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Abstract For compact self-adjoint operators in Hilbert spaces, two algo-
rithms are proposed to provide fully computable a posteriori error estimate for
eigenfunction approximation. Both algorithms apply well to the case of tight
clusters and multiple eigenvalues, under the settings of target eigenvalue prob-
lems. Algorithm I is based on the Rayleigh quotient and the min-max principle
that characterizes the eigenvalue problems. The formula for the error estimate
provided by Algorithm I is easy to compute and applies to problems with
limited information of Rayleigh quotients. Algorithm II, as an extension of
the Davis–Kahan method, takes advantage of the dual formulation of differ-
ential operators along with the Prager–Synge technique and provides greatly
improved accuracy of the estimate, especially for the finite element approxima-
tions of eigenfunctions. Numerical examples of eigenvalue problems of matrices
and the Laplace operators over convex and non-convex domains illustrate the
efficiency of the proposed algorithms.
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Republic
E-mail: vejchod@math.cas.cz

http://arxiv.org/abs/1904.07903v4


2 Xuefeng Liu, Tomáš Vejchodský

Keywords eigenvalue problem · multiple and clustered eigenvalues · rigorous
error estimates · directed distance · finite element method · Davis-Kahan’s
method

Mathematics Subject Classification (2010) 65N25 · 65N30

1 Introduction

The weak form of eigenvalue problems for linear elliptic partial differential op-
erators motivates us to consider an abstract setting of a pair of Hilbert spaces
V and W with inner products a(·, ·) and b(·, ·), respectively, and a compact
operator γ : V → W between them. We seek eigenvalues 0 < λ1 ≤ λ2 ≤ · · · ,
repeated according to their multiplicity, and corresponding eigenfunctions
ui ∈ V \ {0}, i = 1, 2, . . . such that

a(ui, v) = λib(γui, γv) ∀v ∈ V. (1)

Section 2 provides more details about the well-posedness of this problem and
gives examples how the (generalized) matrix, Laplace, and Steklov eigenvalue
problems fit into this setting.

The problem to determine eigenvalues λi is well posed in the sense that
small perturbations of the data lead to small perturbations of eigenvalues.
However, the variation of eigenfunctions ui upon a small perturbation of the
data is not necessarily small, and can even be discontinuous. For example,
if two close and simple eigenvalues merge to one multiple eigenvalue then
the two corresponding orthogonal eigenfunctions abruptly change into a two
dimensional eigenspace. Thus, eigenfunction determination in case of tightly
clustered or multiple eigenvalues is an ill-conditioned problem. Any attempt to
estimate the error of approximate eigenfunctions has to take into the account
this ill-conditioning.

Our approach is to consider the space spanned by eigenfunctions corre-
sponding to all eigenvalues within a cluster. This space is well conditioned
provided the cluster is well separated from the rest of the spectrum. We pro-
pose error estimators that bound the directed distance [33, §5.15] between the
approximate and the exact space spaces of eigenfunctions in norms induced
by both inner products a and b, see estimates (10) and (11) below. Further,
we present a bound on the distance in the a-sense obtained from the distance
in the b-sense; see (23) below.

The error estimators in our approach provide rigorous upper bounds on
these distances without any a priori information about the approximate eigen-
functions. These estimators are fully computable in terms of approximate
eigenfunctions and two-sided bounds on eigenvalues and their quality depends
on the width of clusters and spectral gaps between them. For the Laplace
eigenvalue problem, the proposed estimators generalize the idea from [4]; see
Remark 5 below.

To compute the needed two-sided bounds on individual eigenvalues, we
use the recently developed approach based on the finite element method with
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explicit error estimation [26,27] (see also, [28,9,10]) for the lower bounds
on eigenvalues and the Lehmann–Goerisch method [23,24,18] for their high-
precision improvements. Note that the Lehmann–Goerisch method should be
attributed to T. Kato as well, because his independently developed method
[22], gives essentially the same bounds as Lehmann’s method. In the current
paper, we focus on the estimation of eigenfunctions and the two-sided bounds
of eigenvalues are assumed to be known.

Error estimates for symmetric elliptic partial differential eigenvalue prob-
lems are widely studied in the literature. We refer to classical works [11,2,5] for
the fundamental theories. The majority of the existing literature concerns er-
ror estimates valid asymptotically or containing unknown constants; see, e.g.,
[1,12,15–17,20,21,32,43]. Recently, fully computable (containing no unknown
constants) and guaranteed (bounding the error from above on all meshes, not
only asymptotically) error estimates for eigenvalue problems appeared. Pa-
pers [9,10,26–28,38,40,41] concern the eigenvalues. Particularly, as a general
framework, the method proposed in [26,27] has been applied to eigenvalue
problems of various differential operators, including the Stokes operator [42],
the Steklov operator [44], and biharmonic operators related to the quadratic
interpolation error constants [30,25].

Concerning eigenfunctions, Davis and Kahan [13] provide a fundamental
result for the estimation of the distance of eigenspaces utilizing the strong
residual R = Ax̂ − λ̂x̂, where {x̂, λ̂} stands for an approximate eigenpair of a
matrix (or operator) A. Recent paper [35] extends Davis–Kahan’s approach by
further orthogonal decomposition of A with respect to the trial eigenspaces.

Similar to Davis–Kahan’s approach, papers [6–8,10,19] consider the weak
residual. These methods provide guaranteed, robust, and optimally convergent
a posteriori bounds for eigenvalues and corresponding eigenfunctions for finite
element approximations assuming an a priori knowledge of bounds on eigen-
values. All these existing approaches introduce dual functions from H(div;Ω)
to approximate the gradient of eigenfuctions and need to solve an auxiliary
problem to find them. Alternative approach [39] formulates the error estima-
tion problem as a fixed-point problem. Section 6 contains the comparison of
the efficiency of our proposed method and the one in [8].

In contrast to the existing literature, we propose two algorithms to esti-
mate error of approximate eigenfunctions. Proposed error estimates have the
following features.

– Algorithm I in §3 is based on the Rayleigh quotient and the min-max
principle that characterizes the eigenvalue problem. This algorithm only
utilizes Rayleigh quotients of approximate eigenfunctions and thus the es-
timator is easy to compute, especially when compared to Algorithm II and
the existing literature. A defect of this algorithm is that the estimate for
the concerned cluster depends on previous clusters and the width of the
concerned cluster.

– Algorithm II in §5 utilizes the residual error for variational representation of
differential operators. Here, Davis–Kahan’s method, originally proposed for
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strongly formulated eigenvalue problems, is successfully extended to weakly
formulated eigenvalue problems. In case of the Laplace eigenvalue problem,
we obtain sharper estimate for the error of approximate eigenfunctions by
further utilizing an auxiliary flux ph ∈ H(div).
The estimates by Algorithm II are independent from the cluster index,
its width (difference of the largest and smallest eigenvalue in the cluster),
and its degree (number of eigenvalues in the cluster). The quality of the
estimate depends solely on the residual error and the spectral gap (distance
of the cluster from its neighboring clusters). Numerical examples presented
below show that this estimate is very accurate, especially for finite element
approximations.

The rest of the paper is organized as follows. Section 2 briefly recalls the
main properties of the abstract eigenvalue problem. Section 3 presents the
a posteriori error bounds for eigenfunctions in both a- and b-sense. Section 4
derives an error bound for the directed distance measured in the a-sense based
on the error bound in the b-sense. Section 5 utilizes the residual error of the
differential operators and extended Davis–Kahan’s theorem to obtain the error
estimation. Section 6 provides numerical examples for matrix and Laplace
eigenvalue problems. Finally, Section 7 draws the conclusions.

2 Eigenvalue problem for a compact self-adjoint operator

As we mentioned above, weak formulations of elliptic partial differential eigen-
value problems motivate us to consider Hilbert spaces V and W with inner
products a(·, ·) and b(·, ·), respectively, and a compact operator γ : V → W
between them. Let T : W → V be the solution operator such that for given
f ∈ W , the element Tf ∈ V is uniquely determined by the identity

a(Tf, v) = b(f, γv) ∀v ∈ V. (2)

It is easy to see that Tγ : V → V is a compact self-adjoint operator. The
eigenvalue problem for the operator Tγ is equivalent to finding eigenfunctions
ui ∈ V \ {0} and corresponding eigenvalues µi ≥ 0 such that

b(γui, γv) = µi a(ui, v) ∀v ∈ V. (3)

The Hilbert–Schmidt Theorem (see, e.g., [14, Theorem 4.10.1]) provides
the existence of a countable sequence of (finite) non-zero eigenvalues

0 ≤ lim
i→d

µi ≤ · · · ≤ µ2 ≤ µ1,

of the operator Tγ, where d = dim V can be infinite. Note that these eigenval-
ues are repeated according to their multiplicities and that if dim(Ker(Tγ)) > 0
then there are also zero eigenvalues of Tγ.
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Eigenvalue problems for linear elliptic partial differential operators are usu-
ally formulated for the reciprocals of µi. Denoting λi = 1/µi for µi > 0, we
clearly have

0 < λ1 ≤ λ2 ≤ · · · , and a(ui, v) = λib(γui, γv) ∀v ∈ V,

namely the eigenvalue problem (1).
The eigenfunctions ui ∈ V are assumed to be normalized such that

a(ui, uj) = δij , i, j = 1, 2, . . . ,

where δij stands for the Kronecker delta. With this normalization, the Hilbert–
Schmidt Theorem also implies that any v ∈ V can be expressed as

v =

d∑

i=1

a(v, ui)ui + v0, where v0 ∈ Ker(Tγ). (4)

Noticing that b(γv0, γv) = a(Tγv0, v) = 0 for all v ∈ V , we have

‖v‖2a =

d∑

i=1

|a(v, ui)|2+ ‖v0‖2a and ‖γv‖2b =

d∑

i=1

|a(v, ui)|2/λi ∀v ∈ V. (5)

Remark 1 The Laplace eigenvalue problem in a domain Ω with homogeneous
Dirichlet boundary conditions fits the above setting for





V = H1
0 (Ω), a(u, v) =

∫

Ω

∇u · ∇v dx;

W = L2(Ω), b(u, v) =

∫

Ω

uv dx;

γ being the identity operator.

The Steklov eigenvalue problem fits this settings for





V = H1(Ω), a(u, v) =

∫

Ω

∇u · ∇v + uv dx;

W = L2(∂Ω), b(u, v) =

∫

∂Ω

uv ds;

γ being the trace operator.

The generalized matrix eigenvalue problem Aui = λiBui for a symmetric pos-
itive definite matrix A ∈ R

d×d and a symmetric positive semidefinite matrix
B ∈ R

d×d fits the above setting for d < ∞, V = R
d, W = rangeB, γ = B1/2,

a(u, v) = vTAu, and b(u, v) = vTu.

In order to formulate the bound on eigenfunctions, a notation for clusters
of eigenvalues has to be introduced. Let us focus on the leading K clusters.
Let nk and Nk stand for indices of the first and the last eigenvalue in the k-th
cluster, k = 1, 2, . . . ,K, respectively. In particular, n1 = 1, nk+1 = Nk + 1,
and the k-th cluster is formed of Nk−nk+1 eigenvalues λnk

, λnk+1, . . . , λNk
;
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Fig. 1 Clusters of eigenvalues on the real axis.

see Figure 1. Notice that the eigenvalues in a cluster do not necessarily equal
to each other. To simplify the notation, we set n = nK and N = NK .

Each cluster is associated with the space Ek = span{unk
, unk+1, . . . , uNk

}
of exact eigenfunctions. Similarly, arbitrary linearly independent approxima-
tions ûi ∈ V of exact eigenfunctions ui, i = 1, 2, . . . , NK , form the correspond-
ing approximate spaces Êk = span{ûnk

, ûnk+1, . . . , ûNk
}. Thus dim(Êk) =

Nk − nk + 1. Spaces Êk, k = 1, 2, . . . ,K, of approximate eigenfunctions need
not be orthogonal to each other.

Remark 2 Given an eigenvalue problem, the a priori information about the
distribution of eigenvalues is usually unknown. Therefore, in practical prob-
lems, the partition of the spectrum into clusters is determined numerically
using two-sided bounds on eigenvalues.

If the enclosing intervals of eigenvalues overlap, it is natural to define a
cluster for such eigenvalues. Consequently, the internal distribution of eigen-
values inside the cluster is regarded as uncertain and only the lower and upper
bound on the whole cluster will be used for analysis.

3 Algorithm I: Estimation for eigenfunctions based on the Rayleigh
quotients

The goal of this section is to derive an estimate of the directed distance between
spaces EK and ÊK of exact and approximate eigenfunctions for the K-th
cluster. The directed distance between two subspaces E and Ê of V is defined
both in the a- and b-sense as follows; see e.g., [33, §5.15],

δa(E, Ê) = max
v∈E

‖v‖a=1

min
v̂∈Ê

‖v − v̂‖a and δb(E, Ê) = max
v∈E

‖γv‖b=1

min
v̂∈Ê

‖γ(v − v̂)‖b.

(6)
The directed distance is not symmetric, in general, but if the two subspaces
are of the same finite dimension, which is the case in this paper, then the
directed distance is symmetric and coincides with the gap between spaces.
The following characterization of the directed distance will be used in the
proof of the main theorem; see also [33, §5.15].

Note that in [8], the Hilbert–Schmidt norm for the cluster residual error is
utilized to estimate the error of approximate eigenfunction.

Lemma 1 Let E and Ê be the two finite dimensional subspaces of the Hilbert
space V . Let P̂ : V → Ê be the orthogonal projector with respect to a(·, ·).
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Then, the directed distance defined in (6) satisfies

δa(E, Ê) = max
v∈E

‖v‖a=1

‖v − P̂ v‖a, δb(E, Ê) = max
v∈E

‖γv‖b=1

‖γ(v − P̂ v)‖b, (7)

δ2a(E, Ê) = 1− min
v∈E

‖v‖a=1

‖P̂ v‖2a, δ2b (E, Ê) = 1− min
v∈E

‖γv‖b=1

‖γP̂v‖2b . (8)

Proof The first statement in (7) follows immediately from (6), because the

orthogonal projection P̂ v is the closest element to v in the subspace Ê. For
the second statement, we apply the same idea to the orthogonal projector
Π̂ : γV → γÊ with respect to the scalar product b(·, ·). This projector satisfies
Π̂γ = γP̂ and, hence, the second statement holds true. Identities (8) follow

from (7) due to the equality ‖P̂ v‖2a+ ‖v− P̂ v‖2a = ‖v‖2a and a similar equality

for Π̂ .

Remark 3 For one dimensional spaces E = span{u} and Ê = span{û}, we
have δa(E, Ê) = sinα, where α is the angle between u and û. Consequently,
the difference of u and û in the a-norm can be expressed by the cosine theorem
as

‖u− û‖2a = ‖u‖2a + ‖û‖2a − 2‖u‖a‖û‖a
√
1− δ2a(E, Ê).

Hence, an upper bound on δa(E, Ê) yields immediately an upper bound on

the error ‖u− û‖a. Moreover, if ‖u‖a = ‖û‖a = 1 then ‖u− û‖2a = δ2a(E, Ê) +

O(δ4a(E, Ê)) and the difference between the directed distance δa(E, Ê) and

the a-norm of the error is negligible for small δa(E, Ê). The same conclusions
clearly hold also for the norm induced by b.

The main result of this section is presented in Theorem 1 below. In order
to formulate it, we introduce measures of non-orthogonality between finite
dimensional subspaces E and E′ of V both in the a- and b-sense as

ε̂a(E,E′) = max
v∈E

‖v‖a=1

max
v′∈E′

‖v′‖a=1

a(v, v′) and ε̂b(E,E′) = max
v∈E

‖γv‖b=1

max
v′∈E′

‖γv′‖b=1

b(γv, γv′).

(9)
Both these measures of non-orthogonality can be easily computed or estimated
by using the following lemma. To simplify the exposition, we present the result
for ε̂a only, because the statement for ε̂b is completely analogous.

Lemma 2 Let v1, v2, . . . , vm and v′1, v
′
2, . . . , v

′
m′ form bases of subspaces E

and E′ of V , respectively. Define matrices F , G, H as follows,

F =
(
a(vi, v

′
j)
)
m×m′

, G = (a(vi, vj))m×m , H =
(
a(v′i, v

′
j)
)
m′×m′

.

Then
ε̂2a(E,E′) = λmax(F

TG−1F,H) = λmax(FH−1FT , G) ,

where λmax(A,B) denotes the maximum eigenvalue of eigen-problem Ax =
λBx.
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Further, suppose ‖FTF‖2 ≤ ηF , ‖I − G‖2 ≤ ηG, ‖I − H‖2 ≤ ηH . If
ηG, ηH < 1, then

ε̂2a(E,E′) ≤ ηF
(1 − ηG)(1− ηH)

.

Proof Expand v ∈ E and v′ ∈ E′ as v =
∑m

i=1 civi and v′ =
∑m′

j=1 c
′
jv

′
j and

consider vectors c ∈ R
m and c

′ ∈ R
m′

of coefficients ci and c′j , respectively.
Then

a(v, v′) = c
TFc

′, ‖v‖2a = c
TGc, and ‖v′‖2a = (c′)THc

′ .

Thus, definition (9) gives

ε̂a(E,E′) = max
c
TGc=1

max
(c′)THc

′=1
c
TFc

′ = max
c
TGc=1

max
|c̃′|=1

c
TFL−T

c̃
′ = max

c
TGc=1

|cTFL−T |,

where c̃
′ = LT

c
′, H = LLT is the Cholesky decomposition of matrix H , and

| · | stands for the Euclidean norm. Consequently,

ε̂2a(E,E′) = max
06=c∈Rm

c
TFL−TL−1FT

c

cTGc
= λmax(FH−1FT , G).

Expression ε̂2a(E,E′) = λmax(F
TG−1F,H) can be proved analogously.

To prove the upper bound on ε̂a, we use Cholesky decompositionG = QQT .
Noticing that ‖A‖2 = ‖AT ‖2 =

√
‖ATA‖2 holds for a general matrix A, we

have

λmax(FH−1FT , G) = ‖Q−1FH−1FTQ−T ‖2 ≤ ‖G−1‖2‖H−1‖2‖FTF‖2.

Finally, we estimate ‖G−1‖2 and ‖H−1‖2. If ηG < 1, then

‖G−1‖2 =
1

λmin(G)
=

1

1− λmax(I −G)
≤ 1

1− ‖I −G‖2
≤ 1

1− ηG
.

With the same argument for H−1, we easily draw the conclusion.

Remark 4 This lemma is used for spaces Êk and Êk′ of approximate eigen-
functions with k 6= k′, therefore matrices F , G, and H are available and
λmax(F

TG−1F,H) as well as λmax(FH−1FT , G) can be computed. Alterna-
tively, guaranteed estimates ηF , ηH , and ηG can be obtained by the Gersh-
gorin circle theorem. These estimates are expected to be good for ε̂a(Êk, Êk′ ),

because if the approximate eigenfunctions in Êk and the ones in Êk′ are ap-
propriately orthonormalized, then FTF ≈ 0, G ≈ Im, and H ≈ Im′ .

The following theorem provides the desired estimates of the directed dis-
tances δa(EK , ÊK) and δb(EK , ÊK) defined in (6).
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Theorem 1 Let the above specified partition of the spectrum into K clusters
be arbitrary. Let ûi ∈ V for i = 1, 2, . . . , N with N < d = dimV be such that
dim Êk = Nk − nk + 1 for all k = 1, 2, . . . ,K. Let λn < ρ ≤ λN+1. Then

δ2a(EK , ÊK) ≤ ρ(λ̂
(K)
N − λn) + λnλ̂

(K)
N θ

(K)
a

λ̂
(K)
N (ρ− λn)

and (10)

δ2b (EK , ÊK) ≤ λ̂
(K)
N − λn + θ

(K)
b

ρ− λn
, (11)

where

λ̂
(K)
N = max

v̂∈ÊK

‖v̂‖2a
‖γv̂‖2b

, θ(K)
a =

K−1∑

k=1

ρ− λnk

λnk

[
ε̂a(Êk, ÊK) + δa(Ek, Êk)

]2
, and

θ
(K)
b =

K−1∑

k=1

(ρ− λnk
)
[
ε̂b(Êk, ÊK) + δb(Ek, Êk)

]2
.

Proof Following (5), the proof is based on the equality

ρ‖γû‖2b − ‖û‖2a + ‖û0‖2a =

d∑

i=1

ρ− λi

λi
a(û, ui)

2 (12)

for an arbitrary and fixed û ∈ ÊK , where û0 is the component of û in Ker(Tγ)
and d can be infinity. Recalling that n = nK and N = NK , using definition

ϑ(û) =
n−1∑

i=1

ρ− λi

λi
a(û, ui)

2, (13)

and inequalities ‖û0‖2a ≥ 0 and ρ ≤ λN+1, we easily derive bound

ρ‖γû‖2b − ‖û‖2a − ϑ(û) ≤
N∑

i=n

ρ− λi

λi
a(û, ui)

2.

Introducing orthogonal projectors Pk : V → Ek, k = 1, 2, . . . ,K, with respect
to the inner product a(·, ·), recalling their properties

‖Pkû‖2a =

Nk∑

i=nk

a(û, ui)
2, ‖γPkû‖2b =

Nk∑

i=nk

a(û, ui)
2

λi
, (14)

and using λn ≤ λi for i = n, . . . , N , we immediately obtain estimates

ρ‖γû‖2b − ‖û‖2a − ϑ(û) ≤ (ρ− λn)‖γPK û‖2b ≤ ρ− λn

λn
‖PK û‖2a. (15)

Similarly, the fact that λnk
≤ λi for i = nk, . . . , Nk implies the following

estimate on ϑ(û):

ϑ(û) ≤
K−1∑

k=1

(ρ− λnk
) ‖γPkû‖2b ≤

K−1∑

k=1

ρ− λnk

λnk

‖Pkû‖2a. (16)
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Now, we bound ‖Pkû‖a and ‖γPkû‖b for k = 1, 2, . . . ,K − 1. Introduc-

ing zk = Pkû/‖Pkû‖a ∈ Ek and the a-orthogonal projector P̂k : V → Êk,
definition (9) and relation (7) imply

|a(û, P̂kzk)| ≤ ε̂a(Êk, ÊK)‖û‖a‖P̂kzk‖a and ‖zk − P̂kzk‖a ≤ δa(Ek, Êk).

Since Pkû = a(û, zk)zk and ‖P̂kzk‖a ≤ ‖zk‖a = 1, these estimates provide the
bound

‖Pkû‖a = |a(û, zk)| ≤ |a(û, P̂kzk)|+ |a(û, zk − P̂kzk)|

≤
[
ε̂a(Êk, ÊK) + δa(Ek, Êk)

]
‖û‖a.

Analogous steps yield the bound

‖γPkû‖b ≤
[
ε̂b(Êk, ÊK) + δb(Ek, Êk)

]
‖γû‖b.

Consequently, estimates (16) provide

ϑ(û) ≤ θ(K)
a ‖û‖2a and ϑ(û) ≤ θ

(K)
b ‖γû‖2b . (17)

The desired lower bounds on ‖PK û‖a and ‖γPK û‖b follow from (15) and (17):

‖PK û‖2a ≥ λn
ρ‖γû‖2b − ‖û‖2a − θ

(K)
a ‖û‖2a

ρ− λn
,

‖γPK û‖2b ≥ ρ‖γû‖2b − ‖û‖2a − θ
(K)
b ‖γû‖2b

ρ− λn
.

The final step is to apply these two estimates in expressions (8) for the dis-

tances δ2a(ÊK , EK) and δ2b (ÊK , EK). Indeed,

δ2a(ÊK , EK) = 1− min
û∈ÊK

‖û‖a=1

‖PK û‖2a ≤ 1+ max
û∈ÊK

‖û‖a=1

λn
−ρ‖γû‖2b + ‖û‖2a + θ

(K)
a ‖û‖2a

ρ− λn

and the statement (10) follows by elementary manipulations utilizing the def-

inition of λ̂
(K)
N . Statement (11) follows analogously. Note that δa(EK , ÊK) =

δa(ÊK , EK) and δb(EK , ÊK) = δb(ÊK , EK), because dimEK = dim ÊK =
N − n+ 1.

Remark 5 Theorem 1 is a direct and nontrivial generalization of [4, Corol-
lary 1]. Indeed, if all eigenvalues λi are simple and well separated (forming clus-

ters of size one), Ei = span{ui} and Êi = span{ûi} stand for the corresponding

one-dimensional exact and approximate eigenspaces, λ̂i = ‖ûi‖2a/‖ûi‖2b, and
the corresponding approximate eigenfunctions ûi, i = 1, 2, . . . , k, are mutually
orthogonal, then bounds (10) and (11) become

δ2a(Ek, Êk) ≤
1

ρ− λk

(
ρ
λ̂k − λk

λ̂k

+ λk

k−1∑

i=1

ρ− λi

λi
δ2a(Ei, Êi)

)
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and

δ2b (Ek, Êk) ≤
1

ρ− λk

(
λ̂k − λk +

k−1∑

i=1

(ρ− λi) δ
2
b (Ei, Êi)

)
,

where the estimate for δb coincides with the statement in [4, Corollary 1].

Remark 6 In this remark, we show the necessity of terms ρ − λn, λ̂
(K)
N − λn

and θ
(K)
a or θ

(K)
b appearing in bounds (10) and (11).

(i) The difference ρ − λn is determined by the spectral gap between the last
cluster and the following eigenvalues. To have a sharp bound of the ap-
proximation error, the gap should not be too small.

(ii) Quantity λ̂
(K)
N −λn corresponds to the width of the last cluster. Note that

in case of non-degenerated cluster, i.e., λN > λn, this difference causes

bounds (10) and (11) not to converge to zero even if λ̂
(K)
N → λN . In fact,

under the assumption that only the two-side bound of the whole cluster is
available, the distribution of exact eigenvalues is uncertain and so are the
corresponding exact eigenvectors. To illustrate this uncertainty in eigenvec-
tors, let us consider a matrix eigenvalue problem Ax = λx with A selected
as

A =




1− β 0 0 0

0 1 + β − α 0
√
α2 + 2α

0 0 1 + β 0

0
√
α2 + 2α 0 3 + β − α


 , β > α > 0, β ≈ 0 . (18)

Eigenvalues of A are given by

λ1 = 1− β, λ2 = 1 + β − 2α, λ3 = 1 + β, λ4 = 3 + β,

and the corresponding the eigenvectors are

u1 = e1, u2 =




0
−
√
α+2√

2α+2

0√
α√

2α+2


 , u3 = e3, u4 =




0√
α√

2α+2

0√
α+2√
2α+2


 .

Let a(u, v) := uTAv, b(u, v) := uT v for column vector u, v ∈ R
4. Con-

sidering the approximate eigenvectors ûi = ei for i = 1, 2, 3 and spaces
E1 = span{u1, u2, u3}, Ê1 = span{û1, û2, û3}, we compute the distance

δ2b (E1, Ê1) exactly and apply bound (11) with ρ = λ4 to obtain

δ2b (E1, Ê1)

(
=

α

2 + 2α

)
≤ 2β

2 + 2β
.

Clearly, the quality of approximate vectors measured by the distance δb
depends on the position of λ2 (determined by α). For such a system with
uncertain α, one cannot expect a sharper estimation for δb.
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If further information about eigenvalues inside a tight cluster is known,
we can (theoretically) split the cluster into smaller clusters consisting of
a single or a multiple eigenvalue and for these clusters bounds (10) and
(11) do converge. Bounds (10) and (11) are naturally computed iteratively
starting from the first cluster. Accuracy of this procedure is illustrated on
numerical examples in Section 6.

(iii) Values of θ
(K)
a and θ

(K)
b measure errors in all previous clusters. Notice that

quantity θ
(K)
a (and similarly θ

(K)
b ) depends on δa(Ek, Êk) and ε̂a(Êk, ÊK)

for k = 1, 2, . . . ,K − 1. The distance δa(Ek, Êk) accounts for errors in

spaces of eigenfunctions of previous clusters and ε̂a(Êk, ÊK) for possible
non-orthogonality of approximate eigenfunctions.
Note that the dependence of bounds (10) and (11) on errors in previous
clusters is necessary, because these bounds utilize only the information
about eigenvalue gaps and Rayleigh quotients. Indeed, consider the one-
dimensional Dirichlet eigenvalue problem:

−u
′′

= λu in I = (0, π); u(0) = u(π) = 0. (19)

and approximate eigenfunctions

û1(x) = sinx, û2(x) = (1− t) sinx+ t sin(3x), with t =
√
3/(

√
3 +

√
5).

Clearly, û2 is a bad approximation of the exact eigenfunction u2(x) =

sin(2x). Taking naturallyE2 = span{u2}, Ê2 = span{û2}, distances δ2a(E2, Ê2)

and δ2b (E2, Ê2) are relatively large. On the other hand, the corresponding

Rayleigh quotient gives the exact eigenvalue, namely R(û2) = λ̂
(2)
2 = λ2 =

4. The difference λ̂
(2)
2 − λ2 in (10) and (11) is zero and values of these

upper bounds are determined by terms θ
(2)
a and θ

(2)
b only, reflecting the

non-orthogonality of û1 and û2.

Terms θ
(2)
a and θ

(2)
b could be avoided if, for example, guaranteed estimates

of the residual are employed. This approach will be introduced in §5.1 as
Algorithm II.

The following theorem addresses the question of efficiency of bounds pre-
sented in Theorem 1. To formulate it, we denote the right-hand sides of esti-
mates (10) and (11) by δa(EK , ÊK) and δb(EK , ÊK), respectively.

Theorem 2 If eigenspaces Êk for k = 1, 2, . . . ,K are mutually orthogonal
then there exists a generic constant C > 0 determined by the leading NK

exact and approximate eigenvalues and independent of the width of clusters
such that

max
{
δ
2

a(EK , ÊK), δ
2

b(EK , ÊK)
}
≤ C

K∑

k=1

(
δ2a(Ek, Êk) + λNk

− λnk

)
. (20)
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Proof Take û ∈ ÊK such that ‖û‖2a = λ̂
(K)
N ‖γû‖2b. Let u = PK û ∈ EK

be the best approximation to û under the norm ‖ · ‖a. By Lemma 1, ‖û −
u‖a ≤ δa(EK , ÊK). Suppose u =

∑N
i=n ciui and take λ̃ ∈ [λn, λN ] such

that λ̃
∑N

i=n c2i =
∑N

i=n c2iλi. By expanding the squared terms ‖û − u‖2a and
‖γ(û− u)‖2b , we have

‖û− u‖2a − λ̃‖γ(û− u)‖2b = 2b

(
N∑

i=n

ci(λ̃− λi)ui, û

)
+ (λ̂

(K)
N − λ̃)‖γû‖b .

Noticing that ‖γ(û − u)‖2b ≤ 1/λ1‖û − u‖2a and λn ≤ λ̃ ≤ λN , the equation
above tells

|λ̂(K)
N − λN | ≤ C(‖û− u‖2a + λN − λn) . (21)

Therefore, for the term (λ̂
(K)
N − λn) in (10) and (11), we have

λ̂
(K)
N − λn = λ̂

(K)
N − λN + λN − λn ≤ C(δ2a(EK , ÊK) + λN − λn) .

The mutual orthogonality of Êk for k = 1, 2, . . . ,K implies ǫ̂a(Ek, EK) =

ǫ̂b(Ek, EK) = 0. Consequently, terms θ
(K)
a and θ

(K)
b can be estimated recur-

sively, leading to the inequality (20).

As pointed out in (ii) of Remark 6, the term λNk
− λnk

is necessary for
clusters of non-zero width. If all clusters are of zero size and errors in previous
clusters are comparable to the error in the cluster of interest, i.e.,

δ2a(Ek, Êk) ≤ Cδ2a(EK , ÊK) ∀k = 1, 2, . . . ,K − 1,

then inequality (20) immediately yields the following efficiency result

max
{
δ
2

a(EK , ÊK), δ
2

b(EK , ÊK)
}
≤ Cδ2a(EK , ÊK).

Remark 7 In Section 6, we apply the general bounds (10) and (11) in the par-
ticular context of the finite element method. This method, specifically, com-
putes the best approximation (a-orthogonal projection) of the exact solution
of the underlying boundary value problem in the finite element space. As the
numerical results in Section 6 reveal, the bound (10) is optimal in the sense

that it has the same rate of convergence as δa(ÊK , EK). However, the bound

(11) has a lower rate of convergence than δb(ÊK , EK).
The Aubin–Nitsche technique together with explicit a priori error estimates

[28] will provide fully computable and optimal bounds under b-norm. However,
since the application of the Aubin–Nitsche technique utilizes special properties
about FEM approximation, such an approach is beyond the problem setting
of this paper and will be addressed in a subsequent publication; partial results
of this approach can be found in [31].



14 Xuefeng Liu, Tomáš Vejchodský

4 Sharp a-norm estimates based on the b-norm bounds

This section provides an estimate of the distance δa(E, Ê) by the distance

δb(E, Ê) between the space of exact eigenfunctions E and the space of ap-

proximate eigenfunctions Ê. The idea is motivated by the following well known
formula (see e.g. [5, page 55])

‖ui − ûi‖2a = λi‖γ(ui − ûi)‖2b − (λi − λ̂i)‖γûi‖2b (22)

for the exact eigenpair λi > 0, ui ∈ V , arbitrary approximate eigenfunction
ûi ∈ V and approximate eigenvalue λ̂i = ‖ûi‖2a/‖γûi‖2b . In the context of
the finite element method for the Laplace eigenvalue problem, this identity
essentially says that the error ‖ui − ûi‖a in the energy norm is dominated by
the error of the approximate eigenvalue itself, because the error ‖γ(ui − ûi)‖b
in the L2 norm has a higher order of convergence.

The following estimate is theoretically independent of the partition of
eigenvalues into clusters, but its natural usage is to bound δa(Ek, Êk) by

δb(Ek, Êk), where k is the index of a cluster as it is introduced at the end
of Section 2.

Theorem 3 Let un, . . . , uN be the exact eigenfunctions of (1) and 0 < n ≤ N
the corresponding indices. Let ûn, . . . , ûN ∈ V be linearly independent. Let
E = span{un, . . . , uN} and Ê = span{ûn, . . . , ûN}. Then

δ2a(E, Ê) ≤ 2− 2λn

(
1− δ2b (E, Ê)

λN λ̂N

)1/2

, (23)

where λn and λN are exact eigenvalues corresponding to un and uN and

λ̂N = max
v̂∈Ê

‖v̂‖2a
‖γv̂‖2b

.

Proof Consider the linear mapping τ : E → E defined by

τ(u) =

N∑

i=n

ciλiui, where u =

N∑

i=n

ciui.

Since λi > 0 for all i = n, . . . , N , τ is a bijection. Given arbitrary u ∈ E and
û ∈ Ê, we clearly have

a(u, û) =
N∑

i=n

cia(ui, û) =
N∑

i=n

ciλib(γui, γû) = b(γτ(u), γû).
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This enables us to estimate the distance (6) between E and Ê as follows

δ2a(E, Ê) = max
u∈E

‖u‖a=1

min
û∈Ê

‖u− û‖2a ≤ max
u∈E

‖u‖a=1

min
û∈Ê

‖û‖a=1

‖u− û‖2a

= max
u∈E

‖u‖a=1

min
û∈Ê

‖û‖a=1

[2− 2b(γτ(u), γû)] ≤ 2−2λn min
u∈E

‖u‖a=1

max
û∈Ê

‖û‖a=1

b

(
γτ(u)

‖τ(u)‖a
, γû

)
,

(24)

where the last inequality follows from the fact that

‖τ(u)‖2a =

N∑

i=n

λ2
i c

2
i ≥ λ2

n

N∑

i=n

c2i = λ2
n‖u‖2a = λ2

n ∀u ∈ E, ‖u‖a = 1.

Since τ is a bijection, it is easy to show that

{
τ(u)

‖τ(u)‖a
: u ∈ E, ‖u‖a = 1

}
= {u ∈ E : ‖u‖a = 1} .

This equality together with bounds ‖u‖2a ≤ λN‖γu‖2b for all u ∈ E and ‖û‖2a ≤
λ̂N‖γû‖2b for all û ∈ Ê imply

min
u∈E

‖u‖a=1

max
û∈Ê

‖û‖a=1

b

(
γτ(u)

‖τ(u)‖a
, γû

)
= min

u∈E
‖u‖a=1

max
û∈Ê

‖û‖a=1

b(γu, γû)

= min
u∈E
u6=0

max
û∈Ê
û6=0

b

(
γu

‖u‖a
,

γû

‖û‖a

)
= min

u∈E
‖γu‖b=1

max
û∈Ê

‖γû‖b=1

b

(
γu

‖u‖a
,

γû

‖û‖a

)

≥ 1
(
λN λ̂N

)1/2 min
u∈E

‖γu‖b=1

max
û∈Ê

‖γû‖b=1

b(γu, γû) =

(
1− δ2b (E, Ê)

λN λ̂N

)1/2

, (25)

where we note that maxû∈Ê, ‖γû‖b=1 b(γu, γû) is non-negative and the last

equality follows from (8) using characterization

‖γP̂u‖b = max
û∈Ê

‖γû‖b=1

b(γu, γû).

The proof is finished by substituting (25) to (24).

Remark 8 The estimate (23) will provide a sharper bound on δa(E, Ê) if the
eigenvector approximation has a higher convergence rate under ‖ · ‖b norm
compared with ‖ · ‖a norm, which usually happens for the finite element ap-
proximation of elliptic eigenvalue problems.
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For a multiple eigenvalue, we have λn = λN and the right-hand side of
(23) is close to

2
λ̂
1/2
N − λ

1/2
N

λ̂
1/2
N

+
λ
1/2
N

λ̂
1/2
N

δ2b (E, Ê) = 2
λ̂N − λN

λ̂
1/2
N

(
λ̂
1/2
N + λ

1/2
N

) +
λ
1/2
N

λ̂
1/2
N

δ2b (E, Ê),

where we use the approximation (1 − δ2b )
1/2 ≈ 1 − δ2b/2. This shows that for

example in the context of the finite element method for the Laplace eigenvalue
problem, the bound (23) has the optimal rate of convergence. Numerical exper-
iments indicate that the bound (23) combined with the sub-optimal estimate
(11) can still provide a sharper bound on δa than (10); see Section 6.

Define the following quantity to measure the distance between E and Ê:

δ̃(E, Ê) := max
û∈Ê

‖γû‖b=1

min
u∈E

‖u− û‖a. (26)

This quantity can be easily bounded by δa as follows
√
λ̂nδa(E, Ê) ≤ δ̃(E, Ê) ≤

√
λ̂Nδa(E, Ê). (27)

The following lemma relates δ̃ and δb.

Lemma 3 By using δb(E, Ê), we have the following estimate for δ̃(E, Ê),

δ̃2(E, Ê) ≤ λN + λ̂N − 2λn

√
1− δ2b (E, Ê). (28)

Proof We utilize the same mapping τ : E → E as in the proof of Theorem
3 to obtain the estimate for δ̃. Note that for any u ∈ E, ‖γu‖b = 1, we have
‖γτ(u)‖b ≥ λn and consequently

δ̃2(E, Ê) ≤ max
û∈Ê

‖γû‖b=1

min
u∈E

‖γu‖b=1

[
λN + λ̂N − 2b(γτ(u), γû)

]

≤ λN + λ̂N − 2λn min
û∈Ê

‖γû‖b=1

max
u∈E

‖γu‖b=1

b

(
γτ(u)

‖γτ(u)‖b
, γû

)

= λN + λ̂N − 2λn min
û∈Ê

‖γû‖b=1

max
u∈E

‖γu‖b=1

b(γu, γû)

= λN + λ̂N − 2λn

(
1− δ2b (E, Ê)

)1/2
.

Remark 9 If approximate eigenvalues converge to the exact ones, i.e. if |λk,h−
λk| → 0, then the right-hand sides of estimates (23) and (28) do not converge
to zero, due to the existence of the term corresponding to the cluster width
|λN − λn|. The necessity of this term is confirmed by the discussion of the

eigenvalue problem for matrix (18), where δa →
√
2β + β2 and δb → 0 when

α → 0. Note that β determines the cluster width for the problem in (18).
Despite the inefficiency caused by the cluster width, the advantage of utilizing
(28) is that for clusters with narrow width, an easy-to-obtain sharp bound on

δb will greatly improve the precision for δ̂ and thus δa.
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5 Algorithm II: Estimation based on the residual error

Estimates in Theorem 1 of §3 only utilize the information about eigenvalues
distribution and Rayleigh quotients for approximate eigenfunctions. As dis-
cussed in Remark 6, such estimates have the advantage to provide guaranteed
error bound for problems with uncertainty information about the objective
eigenvalue problem. As a result, the bounds in (10) and (11) depend on the
quality of previous clusters and the width of the cluster of interest.

In this section, we utilize the residual error estimation of approximate
eigenfunctions to obtain sharper bounds of the distances between the ex-
act and the approximate eigenspaces. For this purpose, we introduce the ap-
proach based on the Davis–Kahan’s method [13]. Note that the original Davis–
Kahan’s method only deals with strongly formulated differential operators and
we extend it to weakly formulated eigenvalue problems. It is worth to point
out that, compared to very cheap estimates given in Theorem 1, the approach
utilizing the residual will require more computational effort to compute or
bound its suitable norm. The complexity of this effort varies and depends on
the problem.

The Davis–Kahan’s sin θ theorem in [13] bounds the error of an approx-
imate eigenspace by a norm of the residual and a spectral gap. The bound
requires to apply the operator to an approximate eigenfunction to estimate
the norm of the residual. This can be easily done for strongly defined op-
erators and sufficiently smooth approximations. However, for weakly defined
operators and non-smooth approximations the original Davis–Kahan’s sin θ
theorem cannot be directly used. Therefore, we extend the Davis–Kahan’s
sin θ theorem to weakly defined eigenvalue problems in the form (3).

For the reader’s convenience, we quote Davis–Kahan’s result [13] using the
notation of this paper.

Theorem 4 (Davis-Kahan’s sin θ theorem) Let U be a Hilbert space with
inner product 〈·, ·〉. Let ‖ · ‖ be a unitary invariant norm of U . Let A : U → U
be a self-adjoint operator and E be the subspace spanned by the eigenvectors
of A in the cluster of interest. That is,

E = span{un, . . . , uN}, Aui = λiui for i = n, . . . , N.

Let Ah be a perturbation of the operator A, which has an invariant subspace
Ê such that Ê = span{ûn, . . . , ûN} and

Ahûi = λ̂iûi for i = n, . . . , N.

Let P : U → E and P̂ : U → Ê be the two projection operators with respect
to 〈·, ·〉. Suppose the eigenvalues of A corresponding to E⊥ are excluded from

(λ̂n − σ, λ̂N + σ). Then

‖(I − P )P̂‖ ≤ ‖(I − P )(A −Ah)P̂‖
σ

≤ ‖(A−Ah)P̂‖
σ

.
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Since the proof in the original paper is divided into several parts for more
general discussion, here we provide a reformulation of the proof in [13] in a
concise way.

Proof Define c = (λ̂n + λ̂N )/2, r = (λ̂N − λ̂n)/2. Since AP = PA, we have

(I − P )(A−Ah)P̂ = (I − P )AP̂ − (I − P )AhP̂

= (A− cI)(I − P )P̂ − (I − P )(Ah − cI)P̂ . (29)

Since the eigenvalues of A− cI over E⊥ are excluded from (−r− σ, r+ σ), we
have

‖(I−P )P̂‖ = ‖(A− cI)−1|E⊥(A− cI)(I −P )P̂‖ ≤ 1

r + σ
‖(A− cI)(I−P )P̂‖ .

(30)

Also, since the eigenvalue of Ah − cI over Ê belongs to [−r, r], we have

‖(I − P )(Ah − cI)P̂ ‖ = ‖(I − P )P̂ (Ah − cI)P̂‖ ≤ r‖(I − P )P̂‖ . (31)

Thus, we draw the conclusion from (29), (30), (31).

Remark 10 If the operator A is strongly defined as a differential operator,
then for any given smooth test function uh from U , we can easily evaluate
Auh. However, if the problem is weakly formulated, one cannot evaluate Auh

directly. In the succeeding subsection, we will introduce the extension of Davis–
Kahan’s result to weakly formulated eigenvalue problems.

5.1 Extension of Davis–Kahan’s sin θ theorem to weakly formulated problems

Let us recall the weakly formulated eigenvalue problem (3) and the compo-
sition Tγ : V → V of the compact operator γ and the solution operator T .
We set U = Ker(Tγ)⊥ = Ker(γ)⊥(⊂ V ) and notice that the operator Tγ is

invertible on U . Thus, the operator A = (Tγ|U)−1 : U → U is well defined
and satisfies

a(u, v) = b(γAu, γv) ∀u, v ∈ U.

Since Tγ is self-adjoint, the operator A is self-adjoint as well and we may apply
the Davis–Kahan’s method for it.

As above, we consider an eigenvalue cluster of interest and denote the
space of exact eigenfunctions corresponding to eigenvalues in the cluster by
E = span{un, . . . , uN}. These eigenfunctions are approximated by the one

from the finite dimensional space Ê = span{ûn, . . . , ûN}. Note that Ê need not
be necessarily a subspace of U . This setting enables us to define an approximate
operator Ah : Ê → Ê by the identity

a(û, v̂) = b(γAhû, γv̂) ∀û, v̂ ∈ Ê.
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Thus, the discrete eigenvalue problem to find λ̂i and ûi ∈ Ê \ {0} such that

a(ûi, v̂) = λ̂ib(γûi, γv̂) ∀v̂ ∈ Ê,

is equivalent to the eigenvalue problem

Ahûi = λ̂iûi for i = n, . . . , N.

Recall that P and P̂ are projections that map V to E and Ê with respect to
the inner product a(·, ·), respectively. To measure the residual error of (A−Ah),
let us introduce the quantity ǫ by

ǫ :=
1

σ
sup

u∈U,‖γu‖b=1

‖(I − P )(A−Ah)P̂ u‖−1 . (32)

Here, the norm ‖ · ‖−1 is defined as

‖u‖−1 := max
v∈U

b(γu, γv)

‖v‖a
for u ∈ U . (33)

Note that Definitions 3.4, 3.5 from [8, §3.2] and Definition 2.1 from [6] use a
similar quantity to ǫ to derive the estimator.

Lemma 4 Given a normed space B with a norm ‖ · ‖B, let L : B → B
be a linear mapping such that ‖L‖B ≤ r. Let F : B → R be an absolutely
homogeneous functional (i.e., F (αv) = |α|F (v) for all α ∈ R and v ∈ B).
Then

sup
v∈B,‖v‖B=1

F (Lv) ≤ r sup
v∈B,‖v‖B=1

F (v) .

Proof The proof is easily done by noting the following inequality,

sup
v∈B

‖v‖B=1

F (Lv) ≤ sup
v∈B

F (Lv)

‖Lv‖B
‖Lv‖B
‖v‖B

≤ sup
y∈B

F (y)

‖y‖B
‖L‖B = ‖L‖B sup

v∈B
‖v‖B=1

F (v),

where the first inequality follows from the absolute homogeneity of F and the
second one from the fact that Range(L) ⊂ B and from the definition of the
operator norm. The final equality uses again the absolute homogeneity of F .

We formulate the extension of the Davis–Kahan’s sin θ theorem below in
Theorem 5.

Theorem 5 Suppose the eigenvalues of A corresponding to E⊥ are excluded
from (λ̂n − σ, λ̂N + σ) i.e., assume that there exists σ > 0 such that

λn−1 ≤ λ̂n − σ < λ̂N + σ ≤ λN+1.

Then

δb(E, Ê) ≤ ǫ · δ̃(E, Ê). (34)



20 Xuefeng Liu, Tomáš Vejchodský

Proof Define c := (λ̂n + λ̂N )/2, r := (λ̂N − λ̂n)/2. The proof is based on the
triangle inequality

‖(I−P )(A−Ah)P̂ u‖−1 ≥ ‖(A− cI)(I−P )P̂ u‖−1−‖(I−P )(Ah− cI)P̂u‖−1,
(35)

where u ∈ U . Note for any û in Ê, (Ah − cI)û ∈ Ê and ‖γ(Ah − cI)û‖b ≤
r‖γû‖b. Lemma 4 leads to the following inequality,

sup
u∈U,‖γu‖b=1

‖(I − P )(Ah − cI)P̂ u‖−1 ≤ r sup
u∈U,‖γu‖b=1

‖(I − P )P̂ u‖−1 . (36)

Note that for any v ∈ E⊥, ‖γ(A− cI)v‖b ≥ (r+ σ)‖γv‖b. For any u ∈ E⊥, by
taking v := (A− cI)|−1

E⊥u ∈ E⊥, we have

‖γu‖b = ‖γ(A− cI) · (A− cI)|−1
E⊥u‖b ≥ (r + σ)‖γ(A− cI)|−1

E⊥u‖b.

That is,

‖γ(A− cI)|−1
E⊥u‖b ≤

1

(r + σ)
‖γu‖b . (37)

Noticing that (I − P )P̂ = (A − cI)|−1
E⊥(A − cI)(I − P )P̂ , Lemma 4 along

with (37) implies

sup
u∈U,‖γu‖b=1

‖(A−cI)(I−P )P̂ u‖−1 ≥ (r+σ) sup
u∈U,‖γu‖b=1

‖(I−P )P̂ u‖−1. (38)

Inequalities (35), (36), and (38) lead to the following result.

sup
u∈U,‖γu‖b=1

‖(I − P )P̂ u‖−1 ≤
1

σ
sup

u∈U,‖γu‖b=1

‖(I − P )(A−Ah)P̂ u‖−1 = ǫ .

Next, we apply the above estimation to bound δb(E, Ê). Note that

‖γ(I − P )P̂ u)‖b = sup
v∈U,‖γv‖b=1

b(γ(I − P )P̂ u), γ(I − P )P̂ v)

= sup
v∈U,‖γv‖b=1

‖(I − P )P̂ u‖−1 · ‖(I − P )P̂ v‖a.

Therefore, we obtain the following estimation for δb(E, Ê):

δb(E, Ê) = sup
u∈U,‖γu‖b=1

‖γ(I − P )P̂ u‖b

≤ sup
u∈U,‖γu‖b=1

‖(I − P )P̂ u‖−1 · sup
v∈U,‖γv‖b=1

‖(I − P )P̂ v‖a

≤ ǫ · δ̃(E, Ê) .
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Applying relation (28) between δb and δ̃ to the statement of Theorem 5,

we obtain the following bound on δb(E, Ê).

δb(E, Ê)2 ≤ ǫ2 ·
(
λN + λ̂N − 2λn

√
1− δb(E, Ê)2

)
. (39)

Inequality (39) can be reformulated as a quadratic inequality for t := δ2b ,

g(t) := t2 +
(
α2
1 − 2α2

)
t+ α2

2 − α2
1 ≥ 0, t ≤ α2,

with α1 = 2ǫ2λn and α2 = ǫ2 · (λN + λ̂N ). By solving this quadratic inequality,
we derive the following theorem.

Theorem 6 Let the two solution of g(t) = 0 be t1, t2. In case α1 < α2 and
0 < t1 ≤ α2 < t2, then we have δ2b ≤ t1. That is,

δb ≤
{
2α2 − α2

1 − α1

√
α2
1 + 4α2 − 4

2

}1/2

. (40)

Estimates for δa and δ̃ are available through the relation (23) and (28).

Remark 11 Note that for small value of δb, we have
√
1− δ2b ≈ (1 − δ2b/2).

Hence

δb / ǫ

{
λN + λ̂N − 2λn

1− ǫ2λn

}1/2

= ǫ ·
(
O(cluster width) +O(|λ̂N − λN |)

)1/2
.

The quality of the estimator for δb depends on the residual error, the width of
the specified cluster and the quality of the eigenvalue estimation. As we will
see in next sub-section, the quantity ǫ does not depend on the width of the
cluster. In solving practical problems, if the width of the specified cluster is
large, one can try to split the cluster to reduce the cluster width.

In the case of solving the Laplace eigenvalue problem by the conforming
linear finite element method, for which it is expected that O(|λ̂N − λN |) =
O(h2), ǫ = O(h) and δb = O(h2). Our proposed estimation coincides with this

fact, if the cluster width is zero or small enough compared to O(|λ̂N − λN |).

Remark 12 The following identity for any uh ∈ Ê and v ∈ U , will be useful
for computing a tight bound on ǫ:

b(γ(I − P )(A−Ah)uh, γv) = b(γ(A−Ah)uh, γ(I − P )v)

= a(uh, (I − P )v)− b(γAhuh, γ(I − P )v) . (41)
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5.2 Weakly formulated residual error estimation

In this subsection, we consider a concrete eigenvalue problem of the Lapla-
cian and utilize the Prager–Synge technique [36] to compute a tight bound on
the residual error term ǫ. The technique relies on a flux reconstruction, which
we explain for the case of the Laplace eigenvalue problem with homogeneous
Dirichlet boundary condition. The Prager–Synge technique has wide applica-
tions in both a posteriori and a priori error estimation; see for example [45] for
a recent successful application in validating the solution to the Navier–Stokes
equation in 3D domains.

Let V = H1
0 (Ω), W = L2(Ω), γ be the identity, a(u, v) = (∇u,∇v), and

b(γu, γv) = (u, v), where the parenthesis denote the L2(Ω) scalar product.
Further, let ‖ · ‖0 stands for the L2(Ω) norm.

Lemma 5 Let uh ∈ H1
0 (Ω) and p ∈ H(div, Ω) be arbitrary. Then

‖(I − P )(A−Ah)uh‖−1 ≤ ‖∇uh − p‖0 +
1√
λ1

‖ div p+Ahuh‖0.

Proof Using the particular forms of a and b for the Laplace eigenvalue problem,
the negative norm in the definition of ǫ can be expressed with the aid of (41)
as

‖(I − P )(A−Ah)uh‖−1 = max
v∈V

(∇uh,∇(I − P )v)− (Ahuh, (I − P )v)

‖∇v‖0
. (42)

Denoting ϕ = (I − P )v, choosing arbitrary p ∈ H(div, Ω), applying the di-
vergence theorem, Cauchy–Schwarz inequality, and the Friedrichs inequality
‖ϕ‖0 ≤ ‖∇ϕ‖0/

√
λ1, we obtain

(∇uh,∇ϕ)− (Ahuh, ϕ) = (∇uh − p,∇ϕ)− (div p+Ahuh, ϕ)

≤ ‖∇uh − p‖0‖∇ϕ‖0 + ‖ div p+Ahuh‖0‖ϕ‖0

≤
(
‖∇uh − p‖0 +

1√
λ1

‖ div p+Ahuh‖0
)
‖∇ϕ‖0.

Inserting this estimate to (42) together with inequality ‖∇ϕ‖0 ≤ ‖∇v‖0 fin-
ishes the proof.

Remark 13 The residual error ‖(I − P )(A−Ah)uh‖−1 is the same as the one
in [6, Definition 2.1], up to the unimportant factor I − P . However, the as-
sumptions and error bounds for approximate eigenfunctions obtained in [6] are
different from our approach. We assume high-precision bounds for eigenvalues
in the cluster of interest, which can be obtained by applying, for example,
the Lehmann–Goerisch theorem with the FEM over refined meshes; while [6]
considers bounds for eigenvalues and eigenvectors simultaneously. Numerical
results in §6 compare the accuracy of these two approaches and show that our
approach is capable of high precision.



Fully computable a posteriori error bounds for eigenfunctions 23

Lemma 6 Let Wh be a finite dimensional subspace of H(div, Ω) and Ê the
space of approximate eigenvalues corresponding to the cluster of interest, then

ǫ ≤ 1

σ
max
uh∈Ê

‖uh‖0=1

min
ph∈Wh

(
‖∇uh − ph‖0 +

1√
λ1

‖ div ph +Ahuh‖0
)
. (43)

Further, if AhÊ ⊂ divWh, we have

ǫ ≤ 1

σ
max
uh∈Ê

‖uh‖0=1

min
ph∈Wh,

div ph+Ahuh=0

‖∇uh − ph‖0. (44)

Proof Since P̂ V = Ê and using Lemma 5, we have

sup
u∈V,‖u‖0=1

‖(I − P )(A−Ah)P̂ u‖−1 = max
uh∈Ê,‖uh‖0=1

‖(I − P )(A−Ah)uh‖−1

≤ max
uh∈Ê,‖uh‖0=1

min
ph∈Wh

‖∇uh − ph‖0 +
1√
λ1

‖ div ph +Ahuh‖0.

In case that Ahuh ∈ divWh, we can thus force div ph + Ahuh = 0 in seeking
the minimizer ph. Inserting this bound to the definition of ǫ finishes the proof.

Note that in the case of the finite element method the approximate eigen-
vectors uh forming Ê are piecewise polynomial. A natural choice for Wh in
Lemma 6 is a suitable Raviart–Thomas space of higher order such that we
can always find ph ∈ Wh satisfying div ph + Ahuh = 0. There are alternative
methods to obtain this flux; see, e.g., [6,37]. Assuming this choice, we consider

linear operator Rh : Ê → Wh mapping uh to ph = Rhuh, which solves the
following minimization problem:

min
ph∈Wh, div ph+Ahuh=0

‖∇uh − ph‖0.

With the operator Rh, the evaluation of the residual error term ǫ reduces to
solving a maximization problem

ǫ ≤ 1

σ
max
uh∈Ê

‖∇uh −Rhuh‖0
‖uh‖0

.

The right-hand side of the above inequality corresponds to an eigenvalue prob-
lem for matrices with dimension dim(Ê).

Remark 14 The bound in Theorem 6 utilizes relations (23) and (28) to obtain
estimates for δa and δ̃. Notice that a large cluster width λN − λn will cause
a drop of precision of this bound. Therefore, the following subsection derives
bounds on δa and δ̃ independent from the cluster width. We achieve it by
introducing another application of Davis–Kahan’s theorem and estimating δa
and δ̃ directly.
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5.3 Direct estimation of δa: another application of Davis–Kahan’s theorem

Corresponding to the operator Tγ defined in (2), let us introduce a local

discrete operator T̂ γ : Ê → Ê. For given û ∈ Ê, the image T̂ γû is uniquely
determined as the solution to problem

a(T̂ γû, v̂) = b(γû, γv̂) ∀v̂ ∈ Ê.

Note that T̂ γûi = µ̂iûi for i = n, . . . , N , where ûi and µ̂i (µ̂i ≥ µ̂i+1) are the

discrete eigenpairs over Ê, i.e., b(γûi, γv̂) = µ̂ia(ûi, v̂) for all v̂ ∈ Ê. Suppose
the eigenvalues of T corresponding to E⊥ are excluded from (µ̂N − σ, µ̂n+ σ),
then from Davis–Kahan’s theorem we have

δa(E, Ê) ≤ 1

σ
‖(I − P )(Tγ − T̂ γ)P̂‖a

Note the following variational equation holds for any û ∈ Ê and v ∈ V ,

a((Tγ − T̂ γ)û, v) = b(γû, γv)− a(T̂ γû, v) .

Then, we have

‖(I − P )(Tγ − T̂ γ)P̂‖a ≤ ‖(Tγ − T̂ γ)P̂‖a = sup
u∈V,‖u‖a=1

‖(Tγ − T̂ γ)P̂u‖a

= sup
û∈Ê,‖û‖a=1

sup
v∈V,‖v‖a=1

b(γû, γv)− a(T̂ γû, v) .

In case of the Laplace eigenvalue problem, suppose Ê is the approximation by
using a conforming FEM space and Wh the FEM approximation to H(div),
for example, the Raviart–Thomas space. Then, with analogous argument as
in Lemma 6, we have

δa(E, Ê) ≤ 1

σ
max
uh∈Ê

‖∇uh‖0=1

min
ph∈Wh

(
‖∇T̂ γuh − ph‖0 +

1√
λ1

‖ div ph + uh‖0
)
.

(45)
Compared with the approach utilizing (40) and (23) for estimating δa, the

estimate (45) is independent from the cluster width |λN−λn|. Such an estimate
is expected to deal with clusters of relative large width. Note that, by further
utilizing the relation in (27) and (34), the estimate (45) also applies to δ̃ and
thus for δb. That is,

δb ≤ ǫ δ̃ ≤ λ̂N ǫ δa.

This estimate of δb has the convergence rate as O(h2) for liner conforming
FEM approximation if solution u has the H2 regularity.

Remark 15 In practical computations with narrow cluster widths, the estimate
(45) gives relatively inaccurate bounds on δa in comparison with Theorem 6.
This is because the estimate (45) introduces to δa an additional overestimat-
ing factor of convergence rate O(h). On the other hand, (43) introduces an
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overestimating factor of rate O(h) for ǫ and the approach through Theorem
6, which depends on (40) and (23), finally leads to an overestimating factor
for δa with the convergence rate O(h2). Note that the estimator for δa itself is
still of convergence rate O(h).

To summarize, we extended the Davis–Kahan theorem for weakly formu-
lated eigenvalue problems and derived bounds (40) for narrow clusters and
(45) for wide clusters. These estimates are independent from the cluster in-
dex, its width and degree. The quality of these bounds is determined by the
residual error and the gap between the concerned eigenvalue cluster and its
neighbouring clusters. Thus, these estimates enjoy the same favourable prop-
erties as those in [8]. As demonstrated by numerical examples in the following
section, the estimates using the residual information provide sharper bound for
δa and δb than the results in [8], especially for finite element approximations
for eigenvalue problems of differential operators.

6 Numerical examples

This section numerically illustrates the accuracy of proposed bounds on the
directed distances of spaces of exact and approximate eigenfunctions for matrix
and Laplace eigenvalue problems. Refer to Remark 1 for how these problems
fit to the considered abstract context.1

6.1 The matrix eigenvalue problem

First, we apply estimates of the directed distance between spaces of eigenvec-
tors to the generalized matrix eigenvalue problem Ax = λBx, where A,B ∈
R

961×961 are the stiffness and mass matrices of the Laplacian in the unit square
discretized by linear conforming finite element method on a uniform mesh with
h =

√
2/32 (cf. Figure 2). In agreement with the abstract eigenvalue problem

(1), the a- and b- norms of a vector v are given as

‖v‖a =
√
vTAv and ‖γv‖b =

√
vTBv.

The approximate eigenvectors are computed by the MATLAB command eigs.
The error of these approximations is estimated by Theorem 1. The needed
two-sided bounds on eigenvalues are computed by using the interval arithmetic
providing guaranteed enclosing intervals of exact eigenvalues.

The upper bounds on eigenvalues are easily obtained by the Rayleigh-Ritz
method, while the lower bounds need more effort by applying Sylvester’s law
of inertia; see the detailed implementation in [3].

Table 1 lists the resulting two-sided bounds of eigenvalues and estimates
of the directed distance of the corresponding subspaces of eigenvectors. Notice

1 See https://ganjin.online/xfliu/EigenVecEstimation for source codes and demon-
strations of all presented examples.
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that since the approximate eigenvectors do no have better precision in the
b-norm, the bound (23) has no advantage over (11).

Table 1 Error estimates of eigenvalues and eigenvectors for the generalized matrix eigen-
value problem

cluster
two-sided bounds eigenvalue bound (10) bound (11) bound (23)
on eigenvalues enclosure size on δa on δb on δa

{λ1} 19.7815118325
16

8.43× 10−10 4.10× 10−7 2.60 × 10−7 6.23× 10−6

{λ2, λ3} 49.576965260
58

1.00× 10−9 1.13× 10−6 6.12 × 10−7 8.89× 10−7

{λ4} 79.6348490650
38

1.10× 10−9 5.33× 10−6 1.98 × 10−6 1.20× 10−6

{λ5, λ6} 99.5022770155
43

1.16× 10−9 1.06× 10−5 3.46 × 10−6 2.04× 10−6

6.2 Comparison with the sin θ theorem of Davis and Kahan

Since the proposed bounds and Davis–Kahan’s estimates can be easily com-
pared in the case of the standard matrix eigenvalue problem, we consider
the problem Ax = λx, where A is the same matrix as in Subsection 6.1. Its
eigenvalues and eigenvectors can be easily computed with high accuracy. The
leading 13 eigenvalues of A are naturally clustered as in Table 2.

Table 2 The leading 8 clusters for the eigenvalue problem Ax = λx

E1 E2 E3 E4 E5 E6 E7 E8

{λ1} {λ2, λ3} {λ4} {λ5, λ6} {λ7, λ8} {λ9, λ10} {λ11} {λ12, λ13}

To generate approximate eigenvectors ûi, we perturb the exact eigenvectors
ui by uniform random errors of magnitude 10−4 and apply the Gram–Schmidt
process to satisfy the orthonormality requirement of the Davis–Kahan’s method.
Then, we compute approximate eigenvalues by the Rayleigh quotient as λ̂i =
ûT
i Aûi/û

T
i ûi and observe that differences |λi− λ̂i| for the leading six eigenval-

ues are around 3× 10−6.

First, we estimate the distance δb(Ek, Êk) between the exact space Ek and

its approximation Êk by the bound (11). It is evaluated by using two-sided
bounds of eigenvalues of A that are obtained independently by using the same
method as for the generalized eigenvalue problem in Subsection 6.1. The sin θ
theorem of Davis and Kahan [13] (i.e., Theorem 4) provides the estimate

δb(Ek, Êk) ≤
‖Ax̂− x̂Λ̂‖2

δspec
, (46)
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where x̂ = (ûnk
, · · · , ûNk

) is the matrix with orthonormal column vectors that

form Êk; Λ̂ is the diagonal matrix with diagonal elements λ̂nk
, · · · , λ̂Nk

; and
δspec is the spectral gap between the cluster of interest and the rest of the

spectrum. For example, in case k = 2, we have x̂ = (û2, û3), Λ̂ = diag(λ̂2, λ̂3),
and δspec = min(λ4−λ3, λ2−λ1). Table 3 compares the computed bounds with

the exact values δb(Ek, Êk) for k = 1, 2, . . . , 8. The bound (11) gives better
results than the Davis–Kahan’s estimate, except for the 7th cluster {λ11}. For
the 8th cluster, the Davis–Kahan’s estimate exceeds one; note that the value
of the directed distance cannot be greater than one.

Table 3 The directed distance δb(Ek, Êk), its bound (11), and Davis–Kahan’s estimate
(46) for clusters k = 1, 2, . . . , 8.

Cluster {λ1} {λ2, λ3} {λ4} {λ5, λ6}

δb(Ek , Êk) 1.26 ×10−3 2.39 ×10−3 1.78 ×10−3 2.16 ×10−3

Bound (11) 1.08× 10−2 2.12× 10−2 4.36 × 10−2 7.24× 10−2

Davis–Kahan (46) 1.36× 10−1 1.41× 10−1 2.04 × 10−1 2.14× 10−1

Cluster {λ7, λ8} {λ9, λ10} {λ11} {λ12, λ13}

δb(Ek , Êk) 2.33 ×10−3 2.34 ×10−3 1.83 ×10−3 2.40 ×10−3

Bound (11) 1.26× 10−1 3.72× 10−1 5.64 × 10−1 8.53× 10−1

Davis–Kahan (46) 2.18× 10−1 3.86× 10−1 3.99 × 10−1 18.4

6.3 The unit square domain

Consider the Laplace eigenvalue problem with homogeneous Dirichlet bound-
ary conditions in the unit square Ω = (0, 1)2: find eigenvalues λi ∈ R and
corresponding eigenfunctions ui 6= 0 such that

−∆ui = λiui in Ω, ui = 0 on ∂Ω. (47)

As we mention in Remark 1, the a- and b-norms correspond to the energy and
L2(Ω) norms, respectively.

The exact eigenpairs are known analytically to be

λij = (i2 + j2)π2, uij = sin(iπx) sin(jπy), i, j = 1, 2, 3, . . . .

These eigenvalues are either simple or multiple and we clustered them accord-
ing to the multiplicity. The first four clusters are listed in Table 4. Since the
exact eigenvalues are known, we use them to evaluate error bounds (10), (11),
and (23). The quantity ρ is chosen as ρ = λN+1. If the exact eigenvalues are
not known, their two-sided bounds have to be employed.
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Fig. 2 The uniform mesh with h = 1/4 for the unit square.

Table 4 The four leading clusters for the unit square.

Cluster Eigenvalues

1 λ1 = 2π2

2 λ2 = λ3 = 5π2

3 λ4 = 8π2

4 λ5 = λ6 = 10π2

This problem is discretized by the conforming finite element method of
the first order. The finite element mesh Th is chosen as the uniform triangu-
lation consisting of isosceles right triangles; see the mesh with size h = 1/4 in
Figure 2.

For each cluster K = 1, 2, 3, 4, we compute bounds of on δa(EK , ÊK) and

δb(EK , ÊK) by applying Algorithm I (Theorem 1 along with (23)) and Algo-
rithm II (Theorem 6 along with (23)), respectively.

The convergence behavior of computed bounds from Algorithm I on a
sequence of uniformly refined meshes, when applied to the exact directed dis-
tances of the four leading clusters, is shown in Figures 3 and 4. Particularly,
the results confirm the expected optimal convergence rate O(h) of the esti-

mate (10), the convergence rate O(h2) of δb(EK , ÊK), and the sub-optimal
rate O(h) of the bound (11).

The corresponding indices of effectivity I(δ), for the the estimates com-
puted by both algorithms are listed in Table 5 and Table 6. The estimate
by Algorithm II provides impressively sharp bounds for the error of approxi-
mate eigenfunctions. Observed from the effectivity index, we can see that the
estimate from Algorithm II on δb has an optimal convergence rate as O(h2).

Note that the estimate computed by Algorithm I only utilizes the Rayleigh
quotient of the approximate eigenfunction, while Algorithm II takes advantage
of the residual error estimation along with the flux constructed by solving
variational equations. The high precision of bounds on δa and δ̃ based on
Theorem 6 may be attributed to the relations (23) and (28), which come
from the fundamental relation in (22). The a priori error estimates with the
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finite element projection can also help to obtain sharp estimates of δa and δ̃
achieving effectivity indices almost one. This approach will be investigated in
our subsequent paper. See also the discussion in preprint [31, §6].
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Fig. 3 Bounds (10) and (23) on the energy distances of spaces of eigenfunctions δa(EK , ÊK)
for the square domain and the four leading clusters of eigenvalues.

Note that all bounds in this and in the following sections are computed in
the floating-point arithmetic, and the influence of rounding errors is not taken
into account. However, if needed, mathematically rigorous estimates could be
obtained by employing the interval arithmetic [34].

Remark 16 Error estimates of eigenfunctions for the Dirichlet Laplacian in the
square domain are well discussed in the existing literature. For example, in [6],
a computable estimate for the error in eigenfunctions is provided by solving
an auxiliary problem and considering estimates of the residual, which are also
used in Algorithm II. Note that paper [6] measures the error of eigenfunctions

with a different distance. Let us define the distance δ(E, Ê) by

δ(E, Ê) := max
û∈Ê

‖γû‖b=1

min
u∈E

‖γu‖b=1

‖u− û‖a. (48)

Note that δ(E, Ê) = δ(Ê, E), only if E and Ê have the same dimension and
the cluster width is zero. Paper [6] utilizes this distance for the case of simple
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Fig. 4 Bounds (11) on the L2(Ω) distances of spaces of eigenfunctions δb(EK , ÊK) for the
square domain and four leading clusters of eigenvalues.

Table 5 Effectivity indices of estimates (10), (23) and (11) (without the residual error
estimation; the unit square)

mesh size
δa(E1, Ê1) δa(E2, Ê2) δa(E3, Ê3) δa(E4, Ê4)

(10) (23) (10) (23) (10) (23) (10) (23)

h=1/32 1.29 1.29 2.53 1.81 5.08 2.98 9.41 4.80
h=1/64 1.29 1.29 2.55 1.81 5.08 2.96 9.42 4.72
h=1/128 1.29 1.29 2.55 1.81 5.08 2.96 9.42 4.70

mesh size
δb(E1, Ê1) δb(E2, Ê2) δb(E3, Ê3) δb(E4, Ê4)

(10) (10) (10) (10)

h=1/32 33.57 41.28 56.90 93.58
h=1/64 67.25 82.88 114.50 188.63
h=1/128 134.56 165.91 229.34 378.00

eigenvalues. It is easy to see that δ̃ ≤ δ. By confirming the utilization of δ̃
in Theorem 3 and Theorem 5, the arguments therein also hold by replacing δ̃
with δ. Thus, we can apply the bound for δ̃ to directly estimate δ. That is,

δ
2
(E, Ê) ≤ λN + λ̂N − 2λn

√
1− δ2b (E, Ê) . (49)
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Table 6 Effectivity indices of estimation from Theorem 6 (with the residual error estima-
tion; the unit square)

mesh size
cluster 1 cluster 2 cluster 3 cluster 4

I(δa) I(δb) I(δa) I(δb) I(δa) I(δb) I(δa) I(δb)

h=1/32 1.00045 1.27 1.0065 3.12 1.078 8.189 1.12 10.385
h=1/64 1.00011 1.27 1.0016 3.12 1.018 7.76 1.026 9.53
h=1/128 1.00003 1.27 1.0004 3.12 1.0043 7.66 1.0064 9.36

In Table 7, the estimate of δ through (49) and the estimate of δb from Theorem
1 and Theorem 6 is applied to the first cluster, and the effectivity indices of the
obtained error estimates are compared with the ones of [6]. Note that in this
comparison, we follow the mesh type used in [6] rather than the type in Figure
2 and the eigenvalue bounds for the clusters are different from the ones used
in [6]. Further note the convergence rate O(h) of the overestimation factor of
[6]. With the analogous argument as in Remark 15, the locally reconstructed
flux can also be used in (43) to obtain sharp estimates with the quadratic
convergence rate of the overestimating factor.

Table 7 Comparison of the effectivity index for different approaches applied to δ(E1, Ê1)
(the same type uniform mesh as [6] for the unit square domain )

h δ I(δ) from Thm 1 I(δ) from Thm 6 I(δ) from (45) I(δ) of [6]

1/20 0.3494 1.29 1.00035 1.67 1.13

1/40 0.1745 1.29 1.00008 1.67 1.07

6.4 The L-shaped domain

We consider Laplace eigenvalue problem (47) in the L-shaped domain Ω =
(−1, 1)2 \ (−1, 0]2 to present the standard example with singularities of eigen-
functions and also to demonstrate the versatility of the proposed method. We
solve this problem by using both the classical linear conforming finite element
space and the extended space with two more basis functions

ηk = (x4 − 1)(y4 − 1)r
2k

3 sin

(
2k

3
(θ + π/2)

)
, k = 1, 2.

Since the exact eigenvalues are not known, bounds (10), (11), and (23) are
evaluated by using two-sided bounds on eigenvalues, which were computed in
[29] and we list them in Table 8. The first four eigenvalues are simple and form
trivial clusters.
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Table 8 Lower bounds on the leading eigenvalues for the L-shaped domain.

λ1 λ2 λ3 λ4 λ5

9.63973
1

15.19726
5

19.73921
0

29.52149
7

31.91264
2

Fig. 5 L-shaped domain and the initial mesh

The initial finite element mesh is displayed in Figure 5. First, we apply
Algorithm I to the four leading eigenvalue clusters. Figure 6 shows the obtained
bounds (10) and (23) on the energy distance δa and Figure 7 shows the bound
(11) on the L2(Ω) distance δb. The results confirm that both the distance δa
and its bounds converge with a slower rate for the standard finite element
space and have the optimal speed of convergence O(h) for the extended finite
element space.

The indices of effectivity for the estimates computed by the two algorithms
are listed in Table 9 and the comparison to the result of [6] is shown in Table 10.
Note the exact eigenfunctions are unknown and the approximate ones over
quite refined mesh are used as the exact eigenfunctions in the effectivity index
computation. The stable values of the effectivity indices indicate that the
bound computed by Algorithm II has the optimal rate of convergence.

Table 9 Effectivity index of estimation on δa and δb (standard FEM; L-shaped domain)

(a) Estimate of δa and δb by (23) and (11) (no residual error estimation)

mesh size
cluster 1 cluster 2 cluster 3 cluster 4

I(δa) I(δb) I(δa) I(δb) I(δa) I(δb) I(δa) I(δb)

h=1/32 1.67 24.99 3.57 159.94 4.48 178.45 12.74 394.83
h=1/64 1.69 38.71 4.03 365.49 5.056 407.52 13.83 898.22

(b) Estimate of δa and δb by Theorem 6 (residual error estimation used)

mesh size
cluster 1 cluster 2 cluster 3 cluster 4

I(δa) I(δb) I(δa) I(δb) I(δa) I(δb) I(δa) I(δb)

h=1/32 1.012 1.97 1.0087 5.99 1.021 8.45 1.34 29.36
h=1/64 1.024 1.82 1.0021 5.98 1.0052 8.33 1.060 23.26
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Fig. 6 Bounds (10) and (23) on the energy distance δa of spaces of eigenfunctions for the
L-shaped domain. Results for the standard finite element space are plotted with solid lines
while results for the extended space with dashed lines.

Table 10 Comparison of the effectivity index for different approaches (L-shaped domain)

Approaches Mesh type #(DOF) I(δ(E1, Ê1))

Theorem 1 uniform mesh (h = 1/64) 12545 1.69

Theorem 6 uniform mesh (h = 1/64) 12545 1.024

Estimate of [6] unstructured mesh 24925 2.51

6.5 The dumbbell shaped domain

Finally, we consider Laplace eigenvalue problem (47) in a dumbbell shaped
domain consisting of two unit squares connected by a bar of width 0.02 and
length 0.1, see Figure 8, where also the initial mesh is depicted. This example
is interesting due to singularities of eigenfunctions in re-entrant corners and
especially due to tight clusters of eigenvalues.

The exact eigenpairs are not known, but the eigenvalues are expected to
be close to eigenvalues for the union of two squares, i.e., two eigenvalues close
to 2π2 ≈ 19.739, four eigenvalues close to 5π2 ≈ 49.348, etc. In order to
compute high precision two-sided bounds for these eigenvalues, we combine the
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Fig. 7 Bounds (11) on the L2(Ω) distance δb of spaces of eigenfunctions for the L-shaped
domain. Results for the standard finite element space are plotted with solid lines while
results for the extended space with dashed lines.

Fig. 8 Dumbbell-shaped domain and the initial mesh

Crouzeix–Raviart nonconforming finite elements and the Lehmann–Goerisch
method as proposed in [26]. The resulting two-sided bounds obtained on a fine
mesh and finite element spaces of the third order are presented in Table 11.

Table 11 also shows the chosen division of the first twelve eigenvalues into
four clusters. Note that eigenvalues λ3 and λ4 are strictly separated from λ5

and λ6. Therefore, they could be considered as two separate clusters, but then
the spectral gap between them would be small and the factor ρ − λn in (10)
and (11) would yield large overestimation. For this reason, all four eigenvalues
λ3, . . . , λ6 are considered in one cluster.

We apply compute the bounds on δa(EK , ÊK) and δb(EK , ÊK) for the four
clusters K = 1, 2, 3, 4 as we did for the unit square domain. To investigate the
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Table 11 Lower and upper bounds of eigenvalues for the dumbbell shaped domain. Two
times refined initial mesh and third order finite element spaces were used.

cluster lower and upper eigenvalue bounds

1 λ1 = 19.736729
634

, λ2 = 19.736729
635

2 λ3 = 49.33809
761

, λ4 = 49.33809
761

, λ5 = 49.3480208
5
, λ6 = 49.3480208

5

3 λ7 = 78.9568301
290

, λ8 = 78.9568301
290

4 λ9 = 98.671154
69041

, λ10 = 98.671154
69041

, λ11 = 98.6960441
39
, λ12 = 98.6960441

39

rate of convergence of estimate computed by Algorithm I, the bounds (10),
(11), and (23) are displayed in Figure 9. The first and the third cluster are very
tight and we observe the first order convergence. However, the convergence
curves for the second and the fourth cluster bend due to the non-negligible
width of these clusters.

The comparison of effectivity indices of the estimates from Algorithm I
and II are shown in Table 12. Here, the solution solved by the conforming La-
grange FEM with degree 4 is regarded as the exact solution in calculating the
effectivity index. The mesh size h here denotes the maximum edge length of
the mesh. The presented results show that Algorithm II considerably improves
the accuracy of the bounds, but has higher computational cost. The compu-
tational cost can be decreased by computing only approximate minimum in
(44) using local flux reconstructions as in [6,8]. See also study [40] showing
that the local flux reconstructions are considerably faster to compute than the
global ones, while the two approaches provide almost the same accuracy.

Table 12 Effectivity index of estimation on δa and δb (Dumbbell-shaped domain)

(a) Estimate of δa and δb by (23) and (11) (no residual error estimation)

mesh size
cluster 1 cluster 2 cluster 3 cluster 4

I(δa) I(δb) I(δa) I(δb) I(δa) I(δb) I(δa) I(δb)

h=0.068 1.29 29.94 2.41 29.64 5.10 40.27 8.32 42.96

(b) Estimate of δa and δb by Theorem 6 (residual error estimation used)

mesh size
cluster 1 cluster 2 cluster 3 cluster 4

I(δa) I(δb) I(δa) I(δb) I(δa) I(δb) I(δa) I(δb)

h=0.068 1.00033 1.044 1.028 2.38 1.064 5.26 1.17 5.84
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Fig. 9 Bounds (10), (11), and (23) on the energy distance δa and L2(Ω) distance δb of
spaces of eigenfunctions for the dumbbell shaped domain.

7 Conclusions

For the abstractly formulated eigenvalue problem of compact operators over
Hilbert spaces, we proposed two algorithms to derive guaranteed upper bounds
on the directed distance between sub-spaces of exact and approximate eigen-
functions. The two presented algorithms have their own advantages for eigen-
value problems of different settings. Algorithm I only utilizes the Rayleigh
quotients of the approximate eigenvectors, while Algorithm II provides sharper
bounds by further considering the residual error estimation of discretized op-
erators.

The bounds of both algorithms are independent of the discretization method
and apply to arbitrary conforming approximations of eigenfunctions. Bounds
on the total error of these approximations are easily computed by using solely
the two-sided bounds on exact eigenvalues and the approximate eigenfunctions
themselves. The derived bounds can be straightforwardly applied to, for ex-
ample, the (generalized) matrix, Laplace, Steklov, and many other eigenvalue
problems.



Fully computable a posteriori error bounds for eigenfunctions 37

Numerical examples for the Laplace eigenvalue problem discretized by the
finite element method show that the bound from Algorithm I in the L2 norm
converges with a sub-optimal rate, while the one from Algorithm II has the
optimal rate. In a subsequent work we would like to employ the Aubin–Nitsche
technique and the explicit a priori error estimate for the energy projection [28]
in order to derive bounds in the L2 norm with the optimal rate of convergence,
without solving the dual problem as required in Algorithm II.
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38. Ivana Šebestová and Tomáš Vejchodský, Two-sided bounds for eigenvalues of differen-
tial operators with applications to Friedrichs, Poincaré, trace, and similar constants,
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