
(3.3), where only the drift term of (1.3) appears; and in a similar manner, Lemma 3.4
examines the second expectation on the right-hand side of (3.3), where only the dif-
fusion term is involved. The proof of Theorem 3.1 then follows by combining these
lemmata. Note that similar concepts for the investigation of the weak approximation
error with the explicit Euler scheme have been proposed in e.g. [28], which here are
adapted to the implicit scheme (1.3); see also [6], where weak a priori error estimates
are obtained for a time-implicit discretization of SPDE (1.2) with 8 = 0, and Remark
3.2.

.....
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Lemma 3.2 Assume (A1)—(A3). Let {[j}/J':o C [0, T], with local mesh sizes
{rf+1}JJ;é, and {Y/'}]J.:0 solves (1.3). Then, for everyn =0, ..., J — 1, we have

B[ X, )]~ E[p ¥+

" o .
< ZHE[ [ @0 + o,
j=0 g

J

— AT Dyuls, V) ds]

K )
1 j+1 -, L. T
+1 +1
+3 1?—1 ]Euj Tr([.xz{f ok (YH[ e (Y))]
—ak<ys>a2<yx)]1)§u<s,yo)ds] } (3.3)
Proof Fix n = 0,...,J — 1 and consider (1.5), where we replace T by #,41. Note

that under assumptions (A1)-(A3), the function u € C l'3([0, tht1] X RL; R) with
bounded continuous derivatives w.rt. the state and continuous derivative w.r.t. the
time, and given by u(z, x) = E[¢(X;¥ )] is the unique solution of (1.5); see e.g. [15,
p- 366ff.]. Thus, putting x = yrt+l (w) in the second equationin (1.5) on [0, #,41] X RL,
we immediately conclude that

E[¢ (X, )] =u(0.y) and E[¢p(Y"™)]=E[ultss1. Y] (34

Hence, applying (3.4), a first calculation yields (1.8). Since u is the unique solution
of (1.5) on [0, t,,+-1] x RE, we use Itd’s formula with u to (1.7) in (1.8) to deduce

Elu(tjpr, YT —u(t;, Y]
Lj+1 - . -, .
- E[/ dou(s. Vo) + | — AT + MY, Dyu(s. Vo))
.

1
+

N

K
ZTr(,gz{_jJrlak(Yj)[_gz(_j“ak(Yf)]TDiu(s, ys)) dsi|. 3.5)
k=1

Using (1.5) on [0, t,11] x R to eliminate d5u(s, Ys) in (3.5) further leads to (1.9).
Finally, combining (1.8) and (1.9) yields the assertion. O

The next lemma examines the first expectation appearing on the right-hand side of
(1.9).

Lemma 3.3 Suppose the setting in Lemma 3.2. Then we have

Tjt1 - - 2 i
‘EU (T EOY) — 8 Q) + Sy = ATV, Dyl Vo)) ds]
13

J
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. c . . .
< {3C121(¢) CEq (YY) + 022(¢) CEp (Y + CD2(¢) “E3(Y/) + CD4(¢) “Eq (YY)
+ w -E5(Yj)} . (rj+1)2

+{{CD<¢)Csz~ Ea0(Y) + | 2G50 4+ €2 (6)Cp |- ¢E11<Yf>}

\/ﬁ “E10(Y/) + 1 -E1a (Yf)} () (3.6)

In the proof of Lemma 3.3, we use Lemma 2.5 to (globally) bound the first and
second derivative of u by Cp(¢) and C p2(¢), respectively. Besides some standard
arguments, we also use Malliavin calculus techniques to validate O(|r/t! |2) on the
right hand-side of (3.6).

Proof Using the fact that for any v € R” it holds
Ay = v — It o itly,
we obtain in a first calculation

(YT —EVy) + SV — AT Dyuls, Vo))
=/ (P TTY — A TTEYT), Dyuls, Yo))po
+(FVs — YT, Dguls, Yo))pe
+ (F(Y)) = £(Vs), Dxe(s, V))gr- 3.7)

We use this identity and Lemma 2.5 to bound the left-hand side of (3.6),

tj _ . 2 /
’E[/ "IV — £y + Vs — A I Dy, yS)>RLds}
t

J

lj .
<Cp(@) E1(Y) - () + ‘E[ / " AVs — Y D5, V) ds]
t

J

Lj+1 .
+ ‘E[/ <f(ys) —£(Y/), Dxus, ys))RLdS]
1
=:I+1+1III (3.8)
We estimate the terms in (3.8) independently, starting with

Step 1: (Estimation of IIT) (a) We apply 1t6’s formula with {f;; 1 <i < L} to (1.7)
to get

tjit1 .
‘E[/ <f(ys) —f(Y]), DXM(S, ys)>RLds]
13

J
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Lj+1 .
E[/ ' {fi()’s)—ﬁ(Y’)}Bxiu(s,ys)ds}
t

i=1 J

tj s —. . —-. .
S‘JE / " / <Df(yr>(—%af-/+1w+df+‘f(Y-'>),Dxu(s,yo))RLdrds]
t

tj J

tj s . . _ ‘
[/ " / (DY o (Y o (YY),
tj tj

Dyuu(s, Yy))) g dr ds} + My,

Mh

K 7
ZE[ / " f DY), o (Y) dBr(r)gy ds - 0y u(s, y)]‘

1 k=1

(3.9)

“-
=

I
—_

We add and substract Df(Y/) and D£(Y/) as integrands in order to get closer to
computable optimal terms. This step leads to the additional terms

- ’EU [ ot - prv (- Y
lj lj

+ & TTE(Y)), Dyu(s, V) dr ds]

and
K
=2
k=1

Dyu(s, ys))RL dr dsi| ,

] s . -, A .
E[ |7 [0t - Doy o () e ),
ti tj

which will be estimated in (¢) below. Thus, we obtain

Lj+1 .
'E[ / - {fQs) —f(Y), Dxu(s,ys))RLds}
t

J

tiy1 s ) _ ' B '
= E[/ f (DECY)(— 7Y + TR (YY), Dyuls, YVo))ge drds]
tj tj

1 K
+5 2

k=1

Lji+1 S Lo L )
E[/l+ / (DY)l Mo (Y ) (Y,
lj lj
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1
Dxu(s, y‘Y)>RL dr dS:| + M; + Ky + EI{2

We apply the Cauchy—Schwarz inequality, Lemma 2.5 (i), and some standard calcu-
lations to obtain

1j .
'E[ / " e — 1Y), Dyucs. ys>)RLds}
t

J

, , : 1
< {% CE3(Y/) + 2@ .E4(YJ)} (WY ML+ Ky 5K2. (3.10)

We estimate the terms M7, K7, K> independently in parts (b) and (c).
(b) We consider M in (3.9): for its successul treatment, we use tools from Malliavin
calculus. Fori =1, ..., L, we have

K L

Lj+1 § _. )

Mii=» >E [/ ax,-u(s,ys)/ 3x,ﬁ()’r)(df“ak(Y’)),dﬁk(r)dS}
k=1 [=1 1 Zj

(3.11)

Since oy, u(s,Ys) € D!2 (see e.g. [1,25]), we apply the Clark—Ocone formula in

Lemma 2.1 to dy,u(s, Ys), to get
dyu(s. V) = E[ogu(s. ¥o)] + f E[DO (3uts. D0) |7 | dbr). G12)
Ij

where ng) denotes the Malliavin derivative w.r.t. B¢ (r). Applying (2.1) to Dﬁk)
(ax,. u(s, yx)) further leads to

L
D® (3, 10(5, V5)) = 3 B, (3,005, V) (& o (Y)),. (3.13)

m=1

Now, inserting (3.12) into (3.11) and using the fact that the expectation of a stochastic
integral w.r.t. the Wiener process is zero, we conclude

K

M= ZE[ f o / E[D® (3,165, 90) |7 4B
] ]

k=1 1=1

/ 0 f; Vo) (@ o (YD), dBi(r) ds]

K L . s
- ZZ/IM ]E[/ E[Dﬁ“(axiu(s,ys))|fr]ax,ﬁ(y,)(.;zif“ak(Y/’))l dr:| ds,
1j 1
(3.14)
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where in the last step we used a (generalized) Itd isometry argument; see e.g. [12,
p. 135, Thm. 4.2.3]. An application of the tower property (law of total expectation) in
(3.14), and (3.13) then lead to

j+1
M) = K

{(Z A (3, ys>)<w1ak<Yf>>m) axzﬁw»(w'akww)f} e

=li =1 1j

ti ) — . - .
U . f Tr(D,%u(s,ys)Df(yr).foJrle(Y])[«“”H"k(Yj)]T)d"d5:| :
o
J

In the next step, we add and substract in the second argument Df (Yj ) as well, to then
obtain

k 1
+ K3
where
Tjy1 N s
K3 = E[/ / Tr<DXu(s1 ys){Df(yr)
Lj Lj

_ Df(Yi)}dﬂlak(w)[,qiﬂlak(w)f) dr ds:| .

Using Lemma 2.5 (i), and Tr(Bvw ') < |B|lge«c ||V|[ge [W[ge for any B € REXL,
v,w e RL, consequently lead to

C .
My < 229 By (YD) - (/) 4 K. (3.15)

(c) We show that the terms Kj, K2, K3 are the higher order terms in (3.5), which
account for the difference between Y and {Y/} j=0- Since the treatment of K1, K3 and
K3 is similar, we only consider K in detail. We start with a standard calculation, that
isfors € [tj,tj+1] and r € [}, s] we have, considering the continuified process (1.7)
and using some standard calculations

E[IY, = YIE, | < Buo(Y) - ¢ =1)? +E1a(Y) - =), (316)
Using

IDEY,) — DEY) 2 < Cpog - 1V — Y llge,
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Cauchy—Schwarz inequality and Lemma 2.5 (i), we get

Bl —

t
K1 < Cp(¢)Cp2s - VE10(Y/) - <rj+1/
t

J

J+l $ .
Y R A ds)
]

Using (3.16) consequently leads to

Ki < Cp(@)CpapvE10 (YD) -y Tt - Exg(Y7) + L - E1a (V) - (/4. (3.17)

In a similar way, we obtain

K < Cp(@)Cpap - VEILOVT) - Tt - E1g (Y1) + L - Eaa (V) - (c71)>° Gu18)

and

K3 < Cpa(@)CpopvVE1L (V) D2 - B1o(Y) + L - Baa (V) (/4. (3.19)

Step 2: (Estimation of IT) Similar arguments as used for I1I in Step 1 give the bound
< {% B2 (V) + E2@ ~E2(Yj)} (). (3.20)

Step 3: (Finishing the proof) We combine (3.17), (3.18), (3.19) and (3.15) with (3.10)
and plug the resulting expression as well as (3.20) into (3.8), which proves the assertion.
O
We now bound the last sum on the right hand-side of (3.3).
Lemma 3.4 Suppose the setting in Lemma 3.2. Then we have

K t ) ) . )
Z]E[/JH Tr([.gzl_l‘Hak(Yf)[,Q{J'Ha'k(YJ)]T _ak(ys)a,j(ys)}z)ﬁu(s,ys))ds]
k=1 I

. Cc . .
< {CD2<¢> Be (V) + 22 &y () 4 € (4) - B (V)

+2C (@) By (V) +C 2 (@)Chy - [ P5- Ero (V) + § - Ba (Y-/‘)H (Y2

+ {{chz (@)Cp2g - E13(Y)) + [ch (@)Cp3, +2C 3 (¢>CDz,,] -/ E14(Y/ )}

.\/1:1;;1 'E].O(Yj) + é E12(Yj)} . (l"i+1)2‘5
+C (@) -E1s(Y) - (c/F1)°. (3.21)

Proof Similar as in (3.7), we start with a straightforward calculation. For k =
1,..., K, we have

Ao (YD) [ Mo (X)) — o1 Voe] D)
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=0 (Yo (Y) = t/*! o (Y) [ H o (Y))]]
— ot gl e (Y| (YY)
+ (Y ad o (Y[ AT o (Y] — ok Vool D).

This yields
Tr([sxf‘f“akwf)[.e:f‘f'*‘ak(Yf)]T — o Vo] V)] Diucs, yo)
=Tr([ox (Yo (YV) — 01 V)o | V)] DIu(s. V)
- <Tr<ok(Y-/)[,Qf’.fz(_jHak(Yj)]TD,%u(s,ys)>
+ Tr(daif“ak(Yf)a,I(Y/)D,%u(s, yg)) it
+Tr(maif“ak(w)[,ef,gif“ak(Y/)]TD,%u(s,ys)) (Y 622

We set

K tn
Z U Tr([oc XY ho [ (V) = 0u Vo] V)] Diuts, ¥,)) d }

and plug (3.22) into the left-hand side of (3.21) to deduce

K t
ZIE|: ([ e [ e v —ak(yoa,I(ys)]D,%u(s,y.n)ds]

k=

—_

IA

K j+1 . _. .
ZE[/ (ak(Y/)[pi.a{”'ak(Yf)]TD,%u(s,y‘,)

k=1

+ o e (Ye T (Y)D2u(s, ys)) ds] g

Lj+1 _. . . AT
[ / Tr(d;z{“"ak(Y-f)[p/.xz{”'lak(Y-’)] D,’fu(s,ys)) dsi|
'

(@Y T = IV VAT
Step 1: (Estimation of IV)) Some standard calculations and Lemma 2.5 (ii) lead to
IV < 2C 2 (¢) - Bo (Y)) - (/1) (3.23)
Step 2: (Estimation of V) Again, standard calculations and Lemma 2.5 (ii), lead to
V < C () - Eas(Y)) - (/1) (3.24)
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Step 3: (Estimation of T1) (a) Fork = 1, ..., K, we add and substract o «(YDor (Yy)
and use Tr(B) = Tr(B") for B € RE*L to obtain

Tr([ox(Yho [ (V) — 0, Vo] V)] Diuts. ¥)))
=2-Te([ox (V) — ox Vo) Jo | (V) D2u(s, D))

= Tr([ox @) — ok (W)][o4 D) = 0k (¥)] DI V). (325

Plugging (3.25) into T immediately leads to

Th <2 -Ta+Tp, (3.26)
where
K ‘
J+1 . T . 5
Ta = ZE [/ Tr([Uk(Y’) - Uk()’s)]tfk (Y’)Dxu(s,ys)> dS}
k=1 Ij
and
K tj+1 . .
Tip = ZE[ / Tr([ox V5) = (X)) [0 D) — o4 (¥)] " D3ucs, V) ds] :
k=1 i

(b) We estimate Ty p with the help of Lemma 2.5 (ii),
Tj+1 K —
Tip < Cpo() -E / > lor @) —or(¥)2, ds |
i k=1

Assumption (A2) and (3.16) then lead to

i+l

Tip < Cp2($)Chg - {T “E10(Y/) + § - E12 (Y/d} (T (3.27)

(c) Next, we consider the expression Tp, 4. We apply 1t6’s formula with {o(i); 1<k<
K,1 <i < L}to(1.7) and use standard arguments to get

K tip1 L . . . .
Ti,a = ZE[ / Y (Db (s, V). 0k (Y {0 V) — o (V) ds]
k=1 i =1
<T,a1+Tia2+ M, (3.28)
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where

Tha1 =

tin L .
|:'/t Z(Dxaxiu(s,ys),gk(YJ»RL
J i=1

S - . - . .
/ (T — AT Do (V) drds]

lj
Lit1 s .
[ f / (D2u(s, Ys)ok (YY),
tj tj

DoY) (AT — (YY), dr ds:| ,

L

iy
U IZ Dy u(s, Vs), 0k (YD) s

lj

1
Ta2: —5

/ w“az(w)[d”‘az(w)] DY) drds}

Lj+1 s .
Z E[ / / (DRu(s. Yy)or (Y7,
ki=1 lj j

D’ (V)M o1 (Y) el Tt o) (Y))g, dr ds}

and

My =

it
[/ IZ (Dydu(s. V5). 04 (Y))pe
k,l=1 Lj i=l1
f (Do), 7+ 61 (YT ) dBy (1)) dsi|
Ij
Tit1 s .
E[ / / (DZu(s. Yook (YY),
tj tj

Do (V)@ o (Y dBi (). ds} :

(3.29)

Almost the same arguments as we used for the treatment of (3.10) in Lemma 3.3, that
is generating additional higher order terms to get closer to computable terms gives

Tian < 22 EBg(Y) - (¢/71) + Kq (3.30)
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and
Tiap < S22 By (Y)) - (/1) + Ks, (3.31)
where
K tit1 s ) X
Ky = ZE[/ f(was,yS)ak(Yf),
k=1 j 1
(Do (Yy) — Do (YD) (7Y — o THE (YD), dr ds]
and
K .
1 Lit1 s .
Ks = - E D2u(s, Y/),
si= 5 k,12=1 [/, f( 2u(s, Yo r(Y)

(D%0 V) — D*o(Y) a1 (YN a1 (Y))g, dr ds]

are higher order terms.

(d) Next, we consider the expression M». Here, our approach is very similar to that in
Lemma 3.3, where we used tools from Malliavin calculus for an appropriate treatment
of M, and therefore skip most of the details here. We obtain

K t s
My = Zu«:[// Tr(Diu(s,y»ak(Y-">Dak<yr>d'-"+'m(Y-U[dﬁlaz(Yf)]T)drds}

ki=1 1 7

tj s
< ZE[/M/ Tr(D,::u(s,)ij)o'k(Yf)Dak(Yj),g(_f‘*'la[(Yj)[_g(_j‘*'la](Yj)]T>drdS:|

k=1 2 1

+ Ke,
where

K¢ :=

K il s .
ZE[ [ [ (vt vosuvhiva)
tj tj

k=1

_ Dcrk(Yj)},,Q{-j+1al(Yj)[,Q{_j+1al(Yj)]T)drds:|

is again an additional higher order term, which results from adding and substracting
Do (Y/), k=1, ..., K,in order to obtain an almost fully computable leading order
term.

Similar calculations as we used before and using Lemma 2.5 (iii), yields

Cp3(9)
2

M; < -Eg(Y/) - (t/*1)* + K. (3.32)
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(e) Hence, plugging (3.30), (3.31) and (3.32) into (3.28) yields

Ty, < {CD;@) Ee(Y)) + Dz(¢)

CEqp(Y)) + 3@ Es(Yf)}
(/") + K4 + Ks + K. (333)
(f) Plugging further (3.27) and (3.33) into (3.26) yields

Dz (¢)

{sz(d)) Ee(Y/) + “E7(Y/) + Cp3(¢) - Eg(Y/)

J+1 ; i i 2
+Cp2(@)Chg - {T “E10(Y/) + 3 -E12<Yf>” ()
+ 2K4 + 2K5 + 2Kg. (3.34)
(g) It remains to examine the terms K4, K5 and K¢ and to show that these terms are

indeed higher order terms. Again, a similar treatment as we did for the higher order
terms Ky, K2, K3 in Lemma 3.3 yields

K4 < Cp2($)Cpoy - VE13(YJ) - \,/TIJr -E10(Y/) + § - E12(Y/) - (Tj+1)2'5’
(3.35)

Ks = $29C0% /Ry (Vi) /52 B1o (V) + | Eaa (V) - (t771) (3.36)

and

Ke < C i (9)C i v/ Era (Y1) et - Bao (V7) + L - B1p (V) (c71)>°. 3.37)

Step 4: (Finishing the proof) We combine (3.35), (3.36) and (3.37) with (3.34), and then
combine the resulting expression with (3.23) and (3.24), which proves the assertion.
m}

Next, we show convergence with optimal weak order O(t) for the a posteriori
error estimator in (3.1) on a mesh with maximum mesh size t > 0 with the help of
Lemma 2.6—and hence of the weak error of {Y/} jj _o from (1.3) thanks to Theorem 3.1.

Theorem 3.5 Assume (A1)-(A3). Let {Y/'}JJ.:0 solve (1.3) on a mesh {l‘j}jj.:0 c [0, T]

with local mesh sizes {t! Hﬂ;& and maximum mesh size T = max I+, Then, there
exists C = C(¢) > 0 independent of L, such that

J—-1

Zr”léﬁ(qﬁ; rj+1,Yj) <C-r.
j=0
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Remark 3.2 1. The work [7] derives a weak a priori error estimate for the linear
stochastic heat equation with additive noise, where the analysis exploits the repre-
sentation formula for the mild solution, and a transformation of it to another process
which solves a further SPDE without drift term and additive noise. In contrast, the
weak a priori error analysis in [6] for SPDE (1.2) with B8 = 0 requires Malliavin
calculus to efficiently estimate additionally appearing stochastic integral terms due to
the nonlinearities F' and ¥—which are of similar type as M1 in (3.9) and M3 in (3.29)
appearing here. The a posteriori error analysis to verify Theorem 3.1 with estimators
{@(qﬁ; IZAR ¢ )} j=0 also exploits Malliavin calculus, and eventually enables Theo-
rem 3.5. We remark that the tools from Malliavin calculus used here slightly differ
from those in [6]: while [6] utilizes an integration by parts formula (cf. [6, Lemma
2.1]), we are making use of the Clark—Ocone formula (cf. Lemma 2.1).

2. The work [6] uses less regular initial data, in particular, and exploits the regularizing
effect of the involved semigroup. In this work, we assume (A3) to verify Theorem 3.5;
however, we believe a corresponding result to hold for less ‘regular’ initial data, by
using a modification of Lemma 2.6 that involves temporal weights in the functional to
handle less regular initial data, and mimic the regularizing effect in the present context
of arguments.

Proof We independently bound {Eg(Y-i Ve=1,..15, j=0,...s—1 iIn & = (&
(¢s T/, Yi)}j;(} in (3.1) with the help of Lemma 2.6

(a) Second moment bounds for Ee(Y/), £ = 1,2,3,4,5,6,9,10,12,15, j =
0,...,J —1: We show for £ =0, 1, 2 that

M _max [l Y3, ] < ),

=0,..., J—1
Gi) _max E[ll a1t (Y)|2, ] < 2(c{?)’ (1 +¢\).
K
Gi) max SB[l e o)) < 2K (CP 1+ CF)).
""" k=1
K .
(v _max S E[len(0)I2.] < 2K 1+,
""" k=1

where C(l/é)1 > 0, ¢ = 0,1,2, are the constants from Lemma 2.6, and oIt =
I+ rj“gz%)_l.

Let{ =0,1,2and j =0, ..., J — 1. Since ||,5zij+1||RLxL < lforevery t/*! > 0,
we immediately obtain

€ Fitlyi2 eyj2 7i+1 by 72
lo7 T g < 119/ Nl 19 e < 1197 Y Il

Hence, taking the expectation and using Lemma 2.6, assertion (i) follows. In almost
the same way, on using (A1) (b), we obtain

e T OY) 2, < 17 8 (YD) < 2(617) (1 + 117 Y 120).
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Again, taking the expectation and applying Lemma 2.6, assertion (ii) follows. State-
ment (iii) follows by the same argumentation and (iv) immediately follows from (A2)
and Lemma 2.6.

The bounds (i)—(iv) now yield these for Eg (Y),2=1,2,3,4,5,6,9,10, 12, 15,
j=0,...,J—1.

(b) Fourth moment bounds for E((Yj), £=17,8,11,13,14,j=0,...,J — 1:
Similar as in (a), by Lemma 2.6, we obtain
V) _max E[l oY1}, ] < ch,

,,,,,

=Vu,...,

K
vii) _max STE[I197 ok (YD1, ] < 8K (COY (1 +C1%),
..... k=1

K
iy max 3 E[low (Yl = 8K(CH(1+CR)).
""" k=1

where Cﬁz)z > 0, £ = 0, 1, are the constants from Lemma 2.6. Again, the bounds
(v)—(viii) yield these for E¢(Y/),£ =7,8,11,13,14, j =0,...,J — 1.

(c): By means of (a) and (b), we can find a constant c > 1 independent of L and
Jj such that for all j > 0

&(p; /T Y) < C -0/t (3.38)

Hence, plugging (3.38) into (3.1), using t/+1 < r for every j > 0, and setting
C := C - T yields the assertion. O

In the next section, we base an adaptive method on the a posteriori error estimate
(3.1) to automatically select local step sizes. Forevery j > 0, we show that the adaptive
method selects a new time step 7/*! within finitely many steps, and that the algorithm
reaches the terminal time 7' > O after finitely many steps as well (global termination).

4 Weak adaptive approximation via (1.1): algorithm and convergence

By Theorem 3.1, the weak error caused by scheme (1.3) on a given partition {¢;} jj.zo C
[0, T'] is controllable via the a posteriori error estimate (1.4). In this section, we use
this result for an adaptive method that automatically steers local mesh size selection.
For this purpose, we check if the criterion (’5((;5; il y) ) < % is met or not: in
the first case, /1! is admissible, bounding the new local error in such a way that
the overall error will be bounded by Tol through Theorem 3.1; in the latter case,
7/+1 will be replaced by the refined mesh size 7/+! := rj; : , and the criterion will
be checked again. The following algorithm contains a refinement step (1) to generate
{r/ 18~ and—if &(¢; /714, Y/) is ‘too small’—a final coarsening step (3) in
the loop of generating the subsequent iterate from (1.3), after accepting the possible
underestimation of &(¢; t/1:¢, Y/).
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Algorithm 4.1 Fix Tol > 0 and 1 > % Let (t7,Y7) be given for some j > 1.
Define /10 .= ¢/ —For ¢ =0, 1, 2, ... compute Q§(¢; itLe Yj) and decide:

a1 IfQS(qb ritLe Yj) > T?—l, set TiHLEFL . — TI;J, and € — £+ 1.

2 If 5 T°1 < (’5(¢; r-/H’Z,Yj) < % set T/t .= ¢itLE fip1 = tj + i+l
compute Aj+1,gﬂk = ,Bk(tj + tj“'l) — Bi(t)), fork = 1,..., K, then solve
(1.3) for Y1 and j — j + 1.

Q) If&(p; T/ V) < T2 ser v/ =0/ 1y =1+ 0 compute YT
via (1.3) with T/ and (A j41,0Bk, k =1,..., K}. Then set T/ 7! := 27/ and
j—j+1L

Stop, iftj > T for some j and set J := j.

This sequence of refinement steps, which is succeeded by possibly one coarsening
step prevents infinite loops of refinement and coarsening, and enables a flexible re-
meshing to capture local dynamics. The following theorem validates termination of
the adaptive method, consisting of (1.3) and Algorithm 4.1.

Theorem 4.2 Let Tol > 0. Suppose (A1)~(A3). Then, the adaptive method consisting
of (1.3) and Algorithm 4.1 generates each of the local step sizes of {tjﬂ}jzo after
O(log(Tolfl)) many iterations and the algorithm reaches the terminal time T > 0
within J = O(Tol_l) time steps. Furthermore, admissible tuple {(t/1!, Y-H'l)}jj;é

satisfy
Jmax, [E[¢X,)] — E[p ()] | = To1, @.1)

Remark 4.1 1. An adaptive method based on a strong a posteriori error estimate to
steer automatic spatio-temporal remeshing for a discretization of (1.2) with additive
noise is proposed in [21], for which termination of an iterative strategy to select new
local mesh parameters for a fixed index j € N\{0} is shown. [21] conceptionally
follows ideas in [4] for the heat equation (i.e., Xy = 0 (1 < k < K) in (1.2)),
where a local approximation argument in step j € N\{0} settles the existence of a

Jj+1 j+1

value 7/ > 0, s.t. values t/T1¢ < /™" meet the stopping criterion; this argument,

however, does not exclude selected z:{ +1 in [4,21] to crucially depend on j, leaving
open global termination. This deficiency has been overcome in [19] for a modified
version of the adaptive algorithm in [4], which, in particular, exploits a discrete stability
property of the underlying discretization to herewith establish inf ; 14 + > 7> 0—
We here proceed analogously to settle convergence of Algorithm 4.1 with the help of
Lemma 2.6.

2. Automatic mesh refinement in [23] is based on the computable leading-order term
in the weak a posteriori estimator (1.6) that has been derived in [27], provided that
the involved drift and diffusion functions are bounded. For a sufficiently fine initial
meshZ ;0 := {tj}JO_O C [0, T'] and given Z ¢, the new mesh Z je+1 D Z ¢ refines those

intervals [#;e, 71 1yc], where p; 1y |rU +1)° |2 overshoots TJ°1 Note that this iterative
strategy requires the global re-computation of {p;c} ;¢ for every £ > 0: termination

after £* < oo iterations, with JU = O(Tol™1) is then shown in [23].
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Proof (a) Termination for each j > 0: Fix j > 0, and recall (3.38) in the proof
of Theorem 3.5. Since the constant C > 1 appearing there does not depend on j,

we generate a finite sequence {7/ "1} 7/ i with ¢/+1¢ = THIO =00,
according to the refinement mechanism (1) of Algorithm 4.1, untll either (2) or (3)

Jj+1,06
is met. In view of (3.38), we find out that £ = [bg( T01C )/log(2)—‘ is the smallest
natural number such that

/HL0 ol
<

20— T

&(p; /T Y) < C. /M =C -
Consequently, we have

JHLOGT
10g<f Tol )

Jj+1 = lOg(z) ? (42)

which yields a maximum of O(log(Tol_l)) (refinement) steps to accept the local
j+1,€7+1 _ -[j+1 0

21
(b) Global termination rate: We show by induction that

step size T/ ! := 1

)]
20T

where C > 1is the constant in (3.38). In particular, this means that T is reached within
J = O(Tol™!) many time steps.
The base case follows by the choice of the initial mesh size ! > % Now

suppose that we have generated Y/ with step size 7/ > %; see also Fig. 2. In order

to successfully compute Y/ !, we set 7/710 := ¢/ (if (2) occurred in the generation
of t/), or t/T10 := 2¢J (if (3) occurred in the generation of /). In both cases,

/L0 > QTCL; Via a), we generate a finite sequence {t/*1:¢} "/ b until either (2) or
j+1.0 .

(3) is met, and then generate Y/T! with step size t/*! := T,/+1,15] = % Since
e

[x] < 1+ x,x € R, we conclude by means of (4.2)

/L0 Tol
>

2l T 2CT

By S Lo TV
(c¢) Estimate (4.1) immediately follows from (3.1) and part (2) of Algorithm 4.1. O

5 Computational experiments

The simulations of iterates {Y/} j=0 from (1.3) use independent standard normally
distributed pseudo-random numbers (‘randn’) in MATLAB (version: 2017a). By Kol-
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mogorov’s extension theorem, see e.g. [26, p. 11, Thm. 2.1.5], a family of probability
measures {No,1; 0 < t < T} on (RX, B(RX)) yields the existence of a (fil-
tered) probability space (2, F, {F;},>0, IP) and Wiener processes {Bx(¢); t € [0, T},
k =1,..., K on it; we consider them to be the ones with which (1.1) and (1.3) are
defined.

Let Tol > 0. We use (1.3) in combination with the adaptive Algorithm 4.1 for
different examples, which result from a finite element spatial discretization of an SPDE
(1.2). We show how the involved a posteriori error estimate (1.4) serves to estimate
related weak errors, and that adaptive remeshing substantially reduces the amount
of needed steps to overcome the interval [0, T']. For the sake of computations, we
therefore use sufficiently large M-samples to suppress additional statistical errors in
the Monte-Carlo method due to approximating appearing expectations [E[-] by Ey[-]—
as in (1.4), which then takes the form

max [E[¢(X;))] - Eu[¢(¥)]| < 2701, 5.1)

0=j=J

and which now holds with high probability. In order to obtain (5.1), we first add and
substract E[(]) Y/ )] and use Theorem 3.1, which yields

J—1
max B[ (X,))] - Eafp(¥))]| < X tee o/ v)

+ max ‘E[(}ﬁ(Yj)] — Eu[¢(Y/)] ’
<j=J

Replacing all arising expectations E¢(-), £ = 1, ..., 15 in the representation of the

error estimator & by their corresponding empirical means EEM) (-) and writing & for

the related (empirical) error estimator further leads to

J—1
omax, \E[MX:,-)] - EM[¢>(Y1>]\ < jX:(:)tf“Qﬁ(M)(qﬁ; AR €)'
+ ERRg (M) + ERRy (M), (5.2)

where ERRg (M), ERRy (M) denote the arising statistical errors resulting from the
approximation of the error estimator & and from the approximation of the expectation
of the test function ¢. Algorithm 4.1 controls the first expression on the right-hand
side of (5.2). In order to control the remaining statistical errors, i.e., to ensure that
ERRg (M) + ERRy(M) < Tol holds with high probability, and to conclude (5.1),
one can (asymptotically) determine a number M = M(Tol) € N\{0} of Monte-Carlo
samples by means of concentration inequalities, the central limit theorem or other
(non-)asymptotic controls; we refer to [12] for more details in this direction—In the
computational studies reported below, we mostly chose M = 10* for which the Monte-
Carlo simulations performed stably.
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5.1 The one-dimensional stochastic heat equation in Example 1.1

Let T > 0, K € N\{0} and D = (0,1) C R. We consider the SPDE (1.2) with
e=1,8=0and F, X € C*(R) N H{(D), as well as homogeneous Dirichlet
boundary conditions, and yy € H(l) (D). These assumptions ensure the existence of a
unique strong solution of (1.2); see e.g. [5, p. 197ff.]. We use standard notation, as
e.g. L2 = L*(D) and H} = H/ (D) below; see e.g. [9, p. 244 ff].

Let L € N\{0}. We consider a (uniform) triangulation of the domain D such that

0=Xo<X| <+ <X, <xXpp1=1, with h=x; —x_1 = 27 (=l,....L).

Following [14], we use a finite element method based on piecewise affine functions
to spatially discretize SPDE (1.2) with ¢ = 1 and B = 0. In combination with ‘mass
lumping’, we obtain the following L —dimensional SDE system:

dX] = (—/ X + £(XP))dr + Y8 o (XP)dBi(r) forall € [0, T,

5.3)
Xh = (yo(x1). ... yo(x1)) " € RE, (

where

X! = (X', .., XE )| e RE,
£X) = (F(XI(x), ..., F(XIoxp)) ' e RE,
o (XD = (S (X)), . Te(XP ) | e RE,

1
o = ﬁtridiag[—l, 2, —1] € RLXL,

Example 1.1 discusses computational studies for (5.3) via (1.3) in combination with
adaptive Algorithm 4.1. We choose ¢ (x) = \/E”X”RL to approximate the L2—norm
of (the finite element approximation of) {X;, r € [0, T']} from SPDE (1.2). The related
constants to compute & = {&(¢; T/, Y/)} ;50 below (3.1) are:

2 73 37

)\M'&T[% CDf:%, CDZf:nT, CD3f:T’ CDar:%,
Cprg = 0.158, Cps, = 0.518,
Cp@) =vh, Cp(@)=0, Cpi(@)=0 (e =& =e3=06).

[ =

Figure 3 below displays the contributions of the different EéM) (), € € {1,...,15}\
{7, 13, 14} in the a posteriori error estimator &, which steers the step size selection
of the adaptive Algorithm 4.1. Note that & consists of leading order terms Eg(-),
Le{l,2,3,4,5,6,8,9, 12}, as well as ‘higher order terms’ E¢(-), £ € {10, 11, 15}.
Mainly responsible for mesh adjustments are the leading order terms—in particu-
lar E; (-), which addresses higher derivatives (up to order 4) of the (approximated)
solution {X;, t € [0, T]} of (1.2), starting with x + sin(;rx) as initial function.
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. (M) ryj .
(@) 1; £ (Y9 (b) 1~ " (Y) ‘ (©) ;- (v)
—1j E%"?(Y/)
—1; - Eg (V)
—5 - EQ (V)

Fig. 3 (Error indicators of the weak a posteriori error estimator &0 of Example 1.1 for Tol = 0.1,

M=104T=1)a Semi-Log-Plot of the corresponding computable error indicators 7; +— EEM) (Y7),
£ = 1, 3,10, which only involve the drift term. b Semi-Log-Plot of the corresponding computable error

indicators ¢ j EEM) (Yj ), £ =2,8,9,11, 12, 15, which only involve the diffusion term. ¢ Semi-Log-Plot

of the corresponding computable error indicators ¢ j EEM) (Yj ), £ = 4,5, 6, where both the drift and
diffusion are involved

K — #time steps

-10*

= adaptive : K — #time steps
12 l=uniform : K — #time steps

Time steps

Fig. 4 (Adaptive vs. uniform: Influence of noise parameter K on the total amount of time steps within
Example 1.1 for Tol = 0.1,M = 5000, 7 = 1) Semi-Log-Plot of the total amount of time steps for unifom
(blue line) vs. adaptive (red line) (color figure online)

Heuristically, it might therefore be justified to neglect ‘higher order terms’ in order to
save computational effort, and only take into account leading order terms in &.

For different noise parameters K € {0, 1, 3, 5, 6, 8, 10}, Fig. 4 compares the total
amount of time steps needed for adaptive and uniform meshes to perform equally
well, indicating that: the larger K the more improved performance of the adaptive
Algorithm 4.1 compared to scheme (1.3) with uniform time steps may be expected.
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Table 1 Different Setups for Example 5.1

L T Yo(x) K (X ()
Setup A 50 1 sin(r x) 1 0
Setup B 50 1 sin(x) 5 1Xi
Setup C 50 1 sin(3mx) 5 K+11 7 sin(ﬂkx)(Xt + 0.2)

5.2 A convection dominated (stochastic) problem

Example 5.1 Consider (1.2) on D = (0,1), T > 0, withe > 0,8 € R, F = 0 and
homogeneous Dirichlet boundary conditions. After a finite element discretization,

using ‘mass lumping’, and 7 = L+r] for some L € N\{0}, we obtain

dX)' = —XIdr + Y8 ok (XIdBi(r) forall ¢ € [0, T,
X4 = (yo(x1), -..,yo(xL))T e RE,

where ak(Xf’) as in (5.3), and
o = itridiag[—l 2,-1]1— ﬁtridiag[—l 0,1] € REXE
. h2 b 9 2h 9 b .
We study three different cases given in Table 1, where we, among other things,
discuss the influence of varying ¢ on the total amount of adaptive versus uniform time

steps; see Fig. 5. Setup A deals with a purely deterministic version of Example 5.1,

€ — #time steps

1,600
=adaptive : € — #time steps
=uniform : € — #time steps
1,200
&
2 500
£
=
400

0 0.2 0.4 0.6 0.8 1
&€

Fig. 5 (Adaptive vs. uniform: Influence of parameter ¢ on the total amount of time steps within Setup B
for Tol = 0.1,M = 5000, B = 1, T = 1) Semi-Log-Plot of the total amount of time steps for unifom (blue
line) vs. adaptive (red line) (color figure online)
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(@) (1j,x¢) = Y/ (xp) (b) tj > o+
0.1
0.9 —tj H T]+1 ‘

0.8 8102

=5
9

0.8

Realization
o
+ Step size

>

04

0.2 21072

0.8

0.6

Time 10 Domain

Time

(©) 1 |9(X,,) — o(Y)] (d)j—®(g:2/* YY)

—adaptive: J =259
uniform: J = 360 |

—j= (YY)
- Tol

0.8

0.6

Error
Error estimator

04 ’/’ \

_
I
5
7

0.2 //

ok e 11072
o 02 0.4 0.6 0.8 1 0 50 100 150 200 250

Time Time steps

Fig.6 (Setup A with Tol =0.1,8 =2,¢ =2hand ¢ (x) = \/ﬁllxl\RL) a Contour plot of the solution. b
Plot of the corresponding adaptive time step size. ¢ Error for uniform (blue line) vs. adaptive (red line) time
meshes via Algorithm 4.1. d Plot of the a posteriori weak error estimator ®(¢; /i ) (color figure
online)

@)1 o L (b)s Jo(x,) -~ o(x) (€) /8 (0: 0/ ¥)
o i —adaptive: J = 1836 — 2 6(9: 7 Y)
—tj— 1/ ~uniform: J = 2400 sy

01

Error
—
Error estimat

402

0 02 04 06 08 e E 1000 150

02 04 06 08 Time ime steps

Fig.7 (Setup A with Tol = 0.1, B = 2, & = 2h and ¢ (X) = [|X||oc) a Plot of the corresponding adaptive
time step size. b Error for uniform (blue line) vs. adaptive (red line) time meshes via Algorithm 4.1. ¢ Plot
of the a posteriori weak error estimator (’5(¢; T/ +1, Y-/) (color figure online)

i.e., no diffusion is involved. In this context, for fixed B and &, we discuss the role of
the chosen test function ¢ in the adaptive method; see Figs. 6 and 7 below. Then, for a
fixed test function, Setup B studies the impact of different choices of B, ¢ on adaptive
meshing; see Figs. 8, 9 and 10 below. Setup C investigates Example 5.1 for a different
initial function and a different type of multiplicative noise, but with fixed B, ¢ and ¢;
see Fig. 11 below.
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(@) (1j,x0) = Y/ (x¢) (o) (b) ;i 7/t

—tj s /!
12

Realization
4
B

Step size

0.6
04
04
1] N
) 0 |
Time ro Domain
j - 1y
(€)1 [E[6(X,))] — E[o(Y))]| (d) j > &0 (9771, Y))
2 102 §
—adaptive: J =105 | — 7 6" (e Y)
—uniform: J = 1000 1ol
2
1.5 o1
= \ 5
f\ =
f\l‘w |!"“\ ) X--% N \
os| - TH ‘\“lf\l\ 4.107
| W9 u W
W NN k‘M_‘ A /,M\ ,
o ¥ b (AL SN AN 1-10-2
0 02 0.6 0.8 1 0 “50 . 100
me steps

Time
Fig.8 (Setup B with Tol =0.1,M = 104, B=1,¢e=2hand p(x) = \/ﬁllxllRL) a Contour plot of the
solution for a single realization w. b Plot of the corresponding adaptive time step size. ¢ Error for uniform
(blue line) vs. adaptive (red line) time meshes via Algorithm 4.1. d Plot of the a posteriori weak error
estimator ¢® (¢; 7+l Y/ ) (color figure online)
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(@) (tj,x0) = Y/ (x)) (@)

(b) tj— T/t

12 6_,(,71
1 —t; 1 ¢/l
H 0.8
E 4
2 0e E
0.4 %
2
0.2
1
0
OO 0.2 0.4 0.6 0.8 1
Time
(©) tj— ‘E[ﬂ)(xt,)} —Ey [‘P(Y/)]‘ (d) j— &M (¢p;t/1 YY)
B 102
—adaptive: J =91 013 — j &M (p: 7 YY)
—uniform: J = 400 wrTel
2
1.5 o
[l H
5 b £
;E ! N A f
T | B R
03 "\ 41072
[
00 02 0.4 0.6 0.8 1 ! ‘0720 20 40 60 80
Time Time steps

Fig.9 (Setup B with Tol = 0.1,M = 104, B =1, =5hand ¢p(x) = ﬁIIXIIRL) a Contour plot of the
solution for a single realization w. b Plot of the corresponding adaptive time step size. ¢ Error for uniform
(blue line) vs. adaptive (red line) time meshes via Algorithm 4.1. d Plot of the a posteriori weak error
estimator ¢&® (¢ i+l yJ ) (color figure online)
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(@) (tj,x0) = Y (x) (@)

Realization

(© 1y [B[0(X,)] ~Ex[o (Y]

—adaptive: J = 258
25 —uniform: J = 1000

-10

1

Time

Step size

0.1

Error estimator

=
=]
i

1:1072

(b) tj > o/t

1072

—f s it

(d)] — @(M)(¢;TJ+I7YJ)

— j &M (¢ YY)
o Tol
2
,
0 50 100 150 200 250
Time steps

Fig. 10 (Setup B with Tol = 0.1, M = 104, B =2, =2hand p(x) = \/ﬁlleRL) a Contour plot
of the solution for a single realization w. b Plot of the corresponding adaptive time step size. ¢ Error for
uniform (blue line) vs. adaptive (red line) time meshes via Algorithm 4.1. d Plot of the a posteriori weak
error estimator & (¢; 7+l s Y/ ) (color figure online)
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(@) (tj,x0) = Y/ (x) (@) (b) 1 /!

o —t;j— tit!

Realization
Step size

Time 08 40 Domain Oy 02 04 06 038 1
Time
. _ J j j
(©) 1~ ‘E[¢(erﬂ En[¢(Y )H (d) 1 6™ (p:7+1,Y))
L0 2 ——————— ———
—adaptive: J = 655 o T oM (et Y))
y uniform: J = 1500 T
L= @@ @@ |
01
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N w10
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W -
% 0.2 04 06 08 1 110, 100 200 300 400 500 600

Time Time steps

Fig. 11 (Setup C with Tol = 0.1, M = 104, B =1, =2hand ¢p(x) = x/;l\|X||RL) a Contour plot
of the solution for a single realization w. b Plot of the corresponding adaptive time step size. ¢ Error for
uniform (blue line) vs. adaptive (red line) time meshes via Algorithm 4.1. d Plot of the a posteriori weak
error estimator &® (¢ i+l yJ ) (color figure online)

As we can see in Figs. 6 and 7, different choices of test functions might lead to huge
changes in the amount of time steps generated via Algorithm 4.1. In Figs. 6 and 7 we
choose ¢ (x) = \/ﬁ”X”RL (resp. ¢(X) = ||X[loo := maxe=1,. . r|x¢|) to approximate
the L2 —norm (resp. the L°°—norm) of (the finite element approximation of) {X;,
t € [0, T]}, from SPDE (1.2). Although both figures illustrate similar behaviours of
time step size, error and a posteriori error plots, the amount of time steps needed to
stay below the given error threshold To1l in Fig. 7 is larger compared to Fig. 6, which
is due to the different scalings of the considered norms.

Different choices of B and ¢ affect the amount of total steps generated via Algo-
rithm 4.1. A larger size of B increases the convection effect and leads to more time
steps; see Figs. 10 and 6 . In turn, larger values of € reduce the transport, which requires
fewer time steps, see Fig. 9. For different parameters ¢ € {h, 2h, 5h, 15h, 30h, 1},Fig.5
compares the total amount of time steps needed for adaptive and uniform meshes to
perform equally well, indicating that the smaller ¢ is, the more savings are obtained
via the adaptive Algorithm 4.1, if compared to scheme (1.3) with uniform time steps.
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