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Abstract This paper presents a new and unified approach to the derivation
and analysis of many existing, as well as new discontinuous Galerkin meth-
ods for linear elasticity problems. The analysis is based on a unified discrete
formulation for the linear elasticity problem consisting of four discretization
variables: strong symmetric stress tensor oj, and displacement uy, inside each
element, and the modifications of these two variables &;, and 1i;, on elemen-
tary boundaries of elements. Motivated by many relevant methods in the
literature, this formulation can be used to derive most existing discontinu-
ous, nonconforming and conforming Galerkin methods for linear elasticity
problems and especially to develop a number of new discontinuous Galerkin
methods. Many special cases of this four-field formulation are proved to be
hybridizable and can be reduced to some known hybridizable discontinu-
ous Galerkin, weak Galerkin and local discontinuous Galerkin methods by
eliminating one or two of the four fields. As certain stabilization parameter
tends to zero, this four-field formulation is proved to converge to some con-
forming and nonconforming mixed methods for linear elasticity problems.
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Two families of inf-sup conditions, one known as H'-based and the other
known as H(div)-based, are proved to be uniformly valid with respect to
different choices of discrete spaces and parameters. These inf-sup conditions
guarantee the well-posedness of the new proposed methods and also offer
a new and unified analysis for many existing methods in the literature as a
by-product. Some numerical examples are provided to verify the theoretical
analysis including the optimal convergence of the new proposed methods.

Keywords linear elasticity problems - unified formulation - H(div)-based
method - H'-based method - well-posedness
1 Introduction

In this paper, we introduce a unified formulation and analysis for linear
elasticity problems

Ac—e(u)=0 in Q,
dive = f in Q,
_ 1
u=20 onlp,
on=0 on Iy,

withQcR" (n=2,3) and JQ =I'pUIN, I'p NIy = @. Here the displacement
is denoted by u : Q2 — R"” and the stress tensor is denoted by ¢: Q — S,
where S is the set of symmetric n X n tensors. The linearized strain tensor
e(u) = %(Vu +VuT). The compliance tensor A: S —» S

_l+v 1+vyw
AC= =0~ 2w

tr(o)l (2)

is assumed to be bounded and symmetric positive definite, where E and
ve (0, %) are the Young’s modulus and the Poisson’s ratio of the elastic material
under consideration, respectively.

Finite element method (FEM) and its variants have been widely used for
numerical solutions of partial differential equations. Conforming and noncon-
forming FEMs in primal form are two classic Galerkin methods for elasticity
and structural problems [21} 25 [40]. Mixed FEMs for the elasticity problem,
derived from the Hellinger-Reissner variational principle, are also popular
methods since they approximate not only the displacement but also the stress
tensor. Unlike the mixed FEMs for scalar second-order elliptic problems, the
strong symmetry is required for the stress tensor in the elasticity problem. This
strong symmetry causes a substantial additional difficulty for developing sta-
ble mixed FEMs for the elasticity problem. To overcome such a difficulty, it
was proposed in [57] to relax or abandon the symmetric constraint on the
stress tensor by employing Lagrangian functionals. This idea was developed
in late nineteens [1} 6] 7, 53H56], and further systematically explored in a re-
cent work [3] by utilizing a constructive derivation of the elasticity complex
starting from the de Rham complex [24] and mimicking the construction in
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the discrete case. Another framework to construct stable weakly symmetric
mixed finite elements was presented in [13], where two approaches were par-
ticularly proposed with the first one based on the Stokes problem and the
second one based on interpolation operators. To keep the symmetry of dis-
crete stress, a second way is to relax the continuity of the normal components
of discrete stress across the internal edges or faces of grids. This approach
leads to nonconforming mixed FEMs with strong symmetric stress tensor
[4, 9], 12| [29] 42, 43, 147, 62164]. In 2002, based on the elasticity complex, the
first family of symmetric conforming mixed elements with polynomial shape
functions was proposed for the two-dimensional case in [§], which was ex-
tended to the three-dimensional case in [2]]. Recently, a family of conforming
mixed elements with fewer degrees of freedom was proposed for any dimen-
sion by discovering a crucial structure of discrete stress spaces of symmetric
matrix-valued polynomials on any dimensional simplicial grids and proving
two basic algebraic results in [41}/44H46]. Those new elements can be regarded
as an improvement and a unified extension to any dimension of those from [§]
and [2], without an explicit use of the elasticity complex. Besides the optimal
convergence property with respect to the degrees of polynomials of discrete
stresses, an advantage of those elements is that it is easy to construct their
basis functions, therefore implement the elements. See stabilized mixed finite
elements on simplicial grids for any dimension in [18].

Discontinuous Galerkin (DG) methods were also widely used in numeri-
cal solutions for the elasticity problem, see [19] 34} 35, 59]. DG methods offer
the convenience to discretize problems in an element-by-element fashion and
use numerical traces to glue each element together [5131H33]. This advantage
makes DG methods an ideal option for linear elasticity problems to preserve
the strong symmetry of the stress tensor. Various hybridizable discontinuous
Galerkin (HDG) formulations with strong symmetric stress tensor were pro-
posed and analyzed for linear elasticity problems, such as [17, 26, 50H52]. The
HDG methods for linear elasticity problems contain three variables —stress gy,
displacement uj, and numerical trace of displacement 7ij,. In the HDG methods,
the variable 7, is defined on element borders and can be viewed as the La-
grange multiplier for the continuity of the normal component of stress. Weak
Galerkin (WG) methods were proposed and analyzed in [17, 58, 160, 61} [65]
for linear elasticity problems. The main feature of the WG methods is the
weakly defined differential operators over weak functions. A three-field de-
composition method was discussed for linear elasticity problems in [15]. A
new hybridized mixed method for linear elasticity problems was proposed
in 28]

Virtual element method is a new Galerkin scheme for the approximation
of partial differential equation problems, and admits the flexibility to deal
with general polygonal and polyhedral meshes. Virtual element method is
experiencing a growing interest towards structural mechanics problems, and
has contributed a lot to linear elasticity problems, see [10} [11, 22} 23] and
the reference therein. Recently, investigation of the possible interest in using
virtual element method for traditional decompositions is presented in [16]. As
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shown in [16], virtual element method looks promising for high-order partial
differential equations as well as Stokes and linear elasticity problems. Some
other interesting methods, say the tangential-displacement normal-normal-
stress method which is robust with respect both shear and volume locking,
were considered in [48], 49].

In this paper, a unified formulation is built up for linear elasticity problems
following and modifying the ones in [36} 38] for scalar second-order elliptic
problems. The formulation is given in terms of four discretization variables
— oy, Oy, uy, ti,. The variables o;, and u;, approximate the stress tensor ¢ and
displacement u in each element, respectively. Strong symmetry of the stress
tensor is guaranteed by the symmetric shape function space of the variable
oy,. The variables 6, and i), are the residual corrections to the average of g,
and u;, along interfaces of elements, respectively. They can also be viewed
as multipliers to impose the inter-element continuity property of u;, and the
normal component of ¢y, respectively. The four variables in the formulation
provide feasible choices of numerical traces, and therefore, the flexibility of
recovering most existing FEMs for linear elasticity problems. There exist two
different three-field formulations by eliminating the variable &;, and i, re-
spectively, and a two-field formulation by eliminating both. With the same
choice of discrete spaces and parameters, these four-field, three-field, and
two-field formulations are equivalent. Moreover, some particular discretiza-
tions induced from the unified formulation are hybridizable and lead to the
corresponding one-field formulation.

As shown in [37H39], the analysis of the formulation is classified into two
classes: H!-based class and H(div)-based class. Polynomials of a higher de-
gree for the displacement than those for the stress tensor are employed for the
H'-based formulation and the other way around for the H(div)-based formu-
lation. Both classes are proved to be well-posed under natural assumptions.
Unlike scalar second order elliptic problems, there is no stable symmetric
H(div)-conforming mixed finite elements in the literature that approximates
the stress tensor by polynomials with degree not larger than k and k < . This
causes the difficulty to prove the inf-sup condition for the H(div)-based for-
mulation with k < n. The nonconforming element in [62] is employed here
to circumvent this difficulty with the jump of the normal component of g,
embedded in the norm of the stress tensor gy,

The unified formulation is closely related to some mixed element methods.
As some parameters approach zero, some mixed element methods and primal
methods can be proven to be the limiting cases of the unified formulation.
In particular, both the nonconforming mixed element method in [29] and the
conforming mixed element methods in [41} 144} [45] are some limiting cases of
the formulation. The proposed four-field formulation is also closely related
to most existing methods [17, 19, 26} 50, 52| 59] for linear elasticity as listed in
the first three rows in Table 2] and the first row in Table B]and Table [l More
importantly, some new discretizations are derived from this formulation as
listed in Table[I] Under the unified analysis of the four-field formulation, all
these new methods are well-posed and admit optimal error estimates. In Table
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the first scheme is an H!-based method and the following two schemes are
H(div)-based methods. The last scheme is a special case of the second one
with y =0 and 1 = 1. The last scheme is hybridizable and can be written
as a one-field formulation with only one globally-coupled variable. In fact,
after the elimination of variable §;, and a transformation from variable i}, to
variable 7, in the last method of Table[l} we obtain an optimal H(div)-based
HDG method.

The notation 7 = Q(h; ') and 7 = Q(h,) in Tablemeans there exist constants
¢o > 0,Co > 0 such that cohe_1 <t< Cohe‘1 and coh, < T < Cph,, respectively. For
k>0,

VE = (v, e LA(Q,R") : vylk € Pe(K,R"), YK € T},
Qf = {1, € LX(Q,S) : Tylx € Pr(K,S), VK € T3},
VE = (8, € L&, R") : vyle € Pi(e, R™), Ve € &y, Bylrp, =0},

Qf= {1, € L&, S) : Tle € Prle, S), Ve € &y, Gynlry, =0},

®)

where Pi(K,R") and Pi(e,R") are vector-valued in R" and each component is
in the space of polynomials of degree at most k on K and ¢, respectively, and
Pi(K,S) are symmetric tensor-valued functions in § and each component is
in the space of polynomials of degree at most k on K.

n T y Qn Vi Qn Vi
1| om) omh) om Q@ v v
2 | oYy O(m) o) QY Vi {ojorQr Vit
3 71 Q(he) 0 Qe vk ) Vi

Table 1: New proposed methods with r > max(1,k) and m > 0. For the second and third schemes,
llo — oy llaivn = O(HFHY) for any k > 0 and |6 — oyllo = O(H**2) if k > n.

Throughout this paper, we shall use letter C, which is independent of
mesh-size h and stabilization parameters 1,7,y, to denote a generic positive
constant which may stand for different values at different occurrences. The
notationx < yand x 2 y means x < Cy and x > Cy, respectively. Denotex Sy S x
byx=y.

The rest of the paper is organized as follows. Some notation is introduced
in Section[2] In Section[3} a four-field unified formulation is derived for linear
elasticity problems. By proving uniform inf-sup conditions under two sets
of assumptions, an optimal error analysis is provided for this unified for-
mulation. Section [4 derives some variants of this four-field formulation, and
reveals their relation with some existing methods in the literature. Section
illustrates two limiting cases of the unified formulation: mixed methods and
primal methods. Numerical results are provided in Section [f] to verify the
theoretical analysis including the optimal convergence of the new proposed
methods. Some conclusion remarks are given in Section[/]
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2 Preliminaries

Given a nonnegative integer m and a bounded domain D C R", let H"(D),
I “Il,p and |- |;,,p be the usual Sobolev space, norm and semi-norm, respec-
tively. The L2-inner product on D and JD are denoted by (-,-)p and {:,-)op,
respectively. Let ||-|lo,p and ||-[lp op be the norms of Lebesgue spaces L*(D) and
L2(9D), respectively. The norms ||-||,,,p and |-|,;,p are abbreviated as || - ||,; and
|- |, respectively, when D is chosen as Q.

Suppose that Q) ¢ R” is a bounded polygonal domain covered exactly by
a shape-regular partition 7}, of polyhedra. Let hix be the diameter of element
K € T}, and h = maxger; hk. Denote the set of all interior edges/faces of 7}, by
8,11 ,and all edges/faces on boundary I'p and I'y by 85 and ShN , respectively. Let
&= 82 USE V) ShN and h, be the diameter of edge/face e € &,. For any interior
edge/face e = K* NK~, let n' = n|; be the unit outward normal vector on 9K’
with i = +,—. For any vector-valued function v, and matrix-valued function
Ty, let U;f = Uploks, 't,f = Tplgkz. Define the average {-} and the jump [-] on
interior edges/faces ¢ € 82 as follows:

{Tn) = %(T; +1,), [Tl =1n" +1, 17,

' )
oy} = %(v; +9,), [op] =0 on* +v, on~ — (v -n* +o, -n7)I

where v, 0n = yn’ + nvz and I is the identity tensor. For any boundary

edge/face e C dQ2, define

{Tn} =0, [Tn] =0, {on} =y, [o] =04, 01— (vy-m)I, on T, )
{Tnt =T, [Tl = Ty, (o) = vy, [04] =0, only.
Note that the jump [v] in (4) is a symmetric tensor and
[opln™ =0} -0, Yee &y, (6)

These properties are important for the Nitche’s technique in (13), since the
trace of the stress tensor g, should be a symmetric tensor. Define some inner
products as follows:

(= Y G =) G G = Y Gk ()
KeTy, ecEy, KeTy,
With the aforementioned definitions, there exists the following identity [5]:
(Tin, opdar, = ATnin, [op]n) + [Tl {on ). ®)

For any vector-valued function v;, and matrix-valued function 7, define the
piecewise gradient €, and piecewise divergence div; by

en@n)] = e@ul),  divyTil =div(tilx) VK e Ty

Whenever there is no ambiguity, we simplify (-,-)7; as (-,-). The following
crucial DG identity follows from integration by parts and

(Tn €n(on)) = =(divy Ty, vp) +[Tp] Avn)) + {Tndn, [op]n). ©)
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3 A four-field formulation and unified analysis

Let Qy, and V), be approximations to L%(Q,S) and L*(Q,R"), respectively, and
be piecewise smooth with respect to 77,. Let

Qn =%, € LX(&,S) : tynlry, =0} and V), = {9, € L*(&;, R") : &I, = 0}

We start with multiplying the first two equations in (1) by 7, € Q; and v, € V},,
respectively. It is easy to obtain that, for any K € 77,

(Ao, th)ox + (u,divyTp)ox — (1, Tu)g ox =0, V1, € Qp,

—(0,€n(vn)o,x +{0m,0)00x = (f,on)ok, YO € V.

(10)

We introduce two independent discrete variables &;, € Oy and ity € Vy, as
Olok = 6y, := 6, + Gy, ulgg = 1y = 1y + 11y, (11)

where 6y, = 6y,(0y,, uy,) and 1y, = 1i,(0y,, uy,) are given in terms of oy, and uy,. Here
G5 € Qp and il € V), are some residual corrections to 6 and iy, along interfaces
of mesh, respectively. Thus the formulation (10) can be written as

(Aon, Th)ox + (up, divyTp)ox — (b, Tn)o ok =0, Y1y, € Qp,

—(on,€n(On))ox + {611, 91)00x = (f,on)ok, Yoy € Vi

(12)

In order to preserve the continuity of the displacement and the normal com-
ponent of stress across interfaces weakly, we employ two other equations
following the Nitche’s technique to determine &, and i,

(O +Tlugl, Y =0, Vi, € Qp,

. (13)
(it +nlon], Bp)e =0, YO, € V.

The variable i, is not only a residual correction but also a multiplier on
the jump [o0},] along interfaces. Similarly, the variable &y, is not only a residual
correction but also a multiplier on the jump [u,] along interfaces. In this paper,
we will discuss a special case with

6 =lon)+lonly”, iy = fup) = ")y, (14)
where y € R" is a column vector. Thus,

6, ={on}+lanly" + 64, iy, = {uy} — (T ) [up]n + iy, (15)

Remark 1 Note that the formulation, which seeks (6, &, uy,, it,) € Qi X Qp X Vi X
V), satisfying and (13), is consistent, since (0,0, u,0) satisfies the equation
and (13) if (o, u) is the solution to the model (T).
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3.1 H'-based four-field formulation

Letn; =7~ !and 12 = 1. By the DG identity (9), the resulting H'-based four-field
formulation seeks (7, &y, 1y, i1,) € Qp X Qp X Vi X Vj, such that

(Aoy, Th)o,x — (€n(un), Th)o.x — {fn — up, Tio ok =0, VT, € Qp
—(0n,€n(On))ok +<{6un,vn)oox = (f,vn)ok, Yo, € ‘v/h/ 16)
(Mm6y +[upl, tne =0, V&, € Qn,
(il +m2lop], On)e =0, Vo, €V,

with (6, 11y,) defined in (15).
Denote the L? projection onto Qj, and V;, by IVDZ and pi respectively. Nitche’s
technique in (13) implies that

iy, = —nPiioy]. 17)

By plugging in the above equation and the identity (8) into (12), the four-field
formulation with (o}, 6y, uy, 11y,) is equivalent to the following three-field
formulation, which seeks (ay, 6, 1) € Qi X Op X V), such that

aw(oy, 64; T, Tn) + bw Ty, Thsup) =0, Y (Th, 1) € QX On, 18)
bw(on, 61;0n) = (f,0n), Yo, €Vy,
with
aw (04, 81T, Tn) = (Aay, Tp) + (2Pl oy, [T4]) + (b, T), 19)

bw (0, 61;04) = —(0p, €4(0n)) +{({on} + &4 + [0, ]y T)n, [0y ]n).

Thanks to this equivalence, we will use the wellposedness of the three-field
formulation to prove that of the proposed four-field formulation (16)
under the following H!-based assumptions:

(GD) en(Vi) € Qn en(Vile, < Oy and Qunlg, < Qp;

(G2) Qy, contains piecewise linear functions;

(G3) m = p1he, 12 = p2he and there exist positive constants C;, C; and Cz such
that

0<p1SC1, 0<p2SC2, 0<y <G,
namely 0 <7 < Ch, and 7 > Ch; ! in (I3).
Define

1/2 1/2 5 X2 _nal/2x 12
Il ), = (AT, ) + iy 2, + i *PaledIE 12, =iy 8,

-1/2

(20)
-1/2 % v ”
ol , = llen(onl3 + Iy By oI, , 2, = liny ol
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Assumption (G2) guarantees that ||vy|ly 4 is a norm for V. It follows from ()
that

[op] = (v —v))on" —(v) —v,)-n'L
Thus, by (6),
Ilonlllo,e < 2lw;; =, llo,e = 2l[onln Mo, (21)

This implies that the norm ||r]11/ Pg[uh]llgl is equivalent to [In; 1/ZP“[uh]nllgh,
namely,

cill; 2By lugllle, <1y 2By luplnlle, < callny 2Byl (22)
Define the lifting operators g : L%(&y,,S) — Qy and lo: L&, R") — Q; by
(ro(€), ) = —{uin, &n),  (lo(w), ) = —([Tu],w), VYT, €Qn,  (23)
respectively, and define ry : L?(E,, R") — V}, and Iy : L*(&,,S) — V), by
(rv(w),vp) = ={ont,w),  (v(&),vp) = ~(onln, &), Yo, eVy,  (24)
respectively. If w|, € Px(e,R"), there exist the following estimates [5]
Ira@@)I5 = v @G = k&I, oI = llrv @)l = Ik Pwl, . (25)
Theorem 1 Under Assumptions (G1)-(G3), the formulation is uniformly well-

posed with respect to the mesh size, p1 and py. Furthermore, there exist the following
properties:

1. Let (ay, 6y, up, i) € QX Qp X Vi X V), be the solution of (I6). There exists

llonllo,n + 1600 1 + nllyn + itnllon < 1fll-1,n (26)

with |[fll1p= sup L2

||vh||l h
‘U;,E n\{0}

2. Let (o,u) € H2+€(Q S) N H(div,Q,S) x H'(Q,R") be the solution of und
(O, G, up, ily,) € Qp X Qp X Vi, X V), be the solution of the formulation (16), the
quasi-optimal approximation holds as follows:

llo —onllo,n + 164l + Il — g l1 n + Mitxllo

< inf(llo=Thllos + ll—vlly )
T €QnUhE V)

27)

3. If 6 € H*N(Q,S), u € H*(Q,R")(k 2 0) and let (o3, 6y, up, iy) € Qf X QF X
Virl x IV/Z be the solution of with r>max(1,k), then we have the following
error estimate:

. y ka1
llo —onllo,u + 18Il 5 + 11 — uplly g + iyl < B (I01ke1 + [1lir2)- (28)
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Proof Since the four-field formulation (16) is equivalent to the three-field for-
mulation (I8), it suffices to prove that is well-posed under Assump-
tions (G1) — (G3), namely the coercivity of aw(-,;,-) and inf-sup condition for
bw(,, ) in (19).

By the definitions of bilinear form aw(-,-;,-) and norms in (20),
. . 2 v 12 v
aw(t, At ) 2 (Il + 1R ,), YTh€Qutnedn (29

which is coercive on Q; X Qj,.
Forany v, € V},, take T, = €;,(vy,) € Qpand ), = T]l_lpg [op]+{en(vp)} + [eh(vh)yT].
It holds that

bw(Th, B 01) = (€n(on), €n(n)) +<ny ' Py [onln, Py TonIn) 2 ol . (30)

By trace inequality and inverse inequality, we have

IThll3 , + 1113, =(Aen(on), en(on) + limy *Hen(on) 3 + lin, Py Ten(on) I3

+ Iy 2 (0 PS Ton] + {en(on)} + [en(on)y T DI (31)

—1/2 3
<llen @I+ 1y B TonlI = oyl
It follows that

inf sup bw (T 21 00) 1. (32)

O S (A YR AT

By Theorem 4.3.1 in [14], a combination of and completes the proof.

Remark 2 For the case 11 = 0, the third equation in implies that PZ[uh] =0.
The corresponding discrete space for u;, becomes

Vi = {on € Vi (ol B = 0, Vi, € Qi)
and the norm for u;, reduces to

[l ll1,1 = llen (up)llo-

For this case, oy, uj, and il are unique for the four-field formulation (16). The
error estimates (26), and (28) in Theorem [I]also hold for this case.

For the case np = 0, the last equation in implies that 7, = 0, therefore
litpllo,n = 0. The error estimates in Theorem [1|still holds for this case.
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3.2 H(div)-based four-field formulation

Let 71 = 7 and 7, = L. Similarly, by applying the DG identity (9) to the second
equation in (T2), the four-field formulation seeks (67, &y,, uy, ily,) € QX Qp X Vi, X
V), such that

(Aop, Th)ox + (up, divyT)ox — (G, Th)o ok =0, V1, € Qp,
(divop, vp)ox +{6un —oyn,vp)0 0k = (f,on)ok, You € Vi, 33)
Oy +11(uy], Ende =0, Vi, € Qp,
(T2t +[0p],0p)e =0, Vo, €V,
with (6, 11,) defined in (15).
Nitche’s technique in (I3) implies that
&y =—1P)[up), iy =-nPyoy. (34)

By plugging in the above equations and the identity (8) into (12), the four-field
formulation with (o3, 6y, uy, 1) is equivalent to the following two-field
formulation, which seeks (o}, 1) € Qp, X V), such that

ap(oy,Ty) +bp(Ty, uy) =0, V1, € Qp,

(35)
bp(oy,v4) — cp(up,vp) = (f,on), Yop € Vi,
with
ap(0,Tn) = (Aay, ) + (NP} [an], [T4]),
bp(on,vn) = (divion,vp) — o] {on}y + ((Tn)loy], [o]n) 36)

= —(on,€n(op)) + lonln, [oa]n) + <y n)lo4], [oa]n),

ey, o) = (TBY [, In, [oy1n).

Thanks to this equivalence, we will use the wellposedness of this two-field
formulation to prove that of the proposed four-field formulation (33)
under the following H(div)-based assumptions:

(D1) Qu=Qf, div,Qy = V) C VK k>0;
(D2) Vit c vy,
(D3) 71 = p1he, T2 = p2h, and there exist positive constants Cy, Cp, C3 and Cy4
such that
Ci1<p1£C, 0<p2<C3, 0<y<(y,

namely 1 > Che‘l and Cih, <1 < Coh,.

We first state a crucial estimate [62] for the analysis of H(div)-based formula-
tion as follows.
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Lemma 1 Forany uy € VK there exists 1), € Qﬁ“ such that
diviry =y, lirullo+ Idivirallo + kg 2 Iradllo < Collunllo. (37)
and
(rl o) =0, Y 0, € V}. (38)
Define
. -1/2 X -1/2
el p, = 12l + lidivi Tl + ey 2l L 1415, = Nl 22l )
1/2 1/2 v 1/2 v
loulf3, = ol + ey 2[onli, + 1020l 192, = 11wy 0l
A similar result to Lemma 3.3 in [27] is proved below.
Lemma 2 There exists a constant C > 0, independent of mesh size h, such that
. -1/2
(T T) < C((ATy Ta) +IIdiviral + 10y Pall, ), Vo€ Qi (40)

Proof Denote AcoTj, = 1% (’th - %tr(’ch)l) andc, = 1% . Tl+}l(_n21/2)v > 0. Itis obvious
that

(ATh, Th) = (AT + o tr(Ty)L, Tn) = (AcoTh, T) + (TG > (AcoTh, Th).  (41)

Following the proof of Lemma 3.3 in [27], there exists a positive constant C
such that

(T, Th) < C((Acwth T) + IdivyTall§ +117y Tl ), YeueQu  (42)

where C is independent of mesh size h. Combining and (42), we obtain
the desired result.

Theorem 2 Under Assumptions (D1)~(D3), the H(div)-based formulation is
well-posed with respect to the mesh size, p1 and py. Furthermore, there exist the
following properties:

1. Let (ay, 6y, up, ily) € QX Qu X Vi X V), be the solution of [B3). There exists
llonlldivn + 118 nllo,n + lanllon + 15xllon < Nl fllo- (43)

2. Let (o,u) € H%J“E(Q,S) N H(div,Q,S) x H{(Q,R") be the solution of and
(On, G, i, ) € QX Qp X Vi, X V), be the solution of the formulation (33), the
quasi-optimal approximation holds as follows:

llo = opllaivn + 16kl + e — upllo 1 + Nl2inlo 1

. 44
< inf (lo=Tllaivn+le—ohll). ()
T €Qn,0rE Vi

3. If 0 e H*(Q,S), u € H*1(Q,R")(k > 0) and let (0, 8y, up, 1) € QF1 x OF x
Vﬁ X Vﬁ“ be the solution of (33), then we have the following error estimate:

. y ket
llo — nllaivn + 1Gnllo 5 + 11— ugllo e+ itnllof < B (012 + [ulks1).  (45)
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Proof Since the four-field formulation (33) is equivalent to the two-field for-
mulation (35), it suffices to prove that is well-posed under Assumptions
(D1) - (D3).

Consider the inf-sup of bp (a7, v3) = (divy,oy, v) — [on], {vn}) + ((yTn)[oh], [o]n).
According to Lemma for any uj, € Vy,, there exists oy, € Qy, such that

divy,0;, = uy, {lon] {unho.e = lon], [uplndo,. =0,

1/2

with [loyllo + [diviopllo + 11k, ~“[on]lle, < llunllo- Then,

2
bp(an,up) = lluplly = cllunllo pllonldivn, (46)

which proves the inf-sup condition of bp(-,-).
Define

K = {0}, € Qp, : (divyop, v1) — [on], {vn}) +{(y m)lon], [onlny = 0, Yoy, € V).
It follows from the definition of K and the lifting operator in (24) that
divyop = —rv([op]) + (" m)loy]), Vo € K.

According to Assumption (D2) and Lemma2)

ap(0y,04) = (Aay, 0) + (15 [on],[04]) = clionll3, - (47)

This means thatap(-,-) is coercive on K. By Theorem 4.3.1in [14], a combination
of and (@7) leads to the wellposedness of the two-field formulation (35),
and completes the proof.

Remark 3 Note that the norm ||-||4iy » defined in and the constants in (46)
and do not depend on the Poisson’s ratio v. Hence by Theorem [2| the
proposed formulation under Assumptions (D1)—~(D3) is locking-free.

Remark 4 For the case 71 = 0, the third equation in implies that 6, =0,
therefore ||6y]lp, = 0. The error estimates in Theoremstill holds for this case.

For the case 75 = 0, the last equation in implies that PZ[ah] =0. The
corresponding discrete space for ¢;, becomes

QY = {1y € Qn : {[Th], Tp)e = 0, YT, € V),
and the norm for 1), reduces to
2 2 . 2
Tl 1 = 1TAlly + 1divaTallG.

For this case, oy, 1 and G, are unique for the four-field formulation (33). The
error estimates (43), and in Theorem [2]also hold for this case.
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Let M be the space of real matrices of size n xn. Given oy, and 6y, define a
matrix-valued function 6, € Py, 1(K;M):

fe(a'h —6p)n-prr1ds =0, Vpgi1 € Prya (G R"),
J@n—01): Vprdx =0, Vpp € P(KR"), (48)
fK(ah —=0p) i Pry1dx =0, Vpy,q € Opy1(K),

where @y, 1(K) = {’l’h € Pri1(K; M) : div T, =0, ’Chi’lng = 0} .
Define the following space

BDM; Y} := {t € H(div,Q; M) : 1| € P11 (K;M), YK € T3},

and the norm
lTnld = Aty ), V15 € LX(Q,S).

There exists the following estimate in [59].

Lemma 3 The matrix-valued function &, € BDM{ in is well defined and

~ 172/ A
135 = 0l < I 218y = ownlax (49)
Furthermore, there exists a matrix-valued function %) € BDM}S such that o, :=

6,+7%y € H(diV,.Q,S), and
div, = 0and ||Tylly < lloy —anllo-

Similar to the analysis in [59], there exists the following L? error estimate of
the discrete stress tensor for the XG formulation.

Theorem 3 Let o € H**2(Q,S) and u € H*1(Q,R")(k > n) be the solution of (T and
(Uhréhxuh,ﬁ@) € Q’;l” X Q’;l X V’Z X Vﬁ” be the solution of (B3). Under Assumptions
(D1)—(D3), it holds that

llo —anlla < HF2(0l + lulisn)- (50)

Proof Recall the following H(div) four-field formulation and

(Ao, Ti)ok + (p, divyTh)ox — (ly, Th)o,ox =0, VT, € Qp,
—(on,€n(0n))ox +{6un, vn)oox = (f,vn)ok, Yo € Yh, (51)
(6p+ tlupl, Tn)e =0, Vi, € Qn,
(tp +nlon), Opde =0, Yoy, € V.

with 6, = {o},} + [oh]yT +6y, and 1y, = {uy} — (Y Tn)[uy In +ily,. By the second equa-
tion in the above equation and the definition of &;, in (48),

(f,on) == (on,€n(on)) + {611, 0n) o7, = —(On, Vion) + (641, vp)ar;,

. 3 . . (52)
== (6n, Vo) +(6pn, vp)or;, = (divey, vy) = (divey, vp).
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When k > n, there exists a projection [T : HY(Q,8) - Q,NH(div,Q,S), see
Remark 3.1 in [41] for reference, such that

(div(t ~IT;,7),0)0 = 0 for any v, € vk,
||z —n;¢||01 o St if T HY2(Q,S). (53)
It follows from (52) and Lemma 3] that
(div(a; —[T56),0;) = (div(8), — 6), 0p) + (divEy, v,) = 0 (54)

Let 7, = II;0 — o) € H(div, Q,S). According to Assumption (D1), div,Qy, C V.
Thus,
diV’L’h =0.

It follows from (15), and T, € H(div, Q,S) that
(Ao —oy),T1) =(u— 1Ay, Ty, — (4 —uy, divey) = (u -y, [T,]) = 0. (55)
Since

(Ao —oy),0 —01,) =(A(0 - 04),0 —I1,0) + (A(0 — 01), T))) + (A(0 — 0), 0}, — O1)

=(A(o —o0y),0 —I1,0) + (A(0 - 01,),0), — 0), (56)
we have
llo —onlla <llo —IT,0ll4 +llo}, = onlla < llo = IT,0lla +11Tnlla + 164 — o4lla 57)
sllo = IT;,0llo + lloy, — 84llo-
A combination of (34) and Lemma [3|leads to
loi =Gl < Wiy = nnllar, < W26yl +lowlnle,) oo

< hliGpllon + Rllitgllo -
It follows from (57) and (58) that
lo = onlla < K2 (10l + lulr),
which completes that proof.

It needs to point out that the above two discretizations and are
mathematically equivalent under the same choice of discrete spaces and
parameters. But these two discretizations behave differently under differ-
ent assumptions (G1)-(G3) or (D1)—~(D3). discretizations under Assumptions
(G1)~(G3) are more alike H'-based methods and those under Assumptions
(D1)—(D3) are more alike H(div)-based methods. According to these two sets
of assumptions, the parameter 7 in can tend to infinity in an H'-based
formulation, but not in an H(div)-based formulation, while the parameter 7,
can tend to infinity in an H(div)-based formulation, but not in an H'-based
formulation. In the rest of this paper, we will use whenever an H'-based
formulation is considered, and for an H(div)-based formulation.
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4 Variants of the four-field formulation

Note that the last two equations in (16) and reveal the relations
between &y, 1i;, and [uy], [04], respectively. In the four-field formulation (16)
and (33), we can eliminate one or some of the four variables and obtain several
reduced formulations as discussed below.

4.1 Three-field formulation without the variable gy,

The relations (15) and (34) imply that
&y = lop} +[only" =11 P [uy). (59)

A substitution of (59) into the four-field formulation gives the following
three-field formulation without the variable &;, which seeks (o}, uy, i1;,) € Qp X
Vi, X V}, such that

(Aop, Th)ox + (up, divyT)ox — (tn, Tn)o ok =0, Y1, € Qp,
—(on,€n(vn))o,x +{011,9)0 0k = (f, o)k, Yon € Vi, (60)
(T21ly +[01,],0p)e =0, Vo, € V),

with @, and 6y, defined in (15) and (59), respectively.
The equivalence between the four-field formulations (I6), and the
three-field formulation gives the following optimal error estimates.

Theorem 4 There exist the following properties:

1. Under Assumptions (G1)~(G3), the H'-based formulation is uniformly well-
posed with respect to mesh size, p1 and py. Let (o, uy, 1) € Qpn X Vi X V), be the
solution of (60). There exists

llonllon + lunllp + letnllo s < 1f11-1,5- (61)

If 6 € H*1(Q,S), u € H*2(Q,IR")(k 2 0), let (g, up, iiy) € Qf X Vi X Vi be
the solution of (60), then we have the following error estimate:

» kel
llo —opllo,n + Il —uplly p + Nitnllop < B (I01ke1 + [1lir2)- (62)

2. Under Assumptions (D1)—(D3), the H(div)-based formulation is uniformly
well-posed with respect to mesh size, p1 and py. Let (oy,up,1iy) € Qp X Vi X V),
be the solution of (60). There exists

llokllgiv,h + lunllon + ikllon < 1l fllo (63)

If 6 € H*X(Q,S), u € H*Y(Q,R")(k 2 0), let (04, up, iiy) € QFH X VEX Vi+ e
the solution of (60), then we have the following error estimate:

. k+1
llo = onlldiv,n + 1= wpllo p + itnllon < B (1012 + lutliesr)- (64)
Furthermore, if k > n,

llo —oulla S (1012 + [ulpsr)- (65)
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4.1.1 A special case of the three-field formulation without &y,
Consider a special case of this three-field formulation with
=411, y=0, Vilg, CVi Vilg, CQun. (66)
It follows from (59) that
(B4, 0)ar, = (Onn — 2115 (uy — ), 0n)ar, - (67)

By eliminating 6, in or , we obtain the three-field formulation which
seeks (ay,, uy, i) € Qp X Vj, XV}, such that

(Ao, Th)ok + (up, divyTp)ox — (ln, Tn)ox = 0, Ty € Qn,
—(0n,€n(On))o k +{onn =271 P] (uy, — ), vp)ak = (f,0n), 0y € Vi, (68)

(opn =211 Py (up — ), Ondor;, =0, VO, € V)

This reveals the close relation between the three-field formulation and
the HDG formulations [17, 26} 50| 52]. It implies that the special three-field
formulation mentioned above is also hybridizable under Assumptions
(G1)-(G3). Therefore, the four-field formulation or with 7, =277 and
Qpun =V}, can be reduced to a one-field formulation with only the variable ij,.

Table[lists three HDG methods for linear elasticity problems in the litera-
ture and a new H(div)-based method. Since the three-field formulation is
equivalent to (16) and (33), the new method in Table[2]is well-posed according
to Theorem

cases | 1 T y On Vi Vi
1 |« ow o Q& o vE V6B
2 |t oowhy o of o vE W 521
3 Qi) 0 f Qv VE [1Z50)
4 |t 0h) 0 QgL Ve VR new

Table 2: Some existing HDG methods and a new HDG method.

1. The first two HDG methods in this table were proposed in [52], and the
first one was then analyzed in [26]. The inf-sup conditions in Theorem
and [2]are not optimal for these two cases since the degree of Q), equals to
the degree of V},.

2. The third one is called the HDG method with reduced stabilization. It was
proposed and analyzed to be a locking-free scheme in [17, 50]. Theorem]
provides a brand new proof of the optimal error estimate for this HDG
method.
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3. The last one is a new three-field scheme proposed following the H(div)-
based formulation (68). The error estimate for this locking-free scheme
is analyzed in Theorem [4} Note that the divergence of the stress tensor is
approximated by div; 0y, directly in this new H(div)-based scheme without
any extra post-process as required in H'-based methods.

4.1.2 Hybridization for the H(div)-based formulation

Similar to the hybridization in [17, [50], the H(div)-based three-field formu-
lation is also hybridizable under Asssumptions (D1)—-(D3). It can be de-
composed into two sub-problems as:

(I) Local problems. For each element K, given @, € V), find (a5, uX) € Q, x V
such that

(AcK, Tk + (u, divey)k = Ay, Tyi)ok, T € Q, (69)

(divyo), o)k = Tiuf, opdax = (f,on)k = 2T1ln, U)ok, On € Vi

It is easy to see is well-posed. Denote Hg, : Vy—= Quand Hy: V), -V,
by
Ho(lk =0y and Hy(fy)lk = uy,

respectively. 5
(II) Global problem. Find iy, € V}, such that

(Ho(y)n —2t1(Hy () — ), 0p)o7, =0, 0y € V). (70)
It follows from (69) that

(AH(0n), Ho (@) + (Hy (0y), div(Hg (@) ok = (On, Ho(ln)n) ok,
21y (0, — Hy (@), Hv (On))ox = (f, Hv(0n))x — (divHg(dp,), Hy (04))k-

The global problem can be written in the following symmetric positive
form

(AHg(ii), Ho(0n)) + (211 (8, — Hy (1)), 0, — Hy (0n))ar;, = —(f, Hv(0p))- (71)

Since the original formulation is well-posed, the global problem
is also well-posed.

Suppose Assumptions (D1)—(D3) hold. If the parameter 7, is nonzero, the
formulation is an H(div)-based HDG formulation, and it is hybridizable
with only one variable 7, globally coupled in (71). If the parameter 7; van-
ishes, the formulation is a hybridizable mixed formulation [28} 29]. This
implies that the formulation (16) or (33) with (66) can be reduced to a one-field
formulation with only the variable .
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4.2 Three-field formulation without the variable 1,

The relations (15) and (34) imply that

= fupt = /" m)[up]n — 2Py oy (72)

Another reduced formulation is resulted from eliminating i, in the four-field
formulation by use of (72). It seeks (ay, 6y, up,) € QX Qj, X V), such that

(Aon, Th)ox — (en(un), Tn)ox + (up — iy, Th)o gk =0, V1, € Qp,
—(on,€n(n)ox +{6nm,v)00x = (f,on)ok, Yo, €Vy,  (73)
(moy +upl, e =0, Vi, € Qp,

with @ and 6y, defined in (72) and (15), respectively. The variable &;, weakly
imposes the H!-continuity of the variable u;, in formulation or (33). This
makes the three-field formulation more alike primal methods.

Theorem 5 There exist the following properties:

1. Under Assumptions (G1)~(G3), the H'-based formulation is uniformly well-
posed with respect to mesh size, p1 and py. Let (03,61, up) € Qp X Qp X Vy, be the
solution of (73). There exists

llonllo,n + lunllp + 1 kllon < N fll=1 - (74)

If 6 € H*1(Q,S), u € H*(Q,R")(k = 0), let (04,64, up) € QF x QF X VI*1 be
the solution of with r = max(1,k), then we have the following error estimate:

llo = anllo s+ 1t = uplly i + 16 ullo e < K (011 + Iulis2)- 75)
2. Under Assumptions (D1)-(D3), the H(div)-based formulation is uniformly

well-posed with respect to mesh size, p1 and py. Let (03,0, uy) € QX OpxVy
be the solution of ([73)). There exists

llonlldivn + el + IGnllon < 1l fllo- (76)

If 6 € H*2(Q,S), u € H*Y(Q,R")(k = 0), let (0,63, y) € QF x QF XV be
the solution of (73), then we have the following error estimate:

y o
llo — opllaivn + 1 — uyllop + 1Gullop S B (101ks2 + l1tls1)- (77)

Furthermore, if k > n,

llo —oulla S (1012 + [ulksr)- (78)



20 Qingguo Hong et al.

4.2.1 A special case of three-field formulation without &y,

For each variable ), = (15, %) € Qn X O, define the weak divergence divy :
QnxQp— Vi by

(diveTn, wh)ox = —(en(wn), Th)ox +{({Th} + T, wp)o ok, Ywp € Vi (79)

The following lemma presents the relation between a special three-field for-
mulation (73) and the weak Galerkin method.

Lemma 4 The formulation with ny =4n,y =0, Qunlg, C Oy and Qunle, € Vi,
is equivalent to the problem that finds &y, € Qy X Oy, and wy, € V), such that

(Aoy, Ty) + (dive T, up) + 565, Tn) =0, Th € QX Oy, (80)
(divyoy, o) = (f,on), vn € Vi,

with (G4, Ty) = (202(64 — o)1, (T — Tp)ndar, and 0y, and 6y, defined in and
(B9), respectively.

4.2.2 Hybridization for the three-field formulation

Denote
Zy = {up € Vi, 5(up) =0},
Vi = {up € Viy 2 (up,vy) = 0, Yoy, € Zy).
For any 6y € Qp, denote O nle = 6pne and 6,4l = 6,t, where ¢, is the unit
tangential vector of edge e. By (67), the three-field formulation can be

decomposed into two sub-problems as:

(I) Local problems. For each element K, given 6, € Oun, find (of,uf) €Qyx
Vit such that for any (5, 0,) € Qi X V-

(Aay, Th)k — (en()), Tn)k + (212071, Ty) ok = (21287, Th)oK,

(81)
~(0}, en@n))k = (f, o)k = (G Ondok-

It is easy to see that the local problem is well-posed if €;,(V}) € Qp.
Denote W : Qpn — Qp and Wy : Qyn — Vit by

Wo@nlk=0r and Wy (8.l = u),

respectively.
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(I) Global problem. Find 6, such that (6hrn,u2) € Q) x Z;, satisfies

(Bhn O)ar,, = (f,00), o) €Zy,

212610 = Wo(B,0)1) + Wy (810) + 1), B n)or, =0, Y. € Qun,
(82)
and 6y,4lg, = ((Wo(6y,4)} — Tlfl[WV(ah,n)])ﬂah- It follows from that

(AW (61,1), Wo(Th,n))k — (en(Wy (61,1)), Wo (B1,1))k
= 22640 — Wo(61,0)1), Wo (1,1))ok, (83)
Wy (61,0), Tn)ox — W (Enn), €s(Wv(64,1))) ok = (f, Wy (B,n))k-

Thus the second equation in (82) can be written as

(2B = Wa(Bhn)n), 1 — WoRin)ar, + 1, Wy (Rin)ar, = —(f, Wy (Ri0))-
(84)

Therefore, the global sub-problem seeks 6, where (6h1n,u2) €%z,

(2810 = WQ(B1,)1), B = W (B )Mo, + (), Bnndor, = —(f, Wy (),

<6h,nrvg>37'h = (f/ 7)2)/
] (85)
for any (2,,,v,) € Qun X Zy,, and & le, = (W (@)} = 17 TWv (@1, D, -
Note that the three-field formulation is hybridizable under the Assump-
tions (G1)-(G3) or (D1)-(D3). This implies that the corresponding four-field
formulation or is hybridizable.

4.3 Two-field formulation without the variables 6}, and i,

Recall the two-field formulation seeks: (o, uy,) € Qp X Vj, such that

(Ao, Ty) + (uy, divy,Ty) — g, Thndo o =0, V1, € Qp, (86)
—(on,€n(vp)) + <611, 000 9k, = (f,on), Yo € Vy,
with
61nle = Po{o),) — t[u,] + [0,y on &y,
nle = Py ({on} — tlup] +[o4]y") h ®7)

fyle = P (fun} = nlon] = (y"m)luyIn) on &y,

It is a generalization of DG methods [5, 19, 20].

Theorem 6 There exist the following properties:
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1. Under Assumptions (G1)~(G3), the H'-based formulation is uniformly well-
posed with respect to mesh size, p1 and py. Let (o, uy) € Qp X V), be the solution

of (86). There exists

llonllo,x + lnlla e < Nl fll-1,5- (88)

Ifo € H*1(Q,S), u € H*(Q,R")(k > 0), let (a7, uy) € QF X VA be the solution
of (86)), then we have the following error estimate:

kel
llo —anllou + Il — uplly < B (101ke1 + [1lier2)- (89)

2. Under Assumptions (D1)—(D3), the H(div)-based formulation is uniformly
well-posed with respect to mesh size, p1 and p,. Let (oy,0y,,uy) € Qp X Qp X V),
be the solution of (86). There exists

llonllgiv,n + lunllon < NI fllo (90)

Ifo € H*(Q,S), u € H*(Q,R")(k 2 0), let (a7, 1) € QX+ X VE be the solution
of (86)), then we have the following error estimate:

kel
llo — onllaiv,n + [l = upllop < B (I01ks2 + [1lir1)- 91)

Furthermore, if k > n,
llo = anlla < H*2(0lks2 + lulksr)- (92)

Table [3|lists some well-posed H'-based methods and the second method
is a new one. It shows that the LDG method in [19] is the first one in Table
with k=1,71=y=0and 7 = O(h;'). The comparison between the methods
in Table ]3| implies that the vanishing parameter 1 causes the failure of the
hybridization for the method in [19].

cases n T Y QO Vi Vi
1 0 Qrhy 0o Q@ vkl kL9
2 Ok OMmY) o) @ QF VML VE  new

Table 3: H'-based methods for linear elasticity problem.

Table[lists the LDG method in [59] and some new H(div)-based methods.
With the same choice of parameters and discrete spaces, all these methods are
well-posed and admit the optimal error estimates for both the displacement
and the stress tensor. It shows that the method induced from the formulation
with 7 =0,y =0and n = O(h; ') is equivalent to the LDG method in [59].
The last two cases in Table d|are brand new LDG methods. It implies that the
vanishing parameter 7 causes the failure of the hybridization for the method
in [59].
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cases n T Y Qn On Vi v,
1 QY 0 0 et Qb vl vl 9]
2 oYy Oy O@1) Q1 O+ vE VEL - new
3 71 Q(he) 0 Qﬁ*l Qﬁ*l V’,i VZ” new

Table 4: H(div)-based methods for linear elasticity problem.

5 Two limiting cases
5.1 Mixed methods: A limiting case of the formulation (68)

The mixed methods [8} [29] 44, 45] for linear elasticity problems can be gen-
eralized into the following formulation which seeks (024, uﬁ/l) € QQA XV, such
that

(Ao, o)+ @), dive)) =0,  VrMeQM,

(93)
(divya)!,on) = (f,on), Yon € Vy,

with
QY =t € Qu: ([T4], ) = 0, Y0, € V).

Let Q, = Q’,;“, Vi, = V’I;, V= IV/Z“ for any k > n, the formulation becomes
the conforming mixed element in [44] [45]. Let

Qu= {1y € Q)2 divyTylk € PR(K R}, V) =V}, V=Vi*

for any k > 1. The corresponding formulation (93) is the conforming mixed
element in [8].

Consider the three-field formulation with y =0, 72 =0, Q, = {0}
and Vilg, C V. By the DG identity (9), this three-field formulation seeks
(oy,up, tiy) € QX VX ‘V/h such that for any (T, vy, 0y) € Q) X Vi X ‘V/h,

(Aoy, ) + (up, divyTy,) = ity + {up}, [T4]) = 0,
(divy,op,04) = lonl, {on}) = (f,on), (94)
([on], o0y =0,

which is equivalent to the mixed formulation (93). As stated in Remark[4} the
three-field formulation (94) is well-posed, thus (93) is also well-posed with

M M
6™ Laiy 1+ 1l < N1l (95)

Furthermore, a similar analysis to the one in [38] provides the following
theorem.
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Theorem 7 Assume (D1)-(D3) hold. Let (oy,,uy) € Qp, X Vy, be the solution of
and (02/1, uQ/I) € QQ/I X V), be the solution of the corresponding mixed method (93). If

Vilg, C Vy, the formulation with y =0 and p1 + p2 — 0 converges to the mixed
method (93) and

1 1
oy, — M llo + Idivi (0, — )l + Il = 1llo < (Z + p2)lI o~ (96)

Proof Recall the two-field formulation (35)

(Ao, Th) +(75 Pilon], [Ti]) + (divi Ty, up) = ([Tl fun)) =0, V1, €Qp
(divyon, o) = ([on], {on)) = (T1 Py upIn, [on]n) = (f,0n), Yoy € Vi
97)

Substracting (93) from (97), we obtain

(A(0y — M), 1) + (15101, — M1, [T 1) +(diviTy, uy — 1) = ([, fu, — )
= (), divy(t, — 7)) (A0}, T — 7)) + (7], (1)}
(divy(on — o), on) = ([o, = 0], o)) —(T1 Py [y, — )1, [0 ]
= (01 P [uM]n, [0 ]n)

(98)
for any (tj,vy,) € Qp, X V. By the stability estimate in Theorem@ trace inequal-
ity and note that 71 = p1he, T2 = p2he,

llow = 0 i, + e — 1) lo 1
|— @M, divy (T, — T))) = (AaM, Ty — T + ([T4], {) )]

< sup
7,€Q, 177 ldiv,
KT P [uMn, [oy 1)) (99)
+ sup
'{)hEVh ||vh”0,]’l

lMlolldiv, (i — T llo + I AaMllollT, — TMllo

1 1
2 2 M
+(p; +p )y llo

~

Thth ||Th||d1V,h
where || - [lgiv,h and ||+ |lo; are defined in (39).
For any given 1, € Qy, we have
M M 1 2\2_ %
inf (Iidivi (e =)+l =) < () 0Tl ,)* < p3liallaies (100)
Th EQhM 66871

It follows from stability estimates (95) that

1 1 1 1
M M 2 2 M M 2 2
llow— 07 i, + =1 o < (07 +p3) (1o + i lo) < (7 + ;) fllo, (101)

which completes the proof.
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5.2 Primal methods: A limiting case of the formulation

The primal method for linear elasticity problems seeks ulh’ € V}: such that
(Cen(wy), €n(vn)) = =(f,vn), Yo, €V}, (102)
with C=A"1and
V) = {up € Vi< ([up), %) = 0,¥%, € Qpl, (103)
where [v},] is defined in (@). If €,(V},) € Qp,, the formulation (102) is equivalent
to the following formulation which seeks (05 , uf )€ QX VII; such that
(Ao), ) — (Th,en(w))) =0, T € Qn
—(a7 en(vn)) = (f,on), vy € V-

Consider tbe three-field formulation withy =0, V = {0} seeks (o, u;,, 61,) €
Qn X Vi, x Qy, such that

(104)

(Aoy, th) — (Th,en(up)) + {Tptn, [upln) =0, Ty € Qp,
—(on, en(vp)) +{opin+yn, [oyln) = (f,on), vy € Vi, (105)
(M )+l B) =0, % €Oy

If Vilg, C Qun, as 1 — 0, the resulting formulation is exactly the primal for-
mulation (104). Under the assumptions (G1)-(G3), Theorem [1]| implies the
well-posedness of (105), and

llonllon +unllp +164llo,x < 11fllo- (106)

By Remark 2} the primal formulation (I04) is also well-posed with

P P (f,on)
lloy, llon + Nl Il p < sup “v'” :
‘U;,EV}I: h 1’h

(107)

Remark 5 If V, = V’;“l,Qh =0QK0, = Qﬁ,k > 1, the formulation (105) tends to a
high order noncontorming discretization (102) for the elasticity problem with
only one variable. The relationship between the Crouzeix-Raviart element

discretization and discontinuous Galerkin method for linear elasticity can be
found in [30].

In addition, a similar analysis to the one of Theorem [7] provides the
following theorem.

Theorem 8 Assume that (G1)-(G3) hold. Let (61, uy) € QX Vy, be the solution of
and (0{1J ,uﬁ )€ QX V,I; be the solution of the corresponding primal method (104).
Then the formulation with p1 + pa — 0 converges to the primal method (104)
and

lloy, = P llo + llenCuur, — bl + Ml = ulTllo < (03> + p2 ) fllo- - (108)
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6 Numerical examples

In this section, we display some numerical experiments in 2D to verify the
estimate provided in Theorem [Tjand 2} We consider the model problem (T)) on
the unit square Q = (0,1)? with the exact displacement

u = (sin(mx) sin(mty), sin(mx) sin(ny))T,

and set f and g to satisfy the above exact solution of (I). The domain is
partitioned by uniform triangles. The level one triangulation 77 consists of
two right triangles, obtained by cutting the unit square with a north-east line.
Each triangulation 77 is refined into a half-sized triangulation uniformly, to
get a higher level triangulation 77,;. For all the numerical tests in this section,
fix the parameters p;y =p; =y =1land E=1.

6.1 Various methods with fixed v

In this subsection, we fix v = 0.4. Figure[l|and [2] plot the errors for the lowest
order H!-based methods mentioned in this paper. Figure [1{and [2 show that
the H'-based XG methods with

Q=QV, =V}, 0, =0,V =Vi with i=0,1
are not well-posed, while those with
Qu=QpVi=V, =0, Vi=V, with i=0,1

are well-posed and admit the optimal convergence rate 1.00 as analyzed in
Theorem [I} The discrete spaces of the former methods satisfy Assumption
(G1), but does not meet Assumption (G2). This implies that Assumption (G2)
is necessary for the wellposedness of the corresponding method.

eyl a=0.1.00)
el Ul a=0,1,0,1)
ello-o,ly a=0.1,0.0
-g-||a—<7h||0, a=(0,1,0,1)

slope is 1

172 1/4 18 116 1/32 1/64
h

Fig. 1: Errors of the lowest order H!-based methods with Q, = le ,Vi= VZYZ, O = Q;?, V= \V/;’X4
and a = (a1, a2,a3,04).
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slope is 1

ool a=(0,1,1,0)
welle (U-ully, =(0,1,1,1)

o' e llo=olly a=(0,1,1,0)

Jly 0=0,1,1,)

12 174 118 116 1/32 1/64
h

a|lo-0,

Fig. 2: Errors of the lowest order H!-based methods with Q, = Qz] , V= V;jz, On= QZQ, V= \7;:4
and a = (a1, a2,a3,a4).

errors.

+||u—uh||0, a=(1,0,0,0)
‘+||u—uh||0, «=(1,0,1,0)
eloo,ly a=(1.0,0,0)
-n-||r7-z7h||o, «=(1,0,1,0)

! ‘-e-||divh(a-ah)||0, «=(1,0,0,0)
:.()_”divh(rr-ﬂh)uo, a=(1,0,1,0)

12 14 18 116 1/32
h

slope is 1

3

164

Fig. 3: Errors of the lowest order H(div)-based methods with Qj = QZI, Vi = VZZ, O = QSS’,
Vi =V,* and a = (a1, a2,a3,a4).

Figure 3| and [ plot the errors of solutions for the lowest order H(div)-
based methods, which are new in literature. It is shown that the H(div)-based
methods with

Q=Q, Vi =V),0,=0,, V=V with 0<i<1 (109)
are not well-posed. Although the error ||divy, (o —a7,)llo converges at the optimal
rate 1.00, the errors ||o — oyl and |[u —up|lo do not converge at all. It also shows

in Figure 3| and E| that the new lowest order H(div)-based methods with a
larger space for V),

Q=0 Vi=V],0,=0;,V,=V} with 0<i<1 (110)

are well-posed and the corresponding errors || —oyllo, [|divy, (o — oy,)llo and || —
upllo admit the optimal convergence rate 1.00. This coincides with the results
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in Theorem [2| The comparison between the H(div)-based methods in (109)
and (T10) implies that Assumption (D2) is necessary for the wellposedness of
the corresponding method.

slope is 1

+||u-uh||0, a=(1,0,0,1)
oty a=(1,01,1
-e-||¢7—0h||0, «=(1,0,0,1)
-G-||<7—r7h||0, «=(1,0,1,1)
-e-||divh((7—ah)||0, a=(1,0,0,1)
-o-||divh(a—(7h)||0, a=(1,0,1,1)

102 2}
12 1/4 18 116 1/32 1/64

h

Fig. 4: Errors of the lowest order H(div)-based methods with Q; = Q}', V), = V;2, O = Q;°,
V, = VZ‘“ and a = (a1, a2,a3,a4).

slope is 2

oyl 0=(2,1,2,2) SR

" llu-ully 0=32,3.9) ‘u\\ \‘m:\“

o el llg 0=2,1,2.2) dopeisd S TeuL®
ollo-a, [l 0=(3,2,3,3) 0. _slopeis 3%

10¢-4-[ldiv, (-0 Il ), 2=(2,1,2,2) hN

o lldiv, (o0, )l 0=3:2.33) ¥
107

112 1/4 18 M6 132 172 14 18 me 132 172
h

Fig. 5: Errors for some high order H(div)-based methods with Q; = le, V= VZ‘Z, O = QZ3,
V= V;” and a = (a1, a2,a3,a4).

Consider the L? norm of the error of the stress tensor . Figure 5 plots the
errors for higher order H(div)-based methods. For the XG formulation with
a=1(2,1,2,2),k=1isless thann =2. Theoremindicates that the convergence
rate of || —ay||o is 2.00 for this new second order H(div)-based method, which
is verified by the numerical results in Figure [5| For the XG formulation with
a=(3,2,2,3), k =n and the convergence rate of ||c — o|lp shown in Figure E|is
4, which coincides with the estimate in Theorem 3} This comparison indicates
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that the assumption k > n in Theorem [3|is necessary and the error estimate of
llo —opllo is optimal.

6.2 The lowest order methods with various v

Figure Elplots the relative error of the approximate solutions of the H!-based
method with Qg X Qvi X V; X Vg with different v (v tends to %). Figure [6{shows
that both |le,(u —up)llo and |lo — oy lo converge at the optimal rate 1.00, and the
error || — oyllg are almost the same for different value of v.

slope is 1

Y, “—te-lle (u-up )l A=0.499
107 2 lle,(u-u, gy A=0.49999
“te-llo-o llg, A=0.499
B -©-llo-0, ||, A=0.49999

D

101/2 1/4 178 116 1/32 1/64 1/2 1/4 1/8 1/16 1/32
h

Fig . 6: Errors for the lowest order H'-based methods Q2 X Q111 X Vllz X \72 with different v.

Figure[6|plots the relative error of the approximate solutions of the H(div)-
based method with Qz X Qg X Vg X ‘7#11 with different v (v tends to %). Figure
[ﬂ shows that the errors ||lu —uyllo, o — oyllo and ||div(c — o)llo converge at the
optimal rate 1.00, and the errors ||o —oyllp and ||div(c — oy,)llo are almost the
same as v tends to % which shows that the proposed schemes are locking-free.

7 Conclusion

In this paper, a unified analysis of a four-field formulation is presented and
analyzed for linear elasticity problem. This formulation is closely related to
most HDG methods, WG methods, LDG methods and mixed finite elements
in the literature. And some new methods are proposed following the unified
framework. Some particular methods are proved to be hybridizable. In ad-
dition, uniform inf-sup conditions for the four-field formulation provide a
unified way to prove the optimal error estimate under two different sets of
assumptions. Also, these assumptions guide the design of some well-posed
formulations new in literature.
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g llu-u, |, A=0.499
-©-llu-y I, A=0.49999
—tr-llo-o,l, A=0.499
-©-llo-, I, A=0.49988

- lldv, (-, ), A=0.499
lldiv, (-, ll,> A=0.49999

100‘)\6\‘\\
T slope is 1
107g
2 ]

102

L L L L 'y
172 1/4 1/8 116 1/32 1/64
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Fig . 7: Errors for the lowest order H(div)-based methods Q111 X Qg X Vg X ‘v/'; with different v.
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