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Summary. The propagation and interaction in more than one space dimension of local-
ized pulse solutions (so-called light bullets) to the sine-Gordon [SG] equation is studied
both asymptotically and numerically. Similar solutions and their resemblance to solitons
in integrable systems were observed numerically before in vector Maxwell systems. The
simplicity of SG allows us to perform an asymptotic analysis of counterpropagating
pulses, as well as a fully resolved computation over rectangular domains. Numerical
experiments are carried out on single pulse propagation and on two pulse collision under
different orientations. The particle nature, as known for solitons, persists in these two
space dimensional solutions as long as the amplitudes of initial data range in a finite
interval, similar to the conditions on the vector Maxwell systems.

1. Introduction

Spatially localized propagating waves (pulses) with particle features in more than one
space dimension are of both physical and mathematical interest. They form an extension
of the well-known one space dimensional solitons [1]. Recently in nonlinear optics, such
waves have been computed numerically as solutions to the classical Maxwell systems
with cubic nonlinearities, and have been called light bullets [LB] [2]. LBs have been
found to be useful as information carriers in communication and as energy sources, and
have also been proposed for the design of optical switches and logic gates in future
all-optical devices [3].

Mathematically, one faces new challenges as well. The higher space-dimensional
nonlinear wave equations are usually not integrable. This motivates one to study simpler
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nonlinear wave equations that admit LB-like solutions. The (2+1) sine-Gordon [SG]
equation is such a prototype equation. In [9], SG is derived from a cubic nonlinear
Maxwell system, and single pulse propagation is asymptotically analyzed and computed.

This paper continues this line of inquiry for colliding (2+1) SG pulses through theory
and computation. A slowly varying envelope analysis is performed on counterpropagat-
ing pulses, and a coupled system of nonlinear wave equations is derived on the interaction
effects. The asymptotic solutions provide a theoretical basis for the robust pulse colli-
sion observed later in numerical solutions. Moreover, the asymptotics help to prepare the
initial data for computation. It is numerically demonstrated that the LB solutions of the
(2+1) SG and their interactions on the plane resemble the Maxwell LBs of [2]. The LB
solutions persist in time if the amplitudes of initial data remain in a certain finite range.
The persistence is related to the breathing motion of the LB solutions; see [9], [4], [5]
for combined asymptotic and numerical studies using different methods. In [4] and [5],
radiation effects are analyzed and found to be a stabilizing mechanism.

The rest of the paper is organized as follows. In Section 2, the slowly varying envelope
asymptotics (SVEA) is presented on a pair of counterpropagating pulses. Global well-
posedness of the derived asymptotic equations is proved by the energy method. In Section
3, after a brief discussion of the numerical method, initial conditions, and numerical
parameters, numerical results are reported for four different cases: the single pulse,
the axial collision, the 90-degree and 120-degree collisions. Robustness of LBs under
parameter variations is also studied. We conclude in Section 4 and discuss future areas
of research.

2. Envelope Asymptotics
Consider the initial value problem of the (n + 1) SG equation:
Uy — Ayu+sinu =0, x=(x,x2,...,x,) €R", 2.1

n > 2, (u,u)0,x) € (H'(R"))?, where A, is the Laplacian. Let us look for an
asymptotic solution containing two counterpropagating pulses along x; with slowly
varying envelopes:

u ~ e(AT(x", €y, T; €) + €BT(ex, T; €)' *17e0
+e(A (x ", €y, T;€)+€B (ex, ;€)' *1T) L cc. + R
=uatk, 2.2)

where x = (x1, ¥), xT =e(x1 Fvt), (X1, Y, 1, T) = (ex1, €y, et, €2t), w = V1 + k2,
v = k/w (the group velocity), c.c. complex conjugate. The function R is the remainder.
The A terms are similar to those in single pulse asymptotics [9], while the B* terms
are there to capture the interactions.

The ansatz (2.2) is an extension of the one in [7] for counterpropagating pulses in the
(1+1) sine-Gordon equations by including higher order resonant terms in the expansion
so that there is no finite time collapse due to truncation at cubic order. The formal ansatz
(2.2) reveals the analytical structure of pulse interactions. However, we do not address the
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validity issue, and only use the ansatz for selecting initial data for numerical simulations
in later sections.
We substitute the ansatz (2.2) into SG, and separate the linear from nonlinear terms.
It follows that
0=R;,—AR+R
i(kx1—w .
43t tknimon [(—ZZa))A; +(? - l)A;X+ —AYy, — 26UA;+T + ezAJTrT]
+e’e! ™17 [(=2iw)B} — (2ik)BY + €B}, — €BY  — €Bjy]
teleithnton [(2ia))A; + 0= DA, — Ay —2evAT L+ ezA;T]
+e et [Qiw)B] — (2ik)By, + €B;, — By y, — €Byy| +c.c.
o0
+_ D@+ DY

=

+ Y (=D + DY wa + R —ui T, 2.3)
j=1

Now we extract resonant terms (terms multiplied by e/ *¥1¥) from the first infinite
sum of (2.3), in which * means taking the complex conjugate:

ei(kxl —wt) Z + ei(kxl +wt)

Jj=1,(my,ma,ny,np)€; Jj=1,(my,ma,ny,np)€l;

Col b (AT A+ €BTY™ - (AT 4 €BY)™ (A7 4+ €B)" - (A7 +eB~)"

my,my,ny,ny

TN [+ D (2.4)

2j+1 . ..
where Cm]f,;n,n,,nz is the combination number, and ¥; denotes the resonant modes (1,
n;>0,i=1,2):

mp+my+ny+n, = 2j+1, (2.5)
m;—my~+n;—np, = 1, 2.6)
—mi+my+n—ny = —1, 2.7

and I'; consists of (2.5)—(2.6) and
—my+my+n—ny,=1. (2.8)

Other resonant modes are not generic (they exist for special ks) and are not included. In
particular, if k2 is irrational, the nongeneric modes do not appear. The first sum in (2.4)
without the exponential prefactor will be denoted by €3 N, (e (A* +€eB™), e(A~+€B™)),
and similarly the second sum in (2.4) without the exponential prefactor will be denoted
by 3 N_(e(AT +€Bt),e(A~ +€B)).

The second infinite sum in (2.3) contains terms proportional to R and its higher
powers multiplied by powers of u 4. The envelope equations are derived by removing all
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the above resonance terms to minimize the growth of the error term R. As the A* only
depend on T and x *, or different characteristic variables, they satisfy separate equations:

0= (=2iw)Af + (V) = DAL, . — ALy —2evAT, + AT, + No(AT,6), (2.9)

xtxt
where
No(A* €)= €7 Y (=1 + D! e AT At
j=1
and

0= Qiw)A7 + (¥ = DA, — Ayy —2evA, ; + A7y + No(A7,€).  (2.10)

Equations (2.9) and (2.10) are globally well-posed [9] and observed numerically to track
evolution of single pulses [10] at small but fixed €. The nonlinearity Ny is asymptotic to
linear growth for large argument A at any fixed € [9].

The remaining resonance is removed by a coupled wave system on B*:

= (=2iw) B} — (2ik) B, + € B}, —¢ B} y,
—€ B, + Ni(e(AT +€B™),e(A” +€B7)) — No(AT, €), (2.11)

and

= (2iw)B; — (2ik)By, + €By, — By, y,
—€Byy + N_(e(A* +€B¥), (A" +€B7)) — No(A™,¢).  (2.12)

Let us study the nonlinear function N as a function of two complex variables N, =
N, (A, B). Equations (2.5)-(2.7) imply that

my=my+1, ny=ny=j—my.

It follows that N, (A, B) equals

o0
€73 Z Z C21+1 . C2]7m2 . C'Z(J*mz) 1Qj + 1)!]71 . |A|2mz . |B|2(J*mz)(_1)JA’

ma+1 my j—ma
j=1 my<j
1 1
b 2m 2(j—m2) (_ j
121:;;;, [(J—mz)']2 my! (my+ 1!

The last sum, denoted by S, is considered for m = 0 and m > 1 separately as

11 1 .
—1)/ B|¥ n™y  — JAP™ (=BT
1( ) (,)2| | +m§>l( )/>m ol G D! ((j—m)!)2| ™" (—=1B]%)

(=)™ AP (=B’
B>/ /(! . .
]< |BI})Y1(j1)? +Z o+ D jX(j) G

5

J

(2.14)

pqu

~.
I
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Recalling section 4 of [9],

fo) = Zl m ~ 14 0=y, ¥y > —o,

we have that

%0 1
g(y) = m; m
= yf() ~—y+0(=n")., y—> —o0, (2.15)
and
HOEDY (ny1 T)z ~ =1+ 0=, vy —oc. (2.16)
m=>1

It follows that S is uniformly bounded, and

IN+(A, B)| < Cye |4,
for a constant C uniformly in A, B. Similarly,

IN-(A, B)| < C_¢*|B|.
Hence,

IN (e(AT +€BT),e(A” +€B))|
IN_(e(AT +€B%), e(A™ +eB™))|

C,e Y|AT +€eBY,

<
< C_€e A" +€B|. (2.17)

Now we show the global well-posedness of system (2.11)—(2.12), where AL are
globally smooth [9].

Theorem 2.1. Forinitial data (B, B™)|,—o € (H*(R"))% (B}, B7).=0 € (H'(R"))?
the initial value problem of the system (2.11)—(2.12) has a unique global solution
(BT, B7) € C([0, 00); (H*(R"))?), (B, B]) € C([0, 00); (H'(R"))*), (B, B;) €
C([0, 00); (L*(R™)?).

Proof. We bound |[(BT, B7)|2, and ||V, x, y (BT, B7)||» for all time. Let us denote

the nonlinearities N, — Ny in (2.11) by F*, and N_ — Ny in (2.12) by F~. The mass
identities are (/' = [.):

4 </ |BE|? — iIm/(Bi)* Bf) = lIm/ F* (BY)*, (2.18)
dt w w

and energy identities are

d
Eé/|8fiv3§1|2+(l —v2)|3§1|2+|3¢|2=2Re/Fi(BfiB;)*. (2.19)
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Integrating (2.18) over t € [0, #;] gives

1 [

I(B¥, B‘)Ilﬁ—ilm/(BJﬁ B7)"-(B},B,) < Co+—/ Im/(F+, F7)-(B*,B7)*,
w w Jo

(2.20)

where C depends on initial data. Applying the Cauchy-Schwarz inequality and bounds
of F* to (2.20) yields

I(B*, BO)I3(1) < Cill(BT, BY)-l5(11) + C0+C2/ (IA*, AD)3
0

+ (BT, BO)I3), (2.21)

where C; and C, are constants depending on €, w. Similarly, we obtain from (2.19)

1
IVex,y (BY, BO)I5(h) < Cs + c4f (1A, A5 + 1B, B3
0
+ IVex, (BT, B)3), (2.22)

where C;s (i = 3,4) are constants depending on €. Multiplying (2.22) by 2 C; and
adding the resulting inequality to (2.21), we find

1
1B, BO)I3(t)A+C1 [ Ve x, .y (BT, B)3(t1) < Cs(t1)+Cs Y f 1(B*, Ve.x, BH)II3.
+ J0

(2.23)
where Cs = C5(¢1) is anincreasing function of t;, V¢; > 0, and depends on fot‘ |AE ||§(t) dt;
and Cg is a constant depending on €. Gronwall’s inequality and (2.23) imply that for any
fi > 0 ||(B*, V,. Xl,yBi) |l> are finite. The estimates of higher derivatives are similar.
The proof is finished. |

The asymptotic solutions constructed above render theoretical support for the robust-
ness of colliding pulses observed numerically in the next section.

Let us remark that proving the validity of ansatz (2.2) or its like requires an asymptotic
analysis of the singularly perturbed (2+1) nonlinear Schrodinger equations (2.9)—(2.10)
for small €, and control of the remainder term R on the time scale O (¢ ~2). The difficulty
involved appears to exceed the level of existing analytical estimates. It is also conceivable
that the leading order terms of the ansatz (2.2) may be augmented with suitable higher-
order terms in the remainder for this purpose.

3. Numerical Experiments

3.1. Numerical Method, Data, and Parameters

We select the initial data on R? as

Age 07 6in iy, 3.1
—0.04(x2+y?)

u(x,y,0)

u(x,y,0) = —wApe cosmx, (3.2)
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for the single pulse solution, and

Ao o~ 0-04((x=15)*+y?) —0.04((x+15)2+y?)

u(x,y,0) =

u,(x,y,0 = wA()efo'M((X*lS)uyz) cosmx — a)AOefo'M((x“S)zﬂz) cosmx, (3.4)

sinmx + Age sinmx, 3.3)

for the axial (head-on) colliding pulse solution. We shall apply a combination of rotations
and translations on these data for the other three collision cases. The wave number m
equals 2 (unless otherwise noted) to give only a few oscillations under the envelope,
and the dispersion relation is @ = w(m) = /1 +m? We use a standard explicit
second-order forward time-central space-finite differencing scheme [8], along with a
one-sided second-order approximation of the zero Neumann boundary condition at the
boundaries of the numerical domain. The method is stable under the stability condition
that A = % < % (h the spatial grid size), which our grid sizes satisfy. The computation
is implemented in MATLAB.

In results reported below, an amplitude Ag = 1.0 and m = 2 are used for all figures
(except where noted). A spatial grid size of & = 0.1 and a temporal grid size of k = 0.05
are used to satisfy the stability condition. A smaller grid size of 4 = 0.075 was used to
verify convergence with no substantial change to the numerical solutions. A movie of
the solution was constructed in MATLAB to observe the evolution of the solutions and
assist in the qualitative analysis.

3.2. Numerical Results

3.2.1. Single Pulse Solutions. We first look at the single propagating pulses to analyze
solution properties without pulse interaction effects. In Figure 1, we plot the solutions
for the single pulse solution at three times. The solution propagates from the left to the
right boundary of the domain without significant loss of amplitude and is self-supporting
(i.e., maintains its shape). This is better observed in Figure 2, which shows the pulse
sectional profile along x at + = 0 and ¢t = 45. Over time, the envelope tends to expand
slightly parallel to the x-axis while slightly focusing parallel to the y-axis. We see a
wake trailing at a slower velocity than the pulse. Another phenomenon is the “bending”
of the pulse envelope over time. The outside edge begins to move at a slower velocity
than the centerline of the envelope. In Figure 3, this effect is shown by a top view of the
pulse att = 0 and t = 45.

3.2.2. Colliding Pulse Solutions.

3.2.3. Axial Collisions. We turn to counterpropagating pulses to see the impact of a
direct axial collision. The initial condition (3.3)—(3.4) was used for the axial collision.
Figure 4 shows the interaction of two axially colliding pulses. Aside from the direction
of propagation, the two initial pulses are identical in amplitude and oscillations under the
envelope. The pulses are shown in profile at # = 0 and ¢ = 45 for comparing the initial
and postcollision states. They maintain their overall shapes and amplitudes. Figure 5
shows the pulses at five different times. The pulses approach, collide, pass through each
other, and after some time revert back to approximately the original shape and amplitude.
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Fig. 1. (2+1) SG single pulse solution, u(x, y, ) for t = 0, 20, 45,
x € [—40,40], and y = [-20, 20]. The pulse propagates from the
initial conditions, u(x, y,0) = e~%%®*% sin2x and u,(x, y,0) =
—/5e= 0040247 ¢o5 2x (top), to the edge of the domain (bottom), re-
taining its shape.

0.8 08
0.6 06
04 0.4
0.2 0.2
= . A =
z° v 3 0 A
g S
0.2 0.2
0.4 0.4
06 06
08 08
a . g . ! | | | | . )
40 30 20 10 0 -10 -20 -30 -40 40 30 20 10 0 -10 -20 -30 -40
M M

Fig. 2. (2+1) SG single pulse solution, profile view along the x-axis, at + = 0 (left) and t = 45
(right). This highlights the envelope shape and amplitude. The numerical “wake” can be observed
in the right plot. This is the same pulse as in Figure 1.
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-15 -10 -5 0 5 10 15 20 20 -15 -10 -5 0 5 10 15 20
y i

Fig. 3. (2+1) SG single pulse solution, top view. The bending effect can be seen in the changing
in the outer edge of the envelope from the initial pulse at # = 0 (left) and the propagating pulse at
t = 45 (right). This is the same pulse as in Figure 1.

As in the previous case, the pulse envelopes undergo a bending phenomenon over time.
In the collision cases, however, the bending effect is more pronounced and appears to be
a result of the pulse interaction from the collisions.

A comparison of the propagation and collision properties of the (2+1) SG light bullet
solutions to those of the full Maxwell system (FMS) in [2] shows many similarities.
The light bullet solutions are very stable over time with the appropriate initial data.
They are self-supporting (maintaining shape), even after colliding and interacting with
other pulses. In the case of the colliding pulses, the FMS light bullets displayed the
characteristics of solitons in being essentially unchanged after going through collisions
[2]. Inthe (2+1) SG, we see the same behavior. The pulses interact, separate, and maintain
their shapes after undergoing the collisions. Figure 6 shows the stable single pulse and
Figure 7 shows the colliding pulses from the FMS [2]. Comparing to Figures 1 and 5,

04F | 04- i | |

02 02
E oF - — —= = > of — =
Cozr 02F

04 041

06 06+

0.8 08}

0w w10 o 0w a0 0

P

uxy.ty

2 40 3‘0 2‘0 1‘0 )(6 71‘0 —2‘0 —3‘0 -40
Fig. 4. (2+1) SG axially colliding pulse solution, profile view along x-axis. The initial
condition, u(x,y,0) = e 00190 ginoy 4 p=00KCH N ginox and u,(x,y,0) =
5o 00HG=15 45D (o9 Dy — /5= 00GHIS 0 cogdy att = 0 (left) consists of two pulses,
propagating in different directions which pass through each other and continue moving at t = 45
(right). They maintain much of their original shapes after collision.
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Fig. 5. (2+1) SG axially colliding pulse solution. The pulses are shown at five discrete times
(t = 0,10, 20, 30, 45) starting at t = O (upper left) and proceeding left to right and down until
t = 45 at the bottom. The initial conditions are identical to Figure 4.

we see that the FMS pulses are qualitatively the same as the SG pulses. We will make
further comparisons later in the paper.

3.2.4. 90° and 120° Collisions. We also examined the dynamics of pulses colliding at
different angles. We translated and rotated pulses in the initial condition (3.4) so that
the pulses would collide at angles of 90° and 120° to see the impact of a collision at
each angle. Aside from a translation and rotation, the two initial pulses are identical. In

Fig. 6. Maxwell simulations for single pulse. “Electric field of a pulse
undergoing dispersion, diffraction, and nonlinear refraction after 155
fs, 310 fs, and 620 fs of propagation. Initial electric-field amplitude,
Ey = 2.9 x 10'° V/m; initial pulse width, 0.9 um (FWHM); initial
pulse duration, 18 fs (FWHM); pulse propagation distance, 28 Rayleigh
ranges” [2].
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Fig. 7. Maxwell simulations for colliding pulses. “Electric field of two
counterpropagating pulses after 155 fs, 465 fs, and 620 fs of propaga-
tion.” [2] The initial pulse parameters are given in Figure 6.

Figure 8, we see the evolution of two pulses colliding at a 90° angle. Figure 9 shows
the evolution of two pulses colliding at a 120° angle. In both cases, the pulses collide,
interact, and then move through each other as in the axial collision case. We also see
bending of the envelope after the collision; the outside edge of the envelope appears to
be moving at a slightly slower velocity than the centerline. There is no change in the
direction of propagation; each pulse continues to move along the same path as before
the collision. We observed the same properties in the 120° collision case as we did in
the 90° collision case.

3.2.5. Effects of Changing Initial Pulse Parameters. For most of the simulations, we
used A = 1.0 for the amplitude and m = 2 to regulate the number of oscillations under
the envelope in the initial pulse. We varied these parameters in the traveling pulse and
axially colliding pulse case to observe the results. We used different values of A, while
keeping all other values constant, to observe the effect of a change of amplitude in the
single pulse solutions. For values A € [0.5, 1.5], the only observed change was in the
amplitude (as expected). When a value of Ay < 0.5 was used, the pulses spread. With
values Ag > 1.5, the solutions destabilize and the envelope breaks down in time. In
Figure 10, amplitudes of Ap = 0.3 and 2.5 were used, and we plotted u as a function
of x,at y = 0 and r = 0, 20, 45. The solutions disperse with time when Ay = 0.3. At
an amplitude of Ay = 2.5, the pulse envelope gradually disappears in time. Solutions
were also observed for Ap = 1.6, 1.8, 2.0. A steady increase in the solution expansion
and breakdown of the envelopes of the pulses were observed when the amplitude was
increased above Ay = 1.5.

We also looked at the effect of increasing the number of oscillations under the enve-
lope. For m = 5, we noticed stable pulse propagation and collision as well. Figure 11
shows the solution profiles along the x-axis for both the single pulse and the axially
colliding pulses.
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u(xy.

: ]

T
ufy.t)

40 40

Fig. 8. (2+1) SG colliding pulse solution (90° collision angle), t = 0, 5, 15, 25, 35, 45. The initial
conditions (same as in Figure 5 except with a translation and 90° rotation of one pulse) at t = 0
(top left) consist of two pulses, propagating on perpendicular axes which pass through each other
and continue moving at ¢t = 45 (bottom right; time increases from left to right and down). The
pulses collide, interact, and continue to propagate along the original axes, maintai ning their shape.

Finally, in the single moving pulse case, we looked at the effect of increasing the
wave number and amplitude simultaneously. We used m = 5 and looked at solutions
with initial amplitudes Ay = 1.5, 2.5, and 3.5. In Figure 12, we plotted u as a function
of x at y = O and ¢t = 0, 20, 45 for all three amplitudes. We see that the breakdown of
the envelope is much weaker with the increase in m.

4. Conclusions

The asymptotics of a pair of counterpropagating solutions to the SG equation is con-
structed in more than one space dimension. The asymptotic equations are well-posed for
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uxy.n

Fig. 9. (2+1) SG colliding pulse solution (120° collision angle). The initial conditions consist of
two pulses, propagating on axes intersecting at 120°, which pass through each other and continue
moving at ¢ = 45 (bottom right; time increases from left to right and down). The pulses collide,
interact, and continue to propagate along the original axes, maintaining their shape.

-0.5 T T T T T T T -5

U0
°
ux0)

40 30 20 10 0 -10 -20 -30 -40 40 30 20 10 0 -10 -20 -30 -40
-0.5 -5 T T T T T T T
: :

40 30 20 10 0 -10 -20 -30 -40 40 30 20 10 0 -10 -20 -30 -40
-0.5 T T T T T T T -5

u(x0)
u(x0)

40 30 20 10 [ -10 -20 -30 -40 40 30 20 10 0 -10 -20 -30 -40

Fig. 10. Effects of changing amplitude: (2+1) SG single pulse solution u(x, 0, 1), Ay = 0.3 (left)
and Ay = 2.5 (right), both for t = 0, 20, 45 (from top to bottom).
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Fig.11. (2+1) SG single pulse solution (left) and axially colliding pulses (right), u(x, y, t),m =5,
profile view along x axis, t = 0 (top) and t = 45 (bottom).

all time. The asymptotic theory serves as a theoretical basis for numerically observed
robust propagation and interaction of spatially localized pulses. The pulse solutions
are self-supporting (maintaining shape), even after colliding and interacting with other
pulses at different angles. In a simulation of the cubic Maxwell system [2], similar pulses
are self-supporting in a given energy range, just like (2+1)SG pulses which require the
amplitude of the initial pulse to lie in a specific range. Comparing Figure 7, the Maxwell
light bullets, with Figures 1 and 5 suggests qualitative agreement.

09 60 0
001 08 0
01 00 00

a0 %0 20 0 o 0 20 3 40 a0 30 20 10 0 -0 20 a0 40 40 EJ 20 10 0o 0 2 a0 a0

Fig. 12. (2+1) SG single pulse solution, u(x, 0, 1), m =5, Ap = 1.5 (left), 2.5 (middle) and 3.5
(right), for r = 0, 20, 45 (from top to bottom).
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We leave as future work the quantitative analysis of the closeness of the asymptotic
solutions to exact SG solutions.
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