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Abstract The aim of this study is to understand the inherent expressive
power of CTL operators. We investigate the complexity of model check-
ing for all CTL fragments with one CTL operator and arbitrary Boolean
operators. This gives us a fingerprint of each CTL operator. The com-
parison between the fingerprints yields a hierarchy of the operators that
mirrors their strength with respect to model checking.

1 Introduction

Temporal logics are a long used and well-understood concept to model software
specifications and computer programs by state transition semantics. The first
approaches in this currently quite large area of research go back to Arthur N.
Prior [23124]. The logics became more prominent in the 70s and 80s due to sig-
nificant effort of Pnueli, Emerson, Halpern, and Clarke [8,[10,20]. Usually one
distinguishes between three temporal logics: linear time logic LTL, computation
tree logic CTL, and the full branching time logic CTL*. All these logics are
defined as extensions of (modal) propositional logic to express properties of com-
puter programs by introducing two path quantifiers A and E, resp., five temporal
operators neXt, Until, Future, Globally, and Release. Form a syntatctic point of
view, the three temporal logics differ in the way how the path quantifiers and
temporal operators may be combined. The computation tree logic CTL allows
operators that are combined from one path quantifier directly followed by one
temporal operator. Thus there are ten different CTL operators—e.g., EX or AU.

The most important decision problems related to temporal logics are the
satisfiability problem and the model checking problem. The complexity of these
problems ranges between P and 2EXPTIME and has been classified for the
general cases [7l[T1L[12,[22/25H27]. Recently the satisfiability problem for all three
logics has been completely classified with respect to all Boolean and temporal
operator fragments [2[16], motivated in part by the fundamental work of E.
Post [21I] on Boolean functions. In the same way, the model checking problem
for LTL was studied in detail [I]. The model checking problem for CTL has
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Figure 1. Overview of complexity results—the model checking fingerprints of the CTL
operators.

been deeper understood in [3] who examined the complexity of CTL fragments
that have arbitrary CTL operators that are combined only with all monotone
Boolean operators. For model checking, there are seven relevant fragments of
Boolean operators [I], but only one of these was considered in [3].

We aim to fill this gap by classify-
ing the remaining relevant Boolean op-

erator fragments for the computation
tree logic CTL. More specifically, we
examine the complexity of CTL model
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checking for all fragments of formulas
that combine one of the ten CTL op-
erators with one of the seven relevant
fragments of Boolean operators. With
our work one can completely charac-
terize all but four of these combina-
tions. Our classifications—informally
called fingerprints—yield a preorder
expressing how powerful a CTL oper-
ator is. We say a CTL operator T is
me-stronger than T, in symbols T’ <« T, if for every set B of Boolean operators
the model checking problem for the ({7} U B)-fragment of CTL is computation-
ally harder than that for the ({7'} U B)-fragment. The resulting partial order
is shown in Figure 2l It can be seen as a generalization of the notion of express-
iveness of CTL fragments [13]. Whereas the notion of expressiveness deals with
equivalence of formulas from different fragments, our notion of me-strength deals
with equivalence of model checking instances for different fragments. Expressive-
ness is meaningful from a language theoretic point of view, and mc-strength from
the computational complexity perspective.

Figure2. The mc-strength hierarchy of
CTL operators that relies on their finger-
prints (Fig. [d]). Arrows indicate the relation
d. Operators X and Y in the same circle
have the same mc-strength (i.e., X <Y and
Y < X). The hierarchy is proper under the
common assumptions NL C LOGCFL C P.



The paper is organized as follows. At first we introduce syntax and semantics
of CTL, and we explain the alternating graph accessibility problems that we
use in our hardness proofs (Section [2). We visit each CTL operator and show
its complexity fingerprint (Sections Bl and H]). Finally we conclude with the
resulting comparison of the mc-strength of CTL operators and an outlook to
future work (Section []). The Appendix contains the missing proofs.

2 Preliminaries

2.1 Computation Tree Logic CTL

Let PROP be a set of atomic propositions. Then the set of all well-formed CTL
formulasis o == 1 | p | oA | Ve | oe@e | o | POp | oPO'yp, for
p € PROP, P € {A E}, O € {X,F,G}, O' € {U,R}. We say PO are the unary
CTL operators EX, AX, EG, AG, EF, AF and PO’ are the binary CTL operators
EU, AU, ER, AR. A Kripke model (for CTL) is a triple (W, R, §), where W is a
finite set of states, R: W — W is a total transition relation (i.e., for all w € W
there is a w’ € W with wRw'), and &: W — 2PROP is an assignment function.

The semantics of CTL is defined as follows on states. Let M = (W, R, &) be
a Kripke model. Let IT(w) denote the set of infinite paths starting in w € W
through (W, R), i.e., a path 7 € IT(w) is an infinite sequence © = w[1]7[2]---
with 7[1] = w and (n[f],#[i + 1]) € R for all ¢ > 1.

MwE1 always,

M,w Ep iff p € {(w),

M, w = iff M, w B,

MwEyYAg ff MywE Y and M,w E ¢,

MuwkEyYVe iff MwkE Y or M,wE ¢,

MwEJYdo iff(./\/l,w|:1/)and./\/l,wbé¢)or(M,wbézbandM,w':gb),
M,w EEXe iff 3r € II(w) : 2] E o,

M,w = EFgp iffﬂﬂeﬂ(w)ﬂkz>1 M, 7[k] = o,
MwEEGy iff Ir e I(w) VE>1: M, k] E ¢,
MwEyYEUpiff Ir € HI(w) Ik >1: M, xwlk] E ¢ and Vi < k : M, 7[i] & ¢,
MwEYPERp it Ir € I(w) VE > 1: M,zlk] Epor Ji < k: M,x[i] E .

The remaining CTL operators can be expressed as duals of the above defined
operators. We have the equivalences AX p = -EX—p, AF p = “EG—p, AGp =
—EF -, Y ARp = =(—¢p EU—p), and v AU p = —(—¢ ER—p). Moreover, the
operators EX, EG, EU are a minimal set of CTL operators that together with
the Boolean operators suffice to express any from the others [13], and with
the Boolean operators A, @ one can express every Boolean function. For a set
T C {EX, AX, EG, AG, EF, AF, EU, AU, ER, AR, A, V, =, &} of Boolean functions
and CTL operators, a T-formula is a formula that has operators only from 7". The
T-fragment of CTL is the set of all T-formulas. The model checking problems
for CTL fragments are defined as follows.



Problem: CTL-MC(T)
Description: The model checking problem for T-fragments of CTL.
Input: A CTL formula ¢ with operators in T C {EX, AX, EG,
AG, EF, AF, EU, AU, ER, AR, A, V, -, B}, a Kripke model
M= (W,R,§), and a state wg € W.
Question: Does M, wg = ¢ hold?

Usually we will omit the {-} and U in the problem notion for convenience.

Post [21] classified the lattice of all relevant sets of Boolean operators—called
clones—and found a finite base for each clone. The definitions of all clones as
well as the full inclusion graph can be found, for example, in [4]. Whereas in
general there is an infinite set of clones, for model checking luckily there are
only seven different clones [I] depicted in Figure B, where we describe the clones
by their standard bases. (See, e.g., [I5] for more explanations.)

2.2 Computational Complexity

We will make use of standard notions of complexity
theory [19]. In particular, we will make use of the com-
plexity classes NL, LOGCFL, AC!, and P. A, @

NL is the class of problems decided by non- / \
deterministic logarithmically space bounded Turing

. . . N,V &)

machines. The typical complete problem is the graph
accessibility problem for directed graphs REACH / \ |
(given a directed graph with two nodes s and ¢, is A vV -
there a path form s to ¢?). LOGCFL is the class of \\ /
problems decided by nondeterministic logarithmically .
space bounded Turing machines, that are additionally id
allowed to use a stack and run in polynomial time.
AC! is the class of problems decided by alternating
logar%thm%cally space bounded Turing machipes with checking, represented by
logarithmically bounded number of alternations. We ) .= "0 0 ) ces. id
will shortly present complete problems for both of genotes the clone repres-
these classes. In order to prove hardness results, we ented without operator
will make use of logarithmic space bounded many-one (“identity” of an atom).
reductions Sﬁg. It is known that NL € LOGCFL C
AC! C P but not whether any inclusion is strict.

Clarke, Emerson, and Sistla [7] showed that model checking for CTL is in P,
and Schnoebelen [25] showed that it is P-hard.

Figure 3. The Boolean
clones relevant for model

Theorem 1 ([7,25]). CTL-MC(EX,...,AR,A,V,—, ®) is P-complete.

How CTL operators compare with respect to the complexity of model check-
ing, was investigated in [3] in the following way. They completely characterize
the complexity of CTL-MC(T, A, V) for every set T' of CTL operators. They show
that this complexity is either P-complete or LOGCFL-complete. For singletons



S C {AF,EG,AU,EU, AR,ER} the problems CTL-MC(S, A, V) are P-complete,
whereas for all other singletons S C {AX, EX,EF,AG} CTL-MC(S, A, V) is only
LOGCFL-complete.

Next, we consider problems that
we will use for reductions in our hard-
ness p.rf)ofs. The altgrnating graph ac- ;.. Vs C Vi
cessibility problem is shown to be P-
complete in [5]. We use the follow-  glice V, C V4!
ing restricted version of this problem
that is very similar to Boolean circuits  slice V; C Wyt
with and- and or-gates (and input-
gates). An alternating slice graph [I8]  slice Vo C Va:
G = (V,E) is a directed bipartite
acyclic graph with a bipartitioning
V = V53U W, and a further partition- Figure4. An instance (G,s,T) of
ing V ="1UWU---UV,, (m+1 slices, ASGAP(Vous=2, Jin=1). The marked edges

slice V;, C V3:

VinV; =0 if i # j) where indicate the witness for apathq(s,T).
m—1
Va= (J ViandW= |J Vi suchthat EC | (VixVisr).
1<m,i even i<m,i odd 1=0

(All edges go from slice V; to slice Vi1 for i« = 0,1,2,...,m — 1.) All nodes
excepted those in the last slice V,,, have a positive outdegree. Nodes in V3 are
called existential nodes, and nodes in Vi are called universal nodes. Notice that
Vo C V3 by definition. Alternating paths from node x to nodes in T" C V,,, are
defined as follows by the property apathq(z,T).

(1) for z € V,, apathg(z,T) iff x € T
(2a) for x € V3 — Vi, ¢ apathe(x,T) iff 3z € Vo : (2, 2) € E and apathg(z,T)
(2b) for x € Vg — Vi, : apath (2, T) iff V2 € V3 1 if (z,2) € E then apathg(z,T)

The problem ASGAP is similar to the alternating graph accessibility problem,
but for the restricted class of alternating slice graphs.

Problem: ASGAP
Description: The alternating slice graph accessibility problem.
Input: (G,s,T), where G = (V53 U V&4, E) is an alternating slice
graph with slices Vo, Vi,...,Vn, m even, and s € V), T C
Vin.
Question: Does apath(s,T) hold?

We will use also the following variant where the outdegree of V-nodes and
the indegree of 3-nodes is restricted.



Problem: ASGAP (Vout=2, Jin=1)
Description: The alternating slice graph accessibility problem with
bounded degree.
Input: (G,s,T), where G = (V53 U V4, E) is an alternating slice
graph with slices Vp, Vi,...,V,,, where every node in V4
has outdegree 2 and every node in V3 — V; has indegree 1,
and s € Vo, T C V,,.
Question: Does apath(s,T) hold?

ASGAPog is the set of all elements (G,s,T) of ASGAP, where G is a
graph with n nodes and m slices such that m < logn. Similarly, the problem
ASGAP (Vout=2, ﬂinzl)log is the subset of ASGAP (Vout=2, Jin=1) with graphs
of logarithmic depth. The following completeness results are straightforward.

Theorem 2. 1. ASGAP is P-complete [T7).

2. ASGAP(Vput=2,3in=1) is P-complete.

3. ASGAP, is AC!-complete [18).

4. ASGAP (V1 =2,3i,=1),,, is LOGCFL-complete.

log

A Kripke model (W, R, ) contains a total graph (W, R). We will use several
methods to transform an alternating graph to a graph that appears as (part of)
a Kripke model.

If G = (V,E) is an alternating graph with slices Vp,...,Vy,, then Gf =
(VE, E*) is the total graph obtained from G by adding a singleton slice V,, 1 =
{e} and edges from all nodes in V,, U V,,11 to e. More formally, V¥ = V UV,
and B = EU (Vi U {e}) x {e}).

For instances of ASGAP(Vout=2,Jin=1), we will also apply another trans-
formation. Let G = (V, E) with slices Vp,...,V,, be such an instance. Every
slice V; € V5 — V} consists of nodes with indegree 1. (Remind that node(s) in
Vo have indegree 0.) Thus V; C V3 — V) can be considered as being partitioned
into sets V}* := {v | (u,v) € E} for every u € V;_1. Then each V;* consists of
two nodes which can be assumed to be ordered arbitrarily. and we will use the
notation V;* = {1, vy 2}

Let Vi := {0 | v € V;} be a set of nodes that are “copies” of the nodes of
V;. Similarly as V; for even ¢ > 0 (i.e. V; C V53 — 1}), VZ is partitioned into sets
Vi = {Dy.1, D2} for all u € V;_;. The graph G* = (V?, E”) obtained from G is
defined as follows. (See also Figure [ for an example.)

V=V UUr, Vi

E':=ENVsx Vy (The edges leaving 3-nodes are as in G.)
U {(4,vy,1) | u € ¥} (V-nodes have an edge to their “first” successor in
G.)

U {('Uu,la ﬁu,l)a (ﬁu,la 'Uu,2); ('Uu,Qa ﬁu,Q)a (ﬁu,Qa ﬁu,2) | u € VV}
(From each first suc. vy,1 starts a path vy,1,0u,1, Vu,2, Ou,2 ending in a loop.)
U {(U,’CL), (’CL, ﬁ‘) | ue VU VO}

(V-nodes and Vp-nodes u have another edge to @ having a loop.)



We will use the notion of slices also for G”, even though there are edges
between nodes in the same slice. The set of nodes G’ is partitioned to G° =
Ve UVY U...UV?, where slice V7 = V; UV.

slice V2

slice V&

slice V&

slice V¢

slice V¢

Figure 5. The graph G” obtained from the graph G in Figure B The labels in the
nodes indicate to which partition the node belongs. The marked edges indicate infinite
paths whose collection “simulates” the witness for apaths(s,T) in G.

3 Computation Tree Logic CTL

3.1 Existential Until EU

It was shown in [3] that CTL-MC(EU, A, V) is P-complete. We improve this result
by showing that the Boolean operators are not necessary for the hardness and
show that CTL-MC(EU) is P-complete (Theorem B]). Since model checking for
formulas with EU as single operator reaches the maximal hardness, EU turns
out to be the hardest CTL operator. We also can conclude that CTL-MC(T) is
P-complete for every set T" of Boolean functions and CTL operators that contain
EU.

Technically, the proof of Theorem [3 can be seen as a guide for the P-hardness
proofs for CTL-MC(ER, V) and for CTL-MC(EG, @). Since the latter consider
fragments with a combination of temporal and Boolean operators, their proofs
are technically more involved, but the basic strategies are similar.

Theorem 3. CTL-MC(EU) is P-complete.

Proof. The upper bound P follows from [7]. For the lower bound—P-hardness—
we give a reduction from the P-complete problem ASGAP (Vout=2,Jin=1). Let
(G,s,T) be an instance of ASGAP (Vout=2,3in=1) with G = (V,E) for V =
V53U Vi with slices V. =VyU...UV,,. Let G* = (Vb, Eb) be the graph obtained
from G as described in Section Using G”, we construct a Kripke model
Kgy = (V°, E, €) with assignment £ as follows (see Figure [ for an example).



ViU Vi

Vs U Va:

Va U Va:

ViU VA

Vo U Vo:

Figure 6. Example for the construction of Kgy in the proof of Theorem [Bl The marked
edges indicate the paths according to Claim [l

1. t is assigned to every node in T

2. s; is assigned to every node in V; (for i = 0,1,...,m).

3. §; is assigned to every node v € V; with (v,v) & E* (fori=0,1,...,m).
4. &; is assigned to every node v € V; with (v,v) € E* (for i =0,1,...,m).

The formulas ¢; are defined inductively for ¢ = m,m — 1,...,0 as follows.

. t, if i =m,
" ) s EU((8i41 EU @iy ) EU Gy y),  if i < m.

The Kripke model Kgy and the formulas ¢; are constructed in a way that sim-
ulates alternating graphs as follows. Examples for the paths used in the following
Claim are indicated by marked edges in Figure

Claim 4. 1. Let w € V; N V3 for some i < m. Then Kgy,w = ¢; if and only if
there exists a m € IT(w) with 7[2] € V;11 such that Key, 7[2] E @it1.

2. Let w € V; N Vg for some i < m. Then Kgy,w = ¢; if and only if there
exists a m € II(w) with 7[2],7[4] € Viy1 such that Kgy,n[2] | ¢it1 and
Keu, 4] = ¢it1.

Now we only have to use the relation between G and G”.

Claim 5. For every i < m and every w € V; holds: Kgy,w E ¢; if and only if

apath(w, T).

The proofs of the above claims can be found in the Appendix. With Claim
we get that (G, s, T) € ASGAP (Vout=2, Jin=1) if and only if Kgy,s = ¢o. The
CTL-MC(EU) instance (Kguy, s, ¢o) can be computed in space logarithmic in the
size of G. Thus we have shown ASGAP (Vou=2, 3,=1) <% CTL-MC(EU). O

From Theorems [ and [B] we immediately get the complete characterization
of the complexity of model checking for fragments with EU—i.e., the model
checking fingerprint of EU.

Theorem 6. CTL-MC(EU, B) is P-complete for every B C {—,A,V,®}.



4 The Remaining Existential Operators: Release ER,
Globally EG, Next EX, and Future EF

Let us first turn to the case of existential next EX as nothing has to be proven.
Its model checking fingerprint actually is already known even though it is not
always stated in the way we do it here.

Theorem 7. Let B C {—,A,V,®}. Then CTL-MC(EX, B) is

1. P-complete for B 2 {=} or B D {®} [2]],

2. LOGCFL-complete for B = {A,V} or B ={A} [3], and

3. NL-complete for B C {V} (follows immediately from [15, Theorem 3.3]).

For the remainder of the results in this section we have to omit the proofs
due to space constraints. However the details are all presented in the appendix.
This section is structured as follows. We will state a model checking fingerprint
theorem and then start to explain and discuss the results in order to give some
intuition on the proof technique. Also we will mention some connections between
the results, e.g., how the overall picture presents. Let us begin with the finger-
print of ER.

Theorem 8. Let B C {—,A,V,®}. Then CTL-MC(ER, B) is
1. P-complete for B 2 {V} or B2 {—} or B D {@®},

2. LOGCFL-hard for B D {A}, and

3. LOGCFL-complete for B = ).

The P-completeness of CTL-MC(ER, A, V) is shown in [3]. We improve this
result by showing P-hardness already for CTL-MC(ER, V). The optimality of
this hardness result is witnessed by the LOGCFL-completeness of CTL-MC(ER).
Also observe that this shows that ER is not as powerful as EU. Our results are
completed by the P-hardness of CTL-MC(ER, —). Concluding, this shows that
ER is strictly simpler than EU (unless LOGCFL = P).

Let us now consider the case of ER with —. If s is an atom that is satisfied
only by a node w and all its successors in a Kripke model K, and no successor
of w satisfies s, then K, w = « ER s if and only if K, w = EX . One can use this
idea to translate the P-hardness proof of CTL-MC(EX, =) to a P-hardness proof
of CTL-MC(ER, ).

We settled complete characterizations of the complexity of CTL-MC(ER, B)
for fragments with ER as only CTL operator for all B C {—,A,V,®} except
B = {A}. For CTL-MC(ER, A) we have LOGCFL-hardness and containment in
P (follows from [3]). A result with matching upper and lower bounds yet remains
open.

Turning to the case of existentially globally operator EG, interestingly, this
operator combines an existential and universal quantification in a single operator.
This is worth noting as it proves itself as powerful operator from complexity point
of view.

Theorem 9. Let B C {—,A,V,®}. Then CTL-MC(EG, B) is



1. P-complete for B O {A,V} or B D {®}, and
2. NL-complete for B C {A} or B C {V} or B C {-}.

It was shown in [3] that CTL-MC(EG, A, V) is P-complete. We prove that this
result is optimal by showing that CTL-MC(EG, A) and CTL-MC(EG, V) are both
NL-complete. Further we obtain the same characterization for CTL-MC(EG) and
CTL-MC(EG, —). The most intriguing result is the P-completeness of the frag-
ment CTL-MC(EG, ®). One can reduce from ASGAP (Vou=2, Jin=1) but it is
quite demanding to explicitly argue on the chosen paths depending on the occur-
ring exclusive-ors @. From the model construction one can easily see similarities
to the one shown in Figure[6l however one needs additional propositions labelled
on the states to ensure having control on the paths.

Theorem 10. Let B C {—,A,V,®}. Then CTL-MC(EF, B) is
1. P-complete for B O {A, @},

2. AC'-hard for B D {®}, and

3. LOGCFL-complete for {A\} C B C {A,V}, and

4. NL-complete for B C {V} or B C {—}.

In [3] it is shown that CTL-MC(EF, A, V) is LOGCFL-complete. Since their
hardness proof does not use V, it follows that CTL-MC(EF, A) is LOGCFL-
complete, too. Moreover, CTL-MC(EF, AG, A, V) is shown to be P-complete in
[3]; we get P-completeness for CTL-MC(EF, A, ®). We classified almost all re-
maining cases. We show that the cases CTL-MC(EF), CTL-MC(EF,-), and
CTL-MC(EF, V) are all NL-complete. However the most interesting result is
the AC'-hardness of CTL-MC(EF, ®). There are only very few problems known
for which AC! is the best shown lower bound. In fact, Cook [9] asks for natural
AC!-complete problems, i.e., problems where the AC*-completeness is not forced
by some logarithmic bounds in the problem definition. Chandra and Tompa [6]
show an AC'-complete two-person-game that has AC! as a straightforward up-
per bound and continue to ask for “less straightforward” AC!'-complete problems.
One such problem is the model checking problem for intuitionistic logic with one
atom [I8]. The model checking problem for the {EF, ®}-fragment is a very hot
candidate. Anyway, it seems to be a very challenging question to show whether
this problem belongs to Cook’s list.

5 Conclusion

In this paper we aimed to present a complete complexity classification of all
fragments of CTL with one CTL operator and arbitrary Boolean functions. An
overview of the complexity results is given in Figure [ We stated all our res-
ults for CTL operators that start with the existential path quantifier E. But
our classification easily generalizes to the remaining CTL operators starting
with the universal path quantifier A through the well-known dualities. Simply
said, if CTL-MC(T, B) is complete (resp. hard) for a complexity class C, then
CTL-MC(dual(T'),dual(B)) is complete (resp. hard) for the complement co-C of



C. Thus, e.g., from the AC*-hardness of CTL-MC(EF, &) (Theorem [0) we imme-
diately obtain AC'-hardness of CTL-MC(AG, @), and from LOGCFL-complete-
ness of CTL-MC(EX, A) (Theorem [7)) we obtain LOGCFL-completeness of the
corresponding CTL-MC(AX, V). Our results can directly be rewritten to deal
not only with Boolean operators but in a more generalized view with Boolean
clones as, e.g., in the work of Bauland et al. and Beyersdorff et al. [1,[3].

The only open cases for which we yet cannot prove matching upper and
lower bounds are CTL-MC(ER, A) and CTL-MC(EF,®) and, of course, their
duals CTL-MC(AU, V) and CTL-MC(AG, @). Although we could not achieve an
AC! upper bound for CTL-MC(EF, @), we are convinced that such a result seems
closer than proving P-hardness (or some stronger hardness result than AC").

Our classifications can be applied to compare the expressiveness of single
CTL operators with respect to the complexity of the induced model checking
problems.

Definition 11. Let S and T be a set of CTL operators. We say that T is mc-
stronger than S (abbreviated as S <T), if for all sets B of Boolean functions
holds CTL-MC(S, B) <l°¢ CTL-MC(T, B).

The reflexive and transitive relation < for mec-strength compares what we
informally called the model checking fingerprints of CTL operators. Our fin-
gerprint theorems (Theorems [(HIQ) yield the hierarchy of mec-strength of CTL
operators shown in Figure [2I The notion of mc-strength generalizes the notion
of expressiveness [I3] of CTL operators. For example, since EGa = 0ERa, ER
is more expressive than EG. With our notion we obtain also EG<ER. But our
notion yields more information about differences between several operators. For
example, EX and EU have incomparable expressiveness, but we obtain EX<EU.

A strength-relation like < can also be defined with respect to the satisfiab-
ility problem—call it sat-strength. Whereas for model checking the set of CTL
operators is partitioned into seven sets with different mc-strength (see Figure [2),
from [141[16] it follows that the comparison by sat-strength yields only the fol-
lowing three partitions with increasing strength: {AF,EG}, {EX, AX, EF,AG},
and {AU, EU, ER, AR}. The three notions expressiveness, sat-strength, and mec-
strength intuitively compare as follows. Expressiveness relies on equivalence of
formulas, sat-strength relies on equisatisfiability of formulas, and mc-strength on
equisatisfaction of model checking instances.

Further work should solve the exact complexity of CTL-MC(EF,®), which
seems to be a very challenging problem. Moreover, one should study the mc-
strength of other temporal logics or of pairs of CTL operators.
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6 Appendix

6.1 EU
Proofs for Theorem B CTL-MC(EU) is P-complete.

The basic semantical property of EU that we will use is

K,w E « EU g if and only if
(1) K,wE B or (ii) K,wkE a and K,v |E aEU S for a successor v of w. (1)

Claim 12. For all i < m, all nodes w € Vib, and all j > ¢ holds: Ky, w ~ ;.

Proof. Let i < m and w € Vib. We proceed by induction on j = m,m —
1,...,4 4+ 1. The base case is clear since t ¢ {(w) and thus Kgy,w F t(=
®m). For j < m, we have Kgy,w & ¢;41 as inductive hypothesis. Assume
KEu,’LU ': Sj EU((§]'+1 EU ¢j+1) EU éj+1) (: ¢j) The next steps use (lII) From
Sj g §(w) follows KEu,’LU ': (§j+1 EU ¢j+1) EU éjJrl. From éj+1 g §(w) then fol-
lows Key,w = §j+1 EU @11, and from §;41 & {(w) we conclude Key, w = ¢jy1.
This contradicts the inductive hypothesis. Thus Kgy, w = ¢;. <&

The Kripke model Kgy and the formulas ¢; are constructed in a way that
simulates alternating graphs as follows.

Claim [4k

1. Letw € V;NV3 for some i < m. Then Kgy,w |E &; if and only if there exists
am € II(w) with w[2] € V41 such that Key, 7[2] = ¢it1-

2. Let w € V; N Vg for some i < m. Then Key,w |E ¢; if and only if there
exists a m € II(w) with w[2],7w[4] € Viq1 such that Ky, 7[2] = ¢iy1 and
Keu, 7[4] | ¢it1-

Proof of (1). For the proof direction from left to right, assume Kgy,w = ¢;.
Since s; € &(w) and s; & &(v) for all successors v of w, it follows from ()
that Key,v | (8i+1 EU ¢i41) EUé;41 for some successor v of w. For v/ € Vib
holds 8;41,é;+1 & &(v) and Kgy,v' [~ ¢ir1 (Claim [2), and using () we get
Key,v" £ (8i41 EU ¢i41) EUé;41. Thus there is a successor v € Vi1 of w with
Key,v E (8i4+1 EU¢i1) EUé;41. Since §i41,é,41 € £(v), this means Kgy,v |=
Pit1-

For the other proof direction assume Kgy,n[1l] = s; and Key,7[2] E ¢it1
for some m € II(w) with 7[2] € V;4;. Using (@) it follows that Key,n[2] =
8i+1 EU ¢; 1. Moreover, 7[2] has a successor u € f/l’_l,_l with Key,u = é;41. Thus
from () follows Key,7[2] = (8;41 EU ¢i41) EU é,41. Since 7[2] is a successor of
W[l](: w) and s; € §(w), we get Key,w ': S EU((§Z+1 EU ¢i+1) EU éi+1).

Proof of (2). This can be shown using similar arguments as above. <&

Claim Bt For every i < m and every w € V; holds: Key,w = ¢; if and only if
apathe(w, T).

Proof. The proof proceeds by induction on ¢. The base case for nodes in slice
1 = m is straightforward.



For the inductive step, we consider ¢ < m and w € V.

First, consider w € V3. By Claim @] we have that Kgy,w = ¢; if and only if
w has a successor v € V;11 with Kgy,v = ¢i41. Since v is also a successor of w
in G, using the inductive hypothesis, the latter is equivalent to apath (v, T) for
a successor v of w in G. Since w € V3, this means apathq(w,T).

Next, consider w € V. By Claim @], we have that Kgy,w | ¢; if and only if
there exists a path 7 € IT(w) with 7[2],7[4] € Vi1 such that Kgy, 7[2] & ¢it1
and Kgy, m[4] = ¢i41. Since 7[2] and 7[4] are all successors of w in G, using the
inductive hypothesis, the latter is equivalent to apaths (v, T') for all successors v
of w in G. Since w € V&, this means apath(w,T). O

6.2 ER

VaU Vi

Vs U Vg:

VQUVQ:

1% lei

VoU%:

Figure 7. Kripke model K (g ) obtained from the ASGAP(Vout=2, Jin=1) instance
in Figure [

Theorem 13. CTL-MC(ER, V) is P-complete.

Proof. Containment in P follows from [7]. In order to show P-hardness, we
logspace reduce from ASGAP(Vout=2,Jin=1). Let (G,s,T) be an instance of
ASGAP (Vout=2, Jin=1), where G = (V, E) and V = V3 U V4 consists of slices
Vo,Vi,...,Vin with s € Vg and T C Vj,. Let G* = (V*, E”) be the graph ob-
tained from G as described in Section In order to obtain the Kripke model
KEryv) = (V, E®,€), it remains to define the assignment ¢ of atoms to sets of

nodes of G”.

1. t is assigned to every node in 7.
2. sp is assigned to every node in Vj.



3. s; and s;—1 are assigned to every node in V; for ¢ > 0.

4. t;—; is assigned to every node v € V3NV; (¢ > 0) that is the second successor
v = Uy,2 of anode u € Vy NV,;_1.

5. §;_1 is assigned to every v € v (¢ > 0) such that v = 9,1 is the copy of the
first successor of a node ©v € Vo N V;_1.

Nothing is assigned to nodes 9,2 and to nodes in Vi. Notice that all infinite
paths in G}, must eventually loop in a state o, » that satisfies no atom at all. See
Figure [1 for an example.

The formulas ¢; are defined inductively as follows, for ¢ = m,m —1,...,0.
t, if i =m,
@i =1 ¢ir1 ER sy, if i < m and even (slice with 3-nodes),

t; ER((¢ix1 ERs;) V §;), if i <m and odd (slice with V-nodes).

The following claim states that apathq(z,T) corresponds to the satisfaction
of formulas in the corresponding nodes in the constructed Kripke model.

Claim 14. For every | < m and every v € V} holds: apathq(v,T) if and only if
KErv),v [ 61

Proof. The proof proceeds by induction on [. The base case for slice [ = m is
straightforward. For the inductive step, consider | < m. First consider even [
(slice of F-nodes), take a node v € V; N V3, and assume

KEryvy,v E ¢, ie KErvy,v = ¢ip1 ER sy (2)

Remind that ¢j41 = t;4+1 ER((¢d142 ER $141) V §141). Since s;41, 8141 € &(v), it
follows that Kgr vy, v & ¢i41. Since s; € §(v), it follows that () is equivalent
to

there exists a successor z of v with K(gr vy, 2 = ¢141 ER 51 (3)

The successor ¢ € V; of v does not satisfy s;. Thus (@) is equivalent to
there exists a successor z € Vi1 of v with K(gr vy, 2 = ¢111 ERs;. (4)

All successors z € Vi41 of v satisfy s; and do not have a successor that satisfies
s1. Thus (@) is equivalent to

there exists a successor z € Vi1 of v with K(gr vy, 2 F ¢r41. (5)

By the inductive hypothesis and the construction of the Kripke model, this
means that v has a successor z in G with apathq(z,T). Since v € V3, this is
equivalent to apathe (v, T).

Now consider odd [ (slice of V-nodes), take a node u € V; N V4, and assume

KEryvy,u = ¢, ie. KEryvy,u =t ER((¢111 ERs1) V 57). (6)



There is no infinite path in IT(u) that satisfies s; or § in every node. Thus,
(@) can only be witnessed by an infinite path that passes through a node that
satisfies ¢;. Every such path in IT(u) has the finite prefix w, vy, 1, 04,1, Vy,2. Thus
(@) is equivalent to

every node in the path u, vy 1,0y,1, vy 2 satisfies (¢41 ERs;) V 8. (7)

For 9,1 this holds, since §; € £(y,1).

KErvy,u = si, but Kgryvy,u = ¢ry1 because Kgryvy,u = si41. Thus
Kgryvy,u F (@141 ERsp) V 5 if and only if Kgryv),vu1 F ¢i41 ERs; and
KERr,v)s Vu,2 E ¢i+1 ERs;. Since K(ER,v)s Vui = s and no successor ¥y, of
vy,; satisfies s;, it follows that K(ER,v), Vu,i E ¢i+1 ER s is equivalent to hav-
ing K(gr,v), Vu,i = 141 (for i = 1,2). This yields that (@) is equivalent to

KErvys Va1 E ¢re1 and KR vy, Vw2 F Qi1 (8)

By the inductive hypothesis and the construction of the Kripke model, this means
that apathq (v, T') holds for all successors v of u in G. The latter is equivalent to
apathe (u, T). )

With Claim [T4] we get that (G, s,T) € ASGAP(Vout=2, Jin=1) if and only if
Krvy, s F ¢o. The CTL-MC(ER, V) instance (K(gr,v), s, ¢o) can be computed
in space logarithmic in the size of G. Thus ASGAP (Vout=2,Jin=1) logspace
reduces to CTL-MC(ER, V). O

Theorem 15. CTL-MC(ER, =) is P-complete.

Proof. Containment in P follows from [7]. In order to show P-hardness, we give
a reduction from ASGAP. Let (G, s,T) be an instance of ASGAP, where G =
(V, E) for V.= VaUVk with slices Vo, Vi, ..., Vi,. Let G# = (V¥ E*) be the graph
obtained from G as described in Section In order to define the Kripke model
KEr-y = (VE E €), we must give a definition of the assignment function &.

— t is assigned to all nodes in T'.

— s; and s;_1 are assigned to all nodes in V; for : =0,1,...,m.
The formulas ¢; are defined inductively for ¢ = m,m — 1,...,0 as follows.
t, if ¢ = m,
@i =< ¢ir1 ER sy, if i <m is even (slice of 3-nodes),

—(—¢ir1 ERs;), if i <m is odd (slice of V-nodes).

Notice that in the new node e, no atom is satisfied, and therefore no ¢; is
satified.

Claim 16. For all i < m and all v € V; holds: Kgr,~y,v = ¢; if and only if
apathg (v, T).



The induction base ¢ = m is straightforward. For the induction step we
consider 4 < m and v € V;. We first consider even . Since K(gr -, v [~ si41 and
on all paths w € II(v), s; is satisfied only in 7[1] = v and =7[2], it follows that
KRy, v [ ¢ip1 ER 54 is equivalent to K(gr ), w = ¢i41 for some successor w
of v. By the inductive hypothesis we obtain this to be equivalent to apathq (v, T).

Next we consider odd i. Assume K (gg —), v = ~(=¢ir1 ER 8;),i.e. K(gr -y, v =
—piy1 ER s;. Since K(gr -y, v = —¢iy1 and for all m € II(v) holds that s; is
satisfied only in 7[1] = v and 7[2], it follows that Kggr -y, v = —¢ir1 ERs; is
equivalent to K gr -y, w e =it for all successors w of v. The latter means that
K(gr,~y, w = ¢iy1 for all successors w of v. Using the inductive hypothesis, we
obtain apathq(v,T). <&

The mapping from ASGAP-instances (G, s,T) to CTL-MC(ER, —)-instances
(K (ER,~), 5, o) can be computed in logarithmic space. With Claim [I6] this yields
that ASGAP logspace reduces to CTL-MC(ER, —).

V5:

Figure 8. Kripke model Kgr obtained from the ASGAP instance in Figure [l

Theorem 17. CTL-MC(ER) is LOGCFL-hard.



Proof. We <l°¢_reduce from the LOGCFL-complete ASGAP (Vou=2, 3in:1)10g~
Let (G, s,T) be an instance of ASGAP (Vout=2, Einzl)log, where G = (V, E) with
V = V53UV and slices Vj,...,V,, for m < log|V|. Let G* = (V% E*) be the
graph obtained from G as described in Section In order to define the Kripke
model Kgg = (V¥, E¥ &) (see Figure B for an example), we need to specify the
assignment function &.

1. t is assigned to all nodes in T'.
2. s; is assigned to every node in V3N V.
3. si_1, st, and s7 are assigned to every node in Vg N V;.
4. For u € Vi, NV;, the two successors v; and v, of u have u as only predecessor.
Then s! is assigned to v; and s! is assigned to v,..
Notice that V3 NV, is partitioned into two sets: one to which si is assigned
and the other to which s] is assigned.
The formulas ¢; are defined inductively for ¢ = m,m — 1,...,0 as follows.
t, if i =m,
@i =1 ¢;r1 ER sy, if i < m is even (slice of F-nodes),

(i1 ERST)ER(¢pir1 ER L), if i < m is odd (slice of V-nodes).

Claim 18. For every i < m and every v € V; holds: Kgr,v | ¢; if and only if
apathe (v, T).

The proof of the claim can be found in the Appendix. With Claim [I§ we
get that (G,s,T) € ASGAP(You=2,3n=1),,, if and only if (Ker,s,do) €
CTL-MC(ER). Since the transformation can be computed in logarithmic space,

it follows that ASGAP (Vou=2, Einzl)log logspace reduces to CTL-MC(ER).

Theorem 19. CTL-MC(ER) is LOGCFL-complete.

Proof. From Theorem [I7] we have LOGCFL-hardness, hence only membership
must be shown.

A right form of an {ER}-formula ¢ is a sequence (aq,...,am, ) of {ER}-
formulas such that ¢ = a1 ER(a2 ER(a3 ER(: - - (a, ERB8)) - - -))). For example,

¢ = (aERb) ER((cERd) ER(¢ ER f))

has, amongst others, the forms

— (aERb, (cERd) ER(e ER f))
— (aERb,cERd, e ER f)
— (aERb,cERd, ¢, f).

The third right form with 8 = f is called atomic right form, because f is an
atom.

Claim 20. Let m be a path through a Kripke model K. The following statements
are equivalent.



1.Vi>1:K,n[i] =B
2. Vi >1: K,7[i| = {ai,...,am, B)

The proof of the Claim proceeds by induction on m. The base case m = 0 is
clear, because 3 = (). For the inductive step m > 0, the following holds.
Vi>1:K,7li] E {oq,a9,...,0mn,B)
e Vi>1:K,nfi] E{az,...,am,[) (semantics of ER)
eVi>l: K nlilES (by the inductive hypothesis)

<&

Claim 21. Let w be a path through a Kripke model K, and let k be an integer.
The following statements are equivalent.

1. Vi <k:K,n[i] = (a1,...,am,B)
2. K,nlk] = {oa,...,am,8) and Vi < k : K, w[i] = 5.

The proof of the Claim proceeds by induction on m. The base case m = 0 is
clear, because 5 = (f3).
For the inductive step m > 0, we consider both proof directions separately.
=7
Vi <k:K,rli] E{a,..
=Vi <k 3In’ € I(x[i])
(WWj>1:K,7'[j] E (a2,...,am,3) or
2)FA>1:K,7|Ea &Vg<Il:K,'[q] E (a2,...,am,[)
(semantics of ER)
=Vi <k 3In’ € I(x[i])
(Wj>1:K,7[j]EB or (Claim)
(2)3l > 1: K,7'[l] E a1 & (ind. hypoth.)
Vg <l K, w8 & K, ll] E (az,. ., am, )
=Vi<k:K,n[i] E S8 (since n'[1] = 7[i])

. aamaﬁ>

‘e
K,7[k] E{a1,...,am,B) and Vi <k : K,x[i] £ 8
=Vi <k:K,r[i] = and 3n’ € II(r[k]) :
(Vi >1:K,7'[j] E (aa,...,am,B) or
23 21: K n[jlEo &Vg<j: K n'lg] (o, ..., om, B)
=3p € I(w) (where p=n[1]---w[k](= 7' [1])7'[2]---) :
(1)Vj >1:K,p[j] E B (using the above Claim) or
(2)3K' > k: K, plk'| E a1 & Vi <k : K, pli] E (ag,...,am, ) (ind. hyp.)
=Vi<k:K,n[i] = {(o,...,0m,0)



The atomic right form of an {ER}-formula is unique.

Claim 22. Let ¢ be an {ER}-formula with atomic right form (a1, ..., am, 8) and
m > 1, K = (W,R,§) be a Kripke model, and w € W. Then K,w = ¢ if and
only if there exists a finite path 7 through (W, R) starting in w with length
|| < |W]|+ 1 such that

1. K,wfi] E B foralli=1,2,...,|r|, and
2. (a) |x|=|W|+1,or
(b) — K,«[|«|] E a1, and
— K, 7[|7|] E a2 ER(a3 ER(- - - ER(av, ERB) - - +)) (i.e. the formula
with atomic right form (g, ..., am, 8)).

K,wE {(ai,...,am, ) is defined as

Ar € II(w) Vi > 1: K, 7[i] = (ag,...,am,3) or 9)
Irel(w) Ik>1:K,nk]lEa1 &V <k:Kr[jl={a,...,am, 8 (10)

By Claim 20 we get that (@) is equivalent to the following.
Ire(w)Vi>1:K,n[i] ES (11)
Since £ is an atom, (1) is equivalent to

there exists a finite path 7 starting in w with length |7| = |[W|+1
such that K, x[i] | B forall i =1,2,..., x|

This covers the first half (i.e. 2.a) of the claim.
Now consider (I0)). Using Claim 21l we get that (I0) is equivalent to

Irell(w) Ik >1:7kl E o &Vj < k:7[j] =B & 7[k] |:<042,...,Oém,/(3>)
12

It is clear that if such a k exists, then k can be chosen to be < |W/|+ 1. This
covers the second half (i.e. 2.b) of the claim. <&

Algorithm [T implements this algorithm according to Claim It is easily
seen to work in logarithmic space. The stack is used for the recursive calls. Since
essentially every subformula causes one recursive call, the algorithm runs in
polynomial time. Thus it is an LOGCFL algorithm.

6.3 EG

Theorem 23. CTL-MC(EG, ®) is P-complete.



Algorithm 1.1. LOGCFL machine that decides CTL-MC(ER)

Procedure: check

Input: Kripke structure K = (W,R,£), initial state wo e W,
formula ¢ with only ER operators.

Output: true iff K,wokE¢.

let (ai,...,am,B) be the atomic right form of ¢

if B¢ &(wo) the return false
guess (< |W|[+1
1:=1
S = wWo
while 7 </¢ do
s := guessed successor of s
if 8&¢&(s) then return false
1:=1+1
if £{=|W|+1 or m=0 then return true
else return check(K,s,a1) & check(K,s, {(az,...,am,3))

ViU Vi

V3UVg:

Va U Va:

ViU Vi

Vo U Vo: L S

Figure 9. Kripke model K(gg ) obtained from the ASGAP(Vout=2, Jin=1) instance
in Figure @



Proof. The upper bound P follows from [7]. For the lower bound—P-hardness—
we give a reduction from ASGAP(Vou;=2, Jin=1). Let (G,s,T) be an instance
of ASGAP(Vout=2, Fin=1) with G = (V, E) for V. = V53 U V4 with slices V =
VoU...UV,,. Let G* = (Vb, E”) be the graph obtained from G as described in
Section Using G”, we construct a Kripke model KEgq) = (V, E° &) with
assignment £ as follows (see Figure [d for an example).

1. s; is assigned to all nodes in V.
2. §; is assigned to all nodes V;.
3. t is assigned to all nodes in 7.

The formulas ¢; (i = m,m —1,...,0) are inductively defined as follows.

A2 ifi=m
v EG(si @ si12 ®8; ® 5141 © wiy1), ifi<m

We have the following easy-to-see properties of the model K gg gy and the
formulas ;.

Claim 24. 1. For all i < m, all nodes w € Vib, and all j > i holds K gg,g), w =
Pj- )

2. For all i <m and all nodes z € V; holds K kg e), 2 [F ¢i-

3. For all i <m and all u € V; with (u,u) € E* holds Kgg a),u = @i—1.

We sketch the proof. For [t K(gg q), w [~ ¢; since no atoms that appear in
p; are assigned to node w in slice 7 < j.

For 2t By the definition of £ we have z € £(s;) and z € £(8;), and z & &(si42)
and z ¢ £(8;41). With case [l we also have K (gg,a), 2 [~ @it1. Thus Kggg), 2 =
5 @ Sit2 @ 8; © Si11 © wiy1, and consequently K g ey, 2 & @i

For B For ;1 = EG(s;—1 ® si41 D §i—1 D §; & ¢;), we have that §; € £(u)
and Si—1,Si+1, =§i71 ¢ §(u) FI‘OIHWG get K(EQ@),U 17& @i Thus, K(EG,@);U ':
8i—1 D Si41 D 8i—1 B §; ® ;. Since all infinite paths m € IT(u) only loop through
u (e.g. m[k] = u for all k > 1), it follows that Kg e, u F wi-1. <&

Claim 25. For all i < m, all nodes w € Vib, and all j <7 —2 holds: K g, g), w =
s
The proof is by induction on .

— Base case ¢ = m. Consider w € VTZ. Notice that every infinite path 7 € IT(w)
eventually loops in a node u,, € V;, with (wy, u,) € E°. Since K,v = EGa
if and only if K,v | « and K,v' = EGa for some successor v’ of v, it
suffices to show that K(gg a), uw [~ ¢j. We proceed by induction on j, where
Jj = m — 2 is the base case. Since K g g, Uw F ¢m—1 (Claim 24@)), it
follows that K(EG@),uw K Sm—2 @ Sm @ §m—2 ® §m—1 D Ym—1, and thus
Kc,0), Uw [~ ©m—2. (Generally, a formula EG « is satisfied in a node u if
and only if u = a and v = EG « for some successor v of w.)

For j < m — 2, we have the inductive hypothesis K (gg, @), tw £ ¢j+1. Since
K(EG,GB)v Uy l;é Sj @Sj+2 @éj @§j+1, lt fOHOWS that K(EG,GB)v Uy l?& Sj @Sj+2 &b
85 @ 841 D wjr1 and thus KEg g), tw ;.



— Inductive step @ < m. Consider node w € Vib. Again we proceed by induction
on j.

e Base case j =i —2 for ¢; = EG(s; ® sj42® §; ® §j41 D ¢j+1). Since no
states in slices > i satisfy s;, 85, and 5,41, and Kgg g, w = sj12(= si),
it follows that K(EG7@),w ': Pj iff K(EG,@)vw ': EG(Sj+2 © g0j+1). By
inductive hypothesis we have K gg,a),v £ ¢j11 for all v € Vlb_|r1 These
nodes v do not satisfy s;,2. Therefore K(gg ), w F EG(sj12 @ @j41)
only holds, if it is witnessed by a path that stays in slice Vib. This path
eventually loops in a node wu,, € V; with (ty, u,) € E°. By Claim 241)
we know K(Egg),Uw = @j+1 (since j + 1 = i — 1). Consider p; =
EG(s; @ sj42 © 5 ® 541 B ¢j+1). We have that sj1o and ¢ji1 are
the only “parts” of y; that are satisfied in u,. Thus Kgge), uw
55 @ Sj42® 55 D811 @ pjy1, and therefore Kgg o), uw # ©;-

Since every path from w that stays in slice 7 ends in such a node u,,, we
get that K(gg ), w £ ¢;.

o Inductive step j < i — 2. Consider ¢; = EG(s; ® sj42 ® §; ® §j41 &
¢j+1). By inductive hypothesis we know K(gg a),w [~ ¢j11. Moreover,
Sj5,854+2, §j, §j+1 ¢ f(w) Therefore K(EG,EB)aw b& @Lj- &

Claim 26. For every i < m and every w € V; holds: K(gg g, w = @; if and only
if apath(w,T).

The proof proceeds by induction on ¢. The base case i« = m is straightforward.

For the inductive step ¢ < m, consider w € V;.

KEce),w = EG(s; @ si42®8; @ 8i11 D it1)(= ;) if and only if there exists
an infinite path m € IT(w) such that Kg g, 7[j] F 5i © sit2 @ 8; @ 5141 © @it1
(=t a;) for all j. Notice that this is equivalent to K(gg,a), 7[j] = @i for all j.

Assume that such a 7 exists. Since Kggg),w F s and KEgg),w [~
Si+2, 8i, 8i+1, Pit+1, it holds that 7[1] E «a;. For the “right neighbour” v € V;
of w holds K (gg,@),v = @i (Claim 24(2)). This means that 7[2] € Viy;. Then
Si+1 € 5(7T[2]) and Siy Si+2, <§i; =§i+1 ¢ 5(7T[2]) Therefore, K(EG,@); 7T[2] ': (673 if and
only if K¢ ), 7[2] F @it1.

Since no node in layer V7, satisfies ¢; (Claim 28], we conclude that (3],
(4], ... must be in slice V}’_,. If ([3], 7[3]) € E”, we are done as K (gg a), 7[3] =
¢; by Claim B4IB). Otherwise, 7[3] is a node in V;y1. By Claim 24I2) we have
Kc,e),m[3] = wiy1. Since s;,5:40,8; € &(n[3]) and 3,11 € §(n[3]), we get
K(EG,GB)’ 7T[3] ': (a7

Now, 7[q] for even ¢ > 4 can be dealt like 7[2], and «[r] for odd r > 5 can
be dealt like 7[3]. Let w[1],7[2],...,n[5] be the finite prefix of 7 that ends in
the node through which 7 eventually loops. We have seen that Kgg,q), w = @i
if and only if Kg g), 7[2] F @ir1 and K(gg ), 7[4] = @ir1. By the inductive
hypothesis this is equivalent to apaths(7w[2],T) and apathq(w[4],T). Since 7[2)
and w[4] are all the successors of 7[1] = w in G, the latter is equivalent to
apathe(w, T). <&

With Claim 26 we get that (G, s,T) € ASGAP(Vout=2, Jin=1) if and only if
K(G,e), 5 F wo- The CTL-MC(EG, @) instance (K (g g), 5, ¥o) can be computed



in space logarithmic in the size of G. Thus ASGAP (Vout=2,Jin=1) logspace
reduces to CTL-MC(EG, @).

Lemma 27. CTL-MC(EG) is NL-hard.

Proof. We give a logspace reduction from the NL-complete graph accessibility
problem. Let (G, s,t) be the given GAP instance with G = (V, E). Let V' =
{(u,%) | w € V,1 < i < |V]|} be a set consisting of |V| copies of every node in
|V|, and E’ be a set of edges on V' similar to F, such that an edge (u,v) € E
leads to edges from the ith copy of u to the (i + 1)st of v, plus reflexive edges
for all |V|th copies, i.e., ' = {((u,i), (v, + 1)) | (u,v) € E,1 < i < |V|]} U
{((u, |[V]), (u,[V])) | w € V'}. The assignment £ assigns a to all nodes (u,i) € V’
with ¢ < |V|or u=1t. Let M = (V',E',€) be a Kripke model. It is clear that G
has an s-t-path if and only if M, (s,1) = EG a.

Lemma 28. CTL-MC(EG) and CTL-MC(AF) are in NL.

Proof. First note that EG---EGp = EGp.

The algorithm for CTL-MC(EG) gets input (W, R, &), wo, Eka>. Ifk=0
(i.e. the formula to check equals p), it checks whether wy € &(p) and decides
accordingly. If £ > 0, the algorithm must verify whether (W, R) has an infinite
paths starting in wg on which p is satisfied in every point. The existence of
such a path is equivalent to the existence of two paths wg = vy,ve,..., v, and
U = UL, U2,...,Ug = Uy, for some m,q < |W| such that p is satisfied by all
v; and ;. Both paths together form an ultimately periodic infinite path that is
searched for. The algorithm first guesses v, and ¢, and then stepwise guesses
the paths and verifies that p is satisfied always. This is clearly an NL-algorithm.

Since K,wy = AFp iff K, wy = EG—p, the above CTL-MC(EG)-algorithm
can be used to decide CTL-MC(AF). Since NL is closed under complement,
CTL-MC(AF) is in NL, too.

Lemma 29. CTL-MC(EG, A) is in NL.

Proof. We first notice that EG(aAEG ) = EG(anf). (1) If K, w = EG(aAEG B),
then there exists a path starting in w on which everywhere oA S is satisfied. (2) If
K,w = EG(aAB), then there exists a path 7 starting in w on which everywhere
aAp is satisfied. Then K, w[m] = EG 8 (witnessed by ™) for every m. Therefore
K,w E EG(a AEGP).

Due to EGEGa = EGa and the above equivalence, every {EG, A}-formula
can be transformed to an equivalent formula of the form a A A\,_;, , EG By,
where « and all 8, are conjunctions of atoms. The satisfaction K, s |:EG B¢ can
be checked nondeterministally within logspace by guessing the relevant prefix
of a looping infinite path that satisfies 5, in every node. Doing this for all EG-
subformulas yields an NL-algorithm for CTL-MC(EG, A).

Lemma 30. CTL-MC(EG, V) is in NL.



Proof. Every {EG, V}-formula can be transformed into an equivalent formula of
the form aV\/,_; 5 . EG B¢ (x), where « is a disjunction of atoms and every
B¢ is a formula of the form (x) (for k = 0, such a formula is a disjunction of
atoms).

Claim 81. Let K = (W, R,&) be a Kripke model, a be a disjunction of atoms,
and B, be formulas of the form (x). Then K,s = EG(aV V,_;,
and only if

.....

1. there is a path vq, ..., v,, through K starting in s and of length m = |W|+1
such that K,v; Ea fori=1,2,...,m, or

2. there is a path vy, ..., v, through K starting in s and of length 1 < m <
|[W|+ 1 such that K,v; =afori=1,2,...,m—1and K,v,, = EG g4 for

some q.

Proof. The implication from left to right is straightforward. Consider the other
proof direction. If [l happens, then R contains an edge from v,, to some prede-
cessor on the path. Using this loop we get an infinite path that satisfies « on every
of its nodes. If @ happens, then let w1, us, ... be the infinite path starting with
U, = w1 such that K, u; |= B, for alli > 1. Then K, u; |= EG S, for alli > 1. Con-
sequently, on every node of the infinite path vi(= s), ..., v, (= u1), ug, . . . the for-
mula aV\V,_, , , EG B issatisfied. Therefore K, s = EG(aVV,_, 5, EG Bo).
O

Using this claim, an NL-algorithm can proceed as follows. On input K, s, aV
\/62172,___7,C EG Sy, it accepts if K, s = «. Otherwise, it guesses an ¢ and goes to
check K, s = EG B; where 8; = a'V\/,_; , , EG 3;). For this, it guesses which
forwardly. For case 2, it guesses the relevant m and ¢, guesses v; and checks
that K,v; =o' fori =1,2,...,m— 1 and eventually recursively checks whether
K, v = EG S for some j. Since this is a tail recursion whose depth is bounded
by the depth of the input formula, it can be performed nondeterministically
within logspace.

Lemma 32. CTL-MC(EG, =) is in NL.
Proof. The following equivalences hold for EG and its dual AF.

. EG EG aa =EG «

. AF AFa = AF «

. EG AF EG a= AF EG «a
. AF EG AF o =EG AF «a

W N =

Proof of Bt If K,w = EG AF EG «, then clearly K,w = AF EG a. For
the other direction, assume K,w = AF EG «. Take some 7 € IT(w). Then
K, k] = EGa for some “smallest” k with K, 7[i] £ EGa fori=1,2,...,k— 1.
Since K, 7[1] = AF EG «, it follows that K, 7[i]] = AF EG afori=1,2,...,k—1.
Moreover, let p be a path that witnesses K,7[k] = EGa. Then p’ witnesses



K, plj] E EG aforall j > 1, and from K, p[j| | EG « follows K, p[j] = AF EG «.
Concluding we have for the infinite path A = (7[1](= w), 7[2],...,7[k—1], p[1](=
w[k]), p[2],...) that K, \[i] = AF EG « for all ¢, what means that \ is a witness
for K,w = EG AF EG «.

The proof of @ follows from [ by the duality of AF and EG.

These equivalences yield that every {EG, —}-formula with atom p is equivalent
to EG AF p or AF EG p, or to EGp or AF p, or to p, or to one of these formulas
where p is replaced by —p. For a given {EG, —}-formula it can be checked in
logarithmic space to which of these cases the formula belongs.

We first describe an algorithm for the EG AF p case.

The algorithm gets input (W, R,£),wo, EGAF p). It must verify whether
(W, R) has an infinite paths starting in wy on which AF p is satisfied in every
point. The existence of such a path is equivalent to the existence of two paths
Wo = V1,02, ..,V and Uy = U1, Usg,...,U; = Up for some m,q < |W| such
that AF p is satisfied by all v; and ;. Both paths together form an ultimately
periodic infinite path that is searched for. The algorithm first guesses v,, and
q, and then stepwise guesses the paths and verifies that AF p is satisfied always.
This is done by guessing the next v; (resp. u;), and then starting the (slightly
modified) NL-algorithm for CTL-MC(AF) with input (W, R, &), v;, AF p). If it
reaches an accepting configuration, then the next v; (resp. u;) is guessed etc.

This also yields an NL-algorithm.

The algorithms for the other cases are constructed in the same way. Since
NL is closed under complement, all algorithms are NL-algorithms.

6.4 EF
Theorem 33. CTL-MC(EF) and CTL-MC(EF, V) are NL-complete.

Proof. Tt suffices to show NL-hardness of CTL-MC(EF) and containment in NL
of CTL-MC(EF, V).

NL-hardness of CTL-MC(EF) follows by a reduction from the directed graph
accessability problem as follows. Let ((V, E),s,t) be an instance of the graph
accessability problem—i.e. we want to decide whether graph (V, E) has an s-
t-path. Let E be the reflexive closure of E. Then (v, E) is a total graph, and
it has an s-t-path if and only if (V, E) has some. Define the assignment £ as
£(t) = {p} and &(w) = O for w # ¢. Then (V, E) has an s-t-path if and only if
(V,E,€),s | EF p.

For CTL-MC(EF, V) € NL, note that EF(a V EF 8) = EF(a V ) and EFa V
EF 8 = EF(a V B). Thus, every {EF,V}-formula can be transformed into an
equivalent formula of the form « V EF 3, where a and § are disjunctions of
atoms. This transformation can be done in logarithmic space. The NL algorithm
on input (K, wq, @) verifies whether K, wy = a or guesses a reachable v and
verifies K, v = .

Theorem 34. CTL-MC(EF, ) is NL-complete.



Proof. NL-hardness follows from that of CTL-MC(EF) (Theorem [33).

Every {EF, —}-formula can be rewritten as a formula with EFs and AGs fol-
lowed by a literal p or —p. It is clear that EFEF o = EF o and AGAGa = AG a.
Thus every such formula can be rewritten as one having a prefix of alternating
EFs and AGs. With the equivalences of the following claim we can reduce this
prefix to length < 3.

Claim 35. Let K be a Kripke model, w be a node of K, and a be a CTL-formula.

1. K,w = EFEF« if and only if K,w | EF .
2. K,wlE AGAG if and only if K, w = AGa.
3. K,wE EFAGEFAG« if and only if K,w = EFAG .

(@) and (@) are straightforward. For (), notice that K, w = « implies K, w =
EF a. For (@), we consider both proof directions separately.

K,w EEFAGEFAG«
= Ir € I(w) Ik > 1Vp € HI(x[k])

Vi >1:K,pljl F EFAGa (semantics .. .)
= 3dr e I(w) Ik >1Vp e l(r[k]) : K, p[l] F EFAG« (take j = 1)
= Jr e ll(w) Ik >1: K,n[k] = EFAGa (p[1] = 7[k])
= K,w = EFEFAG« (semantics of EF)
= K,w = EFAG« (part ()

For the other direction, we use (2)) and the fact that K,w = (8 implies
K,w = EFg.

K,wlE EFAGa
= K,w = EFAGAG«a
= K,w = EFAGEFAG« <

By Claim BAl follows that every formula in the {EF, —}-fragment has an equi-
valent formula in the {EF, AG}-fragment with atomic negation, whith a prefix
of at most three temporal operators. Since CTL-MC(EF) and CTL-MC(AG) are
in NL (follows from Theorem [33] and the closure of NL under complement),
similar as in the proof of Lemma B2, an NL-algorithm can be composed that
combines the CTL-MC(EF) and CTL-MC(AG) algorithms in order to evaluate
the bounded number of alternations of temporal operators.

Theorem 36. CTL-MC(EF,®) is AC'-hard.

Proof. We give a reduction from the AC'-complete problem ASGAP,g. Let
(G,s,T) be an instance of ASGAPios, where V = V4 U V5 consists of slices
V=VuWiu...UV,. W.lo.g. we assume that V;, C V4.

Next we describe the construction of a Kripke model Kgf g that bases on G.
In order to ease the readability of the proof, we prefer to use the indices of the
slices in reverse order. Let W) = V; (the slice with nodes without successors),
Wi =V, W5 = Via,...,W; = V. By the above convention, W consists of
V-nodes. Thus Vy = W/ and V3 =, ,qq Wi. Eventually, we add 2(¢+ 1)

i even



new nodes and define W; = W/ U{a;,b;} for i = 0,1,...,£. We will call each W;
‘

as layer i, and W = |J W; is the set of nodes of Kgf g.
i=0
Next we consider the edges. We take all edges from E, and add loops (u,u)
for all u € Wy. The new a; nodes form a path {(a;,a;-1) | i =£¢,£—1,...,1},
and the new b; nodes form a path E, = {(b;,b;—1) | i =¢,£—1,...,1}. Moreover,
for odd i every node u € W; has an edge (u,a;—1) to a;—1, and for even i > 2
every node u € W; has an edge (u,b;—1) to b;—1. Let E’ denote this set of edges.
We complete the description of Kgr g with the assignment £. It marks each
layer W; with an individual atom z;. Moreover, the nodes in T" and by are marked
with ¢.
( ) - {Zo,t}, ifw € Woﬁ(TU{bo})
W=V ifwew,nTU ool

The Kripke model Kgf g constructed from G is defined as Kgr.q = (W, E',€).
Figure [[0] shows an example for the construction. (This example does not have
logarithmic depth, but gives a good insight into the construction.)

Figure 10. Kripke model Kgr g constructed from an alternating graph.

Fori=0,1,2,...,¢, we inductively define formulas ¢; as follows. Here we use
AG « as abbreviation for s® EF(s® «) for a new atom s that is satisfied in every
node of the Kripke model. Under this condition, s@EF(s®«) = - EF —a = AG a.

t, ifi=0
i—1
EF( D o D gaj), if i > 0 and odd (layer i: I-nodes)
Yi = j=0

z€a(1)
i—1
AG ( P zad _Gaotpj), if i > 0 and even (layer i: V-nodes)
]:

z€a(i)

where each (i) is a subset of {zg, 21, ..., 2;} defined as follows. Let #A denote
the number of elements of the set A.



— foroddiand j <i—1:
zj € a(i) iff
#{me{0,1,2,...,5—1} |modd} +#{m e {j+2,...,i—1} | m even}
is odd
— forodd ¢ and j € {i —1,i} :
zj €a(i) if #{me{0,1,2,...,i—2}|m odd} is odd
— foreveniand j <i—1:

zj € a(i) iff
#{m e {0,1,2,...,5—1} |modd} +#{m e {j+2,...,i— 1} | m even}
is even

— for eveni and j € {i — 1,4} :
zj €a(i) if #{me{0,1,2,...,i—2}|m odd} is odd

As examples, we write down g, ©1, @2, and 3.

— o =1.

— For ¢1: 29,21 € (1) since #{m € 0 | m odd} = 0 is even.
Thus, ¢; = EFt.

— For ¢9: 29 € a(2) since #{m € 0 | m odd} +#{m € 0 | m even} = 0 is even.
21, 22 & a(2) since #{m € {0} | m odd} = 0 is even.

Thus @2 = AG(zo ® t ® EF¢).

— For 3: 29 € a(3) since #{m € 0 | m odd} + #{m € {2} | m even} = 1 is
odd. z1 € «(3) since #{m € {3} | m odd} +#{m € 0 | m even} = 1 is odd.
2o, z3 € a(3) since #{m € {0,1} | m odd} =1 is odd.

Thus @3 =EF(20 ® 21 ® 22 D 23 Dt D EFt & AG(29 D t @ EFt)).

The following claim contains the crucial properties of Kripke model Kgr, g
and the formulas ;.

Claim 87. For every j =0,1,...,¢ and every node w; € W; the following holds.

(A) Kere,w; = ¢; if and only if Kere, w; = ¢j41.

(B) For all ¢ > j + 2 holds Kgr g, w; = ; if and only if ¢ is even.
(C) Kerg,bj E ¢; and Kerg,a; E ¢;.

(D) For w; € VNW;: Kerg,w; | p; if and only if apathq(w;, T).

Proof. Throughout the proof, we will use the following straightforward connec-
tion between sums of z; and their satisfaction in different layers. By the construc-
tion of the Kripke model KeF g, each z; is satisfied exactly in nodes of layer Wj.
Therefore for all i > j and

for every w; € W; holds: z; € a(i) if and only if Ker g, w; = @ z. (13)
z€a(i)

The proof of the Claim proceeds by induction on j.

The induction base is j = 0. For case (A), we have to consider ¢y = ¢ and
w1 = EFt. In layer Wy, all nodes only have itself as successor, and therefore ¢ is
satisfied in a node of layer W if and only if EF ¢ is satisfied by this node.



For case (C), clearly Ker g,bo =t and Kgr g, a0 B~ t.

For case (D), Ker,e,wo = t if and only if Kgr g, wo € T if and only if
apath g (wo, T).

For case (B), we proceed by induction on i. First, notice that for every wg
in layer 0, Ker,g,wo = EF(¢) iff Kere,wo = v, and Ker g, wo = AG(v) iff
Kerg,wo = 1.

The base case is i = 2. Every node in layer Wy satisfies, o = AG(zo®tDEFt).
For the inductive step, consider a node wy € Wy. Notice that Ker o, wo F= po®p1
(part (A)). By the inductive hypothesis, all formulas ¢, for even ¢ with 2 < ¢ < ¢
are satisfied in wp, and all formulas ¢, for odd r with 2 < r < ¢ are not satisfied
in wg. By the semantics of @ we can conclude

i1

Ker g, wo @901 if and only if #{m € {2,3,...,i—1} | m even} is odd.
1=0

(14)

We have to consider the cases for odd resp. even ¢ separately, and we start
with 4 > 2 being odd. By the definition of a(i) we have

z0 € a(i) if and only if #{m € {2,3,...,i— 1} | m even} is odd. (15)

From (I4) and (I3)) being equivalences with the same right-hand side, and ap-
plying [I3) for wy in layer j = 0, we get

i—1
Ker g, wo = @ z if and only if Kgr g, wo = @901,
onz(i) 1=0
and therefore
il i1
Kero,wo i @D 2 @ P, vielding Kerowo FEF (D 2 @ Pear).
z€a(i) 1=0 z€ali) 1=0
=¥i

For even i > 2, we have
zo € ai) if and only if #{m €{2,3,...,9— 1} | m even} is even. (16)

From ([I4) and ([{d), and applying ([I3) for wo in layer j = 0, we get

i—1
Ker g, wo E @ z if and only if K g, wo & @(pl.
z€a(i) =0

Therefore,

1—1

i—1
Kerg,wo | @ z D @gpl, yielding Kgr g, wo |:AG( @ z @ @gpl).
1=0

z€a(i) =0 z€a(i)



This concludes the proofs of the base cases.

For the induction step, consider 5 > 0. We start with some essential obser-
vations for nodes w; € W;. For even ¢ > j, the formula ¢, has the form AG(...),
and by the semantics of AG, we have that Kgr g, w; = ¢; holds if and only if

i1
Ker g, wj = @ z @ @(pl, and (17)
1=0

z€a(1)

for all successors v of w; holds Ker g,v = ¢i. (18)

Since every successor v of w; is in layer j — 1, and ¢ > (j — 1) 4 2, from part (B)
of the induction hypothesis follows that Kgr,g,v | ¢; for all v in layer j — 1.
Therefore, Ker g, w; = ¢; is equivalent to (I7). Similarly, for odd ¢ > j holds
Ker g, w; = @; if and only if

1—1
Ker,0,w; F @ z @ @% or
=0

z€a(s)
for some successor v of w; holds Ker.e,v = ¢i.
Since every successor v of w; is in layer j — 1, and ¢ > (j — 1) 4 2, from part (B)

of the induction hypothesis follows that Kgr g, v & ¢;. Therefore we obtain the
first observation

i—1
fori > j: Kerg,wj = ¢; if and only if Ker g, w; = EB z @ @gﬁl. (19)
z€a(i) =0

By the inductive hypothesis (C) we know that Kgr g,b, = ¢, for all r < j.
For all odd r < j it holds that b, is reachable from w;. Since for odd r, the
formula ¢, has the form EF(...), it follows that Kgr g, w; = ¢, for all odd
r < j. The inductive hypothesis (C) also yields that Ker g, aq & @4 for all even
g < j. Since all such a, are reachable from wj;, and for even ¢ the formula ¢,
has the form AG(...), it follows that Kgr e, w; ¥ ¢, for all even ¢ < j. Both
together yield for every t < 7,

t
Kero,wj =@ @ ifand only if  #{m € {0,1,2,...,t} | m odd} is odd,
=0
(20)

Now back to the inductive step. We start with the inductive step for part
(A). Let w; € W; for j > 0. By ([I9) we get

J
Kerg,w; = pj+1  if and only if Kerg,w; = @ z ® @gﬁl. (21)
z€a(j+1) 1=0



Because z; € a(j + 1) if and only if #{m € {0,1,2,...,j — 1} | m odd} is odd,
it follows with (I3) and (20) that

-1
Kerg,wj = @ z if and only if Kgr g, w; E @Sﬁl
z€a(j+1) 1=0

and therefore

j—1
Keeoowi it D 2z @ Por
z€a(j+1) 1=0

Adding ¢; we get
J
Ker g, wj = @ z @ @cpl if and only if Ker g, w; = ¢;. (22)
z€a(j+1) =0
:(]él P1)®w;
=0

1) and @22)) yields Ker,q,w; = ¢; if and only if Ker g, w; = @j41-
This also proves

for all j: Ker,g,w; K= ©; & @jt1. (23)

We continue with the induction step for case (B) for j > 0, and proceed
by induction on i. The base case is i = j + 2. By ([9) we have

Jj+1
Ker g, w; = pj+o if and only if Ker g, w; = @ z @ @cpl. (24)
z€a(j+2) =0
With [23]) we get
Jj+1 j—1
Kere,wj = @ z D @4,01 iff Kero,w; = @ z ® @cpl. (25)
z€a(j+2) =0 z€a(j+2) =0

We consider the cases for even resp. odd j + 2 separately. First, we consider odd
j+2.Since #{m € {j+2,...,(j+2)—1} | m even} = 0, we get that z; € a(j+2)
ifft #{m €{0,1,2,...,5—1} | m odd} is odd. With (20) we get

j—1
Kero,wj = €D 2 ifandonlyif w; =P
z€a(j+2) 1=0
and thus
j—1
Ker o, wj @ z @ @cpl. (26)

z€a(j+2) =0



From 24), [25)), and 28) we get w; = ¢;12 for odd j.

For even j + 2, we proceed similarly. Since #{m € {j +2,...,(j +2) — 1} |
m even} = 0, we get that z; € a(j+2) iff #{m € {0,1,2,...,5—1} | m odd} is
even. With (20) we get

-1
Ker g, w; = @ z if and only if Kgre,w; ¥~ @ 1
z€a(j+2) =0

and thus

j—1
Kerowi = D 20 Do (27)
1=0

z€a(j+2)

From 24), 25)), and 7) we get Ker g, w; = @;42 for even j.
Now for the inductive step ¢ > j + 2. From (I9) we have

i—1
Kerg,wj =i if and only if Ker g, w; = @ z ® @gpl. (28)
z€a(1) =0

By the inductive hypothesis, we know for r < i holds
Ker g, wj = pr forodd r > j+2 and Kgrg,w, E @4 for even ¢ > j + 2.

This means
i1
Ker g, wj = @ ¢y ifand only if #{m € {j+2,...,9—1} | m even} is odd.
I=j+2
(29)

With 20) we get

-1 i—1
Ker o, w; F@Sﬁl@ @ @ it

1=0 I=j+2
#{me{0,1,...,5—1} |modd} +#{m e {j+2,...,i— 1} | m even} is odd.

And with @23) w; & ¢; ® ¢j4+1 we eventually get

1—1
Ker,w; = o iff #{m e {0,1,...,j — 1} | m odd}
=0

+#{me{j+2,...,i—1} | meven} is odd. (30)

For odd ¢, we have z; € a(i) iff #{m € {0,1,...,7 — 1} | m odd} + #{m €
{j+2,...,i—1} | m even} is odd. With B0) follows

i1
Ker e, w; @ z & @gﬁl (for odd 7).
1=0

z€a(s)



With 28) follows Ker,g,w; = ¢; for odd i > j + 2.
For even i, we have z; € a(i) iff #{m € {0,1,2,...,7—1} | m odd} +#{m €
{j+2,...,i—1}| m even} is even. With (B0) follows

Kerg,wj = @ z @ @(pz (for even 7).

z€a(i)

With @28) follows Kgr,g,w; = ¢; for even ¢ > j+ 2. This concludes the proof of
the inductive step for (B).

Now we consider the inductive step for part (C). We start with even
1 > 0 and the state b;. By the semantics of AG we get

i—1

KEF,EBJH ':Sﬁi iff KEF,EB;bi ': @ z D @gﬁl and KEF,EB;bifl IZQDZ'. (31)
z€a(1) =0

Part (A) of the general inductive hypothesis yields that Ker g,bi—1 = @i
is equivalent to Kgr g,bi—1 = ¢i—1, and the latter holds due to the inductive
hypothesis. Thus from (BI]) remains

i1
Kere.bi | i if andonly if Kerg,bil= P 2 & P (32)
z€a(i) =0
We now consider the right-hand side of (82). With [20) we get
i1
Kero,bi =@ @ if and only if #{m € {0,1,2,...,i — 1} [ m odd} is odd.

1=0

(33)

We have z; € a(i) iff #{m € {0,1,2,...,i —2} | m odd} is odd. Since ¢ — 1 is

odd, we get z; € a(i) iff #{m € {07 2,...,i—2,i—1} | m odd} is even. With

B3) we get

Kerg,bi E @ z iff Kere,b; b&@tp“ hence Kgrg,b; = @ z P @(pl.

z€a(1) z€a(i) =0
(34)

From (34) and (32)) follows Kgr g, b; = ¢; (for even 7).
For even i and state a;, we have Kef g, a; = ¢; if and only if

KEFEB,azlz @ z @ @(ﬁl, and

z€a(s)
Ker,e,bi—1 = @i, and
Ker g, ai-1 = ¢ (35)



Since (BH)) is equivalent to Kgr,a,a,—1 = pi—1 (part (A) of the general in-
ductive hypothesis), and Kgr g, a;—1 = @i—1 (inductive hypothesis), it follows

that KEF7@, a; b& (Yor
Now consider odd ¢ > 0 and state b;. By semantics of EF we get Kgr g, b; = ¢;
if and only if

1—1
KEpy@,bi ': @ z D @gﬁl, or
=0

z€a(s)
KEF,@abi—l ): Vi, O (36)
Ker,e,0i—1 = @i

Part (36 follows from part (A) of the general inductive hypothesis and the
inductive hypothesis Ker,e,bi—1 = wi—1. Thus Kgr e, b; = ¢; is proven.
For odd i > 0 and state a;, we have Kgr @, a; = ¢; if and only if

1—1
Kerg,a; ': @ z D @gﬁl, and
=0

z€a(s)
Kere,0i—1 = @i

From the inductive hypothesis Kgr a,a;—1 ¥ ¢i—1 and from part (A) of the
general inductive hypothesis follows Kgr g, ai—1 % ¢i. Thus

i—1
Kerg,a; = ; if and only if Kgrg,a; = @ z @ @cpl (37)
z€a(i) =0
With 20) we have
i—1
Kero,ai = @D ¢ if and only if #{m € {0,1,2,...,i— 1} | m odd} is odd.
1=0

(38)

But z; € a(i) iff #{m € {0,1,2,...,9 — 2} | m odd} is odd. Since i — 1 is even,
we have z; € a(i) iff #{m € {0,1,2,...,4—2,i— 1} | m odd} is odd. Thus

1—1 1—1
Kero,a; E @ ziff a; = @(pl, what yields Ker g, a; @ z @ @(pl.

z€a(s) =0 z€a(i) =0
(39)

From [B9) and (37 follows Ker g, a; F ¢
For the inductive step of part (D), let w; € W; NV be a node in layer

i > 0. We start with even ¢ > 0 and formula ¢, of the form AG(...). By the
semantics of AG we have Kgr g, w; = ; if and only if

i—1
Ker g, w; @ z @ @(pl, and (40)
1=0

z€a(1)

for all successors v of w; holds Ker g,v = ;. (41)



Since all successors v of w; are in layer ¢ —1, with the general inductive hypothesis
(A) we get that (4I) is equivalent to

for all successors v of w; holds Ker g,v = @i—1. (42)

Since for the successor b;—1 of w;, the general inductive hypothesis part (C)
yields Ker g, bi—1 = wi—1, we get that [@2) is equivalent to

for all successors v € V.N W;_1 of w; holds Kgr g, v = pi—1- (43)

Since z; € a(i) iff #{m € {0,1,2,...,5—2} | m odd} is odd, and i — 1 is odd,

we get z; € a(i) iff #{m € {0,1,2,...,i — 2,4 — 1} | m odd} is even. With (20)
follows

1—1
Kerp,w; = @ z @ @saz-
=0

z€a(i)
Thus ([@Q) holds, and with the equivalence of ([#I]) and (@3] we get
Kero,w; = @; iff for all successors v € VN W,;_; of w; Kerg,v E wio1.
By the inductive hypothesis and the construction of Kgr g from G we get
Kere,w; = @; iff for all successors v € VN W,;_1 of w; in G apathg(v,T).
Since ¢ is even, w; is an V-node. This yields what we look for, namely
Ker g, w; E@; if and only if apathg(w;, T) (for even 7).

Next we consider odd ¢ > 0. Then ¢; has the form EF(...). From the semantics
of EF we get that Ker g, w; = ¢; if and only if

1—1
Kergowi = @@ 2z © P, or (44)
) 1=0

z€a(i

for some successor v of w; holds Kgr g, v = ¢i. (45)

Since z; € a(i) iff #{m € {0,1,2,...,i — 2} | m odd} is odd, and ¢ — 1 is
even, we get z; € a(i) iff #{m € {0,1,2,...,i —2,i — 1} | m odd} is odd. With
@0) follows

1—2
Keroowi = P 2 e P (46)
z€a(i) =0

what shows that ([@4]) does not hold. Thus from @) and (6] we get

Ker,g,w; = @; iff  for some successor v of w; holds Kgr g, v = @i—1.



For successor a;—1 of w; holds Kgr g, a;—1 & ¢i (general inductive hypothesis
(C), (A)). Therefore

Ker,e,w; = @; iff  for some successor v € VN W,;_1 of w; Kerg,v = @i—1.
By the inductive hypothesis and the construction of Kgr g from G we get
Ker g, w; = @; iff  for some successor v € VN W;_1 of w; in G apathg(v,T).
Since ¢ is odd, w; is an F-node. This concludes the proof of the Claim with

Ker g, w; = ; if and only if apaths(w;,T) (for odd 7).
O

We now have that (G,s,T) € ASGAPy., if and only if (Kgrg,s, ) €
CTL-MC(EF, ®). In order to estimate the size |p;| of formula ¢;, let |p;| be
the number of appearances of atoms in . Then |po| =1, and |@;1| < (i + 1)+
Z;;E lo;]. This yields |@i+1] < 2-|p;| + 1. Since the depth £ of G is logarithmic
in the size of G, we get that ¢; has size polynomial in the size of G. Thus the
reduction function described above can be computed in logarithmic space. Since
ASGAP is AC!-complete, it follows that CTL-MC(EF, @) is AC!-hard under
logspace reducibility.
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