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Abstract

The mathematical P2D model is a system of strongly coupled nonlinear parabolic-
elliptic equations that describes the electrodynamics of lithium-ion batteries. In this
paper, we present the numerical analysis of a finite element-implicit Euler scheme for
such a model. We obtain error estimates for both the spatially semidiscrete and the
fully discrete systems of equations, and establish the existence and uniqueness of the
fully discrete solution.

1 Introduction

In this paper, we present the numerical analysis of a finite element-implicit Euler
method to calculate the numerical solution of the so called pseudo-two-dimensional
(P2D) model proposed by J. Newman and coworkers [3]. This is a mathematical model
based on the electrochemical kinetics and continuun mechanics laws, which consists
of a system of coupled nonlinear parabolic-elliptic equations to model the physical-
chemical phenomena governing the behavior of lithium ion batteries. The P2D model
is very much used in engineering studies. A good presentation of it can be found in [13]
and [15]. A lithium-ion battery system is composed of a number of lithium-ion cells.
A typical cell consists of three regions, namely, a porous negative electrode (which
plays the role of anode of the cell in the discharge process) connected to the negative
terminal collector of the battery, a separator that is an electron insulator allowing
the flow of lithium ions between the anode and the cathode, and a porous positive
electrode (which plays the role of cathode during the discharge process) connected
to the positive terminal, see Fig. 1. We must point out that in the charge process the
negative electrode plays the role of cathode and the positive electrode is the anode. The
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Fig. 1 Upper panel: a cross-section of a cell along the x-direction. The lithium ions travel from the anode
to the cathode during the discharge process and in the opposite direction during the charge process. Middel
panel: the cell model as a non-denumerable collection of solid spheres plus the separator, there is one sphere
of radius Ry (x) at each point x of the electrodes. Lower panel: the domain D3

electrodes are composite porous structures of highly packed active lithium particles,
typically LixCg in the negative electrode and metal oxide, such as Lij_xMn, Oy, in
the positive electrode, plus a binder and a polymer that act as conductive agents.
Furthermore, the cell is filled with the electrolyte that occupies the holes left free by
the particles and the filler material. The electrolyte is a lithium salt dissolved in an
organic solvent. In the description of the model it is customary to consider two phases:
the electrolyte phase and the solid phase, the latter is composed of the solid particles
of the electrodes.

The P2D model of a lithium-ion cell considers that the dynamics is only relevant
along the x-axis, neglecting what happens along the y-axis and z-axis, because the
ratios i—;‘ and é—’z‘ = 0(1073), L,, Ly and L, being the characteristic length scales
along the corresponding axes. The main modeling assumptions are the following : (1)
The active particles of the electrodes are assumed to be spheres of radius R; which
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may be different in each electrode. (2) Side reactions are neglected and no gas phase is
present. (3) The transport of lithium ions is due to diffusion and migration in the elec-
trolyte solution, and in the solid particles the atoms of lithium move between vacancies
in the crystalline structure of the particles due to local diffusion in concentration. By
longitudinal and latitudinal symmetry considerations, the diffusion in the active parti-
cles is only in the radial direction. (4) The electrochemical reaction of lithium insertion
and extraction processes follows the Buttler-Volmer law. (5) The effective transport
coefficients are calculated by the Bruggeman relation, i.e., u¢/ = pue? (p=1.5), where
W is a generic transport coefficient and ¢ is the component volume fraction of the mate-
rial in the composite electrodes and separator.To formulate the equations of the model
we distinguish the following domains.

Dy = (0, Lyn), Ds = (Ln, Ly +6), Dy =(Ln+36,L), Lp:=L— (L, +9),
Dy =(0,L), Dy =Dy UDpand D3 = Uyxep, {x} x (0, Rs(x)),

where Dy, Dg and D), denote the domains of the negative electrode, the separator and
the positive electrode respectively. Notice that Dy represents the cell domain, D5 is
a domain that is the union of two disjoint domains corresponding to the electrodes,
and D3 is in a certain sense a modeling space accounting for the spherical balls of
radius Rs(x) that represent at each x € D5 the solid active particles, such that when
x € Dy, Rs(x) = Ry, and when x € Dp, Rs(x) = R{. The variables of the model
are the following: for the electrolyte phase, the molar concentration of lithium ions
u(x,t), and the electric potential ¢1(x, ), x € Dj; for the solid phase, the molar
concentration of lithium v(x;r,t), x € Dy and r € (0; Rs(x)), and the electric
potential ¢»(x, 1), x € D;. Another important variable is the so called molar flux of
lithium ions exiting the solid particles, J (x, u, v, ¢1, ¢2, U)/F, F being the Faraday
constant. The mathematical expression of J is given by the Buttler-Volmer law, see
(1).

Many numerical models to integrate the P2D model have been proposed. The first
one is the Dualfoil model developed by J. Newman and his collaborators [12], this is
a model that uses second order finite differences for space discretization of the differ-
ential operators combined with the first order backward Euler time stepping scheme;
the Dualfoil model is distributed as free software, which is being updated through
time. Later on, authors such as [11] and [17], just to cite a few, have developed their
own codes by using second order finite volume for space discretizations combined
with the first order in time implicit Euler scheme for time discretization. Other authors
make the numerical simulations with COMSOL multi-physics package that uses finite
elements for space discretizations of the equations, the resulting system of nonlinear
differential equations is integrated by different time stepping schemes, in particular,
conventional DAE solvers, such as DASK [14]. New numerical models have recently
been proposed to improve the computational efficiency, to this respect, we mention the
operator splitting technique of [6], the orthogonal collocation method for space dis-
cretization combined with the first order implicit Euler scheme for time discretization
of [9], and the implicit-explicit Runge-Kutta-Chebyshev finite element method of [1].
Despite the activity in the development of numerical methods no rigorous numerical

@ Springer



466 R. Bermejo

analysis of such methods has been published so far; so, to the best of our knowl-
edge, this is the first paper presenting the analysis of a numerical method developed
to integrate the P2D model.

The layout of the paper is the following. In Sect. 2 we introduce the governing
equations of the P2D model together with the functional framework needed for the
numerical analysis. Section 3 is devoted to the semidiscrete space discretization of the
model in a finite element framework. The error analysis of the semi-discrete solution
is performed in Sect. 4. Since this analysis is long, then we have split the section
into three subsections in order to make more palatable its presentation. Section 4.1 is a
collection of auxiliary results; Sections 4.2 and 4.3 deal with the error estimates for the
potentials and the concentrations, respectively. The fully discrete model and its error
analysis is presented in Sect. 5, which is also split into subsections. Since the fully
discrete model is a nonlinear system of elliptic and fully discrete parabolic equations
at each time instant #,, then we have also studied the existence and uniqueness of
the solution by applying Minty-Browder theorem [18] for the elliptic equations, and
Brower ‘s fixed point theorem for the parabolic equations.

2 The governing equations of the isothermal P2D model

We consider the governing equations of the isothermal P2D model for the variables
u(x,t), v(x;r,t), ¢1(x, t) and ¢, (x, t) presented in Chapters 3 and 4 of [15]. How-
ever, to facilitate both the formulation of the numerical method to integrate these
equations and its numerical analysis, it is convenient to make the changes of variable
introduced in [10] and [19]. Thus, in order to make homogeneous the Neumann type
boundary conditions for the potential ¢ one considers the function H (x, t) given by
the expression

(= L)L)

, X € Dy,
woL,A TS

H(x, 1) =
(x — (Lp +8)*1(1)
20L,A

, X € Dy,

where I (¢) denotes the applied current, A is the area of the plate and o is a positive coef-
ficient defined below, and replace ¢ (x, t) by ¢2(x, t) + H (x, t); likewise, we replace
2RTk(u) ,

T(t+ -1,
where k(1) > 0 denotes the effective electrolyte phase ionic conductivity; tﬂ > 01is
the so called transfer number, which is assumed to be constant; R is the universal gas
constant and 7" denotes the absolute temperature inside the cell, which is assumed to be
constant in the isothermal model; this latter change of variable for ¢ (x, ¢) simplifies
the expression of the equation for the potential of the electrolyte phase written in Chap-
ter 4 of [15], making it more manageable from a computational viewpoint. Another
important variable, as we mentioned above, is the reaction current density J. The

the potential ¢ (x, 1) by ¢1(x, 1) +alnu(x,t), witha = a(u) =

@ Springer



Numerical analysis of a finite element formulation... 467

reaction rate is coupled to phase potentials by the Buttler-Volmer kinetic expression.

. agF Rsgr
dsio | exp pr \ 1= = =/
)

J=Ju v, Tom=1q exp —ack — RSEIJ if xe D,UD
RT as e
0 if x € Dy.

D

Inthis expression, vy = v(x; Rs(x), t) denotes the lithium concentration on the surface

3e5(x) . . :
sx) is the active area per electrode unit

Rs(x)

volume; & (x) denotes the volume fraction of the active material, &5 (x) = ¢; > 0 for

x € D, and g;(x) = ej > O0forx € Dp; oy € (0,1) and o, € (0, 1) are anodic

and cathodic transfer coefficients for an electron reaction; Rgg; represents the solid

interface resistance, usually, Rsr; = O in the engineering literature unless the model

also considers aging phenomena of the battery, so in this paper we take Rgg; = 0.

of the active particles; a; = as(x) =

dr(x, 1) —1(x, 1) —U(x,v5) if x € D, U Dy,

n=nx,¢1,¢,U)=
0ifx € Dy,

where U stands for the equilibrium potential at the solid electrolyte interface, which
is assumed to be known. iy is the exchange current density, i.e.,

io = io(u, vg) = ku* (vmax — vy)* Ug“ ifx e D, ULy, (2)

here, vmax is the maximum concentration of lithium in the solid phase, which may
have different values in the positive and negative electrodes, so

ifx € D,,
ifx € Dy,

o
_ _ max

Umax = Umax (X) = { vE
max

the coefficient k represents the kinetic rate constant,

[k ifxe D,
k=k()= {k+ ifx € D,.

Considering the above mentioned changes of variable and taking the transfer coeffi-
cients ¢, and « equal to 0.5, as many engineering papers do, the expression for the
reaction current that we use in the paper is

ax(x)ip sinh (Bn) , Vx € Da,

J=Jx,u, v, 1, ¢0,U) = 3)
0 for x ¢ D»,
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F
where 8 = m; ax(x) = 3e5(x)/Ry(x); and

n=¢2—¢ —alnu—U, 4

U =U(x,t,vg) = U(vs) — H(x, t). Noting that the boundaries d D1 and 3 D, of the
domains Dy and D, are 0D := {0, L} and 0D, := {0, L,,, L,, + 8, L}, we formulate
the equations of the model as follows.

Concentration u(x, t) in the electrolyte phase.

ou 0 .
T —( 1 ) = ay(x)J in Dy x (0, Tenq),
Bu 0 .
Py [9D1 x (0, Ten)= 0, u(x,0) = u"(x) inDy.
(5)
Concentration v(x; r,t) in the solid phase. For almost every x € D>,
ov k2 50V 0 D 0. Tun).
r? v=0 in X
a r2ar \ or ’ end
=0, koY | — uir0) =% ) in D
— , v(x;r,0) =v"(x;r) in D3.
ar 2o EROT O F 3
(6)
Electrolyte potential ¢1(x,t).
901
——( (u )—) = Jin D1 x (0, Tenq),
¢
oy 10010, T = 0-
fDl ¢1(x,t)dx = 0.
7
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Solid phase potential ¢o(x, t).

0 l0%3 .
a Ua =J +gin Dy x (0, Tenq),
U% F =0
9y 9D2%(0.Tena) ,
—I(t
L (14)1 X € Dy,
n
glx, 1) = o
t
LP_A’ X € Dp,
3
— 40
where aj(x) = ﬁ In these equations, k1(x) > 0 and ky(x) > O represent
gs(x

effective diffusion coefficients in the electrolyte and solid phases respectively, and
o (x) denotes the effective electric conductivity in the solid phase. The functions
ai(x), ax(x), o(x) and ky(x) are considered to be piecewise positive constant func-
tions in the sense that they have different constant values in the negative electrode,
separator and positive electrode.

We also have to consider that for ¢ € (0, Tend), J (x, u, vs, @1, ¢2) satisfies the

algebraic conditions
/ Jdx = / Jdx =0,
Dy Dy

/ Jdx = 1(t), Jdx = —1(1).
n Dp

&)

Notice that the first row of algebraic conditions follow directly from (7) and the
definition of J, whereas the second row conditions translates the boundary conditions
of the solid phase potential. It is worth remarking the conservative properties enjoyed
by both u(x, t) and v(x; r, t); namely, for all ¢ € [0, T¢pq]

[u(x,t)dx:/ u(x,0)dx,
Dy Dy

and

Rs(x) Rs(x)
/ / v(x;r, t)rzdrdx = / / v(x;r, O)rzdrdx.
D, JO Dy JO
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These relations are readily obtained by integrating (5) and (6) and using the corre-
sponding boundary conditions. Moreover, it can be shown [10] that for # > 0 and
x € Dy, u(x,t) > 0, similarly, for (x,r) € D3,0 < v(x;r,t) < Umax-

Let D denote a generic open bounded domain in R; hereafter, the closure of adomain
D is denoted D. The functional spaces that we use in this paper are the following.
The Sobolev spaces H™ (D), m being a nonnegative integer, when m = 0, H(D) :=
LZ(D); the Lebesgue spaces L”(D), 1 < p < oo; the spaces of measurable radial
functions [4]

2 LR div 2 2
HIO,R):={v:(0,R) > R: ||v||H;,(0’R)=Zf0 <d7> r?dr < oo},
j=0

g being a nonnegative integer, when g = 0 we set H,0 (0, R) := L%(O, R); also, for p
being a nonnegative integer, the normed spaces of measurable functions

H”(Dy; Hrq(07 R (%)) = {v : Dy — Hrq(O, Rs() : ”v”HP(Dz;H,q(O,RS(-))) < OO} )

2

dx; and the spaces

H(0,Rs(x))

3l v(x; )
axJ

P
2 —
where 1017, 5,390, r, o) = 2 /Dz
j=0

H%1(Dy x (0, Rs(+))) = HP(Da, L2(0, Ry(-))) N L*(Da, H (0, Ry()))
with norm

2 R 2 2
W8 Dy 0. Ry ) = N800y, 1200, R0 T 122, 118 0, R, ) -

Notice that H%'(Ds x (0, Ry(+))) = L2(Da, L2(0, Ry(-))).
Since the variables of the model depend on time, then we also introduce the normed
spaces L?(0, t; X), where 1 < p < 00, and (X, ||-||x) being a real Banach space.

LP@,t; X) := {v : (0, 1) — X strongly measurable such that [[v|lzr./x) < oo}
t 1/p
with [[vlrnx) = </ ||v(1:)||1;(dr when 1 < p < oo, and for p = oo,
0
lvllLoo(0,r:x) = ess supg.. - lv(T) [l x. Other spaces used in the paper are W(D;) :=
{v e H'(Dy) : f vdx = O}, which is a closed subspace of HY(D,) where the
D

potential ¢ (x, ) is calculated, and the space of ¢ times continuously differentiable
functions defined on D, C?(D), when g = 0, C°(D) := C(D).

Next, we introduce the following regularity assumptions on the data and the molar
flux J [4].
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Al)

u’ € Hl(D), u® > 0, W0 e C(D3), 0 < W0 < Umax»
I(r) € Cpart([os T*1),0 < Topg < T* < 00,

where C,,, denotes the set of piecewise continuous functions, i.e.,

Cpat([a,b]) ={g:la,b] > R:Ja =1 <t; <---ty =bsuchthat g € C ([f;_1,1]}.
A2) For 0 < a < ¢ < 400, ko and o positive constants,

ki € L®(Dy), k1 > ko > 0, k» € [a, c], k € C?((0, +00)),
o€ L®(Dy), k >Kkyp>0, 0 >0p>0.

Moreover, k| := infyep, k1(x) and kp := min,cp, k2 (x).
A3) For all (x, u, vg, n) € D2 x (0, +00) x (0, vg max) X R,

aJ
J € C3(Dy x (0, 400) x (0, Vg max) X R), 5> 0.
n
A weak formulation to (5)-(8) is the following. Find

du
u € L*(0, Tena; H'(D1)), o€ L*(0, Tena; H'(D1))¥,

dv

ve L% (0, Tena; L2(D2, HY (0, Rs(-)))), i

€ L? (0, Tena; L*(D2, H (0, Ry(:))),

¢1 € L*(0, Teng; W(D1)) and ¢ € L*(0, Tena; H'(D2)),

such that

ou ou dw 1
_twdx + | ki——dx= [ aJwdxVw e H (D)); (10)
D, D

fora.e. x € Dy and forall w € Hrl (0, R;(x)) radially symmetric

R Ry() R R
/ a—vwrzdr—i-/ k2000, 2y, - ZREDTWRCD)
0 0

at ar dar ar(x)F
8¢1 dw 1
k(u)— —dx = Jwdx Yw € H (Dy); (12)
D ox dx D
and
opr d
/ g o0 dw —/ (J + ¢) wdx,Vw € H'(D»), (13)
D> ax dx D>
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where L*(0, Teng; H'(D1))* and L? (0, Tena; L?(Da, H (0, Ry(-))))* denote the
respective dual spaces of L?(0, Teng; H'(D1)) and L? (0, Tena; L* (D2, H, (0, Ry
).

Remark 1 Following the arguments of [4], where its non-isothermal P2D model
includes an additional time dependent non linear ordinary differential equation for
the bulk temperature 7 (¢), one can formulate an alternative definition of the weak
solution to (5 )-(8) based on its Definition 2.7 and prove, under the assumptions Al-
A3 and for a partition fp < #; < --- < ty of [0, Tengl, Tend being small enough,
that there is a unique weak solution (u, v, ¢1, ¢2) in each interval [#,, #,+1], such that
(v, 1. ¢2) € C([tn. tny1]: Kz), where Kz := H'(Dy) x L*(Dy, H! (0, Ry("))) x
W(D1) x H'(D>). (u(t,), v(t,)) being the initial condition in such an interval. Also,
Kroner [10] proves a local existence and uniqueness theorem for the weak solution of
the isothermal P2D model under less general assumptions than in [4].

3 The semidiscrete finite element formulation of the isothermal P2D
model

We use H'-conforming linear finite elements (P;—finite elements) for the space
approximation of the variables u(x, t), ¢1(x, t) and ¢, (x, t); however, v(x;r, 1) is
approximated by nonconforming Py—finite elements in the x—coordinate and H'-
conforming Pj—finite elements in the r—coordinate. The family of meshes Dy
constructed on the domain D; includes the points x = 0, x = L,, x = L, +
and x = L as mesh points; since these points are also boundary points of D;, then
they are also considered as mesh points in the family of meshes Dy;,. Figure 2 illus-
trates the families of meshes that we are going to describe next. Noting that D, C Dy,
we choose the family of meshes Dy, as a subset of Dyj,. Let NE| and N E> be the
number of elements of Dy, and Dy, respectively, and let M| and M> be the number
of mesh points of such meshes, then, fori = 1, 2, we have that

NE; Y NE;
Dij = {em}m:ll and D; = U=i€m>

where the mth element, e, = {x :x" <x <xJ'}, and h,, := xJ' — x{" is the
length of the element ey ; the points x}' x3' are denoted element nodes. We set
h = max,, h,,and y = h~! min,, h,,. The parameter y is a measure of the uniformity
of the meshes. The collection of all the element nodes defines the set of nodes, {x; };W:’i R
of the mesh D;j,. To construct the family of meshes 53;, Ar on D3, we recall that
D3 = Uyep, {x} x (0, Rs(x)), where R;(x) is the radius of the solid spherical particle
associated with the point {x}. Thus, for each mesh point {x;} € D;, we define the radial
vertical domain Dfl) = {reR:0 <r < Rs(x;)}, which represents the spherical
particle at x;, and let

NE® —q ;
DX)r = {e’g)}k=1 such that Di) = U,iv:ﬁme,(f),
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where N E) denotes the number of elements in the interval [0, R, (x;)]and Ar,fl) is the

width of the element e,(cl) = {r: rl(l)k <r=< rél)k}, we set Ar = max; (max A”/El))

and y, = Ar~! min; (ming Ar,il) ). The set of mesh points in each mesh DX)r is denoted

MO

{r](.l)} - Furthermore, let {a}lﬁiz] be the collection of nonconforming elements of
']= —~

the mesh Dyj;, which are associated with the nodes {x;}, they are defined as follows: if

{x;} is not a boundary point, then

e i=1x€Dy:x —£<x<x —l—ﬂ ;
I 21X 5 = Y E
on the contrary, if {x;} is a left boundary point, then
~ — hy
e = xeDg:x1§x<x1+3 ,
and if {x;} is a right boundary point, then
~ { — hi— }
e = xeDz:xl—fofxl .
We define the meshes 53h Ar aS

= o =) | M2 — P—)
Di3ppr = {el X D(A)r}l such that D3 := Ulﬁizlel X D(A)r.

The families of conforming linear finite element spaces associated with these
meshes are the following. Fori =1, 2,

ViV (Dy) == {vy € C(Dy) : Yem € Din. i le, € Pilem)}
where Pj(e;,) denotes the set of linear polynomials defined on e, . Let {1 ()c)};t/[:"1 be

the set of nodal basis functions for the space Vh(l) (5,-), then any function vy, € Vh(l) (D)
can be written as

M;
va(x) = > Vi (x), where V; = vj(x).
=1

Note that Vh(l)(ﬁi) C H'(D;). The nonconforming finite element space associated
with the mesh Dy, is defined as

V;,(O)(Bz) = ivh € L*(Dy) : Vé; € Doy, i le; € Po(?l)},
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Fig.2 Panel (a): the mesh for the domain D1, which includes the negative electrode (anode in the figure)
Dy, the separator Dy and the positive electrode (cathode in the figure) D.. Panel (b): the mesh for the
domain Dy = Dy U De. Panel (c): the mesh of nonconforming elements for the domain D;. Panel (d): the
mesh for the domain D3

where Py(e;) is the set of polynomials of degree zero defined on'e;. Let {y; (x)}lﬁiz1 be
the set of nodal basis functions for Vh(o) (D>),

1if x €7e,

xi(x) =
0 otherwise,

then any function v, (x) € Vh(o) (D») is expressed as
M
un(0) = ) Vixu(x), where Vi = vp(x).

=1

It is worth remarking that for I < p < oo, the L”-norm of v, (x) € Vh(o) (D) is
given as ||vp IIZ P(Dy = le‘izl iz\lle , Where ﬁl denotes the length of the element j,
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My
and the L%-inner product of v, wy, € Vh(o) (D»), / vpwpdx = ZEVIWI. Next,
Dy I=1
we introduce the finite element space Vgr) (551)). For1 <[ < M,

1) = —( 1 1 ] 1
vihd?) = [UA, ey :ve e DV w0 () 0 Pi (e,ﬁ))}.

MO .

So, if {(x;.l)(r)} ~denotes the set of nodal basis of Va, (Dﬁl)), any function vg)r €
]=

Vglr) (Ey)) C H,l (0, Ry(x7)) can be written as

MD
() (OMO)] @) O]
Vp(r) = Z Vj o; (r), where Vj =, (rj).
Jj=1

Regarding the meshes ﬁ3h Ar», we define the finite element space Vja, (D3) as follows.
Forl <l <Myand1l <k < NE®

Viar(D3)i={unare HO}(Dax (0, R)C) : vhar (i 1) | 06 Po@) ® Pie)}

noting thatwhen x € ¢, Ry(x) = Ry(x;). Hence, any function vy, (x; 7) € Viar (D»)
is of the form

M> MO

1
vhar(xir) =Y Y Vixi el (r), where Vij = vyar(x1, 7)),
=1 j=1

or equivalently, using the notation v(Al)r (r) to denote vy A, (x7; 1), we can write

M,
vhar(rir) = Y00 ()X (x). (14)
=1

. The function vy (x) := vpar(x; Rs(x)) is given by the expression

M
Ve (63 Ry(x)) = Y Vipgar xu (),
=1

so that v (x) € Vh(o) (D). We calculate @15 (x, t), which is the approximation to
¢1(x, t), in the finite dimensional space

Wi(Dy) := {vh eviPDy): | vpdx = o}, Wi(D1) € W(Dy).

Dy
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Thus, the finite element formulation is as follows. For all ¢ € _(O, Tend)» the_semi-
discrete approximation (s (1), vaar (1), ¢1 (1), d2n (1)) € V" (D1) x Vyar(D3) x

Wi (D1) x V(Dy), ), v)) € VP(Dy) x Via, (D3), is solution to the following
system of equations.

5 duy d _
/ ﬂwhder/ kl%ﬂdXZ/ ar Jywpdx Yw, € V(D). (15)
D D

ot d dx
Ry (x) Kl Rs () 0 9
/ / UhAr whArrzdrdx 4 f / k2%$r2drdx
D;
(16)
R2(x)J, , R D
_ _f s () Jpwpar(x ‘Y(x))dx Ywpar € Vaar(D3).
D, ar(x)F
d d D
/ (u )—"”” % i / Jnwndx Ywy € V(D). a7
D dx Dy
d d D
/ o 202 A0y [ G+ g wndx Yy € Vi (D). (18)
Dy ox dx Dy

/ Jpdx :/ Jpdx =0, with / Jpdx = 1(t) = —f Jpdx. (19)
D, D; Dy Dy

In this system,
Jn = J(x,u,, ven, np) = az(x)iop sinh (Bny) , ion = io(un, vsn)

M= G1n — on — o Inuy — Up(g), = a(up).
(20)

Note that Jj, also depends on ¢ through uy,, vg, and np.

Remark 2 We must note, see (14), that vy, and wya, are elementwise constant func-
tions in the x direction, and Jj, is a piecewise continuous function in x for which it

makes sense to consider the approximation, / fEO) Jn € Vh(o) (D>), see in Section 4.1

the definition of the interpolant I}EO). Then, approximating Jj by [ ,50) Ji, one readily
shows, by performing the integral on D3, that (16) can be recast as follows: for all

mesh-point {x;} € Dy, calculate v([) (r,t) e Vglr)(D ) such that

1 1
f R0 0 g 4 / O D 0 ) o,
0 0

o UAr or ar

—_ 1
= —R2@)(@@) )" Jylx = xR () Yw ) e V(D).
1)

Once v(l) (r, t) is known, one calculates v, by the expression (14).
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Notice that this equation is the finite element approximation of (11) for w €
H' (0, Rs(x))), see [1].

Based on Remark 1 and since H'(D;) — C(D;), we introduce the following
spaces which are used in the error analysis and in the application of the fixed point
theorems in Sect. 4.

_ 1
Sp = ueCpan(Dlx[O,Tend])igfufp}v

_ 1 1
Sp = weCpm(sz[O,Tend]):aSwil—a :
S = e Ck . (Dy x [0, T, ])'i< <1_i
0 =W part {12 > Lend 'Q_w_ ol

where P and Q are constants sufficiently large; for i = 1,2, Cpar (D; x [0, Tend))
denotes the set of piecewise continuous functions in time and continuous in space and
C;‘m (D3 x [0, Tena]) denotes the set of piecewise continuous functions in both time
and space. Sp is the candidate pool for the concentration u and its approximate uy,,
whereas Sg and S ’é play the same role for the concentrations v:ﬁ and U%‘X respectively.
So, we make the following assumption.

A4) There exist constants P, Q and K sufficiently large such that for almost every
t € [0, Tenq] the following bounds hold:

1 1 t t 1
L), mpy < P, L <20 @ (1 - —), 22)
P (0] Umax Umax 0

and fori =1, 2,

b O oy » 1610 1y > 16Ol < K. (23)
L>(Dy)

91 (1)
0x

4 Error analysis for the semidiscrete problem

We present in this section the error analysis for the semidiscrete potentials and con-
centrations. Since the development of such an analysis is long, we have split its
presentation in a sequence of three subsections. In the first one, we introduce some
auxiliary results needed for the error analysis. The second subsection deals with the
error estimate for the potentials. Observing that the P2D model is a nonlinear coupled
system of equations, then the error for the potentials depends on the error estimates
for the concentrations, the analysis of which is carried out in the last subsection.

4.1 Auxiliary results

It is well known [2] that for the finite element spaces Vh(p ) (51-) i=1,2p=0,1)
the following approximation property holds. For 1 <s < p + 1,
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478 R. Bermejo

. d?P (v —vyp) '
inf ”U_Uh”LZ(D[-) +h Hd—p < Ch* |v|HS(Di)’ 24)
veVy P (Dy) * L2(D;)
. dP (v —vp) .
where it should be understood that for p = 0, e = v — vy,. For symmetric
X

radial functions defined in the interval [0, R], let Vg]r) [0, R] be a linear finite element
space where we approximate such functions, one can prove, following the approach
used to prove Lemmas 1 and 2 in [5], that when w € H,2 0, R),

d(w— war)
dr

inf [IIw—wArIIL’z(O,R)-l-AV ] < CA"2|W|H}(0,R)~

wareViV10,R] L2(0,R)

(25)

We consider the interpolants I}El) - C(D;) — th(ﬁi), I}(lo) 1 C(Dy) — Vh(o) (D»),
and the elliptic projection P : HY(D)) — Vh(l)(Dl) such that for u € H' (D)

d(Piu—u)d
/ (k1 %ﬂ + (P — u)u;,) dx =0 Yu, € VO (D). (26)
D X dx

where A > 0 is a constant; the error analysis for elliptic problems suggests that a good
choice is A = kj. By virtue of (24) it follows that there exists a constant C independent
of h such that

0
Hv—],j)v’ < Chlllgipy : 27)

L2(Dy)

forl<m<2,0</<1,
lo= 10| < en ol (28)
H'(D;)
and from the well known error analysis for elliptic problems [2]
lu = Prull o pyy < CH™ ™l g, - (29)

Likewise, for symmetric radial functions v € H,! (0, R), we define the elliptic projector
Plr : Hr1 O, R) — Vfr) [0, R] as the solution of the problem

R/ d(Pfw—w)d
/ (kz ( IZ) - Z}Ar +A(P{w — w)wAr) r2dr =0 Ywa, € V[0, R],
0 r r

(30)
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with A > 0; as before, a good choice now is A = k_2 By virtue of (25) it follows that
there exists a constant C independent of Ar such that

d(w—wa)

+ Ar
dr

<CAP wlpg R - (BD)
LZ(O0,R)

|w— Plrw“Lz(o,R)

P/ can be extended to functions of x and r in an L2-sense. Thus, for (x,r) € Dy x
(0, R(-)) we define the extended projection Pj : Hl’r1 (Dy x (0, R(+))) — LZ(DZ) ®
vi10, R()] as

R(x) 9(P" _ d
/ / <k2 (Prw = w) dwa, +A(P{w—w)wAr> P2drdx
Dy JO d

or r

=0 Ywa, € L2(D2) ® VA [0, R()]. (32)

Assuming that w € Hl’,l(Dz x (0, R(-)) is such that for a.e. x € Dy, w(x,:) €
H?(0, R(x)), then by virtue of (31)

(o (1~ Pw)) (x. )

A
tar or

[ (w— P{w) (x, ')”L;«),R(x))

LZ(0,R(x))
< CAr? |lw(x, ‘)|H}(0,R(x)) :

Noting that H%4(Dy x (0, R(-))) = L*(Ds, L0, R(-))) N L*(Dy, H (0, R("))) ,
then it readily follows that for ¢ = 0, 1

o - ul, Car ful e

%4(Dyx (0.R())) = (D2x(0,R(-)))

We shall also consider the x-Lagrange interpolant for functions that depend on x
and r, I : H';'(D2 x (0, R(-))) — V" (D2) ® H(0, R()). Thus, for v(x; r) €
H''(Dy x (0, R()))
My
Ifo(xir) =Y vl r)xi(x) with r € (0, R(x)). (34)
=1

Since Ij can be viewed as an extended Lagrange interpolant Iffo) : C(Dy) —
Vh(o) (D») , then based on (27) one can show that

v~ f3v] 1200, 120,80y = CIVIET Dy 1200,R, () - 35)
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Lemma3 Let I = (a,b), 0 < a < b, be a bounded interval with 1 = [a, b, and let
f € H'(I). There exists an arbitrarily small number € and a positive constant C ()
such that

I fllLeecry =€ +C@ N fll2qy - (36)

LX)

Proof Since H'(I) — C(I), then f € C(I) and so does f2,so forany y, z € I,

y < z, we have that
z Jf2 z
/idxzzf FLUPN
y dx y Cdx

2
af dx+6_2/f2dx.
1

d
e |
]dx

Since there exists x* € I such that f2(x*) = min,e; f2(x), then letting y = x* it
follows that

2@ - 2

IA

ﬂmsi/ﬂm
1] J;

Substituting this estimate the result follows. O

The next result is a rewording of Lemma 2.4 of [16]. Let F!'(R) be the closure of
C°°— functions with respect to the Hr1 (0, R)-norm and with the property that their
with first derivative vanishes at r = 0.

Lemma4 Ifv € F'(R), then forall0 < a < R,

1) ve H'(a, R).
2) There exists an arbitrarily small number € and a positive (possibly large) constant
C(€), both depending on a, such that

dr

ol ooy < € +C@© Il 20 - (37)

L2(O.R)

Proof To prove 1) we note that for any v € F!(R),

2 K 2.2 Rlav|? 2
v = vredr + — | redr
” ”H,l(O,R) /(; /0 dl"
R R 2
d
Z/ vzrzdr—i—/ av r2dr
a a |dr

2

R R
d
> a2/ v2dr +/ v
a a |dr

dr = a*||v||3,, (38)

(a,R) "
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So, any sequence {v,} that converges with respect to the Hr1 (0, R)—norm also con-
verges with respect to the H'(a, R)—norm. As for the point 2), we notice that from
(36) and (38) it readily follows (37). O

Lemma5 Foreach (x,t) € Dy x [0, Teng] we have the following estimates.

lio — ionl < Clu —up| + C |vg — vpsl,
Inu —Inuy| < Clu —uy|,
|U (vs) — Uvgn)| < Clvg — vgnl . (39)

Proof Noting that the functions x — /x, x — /1 —x, x — Inxandx — U (x) are
smooth bounded and Lipschitz functions in any bounded interval [a, b], 0 < a < b,
and that the composition and multiplication of bounded Lipschitz functions results in
a Lipschitz function, then the estimates follow. The constant C in (39) depends on the
constants P and Q of (22). O

Lemma 6 Let us consider J and its approximate Jy, then for a.e. t € [0, Tenql there
exists a positive constant C such that

1 = T30y, = € {16200 = 200122, + 1610) = SO,

) = un Oy, + 1050 = 05D, |- (40)

Proof Recalling the expressions for J, see (2)-(3), and Jy,, see (20), using the assump-
tion A4 and the bounds (22) and (23), we have that for all (x, 1) € Dy x [0, Tepd]

|J — Jn| = lazio sinh(Bn) — azion sinh(Bnp)|
< lazio (sinh(Bn) — sinh(Bnp))| + |az (io — ion) sinh(Bnp)]
< C [sinh(Bn) — sinh(Bnp)| + llaz sinh(Bnp) |l LoDy x[0. Tog]) 1E0 — f0n]
< C[sinh(Bn) — sinh(Bnp)| + C lio — ionl .

where due to the bounds (22) and (23) the constants C = C(P, Q, K). Now, by virtue
of the mean value theorem there exists z € (1, n;,) such that

Isinh(Bn) — sinh(Bnx)| < B |cosh(@)[ |7 — npl < Cln —nal,

and resorting again to (22) and (23) it follows that

Izl oo (D3 [0, Tena) = 1M1 L0 (D2 x10, Tenaly F 101l Lo (D x10, Tena) = €

Hence, applying Lemma 5 yields

[J — Jnl < C(Ip2 — donl + |1 — 1| + lu — up| + |vs — vsul)

From this estimate it follows (40). O
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4.2 Error estimates for the potentials

To estimate the error for the potentials ¢; and ¢, is convenient to introduce the spaces
V := H' (D)) x H(Dy) := {w = (w1, wp) : w; € H'(Dy), wy € H'(D)} and
Vi, C V, where Vj, := Vh(l)(ﬁl) X Vh(l)(ﬁz). V is a Hilbert space with norm

/
2 2
lwlly = (1113, + N2l p)

and seminorm

1/2
|v|V = <|w1|%{1(D1)+|w2|%-11(D2)) .

Considering the bilinear forms a; : H'(Dy) x H'(D1) — R and a> : H'(D>) x
H'(Dy) — R,

do d
_ der dy
ax(¢2, ¥2) —Azaﬁﬁd s

we can define the bilinear forma : V x V — R as follows. Let ® and ¥ € V,
® = (¢1, ¢2) and W = (Y1, ¥2), then

a(®, V) = ai(¢1, Y1) + az (g2, ¥2).

Furthermore, concerning the right hand side terms of (12) and (13 ), we introduce the
operator B : V — V*, V* being the dual for V, as

(B(®), W) = f J (s — Y1) d.
Dy

Hence, we can recast the equations (12) and (13) as follows. Find & € L0, Topa;
W(D;) x H'(D»)) such that

a(d, V) + (B(P), V) = —/ gyndx YW e V. 41
Dy

Likewise, the finite element solutions ¢, and ¢, that satisfy (17) and (18) respec-
tively, can be formulated as follows. For all ¢ € [0, T¢p4], find &), € Wy(D1) x
Vh(l)(ﬁz) such that

ap(®p, W) + (Bp(®p), V) = —/ g¥ondx YW, € Vp, 42)
D,

@ Springer



Numerical analysis of a finite element formulation... 483

where
ap(®p, Vi) = ain(@1n, Yin) + az(dan, Yon), (43)
with
ain(@in, Yin) = /Dl K(Mh)%tij—xmdx,
and
(Bp(®p), Wn) = /D2 Jn (Y2n — Yin) dx. (44)

Remark 7 The existence and uniqueness of @ is proven in [4] under the same kind
of assumptions as A1-A4, whereas in [19] and [10] the existence is proven applying
Schauder Fixed Point Theorem [7] and the uniqueness using the fact that ¢;(x) €
W(Dy).

As for the bilinear form a and the operator B, we have the following result.

Lemma 8 Assuming that AI1-A4 hold, we have that: (i) the bilinear form a is contin-
uous, (ii) the operator B is monotone, i.e.,

B(®) — B(®), ® — ®) > 0, (45)
{ )

bounded and continuous in the sense that for all W € V there exists a constant C such
that

(B(®) — B@), W) < C (|©—|,) (Wil 20, + W2l 2py) . (46)

Proof 1t is easy to prove the continuity of the bilinear form a if one takes into account
the regularity assumption A2. To prove (45) we note that

(B(®) — B@). @ — 3) = fD ani (sinh(Bn) — sinh (M) (2 — B2) — (1 — d1)) dix.

where n = ¢ — ¢ —alnu—U and 7 = ¢» — ¢ —Inu — U. Since forall x € D5
azip > 0, then by virtue of A4 we can choose a constant C (P, Q) such that for all
x € Dy C(P, Q) < azip, and by the mean value theorem sinh(87n) — sinh(B7) >
B(n —7), then one readily obtains

(B(®) — B(®), & — ) > c/ (¢ — D) — (b2 — 1))’ dx = 0. (47

Dy
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To prove that B is bounded we notice that for all ® € V

(B(®), @) 5/

Dy

7] % |¢2—¢1|dx=/D lazio(sinh(Bn)| x |62 — 1] dx,
2

but|J|is bounded by virtue of A4, then using the Cauchy-Schwarz inequality it readily
follows that there exists a bounded positive constant C such that

(B(®), @) = C|Plly,

so B is bounded. To prove that B is continuous, we again notice that
(B(®) — B(@), W) < / |azig(sinh(Bn) — sinh(BM)| x |2 — Y| dx,
Dy

so, arguing as in the proof of Lemma 6 we have that there exists a positive constant C
such that

|azio(sinh(Bn) — sinh(BM)| < C In — 7 = C|(¢2 — ¢2) — (1 — d1)] .-

Substituting this estimate in the above inequality and making use of the Cauchy-
Schwarz inequality it follows that

(B@) = B@®),¥) = C (|62~ b2 120y, + |61 = B1l 12,
(Hl/fZ”L?(Dz) + ||1/f1 ||L2(D1)) =< C HCD - 6”\/ (||W2||L2(Dz) + ||1/f1 ||L2(D1)) .

m}

Corollary 9 The discrete bilinear form ay, defined in (43) is continuous. The discrete
operator By, defined in (44) is monotone, bounded and continuous.

Theorem 10 For a.e. t € [0, Tengl, let the solution of (41), ©(t) = (¢1(¢), P2(1)), be
in H2(D1) x H*(D). There exists a constant C independent of h such that

190) = &1} = € (RSO0, + 162013 p,)
1) = un OB ) + 050 = v 22, ) - @9)
Proof Setting W = W}, in (41) and subtracting (42) yields
a(®, ¥p) — ap(Pp, ¥p) + (B(®) — B(Pp), Wi) = — (B(Pp) — By (Pr) , W) -
Noting that

o1 d
a(®, W) — ap(®p, W) = ap(d — dp, W) +/ (e (1) — K (up)) _3¢>1 Vi g
D x dx
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it follows that

ap(® — @p, Wp) + (B(®) — B (Pp) , W) = (Bu(Pp) — B (Pp) , Wn)

dp1 dyrin
—/ (k(u) — k(up)) — ——dx. 49)
D ox dx
To estimate the terms of this expression we choose WV, = Iél)cb - ®, =

(I}El)q&] — 1, I,El)¢2 — ¢2h>, I}El) being the Lagrange interpolanton Vj, = Vh(l)(ﬁl)x
Vh(l)(ﬁz), this means that 1,5”¢1 € Vh(l)(ﬁl) and I,El)qﬁz € Vh(l)(ﬁz). For conve-

nience, we shall split the expression for W, as
W, = (& — dy) + (1,5”@ - c1>) .
Replacing this expression for Wy in (49) we have that

ap(® — &y, & — &p) + (B(P) — B (Pp), D — D)

= ap(® — Dy, @ — 1V D) + <B(<1>) _B(®)). D — I}El)¢>
+(Bi@n) — B@), @ — o) + (10 — o))

gy 0 ((¢1 — o) + (1151)451 - ¢>1h))

+ " (e () = seun)) == o

dx.

(50)

We bound the terms of (50). We start by showing that there exists a positive constant
« such that the term on the left hand side satisfies

an(® — j, @ — &p) + (B(D) — B (), ® — p) = o [© — Dplly . (5D)
To do so we note that by virtue of (47)

ap(® — &y, & — Pp) + (B(P) — B(Pp), D — D)
> ap(@r — Pin, ¢1 — P11) + ax(P2 — Gon, G2 — o)

+C [ (92— ¢1) — (b — d1)* dx. (52)

Dy

Since ¢1 — ¢1, € W(D1), we can use A2 and Poincaré-Wirtinger inequality to bound
ai(¢1 — d1n, ¢1 — ¢1n) from below as

ain(@1 — ¢in, o1 — ¢1n) = il —¢1h||i,|(D1),
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where the constant ¢; = «o (1 +C p)’l, Cp being the constant of the Poincaré-
Wirtinger inequality; using again A2, we bound the term a>(¢2 — ¢an, P2 — Pon)
as

az(¢2 — o, $2 — P2n) = 00 P2 — </>2h|12L,1(D2) .

Applying Young inequality we find that there exists a constant € (0, 1) such that

C /D (92 — b1) — (P21 — P11))* dx.
2
4 2 2
>C |:(1 - ;) 1 = b1nllz2p,y + (T =) g2 — ¢2h|le(D2)}

4
>C |:(1 - ;) 161 = b1l 72,y + (1 =) llg2 = ¢2h”i2(D2)i| '

Now, we can choose the constants C and y such that ¢; = ¢; + C(1 — i) > 0,
and substitute these bounds in (52) to obtain the inequality (51), where o =
min(cy, ¢z, 09, (1 — y)C). Next, we bound the terms on the right hand side. By con-
tinuity of the bilinear form and Young inequality, we find that there exists a small
positive number €1 and a constant C(¢€1) such that

an(@ = &4, @~ 1V®) < C 1o = Bully |0 - 10|

P M [
S ll®—Dully +Cep) | @1, v (53)

To bound <B(<I>) _B(®)), D — 1,§1)c1>> we note that

(o) -B(@). 0= 1"0)< [ i
Ds

Bn )
/ coshédé‘ )cb y cp‘ dx.
1377/1
By virtue of (22) and (23) and the mean value theorem for the integral

<B(d>) —B(dy), D — 1,5“@) < C/

1
In — il )q: — 1 )CD‘dx
D>

< c/D (162 — b2l + 11 — bl

= ]+ oy = vy [ @ = 1@ dx.
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Applying Young inequality yields

1
(B@) = B(@1). 0~ 1P0) < & (10 = @nlly + I = unls

2 M |2
s = vnl22 ) + Cle) | @ = 100
(54)

where €3 is a small positive number and C (¢>) is a constant. Next, noting that by virtue
of (22) and (23) |sinh(B7y,)] is bounded in D», then

<Bh(<bh) — B (@), (D — Dp) + (1,5% - q>)>

< C/ az lio — ionl ((cp o)+ (1,5% - @)‘dx.
D,

Again, using Lemma 5 and Young inequality we obtain that there exist a small number
€3 and a constant C(€3) such that

(Buow = B @), @@+ (1[N0 —0)) s e 1@ - a4l

2
s (I =l ) + 1o = vanlZa ) + Clen) @ = 100 (59)

991
0 lLoe(py)
is bounded and by virtue of assumption A4, and by the mean value theorem,
[(k(u) — k(up))| < C |u — uy|, then it follows that

To bound the last term on the right hand side of (50) we note that ‘

3¢y 0 <(¢1 — ¢ + (1,51)051 - </>1h)>

(e () = ke (un)) == P dx

D,

I L CRATIUTR)
Dy

dx

0x
2 2 W e?
< el = dull} + Cen) (lu =l + [0 =100 ). 656)

Letting €] + - - - 4+ €4 = «/2 and noting that, see (34),

2 2 2
-nle], =[e-nPel,, + e - 100
-1, 'd| = 1 1
H X y ¢ — 1, ¢ HI(D1)+ $— 1, P 1Dy
< O (191120, + 1620302 ) -
the estimate (48) follows from (50)-(56). O

@ Springer



488 R. Bermejo

4.3 Error estimates for the concentrations u(x, t) and v(x; r, t)

We wish to estimate u(x, £) — uj, (x, 1) and v(x; r, t) — vaar(x; r, t) in the LZ—norm
assuming that both u(x, ) and v(x;r,t) are as regular as required. Following the
standard approach, we decompose u — uj, as

u—up=u— Pu)+ (Pu—up) = py + 64, (57)

where P; is the elliptic projector defined in (26), and note that 6, (x, t) € Vh(l)(ﬁl).
To carry out a decomposition of this kind for v(x; r, ) — vya,(x; 7, 1), at first we can
try using the extended elliptic projector P; : Hl;l(Dz x (0, Rs(")) = LYX(Dy) ®
VE)[O, R ()] defined in (32) and assume that for all 7, v(x;r,t) € Hl’,1 (Dy x
(0, Ry(+))), then we find that fora. e. x € D,

M
Plv(x;r, 1) = Z Plo(x;rj, Ha(r),
j=1

here, M denotes the number of mesh points in [0, R, (-)], {oz j (r)}?/l=1 the nodal basis

of the linear finite element space Vélr) [0, Rs()] C Hr] (0, Ry(+)) and the function
Plv(x;rj,t) € L2(D2); so, in general, P{v(x;r,t) is not in VhAr(53) and, con-
sequently, it does not make sense to use P{v(x;r,t) — vya,(x;r,t) for such type
of decomposition; however, recalling the interpolant I(’)“  H! ’rl (D x (0, R(4))) —
Vh(o) (D> ® Hr1 (0, R(-)) defined in (34) and further assuming that P{v(x;r;,t) €
H'(Dy), then it follows that P v(x; r, 1) € H';'(Da x (0, R(-))) and, therefore, we
can define Ij P{v(x;r,1) as

M> MO

I
PG r ) =YY PloGairj. e (7))

=1 j=I

this expression implies that I P{v(x; r, 1) € Viar (D3), so it makes sense to set
Op(xsr,t) = Iy Plo(x;r, ) — vpar(x; 7, 1),
Now, using again the extended P| elliptic projector we define
polx;r, 1) =v(x;r, 1) — Plu(x;r, 1) € HLN(Dy x (0, R())),

and consequently

IFpu(xsr, )y = Igv(xsr, 1) — Iy P{o(x; r, t).
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Then, from all these considerations we can write that
v(x; 7, 1) —vpar (s, t) = (v = Igv)(xir, 0) + Ig py(xs 1, 1) + 0y (x5 7, 1). (58)
From (57) and (58) it follows that

lu(@) —unOl2pyy < leuOl2py) + 10Ol L2(py) >

and

() = vnar Ol 20y, 220,80 = 0@ = YO 1205, 120, R0

+ ” I(;C:Ov (t) ” LZ(Dz,L%(O,R(-))) + ”91) (t) ”Lz(Dz,L%(O,R(-))) .
The estimates for p, and p, are given in (29) and ( 33) respectively, i.e.,
lou @l 2pyy < Ch? lull g2,y »

||,0v(t)||L2(D2,L§(0,R(.))) < CAr? ”U(t)||L2(D2,H}(0,R(.))) )
(59)

then, it remains to calculate the estimates for 6, and 6,; but before going into
the details of such calculations, we present new estimates for ||J — Jj, ||i2 (D) and

Jug (1) — vsp (1) ||i2 (D)’ which depend on 6,, and 6,, respectively, and will be useful for
the subsequent part of the analysis.

Lemma 11 Assuming that the regularity assumptions required in the estimates hold,
there exist an arbitrarily small positive number € and constants C and C(€) indepen-
dent of h and Ar such that

los(®) = Ve (D72, < Ch? 05131y, + COAF IVONT2 0, 120.8,0)

36,(0) ||*

+C(€) ||9v(t)”iz(Dz,L%(O.RS(-))) + € T

’

L2(Dy,L2(0,Rs(-)))
(60)

and

1 = I3,y = CH (11O, + 10201220, + B 1D, )

+C [|vs (@) = vsn D172, + C 10O, - (61)

Proof To calculate the estimate (60) we set vy — vy, = (vs — I}?vs) + (I,?vs — vsh),
so using (27) it follows that

2
2 _ 2 2 0
I05(6) = 0O 2y = CH 1) 3y +2 | 00 = O,
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Since I vs—vsn = (IPv — vpar) (x5 Ry(x), 1) = (I§ py + 0y) (x; Ry(x), 1) (recalling
the d_eﬁnition of 6,) then by virtue of the definition of the L2-norm for functions of
Vf (D) presented in Sect. 3, we have that

[ 10,0 = w0

M,
2 —~
pacpy = 20 (P25 Ry ) + 63 s Ry, 1))
? 1=1

To estimate ,03 (x1; Rg(x7), t) and 93 (x1;5 Rs(x7), t) we make use of Lemma 4 noting
that there exists a real number a, 0 < a < Ry (x;), such that ,og(xl; Rs(x), 1) <
0w et 7 O oo . kg @A 020t Rs(x), 1) < 1100 (xts 7, Dl o (g gyyy» thus by
virtue of (37) it follows that there are a real number € and positive constant C(€) > €
such that

py(x;r, 1)
ar

My My pRGxp) 2

> hipy e Ry(x), 1) < € th/ r? dr
0

=1 =1

My eRy(xp) ) 5
k@Y M [ PlenroPdr
0
=1

2
< C(@ [ 15 ps(0) ||L2<DZ,H,_1 (0.Rs()))
< C(e) ”pv(t)”Lz(Dz,H,l(O,RS(X)))

< C@OA VO72p, 1200, ko))

because by approximation tl.leory || I3 py (t).H L2y, H) (0.R, (x))) 5 C o
ool 2y 1 1(0,Ry (x)))> this latter term being estimated according to (33). Similarly,

00y (xz5r, 1)
ar

M Mo (RG) 2

D b} (s Ry(x), 1) < ethf r? dr
0

=1 =1

Ry (x1)

M
k@Y [ PR
0
=1

2 2
= €100 20y 1100, o)+ CO MO 20, 120 k.0
62)

So, putting these bounds together the result (60) follows. To calculate the estimate
(61) we notice that by virtue of (40) and Theorem 10

1 = Il = € (1 (161001 + 1620122, )

) = un O 2y, + 1050 = 05D, )
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Since u — ujy, = p, + 6,, then taking into account (29)

(@) = un 72,y < CH O3, + 21072, »
so the result (61) follows. O

Next, we calculate an estimate for 6,. To this end, we obtain, based on equation
(11), the integral equation for /jv(x; r, t) that will be used for that purpose. Thus, for

each one of the mesh points {)cl}lﬂf1 of D, the equation (11) reads

Rs(x1) gD Rs(x) 9@ gD
/ v w® zdr—i-/ ky v w 207
0 3t 0 ar  dr

— (R2ay 0 F 1w (R ) ) L, (63)

where v = v(x;;r,t) € H,I(O, R;(x7) and wh = w(x;;r) € H,I(O, R (x7)).
Using the nodal basis functions {j; ()c)}l/liz1 of the finite element space Vh(o) (D3) we
can write

M

M
Iyv(x;r,t) = Z v (r, Hx(x)and w(x;r) = Z w(l)(r))g(x).

[ =1

Now, noting that

Ry (x) Ry (x)
/ / (I(’)‘v) wridrdx = Z/ Xi Z(x) (/ v, t)w(l)(r)rzdr) dx,
D, JO Dy

and for x €¢;, R;(x) = Ry(x;), then it follows that

M Ry(x) My eRi(x)
Z/ X' () f VO, w® (ryridr | dx = Zh,/ VO, w® (ryridr.
=1 Dy 0 0

=1

Hence, (63) becomes

R rariv dlgv 0
/ / ( w4 kp 0l w) r2drdx
D, ar or

_—/ I§(RE(x)a; ' (x) F~ ' Jw(x; Ry(x)))dx. (64)
D>

We proceed to formulate the equation for 6,,. From (58) it follows that vya, = I{)‘ v—
(15 py + 6y), then replacing this expression for vy, in (16) and using (32) and (64) it
follows that for all wya, € Viar(D3),
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Rs() 799, 90, 9
/ / ( wpAr + k2—v whN) r2drdx
D ar d

Ry (x) 5 Ry (x) 31)6'0” )
= )L/ / Iy pywharr-drdx —/ / O™ wparr’drdx
Dy JO D, JO ot

— / I(RZ(x)a; ' () F (I (x) = Ty () wp (x))dx
D>

+ f (R2)az" 0 F ™ () = IRR2)a3 F (00 01(0) ) s (1)465)
D,

where we have made use of the following properties of the interpolant /j: (i) for
wiar(x, 1) € Vuar(D3), wpar(x,7) = IFwpar(x,r), and (i) when r = Ry(x)
, we can define the function wy;(x) = wpar(x, Ry(x)) such that wy,(x) =
IFwpar(x, Ry(x)) = Iwy; (x). Setting wya, = 6, yields

36,(1) |

ko || ——==
+ ar

|I9v(t)||Lz Dy, L2(0.R,
(D2,L%(0,Rs(4))) L2(D2,L2(0,Rs(-)))

<A “I())va () ||L2(D2,Lz(0,Rs(~))) ”91) (t)||L2(D2,L%(O,R_y(')))

D1 pu(0)
+ 5

100 (D L2(Dy, 220, R, ()
L%(Dy,L2(0,R;()))

4
L (D7) - Z K

i=1

+C |17 (7 = 30w )|

+C [ = 1, 76w )]

LY(Dy)

where, 0,5 () = 6, (x; Ry(x), t) is the value of 8, on the surface of the sphere of radius
Ry (x) associated with the point {x} of D;.

Lemma 12 There exists a constant C independent of h and Ar, but depending on ki
and 12, such that

36,(1) ||

or

+ k2

||9 (f)”Lz Dy, L2(0, Ry
(Da, L2( ) L2(D2,L2(0,Rs(")))

< Ch2 (||¢1 (t)Hiﬂ(D]) + "¢2(t)”§{2(D2))
2
Lz(Dz)>

aJ

+Ch? <|v Ol (py + 1 M@, + ‘ ™

() ||?
+CAr (VO3 20, 12008 T AT
( F D2 HAOR ) Ot 112Dy, H2 0, Ry (1))
+C (10uO13p,) + 10001 200, 1205000 ) - 67)
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Proof We bound the terms Ry, ..., R4 on the right hand side of (66 ). Noting that
H I())va (t) || Lz(Dz,L%(O,RS(-))) =< C ”,OU ([) ||L2(D2,L%(0,R5(~)))’ then by virtue of Young
inequality and (33) it follows that

Ry < CAF u(®)]17, (68)

2
(D2, H2(0,Rs (-))) +C Hev(t)”Lz(Dz,L,Z-(O,Rs(*))) ’

To bound R, we notice that

IXp, (1
Ha ()pv() ECH 0py (1)
A N r2(py, 1200,y (1)) O 12Dy, 1200 R ()
dJu(t
=CH<I—P{> &
I | 12Dy, 1200,R, (1))
dv(t
< CAr2 —( ) .
Ol 12Dy, H2(0.R ()

Hence, by Young inequality it follows that

du(t) ||?

Ry < CAr*
ot

+ C U221 1200 pen - (69)
L2(D, H2(O,R, () FPr L QR ON

We bound the term R3. Thus, we have that

M,
C 1) (T = Ibus D] 1,y = € DIl ) = T )y (13 Ry (), 1)
=1
& [
— Y (TG = TG+ 5 > b (s Ry(x), 1)
2 =1 2 =1

IA

IA

c? 2 1 A~
S 10T = I 2,y + 5 D107 s Re), o).
=1

Estimating the last term on the right hand side of this inequality as we did

before in the proof of Lemma 11, see (62), and noting that || I}?(J —Jn) ||L2(D2) <
CIlJ = T3, (y: it readily follows that
5 5 36, (1) |
Ry < CIlJ = Illapyy + C@O N2 p, 1200 ro () T € 0 0RO

(70)

To bound R4 we notice that Jj, — I J, = (Jy — J) + (J — [L00) + 117 = J),
so by the triangle inequality it follows that

(0)
€| =1 W], < ClIL = DBl
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+C H (J = 10 10y (1) ” e HI,EO)(J . Jh)Gvs(t)‘

L(Dy) LY(Dy)

and applying the same argument

L2(D2)>

Noting that [|abll 1 (p,) < 5 ||a||L2(D2)+28 ||b||L2(D )
as we have just done to bound R3, we obtain that

[ = 1o o],

Loy (nJ Ty + |7 = 107

M»
+ > b (s Ry(xp), 1),
=1

We bound the last term of this inequality as we have done for R3, and by virtue of

assumption A3 set H J—1 (O)J < Ch? || Hence,

LZ(D ) ||L2(D2).

36, (1) |

R4 < C(e) |16y (t)||L2(D2 L20,R()) T € ‘ or

L2(D2,L2(0,Rs(-)))
9J

Ch?
* Bx

+C 1T = T3, (71)

(D2)

L%(D2) .

Letting € = k2/8 in (61), (70) and (71), and replacing (68)-(71) in (66), the result (67)
follows. =

Next, we proceed to calculate an estimate for 6,. Thus, subtracting (15) from (10)
it readily follows that

36, 36, dwy, 3pu
—wpdx + k Puwpdx —
Dy at Dy ox dx D Dy at

+/ ay (J — Jp) wpdx.
Dy

Setting w;, = 6, in this equation yields

36,(t) ||* w2 H dpu () ||
2
LZ(DI) DD 9t 2(py)

+C 1T = Jull72p,, + C 6D

0x

d 2
5 16O, +

(D)
By virtue of Lemma 11 we have the following result.

Lemma 13 There exists a constant C independent of h and Ar, but depending on ky
and ky, such that
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36, (1) ||*
0ox

”9 (t)||L2(D ) kl

L%(Dy)

< C {h2(||¢l (t)”HZ(D]) + ||¢2(t)||H2(D2) + IUS([)|%.11(D2))

it (o, ]2OF Y arpor
H2(Dy) 3 oy L2(Dy,H?(0,Ry(-)))
36, (1)
€ (1000 gy, + 10020 2200 100 ) + = -
u L2(Dy) v (Dy, L2( ) 4 or L2(Dy,L2(0,R,(")))

(72)

We are now in a position to establish the main result of this subsection.

Theorem 14 Let (u, v, ¢y, ¢2) and (up, viar, @1, $21) be the solutions to (10)-(13)
and ( 15)-(18) respectively, with

1u(0) = un Ol 2,y < Ch* and [v(0) = vhar Ol L2y, L200,R, () < C(h + Ar?).

Furthermore, for 0 <t < Teng, the following regularity assumptions hold:
a
RI)u and a—b; € L*(0, Tena: HX(D1)),

]
R2) v and @)

(D2)),

R3) ¢1 € L*(0, Tena; H*(D1)), ¢2 € L*(0, Tena: H*(D2)), and J € L*(0, Teng:
H'(Dy));

then there is a constant C(t, lﬂ , 12) such that

€ L*(0, Tena; L*(Da; H(0, Rs(-)))), and vs € L*(0, Tena; H'

lu(t) — un (O, + 0@ = viarO1Z2 . 1200 et
L=(Dy) L=(D,L;(0,R5(-)))

t
+/ 1D(r) — Dp(0)|3 dt < C(h> + AF). (73)
0

Proof Bounding |ju(t) — uh(t)lle(Dl) as 2 (Ilpu (t)||2 + |6, (t)||2) and using the esti-
mate of Lemma 11 for ||vs(t) — Ush(t)”LZ(Dz)s Theorem 10 yields

1D@) = DhDIy < Ch* [os D131, + CH* U@y, + C 16 Ilew )

36,(1) ||
or

+C@ 10O, 1201, F € H s L2 OR)

Considering this estimate together with those of Lemmas 12 and 13 it readily follows
that
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d
- (1122 ) + 100D 2, 120 1,00 ) PO = PRI =COH2+ArY)

2 2
+C (10682 py, + 16.0 12200, 120, R,0)
Then, Gronwall inequality yields

162172, + 160D T2, 120, R,

t
+ [10@ - ool dr < Clda k) + 2. 9
0
The terms ||6,, (O)”%P(Dl) and ||9U(0)||i2(D2 L20.R, () &€ considered to be zero. From

(57), (58), (59) and (35) it follows that

(@) = un D172, + 10O = vrarO22p, 120 8,0
<2(louOllz2(pyy + 16Dl 12(p,y)

+C (hz ”v(t)”H'(Dz;L'z_(O,RS(.))) + ||Pv(t)||%2(D2,L’2~(O’RS(,))

2
+ ”91) (t) ”LZ(DZst(O’RS(.))) ’

So, by combining this inequality with (74) we obtain (73). O

5 Fully discrete model

We now consider the fully discrete model based on the time stepping backward Euler
scheme. This scheme has been used to discretize in time the equations of the P2D
model either with finite differences [12], finite volumes [11,17], or finite elements.
For convenience, hereafter we shall use the notation a" := a(x,t,), where n is a
nonnegative integer and #, = nAt, At being a uniform time step. The formulation of
the fully discrete model is as follows. Assuming thatattime f,,_j,n = 1,2, ..., N, the
solution (u ~!, V7L, ¢t ¢y € VIV (D)) x Viar (D3) x Wi (D) x VP (Da) is

ro

known, calculate (u}, vy »,, ¢, ¢1),) € Vh(l) (D1) % Viar(D3) x Wi (D) x Vh(l) (D)
as solution of the system

% n dujy, dwy, n O
oru" pwpdx + ki———dx = arJ wpdx Ywy, € Vi, (Dy). (75)
D D X D

Ry(x) _ Rs@) 0 ay w
/ / B,UZArwhArrzdrdx +/ [ kgﬂﬂrzdrdx
Dy JO Dy JO

or or

(76)

R2(x)J"w X, Ry(x D
_ _/ 5 (0 Sy waar( s ))dx Ywpar € Viar(D3).
D,

ar(x)F
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de", dwy, _
n 1h n (€8]
— ——dx = J dx Ywp € V, (D). 77
/D]K(uh T dx x /Dlhwhx wy € V, ' (Dy) (77
det, d _
/ o Lo dvn _/ (JI' + g) wadx Ywy, € V" (Dy). (78)
D» dx dx D>
/ Jidx = 0 with / Jpdx = 1(t,) = —/ Jydx, (79)
D, D, D
where
x wp—uy ' Urar = Vhas
il = b G, = hAr_hAr
i At *Uhar At
Ty = J e vy, ) = aa ()i, sinh (Bny) , iy, = io(uj, vy,),
W= O — 4y — e I — Tp(oly). af = aluf). (80)

5.1 On the existence and uniqueness of the solution of the fully discrete model

To prove that the system (75)-(78) has a unique solution, we first show that assuming
(up, v, V5, € Vh(l)(ﬁl) X Viar(D3) x Vh(o)(ﬁz) and the assumptions A1-A4
hold, the system (77)-(78) has a unique solution (¢}, ¢7,) € Wj (D) x Vh(l)(ﬁz);
then, returning to the system (75)-(76) and applying a well-known consequence of
Brower‘s fixed point theorem, which is presented as Corollary 1.1 in [8], we prove
that there exists (u}}, v} 5,) € Vh(l)(ﬁl) X Viar(D3).

Lemma 15 Assuming that for all n, (uj, vy, vh) € Vh(l)(ﬁl) X Viar(D3) X
Vh(o) (D>), and the assumptions AI-A4 hold, then the system (77)-(78) has a unique
solution (¢, , ¢3,) € Wi(D1) x V(D).

Proof Looking at (77)-(78) and in order to apply Minty-Browder theorem to prove the
existence of a solution, we define the functions

= —a) Inu} — Uy (7) and ‘/]\h” = Jp (e, g, v M),
it is worth noticing that 7} is equal to »; when the potentials ¢}, and ¢}, are zero.

Now, going back to Sect. 4.2 and using J;', we define the operators By, : V, — V*
and Ay, 1 V), — Vh* as follows: foralln =1, 2, .., N,

(Bu(@P), Wy,) =/D I = T Wan — Yin)dx V¥, € Vi,
2

and
(AR (@), Wn) = an (P}, ©y) + (B (P}, ).
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Notice that when ®} = (0, 0), (§h(¢2), W) = 0 because Jj' = fg’ Now, we can
recast (77)-(78) as follows. Find 7 := (¢, ¢7) € Wy (D1) x V" (Da) such that

(An(@)), W) = —/

evandx = [ T = vidx Vo € Vi G1)
D> Dy
We can prove, using the same arguments as in Lemma 8, that the operator By is
monotone, bounded and continuous satisfying an inequality as (46); since the bilinear
form ay, is continuous and semi-definite positive, then it follows that the operator
Ay, is monotone, bounded and continuous satisfying an inequality as (46). In order
to prove that (81) has a solution it remains to show that Aj, is coercive, i.e., VQJZ IS

Wi(D}) x Vh(l)(ﬁz), there exists a positive constant « such that
2
(An(@}), @5) = e | @55,

This can be easily done by considering the following facts: 1) A, is monotone; 2) it
is easy to check, using the same arguments as in Theorem 10 to prove (51), that V&7,

@, € Wy (D)) x VP (Da)

2

)

ap(®! — FL, o — B + <Eh(c1>g) — Bu(@)). @ — 62) > H o — T

then taking 5';1 = (0, 0) it follows the coerciveness of Aj. Hence, the Minty-Browder
theorem [18] guaranties the existence of a solution CDZ of (81). To prove the uniqueness
of this solution we follow the argument put forward in [19] to prove the uniqueness
of the exact solution, and assume that there two solutions @} := (¢7,, ¢5,) and

D) = (Erfh, Egh) of (77)-(78), then setting, z1, = ¢, — B, and 22, = ¢, — Poy,
from (77) it follows that

dzip dwy —n a0y —
n _on o — n __
/Dlx(uh) I dr dx = /D2 (Jh ]h> wpdx Ywy € V7 (Dy)

and from (78)
dzon d 7 D
/ o L2 Ak 4 _/ (J;f - JZ) wndx Yoy € V" (Da).
D;

where Ji! = Jj! (v, uf, vy, ) and Ty, = JjCc, w0, with 7 = @y, — 6, —
ay Inuy — Up(vy,). Setting w, = z1, and v, = zo, and applying the mean value
theorem one readily obtains that

dzin\* / dzon\* / aJy (&) )
my (L) )y )’ =0,
/;)1 K (uly) ( I ) X+ o, e x + b, O (z2n — z1n)
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aJ! . . . . . .
here — E,E) > 0 according to assumption A3. The first term of this expression implies

that for all n,

—-n
2 =@, — b1, = K,

but the constant Ky = 0 because ¢}, and 5’11,, are in W, (D)), so o = q_billh Similarly,

from the second and third terms it follows that zp, = 0, and consequently ¢35, = 53,1
Hence, we have just proved that for all n there is a unique solution (¢7,,, ¢5,). O

Lemma 16 Let (¢, ¢,) € Wi(D1) x V" (D2) be the solution to (77)-( 78). There
exists a unique solution (uz, vZAr) € Vh(l)(ﬁl) X Viar(D3) to the system (75)-(76).

Proof We start proving the existence of u) € th(ﬁl) as solution of (75). To this
end, we write (75) as Fj, (u};) = 0, where Fj, : Vh(l)(ﬁl) — Vh(l)(ﬁl) is a continuous
mapping defined by the relation

dyx dwy
F, dx = —u" Y wpd At/ k=g
/D1 n(Xn)wpdx /01 (Xh u, )wh X+ b, e e

—At/ arJ! Guywpdx = 0 Yy, € VIV (Dy),
D

here, J;' (xn) = J(x, Xn, Vsh, 97}, D5, Up(vsn)), with vgp being picked up from SZ
because we assume that vZ A, belongs to this space; moreover, we also assume that
Xxn isin Sp. According to Brower s fixed point theorem, the equation Fj () = 0 has
a solution xj, € B, = {vh e VD) : lnll 2y < q}, if [, Fi G xadx > 0
for ||Xh||L2(D1) = ¢. On account of the assumptions vy, € SZ and x, € Sp, it
follows that there exists a constant C1 = C; (P, Q, K) such that -[Dl a1 J; (xn) xpdx <
Cillxnll2(p,)- Hence,

2
2 _,n-1
[, o = iz = 672

dx; 2

Atkg || —— — AtC

+Atko H ax | 2o xnllz2(pyy
2

2 n—1

> \lxn ||L2(D1) — |lup HL2(D1) — AtCy (1 + ”Xh”Lz(Dl)) xnllL2pyy -

Then, taking At < Aty < 1/Cq, fDl Fn(xn)xndx is positive for ||Xh||L2(D.) suf-
ficiently large. This shows the existence of the solution uj, € Vh(l)(ﬁl). Next, we

prove the uniqueness. To this end, we consider that there exist X and Y € Vh(l) (D)
satisfying (75), so

dX -Y)d
(X — Y) wpdx + At/ X =Y dwn

D D dx dx
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= m/ ar (J](X) = I} (Y)) wpdx Yy, € V(D).
D

Setting w, = X — Y and invoking the arguments of Lemmas 5 and 6 yields

dX —Y)|?

2
||X_Y||L2(D])+klAt dx

< MG X = Y2, -

L2(Dy)
where the constant C, = C,(P, Q, K). Thus, taking At < Aty < 1/C3 itfollows that

X =Y. It remains to prove the existence and uniqueness of vy, , ., but the arguments
to be used for such a proof are the same as for uz, so we omit them. O

5.2 Error estimates for the fully discrete solution
As in Sect. 4.3, we write fort = ¢,
u" —uy = p + 0y,
Vv — v, =0 = Igut + Iy 40,
(82)

Theorem 17 Let (uj,, vy 5, 97, ¢3) be the solution to (75)-(78). Then, under proper
regularity assumptions there exists a constant C such that for At small

2 2
Ju" =i 2oy + 10" = Viar l 20y, 20,2, 000
In
M LA H dr < C(h* + Ar? + Ar). 83)
=

The constant C is of the form C (") exp(C (k1, k2)tn, C(I') being another constant that
depends on the exact solution (u, v, ¢1, ¢2), see (87) below.

. 12
Proof Since p'", v" — Is‘v" + 16‘,01’)’ and H o/ — cI)il Hv are estimated as in Sect. 4.3,

we shall address our attention to the estimations for 6] and 0. We start with the
calculation for 6. For this purpose, we recast (64) for t = t, as

Rs(x) alxv" 9
/ / (8, 150" w + ky —2 v _w) r2drdx
D> ar ar

_—/ I (R2(x)ay ' (x) F~ I w(x; Ry(x)))dx

Ry (x) 3 o
/ / <8,10 v'w — ) rdrdx. (84)
Dy a
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Setting, as we did in Sect. 4.3, vy ,, = Ijv" — (15‘,01’} + 05‘) in (76) and using ( 32)
and (84 ) yields for r = 1,

Ry(x) /__ 96" 9
/ / (3t93whAr + ky —2 whAr) r2drdx
D, Jo or or

Rs (x) Ry (x) ~
= k/ / Igpﬁwhmr2drdx - / / 8,16‘p1’}whmr2drdx
D> JO D, JO

- /D I(R2(x)ay ") F71H (I (x) — I () ws (x))dx
2

+ / (R2oas ! @) P00 = I (RR ez ) F71 07 (6) ) wis (),

R (x) 8Ix n
/ / (8, > r2drdx
D;

Letting wyar = )], wys = 6, and noting that for @ and b real numbers, 2(a — b)b =

a? — b*—(a — b)?, it follows that

20

1~
AT e

D, L2 (0,Ry + k2
(D3, ) L2(Dy,L2(0,R,(+)))

=A ” Iy py, ”LZ(DZ,L%(O,RS(‘))) ”93 ||L2(D2,L3(0,Rs(~)))

1815 25 20y, 200,00 10 | 205,220,200

C)I J"— Jher CHJ —197men.
+ h ( h) ) L'(D)+ (h h h) L1(Dy)
5
- oIxv"
+ {3 1" — =2 1921 200 1200800 = D RE-
8t L2(D2,L’2(0,R3())) v (D2, r( ,Rs () ; )

(85)

We bound the right hand side of this inequality applying the same arguments as in
(66). Thus, we have that

2 2
Ry = CAM V" [ 20, 20, R0 + € 10 220 200.R,000

= [0 [, ar+ g
27 At tomt I 98 11 L2(Dy, H2(0, R, () L2(Dy. L2O.Rs (1)) *
n n ni2 ni|2 803 2
Ry < C|J" = Iy |2, +ClO |6 ||L2(D2,L3(0,Rs(~))) telar L (DrL20.R ()
2, Ly (U, Rg (-
n n n 89"
Ri=c|m—Jp ”LZ(D2) +e@le; ”LZ(DZ voron T L2(D,12(0, Ry ()
2,

aJn |2

Ch?
+ 0x

L2(Dy)
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In both R% and R} the term C || J— T ||iz(D2) is bounded by Lemma 11 for r = ¢,;
thus, using the notation I' = (u, v, vy, ¢1, ¢2), we can set that

C 1" = T L2y = €O + 8+ €622,

6" ||

oy (86)

L2(D2,L2(0,Rs()))

2
+C(e) |6y ”Lz(Dz,LE(O,RxC))) +e
where the constant C(I") is given as

C(T) = Cmax (1611l o0, ;5201 » 10211 L6 0, Tengs 5202 + 10511 2090, s 11 (D2 -

1etl] oo 0. Tena: 2 (D1 ) » ||”||L°C<0A,Tend;L2<Dz;H,2<0,Rx<->>>>> : &7)

Hence, we can write

aJn |2
RI+ RI < COOY(H + Ar?) + Ch? | S el [ .
X NL2(Dy)
36, () ||?
+C(€) 16, (D)2 +€ -
( )” v( )”LZ(DZ,L%(O,Rs(-))) or L2(D2,L,2.(O,R5(‘)))

To estimate the term R, we notice that by approximation theory

~ aIxXv" ~ av"
I IFv" — 2 < C 9" -
3 N 22(Dy.1200.R, () O |l 22(Dy.12(0.R, ()
and
~ "t —1 [ 9%v
V" — = — t —t,_1)—=dt,
' ar At ,H( 502
SO,
- dIx V" | 92y |2 12
B QT — <C At/ — dt .
9 N 22Dy, 2200.R () w1 I10° I £2(Dy, 1200, Ry ()

Applying Young inequality yields

th 321) 2

e di+C |67

L2(D2,L2(0,Rs()))

RS §CAt/

- (D2,L2(0, R ()
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Collecting these bounds in (85) and letting € = k»/2 yields

a0
ar

2
Hen ”L2(D2 L2(0,Ry())) + Atky = ”93 1”LZ(Dz,LE(O,Rs(-))) +F

L2(Dy,L2(0,Rs(+))

2 2
+C(kp) At (”93 [ L2(D2 L2O0.R () T A L2(D1)) ’ (88)
where

aJn |2

F' = <C(r)(h2 + Ar?) + Ch? o
X

v
n

+CArt /
th—1

4 2
120 + CAr H " ” L2(D2,H}(0,R&(.))))

th
dt + CAr? /
L2(Dy, H2(0,R; (-))) In—1

9%v 2
i

v ||?

— dt.
ot

L%(D2,L2(0,Ry()))

(89)

To calculate an estimate for 6,

setting 0] = e}, — p}; it follows that

~ do)! dwy,
0:0"wyd k —dx =X "wpdx — apwyd
/Dlt"thJr./Dlldxdxx /Puth/DlPuwhx

- un
+[ ap (Jn — JZ’) wpdx +/ (3;11" _ X ) wpdx.
D Dy ot

Letting wy, = 6} yields

we observe that subtracting (75) from (10) and

n d@n 2 nl2 L/rﬂ 9pu :
af 6 17200 + b | I et A e O
I 2
"2 2
+CAt/t 32 . dt + C 1" = B 2 pyy + C 1O 12y -

Then by virtue of (29) and Lemma 11 it follows that

n 2
1
(62172, + Atkr | = o = I (r)\LZ(D)+F5
2 2 ky |86 |?
+C(lﬂ’]2)At(”91111||L2(D2,L,2.(O,RS(~)))+Hel:l||L2(D1))+E 8: L2(Da,L200, R ()

(90)
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where

2
2 9%u

3%

n
FI' = AzC(F)(h2+Ar2)+Ch4/ o

In—1

n
dt + CAf? /
H2(Dy) fe1

(91
L*(Dy)

It remains to estimate || " — o || v+ Returning to the proof of Theorem 14 we have
that fort = ¢,

|om — a2 5C(r)h2+C(e)(||eg 2

2
“V ||L2(D1) + ”917 ||L2(D2,L%(0,RS(-))))
80”
ar

92)

|
L2(D2,L2(0, Ry ()))

Thus, setting € = k»/2 in (92) and adding (88), (90) and (92) we obtain that

2 2
(1 - C(lﬂ’ k_Z)At) (”9:’: “LZ(DI) + ”93 ||L2(D2,L%(0,Rs(-))))

+Ar o — O, < Fy +
2
n—l‘

n—1 ’ 2
S V10505

Vo L2y, L2(0,Rs ()

+ 1|6,

For At small

2 2
192 + 195 V20, 1200, ())) + At o — op]} < € (F + )
(1 +C(]ﬂ,/2)At)<

n—1 2

9}1 1 >
v 5 2 :
L2(D2,L2(0,Rs(-)))

L%(Dy)

=0,it

Hence, by repeated application and taking ”9,9 ”iz(Dl) + ”9,9 HZLZ(DZ,Lg(o,RS(-)))

results that

n
2 2 - 1k
“'917 ||L2(D1) + ”93 ||L2(D2,L§(0,RS(-))) + At Z H o/ — q’;ﬁ H v
Jj=1

—c Z Fl+F/
(1+ C(ky, ko)) Ar)’

n

Noting that (1 4+ C(ky, ko) Ar) < e€*1kDAL then we can write

n

Fl + F] Clky ko)t ~ J
Z — < Cl ZFg + FJ (by (89) and (91))
o (1+ Clki. k) Ar)’

=1
< C(M)eC kit (h2 + A2+ Atz) .

This completes the proof O
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