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Abstract

In this paper, we introduce and analyze an asymptotic-preserving scheme for Lotka—
Volterra parabolic equations. It is a class of nonlinear and nonlocal stiff equations,
which describes the evolution of a population structured with phenotypic trait. In a
regime of large time scale and small mutations, the population concentrates at a set
of dominant traits. The dynamics of this concentration is described by a constrained
Hamilton—Jacobi equation, which is a system coupling a Hamilton—Jacobi equation
with a Lagrange multiplier determined by a constraint. This coupling makes the equa-
tion nonlocal. Moreover, the constraint does not enjoy much regularity, since it can
have jumps. The scheme we propose is convergent in all the regimes, and enjoys sta-
bility in the long time and small mutations limit. Moreover, we prove that the limiting
scheme converges towards the viscosity solution of the constrained Hamilton—Jacobi
equation, despite the lack of regularity of the constraint. The theoretical analysis of
the schemes is illustrated and complemented with numerical simulations.
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1 Introduction
We are interested in the numerical analysis of a Lotka—Volterra parabolic equation

ne(t, x)

dne(t, x) — eAyng(t, x) = R(x, (1), xR t>0

I:(t) = [ga ¥ ()ne(t, x)dx, 1 =0,

)]

supplemented with the initial condition n.(t = 0, x) = nisn (x) € L'(R?), such that
ni_j“ > 0. Itis a particular case of models arising in the theory of adaptive evolution [13,
17, 18, 29, 30]. It describes the evolution of a population structured with phenotypic
trait, where n, (¢, x) denotes the amount of individuals with trait x € R4 attime > 0.
The evolution of the population is driven by births and deaths, synthesized in the net
growthrate R. Note that the birth and death rates depend on the phenotypic trait, mean-
ing that some individuals may be advantaged, because they are better adapted. The
function R also depends on I, defined in (1), accounting for a weighted representation
of the total population burden on each individual growth rate. Thanks to the weight
Y, individuals may have different impact on their environment, depending on their
phenotypic trait. Mutations in the model are represented by unbiased random changes
of phenotypes, with the Laplacian term in the left-hand side of (1). The parameter
e € (0, 1]1n (1) is a scaling parameter, so that considering the limit ¢ — 0 stands for
the study of the population in an asymptotic regime of long time and small mutations.
This is usually referred to as the separation of ecological and evolutionary time scales.

The asymptotic analysis of phenotype-structured population models has been car-
ried out for various situations, we refer for instance to [9, 12, 14, 26, 27, 32, 33]. The
particular case of (1) was studied in [4, 28, 34], and more general mutation operators
than the one in (1) were considered in [4, 5]. Generally speaking, because of the selec-
tion and the dynamics of adaptation, the population density is expected to concentrate
on a set of dominant traits, meaning that it degenerates to a Dirac mass, or a sum of
Dirac masses, located at the dominant trait(s). This can be formally understood by
remarking that when ¢ — 0, (1) yields no(¢, x) R(x, Ip(t)) = 0. As a consequence,
no = 0, except where R = 0. In particular, in the asymptotic regime ¢ — 0, the
solution is expected to enjoy no better than measure regularity, requiring dedicated
analytical methods. The Hopf—Cole transform, a logarithmic transformation of the
unknown, is introduced to circumvent the regularity issues and study the dynamics
of the concentration points. Coming back to (1), the Hopf—Cole transform u, of n; is
introduced

Vi>0,VxeR ng(r,x) =e /e 2)
such that u, satisfies the following problem
Bpus (8, x) + | Vute (1, )P = eAue(t, x) — R(x, (1), x € RY, 1 2 0,

P
L) = f W (x)e e Do gy >0, (Pe)
Rd
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with the initial data u.(r = 0,x) = uisn(x) = —¢ln nign(x). Note that we consider
only well-prepared initial data in (P,). In other words, the set LY(R4 ) of admissible
initial data in (1), is restricted according to the following assumptions, to avoid intial
layer phenomena in the limit ¢ — 0.

The asymptotic behavior of u, when ¢ — 0is studied in [4], under suitable assump-
tions on the parameters. Following [4], we will suppose that there are two constants
Ym, ¥ such that

VxeRY 0<yu, <y(x) < ¢y <+o0, and ¥ € W»P(RY). (A1)
It is also assumed that there exist two constants 0 < I, < Iy < 400 satisfying

min R(x, I,;,) =0, max R(x,Iy) =0, (A2)

xeRd xeRd

that R is decreasing with respect to its second variable, and that there exists a constant
K > 0 such that

VxeRY, VI eR, —K <9;R(x,I) < —1/K <0, and (A3)
Sllp ”R(’ I)”WZ,OO(Rd) S K
I 2<I<2Iy

In Sect.5, we will also use slightly stronger assumptions for R, namely that / >
IR, D)l w200 (ray is bounded on all compact sets of R. The initial data uyt in (Pg) is
chosen such that

e/ e LYRY), Iy < / Ye /e dx < Iy (Ad)
R4

Because of assumption (A4), uf;‘ has to be large at infinity. However, in what follows,
a quantitative estimate of this behavior will be needed. Still following [4], we will then
rather suppose that

3g,a>0,3bbeR, Ve>0, Vx e RY, alx —xo| + b < ul®(x) <a|x — xo| + b,
(A5)

where the upper bound is introduced for technical reasons, see Sect. 4. Moreover, we
will suppose that u}" enjoys Lipschitz regularity, uniformly with respect to & > 0. Its
Lipschitz constant is denoted by Ly,

Va,y € RY Juf (1) = u' ()] < Lolx — yl, (A6)
and it is chosen large enough so that a < L, with a defined in (AS5). Eventually, a

refined assumption is made on the minimum of u};‘, as we suppose that there exist two
constants ¢, and c}y; such that

in o in in
Cp€ <minu, < cype. (A7)

@ Springer



106 V. Calvez et al.

Under these assumptions, the following theorem holds

Theorem 1.1 ([4, 8]) Suppose that assumptions (Al)-(A2)-(A3)-(A4)-(AS)-(A6)-
(A7) are satisfied. Let u, be the solution of (P¢) and I, be defined in (P,). Suppose
also that (ufsn)s is a sequence of uniformly continuous functions which converges
locally uniformly to v'™. Then, (ug)s converges locally uniformly to a function
v € C([0, +00[ xR, and (1), converges almost everywhere to a function J, such
that J € BV(0,T) forall T > 0, and that (v, J) is the unique viscosity solution of
the following equation

du(t, x) + |Vev(t, x)> = —=R(x, J(1)), x e RY, t > 0

min v(t, x) =0 t >0,
xeRd

(Po)

with initial data v'™™.

Equation (Py) is a constrained Hamilton—Jacobi equation, with quadratic Hamilto-
nian

Vp eRY, H(p) = Ipl% 3)

where | - | stands for the Euclidean norm on R?. Note that J is not defined anymore as a
weighted population size, but that it is now an unknown of the problem. It behaves as a
Lagrange multiplier regarding the constraint min v(¢, -) = 0. Remark also that, when
& — 0, the limit measure of the solution n, of (1) is supported in the set argmin .

In Theorem 1.1, uniqueness of the pair (v, J) holds true in the class of locally
Lipschitz-continuous functions v, and locally BV functions J. On the one side, Lips-
chitzregularity is a natural setting for viscosity solutions of Hamilton—Jacobi equations
[3, 10, 16]. On the other side, the limiting function J may have jump discontinuities
[4, 33, 34], so that BV is the appropriate functional space for well-posedness. The
existence of a solution (v, J) of (Pp) is a consequence of [4], where it is obtained as
the limit of the sequence (u, I;), of solutions of (P;), together with locally uniform
Lipschitz and BV estimates, respectively. The uniqueness of the pair (v, J) has been
adressed in some particular cases in [23, 31, 34], then in [8] in a more general setting
including the problem under study. It is in fact composed of two companion results.
Considering (Pp), the following holds

Theorem 1.2 ([8])

(i) Suppose that (v1, J1) qnd (v2, Jo) are wo solutions of (Py) in W]L’coo X B Ve with
the same initial data v'™. Assume that V™™ is coercive, that min v'™ = 0, and that R
is uniformly decreasing with respect to its second argument (A3). Then, vi = v,
and J1 = Jp almost everywhere.

(ii) Let J € BV (0, T) be given. Then, the variational solution v of

du(t, x) + [Vev(t, x))> = —R(x, J(t)), t >0, x € RY, 4)
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with initial data v™, is the unique locally Lipschitz viscosity solution of (4) over
(0, T1 x R%. Moreover, v is independent of the choice of a representative of J in
BV. Namely, if (4) is considered with two source terms Ji and Jp in BV (0, T)
such that J1 = Jy almost everywhere in (4), then v; = v).

Theorem 1.2 suggests the following argument, which will be a key strategy in the
present work. It is possible to consider J being given as a source term in (Py), and
show separately that the solution satisfies the constraint min v(¢, -) = 0, in order to
prove that (v, J) is the unique viscosity solution of (Pp). This enables decoupling the
Hamilton—Jacobi equation from its constraint.

In this paper, we propose and investigate a numerical scheme for (P,) which enjoys
stability properties when the parameter ¢ goes to 0. Indeed, because of the definition
of I in (P;), the problem becomes stiff in the small-¢ regime. If no specific strategy
was employed, the accuracy of the numerical approximation of (P,) would hence be
deteriorated in the asymptotic regime. Schemes specifically designed for such singular
problems are called Asymptotic-Preserving (AP). They were introduced for kinetic
equations [21, 24, 25], and their properties are usually summarized by the following
diagram

) -0 ()

h—0 h—0

’

(5 5~ )
e—>0

that should be understood as follows: an equation (P,) depending on a parameter
e > 0 is given, and its solution converges when ¢ — 0 to the solution of another
equation (Pp). The scheme (Sg’), where all the discretization parameters are included
in the notation %, enjoys the AP property if its solution converges when & > 0 is
fixed and ¢ — 0, to the solution of the scheme (Sg) Moreover, the solution of the
scheme (Sg’) must converge to the solution of (P,) when ¢ > 0 is fixed and h — 0,
and the scheme (S(’)’) has to be convergent to the solution of problem (Pp), when
h — 0. Even if it is in general not true, an AP scheme can also enjoy the stronger
property of being Uniformly Accurate (UA), meaning that its precision is independent
of ¢. There is a large literature about AP schemes for various asymptotics of kinetic
equations [15, 22], but, to the best of our knowledge, there are few results in case
the asymptotic problem belongs to the class of Hamilton—Jacobi equations: a scheme
for front propagation in a one-dimensional kinetic linear BGK equation is analyzed in
[20], a scheme for dynamics of concentration in a selection-mutation equation close to
(P,) but with an integral mutation kernel is proposed, tested but not analyzed in [6], and
amodel structured with age but where mutations are not considered is treated in [1]. In
contrast with AP schemes designed for linear kinetic equations, the latter works share
the following features: the nonlinear character of the continuous problem (P;), and
the need of a specific numerical analysis for the approximation of Hamilton—Jacobi
equations (Pp).

@ Springer



108 V. Calvez et al.

The discretizations of the two problems (P, ) and (Pp) raise several challenges. Con-
cerning (P,), the stiffest term /. is handled implicitly in the numerical approximation.
It implies stability in the small ¢ limit, but it requires the resolution of a nonlinear scalar
equation, whose cost is independent of ¢. The other terms are discretized according
to the properties expected for the scheme in the limit & — 0.

The numerical analysis of the constrained Hamilton—Jacobi problem (Py) is original,
to the best of our knowledge. We identified two important difficulties: the unbounded
character of the solution on the one hand, and the lack of regularity of J on the other
hand. We propose a finite-difference scheme for (Py), which enjoys partial monotonic-
ity properties. The classical Hamilton—Jacobi side of the problem is handled with a
standard monotonic scheme compatible with the discrete maximum principle [11, 36].
The contribution issued from the constraint comes with a nonlinear scalar problem to
solve. During this step, the monotonicity of R with respect to its second argument is
crucially used to handle the lack of regularity. Thanks to this construction, the scheme
enjoys strong stability properties even if it is nonlocal, nonlinear, and it is used for
unbounded data. The convergence of the scheme is a consequence of these stability
estimates, via compactness arguments. The identification of the limit with the viscosity
solution of (Py) requires more work. It is done using viscosity procedure, following
the framework of [11]. However, as J is only in BV, it lacks the Lipschitz regularity
necessary to handle time-dependency in such proofs. This difficulty is overcomed with
the introduction of a regularized problem, in which the Hamilton—Jacobi equation is
decoupled from its constraint.

The paper is organized as follows: the scheme for (P;) is constructed, in Sect. 2, as
well as the scheme for the limit problem (Pg). The AP property of the scheme for (P,)
is proved in Sect. 3. The convergence of the scheme for (Pg) is proved in Sect. 4, while
the convergence of the scheme for (P,) for a given positive ¢ > 0 is treated in Sect. 5.
Finally, various properties of the schemes are illustrated and discussed via numerical
tests in Sect. 6.

2 Construction of the scheme and main results

In this section, we present the construction of an AP scheme for (P;) in dimension
d = 1, and we state its properties. Presenting the results in dimension 1 avoids useless
technical complications in what follows. However, the scheme can be generalized
to any finite dimension, and its properties can be proved as in dimension 1. The
generalization of the scheme in higher dimension is presented in Sect. 6.6.

Let T > 0O be fixed, the number N, of time steps be given. The time step is defined
as At = T /Ny, and let t, = nAt for n € [0, N/]. The trait step is denoted Ax > 0,
and the grid is defined with x; = xo 4 i Ax for a given xo € R and for all i € Z. For
n € [0, Ny — 1] and i € Z, the scheme for (P;) is given by

@ Springer



Concentration in Lotka-Volterra parabolic equations: an... 109

uttl w —u ou —ul ul, o —2ut 4+ u”
= Ax Y y(x)ed" e,
i€Z
(Se)

Note that sequences (u}),,; and (/ n+1) depend on ¢, although it is ommitted to
simplify the notation. The scheme is initialized with u? = uf;’ (x;) forall i € Z. The
function H is given by

H(p,q) =max {H"(p), H (q)}, Q)
with
2 . 2 .
p-if p>0 _ q° ifg <0
H*(p) = ~and H (q) = . ©)
0 otherwise, 0 otherwise.

Such a choice of discretization for the Hamiltonian H defined in (3) makes the scheme
(S¢) enjoy monotonicity properties. It is a classical assumption in numerical schemes
for Hamilton—Jacobi equations, see [11, 36], and discretizations like (5) were for
instance used in [19]. Here, together with the implicit definition of I"*! in (S,), it
provides stability properties in the small ¢ limit. Moreover, we will show that the
monotonicity is conserved when ¢ — 0. It is a key ingredient of the convergence of
the scheme in the asymptotic regime.
In what follows, we will denote, for a given L > 0,

Cy(L) = sup [(H") (p)|+ sup [(H) (q)| = 4L. (7
[pI=L lgl<L

Then, the following results hold:

Proposition 2.1 (Convergence of the scheme (S;)) Suppose that assumptions (Al)-
(A2)-(A3)-(AS)-(A6) are satisfied, and thate > 0and T > 0 are fixed. Let A € (0, 1).
There exist Iy > 0, and Atg > 0 such that for all At < Atg and Ax satisfying

2 ! 4+ Cgy(Lo+ Tk) ! =A (CFL)
S_A _A _

2 T+ T2 ; e
with Lg defined in (A6), Cy in (7), and

k= Ssup ||R(',I)||W2-OO(R), (8)

OSISIM/

the scheme (S;) is well defined. Moreover; there exists a constant C(¢), depending
on T, 187uelloc,jo,71xRs 195Uz lloo,0,71xR for k = 1,2, 3, and |83 (¥ne)| . 10 7pxr
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110 V. Calvez et al.

such that for all n € [0, Ny — 1],

sup |/ ! — ue(tngr. x)| < C(e)(| In(AD)|Af + Ax), ©
ieZ

and

Le(ta1) — "1 < C(e) (| In(AD)| AL + Ax), (10)

where u, and I, are defined in (P,), u"+! = (u?“)iez and 1" in (S,), ng in (1) and

¥ in (Al).

Remark 2.1 1t is worth remarking that the L°° norms of derivatives of u, and n, in
Prop. 2.1 are well defined, provided that ¥ is smooth enough. Indeed, the bound for
10x e lloo,[0,7]xR 18 @ consequence of the Lipschitz property of u, in x, and comes
from the maximum principle applied to (P;) derivated with respect to x. Bounds for
higher order derivatives, as well as derivatives of n., are consequences of Duhamel’s
formula for (1) and (P;), and of regularizing effects of the Laplacian. As it is not the
purpose of this paper, we omit the details of these properties. One can refer to [16] for
the necessary tools.

The estimate in | In(A¢)|At in (9) and (10) comes from the quadrature rule in the
approximation of /. At first sight, this could be seen as a reduction of order of the
scheme, compared to the order 1 in Ar that could be expected. However, because
of (CFL,), one has Ax =a;_0 O(+/Ar), so that the order reduction in time has no
impact on the precision of scheme (S;), when ¢ > 0 is fixed.

Remark 2.2 The behavior of C(¢) when & goes to O brings serious difficulties.
Indeed, it depends on ”8[2148”00’[()’T]XR, on ||8)Ifu8||oo,[0’r]xR for k = 1,2,3, and
on ||8§(1ﬁn8) loo,[0,71x R, S€€ Sect. 5. As it is emphasized in Remark 2.1, these quan-
tities are well-defined when ¢ > 0 is fixed. However, they are a priori not uniformly
bounded with respect to ¢, as n, concentrates as a sum of Dirac masses when ¢ — 0.
As a consequence, C(¢) may go to +00 when ¢ — 0. If estimates (9) and (10) were
equalities, it would mean that the time step At would have to be refined according to
¢ to make (S;) approximate (P;) properly. The asymptotic behavior of C(¢) for small
& does not only come from regularity issues of u, when ¢ — 0. Indeed, it is strongly
related to the fact that Prop. 2.1 holds for fixed ¢ > 0 only. In particular, the constant
k in (CFL;) depends on & and may go to +o0o when ¢ goes to 0. To overpass this
difficulty, Prop. 2.1 is supplemented by the two forthcoming propositions, that give
the behavior of (S;) when ¢ is small. They suggest that estimates (9) and (10) might
be too loose when ¢ — 0, and that C(e) is most likely an excessively large upper
bound for the convergence of scheme (S;).

The fact that the convergence error of scheme (S;) depends on ¢, and is a priori not
uniformly bounded with respect to ¢, means that we do not establish the uniform accu-
racy of scheme (S;) in Prop. 2.1. However, numerical tests suggest that this property
is true, in appropriate discrete functional spaces. More precisely, the approximation
error (in L® norm for u, and discrete L! norm for I) of (S¢) is uniformly bounded
with respect to ¢, and decreases to 0 when At — 0. We refer to Sect. 6.5 for details.
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Remark 2.3 Since the scheme (S;) is a coupled system of two implicit equations,
a nonlinear equation has to be solved to compute (u?“),-ez and I"t!. The fact that
1" is well-defined is straightforward. Indeed, it is solution of the equation ¢ (/) = 0,
where

W) =1 = Ax Y yrae ™ /eeARGDIe (1)
i€Z

with

n n n n n n n
- wp g —2ui +ui_ w! —ul oul —ul
At =l oAt ll—AtH<l el ’).

Ax? Ax ~ Ax

Note that (11) is well-defined forany I € Rif (u;‘) ez satisfies (A4)-(A5)-(A6)-(A7). It
is worth remarking that since ¢ is a difference between an increasing and a decreasing
function, there exists a unique /"*! € R such that ¢(1"*!) = 0. This property is
independent of ¢, therefore the scheme (S;) is well-defined for all ¢ € (0, 1].

In practice, I"*! is computed first, using Newton’s method to solve the scalar
nonlinear equation ¢ (/) = 0. Note that, as scheme (S, ) isimplicitonly in / and notin u,
the nonlinear equation that has to be solved to compute the iterations of scheme (S;) is
only in dimension 1. This would not be the case if other terms, as the diffusion, had been
taken implicit. A priori, the resolution of a scalar nonlinear equation with Newton’s
method does not represent a particular difficulty. However, it must be implemented with
care, to ensure that it is properly solved for all ¢ € (0, 1], with constant computational
cost. The solution of equation (11) is uniformly bounded with respect to ¢. Indeed, we
prove in Sect. 3 that it is bounded by 27); when ¢ is small enough, with ), defined in
(A2), and a bound is given in Sect. 5 for larger ¢, see Remark 5.1. However, (11) is very
sensitive to approximations in the arguments of the exponentials, that are dramatically
increased when ¢ is small. As a consequence, the numerical resolution of (11) can
collapse during Newton’s iterations. To avoid such a phenomenon, Newton’s iterations
are computed as analytically as possible, and implemented with special care of the
compensations between terms. Namely, as Newton’s method consists in a fixed-point
algorithm for the function I + I — ¢(I)/¢’(I), we use the reformulation

i

_mn+1_ X _
Ax Y W(xi) (e — IAT;R(xi, I)) e (7! —auRe.1)=m) e

_ed) _ ez
¢'(I)

’

~n+1 Ty
u; " —=AtR(x;,I) m)/e . 8em/€

i

AtAx Y ¥ (xi)dr R(x;, 1)e’(
i€eZ

with
m = min ﬁ'f'H—AtRx;I},
jeZ{ J i D)
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112 V. Calvez et al.

in the iterations. When it is not enough, ¢(/) = 0 with ¢ defined in (11) is replaced
by the equivalent equation ¢ (1) = 0, with

@(I) =1In(I) — In(Ax) — In <Z 1//(xi)e_'zlwl/8eAtR(xi’[)/€> ,

ieZ

that is also solved with Newton’s method, and

(1 (i X _

/- ‘f/( ) 1= (en(Ax) +m+eln Y e (& -arresn=-m)/e) gy
@ (1) i€z

(a;l“—ArR(xi,l)—m)/s

1Y y(xi)e

i€Z

> v(xi) (At181(R(xlw I - 8)6_(

ﬁy+‘—AzR(x,,1)—m)/s> ’
i€z

We refer to [6], and to the codes available at [7], for more details.

Remark 2.4 Since it is defined for indices i € Z, the scheme (S;) cannot be imple-
mented exactly as it is defined. However, Prop. 2.1 also holds for a truncated version
of the scheme (S;), in which the sum defining / n+1 is considered on a finite number
of indices. We refer to Sect. 5 for details.

Prop. 2.1 establishes the convergence of scheme (S;) for fixed ¢ > 0. In this regime,
the solution of (P;) is smooth (Remark 2.1), so that the only difficulty of this result
comes from the nonlinearity of scheme (S;). For fixed ¢ > 0, stability estimates that
are uniform in the discretization, are obtained thanks to the monotonicity properties
of (S;). As scheme (S;) is semi-implicit, the propagation of truncation errors is then
done using the inverse functions theorem, see Sect. 5. The limit of (S;) when ¢ — 0,
with fixed discretization parameters is stated in the following proposition:

Proposition 2.2 (Convergence of the scheme (S;) to the scheme (Sp)) Under assump-
tions (A1)-(A2)-(A3)-(A5)-(A6)-(A7), and supposing that At and Ax are fixed, such
that

2 2t + Cy (Lo + TK)—I <1 (CFL )
e , N
2 H 0 — & 0

is satisfied for all ¢ € (0, 1], where Ly is defined in (A6), K in (A3) and Cy in (7).
Let (u:"H),,,,‘ and (I"*1),, be the e-dependent sequences defined by (S). Then, for all
n € [0, Ny — 1] and for all i € Z,

M’:l+1 U':l+l, InJrl J}’l+1

! e—0 e—0
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where the sequences (vl’“l),,,,- and (J"*Y), satisfy the scheme

il e vt —h vt —

d Lyl (A——= L ) = Ry, /™, nel0O.N, — 11, i € Z
Y Ar Ax (xi ) [0, Ny — 11, i

min vt =0, n e [0, N, — 11,

1€

(So)
initialized with le = vi"(x;), foralli € 7.

Note that Prop. 2.2 also holds for the truncated scheme that is implemented in
practice, as in Remark 2.4. Regarding the well-posedness of (Sp), it is a consequence
of Prop. 2.2. Indeed, the convergence of u?‘H and I"*t! when ¢ — 0 gives the
existence of a solution of the implicit scheme (Sp). The fact that (v;’ +1),-6Z and J" !
are uniquely defined follows from the proof of Prop. 2.2. Discussion about the direct
implementation of (Sp) is postponed to Sect.4.

Let us emphasize on the fact that, there are two different stability conditions in Prop.
2.1 and Prop. 2.2, namely (CFL;) and (CFL,_, (). They have similar expressions,
except the « in (CFL;) that is a K in (CFL._.(), but they play the same role in
both propositions. In fact, they are necessary conditions for scheme (S;) to enjoy the
monotonicity properties that yields stability estimates. The difference comes from
the fact that Prop. 2.1 is established for fixed ¢ > 0 and is true for any At < Aty,
while Prop. 2.2 is true for fixed At and any ¢ < gg. Note that K in (CFL,_,¢) is also
independent on A¢. On the contrary, « in (CFL,) depends on ¢, as the upper bound
Iy may grow to +o00 when ¢ — 0. It is worth noticing that (CFL,) and (CFL;_,¢)
are compatible, and could have been summarized by the following (more restrictive)
condition

At
28F +Cpy (Lo + T max{K, sup /cg}> =Ae@1),
X

e€leo, 1]

where the dependency on ¢ of « has been explicited for clarity.

Prop. 2.2 is aconsequence of the monotonicity of scheme (S, ), which gives uniform-
in-g-stability estimates for fixed discretization. In particular, it yields that for all n e
[o, N, — 117, (I ”+1)5 is bounded. Compactness arguments are then used to establish
the convergence. We refer to Sect.3 for details. The next proposition states that the
solution of the scheme (Sg) converges to the solution of the limit equation (Py) when
the discretization parameters go to 0. To this end, we extend the definition of the
scheme (Syp), in order to make it coincide at the grid points with a function defined
over [0, T'] x R, and we reformulate it, so that the monotonic component of the scheme
is taken apart. It can be seen as an operator, denoted by M(S), acting on functions defined
on R. Namely, for all s € (0, At]and f : R — R, M?(f) : R — R is defined by

VxeR,M&ﬁug:fu)—sH(f@%_fx_An,ﬂx+Am_:ﬂm).
X Ax

(MY
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Suppose now that the ratio A = A¢/Ax is fixed. Let us define (¢, x) +— va(f, x) on
[0, T] x R,and t — Ja,(¢) on (0, T], such that for all n € [0, N; — 1], s € (0, At],
and x € R,

var(ty + 5, 1) = M2 (ar(ty, ) (X) = SR (x, Jar(ta +5)) (12a)
Iar(ty +5) = J"H! (12b)
r,ni%l var(fnt1, X)) = 0, (12¢)
S

and initialized with va,(0, -) = vi". The function J. Ar 18 piecewise constant, with
J"*1 defined in (Sp). It is easy to remark, that va, and J, coincide with the solution
of the scheme (Sp) at the grid points

Vn € [[Os Nl]]v Vi € Z’ UAt(tnvxi) = v;l’ and Vn € HO’ Nt - 1]]’ JAl(tn+1) = Jn+1'
This is due to the fact that the constraint min vy, = O is only considered on the grid

points in (12c).
For the sake of simplicity, let us denote

Cy=Cy(l4(Lo+ KT)+ 1), (13)

in what follows, where Cp is defined in (7), Lo in (A6), and K in (A3).

Proposition 2.3 (Convergence of the scheme (So)) Suppose that the assumptions of
Theorem 1.1 are satisfied, and that v™ satisfies (A5)-(A6)-(A7) for ¢ = 0. Suppose
that the ratio At/ Ax is fixed such that

At At
Ch— <1, and —V/(Lo+TK)?2+K <1, (CFLg)
Ax Ax

with Cy defined in (13), Lo in (A6), and K in (A3). Then for all t € (0, T] and for
allx € R,

|UA[(t,x) - U(t,x)| — Oa
At—0

and the convergence is locally uniform on (0, T] x R. Moreover, for almost all t €
©,T],

[Jar (@) = J(@)| —> 0,
At—0

where v and J are uniquely determined as the viscosity solution of (Py), and with va;,
Jar defined by (12).

Remark that condition (CFL) contains two items. Although they both show linear
relations between At and Ax, they are of very different nature. Indeed, the first one is
a classical stability condition, which yields in particular the monotonicity of scheme
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(M(S)), with Cy in (13) taken a few larger than necessary for technical reasons. On
the other hand, the second condition makes Ja; nondecreasing. This is crucial in the
compactness argument used to prove that Ja; converges when At — 0. We refer to
Sect. 4 for details.

Contrary to Prop. 2.1, Prop. 2.3 does not give any convergence rate for scheme (So).
This comes from the lack of regularity of the viscosity solution v and J of (Pp). Indeed,
J € BV(0, T), while v enjoys Lipschitz regularity in [0, 7] x R. This property is
a consequence of the definition of v as the variational solution of (Pp), but it is also
obtained in Sect. 4, where v is shown to be a limit of Lipschitz functions. According to
this observation, one can come back to Prop. 2.1, and remark that no uniform bound
in ¢ is to be expected for C(e), even if the estimates of the proof of Prop. 2.1 were
made sharper.

Even thoughitis defined for all index i € Z, the scheme (Sp) can be implemented on
a truncated domain, that is reduced at each time step, but with no more approximation.
Hence, Prop. 2.3 holds for the scheme that is implemented in practice.

As for Prop. 2.1 and Prop. 2.2, the monotonicity of scheme (So) is a crucial property.
Indeed, it provides uniform-in-the-discretization-stability estimates that yield the con-
vergence of va; and Ja; when At — 0, through compactness arguments. The delicate
part of the proof of Prop. 2.3 is the identification of the limits of va; and Ja; with the
viscosity solution of (Py), as Ja, lacks the Lipschitz regularity required for standard
viscosity procedures. This issue is overcomed with an appropriate regularization of
J s, that we plug as source term in a side regularized problem. The viscosity procedure
is done with the regularized problem, decoupled from its constraint. The conclusion
is a consequence of the uniqueness of the viscosity solution of (Pg) (Theorem 1.2).
Detailed proof of Prop. 2.3 is in Sect. 4.

3 Convergence of (S.) to the limiting scheme (Sp)

In this section, we prove that (S;) enjoys stability properties with respectto ¢ € (0, 1],
thus Prop. 2.2 follows. Prop. 2.2 states that, when ¢ goes to O with fixed discretiza-
tion parameters, the solution of (S;) converges to the solution of (Sp). It relies on a
convenient reformulation of the scheme (S;), foralln € [0, N, — 1]] and foralli € Z

Wt = My, (u"), — ARG, 1" (14a)
"= Ax Z lﬂ(xi)e_“z"lH/E, (14b)
i€Z

where u”" = (u');ez, and M, (u") € RZ is defined for all i € Z by

n n n n n n n
ul = 2ul +ui ul —ul oWl —ul
f ("), =ul Fear—H L l—AtH(’ L, ’).

Ax? X Ax
(15)
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As it has been announced in Sect.?2, the scheme (S;) enjoys monotonicity proper-
ties. More precisely, it is a consequence of the first step (15). Indeed, the following
properties hold (see [11], Prop. 3.1, p. 8):

Lemma3.1 Letu = (u;)icz and v = (vi)jez € RZ, and M, defined as in (15). Let
L > 0, and suppose that 2e At/ Ax?> + AtCy(L)/Ax < 1, with Cy (L) defined in
(7). Then the following results hold true

o [f there exists i € Z such that, \uj —u;jx+1| < LAx, |v; —vjt+1| < LAx, and
Vjielli—1,i+10 uj <vj, then M5, (u); < M5, (v);.

o Ifforalli € Z, |uj—u;—1| < LAXx, thenforalli € Z, |M%, (u); — M¥, (u),-_1| <
LAx.

e lfu—v = (U — vi)iez € LXZ), and if, for all i € 7Z, |lu; — u;j—1| <
LAx, and |v; — vi—1| < LAx, then Mf, (u) — Mf, (v) € £>*(Z) and
[ M, @) = M3, )] < 1= vloe.

Proof This lemma is an immediate consequence of the fact that H defined in (5) is
nondecreasing in its first variable, and nonincreasing in its second. Then, for fixed
i € Z, M, (u"); defined in (15) is a nondecreasing function of u!_,, u and Ui,
thanks to (CFL;). This yields immediately the first point of the Lemma. To obtain the
other results, remark that for any ¢ € R, and for all i € Z,

eAz(un + C)i = sA[(Mn)i +c,

and use the preservation of inequalities to u} < u} ; + LAx, u! > u?_ | — LAx,
u! < v+ llu — vlloo, and u > v — |lu — vl|oo. O

Using this lemma and the reformulation (14) of the scheme (S,), stability properties
of the scheme (S;) when ¢ goes to 0 are proved. The following lemma is stated:

Lemma 3.2 Suppose that assumptions (A1)-(A2)-(A3)-(AS)-(A6)-(A7) hold true, and

that At and Ax are fixed such that the inequality (CFL._.¢) is satisfied. Then, there

exists an gy > 0, depending only on the constants arising in the assumptions and on

Ax and At, such that for all ¢ € (0, ey), the sequence (u}), ; defined by the scheme

(S¢) satisfies:

(i) Uniform Lipschitz continuity in trait: For all n € [0, N;]|, there exists a constant
L, =Lo+nAtK < Lo+ TK, with Lo defined in (A6) and K in (A3), such that
the sequence u" = (u}');cz, enjoys Ly-Lipschitz property:

n _ .n
“i+1 u.

Vi e Z, :
Ax

<L,.

(ii) Uniform bound from below for u": For all n € [0, N;]|, there exists b, € R, such
thatb, > by =b—TH(a,a) — TK, and that for all i € Z,

u} > alx; — xo| + by,

where a and b have been defined in (AS), H in (5), K in (A3), and T is the fixed
final time.
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(iii) Uniform bounds for (I"),eq1,n,1° For all n € [0, N, — 1],
In/2 < "' <21y,
(iv) Estimate for minu': There exist ¢, and ¢y such that for all n € [0, N;],

cme <minuf <cpye,
i€Z

and ¢y < ciﬁ,l and cy > car}[ depend only on the constants defined in the assump-
tions and on Ax and At.

The proof of Lemma 3.2 is done by induction, using Lemma 3.1. We refer to to
Appendix A for details. This technical lemma provides the necessary tools to prove
the convergence of the sequences defined by the scheme (S;) to the sequences defined
by the scheme (Sp):

Proof of Prop. 2.2 As for the proof of Lemma 3.2, we proceed by induction. Thanks

to the assumptions, there exists a sequence (U?)ieZ such that u? —6 v? foralli € Z.
£—>

We suppose that it is true for a given n € [0, N; — 1]] and we prove that there exist
(U?H)iez and J"*! € R such that

Vi e Z, ul’.’+1 — U;H_l, and ["T! — gl
e—0 e—0

First of all, (u});cz enjoys the Lipschitz property (i) of Lemma 3.2, and (CFL,_,¢)
holds. These properties are uniform with respect to & small enough, thus the conver-
gence of the first step (15) of the scheme (S;) follows immediately

n

vt — vt —
Vi € 7, e ny . 0 Yo" — AtH i l—l’ i+1 i
i My, W) s_>—>0 My, ") = v; Ax N

Moreover, Lemma 3.2 gives that (I"1).c( ¢, is uniformly bounded with respect to
e, so that /"1 — J"*1 when ¢ — 0, up to an extraction. It provides an extraction
of (u?“)ge(o,so) such that

Vi € Z, u;’H —()) U?+] = M%[(v”)i — AtR(x;, Jn-H),
£—>

1

and such that min;cy, v;”’ = 0, thanks to the point (iv) of Lemma 3.2. Hence,

(U?H)iez satisfies the scheme (Sy).
To conclude the proof, one has to prove that all extractions of (/ ntly (0,59) CONVErge
to the same limit. We proceed by contradiction, supposing that there are two extractions

which converge respectively to J"*! and J,;’“, with J7+! < Jg’“. As previously, it
provides two extractions of (u:’ +1 )ee(0,69) Which converges respectively to v;’;rl and
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vf;;l when ¢ — 0, where

Vi € Z, vﬁjl = MQ, ") — AtR (x,', Ja”'H) and né% vl'";rl 0,
4

VieZ, o = MY, - AR (3, p*) and minuf! =0,

and as R is decreasing with respect to its second variable (A3),

vieZ ot =it = ac (R (i 05 ) = R (6 015) <o

l,a

Eventually, we remark that (v;” Z Diezis increasing enough at infinity, since the inequal-
ity (ii) of Lemma 3.2 is uniform with respect to € when ¢ — 0. As a consequence,

n+1 n+1
3j€Z, v, b —Illél%vlb =0.

n+1

But the previous inequality then gives that Vig < 0, which contradicts with the fact

that min; ez, U"H =0.

4 Convergence of the limiting scheme (Sg)

As in Sect. 3, stability estimates for the scheme (Sg) are obtained using the convenient
reformulation (12) of the scheme (Sp), in which the monotonic component of the
scheme (./\/l?) is taken apart. We start by recalling useful properties of the monotonic
scheme (./\/l?) (see [11]):

Lemma4.1 Lets € (0, At] and M(S) defined as in (M?). Let L > 0, and suppose that
AtCy (L) < Ax, with Cy (L) defined in (7). Then the following results hold true

(i) If f(x), f(x£Ax), g(x) and g(x &= Ax) are suchthat f(x) < g(x), f(x £ Ax) <
g(x £ Ax), and

fx) = f(x £ Ax)
Ax

—= )

’g(X) —8xE AN | _ L
Ax -

then MO(f)(x) < M2(g)(x).

(ii) In particular, if f and g are two L-Lipschitz functions such that, f < g, then
M(S)(f) < M(S)(g). Moreover, both M(S)(f) and ./\/l?(g) are L-Lipschitz continu-
ous.

In particular, using the notations and assumptions of Lemma 4.1, if f : R — Riis

a L-Lipschitz function such that Vi € Z, f(x;) > 0, then Vi € Z, M?(f)(xi) > 0.
Moreover, if

A(a,a) € [0, L)?, A(b,b) € R?, Vx € R, alx — xo| + b < f(x) <alx — xo| + b,
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then
Vx € R, alx —xo| + b —sH(a,a) < MY(f)(x) < alx — xo| +b.

Using these notations, we prove the following lemma, which establishes stability
properties of the scheme (Sp), as well as the fact that Ja; is nondecreasing.

Lemma 4.2 Suppose that the assumptions of Prop. 2.3 are satisfied, and that va; and
Jar are defined in (12). The following results hold:

(i) Uniform Lipschitz continuity in trait: for all t € [0, T], there exists a constant
L; = Lo+ tK < Lt, with Ly defined in (A6) and K in (A3), such that va:(t, -)
is L;-Lipschitz continuous.

(ii) Uniform Lipschitz continuity in finite time: for all x € R, va; (-, x) is (L2T + K)
Lipschitz continuous on [0, T, where L is defined in (i) and K in (A3).

(iii) Uniform bounds for va;: for all t € [0, T), there exist Q,,E, € R such that
b,=b—tH(a,a) —tK and b; = b + tK, such that

Vx € R, alx — xo| +b, < va(t, x) < alx — xo| + b.

where a, a, b and b are defined in (AS), H in (5), and K in (A3).
(iv) Uniform bounds for Ja;: Nt € (0, T), Ly < Jar(t) < Iy.

(v) Monotonicity of Jas: Jar is nondecreasing on (0, T'].

This lemma is similar to the stability properties stated in Sect. 3, but it is important to
notice that all the constants are independent of the discretization. Its proof'is postponed
to Appendix B. Moreover, the result (v) only holds for the limit scheme (Sp).

Lemma 4.2 gives hints for the implementation of (Sg) independently of (S;). Indeed
thanks to the properties above, and to (A2)-(A3),

n_

AR VA A e
Un. 13 J > min {vf — AtH ( B P A8
e

A~ Ax ) AtR(xl,J)}, (16)
is increasing, takes a negative value at [,,, a positive one at /), and it is equal to O at
J"+1 . One can also notice that it is continuous, as the minimum in (16) is taken on
a finite number of indices, thanks to Lemma 4.2-(iii) and (A3). Even with no further
result on the regularity of R, and hence on (16), J"*! can be approximated, for instance
by dichotomy. In practice, an approximated Newton’s method works, and it is more
efficient in terms of computational time.

The next step consists in establishing the convergence of va; and Ja; defined in
(12) when Ar and Ax go to O with Az/Ax fixed. The following results hold

Lemma 4.3 Suppose that the assumptions of Prop. 2.3 are satisfied, and that va;, Jar
are defined by (12). Then,

(i) Convergence of (var) Ar>0- there exists vg € CO([O, T1 x R), such that

V(t,x) €0, T] xR, vas(t, x) A—>0 vo(t, x) up to a subsequence,
t—
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and with min v (¢, -) = 0, for all t € [0, T]. Moreover, the convergence is locally
uniformon [0, T] x R.

(ii) Convergence of (Jar)ar=0: there exists Jo € BV (0, T), lower semi-continuous,
such that

for almost all t € (0, T, Ja:(t) A—>0 Jo(t) up to a subsequence.
t—

Moreover, Jy is nondecreasing, and Nt € (0, T], I, < Jo(t) < Ip.

Proof Thanks to Lemma4.2, the family (va;) ar>0 is composed of Lipschitz functions,
having the same Lipschitz constant. Considering R > 0, one can notice that since va;
enjoys Lipschitz-in-time regularity

lvarllzoeqo.rix—&.R) < (L3 + K)T + [v™ |2~ R])»

hence the family (va;) satisfies the hypothesis of Ascoli’s theorem for (¢, x) € [0, T]x
[—R, R]. Then, there exists a function vy € C°([0, 7] x R) such that va; —> A,—0 Vo
uniformly on [0, T] x [—R, R]. Moreover, (va;) a; is a sequence of uniformly coercive
and Lipschitz functions, such that

Vn € Hov N[]], mi%lvAl(tns xi) = O
le

Hence, there exists a constant ¢ such that for all ¢ € [0, T,
Iminvas (2, )| < c(Af + Ax),

and min vy (¢, -) = 0 is a consequence of the local uniform convergence of (va;)ar to
vo. This proves (i).

The second point (ii) is a consequence of Helly’s selection theorem. Indeed, Lemma
4.2-(iv)-(v) states that (Ja;)ar>0 i a sequence of uniformly bounded BV functions
with uniformly bounded total variation. Hence, there exists a BV function jo such
that

Jar A—>O fo, pointwise in (0, 7] up to a subsequence.
t—

Moreover, fo is nondecreasing, and [, < fo < Iy, since these properties hold for
all Ja;. Considering a lower semi-continuous function Jy such that Jy = Jy almost
everywhere in (0, T'] yields the result. O

Remark 4.1 In what follows, the mention Ar — 0 will always refer to a subsequence
for which the convergences of Lemma 4.3 hold true.

Note that, although it is not defined by the scheme, a value for Ja,(0) is needed in
what follows, because of the compactness argument used below. When it is necessary,
we define Jo;(0) = J!. This choice consists in extending continuously Ja; at 0, but
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it has no meaning from the point of view of the constraint of the scheme. However, it
is well-suited to the fact that Jx; is bounded and nondecreasing.

To complete the proof of Prop. 2.3, it remains to identify vp = v and Jy = J almost
everywhere, where (v, J) is the viscosity solution of (Py). However, Jy enjoys only BV
regularity, and in particular it is not expected to be continuous (we refer to Sect. 6, where
numerical tests show that Jy can have jumps). As a consequence, general convergence
results of numerical schemes for Hamilton—Jacobi equations such as [11] cannot be
applied directly. To the best of our knowledge, there is no general framework for finite-
differences numerical schemes for Hamilton—Jacobi equation when the Hamiltonian
is not continuous in time. In what follows, we propose a proof of the convergence of
the scheme (Sp) to the viscosity solution of (Pg). The key ingredient of the proof is
an appropriate regularization of Ja; and Jy, used in [2], and also in [8] for the study
of the uniqueness of viscosity solution of constrained Hamilton—Jacobi equation. For
k > 0 and At > 0, let us define

Vi €10, T], JK,(t) = inf (Ja;(s) + k|t — s]). (17)
5€[0,T]

The following results hold true

Lemma 4.4 Suppose that the assumptions of Prop. 2.3 are satisfied. Let J zt and Jé‘
defined by (17). Then,

(i) Forall At > 0, and forall k > 0, I, < Jﬁt < Iy, and Jﬁt is a nondecreasing
function on [0, T].
(ii) For fixed At > 0, and forallt € [0, T], Jgt(t) ' JIai(t) when k — +o00.
(iii) For fixed At > 0, Jgt is a k-Lipschitz function on [0, T].
(iv) For fixed k > 0, ||J§[ — ]é‘||oo — 0.

At—0

Proof We only detail the proof of (iii). Let k > 0 be fixed. From Lemma 4.3, Ja,(t) —
Jo(¢) almost everywhere in [0, T] when At — 0. We first remark that

JE (1) me JE@) a.e.in [0, T). (18)

Indeed, let us consider ¢ € [0, T'] such that Ja;(t) = ar—0 Jo(?). Since (Jﬁ,(l))Abo
is a bounded sequence, it admits a converging subsequence, once again denoted by
(ng(t))At>0- Let us denote by ¢ its limit. Since

Vs € [0, T1, JA,(0) < Jas(s) + kIt — ],
then letting At — 0 in the previous inequality yields

Vs € [Os T]v 14 = JO(S) +k|t _S|,

so that £ < Jé‘ (t). Moreover, as J gl(t) is defined as an infimum,
1
Vne N*, 3s) € [0, T1, Jar(s)) + k|t —si| — = < JK,(0).
n
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Since (s;/),>1 converges (up to an extraction) to s* € [0, T] when n — o0, taking
the lim inf in the previous inequality gives

Jo(s™) + k|t —s™| < ¢,

because Jj is lower semi-continuous. As a consequence Jé‘ (t) < £.Theonly adherence
value of (J ﬁt(t)) Ar>0 1S then Jok (t), which yields (18). To conclude, the uniform
convergence in (iii) is a consequence of the convergence almost everywhere of a
family of Lipschitz functions defined on a compact domain. O

Remark 4.2 The uniform convergence in Lemma 4.4-(iii) does not generally hold true
in the limit k — oo. This result will only be used for fixed k > 0.

Now that J gt and Jé‘ are defined, we consider them as a source term respectively
in the scheme and in the equation. Namely, let us define v¥ the viscosity solution of
the Hamilton—Jacobi equation

ok + |Vk P = —R(x, JO), x e R, 1 >0, (19)

with initial data v'™. Thanks to the Lipschitz properties of the right-hand side of (19), v¥
exists, is uniquely determined, and enjoys Lipschitz-regularity properties. Moreover,
the following lemma establishes that, because of the construction of J(])‘, vk converges
when k — +o00 to the viscosity solution of (19) with Jy instead of Jé‘. Similarly, let
us define vgt by

oK, (0 5, x) = MOQK, (0, ) (x) — 5 R(x, JX, (10 + 9)), (20)

forall n € [0, N, — 1], s € (0, At], and x € R, with MY defined in (M?), and
initialized with v’Zt(O, -) = v'". The properties of v* and let are summarized in the
following lemma:

Lemma 4.5 Suppose that the assumptions of Prop. 2.3 are satisfied. Let k > 0, v* and
Uiz defined by (19) and (20). Then, v* and vgt enjoy the following properties

(i) Uniform Lipschitz continuity in trait: for all t € [0, T], vk (t,-) and vgt(t, -) are
L7-Lipschitz continuous, with Lt defined in Lemma 4.2-(i).

(ii) Uniform Lipschitz continuity in finite time: for all x € R, v*(-, x) and vit (-, x) are
(L2T + K)-Lipschitz continuous on [0, T, where L is defined in Lemma 4.2-(i),
and K in (A3).

(iii) Uniform bounds for vk.'for all (t,x) € [0, T] x R,

b—KT <vk(t,x) <@|x —xo| +b+TK,

where K, b, b, and @ are defined in (A3) and (AS).
(iv) Uniform bounds for vgt:for all (t,x) € [0,T],

alx — xo| + b, < vk, (t,x) < alx — xo| + by, 1)
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where a, b,, a and b, are defined in (AS) and in Lemma 4.2-(iii).
(v) Monotonicity of the approximation: v* / v> when k — +o0, pointwise in
[0, T] x R, where v is the viscosity solution of

3 v>® + |Vu®> = —R(x, Jo), x €eR, 1t € (0, T}, (22)

initialized with vi™.

(vi) Monotonicity of the approximation: v*

Ar S VAL where va; is defined in (12).
Proof Concerning the properties of vk, the points (i) and (ii) are natural properties of
viscosity solution of (19), while (iii) is a consequence of the comparison principle.
Point (v) is proved in [8]. As this property may seem surprising after Remark 4.2,
let us recall here the idea of the proof. It is based on the definition of variational
solutions of Hamilton—Jacobi equations, which coincide with viscosity solutions when
the Hamiltonian is convex, as for a quadratic Hamiltonian such as (3). According to
this definition, the viscosity solution v¥ of (19) is also defined by

t .
Hrx= i { [ 2o =& (ro.s50) as+ o (y(O))},
[y e AC(0,1)) Lo

y(@)=x

where AC (0, t) denotes the space of absolutely continuous functions on (0, ¢), and
L : RY — R is the Legendre transform of the Hamiltonian . It is defined for all
v € R? by

L) = sup {p-v—"H(p)}.
peRd

Remark that with the quadratic Hamiltonian (3), L(v) = |v|?. Point (v) is then a
consequence of Lemma 4.4-(ii) and of (A3), as it states that forall r € [0, T], Jé‘ ")
Jo(t) when k — oo. Note that compactness estimates on the minimizing curves y are
also necessary to pass to the limit in the variational formulation of v¥. It is in fact the
more delicate point of the proof, and we refer to [8] for the details.

Concerning ”Zz’ since we suppose that (CFLg) is satisfied, the proofs of the first
points of Lemma 4.2 can be applied. This yields immediately (i)-(ii) and (iv). The last
point of the Lemma is a consequence of the monotonicity of the scheme (Lemma 4.1),
and is done by induction. Indeed, the inequality (vi) holds true at r = 0. Moreover,
var and ng enjoy the Lipschitz properties of Lemmas 4.2-(i)-(ii) and 4.5-(i)-(ii), and
(CFLy) is satisfied. As a consequence, the first step (./\/l?) of the reformulation of the
scheme (Sg) is monotonic. Hence, if vgt(tn, ) < va(ty, -), one has M?(vgt (ty, ) <
Mg(vA, (ty,-)) forall s € (0, Ar). Eventually, we use Lemma 4.4 and the fact that R
is noincreasing in its second variable to conclude that vgt (th +5,°) <var(ty +5,°)
forall s € (0, At]. O

Note that, contrary to the non-regular problems (Pp) and (Sg), there is no constraint
neither on min v¥(z, -), nor on min;ez v, (t441, x;).
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Now that the problem is regularized, we can use viscosity procedures to show that
scheme (Sp) converges to the viscosity solution of (Py). Following the ideas developped
in [11], let us define an auxiliary function

x—86?2 (t—1)?
2Ax12 T A2

Vvt x, T, &) = v* (1, x) —vgt(r,é)— - (o +4C%1,ozer)t

t
—aS (248 - (23)

T —t

for all (z,x,7,&) € [0, T[XR x [0, T] x R. Here, « € (0, 1), and o is positive and
will be determined later. The functions v* and vﬁt are defined in (19) and (20), Then,
Y satisfies the following properties.

Lemma 4.6 Suppose that the assumptions of Prop. 2.3 hold, and that  is defined by
(23). Then

e For all a, and o positive, ¥ admits a global maximum. It is reached at
t*, x*, t*,E%) e [0, T[xR x [0, T] x R.

o There exists 0 = o(At, k) with o (At, k) — ar—0 0 (when k > 0 is fixed), and
Atg > 0, suchthat foralla € (0, 1) and forall At < Atg, t* < 2(L2T+K)At1/2,
where K and Lt are defined in (A3) and Lemma 4.2-(i).

Proof The first point of the Lemma is immediate, thanks to Lemma 4.5-(iv)-(iii). The
idea of the proof of the second point is very similar to what is done in [11], where
monotonic schemes for bounded solutions of Hamilton—Jacobi equations are studied.
However, it is worth noticing that, in our framework the boundedness hypothesis is
lacking, since it would contradict with the definition of I in (P.). Moreover, the proof
we propose spies the influence of the regularizations Jé‘ and J ﬁt of Jp and Ja; through
the parameter k. Indeed, it is necessary to come back to the non-regularized problem.
Details of the proof of Lemma 4.6 are postponed to Appendix C. O

We are now able to gather all these preliminary results to prove Prop. 2.3:

Proof of Prop. 2.3 Consider a choice of 0 = o (At, k) as in Lemma 4.6. Then, the
function v defined in (23) reaches its maximum at (t*, x*, t*, £*), therefore

Y(t,x) € [0, T[xR, ¥(t,x,t,x) < y*, x* %5 %),

hence, for all « € (0, 1),

vk, x) — vgt(t,x) - (G(At, k) +4C%1aeT> t—aelx? — Toz ,
2 * *\2
ke xy ok * *_(x*_g*)_(t _T)
S V) —ua (T 8 2Ax1/2 2Ar1/2

- (U(At, k) + 4(,’%{oceT) *

_“%@*2 & - 2

T —rt*
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< 0H(*, x) — o, (%, 89,
and the latter yields

VR, x) =0k, x) < o (AL k) 4 4CKaeT 4 ael X + TLI + R (", x*) = 050, X))

+ 050, x*) — v&, (0, x*)| + |05, (0, x*) — vk, (0, )] + vk, (0, &%) — vk, (z*, £)].

The Lipschitz regularity of vk and vgt, and the fact that they both are initialized by
v'™ then give the following estimate

o
T —1t
+ Lrlx* — &+ (L3 + K)(t* + %),

VR, x) — ok, (1, x) < o (A1, k)t + 4CHae 1 + ae'x® +

thanks to Lemma 4.5-(i)-(ii). Let us start by letting « — 0 in the previous inequality,
to get

VR, x) =0k, (1, x) < o (AL, k) + CAar'?,

where C > 0 can be determined using the fact that (x*, £*) € R? satisfy (46), that
the ratio At/Ax is fixed, and that * < 2(L% + K)At'/2. Thanks to (46), T* <

4(L2T + K)Az‘l/2 also holds. It is worth noticing that since v¥ and vgt are continuous,
this inequality also holds if t = T'. Then, Lemma 4.5-(vi) yields

VR (t, x) < var(t, x) + o (A, k)t + CAr'/?,

Still considering a fixed k > 0, let now At — 0. As o (At, k) = ar—0 0, and va;
converges pointwise to vy (see Lemma 4.3-(1)),

vk(t, x) < wvolt, x).

We conclude by noticing that this inequality is true for all (¢, x) € [0, T'] x R. Finally,
we let k — 400, to get the following inequality

v <.

Now, we have to prove the reverse inequality. The proof is very similar to what was
done previously, but some modifications are necessary. We list here the modifications
that are to be done in the steps of the proof:

e In Lemma 4.3-(ii), an upper semi-continuous representative should be opted for
(Jo instead of Jy, say). Note that Jo = Jy almost everywhere.

e The functions Ja; and Jo should be regularized from above instead of (17). Namely,
for k > 0 and At > 0, let us define

Vi €[0,T], 36() = sup (Jo(s) — k|t —sI),
s€[0,7T]
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@) = sup (Jar(s) —klt —s]).
5€[0,T]
Most of the properties of Lemma 4.4 still hold true, except that for fixed Ar > 0
and for all # € [0, T1, 3,(1) \ Jar(t) as k — ~+oo. Similarly, (iii) has to be
replaced by

for fixed k > 0, 3%, — Ihlloo fone 0.
t—

e The viscosity solution w* of the following Hamilton—Jacobi equation should be
defined accordingly

dwk 4 |Vywk > = —R(x, 35), x € R, 1 >0,

initialized with v™. The properties of Lemma 4.5 are still true, except (22). We
have instead: w¥ \, w*> when k — +o0 pointwise in [0, ] x R, where w™ is
the viscosity solution of

Jw™ + |Vaw™? = —R(x, Jo), x € R, 1 €[0, T, (24)

initialized with v™.
e The regularized scheme associated to 3/‘& should be defined as well, namely

wh, (ty +5) = MOk, (ty, ) (x) — 5 R(x, 3K, (12 + 5)), (25)

for all n € [0, N, — 1], s € (0, At] and x € R, with M? defined in (M?), and
initialized with v'. The properties of Lemma 4.5 are still true, except (vi) that has
to be replaced by wlzt > Vas

e Lemma 4.6 should also be adapted. Instead of y, let us define

x—8?2 @t—1)?

2 T
AL + YN + (0 +4CHoae" )t

W(r,x, 7, &) = wh(t, x) — wk, (z, &) +

o
T—1t

el
+a5(x2 + &%) +

Then, Lemma 4.6 still holds true, but with a minimum instead of a maximum.
e As it has been done in the first part of this proof, we obtain eventually w> > vy.

To conclude, remark that v* and w are respectively viscosity solution of (22)
and (24), that are recalled here

3™ + [8,v°12 = —R(x, Jo),  dw™ + [8,w™®)> = —R(x, Jo),

both initialized with v™™, and with the source terms being such that Jo = Jo a.e.
Thanks to Theorem 1.2-(ii), it implies that v*® = w™ a.e. Then, the equality
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comes immediately from v*° < vy < w°, and because all these functions are contin-
uous. Indeed, one can notice that the Lipschitz constants of Lemma 4.5 do not depend
on k or At. Hence, vy enjoys the same Lipschitz regularity as vgt, and is, in particular,
continuous.

The next step consists in identifying vy and Jy to the viscosity solution v of (Pp),
and to the associated constraint J. It is a consequence of min vy = 0, proved in Lemma
4.3-(i) and of Theorem 1.2, meaning that

vo=v, and Jo=Jo=J a.e.

Indeed, thanks to the assumptions made on the problem, v is also continuous (see [4]),
so the equality vg = v is true pointwise in (¢, x) € [0, T] x R.

To conclude, remark that the only limit of the subsequences (va;) and Ja;, defined
in Lemma 4.3 are v and J. The restriction up to a subsequence stated in Remark 4.1
can then be removed, and Prop. 2.3 is proved. O

5 Convergence of the scheme (S;)

In this section, we fix & > 0, and we prove that (S.) approximates properly (P.) when
the discretization parameters Ar and Ax go to 0. We start with a technical lemma,
which states properties of the sequences (I"*1),,co.v,—17 and @+ ,cqo. §,— 17, With
't = (u:"H),-eZ, defined by the scheme (S,).

Lemma 5.1 Suppose that the assumptions (A1)-(A2)-(A3)-(A4)-(AS5)-(A6) are satis-
fied, and that ¢ > 0 is fixed. There exist Axo > 0, and Iy > 0, depending on ¢,
and on the constants arising in the assumptions, such that if At and Ax < Axg, are
fixed such that (CFL;) holds, the scheme (S;) is well-defined. Moreover, the sequence
(u;’),,,i defined by the scheme (S;) satisfies:

(i) Foralln € [0, N/, there exists a constant 1, = Lo +nAtk < Lo+ Tk = Ay,
with L defined in (A6) and k in (8), such that the sequence (ul!);cz, enjoys k-
Lipschitz property

i —uj_

Viel, | —
Ax

<

(ii) For all n € [[0, N;]|, there exists ﬁn € R, with én > éN =b—TH(a,a) —
TIR(-, 0)|lo, and B, < By, = b +aN;Axq + Tk, such that for all i € Z,

alxi — xol + B, < ui <alx; —xol + B,,

where a and b have been defined in (AS), k in (8) and T is the fixed final time.
(iii) Foralln € [0, N; — 11, 0 < I"*! < Iy

Note that, at first sight, this lemma is similar to Lemma 3.2. However, it holds
here for a fixed ¢ > 0, and it states uniform estimates in At and Ax < Axg such that
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(CFL,) is satisfied. On the contrary, Lemma 3.2 states uniform estimatesin e € (0, &9),
where g9 > 0 depends on the assumptions, and on Az and Ax. Lemma 5.1 is proved
in Appendix D.

In what follows, I, is chosen large enough, such that

Viel[0,T], O < I.(t) + 1 < I, (26)

where I is defined in (P,). We refer to [4] for the existence of such a bound.

Remark 5.1 1t is worth noticing that Axg and I, are determined once for all and do
not depend on n € [0, V;]. Indeed, coming back to the definition of y,» one can
—ivr

remark that they can be fixed independently of the induction. However, they depend

on ¢, which is fixed here. Their asymptotic behavior when ¢ — 0 is not satisfactory,

since Axo may vanish, and I, grows to infinity, when ¢ — 0, as 8 N might be
—INt

negative. We refer to Lemma 3.2 for a bound of /”*! independent of ¢, with fixed At
and Ax. Indeed, this bound is valid for small &, and the bound for 7"t! outside of the
asymptotic regime comes from (55).

Going on with the proof of the convergence of scheme (S;), its implicit character
has to be dealt with. To this end, let us define,

Dy, = {u = (u)icz € RY, u>u, Ax ) y(x)e/* < IM/} . @D
i€Z

where

u= ()., = (lei — xo] +ﬁN’>i€Z,

and I, are defined in Lemma 5.1. Define then S Iy * DIM, — RZ, such that

Yu = (ui)iez € D1, Vi € Z, Si,, ()i = u; + AIR (x,», Ax) ] wxi)e—“f/s) :
i€Z
(28)

Since I + R(x, I) is smooth for all x € R, one can notice that S;,, € C' (D).
But a stronger result holds:

Lemma5.2 Let At > 0 and ¢ > 0. Suppose that AtK Iy < &, with Iy defined in
Lemma 5.1, and K in (A3). Then, SIM, 2Dy, — S1M, (D,M,) is invertible. Moreover,
its inverse enjoys Lispschitz regularity: for all u,v € Sy, (DIM,) such thatu — v €
°°(2), S,—M{ (u) — S,—A;, (v) € £°°(Z) and

sitw —spt o] = e = vl

— AtK Iy /e
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As this Lemma is an elementary consequence of the implicit function theorem, its
proof is not detailed here. These technical lemmas and Lemma 3.1 yield Prop. 2.1.

Proof of Prop. 2.1 Scheme (S;) can be rewritten using Lemma 5.1, and notations (15)-
(28). Indeed, for all n € [[0, N; — 1], u"*' = ™)z, € Dy, N Sy, (D1,,,). and
it is defined by induction with

Sty ") = My, ™).

Considering u, and I, defined as the solution of (P;), the consistency error E;"H of
the scheme (S;) at (f,+1, x;), with n € [0, N, — 1]l and i € Z, is defined by

EM = ue(tygr xi) — MYy, (et xj)jeZ)i + A1R (xi, Ie(tn41))

and there exists a constant C depending only on ||8t2u8 lloo.[0,7]x R, and || Bffue loo.[0.T]xR
fork =1, 2, 3, such that

Vn € [0, N; — 11, Vi € Z,

£ < carcar+ ax). (29)

Note that the consistency error is defined here with the exact value I (f,+1) in R, and
not its approximation with a quadrature of the integral. However, apart from the finite-
differences approximations of the derivatives, the scheme (S;) is constructed with a
quadrature rule for the approximation of /. Its precision can be estimated, thanks to
Lemma 5.1. At first, define a truncated version of /. (¢), on a domain [xg — X, xo + X],
by

X)) = / Y(x)e tetD/Eqy, (30)
[x—xo|<X

Hence, X is determined such that, for all ¢ € [0, T],

Ig(z)—lj‘(t))gm, and |Ax Y ype OWE < A (31)
i€Z
[x; —xo|>X

Note that X can be chosen once for all, and independently of &, remarking that, for
all + € [0,T], ug(t,-) is increasing at infinity. Indeed, thanks to [4], the following
estimate holds

VvVt € [0, T], Vx € R, ug(t,x) > alx — xol +QN[. (32)

where we used the notations of Lemma 3.2. Of course, such a choice makes X’ depend
on At. Explicit computations using Lemma 5.1-(ii) and (32), yield

X = O(=In(an), (33)
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where we consider that € > 0 is fixed. Note that X" is such that for all r € [0, T'],

X0 —ax Y yape t0F| <k (Xsz + AxAt) . (3%
i€Z
[x; —xo| <X

Indeed, the approximation of the integral can be considered as if it were done with a
trapezoidal rule, up to an error of order At (adding half the sum of the two first neglected
terms, which are of size Ar). The error estimate of the trapezoidal rule yields that /C
depends on the second derivative of ¥ exp(—u (¢, -)/¢), which is uniformly bounded
with respect to ¢ € [0, T']. Suppose now that the ratio in (CFL;) is fixed. Then, Ax is
uniquely determined for any given Ar > 0, and

Ax = OWAD.
At—0

Hence, thanks to (26)—(31)—(33) and (34), there exists Aty > 0 such that for all
At < Atg and for all ¢ € [0, T], (u(t, x;))icz € Di,,, - Remark now that, for all
n e [0, N, — 1], and foralli € Z,

Sty (e (tngr. x)) jez); = My, (e, X)) jez), + EM — AR (xi, Lo (t41))
+ AR (i, 1 1)

= AR (i, X () + AR [xi Ax D0 e

i€Z,|xi—x0|<X

— AtR | x;, Ax W (x;p)e e txi)/e
i€Z,|x; —xo\<X

+ AfR | xi, Ax Zw(x )e—us(t:z+l Xj)/e
JEZ

€S, (Dr,) -

hence, using Lemma 5.2, and (A3), we have for all Af such that AtK Iy < e,

AtK Iy
(1= S etz =l = [ Mg o037 2) = M 07) o+ [T

+ ALK | Ls(tag1) — I (tng) |

FAK [ () — Ax Y (e /e

i€Z,|xi—x0| <X

FAK |Ax Y (e e e/ef

i1€Z,|xi —x0|>X
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As a consequence, if the ratio in (CFL;) is fixed, (29)—(31) yield that there exists
At > 0, such that for all At < Atyg,

AtK Iy
<1 - T)llua(tnﬂ,xj)jez — " Moo < |ueltn, x)) jez — u" |
+ CAt(Af + Ax) + 2K A1? + AtKK (| In(A)|Af + AxAt).

where Lemma 3.1 has also been used. Then, there exists a constant, denoted C(¢),
such that, for all n € [0, N; — 17,

AtK Ly 1
(1 - T) ||u8(tn+laxj)j€Z —u"t loo < Hus(tna xj)jeZ - M””OO

+C (&) At(At 4+ Ax + | In(AD)|A?).

As u? = u.(0, x;) forall i € Z, the previous inequality yields that for all n € [0, V]|,
ug(ty, xj) jez, — u" € £°°(Z). The first estimate of Prop. 2.1 follows immediately.
Eventually, one can notice that

D1y 3 u = ()iez > Ax Y yr(xi)e /",
i€eZ

enjoys Iy /e-Lipschitz regularity. This yields the second estimate of Prop. 2.1. O

Remark 5.2 Let us end with a remark about the implementation of (S;). Its implicit
character has been discussed in Sect.2, but another difficulty arises when coding it.
Indeed, (S;) is defined for all indices i € Z, meaning that, in practice, the expressions
have to be truncated. However, because of 1"1!, the expression of the scheme (S;) is
nonlocal, in the sense that the whole distribution in trait (1} );cz is needed to compute
every single u?“ fori € Z.Whenimplemented, the scheme (S, ) uses an approximated
value of I"*!, with the truncation defined as previously.

In addition, considering the scheme (S¢) on a truncated domain raises questions
about boundary conditions that are to be considered. Indeed, because of (15), the (u;’),
for |i| < N + 1, are needed to compute M?, (u");, for |i| < N. In practice, u” 5, _,
and ”7\/ 41 can be approximated, we refer to Sect. 6 for more details. Yet, to avoid more
approximations, one can also define a truncation of M?,

. m2(N+1D)+1 2N+1
MEA[,N~R(+)+ SR +’
such that
Vu = (uj)jez € R, Vil < N, M, v (w))ji=n+1), = M, Wi

Roughly speaking, this consists in avoiding the question of the boundary, by reducing
the trait domain at each time step of the scheme. Note that M%, \; enjoys the same
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monotonicity properties as M¢ ,, and in particular the last point of Lemma 3.1 can be
easily adapted. Similarly, SIM, defined in (28) can be defined on a truncated domain,
Lemmas 5.1 and 5.2 still hold, and Prop. 2.1 is true in the truncated setting.

6 Numerical tests

In this section, we highlight and discuss the properties of the schemes (S;) and (Sp)
using numerical tests. Unless other choices are specified, we will consider the schemes
in dimension 1, with ¢ (x) = 1 in (A1) and the initial data

min ((x — /3)2, x—a)?+ 8)
V14 x2 ’

with o = 2, 8 = —0.2 and 6§ = 1. This choice is adapted from [34] to satisfy the
hypotheses (A4)-(AS5)-(A6)-(A7). We will also consider the function

u"(x) = v (x) = (35)

2
R(x,I)=¢"!

1+ x2 I (36)
which satisfies (A2) and (A3). All the tests are done with final time 7 = 1. In most
cases, and if the discretization is not specified, we consider At = 5 - 107%* and Ax =
5. 1072, such that (CFL,)-(CFL,_.()-(CFLg) are satisfied for all ¢ € (0, 1]. First,
the implementation of the schemes is done according to Remark 5.2. Namely, the
iterations of the schemes are computed on a larger trait domain, that is reduced at each
time iteration to avoid approximations at the boundary.

The implementation of the schemes has been done using Matlab, the code is avail-
able at [7], where scripts for all the figures presented below are also provided. Note
also that the solution of scheme (S.) will be denoted usAt and / ZI in what follows. This
choice is made to simplify the notations, and to be similar to va; and Ja; defined in
scheme (Sp).

6.1 Behavior of scheme (S;) when & — 0

The behavior of scheme (S;) when & — 0 is illustrated in Fig. 1, where u?,, and I3,
computed with (S;), are displayed for a series of €. The limits va; and Ja; computed
with (Sp) are displayed on the same graph. As shown in Prop. 2.2, one can observe that
the solution of scheme (S;) converges to the solution of scheme (Sp) when ¢ — 0. It
is also worth remarking that the solution u%, of the problem (S;) is smooth, and so
is [ ZI when ¢ > 0. Lipschitz singularities for usAt, and discontinuities for / Zt, appear
in the limit & — 0. One can notice that I3, is not necessarily increasing when & > 0.
Moreover, the convergence seems to be faster for usAt than for / Zr

More precisely, the convergence rate for u, , and I3, is numerically studied in Fig. 2.
First of all, Lemma 3.2-(iv) yields that the minimum of the approximation of u% , with
(S¢) is of order €. This can indeed be observed on the left-hand side of Fig.2, where
the minimum of u¢, , is plotted in logarithmic scale as a function of &. As expected, we
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uj (T, ) computed with the AP scheme. T I3,(t) computed with the AP scheme. At = 5e-04, Az =5¢-02

T T

T Initial data | ce=1 sc— R
—Limit scheme +¢ = 27! —g =23+ =27

s, (T,)

6..e =271 —Limit scheme
ool

Fig.1 ugAt (left) and IZ[ (right) computed with (S¢) for a series of €, and va; and Ja; computed with (Sp).
Parameters: T =1, Ax =5 1072, At =5- 1074, u" defined in (35), and R in (36)

Convergence of the AP scheme to the limit scheme : Convergence of the AP scheme to the limit scheme :

y, to var in L and |min(ud, (7, )| to 0 14, to Jag in LX(0,T) and L*(0,T) norm
T =1, At = 5e-04, Az =5¢-02 T =1, At = 5e-04, Az =5c-02
o T o

- o

o

/

Slope 1

w15~ sl oy
—minuy, (7,) . " " " =l = sl
10° 10 1012 1071 10* 10° 10 10?

1730 = Jaellpqorys 1A = Taellpory

o [|uiz (T ) = var(T )l

[ (T, ) = vad(T, ) [lows | minugy, (7))

w0 07 107 100 0° 10+ 102 10°

Fig. 2 Convergence of the solution of (P¢) to the solution of (Pg). Left: ueAz to vay in L norm, and
min usAt to 0 as functions of ¢ (logarithmic scale). Right: IZ: to Ja; in L' and L% norms, as functions of
& (logarithmic scale). Parameters: T = 1, Ax = 5-1072, Ar = 5-10~4, 4! defined in (35), and R in (36)

observe a line which has slope 1. This figure presents, on the same graph, a numerical
study of the convergence rate of the solution u%, of (S;) to the solution va; of (Sp)
when & — 0. The L° norm of u’y, (T, -) —va(T, -) is displayed in logarithmic scale
as a function of e. This test suggests that the convergence of the solution u, of (P,)
to the solution v of (Pp) is of order 1 in e. Similarly, the convergence rate of / Zt
to Ja; is studied in the right-hand side of Fig.2, in discrete L'(0, T) and L>(0, T)
norms. Once again, the rate of convergence seems to be 1. However, we observe a
discrepancy between the two tests in the regime & > 10™* which is the order of the
time step. The order of convergence is recovered in the regime ¢ < 107, essentially
because this convergence test is done for given At and Ax, fixing the dimension of the
problem. We conclude from this observation that L! is more appropriate to capture
the AP property due to the occurrence of true discontinuities of Ja;. This behavior
means a lack of uniform accuracy in L* norm, and we refer to Sect.6.5 for more
details. Coming back to the continuous problems (P;) and (Py), this suggests that the
convergence of I, to J when ¢ — 0 might be true in L' (0, 7), but not in L>(0, T).

6.2 Behavior of scheme (Sg)

We now discuss the behavior of scheme (Sp), regarding the lack of regularity of the
solution of (Pp). Indeed, v enjoys Lipschitz regularity, while / € BV (0, T) can,
in particular, have jumps. This behavior is highlighted in Fig.3, where the left-hand
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Behavior of the limit scheme : vy(t,-) Behavior of the limit scheme : Js, and argmin vy (t, <)

At = 5e-04, Az =5e-02 At = 5e-04, Az =5c-02
—t=0 =05 =1 ! ! — el ) ) ) ) [ —_—— L—
—t =025t =0.75 ,|-argmin vad(t, ) |

X

S t

Fig. 3 Scheme (Sp). Left: v, computed with (Sp) for a series of times. Right: arg miny va, and Ja; as
functions of 7. Parameters: T = 1, Ax = 5- 1072, Ar = 5 - 10~%, 4" defined in (35), and R in (36)

side displays the solution va; of (Sp) for some fixed times, as functions of x. We
emphasize the lack of diffusing effects, as shown by the C! discontinuity of the solution
vA;, which seems to be maintained as time grows. It is also interesting to notice that
the function Ja; has true numerical jumps, where the solution varies considerably
in a single time step, due to the implicit character of the scheme. Moreover, coming
back to problem (Py), the selection makes the dominant trait, i.e. x(¢) such that of
v(t, x(t)) = min v(¢, -), evolve in time. Left-hand side of Fig. 3 exhibits a case with a
jump from the left local minimum to the right one. This is confirmed on the right-hand
side of Fig. 3, where xa; and Ja, are displayed as functions of 7. One can notice that
the jumps occur simultaneously, which was to be expected since Ja; is a constraint
that makes min v equal to 0. Moreover, Ja; is nondecreasing on [0, T'], as it has been
proved in Lemma 4.2-(v).

6.3 Truncated scheme

As it has already been emphasized in Remark 5.2, the schemes (S;) and (Sp) are
nonlocal, meaning that the whole distribution in trait at time ¢, is needed to compute
any single point at time #,41. We proposed a way to restrict the schemes to a finite
grid, by considering a larger trait domain at the initialization and removing points
of the domain at each time iterations. The propositions of Sect.?2 hold true with this
approximation, provided that the considered trait domain is large enough so that (31)
is satisfied. Thanks to this strategy, no approximation is required at the boundary.
However, it is costly in terms of computational time, since 2N, points in x are to
be added to the initial grid. This drawback can be dealt with in dimension 1, but
the cost increases with the dimension. Moreover, this stategy leads to complications
when considering initial data which do not exactly satisfy (A5)-(A6). Indeed, it would
be natural to consider Gaussian distributions for the initial data of (1), so that uisn is
quadratic. However, such distributions do not enjoy uniform Lipschitz property. When
implemented, the conditions (CFL,)-(CFL,_,0)-(CFLy) then have to be considered
with the Lispschitz constant which is valid on the larger grid. It makes these stability
conditions always more restrictive, as each point added in time makes the Lipschitz
constant increase.
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AP scheme vs its version with approximation at boundaries : u},

AP scheme vs its version with approximation at boundaries : I3,

T =1, Typar = 5, At = 5e-04, Az =5e-02

T =1, &y = 5, At = 5e-04, Az =5¢-02

N \u‘m‘(T -) —

Fig.4 Comparison between scheme (S¢) and its version with approximations at boundaries, as function of
¢ (logarithmic scale). Left: L® norm in x of the difference between the u computed with the two schemes
at final time. Right: difference between the two I in Ll(O, T) norm. Parameters: T = 1, Ax =5 - 10*2,
At =5-107%, 4" defined in (35), and R in (36)

To avoid this difficulty, we propose a truncated version of the schemes (S;)-(So).
This consists in, once again, considering a truncated trait space (x;);¢[1,n,, such that
(31) is satisfied. However, this trait space is of constant size in all the time iterations.
Since they are needed, the values at xo and xy, 41 are approximated. For all n €
[[0, N¢1l, we propose the following approximation in (S¢)-(So)

n n n n n

ug = 4uy — 6us +4us —uy 37
n _ n n n n

Uy 41 =4y, —Ouy Ay o, —uy 3,

which consists in extrapolating (' );e[1,n,] by a polynomial, whose derivatives coin-
cide with the discrete derivatives of (u});c1,n,]. Namely, for the left point, we define

P(y)=u7+ug—u’1‘y+u’1‘—2u§+u’31y2 (= 2u% + ul) — (' —2uf + uf)

Ax Ax? Ax3

3
)

is such that P (0), P’(0), P”(0) and P (0) coincide with the first discrete derivatives
of (u}); that can be computed, and it satisfies P(—Ax) = ug. A similar explanation
holds for the right boundary.

This approximation is tested in Fig.4, where results of scheme (S.) without and
with the approximation at the boundary are compared. The left-hand side displays the
L® norm in x of the difference of u,, computed with the two versions of the scheme
at time T, while the difference between the two / Zl in L! (0, T') norm is presented on
the right-hand side. In both cases, the results are presented as functions of €. Observe
that the difference between (S;) and its version with approximations at boundaries is
never greater than the discretization error. Moreover, this difference goes to 0 when
e — 0, likely because the error due to the truncation in the quadrature step (34) is
vanishing, combined with the fact that the characteristics lines are exiting the domain
at ¢ = 0. Thanks to the stability of (S;), this validates numerically the approximation
at boundary for (Sp) as well.
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va¢(T.-) computed with the truncated limit scheme Jai(T,-) computed with the truncated limit scheme
T =1, At = 50-04, Az =5e-02 T = 1, At = 5¢-04, Az =5¢-02
" ;

— — T T — T R T T T T
\~—Initial data —Limit scheme + Analytic solution / —Limit scheme + Analytic solution

JaT,)

va(T,)

S t

Fig. 5 Comparison between scheme (Sp) and analytic solution. Left: v. Right: J. Parameters: 7" = 1,
Ax=5-10"2, At =5- 1074, vI" defined in (38), and R in (39)

As they are less expensive in terms of computational time, and since their results
are very close to the results of schemes (S;)-(Sp), in what follows we will use the
corresponding schemes including the approximations (37) at the boundaries.

6.4 Accuracy of (So)

Using its version with approximations at boundaries, we test the accuracy of (Sp)
with parameters which does not satisfy exactly the hypotheses (A2)-(A3)-(AS5)-(A6).
Indeed, we consider

Vi = min <x2, (x —a)? + 5) , (38)
witha =2,8 = 1, and
R, I)=x—1. (39)

The solution of (Py) is analytically known using these parameters, see [34]. Moreover,
this explicit solution do not enjoy more regularity than what is expected. Indeed, v
enjoys Lispschitz regularity but is not C!, and J jumps at t = 1/2. The results of
scheme (Sy) are displayed in Fig. 5 together with the analytic solution. The agreement
is visually very good, including the discontinuity of J which is captured at the correct
time point.

Although Prop. 2.3 states the convergence of (Sp) to the solution of (Pg) when A
and Ax go to 0 with Ar/Ax fixed, it does not give any convergence rate. Indeed, the
lack of regularity of the solutions of (P() makes this problem difficult to address theo-
retically. To bypass this issue, we proposed a proof based on compactness arguments
and on an appropriate regularization of J. However, quantitative estimates cannot be
expected using such arguments. We propose a numerical study of the rate of conver-
gence of (Pp) in Fig. 6. For this numerical test, we compare the functions va; and Ja,
computed with (Sp), to the solution v and J of (Pp) analytically computed in [34].
As in Prop. 2.3, we fix Ar/Ax and we make At go to 0. The comparison is done in
L>® forva,; (T, ) —v(T, -), while Jao, — J is estimated in Ll(O, T) norm. The error is
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Convergence of the limit scheme : va; to v in L™ norm Convergence of the limit scheme : Ja; to J in L' norm
T =1, At/Az = 5e-02 T =1, At/Ax = 5e-02
T T 10°) T T

o)l

-

1780 = Tllzs0y

lvar(T

A ’ o . A
Fig. 6 Convergence rate of scheme (Sq). Left: |[vas(T, ) — v(T, -)|loo as a function of At, with Ar/Ax
fixed (logarithmic scale). Right: ||Jo; — J “Ll(o 7) 382 function of At, with At/Ax fixed (logarithmic
scale). Parameters: T = 1, Ar/Ax = 5 - 1072, v" defined in (38), and R in (39)

displayed in logarithmic scale. Remark that the numerical convergence rate of scheme
(Sp) is 1, both for va; and Ja;.

The numerical order of convergence highlighted in Fig. 6 must be considered with
care. Indeed, even in the simpler case of a non-constrained Hamilton—Jacobi equation,
the expected convergence rate of a monotonous scheme such as the one we are consid-

ering here is proved to be O («/ At + +/ Ax) (see [11]). According to [35], Sect. 2.1,

this order of convergence is optimal, even for smooth solutions. Thus, there may be
other examples for which the order of convergence of (Sg) is smaller than 1.

The numerical investigation of the order of convergence of scheme (Sp) raises the
delicate question of the design of higher order schemes for (Py). The strategy we use
strongly relies on monotonicity properties of the scheme, both in v and J. Regarding
v, itis worth noticing that monotonous schemes for Hamilton—Jacobi equations cannot
be of order greater than 1 ( [35], Sect.2.1). Higher order finite-differences schemes
for non-constrained Hamilton—Jacobi equations are constructed using monotonous
schemes as building blocks, we refer to [35] for details. However, a non-monotonous
scheme for v would upset the monotonicity properties used for J, so that the regular-
ization vgt of va; defined in (20) would not satisfy Lemma 4.5-(vi), and that the proof
of the convergence of the scheme would break. In addition, Lemma 4.3 establishes the
convergence of va; and Ja, using compactness arguments. The design of higher-order
schemes for (Pg) would require quantitative error estimates for these convergences.

6.5 Uniform accuracy of (S)

In this section, the uniform accuracy of the scheme (S, ), in its version with approxima-
tions at boundaries, is tested. Prop. 2.1 establishes that, for all ¢ > 0, (S;) converges
with rate C(¢) (|In(Az)|At 4+ Ax), with At and Ax satisfying (CFL,), and where
C(g) depends on u™, T, and e. As it is emphasized in Remark 2.2, this proposi-
tion does not give any clue on the order of the scheme uniformly in ¢, since C(¢)
is expected to go to +oo when ¢ — 0. However, thanks to the stability properties
of scheme (S, ) stated in Prop. 2.2, a better behavior can be suspected. The uniform
accuracy of scheme (S;) is tested by computing the results of (S;) for a series of € and
Ax. The solution of the corresponding scheme will be denoted u?, . in what follows.
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Uniform accuracy of the AP scheme : %, Uniform accuracy of the AP scheme : I3, in L'(0,T)
T =1, Ay = 4.882812e-03, X =0.05 T =1, Az = 4.882812e-03, A =0.05
T T T T T 0" T T T T T

/

sl

uy,,

15, — 14,

[l (T, )

107 Fa Az =3.125000e-01 + Az =7.812500e-02 — Az =1.953125¢-02 k| Az =3.125000e-01 Az =7.812500e-02 Az =1.953125e-02

<Az =1.562500e-01 Az =3.906250e-02 - Az =9.765625e-03 Az =1.562500e-01 Az =3.906250e-02 Az =9.765625e-03
f " n m L 104 L " n n L

107

Fig.7 Uniform accuracy of (S;). Left: ””ix (T, — usAxref (T, -)|| 1,00 for aseries of Ax and as functions
of ¢ (logarithmic scale). Right: || IZx —1 Z e 1 0.7 for a series of Ax and as functions of ¢ (logarithmic
scale). Parameters: T = 1, 1 = 5 - 1072, 4" defined in (35), and R in (36)

Once Ax is given, At is fixed by At = Amin(Ax, Ax?/g), with A such that (CFL,)
and (CFL,_, ) hold. These u gAx are then compared to a reference solution. However,
contrary to the previous section, no analytic solution of (P, ) is known, to the best of our
knowledge, so that the reference solution has to be itself an approximation. A Ax et
is introduced, smaller than all the Ax previously considered, and “mef is computed
for all the & considered. The L* norm of ua (T, -)® — u¥, (T, -) is then computed
for all ¢ and Ax considered, and they are presented as functions of ¢, on the left-hand
side of Fig.7 in logarithmic scale. Similarly, the right-hand side of Fig.7 displays the
L0, T) norm of / A — 1 mef, as functions of ¢ in logarithmic scale. Remark that, in
both cases, these error curves are stratified, meaning that the approximation error in
scheme (S;) is uniformly bounded with respect to ¢ when the discretization is fixed.

The numerical tests above suggest that scheme (S;) enjoys uniform accuracy with
respect to £ in L°° norm for u%, , (T, -) andin L (0, T) norm for 1 Ax- However, the lack
of regularity of the solutions of (P, ) strongly influences the accuracy of the numerical
resolution. To emphasize on this fact, remark that the uniform accuracy of (S;) is not
true for 1 Zx in L*°(0, T) nor in the total variation seminorm, denoted TV (0, T') in
what follows. Indeed, the L*°(0, T') norm and TV (0, T) seminorm of I3, — I3 -
as functions of ¢ in logarithmic scale are displayed in Fig. 8. Contrary to Fig.7, the
error curves are not stratified, and one can remark that

Slip ” IZX - IZXref HLOO(O,T) A;’j)o 0, and Sl;p “ IZX — szref H TVO.T) A;j)o O,

meaning that (S¢) does not enjoy uniform accuracy for I, in L* norm and 7'V
seminorm. The fact that these norms are poorly adapted to the study of the conver-
gence of ¥ can be understood considering the jumps. For small ¢, I is close to
the discontinuous function J, so that the jumps are visually well approximated. The
comparison between /2% and 12 is also good at first sight, but jumps may not be
exactly simultaneous, making the difference [ gAx —1 gAx f have a thin peak around the
jump. Such a peak is small in L' norm, but not in L> or T'V.
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Uniform accuracy of the AP scheme : I3, in L*(0,T) Uniform accuracy of the AP scheme : I3, in TV(0,T)
T =1, Az, = 4.882812e-03, A =0.05 T =1, Az = 4.882812e-03, X =0.05
. T . T T T

T T T T T

T

T

I, o)

113; = Tas, Irvor

Az =3.125000e-01 ~ Az =7.812500e-02 Az =1.953125¢-02 Az =3.125000e-01 ~ Az =7.812500e-02 Az =1.953125¢-02
Ax =1.562500e-01 Az =3.906250e-02 < Az =9.765625¢-03 Az =1.562500e-01 Az =3.906250e-02 - Az =9.765625¢-03
f " n m L n f " n n f

107 10° 0% 104 107 107 107 10° 107 10° 10° 104 10° 107 107 100

Fig. 8 Uniform accuracy test for I, computed with (S¢): ||ISAX — IgA ref || for a series of Ax and as
functions of ¢ (logarithmic scale). Left: L°°(0, T) norm. Right: TV (0, T) seminorm. Parameters: T = 1,
2 =5-10"2, 4" defined in (35), and R in (36)

6.6 Extension to higher dimensions

Problems (P;) and (Py) are well-posed in any finite dimension d, but dimension 1
was chosen for the presentation and the study of schemes (S;) and (Sg) in this paper.
However, schemes (S;)-(So) can be generalized to any dimension, and all the results
of this paper still hold when d € N*, the proofs being done exactly the same way but
with heavier notations due to multi-indices.

We detail here the adaptation of schemes (S;) and (Sp) in dimension d = 2, and
we provide some numerical tests to highlight the asymptotic-preserving property. The
generalization to any dimension is straightforward. As in Sect. 2, define T, N; and At
for the time discretization. Two trait steps are now needed, denoted Ax and Ay in
what follows, and two trait grids are defined, namely x; = xo + iAx (i € Z), and
yj = Yo+ yjAy (j € Z), where xo, yo € R are given. Let n € [0, N; — 1]}, and
i, j € Z. The schemes are given by

I’l+1 n n n n n n n n n
Uij —Hij +H Wij “UWicr Yigrj — Wi ‘H Uij “Wij—1 Wijp1 — Wi
At Ax ’ Ax Ay ’ Ay

n

WL R (v 1Y)

n n n n n
wig = 2upfuiy o uf g =2 +u

2 t+e 2

Ax Ay

o+l
1n+l — AxAy Z w(xl',y_,')e Ui /87
(i,))ez?

(542

and

n+1 n n n n n n n n n
Viij TVU Vij T Vi1 Viknj T Vi Viij Vi1 Vi1 T Vi
+H : +H :

At Ax Ax

—_R (x;, ¥ 1n+l)

min vt =0,

jezz

(54=%)

where H is defined in (5). They both can be implemented on a truncated domain,
with or without approximations at boundaries, as presented above. The following tests
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Initial data AP scheme. ¢ = 1e-02, T = 1, At = 5e-04, Az = Ay = 5e-02

AP scheme. & = 1e-04, T' = 1, At = 5e-04, Az = Ay = be- 02 ant bcheme T= 1 AL Se 04, Az = Ay 5e 02
o e T // \
. — N i — \
L= ) 4 K (oD —

Fig. 9 Test with d = 2. Top left: u:}gn. Top right: ”8At computed with (Sélzz) and ¢ = 10~2. Bottom left:
uSAl computed with (Sd_z) and ¢ = 10*4 Bottom right: va; computed with (S 72). Parameters: T = 1,
At =5-10"% Ax = Ay =5-1072, 4" and v defined in (40), and R in (41)

use the version with approximation at boundaries and grids of constant size. Denoting
=(x,y) € R2, we consider u'", v adapted from (35),

min (|X — B, X — af* + )

u™(X) = v"(X) = . (40)
V14 [X)?
with o = (2, 2), = (—0.2, —0.2) and § = 1. Similarly to (36), we define
Rx. 1y =l X @1)
’ 14+ X)?

Note that in both cases, | - | stands for the Euclidean norm on R2. Figure9 displays
level lines of u™ defined in (40), of u%,, computed with (S¢=2) for ¢ = 1072 and
e = 10~%, and of vp; computed with (ngz) When & is small, usAt is similar to va;.
Moreover, one can notice that the minimum of #" has jumped from the bottom left
local minimum to the top right one. Figure 10 hlghhghts the stability of the component
I3, in (ngz) when ¢ — 0. Indeed, it goes to the component J; of (ngz), and has
discontinuities in the asymptotic regime. More generally, all the properties discussed
in dimension 1 are still statisfied.
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%:(t) and Ja; computed with the AP scheme and the limit scheme in dimension 2
At = 5e-04, Az = Ay =5e-02
T T T

06 T T T T

T T

—~e=10"' & = 10" —Limit scheme
: —e=10"2--e=10"*

0 1 1 1 1 1 1 1 1 1

0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1

t

Fig. 10 Test with d = 2: IZ[ computed with (Sélzz) for a series of ¢, and Jo; computed with (ngz).
Parameters: T = 1, At =5- 1074, Ax = Ay=5. 1072, uien and v defined in (40), and R in (41)

Conclusion

In this paper, we proposed and analyzed an asymptotic-preserving scheme for parabolic
Lotka—Volterra equations (P ), which model the evolution of a population density. The
scheme (S;) we proposed is converging for fixed ¢ > 0, and enjoys stability properties
in the asymptotics. Moreover, the limiting scheme (Sp) is converging towards the
unique viscosity solution of the constrained Hamilton—Jacobi equation (Pgp), which
describes the asymptotic regime.

The key ingredients for the construction of the asymptotic-preserving scheme are
the monotonicity and the implicit treatment of the constraint. Thanks to these proper-
ties, the convergence of the scheme (S ) is proved, and so is its asymptotic behavior in
the vanishing e limit. The convergence of the limit scheme is based on compactness
arguments, and once again on the monotonicity of the scheme. It is indeed a usual
property required for non-diffusive schemes for Hamilton—Jacobi equations. How-
ever, because of the lack of regularity of the Lagrange multiplier associated with the
non-negativity constraint, the scheme has to be regularized to prove its convergence.
Eventually, the properties of the schemes have been discussed through numerical tests.
Both (S;) and (Sp) can also be generalized to any dimension. Moreover, numerical
tests suggest that (S, ) enjoys uniform accuracy in appropriate discrete function spaces,
meaning that its precision is independent of €.

A natural continuation of this work would be the study of an asymptotic-preserving
scheme for integral Lotka—Volterra equations. This question will be adressed in a
future work.
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A Proof of Lemma 3.2

In this appendix, we prove Lemma 3.2. We proceed by induction. Thanks to the
assumptions, the initial data ud = (u?)iez satisfies the properties (i)-(ii) and (iv) of
Lemma 3.2. Let us suppose that the items (i)-(ii)-(iv) of Lemma 3.2 hold true for a
given n € [0, N, — 1], and prove that "+ = (M?-H)ieZ enjoys these properties,
while 71! satisfies (iii).

e First of all, we recall that 7" is well defined for all & € (0, 1], see Remark 2.3.
We now prove that, if & < &g, then I"*! > I,,/2. For a given j € 7Z, the following
inequality holds

I — AxZw(xi)e—MEA[(u")i/seAtR(xi,I)/&‘ < I — Axwme—/\/ti[(u”)j/aeAtR(x]‘,I)/s’
i€Z

where we used (Al). An upper bound for ./\/lgAt (u™) j is obtained thanks to the
positivity of H and to (i)

n

— 2l 4" m_yn o _yn
("), = ut 4 e oL i 2T gy (B M T
At j A ’

J Ax Ax

<u" +28£Ln,
- J Ax

using the upper bound Lo 4+ T K of L,, and with the choice of j such that u;’ =
min; ez, ul!, property (iv) provides

Lo+TK )

f (W) <e P
ar (") < (CM+ Cn(Lo+TK)

where the estimate independent of At and Ax comes from (CFL,_, (). This esti-
mate yields

g0(1) < I — Axwm67CM72(L()+TK)/CH(L()+TK)eAIR()Cj,])/é"

and the bound from below for I"*! in (iii) is then obtained by a contradiction
argument. Indeed, since ¢ is an increasing function, forall I < I, /2, the following
inequality holds true

I . .
(/)(1) < (p(Im/z) < 7’” _ AxwmefLMfz(L()+TK)/CH(L()+TK)eAtR(xJ,Im/z)/é"

(42)
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and thanks to the strict monotonicity of R with respect to its second argument,
together with (A2), one can show that R(x;, I,,/2) is uniformly positive with
respect to j € Z. Indeed, it writes

I
R(xj, In/2) = R(xj, In) + %
thanks to (A3), and assumption (A2) eventually yields

I
RGxj, 1) > -
. Dz 5%

Coming back to (42), one has forall I < [,,,/2

I
(P(I) < (p(Im/z) < 7’" _ AxwmefcM72(Lo+TK)/CH(L()+TK)eAtlm/2K8 :) —00,

hence there exists an & > 0, depending only on I,,,, ¥, cpr, Ch, Lo, T, K, At,
and Ax, such that

Ve € (0,e1), VI < 1,,/2, o(I) < —1.

Since I"*! is defined as the solution of ¢(I"*!) = 0, the first inequality in (iii)
holds true.

e The bound from below (ii) of (ulf”’l )iez, 1S a consequence of the monotonicity of
the first step of the scheme (S;). Indeed, if we denote v = a|x; — xo| + b,,, the
scheme (15) applied to v"* = (v}');ez gives

alx; —xo|l +b, —AtH(a,a) ifi #0

e () = At
() b 424220 ifi=0,
- — Ax

n

since H (a, a) = H(—a, —a). Therefore, M, (u"); = M?, (V");, foralli € Z,
thanks to Lemma 3.1, so that

u ' > alxi —xo| + b, — AtH(a,a) — AtR(x;, I"M) if i #£0
eNAt
up™ > b, + 2a—— — AtR(xo, ",
X

Since I"t! > I,/2, and I — R(x;, I) is decreasing for all i € Z, the choice
b, =b, — AtH(a,a) — AtK yields (ii) thanks to (A3).

e The second inequality in (iv) is a consequence of the bound from below of
(M:-lH)ieZ, as well as the one for I"*!. Indeed, considering ¢ € (0, ¢1), the defi-
nition of 7" yields

Im/2 S InJrl S szw(x,')eiu:?+l/s,
i€Z
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and for an integer N > 1, which will be determined later, the following inequality
holds true

I,/2 < Ax Z Vo) e_ulr_z+1/s 4 Ax Z v (x) e—(kN,-i-Q\x,'—xo\)/s,

li|<N li|>N

because of (ii). In both terms, we use (A1), and since x; — xo = i Ax, we have

i )_H—] _ )
In/2 < 2N — DAx yare 2 Loax g e (b, +avax)re Y emaiie,

i=0

Therefore, N is chosen such that by + aNAx > 1. Note that this choice is
independent of n, and that it depends only on the assumptions, and Ax. Hence,
the previous inequality can be simplified as

— min "1 2A —1/e
Im/ZS(ZN—l)AXI//MC r,-rllznu' /E+M

’

1 — e—alx/e

and &> can be defined, as a function of the parameters arising in the assumptions
and of Ax, but independently of n such that

2 Ax Yy e 1/e

Ve € (0.82), T < In/4,

so that for 0 < ¢ < min(eq, €3), the second inequality in (iv) is satisfied, with

I in
ey =max{—In| ———— ), chyr-
42N — DAxYy

Once again, it is worth noticing that this choice is independent of .

The previous results yield the inequality 7 ntl < 2@ in (iii). Indeed, thanks to
@iv), u;’ > cpe forall i € Z, and because of the monotonicity of (15), this implies
that

Vi € Z, M, (u”)l. > CpéE.

Moreover the bound from below (ii) satisfied by u"*! = (M?H)iez, ensures that

there exists an index k € Z such that uZH = min; ¢y, uf’“ < cpe. The definition
of u ™! at line (14a) yields
AR (e, 1"y = MY, ("), —uf ™ = —(cm — em)e = AtR (e, Ing) — (cu — cm)e,
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where the last inequality has been obtained considering that R(xx, Ipy) < 0,
according to (A2). One can conclude similarly as above, using (A3) to write

Arl
ARGy, 1Y) > AtR(xr, 21) + TM —e(cp — cm).

Denoting €3 = Atly/(K(cy — cm)), the previous inequality states that for all
e € (0,&3), R(xg, I"tY) > R(xg, 21y). Once again, we emphasize the fact that
&3 is defined once for all since it depends only on the assumptions and on Af, and
it is independent of n. The second inequality in (iii) follows, since R is decreasing
with respect to /.

e The first inequality in (iv) is a consequence of the previous result. Indeed, thanks
to the definition of ”*! in (14b) and to (A1), one has

ue < Ax Z Ype e = <oy,

i€Z

VieZ, Yy Axe”

YmAx ) ~m
only on the constants defined in the assumptions and on Ax, and is independent
of n.
e Eventually, Lemma 3.1 yields that M¢ (u") enjoys L,-Lipschitz property. The
L, 1-Lipschitz bound (i) of "+ is then a consequence of (iii) and (A3).

It gives that Vi € Z, uf“ > ¢, €, where ¢, = min {— In ( 21y ) cin}, depends

Eventually, we denote ¢g = min(eq, &2, €3), such that Lemma 3.2 holds.

B Proof of Lemma 4.2

In this appendix, we prove Lemma 4.2. We start by proving (i)-(iii) and (iv) by induc-
tion. Let n € [0, N; — 1]. Suppose that (i)-(iii) are true for va;(t,, -), as it is the case
for the initial data v™™ thanks to (A5)-(A6). Letn € [0, N, — 1] and s € (0, At]. In
what follows, we show that va, (#, + s, -) satisfies (i)-(iii), and that Ja,(,+1) satisfies
@iv):
o Let j realize the minimum of (va;(#, X;))iez. Hence va;(t,, x;) = O thanks to
(12c¢), and the definition of H in (5) yields

Mar (ar(tn, ) (x;) = 0.
Coming back to (12a), we have
—ALR (xj, Jar(tat1)) = var(tar1, Xj) = 0,

and we obtain that I, < Ja;(f,+1) thanks to (A2) and (A3).

e Notice that since (CFLg) is satisfied, the first step (M(S)) of the scheme (Sp) is
monotonic. Hence, Lemma 4.1 gives

Vx € R, alx — xo| + b, —sH(a.a) < M (var(ta. ) (x),
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so that va;(t, + 5, %) = alx — xol + b, —sH(a,a) — sR(x, Ja(tn + 5)). The
monotonicity of R(x, -) as well as the lower bound for Ja;(#, + s) yield

alx — xo| +Qtn+s < var(tn +5, %),

withb,  =b, —sH(a,a) —sK, thanks to (A3).

e Since vas(t,;, x;) > Oforalli € Z, Lemma 4.1 yields that
Vi € Z, Mar (a(tn, +)) (xi) = 0.
Consider then k € Z such that
VA (tnt1, X)) = '}2% VAt (tnt1, xi) = 0.

Note that such a k exists, thanks to the previous step of the proof. We obtain

ALR (xk, Jai(tng1)) = Mar (Vai(ta, 1) (x1) = 0,

thanks to (12a). The inequality Ja;(t,+1) < Ij is then a consequence of assump-
tions (A2) and (A3). The bounds for J; in (iv) follow, since it is constant on
(tn P tn—i— 1 ] .

e Once again, the monotonicity of the first step (M?) of scheme (Sy), yields

Vx € R, MY (i (ta, ) (x) < @lx — xo| + by,

so that property (iii) is proved with by, s = b;, + sK, thanks to (A3).
e Similarly, va(t, + s, -) is L, 4s-Lipschitz continuous thanks to Lemma 4.1 and
(A3).

The Lipschitz-in-time property (ii) is a consequence of (i). We now show that
Jai(th+1) = Jar(ty). Recalling that Ja, is constant on (0, Af] and that it is not
defined at ¢+ = 0, we then suppose that n € [[1, N; — 1]|. Considering an index j such
that va,(t,, x;) = min;ez va, (t;, x;) = 0, (12a) yield

R(xj, Jai(tas1)) =0,

as previously. Let us now consider the previous step of the scheme, at the same index
Jj. As this part of the proof only uses points of the grid, we use rather the formulation
(Sp) for the sake of simplicity. We have,

n_

n—1 n—1 n—1 n—1 n—1
1) V. V. — V. V. — v
-1 +1
J J +H J J , J J +R(.x],.]n)=0
At Ax Ax

v} = minv! =0.
J i€eZ

(43)
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Since all the v;’_l for i € 7 are nonnegative, one has

n—1 n—1 n—1 n—1 n—1 n—1
V. — V. V. V. — V. —V.
—1 +1
J J < J ; and J J > J
Ax Ax Ax Ax

Moreover, because H is increasing with respect to its first variable and decreasing
with respect to the second one, the following inequality holds

_ _ _ _ _ _ 1y 2
v;.' - v;’fll U?Jr]l - v’; ! v’; ! —v;’ ! v’; !

H , <H , = .
Ax Ax Ax Ax Ax

where the last equality comes from the expression of H, see (5). Once injected in (43),
we obtain

v At
R , Jn > J 1 n—1 ,
7. 75 At < Ax?

and the right hand side of this inequality is positive. Indeed, thanks to the Lipschitz-
in-time property (ii), we have

=1 <124k
Ar — T ’

and the condition (CFLy) yields the result. To conclude, let us remark that
R(xj, Jar(tas1)) <0 < R (x;, J") = R (xj, Jar (i) , (44)

and use the fact that R is decreasing with respect to its second variable. The mono-
tonicity of Ja, in (v) follows immediately since it is constant on the interval (t,,, f,+1].

Let us emphasize the fact that the above proof strongly relies on considerations
on the minimum of (v’;) j- This bears similarities with [34], where the relation
R(x(t), J(t)) = 0, with X(¢) = argminv(¢, -), is used to study J. In the discrete
setting, (44) is the equivalent of this relation.

C Proof of Lemma 4.6

In this appendix, we prove the second point of Lemma 4.6.
Step (i). Since ¥ (t*, x*, t*, &%) > ¥ (t*,0, ¥, 0), we have

t*
a%(x*z 462 <ok (%, 0) — ok, (7%, &%) + oK (%, %) — vk (%, 0).
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Then, Lemma 4.5-(i) gives

t*

(& 2
o —- max {1, 1841} < Lrl&* ] + Lrlx™|,

which yields
e’ max {[£¥], [x*|} < 4L7. (45)

Step (ii). We proceed as in the previous step. Comparing the values of i at
(t*, x*, t*, &%) and (¢, x*, 7%, x™), we obtain

(" —£%)? o
i S A () a7 g,

and Lemma 4.5-(i) and (45) give
|t* — ¥ < 2(L3 + K)ArY?, |x* —£*| < 10L7Ax!/2. (46)

Note that the bound for | 7*—1*| is obtained similarly, starting from ¢ (#*, x*, t*, £*) >
(™, x*, t*, £*) and using Lemma 4.5-(ii).

Step (iii). We aim to show that r* < 2(L2T +K)At'/?, provided that o is appropriately
chosen. We argue by contradiction, and suppose that t* > 2(L2T + K)Ar'/2 Tt implies
that t* > 0, thanks to (46). Let us start by considering

(t,x) > Y (t, x, T, &%) = vk (1, x) — o2, x),
on [0, T[xR, with

(x — £%)2

_ .k 2 T
o(t,x) = UAI(‘[*’S-*) + (O’ +4Cyae >l+ W

(t —1%)?
20112

e a
tos ()

+ T —t

It admits a maximum, precisely at (¢*, x*), with t* € (0, T'). Since v¥ is the viscosity
solution of (19), we deduce

(™, x*) + H (Vop(t*, x%)) + R(x*, J§ (%) <0,

that is
*—t* e’ a
462 T Y2 *2
o +4Cyae +—At1/2 +a2(x + & )+—(T—t*)2
* * N
+H (xAx—l/i +ae! x*) +ROS, IS <0, (@7
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where H is defined in (3). Next, let us consider

(T,&) > Y (", x*, 1,8),

on [0, T] x R. As previously, it admits a maximum, precisely at (t*, £*), so that for
all (r,&) € [0, T] xR

Vi, (1. 8) = w(T, &) + Kk, (48)
with
B (x* _ g)z (l* _ .L.)2 et* 5
w(T»é)—_ ZAxl/z - 2At1/2 _(Y?E 5
.k . (x* _ %-*)2 (l‘* _ .L.*)Z i 2
k™ = v, (5, 87) + AL SYNIE +0£2$ .

Remark that t* = t,+ + s* with n* € [0, N; — 1] and s* € (0, At]. The previous
inequality yields

VK, (e, €%) = w(tys, £) + k¥, (49)

The next step consists in applying the scheme (20) to this inequality. To do so, one
has to make sure that

lw(tys, £ £ Ax) — w(tys, )| < (14L7 + DA, (50)

so that (CFLg) ensures that scheme (M?) enjoys monotonicity. From the expression
of w(t, &), we have

ok Axl/Z |x*_%—*| eT
ae |EF| + + + a—Ax.

W(tyr, EF) — w(ty, £F £ Ax) -
2 Ax1/2 2

Ax -

Hence, if Ax is chosen small enough, (50) holds, thanks to (45) and (46). Since
the ratio Ar/Ax is fixed, this condition on Ax implies that the result holds for all
At < Atg, for some Arg > 0. Since (CFLy) is satisfied, the first step of the scheme
(./\/l?) is monotonic and can hence be applied to the inequality (48), using (49). As
M+ commutes with constants, it gives

M (R, (te, D) (E®) — s*RE*, TR, (tr +5%)) = My (w(tys, ) (E)
+k* — S*RE*, J%, (tr + 7)),

that is
VR, (T EF) = w(tys, £%) — s¥H
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Ax Ax
+k* — s*R(E*, K, (t7)).

(w(tn*, EX) —w(tys, EF — Ax) w(tys, E* + Ax) — w(t,, é*))

The latter yields counterpart of (47)

x* —&* e Ax12 e x*—&* e Ax12 e
0§H<Ax1/2—ae E -+ ) +O{7Ax,m—ﬂle %‘ - B —O{TAX
v k% t"—* 52
+ R(E", J, ))‘f’T

Inequalities (47) and (51) are now gathered, so that

*

x* _S*
Axl/2

r* o .
o +4ChaeT + + 0167()c*2 + &%) + T :xt*)z +H < + e’ x*) + R(x*, JEa*y)

Al‘l/z

x*—E* . Axl/2 el” x*— EF . Axl/2 et”
<H|=—7% —ae" £* + +ao—Ax, ——— —qe' £F — —a—Ax

Axl/2 2 2 Ax1/? 2 2
t—1*  §%/2

k
JFR(S*, "At(r*)) + W + W,

and hence

*

o +4C2 zxeT—l—ai(x*z—f—é*z)—i—H ﬁ—i—(xe’*x* ﬁ—{—ae’*x*
H 2 Axl/2 T Ax2
— H L —& —aet*é* + Al +a£Ax L — & —ae’*é* - A —aiAx
Axl/2 2 2 ’ Axl/z 2 2
Atl/2

< R(E*, JK, (%) — R(x*, JE (@) + (52)

7
since H defined in (3) and the numerical Hamiltonian satisfy H (p, p) = H(p) for
any p € R. An upper bound for the right hand side is obtained from (A3), and from
the k-Lipschitz regularity of Jok in Lemma 4.4

R(E*, J5,(T9) = R(e*, Jg (%) < K|E* — x*| + KX, — Jg lloo + Kk|t* — 77,

that can, once again, be estimated using (46) and the fact that the ratio A¢/Ax is fixed.
On the other hand, the Lipschitz property of H gives a lower bound for the left hand
side of (52). Indeed, all the arguments of the functions H in the inequality are bounded
in absolute value by 14L7 + 1. It yields

t*

2 T € 2 %2 t* * * Axl/z !
o +4Cxae +a7(x + E*) = 2Cy | e’ (IxT| + |EF]) + 2 +a7Ax

= o (A2 + x4 17K, = Il )
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where C (k) is a constant depending on &, and on the parameters K and L7. We remark
now that the left-hand side of the inequality is bounded from below independently of
|x*| and |&*|. Hence, as x —> x2 — 4Cpx is minimal at x = 2Cp, and as its minimum
is equal to —402

o <o +4Chae’ — 4C12_Iote’* < C(k) (Az]/2 + Ax'2 gk - Jk, ”oo) +aChe’ Ax,

and 0 = o (At, k) is defined so that the previous inequality cannot hold, and that
o (At, k) —ar—0 O when k is fixed, as does the right hand side of the inequality.
Because of ||Jé‘ - J gt lloo, there is no indication for the speed of the convergence
o (At, k) = ar—0 0 when £ is fixed. Indeed, Lemma 4.4-(iii) is obtained by using a
compactness argument, which does not give a quantitative estimate.

D Proof of Lemma 5.1

In this appendix, we prove Lemma 5.1. The proof is done by induction. The initial

data u® = (M?)ieZ enjoys the properties of Lemma (5.1). Let ¢ > 0 be fixed, and let us

suppose that the items (i)-(ii) are satified by u" = (u}');cz fora givenn € [0, N, — 1],

and prove that /**! and u"+! = (u:.’+1 )iez are well defined, and satisfy (i)-(ii)-(iii).
First of all, let us remark that 7”t! is solution of (1) =0, with

By =1 — Ax Y (e Man Whi/eghiRG D/, (53)
i€Z

where M,  is defined in (14). Thanks to the first point of Lemma 3.1, and because
of (CFL,),

Vi€ Z, My, ") > alxi — x|+, — AtH(a.@) > alxi — x| + B . (59)

Ny’
so that the sum in (53) is well-defined for all / € R. Indeed, for fixed I € R, x
R(x, I) is bounded, thanks to the remark after (A3), and the coercivity of M4, (u")
makes the series in (53) convergent. Since @ is a difference between an increasing
and a decreasing function, there exists a unique /”*! € R such that ®(/"*!) = 0.
Therefore, ! is uniquely determined too. Moreover, the inequality ®(I) < I
immediately yields that / ntl >0 As R(x, -) is decreasing for all x,

VieZ, ultt > M4, ") — AtR(x;,0),
which gives the lower estimate in (ii), with ﬂn+1 = é” —AtH(a,a)— At||R(-, 0)]lco-

Let us suppose that I > Iy, with Iy defined in (A2). A bound from below for 7,
comes from

o = AxZw(xi)e—MsAx(H”)i/é‘eAlR(xial)/g < AXWMZG_MSA"(M’[)Z-/S,
i€Z i€Z
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where we also used (A1). Now, remark that M, (u"); > alx; — xo| + éNt , and hence

< 21/’Me_éNt/sAx ZefgiAx/s.
ieN

As a consequence, if I > Iy,

1

/ —_— >
1 —e—alx/e Ax—s0

~ 2
O(I) = I —2yae Bnl® Ax = Zyye B/t (55
a

Hence, there exists Axg > 0 and I, > 0 such that for all Ax < Axg, ®(Iyyr) > 0.
Since @ is increasing, / ntl < f - Eventually, Lemma 3.1 yields (i), and

— At
Vi € Z, M5, ") <alxi —xol + B, + 2855,

where (CFL;) gives (ii).
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