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ERROR ESTIMATES FOR DEEP LEARNING METHODS IN
FLUID DYNAMICS

ANIMIKH BISWAS, JING TIAN, AND SULEYMAN ULUSOY

ABSTRACT. In this study, we provide error estimates and stability analysis of
deep learning techniques for certain partial differential equations including the
incompressible Navier-Stokes equations. In particular, we obtain explicit error
estimates (in suitable norms) for the solution computed by optimizing a loss
function in a Deep Neural Network (DNN) approximation of the solution, with
a fixed complexity.

1. INTRODUCTION

Machine Learning, which has been at the forefront of the data science and artifi-
cial intelligence revolution in the last twenty years, has a wide range of applications
in natural language processing, computer vision, speech and image recognition,
among others [9, [TT,[17]. Recently, its use has proliferated in computational sciences
and physical modeling such as the modeling of turbulence [7| 26, 27, [16 28 [29].
Moreover, machine learning methods (which are mesh-free) have gained wide ap-
plicability in obtaining numerical solutions of various types of partial differential
equations (PDEs); see [2 Bl [10, 20, 211 22, 23| 20] and the references therein. The
need for these studies stems from the fact that when using traditional numerical
methods in a high-dimensional PDE, the methods sometimes become infeasible.
High-dimensional PDEs appear in a number of models for instance in the financial
industry, in a variety of contexts such as in derivative pricing models, credit valu-
ation adjustment models, or portfolio optimization models. Such high-dimensional
fully nonlinear PDEs are exceedingly difficult to solve as the computational effort
for standard approximation methods grows exponentially with the dimension. For
example, in finite difference methods, as the dimension of the PDEs increases, the
number of grids increases considerably and there is a need for reduced time step-
size. This increases the computational cost and memory demands. Under these
circumstances, implementing the deep learning algorithms can be helpful. In par-
ticular, the neural networks approach in partial differential equations (PDEs) offer
implicit regularization and can overcome the curse of high dimensions [2] [3].

Many infinite dimensional dynamical systems of practical interest arise in the
context of geophysical flows related to the atmosphere and ocean. The Navier-
Stokes and Euler equations, either alone or coupled with governing equations of
other physical quantities such as the temperature and/or the magnetic field, are
the fundamental equations governing the motion of fluids. They appear in the
study of diverse physical phenomena such as aerodynamics, geophysics, atmospheric
physics, meteorology and plasma physics. Especially, the Navier-Stokes equations
can be used to model the Incompressible fluid flow and have been employed in
describing many phenomena in science and engineering applications. For example,
they are used in modeling the water flow in a pipe, air flow around a wing, ocean
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currents and weather. They are employed in the design of cars, aircrafts, and power
stations, in the study of blood flow and many other applications. In this study, we
mainly focus on using the neural networks techniques to solve two dimensional
Navier-Stokes equations. However, we consider the elliptic case first to illustrate
the fundamental issues involved.

In literature, most studies [10} 20, 2T}, [22] focus on the numerical efficacy study
of designing the neural network algorithms. Concrete and complete mathematical
analysis are meager for such methods applied to PDEs, in particular, for the Navier-
Stokes equations, although some results on convergence (as the complexity of the
neural network tends to infinity) in the weak topology for some semilinear PDEs
can be found in [23]. The goal of this paper is to provide a mathematically rigorous
error analysis of deep learning methods employed in [10, 20} 2], 22] for the general
elliptic and two-dimensional Navier-Stokes equations. Our goal in this paper is not
to analyze all the details of different possibilities of neural network architecture.
Instead, we would like to provide a mathematically rigorous analysis of the method,
with error estimates, and stability analysis, similar in spirit to the probabilistic
error analysis for machine learning algorithms for the Black-Scholes equations in
[B]. We consider two different settings: the elliptic PDEs, mainly to fix ideas and
illustrate our approach, and the Navier-Stokes equations, which is the main focus
of this work. Although our results are proven in the context of the two-dimensional
Navier-Stokes equations, we note that our analysis applies equally well to the three
dimensional case, up to the interval of existence of a strong solution, which in the
two dimensional case, exists globally in time.

The computational algorithm employed in machine learning of PDEs (for in-
stance in [10} 20, 211, 22]) involves representing the approximate solution by a Deep
Neural Network (DNN), in lieu of a spectral or finite element approximation, and
then minimizing, over all such representations, an appropriate loss function, mea-
suring the deviation of this representation from the PDE and the initial and bound-
ary conditions. One important thing to note in this approach is the following. It is
well-known that optimization of loss functions in a deep neural network is a non-
convex optimization problem. Therefore, neither the existence nor the uniqueness
of a global optimum is guaranteed. Nevertheless, we side step this issue by obtain-
ing an explicit error estimate in terms of the attained value of the loss function
(which takes the value zero for the true solution). The estimate we obtain in turn
guarantees that the approximate solution thus constructed converges, in the strong
topology, to the true solution as the complexity of the networks tends to infinity.

The rest of the paper is organized as follows. Section[2provides the preliminaries
for both Neural Network settings and approximation properties which will be used
in this study. Section [3is devoted to the statement of our main results. In section
M4 we present the mathematical analysis of the neural network algorithm in the
elliptic system. This also serves as a systematic introduction of our analysis. In
section Bl we present our main results in two dimensional Navier-Stokes equations.
By using Hodge decomposition, we have shown that the approximate solution using
the neural network algorithm is close to the actual solution of the two dimensional
Navier-Stokes equations under certain conditions. Moreover, we have proved that
our scheme is approximately stable. The existence of the approximate solution is
shown by applying approximation properties of neural networks.

2. PRELIMINARIES

2.1. Neural Networks. In a DNN, we consider a mapping f : = — y, where z is
the input variable and y is the output variable. The mapping function f is obtained
by (function) composition of layer functions, comprising of an input layer, an output



ERROR ESTIMATES FOR DEEP LEARNING 3

layer and multiple hidden layers, connected in neural network. The details are as
follows.

In a DNN, each layer is a function of the form o(wx +b), * € RLw =
(w1, ,wq), b € R. Here, o is called the activation function and is usually taken
to be either a sigmoid (o(x) = ef—il) , tanh or R 1n, where R1In(¢) := max(0,¢). In
applications to PDE, where we require adequate regularity of solutions, a popular
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Sajfiofaofsonofi(@), (2.1)

where f; is a function of the form o(wx + b) described above. In 1)), maxi; is
called the depth of the network. Henceforth, we will denote by Fn the class of
functions in (210), where N represents the network complexity (e.g. N could be the
sum of the ranks of the weight matrices w and the number of layers in the DNN).

For the sake of completeness, we give a schematic representation of a neural net-
work. Here, we adapt the standard dense neural networks which can be expressed
as a series of compositions:

choice is the tanh function where tanh(§)

ya2(z) = o(Whia + by),
y3(y2) = o(Waya + ba),

(2.2)

ynl (ynlfl) = U(Wnlflynlfl + bnlfl);
ynHrl(ym) = U(menz + bm)v
fo = Yni+1(yn, (- - (92(2)))),

where 6 ensembles all the weights and parameters.
0 ={Wi,Wa,--- ,Wy,,b1,--- ,bpn,}. (2.3)

In practice, different neural network architectures are possible such as those in-
volving recurrent cells [14], convolutional layers [I7], sparse convolutional neural
networks [15], pooling layers, residual connections [11].

In this study, we assume that our neural networks are equipped with uniformly
bounded weights and the final bias term b,,. We do not need any boundedness
assumption on the other bias terms b;.

2.2. Function Approximation. Approximation properties of different DNNs has
been studied extensively since the work of Cybenko [4] and Hornik [I3]; see [19] [30]
and the references therein for more recent work. An important question in the
approximation process is how many neural network layers are needed to guarantee
the approxmation accuracy? In [I], the author showed that by using the sigmoidal
activation funciton, at most O(¢~2) neurons are needed to achieve the order of
approximation . In [4], Cybenko proved that continuous functions can be ap-
proximated with arbitrary precision by the DNNs with one internal layer and an
arbitrary continuous sigmoidal function providing that no constraints are placed on
the number of nodes or the size of the weights. Also, in [12], Hornik et. al. provided
the conditions ensuring that DNNs with a single hidden layer and an appropriately
smooth hidden layer activation function are capable of arbitrarily accurate approx-
imation to an arbitrary function and its derivatives. A relevant theorem from [30],
relating the accuracy of the approximation of a DNN with the complexity of the
DNN and the regularity of the function being approximated, is given below.
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Theorem 2.1. Suppose that o € C°(R), ¢ (0) #0 for v =0,1, ..., and K C R?
is any compact set. If f € C¥(K), then a function ¢, represented by a DNN with
complezity n € N exists such that

1 1
ar P _ B
1D® f — D%bull i) O<n(ka|)/dw <D f, nl/d>)
holds for all multi-indezxes «, B with |a| <k, |B| = k, where

w(g,0) = sup lg(z) — g(y)|.
z,yeK,|lz—y|<d

3. MAIN RESULTS

Let Fx be a DNN with complexity IV, which is a finite dimensional function
space on a bounded domain. Below is a list of our main results.

3.1. Elliptic case. Consider a bounded domain € of R? and the following partial
differential equation
Lu = f,
{ 1)

U|6Q =9,

where £ : H2(2) — L?(Q) is a second order uniformly bounded elliptic operator.
In this study, for simplicity, we consider only the case g = 0, although the general
case is similar.

Recall that (B)) is well-posed and a unique solution exists satisfying

M := |lullg2() < cllfllL2@)-
Consequently, the minimization problem

1(Cu)(x) = f(@)lI72(0) + HU|6Q||%2(6Q)} (3.2)

has a unique solution, with the value of the infimum being 0, and the infimum is
attained at the solution u of ([B]). More generally, the same conclusion holds if we
consider a loss function of the type

L=a®|Lu— f||2L2(Q) + 52HU|BQH%2(BQ)-
Thus, in order to approximate u using a DNN, one considers the loss function

L= 042||LUN - fH%Z(sz) + 52””1\/'69”%2(6(2)’ uy € Iy, (3.3)

in {
uw€ appropriate Sobolev class

under the restriction that ||un||g2q) < M (i-e. [[unlf2(q) is bounded) for suitable

M (e.g. M = 2M), with a,8 > 0. Since the chosen activation function o =
tanh is smooth, in practice, this is achieved by restricting the (finite dimensional)
parameter set in the neural network to a compact subset.

In the neural network framework, the optimization is usually conducted in a
discrete setting as follows [2I]. More precisely, let Fy be a finite dimensional
function space on a bounded domain (2. Choose a collocation points {z;}7L,; C Q
and {y;}7_; C 9Q. Find

uEFN,||lun ”HZ(Q)SM

m n
. 2 2
inf Do |(Lu)(ay) = flap)+ DB ulyy) —g(y)* - (3:4)
j=1 j=1
Note that ([3.4) may be regarded as a Monte Carlo approximation of the corre-
sponding Lebesgue integrals. Consequently, for mathematical convenience, let us
consider the following optimization problem, namely, find

it {(6w)@) ~ @I + lulon — glEaon - (35)

ue?NvHUN”HZ(Q)SAJ
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The infimum can be attained provided that we restrict the parameters in Fy in a
compact set. However in this case, the infimum may not be unique.

Remark 3.1. We can also use an unrestricted optimization in (3.4) or (3.3]). How-
ever, in this case, the condition on [lun| g2q) < M can be replaced by suitably
adding a penalty /regularization term in the loss function. This converts the re-
stricted minimization problem to an unrestricted one and is illustrated in the
Navier-Stokes case. This drawback is due to the fact in contrast to spectral or
finite element methods, the boundary conditions are not encoded in a DNN, but
rather are enforced “approximately”.

In all the boundary integrals above, the quantity u|sq is interpreted as trace in
case u € H'(Q). However, since uy is smooth, its trace coincides with its restriction
on the boundary. Recall that the trace operator is defined as a bounded operator
v € L(H (), L3(T)) such that yu is the restriction of u to T' for every function
u € H'(2) which is twice continuously differentiable in Q.

First, we show that when the approximate solution and actual solution are close
to each other, we can control the loss function.

Theorem 3.1. Let u be the solution of BIl) and o, B,e > 0. Then there exists
un € Fn with ||[u — un||g2Q) < € such that

o[ Lun — f||2L2(Q) + 52||UN|6Q||2L2(69) <ce? and lunll @) < M,

where M can be taken to be 2M = 2wl 20 -

On the other hand, we can show that by controlling the loss function, we can
have a good approximation to the solution u of (B by using a DNN. The requisite
error estimate is given in the theorem below.

Theorem 3.2. Let u be a solution of B.1)) and o, 3,€ > 0. Assume that uy € Fn
is such that

042||L’UJN - fH%Z(Q) + ﬂ2||uN|3QH%2(6Q) < 62, (3.6)
with [[un | m2(0) < M. Then
lu = unll @) < O((M + M)/2'/?),

and

ot — unllzzgay < O((M + BD3/%),

Observe that in the Theorem above, as expected, the error estimate in the L2-
norm is stronger than the error estimate in the H'-norm. We show in the theorem
below how the error estimate in the L2-norm can be improved further by altering
the loss function.

Theorem 3.3. Let u be a solution of BI) and let uy € Fyn be such that
a?|[Lun — flZz20) + BllunlonllFieon) < €% (3.7)
with [|un||g2Q) < M. Then

flu — UNHLZ(Q) < O(e).
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3.2. Incompressible Navier-Stokes Equations. The incompressible Navier-Stokes
equations (NSE) are given by
Ou —Au+u-Vu+ Vp = f,
V-u=0,
ulan = 0,
u(z,0) = up(z),z € Q.

(3.8)

In (B8), u denotes the velocity of the fluid and p the pressure. Similar to the elliptic
case, we show that when applying the ¥ on the Navier-Stokes equations, with a
small loss function, the approximate solution and actual solution are close to each
other.

Theorem 3.4. Assume that u is a strong solution of the 2D NSE (F8) and un €
Fn such that

HaNl(?QHi‘l([O,T];Hl/Z(aﬂ)) + [l (2, 0) — UO(SU)H%Z(Q) (3.9)
+ |0sin — Aty + an - Vin + VN — fll72x0.1))

+ IV - anll Lo 220)) + Aan | Laqo a1 ) < €

Then
lu = anllpago,mz20) < O (51/2 + W) : (3.10)
The reverse direction of Theorem [3.4] has also been proved.
Theorem 3.5. Given any ¢ > 0, we can find uy € Fyn, such that
HaNl(?Q||i4([O,T];H1/2(BQ)) + lan (2, 0) — uo(2)[172(q) (3.11)
+ | Ovin — Aty + dn - Van + Vi = 2 @xpo,m)
+ IV - an | Lago,mp2c0)) + Aan | Lago, i @) < O (€2) -
Furthermore, we prove that our scheme is approximately stable.
Theorem 3.6. Assume un, € Fn, is the approzimate solution of
0
pri Aug +uy - Vug + Vp1 = fi,
V-ur =0, (3.12)
uiloq = 0,
u1(z,0) = ug1(x).
Assume tn, € Fn, is the approzimate solution of
0
pric i Aug + us - Vug + Vps = fo,
Vo =0, (3.13)

uzlaq = 0,
uz(x,0) = ug 2(z).
Here, iy, and Gy, satisfy (3.9) with corresponding f1 and fo. Then, we have
[N, = an, l|Laqo,1i2(0) <

€
@) (61/2 ta T luo,1 — wo,2llz2() + [1f1 — f2||L4([O,T];L2(Q))) :
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4. ELLIPTIC EQUATIONS: PROOFS OF MAIN THEOREMS
Proof of Theorem 3.1t

Proof. We remark first that given any € > 0, by Theorem 2], there exists a DNN
Fn of complexity N and uy € Fy such that ||u — un||g2o) < e

[Lun — f||%2(9) = [|[Lun — LUHQLQ(Q)
< Cllun — ullpz(q)
< Cze?,
where C is the operator norm bound of £. Therefore
|| Luy — f||2L2(Q) < Cpa’e?. (4.1)
We also have
||UN|89||%2(69) = [lun|on — U|6Sz||2L2(aQ)
< COrpllun — UH%IQ(Q)
< CT’I‘€27

where C7,. is the constant from the trace operator. Therefore
Bllunloellizoa) < Crrbe®. (42)
Combining (£1)) and ([@.2)), we have
o®| Luy — f||%2(sz) + ﬁ2||uN|BQ||%2(6Q) < ce?.
Finally,
lunllrz@) < llun = ullr2) + [lull 20
<e+ M= M.
O

Let us consider the converse of Theorem [l Same as in the previous settings,
u is the unique solution of (B and Fy is a DNN. We have the following results.

~ ~ (1 1
Lemma 4.1. If||uN||H2(Q) < M, ||V(U—UN)||%2(Q) < CE(M+M) (a + B) 5 and

2
£

Il (u — UN)|6Q||2L2(6Q) < 7 then

= un 32y < O(M + WD)e). (13)
Proof. Since

v —unllr2) < [lullzz@) + llun| L2
<ullzz) + lun a2
and
lull L2 < llullg2@) < M; [lunllaz@) < M,

we have

[u — unllp2() < M + M and |[u — un|| g2y < M + M. (4.4)
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Consider

2/3 1/3
I = unlonllam2gony < 10— un)loalZ4tpn s — un)loaliagon  (45)

g/3 1/3
< el = uw)lif3(a)

~1y3€l?

Consider the lifting operator lg : HY?(0Q) — H'(), which is linear and
bounded such that Trlg = I. Here, T'r is the trace operator and I is the iden-
tity operator.

g2
llo(u —un)|lr (@) < Clll(u —un)loallgi/2@0) < (M + M)1/3W’

where Cj, is the constant from the lifting operator. Moreover

[(u—un) —la(u—un)lr2@) < cV((u—un) —lo(u—un))llr2()

< c[|[V(u —un)|lL2) + cl|V(a(u —un))llL2(0)
N 1 1 1/2
<est0r 5P (14 5) +elliau = el

1 1/2 ~1/3 52/3

1

< c€1/2(M+M)1/2<
«

Therefore

lu—unllr2) < [[(u—un) —lo(u —un) +lo(u — un)l r2(0)

< |(u —un) = la(u —un)llzz2@) + [lla(u — un)l L2

1/2 12 (1 1\ ~13<52/3
< ce'2(M + M)Y (EJFE) +c(M + M)Y 75
= O((M + M)'/?:1/?).
O
Proof of Theorem
Proof. First, we have
2
€
[(u = un)loall72a0) = lunloallizpa) < 7 (4.6)
Moreover
IV(u—un)|20) (4.7)

/(V(u —uy))?dx
Q

= / V(u—un)|oa - (u—un)|oade — / (u—upn) - (A(u—upn))dz
o0

Q
< |[IV(u —un)loallrzaa) - (v —un)loallL20) + llu —unllr2) - |AM — un)| L2

Since

€
1A = un)lizz@) < cllfun = fllza@) < ez,

v —unllr2) < llullzz@) + llunlzz2@)

<Mullrz) + lun a2
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and
lullz2) < lullgz) < M; [lun 2@ < M,

we have

v —un|lp2@) <M+ M.
Moreover

19

[(u —un)loallza0) < 5

and

IV(u = un)loall2a0) < cllu—unllr2()
< c([|ull 20 + llunlla2)) < (M + M).

Therefore, we have

IV (u— UN)||2L2(Q) <ce(M+ M) <é + %) . (4.8)

Therefore, we can apply Lemma 1] and obtain (£3). Combining [@8)) and [@3),

we have
= un sy = llu = oy + 19 — un)lza@ = O((M + FI)/261/2)
We can improve the rate of ||u — un||z2(q) by using a different approach:
Denote Luy = fe and un|sq = Tr(uy) = g.. From (BI;I)/,gwe have || f — fllz2(0) <
5 ~ 1/3€E ~
. from (@3], we have ||ge|| g1/2(90) < (M + M)l/gm- Let any = un — lage.
Then

Lun = fe — Llage, (4.9)
anloa = 0. '

Note that since £ is a second order elliptic operator and log. € H'(Q2), we have
Llag. € H~Y(Q). From Lax-Milgram [6], we have

lu—inllar) < Co-al[(f = fo) + Llage|lu-1()- (4.10)
Therefore, we have

||U*UN||H1(Q)

= |lu = (un —lage) — lagellm (o)

N (4.11)
< lu—anll g1 ) + llag:llar )
< Cp|[(f = fo) + Llage) |l u-1(0) + llallllgella1/2a0) -
Since
1f = fella-1@) < cllf = fellz2
and
1Llagell 1) < Celllagellm @) < Celllallllgell mr/250)-
Thus
v —unllr2) < [lu—unllm (@ (4.12)
<c|lf = fellz2) + cllgell a2 (00)-
Therefore, we have
c c(M + M)Y/3 —~
I — w2 < —e + (627/3) 23 = O((M + M)Y3e2/3). (4.13)
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We will show below that by considering the loss function to be
o?[|Lun = fll720) + Bllunloallf /o)

we have an improved result on ||u — uy||z2(q) Which is stated in Theorem 3.3l

Proof of Theorem [3.3k

Proof. Same as before, Luy = f. and uny|go = Tr(un) = g.. From B1), we have

g e -
If = fellzz) < —, and ||gell gr/2(00) < - Let iy = un — loge.
o (0%2) 3

Lay = fo — Llage, (4.14)
anlan = 0. '

Similar to the proof of Theorem [B.2] we have
lu —unlmi) < Co||[(f = fo) + Llage)llm-1) + llallllgell g1/250)

and
lu—unllr2) < llu—unlm (@
<cllf = fellLa) + cllgell 2 (a0)-
Therefore, we have

& (&
lu—unlzz@) < P + 2e = 0(e).

B

5. NAVIER-STOKES EQUATIONS: PROOF OF MAIN THEOREMS

5.1. Functional analytic framework. Let Q be a bounded domain in R? and

H:={ueL*Q), V-ueL*Q), V-u=0},

Vi={ueH)Q), V-u=0}.

V' is the dual space of V.
Let P be the Leray Projection which is an orthogonal projection from L? onto the
subset of L? consisting of those functions whose weak derivatives are divergence-free
in the L? sense. A is the Stokes operator, defined as A = —PA. B is the bilinear
form defined by B(u,u) = P[(u- V)u].

Applying the projection IP on ([B.8]), the functional form of the NSE can be written
as

d
d—;‘ + Au+ B(u,u) = Pf, (5.1)
u|aQ =0.

We recall the definition of strong solutions from [24]:
Let W = {ue H} (Q)and V-u=0in Q} and ug € W, u is a strong solution of
NSE if it solves the variational formulation of (3.8) as in [5] 24], and

u € L*(0,T; D(A)) N L*>®(0,T; W),

for T > 0.
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5.2. Hodge decomposition. The idea of Hodge decomposition is to decompose
a vector u € L*(Q) uniquely into a divergence-free part u; and an irrotational part
ug, which is orthogonal in L?(£2) to u;:

u=1uy +uz, V-us =0and (uy,us) =0.
When we apply the Leray Projection P on u, we have
Pu = u;.
More precisely, we have the following proposition, the proof of which can be found
in [5].

Proposition 5.1. Let Q be open, bounded, connected with boundary of class C?.
Then LQ(Q) = H ® H1 ® Hy, where H, H1, Hs are mutually orthogonal spaces and
moreover

Hy = {u € L*(Q)ju= Vp,p € H'(Q), Ap = 0},
and
Hy = {u e L*(Q)|u=Vp,p € Hy(Q)}.
The decomposition above is obtained as follows. Let v € L?(Q). Then,
v=u+u; +ug, u€ H, and ug = Vpa, Apy =V -v e H HQ), pa € HH(Q).
Subsequently, u; is obtained by solving the Neumann problem

Op1

uy = Vp1, Ap; =0, g v(v — u2),

where ng is the unit normal vector on the boundary of 2 and v denotes the normal
trace on the boundary (see [5l [25] for more details).

5.3. Proofs. Consider an approximate solution iy € Fy, i.e. ay satisfies [39)
and denote aNlBQ =g, V-uy = h. Let f = Ouny — Auy +an - Viy + Vpn — f
Then

Oy — Ay + Uy - Viy + Viy = f + f,

V-iy = h, (5.2)
iN|oa = §-
Applying the Hodge decomposition on @ y:
ay =Pay + I —P)ay =: uny + v, (5.3)

where uy =Py, V-uy =0, unlgo =0, and vy = (I — P)ay.
Before we prove our main theorems, we first introduce two Lemmas.

Lemma 5.2. Consider uy satisfying

du
—dziv + Auy + B(un,un) =Pf + ¢, (5.4)
UN|aQ =0.

where

T 2
9 €

%) ,dth(E—i——), 5.5

/0 Ielly VA (5:5)

and let u be a strong solution of (Z1)), with ||un(x,0) —uo(x)||3. < 2.
Then

&2
sup ||u(z, t) — un(z, t)]? SO(E—l——).
oup () —ux 0 g =
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Proof. Considering w(t) = u(t) — un(t), from (&) and (E4), we have

d
d_1:+Aw+B(uau)_B(uNauN):_90a

(5.6)
wlaq = 0.
Since
B(u,u) = B(uy,un) = B(u, w) + B(w, un) = B(u,w) + B(w,u) — B(w, w),
we have
dw
dt
Taking inner product of (B.7) with w, we obtain

+ Aw + B(u,w) + B(w,u) — Bw,w) = —¢. (5.7)

1d
S lwls + 42w + (Bw, u), w) = —(p,w)

Therefore
1d 2 1/2,112
3 g wllze + 14wz, < [(B(w,u), w)l +[(p, w)l.
Since
AL/2412 2 A/ 2|2
(Blw, ) w)] < el AY2ull 2wl 2 4Y20) 2 < JA a0l BA e,
and
2 AL/ 212,
(o)l < Il a2l e < 120y ATl
we have
L e ARl _ el
2dt" " 2 = 2
Equivalently
d
a”wllé — | A2l 3 |wl|Fs < llell$

Applying Gronwall’s inequality, we have

t
||w(t)||%2 < efot cHAl/2uHi2ds||w(0)H%2 +€f(j C||,41/zu||2L2ds/ e—f(f c||A1/2u||i2dT||(p||‘2//dsl
0

Since .
/ | AV u|ads < cF(G),
0
where, G is the Grashof number (defined as G = ||f|| [§]) and F(G) is a function

of G, we have
elo | AV2ull} ods eCF (Gt

Moreover
oI5 el AV Pul} 2 dr <1,
and
[w(0)|Z2 = llun(z,0) — uo(2)]|22 < €*.
We have

t
lwo(®)]1Z2 < T lw(0)]Z2 + eCF(G)t/ eIy ds
0

<0 (E + i) ecF(G)t-
- VA
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Therefore

52
sup [w(t)3 <0 (= + ).

[0,7]
O
Lemma 5.3. Assume
lanloall 4o 111200y + IV - @nllLao,mpz20)) < €% (5.8)
and with the Hodge decomposition ([2.3), we have
low |l La o,y 0)) < eVe. (5.9)

Proof. Consider the Hodge decomposition
UN = UN +UN = Uny D v P vo
with
UN = V1 D vy,
where v1 = Vp; and vo = Vpo, p1 and py are the solutions of the following two
systems, respectively.

Apl :O,
opr (i — v9) (5.10)
on =y(un 2),
and
Aps =V -1y, ‘11
{Tr(pg)zo. (5-11)

Here, ~ is the trace operator and Tr(p2) means the value of ps on the boundary.
According to Lions & Magenes [I8], the above two systems have unique solutions
(up to an additive constant). First, we solve for ps from (BIT]). Accordingly, vy can
be obtained. Then, we use vy to solve for p; from ([EI0) and find v; afterwards.

From (B.I71) and (&.8), we have
lv2ll L2 (0.1, () < [IP2llLa(o, 1752 (22))
< |V -anlLaqo,m;z2 @)
< e/,
From (&I0) and (E3),
lvillzago, s @)) < Pl zao, 1102 () (5.12)
< clly(an = v2)llLago, 172 ()
< cllanloall Lao,ry;m1/200)) + vl Lo,y m172(0)
< ' 4 || Tr(vy) - nellLao,m;m1/2 ()
< e + cl|va|| o,y (@)
< cy/e.
Therefore,

lon o, rm10)) = N0l Laqo, s @)y + lvall Laqo, s () < evVe.

Note that (5.9) also implies

r 1/4 . 1/4
(/ ||VUN||i2(Q)dt> <ev, (/ ||UN||i2(Q)dt> <cve
0 0

Proof of Theorem [3.4]
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Proof. Applying the Leray projection operator P to (5.2)), one obtains, under the
assumption that Pf = f,
OPuy — PAlUy + Piy - Viy = f + Pf.
Recall that P is the orthogonal projection. By Hodge decomposition
an =Puy + (I —P)uy =: uy + vn.
Then
dun + Auy + Puy - Vuy + P(ay - Viy —uy - Vuy) = f +Pf + PAuy.
Here, A is the Stokes’ operator.
P(iyn - Vay —uny - Vuy) =P ((ay — un) - Vay +uny - V(in — un))
=P(vy - Vay +un - Voy) (5.13)
=:1).

T
Next, we will estimate / |13 dt.
0
Note that ||¢]v: = sup (¢, w), where
weV, wllv<1
(¢, w) :/P(UN'VﬂN+uN'VUN)~deS. (5.14)
Q

We estimate (.14) term by term. Since w is divergence free, we have

/ Pluy - Viy) -wdz = /(vN Vi) - wdz
0 0
<|IVan|| 2@ llon | L2 llwll ) -

By Sobolev inequality, ||w||z4(q) < ¢/|w|ly < ¢ and thus
[Py - Van)[lv: < el Van|lz2 @ llv | L@ (5.15)
_ 1/2 1/2 :
< || Vi 2o ol ooy V0N [ gy

where in the last line, we used the Ladyzhenskaya’s inequality [5].
Therefore

T T
1B V)l ar< e [V lov iz I Vox e

T 1/2 T 1/4 T
s(/ ||vaN||4Lz<mdt> (/ ||vN||4Lz<mdt> (/ ||wN||‘zz<mdt>

1/4

Since
Manl| 7oy @) < €%
we have
T ~ A 52
| IVl < 5
Therefore

- 1/2
e
Vi T2 dt < —. 5.16
(/ Vi) ) <= (5.16)

Applying Lemma 53] we have
1/4

T 1/4 T
(/0 HV’UNHZEZ(Q)dt) < C\/ga (/0 ||'UN||%2(Q)dt> < C\/g.
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Therefore
T ce?
IP(vy - Vi) |3 dt < —. (5.17)
/0 MY/
Next, we estimate the second term of (B.14): / P(uy - Von) - wdz.
Q
Similarly, we have
[P(un - Von)llv: < [[Vunllee@)llunlizag) < IVon 2@ llun @ @)
Therefore
T T
Iy - Vomlide < [ 190 oyl e
- 1/2 - 1/2
Since
- 1/2
</O |wN||i2(Q)dt> < ce,
and
- 1/2 - 1/2
. €
</0 |UN|§{1(Q)dt> < (/O ||UN||§11(Q)dt> < 7
Therefore
T ce?
IP(un - Vo) || dt < —. (5.18)
/0 MY/
Combining (5I7) and (5I8]), we have
T , 22
[0||2., dt < O (—) . (5.19)
/0 v VA
Moreover, since
[P(Avn)llv: < IVon 2@ lwll ar @), (5.20)
we have
T T
/O [P(Avn)[F dt < /O Vo7 lwllFn ) dt (5.21)
- 1/2 T 1/2
< (/o ”VUN”%?(Q)dt> </0 |w||4}11(9)dt>

< ce.

Denoting ¢ := Pf + P(Avy) — 9, we have

d
% + Auy + B(un,un) = Pf + .

Since

T T
| Ip @) de < ce. [ p7Rae<
0 0 0

we obtain
/T ) 52
lells dt <O <€+—) .
0 v VA

T

T 2
P~22dt<52,/ 2,dt<0(5—),
[Pfll72dt < | [1I5 dt < 7
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Since |Jun(z,0) — uo(x)||22 < |lan(z,0) —uo(x)||2: < . Applying Lemma (2]
we have

&2
sup ||u(t) — un (¢ 22§O<5+—).
sup ()~ ux O =

Moreover, since

. 1/4
</ ||UN||i2(Q)dt> < e,
0
Therefore

T T T
A|w7amﬁmwﬁsﬁ wfumﬁmwﬁ+ﬁ w420t

<O<€2+§>+O(€2)O<€2+§)
- A A

So
1/4

</OT i — me;(Q)dt) <0 (51/2 + ﬁ) :
O
Lemma 5.4. Given € > 0, assume that (u,p) satisfies (38), then, there exists
(in,pN) € Fn satisfying
sup ||u —an||r2@) <€, |lu—anllmr2@xo,m) <&, (5.22)

t€[0,T]

r 1/4
(/0 flu— aN”%/Vlv‘l(Q)dt) <& llp—pnlle2ora (@) <€

Proof. From Theorem 2] as long as the solution (u, p) of the NSEs belongs to the
spaces in ([.22)), we can find (an,pn) € Fy as smooth as we want and close to
(u,p), which means (5:22) holds. From the classical results of the 2-D NSEs, we
know that we can find the solution (u,p) that belongs to the spaces in (5.22)). O

Proof of Theorem

Proof. From Lemma [54] given € > 0, assume that u is a strong solution of (B.])
and there is an N such that 4y € Fn satisfying sup ||u — dn|/z2) < &, |lu—
t€[0,T]
- 1/4
N |l g2 @xo,m) < &5 / flu— ﬁN”%VL‘l(Q)dt <& [lp=pnllr2o, ;a1 () < €
0
Now, we estimate the left hand side of (BI1]) term by term:

Since sup |ju — iy r2(0) < €, we have
t€[0,7]

[u(z,0) = @n(x,0)]|72(q) <™ (5.23)
Since V - u = 0, we have
IV - anll 2aqo,ryracey = IV - @n = V- ull 7o, 7p50200)) (5.24)

- 4
<cllan = ullzaqo, 17,12 )
< cet.
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Consider
)‘HQNHi‘l([O,T];Hl(Q)) < cAllan — U||i4([o,T];H1(Q)) + C)\||U||i4([o,T];H1(Q))
< et + eAF(G).
Picking A small enough, we have
Ml | zaqo,ry; a1 () < €™ (5.25)

Consider
|Oriny — Aty + @y - Van + Viy — f||2L2(QX[0,T]) (5.26)
= |0y — Aty +an - Vi + Viy — (O — Au+u - Vu+ Vp) 1220y 0.7
= |(@ean — dyu) + (Au — Auy) + (@n - Vay —u-Vu) + (Vin = VD)) [720xj017)
< clldyin — OpullF2(axo,ry + cllAu — Aun|F2qxom)

+cllan - Van —u- VullZaqupo.r + VBN = VDl Z20x0,7)-

We have
10eiin — Bl 2001 < €%
18w — Aty (720 o,y < €%
and
IVoN = VplL2xom) < €™
Moreover
lan - Viy — - VullZ29x0.m) o

= |y -Viy —u-Viy +u-Viy —u- VUH%Z(QX[O,T])

= |[(an —u) - Vin +u- (Vin — V) ||729xj0.17)

<Nlan = ullFaaxom IVan 1 7a@xiory + lullZaqxpm I Vin — VullZioxo -
We have

Vi Lsxio,r) < IVan=VullLa@xjom+IVullLe@xpo.m) < ce+el(G) < cF(G).
Moreover,

lin — ullLaoxpom) < e, llullaxio,r) < ¢F(G), [|[Vin — VullLa@xio,r)) < ce.
So
lin - Viy —u- Vull72gxom) < cg
Therefore

[0t — Aty + @ - Vi + VN — flIZ2xpo.rp <O (€%) - (5.28)
Moreover
”ﬂ’N|6Q||i4([0,T];H1/2(89)) = ||€LN|BQ - u|6ﬂ||%4([0,T];H1/2(89)) (529)

~ 4
<cllan — ull Lo, 17,12 )
< cel.

In summary, combining (5.23)-([529), we have
||€LN|39||i4([0,T];H1/2(BQ)) + [an(z,0) — UO(ZE)H%%Q)
+ ||(9t’l~/JN — Aty +ay - Viuy + Vpy — fH%Z(Qx[O,T])

IV - anlpago,rpzz) + AMan Lo, mm @) <O (€2) -

Proof of Theorem
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Proof. Considering
N, = Nyl Lao,ryL29)
= [N, — w1 + ug — Un, + ur — ual|La(o,77;22(0))

< v, = wallpaomyrace) + lue = @, lLaqo,my;20)) + [lur — uzllLa o, 2(0))-

~ € ~
From (m), ||U,N17’U,1||L4([O,T];L2(Q)) < 0 (51/2 + —) and ||’u,2*uN2||L4([07T];L2(Q)) <

2\1/4
O (51/2 + %4) , from the stability of solutions of NSE, we have ||u1 —ual| £4(j0,7];22()) <
O(lluo,1 — w02l 2y + I1f1 = fallLao,1):22(9)))-
Therefore
€
l[uny —un, [l La o1 L2()) < O (51/2 + 7z + lwoa —woallz) + ILf1 — f2||L4<[o,T1;L2<n>>) :
This implies that our scheme is approximately stable. (I
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