arXiv:math/0701575v2 [math.DS] 7 Mar 2007

Singularly Perturbed Monotone Systems and an Application to Double
Phosphorylation Cycles

Liming Wang and Eduardo Sontag*'

July 10, 2018

Abstract

The theory of monotone dynamical systems has been found very useful in the modeling of some
gene, protein, and signaling networks. In monotone systems, every net feedback loop is positive. On
the other hand, negative feedback loops are important features of many systems, since they are required
for adaptation and precision. This paper shows that, provided that these negative loops act at a
comparatively fast time scale, the main dynamical property of (strongly) monotone systems, convergence
to steady states, is still valid. An application is worked out to a double-phosphorylation “futile cycle”
motif which plays a central role in eukaryotic cell signaling.

1 Introduction

Monotone dynamical systems constitute a rich class of models, for which global and almost-global con-
vergence properties can be established. They are particularly useful in biochemical applications and also
appear in areas like coordination [28] and other problems in control [7]. One of the fundamental results
in monotone systems theory is Hirsch’s Generic Convergence Theorem [17) 18 [19] 37]. Informally stated,
Hirsch’s result says that almost every bounded solution of a strongly monotone system converges to the
set of equilibria. There is a rich literature regarding the application of this powerful theorem, as well as
of other results dealing with everywhere convergence when equilibria are unique (9} 221 37]), to models of
biochemical systems. See for instance [39), 40] for expositions and many references.

Unfortunately, many models in biology are not monotone, at least with respect to any standard orthant
order. This is because in monotone systems (with respect to orthant orders) every net feedback loop should
be positive, but, on the other hand, in many systems negative feedback loops often appear as well, as they
are required for adaptation and precision. However, intuitively, negative loops that act at a comparatively
fast time scale should not affect the main characteristics of monotone behavior. The main purpose of this
paper is to show that this is indeed the case, in the sense that singularly perturbed strongly monotone
systems inherit generic convergence properties. A system that is not monotone may become monotone once
that fast variables are replaced by their steady-state values. In order to prove a precise time-separation
result, we employ tools from geometric singular perturbation theory.

This point of view is of special interest in the context of biochemical systems; for example, Michaelis
Menten kinetics are mathematically justified as singularly perturbed versions of mass action kinetics [11],
29]. One particular example of great interest in view of current systems biology research is that of “futile
cycle” motifs, as illustrated in Figure[ll As discussed in [34], futile cycles (with any number of intermediate
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Figure 1: Dual futile cycle. A substrate Sy is ultimately converted into a product P, in an “activation”
reaction triggered or facilitated by an enzyme E, and, conversely, P is transformed back (or “deactivated”)
into the original Sy, helped on by the action of a second enzyme F.

steps, and also called substrate cycles, enzymatic cycles, or enzymatic interconversions) underlie signal-
ing processes such as GTPase cycles [10], bacterial two-component systems and phosphorelays [3| [15] actin
treadmilling [6]), and glucose mobilization [24], as well as metabolic control [41] and cell division and apop-
tosis [42] and cell-cycle checkpoint control [26]. A most important instance is that of Mitogen-Activated
Protein Kinase (“MAPK”) cascades, which regulate primary cellular activities such as proliferation, differ-
entiation, and apoptosis [2} [5, 20, 46] in eukaryotes from yeast to humans. MAPK cascades usually consist
of three tiers of similar structures with multiple feedbacks [4], [I3], [47]. Here we focus on one individual
level of a MAPK cascade, which is a futile cycle as depicted in Figure[Il The precise mathematical model is
described later. Numerical simulations of this model have suggested that the system may be monostable or
bistable, see [27]. The later will give rise to switch-like behavior, which is ubiquitous in cellular pathways
([14], 32], 35, [36]). In either case, the system under meaningful biological parameters shows convergence,
not other dynamical properties such as periodic behavior or even chaotic behavior. Analytical studies done
for the quasi-steady-state version of the model (slow dynamics), which is a monotone system, indicate that
the reduced system is indeed monostable or bistable, see [31]. Thus, it is of great interest to show that,
at least in certain parameter ranges (as required by singular perturbation theory), the full system inherits
convergence properties from the reduced system, and this is what we do as an application of our results.

A feature of our approach, as in other control problems [1], [2I], is the use of geometric invariant
manifold theory [12, 23, B0]. There is a manifold M., invariant for the full dynamics of a singularly
perturbed system, which attracts all near-enough solutions. However, we need to exploit the full power of
the theory, and especially the fibration structure and an asymptotic phase property. The system restricted
to the invariant manifold M, is a regular perturbation of the slow (¢=0) system. As remarked in Theorem
1.2 in Hirsch’s early paper [I7], a C! regular perturbation of a flow with eventually positive derivatives
also has generic convergence properties. So, solutions in the manifold will generally be well-behaved, and
asymptotic phase implies that solutions near M. track solutions in M., and hence also converge to equilibria
if solutions on M, do. A key technical detail is to establish that the tracking solutions also start from the
“good” set of initial conditions, for generic solutions of the large system.

A preliminary version of these results was presented at the 2006 Conference on Decision and Control,
and dealt with the special case of singularly perturbed systems of the form:

& =f(z,y)
ey =Ay + h(x)

on a product domain, where A is a constant Hurwitz matrix and the reduced system & = f(x, — A~ h(z))
is strongly monotone. However, for the application to the above futile cycle, there are two major problems
with that formulation: first, the dynamics of the fast system have to be allowed to be nonlinear in y, and
second, it is crucial to allow for an e-dependence on the right-hand side as well as to allow the domain to
be a polytope depending on €. We provide a much more general formulation here.

We note that no assumptions are imposed regarding global convergence of the reduced system, which



is essential because of the intended application to multi-stable systems. This seems to rule out the appli-
cability of Lyapunov-theoretic and ISS tools [8], [43].

This paper is organized as follows. The main result is stated in Section 2l In Section B we review
some basic definitions and theorems about monotone systems. The detailed proof of the main theorem
can be found in Section @ and applications to the MAPK system and another set of ordinary differential
equations are discussed in Section Bl Finally, in Section 6] we summarize the key points of this paper.

2 Statement of the Main Theorem

In this paper, we focus on the dynamics of the following prototypical system in singularly perturbed form:

dx

dat :fo(x7y7‘€) (1)

E@_ (x,y,¢€)
dt_go 7y7 .

We will be interested in the dynamics of this system on a time-varying domain D.. For 0 < ¢ <« 1, the
variable x changes much slower than y. As long as € # 0, one may also change the time scale to 7 = t/¢,
and study the equivalent form:

dx

dr :€f0($,y,€) (2)
dy
E —90(5177:%5)-

Within this general framework, we will make the following assumptions (some technical terms will be
defined later), where the integer » > 1 and the positive number ¢ are fixed from now on:

Al Let U C R™ and V C R™ be open and bounded. The functions
fo:UxV x[0,e0] = R"

go: U xV x[0,69] = R™

are both of class C}, where a function f is in C} if it is in C" and its derivatives up to order r as
well as f itself are bounded.

A2 There is a function
my:U—>V

of class Cy, such that go(z, mo(x),0) =0 for all z in U.

It is often helpful to consider z = y — mp(x), and the fast system (2]) in the new coordinates becomes:

dx

P efi(x, z,€) (3)
dz

E - 91(33,2,5),



where

filz, z,e) = folz, z + mo(x),e),
g1(x, z,e) = go(x, z + mo(x),e) — e[Dymo(2)] f1(x, 2, €).

When ¢ = 0, the system (B]) degenerates to
— =q1(z,2,0), z(r) ==z €U, (4)
seen as equations on {z |z + mo(zg) € V'}.

A3 The steady state z = 0 of (@) is globally asymptotically stable on {z |z + mg(xg) € V'} for all 9 € U.
A4 All eigenvalues of the matrix Dygo(x, mo(z),0) have negative real parts for every x € U, i.e. the
matrix Dygo(z, mo(x),0) is Hurwitz on U.

A5 There exists a family of convex compact sets D. C U x V', which depend continuously on e € [0, g,
such that () is positively invariant on D, for € € (0, q].

A6 The flow ) of the limiting system (set ¢ = 0 in ()):

dx

E :fo(l‘,mo(IE),O) (5)

has eventually positive derivatives on K, where Ky is the projection of

Do W(x,9) |y = mo(x),z € U}
onto the z-axis.

A7 The set of equilibria of () on D, is totally disconnected.

Remark 1 Assumption A3 implies that y = mg(x) is a unique solution of go(x,y,0) =0 on U.
Continuity in A5 is understood with respect to the Hausdorff metric.

In mass-action chemical kinetics, the vector fields are polynomials. So, A1l follows naturally.

Our main theorem is:

Theorem 1 Under assumptions A1l to A7, there exists a positive constant e* < g9 such that for each € €
(0,e*), the forward trajectory of () starting from almost every point in D, converges to some equilibrium.

3 Monotone Systems of Ordinary Differential Equations

In this section, we review several useful definitions and theorems regarding monotone systems. As we
wish to provide results valid for arbitrary orders, not merely orthants, and some of these results, though
well-known, are not readily available in a form needed for reference, we provide some technical proofs.

Definition 1 A nonempty, closed set C C RN is a cone if



1.C+CcCC,
2. R, C CC,

3. CN(~C) = {0}.

We always assume C' # {0}. Associated to a cone C is a partial order on RY. For any z,y € RY, we
define:

r>2ysr—yel

r>yesx—yelCax#y.

When IntC' is not empty, we can define

r>yesr—yelntC.

Definition 2 The dual cone of C is defined as

= {xe ®RY)"[AC) = 0}.

An immediate consequence is

zreCe \Nz)>0,Vrel”
z € IntC < A(z) > 0,VA € C*\ {0}.

With this partial ordering on R, we analyze certain features of the dynamics of an ordinary differential
equation:

dz

— =F(z 6
= = F(), (6)
where F' : RV — R is a C! vector field. We are interested in a special class of equations which preserve
the ordering along the trajectories. For simplicity, the solutions of (6] are assumed to exist for all ¢ > 0 in
the sets considered below.

Definition 3 The flow ¢; of (@) is said to have (eventually) positive derivatives on a set V. C RN, if
[D,¢(2)]|x € IntC for allx € C\{0},z €V, andt >0 (t >ty for some ty > 0).

It is worth noticing that [D,¢(z)]z € IntC' is equivalent to A([D,¢¢(z)]z) > 0 for all A € C* with norm
one. We will use this fact in the proof of the next lemma, which deals with “regular” perturbations in the
dynamics. The proof is in the same spirit as in Theorem 1.2 of [I8], but generalized to the arbitrary cone

C.

Lemma 1 AssumeV C RY is a compact set in which the flow ¢; of () has eventually positive derivatives.
Then there exists § > 0 with the following property. Let vy denote the flow of a C* vector field G such that
the C' norm of F(z) — G(z) is less than & for all z in V. Then there exists t, > 0 such that if Ps(z) € V
for all s € [0,t] where t > t,, then [D,¢(z)]x € IntC' for all z € V and x € C'\ {0}.



Proof. Pick tg > 0 so that A\([D,¢:(2)]z) > 0 for all t > tg,z € V,\ € C*,z € C with [\ = 1,]z| = 1.
Then there exists 6 > 0 with the property that when the C! norm of F(z) — G(z) is less than §, we have
AM[D:(2)]x) > 0 for tg <t < 2tg.

When t > 2ty, we write t = r + kto, where to) < r < 2tp and k € N. If ¢)4(z) € V for all s € [0,], we
can define z; := 14, (2) for j =0,...,k. For any z € C'\ {0}, using the chain rule, we have:

[D=tpi(2)] = [Dathr (20)[[D2 s (2r-1)] - - - [D21hr (20)] -
By induction, it is easy to see that [D,y¢(z)]x € IntC. n

Corollary 1 If V is positively invariant under the flow ¢, then v, has eventually positive derivatives in
V.

Proof. If V is positively invariant under the flow 14, then for any z € V the condition ¢4(z) € V for
s € [0,t] is satisfied for all ¢ > 0. By the previous lemma, 1, has eventually positive derivatives in V. 1

Definition 4 The system (@) or the flow ¢ of (@) is called monotone (resp. strongly monotone) in a set
W C RN, if for all t >0 and 21,20 € W,

21 > 20 = ¢(21) > di(22)
(resp. ¢1(z1) > ¢(22) when z1 # z9).
It is eventually (strongly) monotone if there exists to > 0 such that ¢, is (strongly) monotone for all t > tg.

Definition 5 An set W C RY is called p-convex, if W contains the entire line segment joining x and y
whenever x <y, x,y € W.

The next two propositions discuss the relations between the two definitions, (eventually) positive derivatives
and (eventually) strongly monotone.

Proposition 1 Let W C RY be p-convex. If the flow ¢; has (eventually) positive derivatives in W, then
it is (eventually) strongly monotone in W.

Proof. For any z1 > z9 € W, A € C*\{0} and t > 0 (¢t > t( for some ty > 0), we have that A(¢¢(z1) — Pe(22))
equals

1
/ A[Dzoe(sz1 + (1 — s)22)](21 — 22))ds > 0.
0
Therefore, ¢, is (eventually) strongly monotone in W. |

Proposition 2 Suppose ¢; is (eventually) strongly monotone on an open set U C RN. Then ¢; has
(eventually) positive derivatives in U.

Proof. Fix t > 0 such that ¢; as a function from U to R¥ is strongly monotone (i.e. ¢:(z1) > ¢¢(22),
whenever z1 > zg, 21 # 29 in U).

For any A € C*\ {0},z € C'\ {0}, and z € U,
M[D2¢r(2)]z) = lim h™ Nz + ha) — du(2)).-

If h > 0 is small enough such that z+ha € U, then we have A(¢¢(z+ha)—¢.(2)) > 0. Thus A\([D.¢¢(2)]z) >
0, and [D,¢¢(z)]x € IntC. n



Lemma 2 Suppose that the flow ¢ of (@) has compact closure and eventually positive derivatives in a
p-convex set W C RN, If the set of equilibria is totally disconnected (e.g. countable), then the forward
trajectory starting from almost every point in W converges to an equilibrium.

Proof. By Proposition Il ¢; is eventually strongly monotone. The result easily follows from Hirsch’s
Generic Convergence Theorem ([19], [37]). ]

4 Details of the Proof

Our approach to solve the varying domain problem is motivated by Nipp [30]. The idea is to extend the
vector field from U x V x [0,¢] to R™ x R™ x [0, &g, then apply geometric singular perturbation theorems
([33]) on R™ x R™ x [0, &p], and finally restrict the flows to D, for the generic convergence result.

4.1 Extensions of the vector field

For a given compact set K C R" (Ky C K C U), the following procedure is adopted from [30] to extend
a (] function with respect to the = coordinate from U to R", such that the extended function is Cj and
agrees with the old one on K. This is a routine “smooth patching” argument.

Let Uy be an open subset of U with C" boundary and such that K C Uy C U. For ©¢y > 0 sufficiently
small, define
UP? .= {z € U |O(x) > Oy}, where O(z) := min |z — ul,

uecdlUy
such that K is contained in U1® Y. Consider the scalar C*° function p:
0 a<0
pla) =< exp(l —exp(a—1)/a) 0<a<1
1 a> 1.
Define
0 x e R\ U;
Ox) =14 O(z) zeU \U>
O x € Uleo,
and A
< O(x)
O(x) := .
(@) = p(5~)
For any q € CJ(U), let
_ v Jql@) zel; N ==
q(x) = { 0 2 E R\ T, and g(z) = O(x)q(z)

Then g(x) € C}(R") and g(z) = ¢(x) on K.
We fix some dg > 0 such that

Dy, i={z € R™|[2] < dp} C () {z]2+mo(z) € V}.
zeK



Then we extend the functions f; and mg to fi and mq respectively with respect to = in the above way. To
extend g1, let us first rewrite the differential equation for z as:

Z—j =[B(z) + C(z,2)]z + eH(x,2,¢) — e[Dymo(x)] f1(z, 2, €),

where
B(x) = Dygo(z, mo(x),0) and C(z,0) = 0.
Following the above procedures, we extend the functions C and H to C and H, but the extension of B is
defined as ~
B(z) := O(z)B(z) — p(1 — 6(2))1n,
where 1 is the positive constant such that the real parts of all eigenvalues of B(x) is less than —u for every

x € K. According to the definition of B(z), all eigenvalues of B(x) will have negative real parts less than
—u for every x € R™. The extension g;, defined as:

[B(x) + C(z,2)]z +eH(x,z,¢) — e[Damo(z)] f1(z, 2, €),

is then Cf ~H(R™ x Dy, x [0,¢0]) and agrees with g on K x Dy, x [0, o).

To extend functions f; and g; in the z direction from DdO to R™, we use the same extension technlque
but with respect to z. Let us denote the extensions of f,C, H and the function z = z by f1,C, H and 2
respectively, then define g; as:

[B(z) + C(,2)|3(2) + eH (@, 2, ) — e[ Damo(@)]f1(z, 2, ),

which is now Cf ~H(R™ x R™ x [0, £0]) and agrees with g1 on K x Dy, x [0, £o] for some d; slightly less than
do. Notice that z = 0 is a solution of g;(x,z,0) = 0, which guarantees that for the extended system in
(z,y) coordinates (y = z + mo(z)):

dx

E - Ef(x7y7‘€) (7)
dy

E _g(xayag)v

y = mo(x) is the solution of g(z,y,0) = 0. To summarize, (7)) satisfies

E1 The functions
feCHR" x R™ x [0,e9]),

g€ C’g_l(R” x R™ x [0, e0]),
mo € Cy (R™), g(x,mo(x),0) =0, Yo € R"™.

E2 All eigenvalues of the matrix Dyg(x, mo(x),0) have negative real parts less than —pu for every x € R™.

E3 The function mq coincides with mg on K, and the functions f and g coincide with fy and gg respectively
on
Q4 = {(z,y) |z € K, [y —mo(2)| < dr}.

Conditions E1 and E2 are the assumptions for geometric singular perturbation theorems, and condition
E3 ensures that on Qg4 the flow of (2) coincides with the flow of (7). If we apply geometric singular
perturbation theorems to (7)) on R™ x R™ x [0, gg], the exact same results are true for (2) on Q4,. For the
rest of the paper, we identify the flow of (7] and the flow of (2] on €4, without further mentioning this
fact.(Later, in Lemmas [{7] when globalizing the results, we consider again the original system.)



4.2 Geometric singular perturbation theory

The theory of geometric singular perturbation can be traced back to the work of Fenichel [12], which first
revealed the geometric aspects of singular perturbation problems. Later on, the works by Knobloch and
Aulbach [25], Nipp [30], and Sakamoto [33] also presented results similar to [I2]. By now, the theory
is fairly standard, and there have been enormous applications to traveling waves of partial differential
equations, see [23] and the references there. For control theoretic applications, see [1 21].

To apply geometric singular perturbation theorems to the vector field on R"™ x R™ x [0, g}, we use the
theorems stated in [33]. The following lemma is a restatement of the theorems in [33], and we refer to [33]
for the proof.

Lemma 3 Under conditions E1 and E2, there exists a positive €1 < £g such that for every e € (0,e1]:

1. There is a C’g_l function
m: R" x [0,e;] = R™
such that the set M. defined by
M, := {(z,m(z,¢)) |z € R"}

is invariant under the flow generated by (7). Moreover,

sup |m(z,e) — mo(x)| = O(e), ase — 0.
Tz€ER™

In particular, we have m(x,0) = mo(x) for all x € R™.

2. The set consisting of all the points (xg,yo) such that

uT

Sglg ’y(Ta Zo, yO) - m(w(T, Zo, y0)7 E) ’6 4 < oo,
where (z(7;20,Y0), y(T;20,Y0)) is the solution of (@) passing through (zo,yo) at 7 =0, is a C"~'-
immersed submanifold in R™ x R™ of dimension n + m, denoted by W*5(My).

3. There is a positive constant &g such that if

Sl;%) ly(7s 20, y0) — m(x(75 20, 90),€)| < do,
T_

then (zo,y0) € W*(M.).
4. The manifold W*(M.) is a disjoint union of C™~'-immersed manifolds W2(€) of dimension m:
We (M) = | W2 ).
EeRn
For each £ € R™, let H.(§)(7) be the solution for 7 > 0 of

o _
dr
Then, the manifold W2 (€) is the set

ef(z,m(z,e),e), z(0)=¢ € R™

{(x()?yO) ‘ sup ‘j(T)le% < 00, sup ‘g(T)’e% < 00}7
720 7>0

9



where

= z(7;w0,%0) — H:()(7),
§(1) = y(r; 20, y0) — m(H-(£)(7),€).

5. The fibers are “positively invariant” in the sense that W2(H:(£)(7)) is the set

{(z(7;20,90), y(T; 20, %0)) | (z0, y0) € WZ(€)}

for each T > 0, see Figure[2.

6. The fibers restricted to the &y neighborhood of M., denoted by W25, can be parametrized as follows.

There are two Cy ~1 functions
PE,50 : R™ x D50 — R"”

Q&go ‘R™ x D50 — Rm,

and a map
T€,50 : R™ x D50 — R" x R™

mapping (€,m) to (z,y), where
T = g + PE,&Q(&)U% Yy = m(m,s) + QE,&()(&)U)

such that
58760 (5) = TE,50 (67 D(So)'

Remark 2 The g in property 3 can be chosen uniformly for e € (0,e9]. Without loss of generality, we
assume that g < dj.

Notice that property 4 insures that for each (xo,y0) € W*(M,), there exists a £ such that
"T(Ta x07y0) - HE(g)(T)‘ — 07

ly(73 20, y0) — m(H=(&)(7),€)| — 0.
ast — 0. This is often referred as the “asymptotic phase” property, see Figure [2.

4.3 Further analysis of the dynamics
The first property of Lemma [Bl concludes the existence of an invariant manifold M.. There are two reasons
to introduce M,. First, on M. the z-equation is decoupled from the y-equation:

Ccll_f :f(a;,m(x,a),s) (8)

y(t) = m(x(t),e).

This reduction allows us to analyze a lower dimensional system, whose dynamics may have been well
studied. Second, when ¢ approaches zero, the limit of (&) is (&) on Ky. If (@) has some desirable property,
it is natural to expect that this property is inherited by (§]). An example of this principle is provided by
the following Lemma:

10



Figure 2: An illustration of the “positive invariant” and “asymptotic phase” properties. Let pg be a point
on the fiber W2(qo) (vertical curve). Suppose the solution of () starting from gy € M, evolves to q; € M,
at time 71, then the solution of (7)) starting from py will evolve to py € W2(q1) at time 7;. At time 79, they
evolve to o, po respectively. These two solutions are always on the same fiber. If we know that the one
starting from ¢g converges to a equilibrium, then the one starting from pg also converges to a equilibrium.

Lemma 4 There exists a positive constant ey < £1, such that for each € € (0,e3), the flow ¥ of (8) has
eventually positive derivatives on K., which is the projection of M. () D. to the x-azis.

Proof. Assumption A6 states that the flow ¢ of the limiting system (Bl has eventually positive derivatives
on K. By the continuity of m(z,¢) and D, at e=0, we can pick g5 small enough such that the flow 1Y has
eventually positive derivatives on K. for all £ € (0,e3). Applying Corollary [I, we conclude that the flow
¥f of (8) has eventually positive derivatives on K. provided K. is positively invariant under (&), which
follows easily from the facts that () is positively invariant on D. and M, is an invariant manifold. |

The next Lemma asserts that the generic convergence property is preserved for (), see Figure Bl

Figure 3: This is a sketch of the manifolds M (surface bounded by dashed curves), M, (surface bounded
by dotted curves), and D, (the cube). It highlights two major characters of M. First, M. is close to M.
Second, the trajectories on M, converge to equilibria if those on My do.

Lemma 5 For each e € (0,e9), there exists a set C. C K. such that the forward trajectory of (&) starting
from any point of C. converges to some equilibrium, and the Lebesgue measure of K. \ C; is zero.

11



Proof. Apply Lemma 2] and Lemma [ under assumptions A5 and A7. n

By now, we have discussed flows restricted to the invariant manifold M.. Next, we will explore the
conditions for a point to be on W?*(M,), the stable manifold of M.. Property 3 of Lemma [ provides a
sufficient condition, namely, any point (xg,yo) such that

sup ly(73 20, y0) — m(x(7; 20, o), €)| < do 9)
T_

is on W*5(M,). In fact, if we know that the difference between yo and m(zo,¢) is sufficiently small, then
the above condition is always satisfied. More precisely, we have:

Lemma 6 There ezists €3 > 0,69 > d > 0, such that for each ¢ € (0,e3), if the initial condition satisfies
lyg — m(zo,e)| < d, then @) holds, i.e. (xg,y0) € W*(M,).

Proof. Follows from the proof of Claim 1 in [30]. n

Before we get further into the technical details, let us give an outline of the proof of the main theorem.
The proof can be decomposed into three steps. First, we show that almost every trajectory on D, () M.
converges to some equilibrium. This is precisely Lemma Bl Second, we show that almost every trajectory
starting from W*5(M.) converges to some equilibrium. This follows from Lemma [0l and the “asymptotic
phase” property in Lemma [3] but we still need to show that the set of non-convergent initial conditions is
of measure zero. The last step is to show that all trajectories in D, will eventually stay in W?*(M;), which
is our next lemma:

Lemma 7 There exist positive 19 and €4 < €3, such that (z(19),y(10)) € W5 (M) for all € € (0,e4), where
(z(7),y(7)) is the solution to (2l) with the initial condition (xy,yo) € De.

Proof. Tt is convenient to consider the problem in (z,z) coordinates. Let (z(7),z(7)) be the solution to
@) with initial condition (zg, zo), where zg = yo — m(xo,0). We first show that there exists a 7y such that
|z(70)| < d/2.

Expanding g;(z, z,€) at the point (x¢, z,0), the equation of z becomes

dz N 891
pri g1(zo, 2,0) + 87(57270)(35 —x0) +eR(7,2,¢)

for some £(7) between zy and x(7) (where £(7) can be picked continuously in 7). Let us write

2(r) = 2%(7) + w(r),

where 29(7) is the solution to (@) with initial the condition 2°(0) = 2o, and w(7) satisfies

2—2:291(11707»%0) g1(z0,2°,0) + 8 (£,z 0)(z — z9) + eR(z, z,€) (10)
%qzl(xoyfa )w+€— §,2,0) / fi(z ,€)ds +eR(x,z,¢€),

with the initial condition w(0) = 0 and some ((7) between z°(7) and z(7) (where ((7) can be picked
continuously in 7).

By assumption A3, there exist a positive 7y such that |2°(7)| < d/4 for all 7 > 7. Notice that we are
working on the compact set D., so 7y can be chosen uniformly for all initial conditions in D..
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We write the solution of (10) as:

T 0g

wir) = [ e owds+< [ (26,20 / i@, 2,6) ds' + Rw, 2,)) ds.

Since the functions fi, R and the derivatives of ¢g; are bounded on D, we have:

mﬁﬂg/LmM&m/‘Oﬁ/ Mm§+M0d&
0 0 0

for some positive constants L, M;, i = 1,2,3. The notation |w| means the Euclidean norm of w € R™.

Moreover, if we define
a(T) :/ <M1/ My ds'+M3) ds,
0 0

|Mﬂ§ALM@+mm%

then

for all 7 € [0,70] as « is increasing in 7. Applying Gronwall’s inequality ([38]), we have:

[w(r)| < ea(r)e™,

which holds in particular at 7 = 7y. Finally, we choose g4 small enough such that ea(rp)e*™ < d/4 and
|m(x,e) —m(x,0)] < d/2 for all € € (0,e4). Then we have:
ly(10) —m(2(10), )| < [y(70) — m(z(70),0)[ + [m(z(70), &) — m(z(70), 0)]
< |z(0)| +d/2
<d/2+d/2 =d.
That is, (xz(70),y(70)) € W*(M.) by Lemma [6l |

By now, we have completed all these three steps, and are ready to prove Theorem [Il

4.4 Proof of Theorem [I]

Proof. Let ¢* = min{eq,e4}. For e € (0,e*), it is equivalent to prove the result for the fast system (2)).
Pick an arbitrary point (zg, o) in D., and there are three cases:

1. yo = m(zg,¢), that is, (xg,y0) € M:()D.. By Lemma [0 the forward trajectory converges to an
equilibrium except for a set of measure zero.

2. 0 < |yo — m(xg,€)| < d. By Lemma [6 we know that (xg,yo) is in W*¥(M.). Then, property 4 of
Lemma [3 guarantees that the point (xo, yo) is on some fiber W7 ,(£), where { € K. If { € C, that is,
the forward trajectory of £ converges to some equilibrium, then by the “asymptotic phase” property
of Lemma [B] the forward trajectory of (xg,yo) also converges to an equilibrium. To deal with the
case when £ is not in C,, it is enough to show that the set

Boa= |J W2

§EKN\Ce
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has measure zero in R™". Define
Sed = (K:\ C:) x Dg.

By Lemma[5], K.\ C: has measure zero in R”, thus S, 4 has measure zero in R"” x R™. On the other
hand, property 6 in Lemma [3limplies B, 4 = T; 4(S¢,q). Since Lipschitz maps send measure zero sets
to measure zero sets, B, 4 is of measure zero.

3. |lyo — m(zp,€)| > d. By Lemma/[7, the point (x(To),y(To)) is in W#(M.) and we are back to case 2.
The proof is completed if the set ¢, (B.q) has measure zero, where ¢7 is the flow of (). This is
true because ¢7 is a diffeomorphism for any finite 7.

5 Applications

5.1 An application to the dual futile cycle

We assume that the reactions in Figure [ follow the usual enzymatic mechanism ([13]):

k s
SO+E<:1’01 B+ E—C M, + B
—1 -3

h h
SQ—I-FhiC:gigsl—l-FéCZgSO—I-F.
1 -3

There are three conservation relations:

Stot = [So] + [S1] + [S2] + [C1] + [Ca] + [C4] + [C3],
Eio = [E] + [Ol] + [02]7

where brackets indicate concentrations. Based on mass action kinetics, we have the following set of ordinary
differential equations:

%STO] = ha[C4] — k1 [So] [E] + k-1[C1]

dgiﬂ = ka[Co] — M [Sa][F] + h_1[C]

M) b Soll] — (ko + )] "
d[d(f] = ks[S1][E] — (k_s + k4)[Cs]

d[d(id = h3[S1][F] = (h—s + ha)[C4]

dgi:a] = h1[S2)[F] — (h_1 + h9)[C5).
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After rescaling the concentrations and time, (IIJ) becomes:

dx
d—tl = —k1Stor1(1 — y1 — y2) + k—1y1 + hacys
dx
d—t2 = —h1Sorcro(1 — Y3 — ya) + h_1cys + kayo
d
T = kuShorm1(1 =y = ya) = (ko1 + ko) (12)
d
s% = k3Stot(1 — 21 — 20 —ey1 — eya — ecys —ecys) X (1 —y1 — y2) — (k—3 + k4)yo
d
6% = h3Sior(1 — 21 — 22 — eyr —eya —ecys —ecya) X (1 —ysz —ya) — (h-z + ha)ys
d
6% = h1Storx2(1 — y3 — ya) — (h—1 + ha)ya,
where
R ) SR ) I, )
Stot ’ Stot ’ Etot ’ Etot ’
L_lel (Gl Bw o Fu
F;tot ’ Ftot ’ Stot ’ Etot ’ ’

These equations are in the form of (Il). The conservation laws suggest taking eg = 1/(1 4 ¢) and

DE :{($1,$27y1,y2,937y4)|0 §y1+y2 S 170 §y3+y4 é 17
21 >0,290>0,0<x1+22+e(y1 +y2+cys +cys) < 1}.

For € € (0,¢g], taking the inner product of the normal of 9D, and the vector field, it is easy to check that
([I2) is positively invariant on D., so A5 holds. We want to emphasize that in this example the domain
D, is a convex polytope varying with €.

It can be proved that on D, system (12) has at most a finite number of steady states, and thus A7 holds.
This is a consequence of a more general result, proved using some of the ideas given in [16], concerning the
number of steady states of more general systems of phosphorylation/dephosphorylation reactions, see [45].

Solving go(z,y,0) = 0, we get

x1
Y1 = )
Emi | Kmi(1—z1—22)
Stot + Km2 + le
Kmi(l—z1—x2)
y2 — Km2
Ko Kmi(l—z1—x2) ’
Stot + Ko + 21
Km3(1—xz1—x2)
y — K'm4
3 " Kpa | Kms(l—z1-23) + oz
Stot Kina 2
€2
Ys = s
K3 Km3(1—z1—x2)
Stot + King + T2

where K1, Ko, K3 and K4 are the Michaelis-Menten constants defined as

k_1+ ko K2:/€_3+k4 ngh—1+h2 K4:h_3+h4

K, =
! k1 k3 h1 h3

15



Now, we need to find a proper set U C R? satisfying assumptions A1-A4. Suppose that U has the
form
U={(r1,22) |21 > —0, 20> —0, 21+ 12 < 1+ 0},

for some positive o, and V is any bounded open set such that D, is contained in U x V, then A1 follows
naturally. Moreover, if

L . { Klem2 Km3Km4 }
o < 0p :=min )

Stot(Kml + [(m2)7 Stot(Km3 + Km4)

A2 also holds. To check A4, let us look at the matrix:

where

By(x) = —k1Storx1 — (k=1 + k2) —k1Stot 21
! —k3Siot(1 —x1 —x2)  —k3Siot(1 — a1 —x2) — (k—3 + k4) )’

and
By(w) = ( TSl mw = m2) = (gt ) —haSior(1 = a1 — )
2 —h1Stor2 —h1Stotx2 — (h—1 +hy ) °

If both matrices B; and By have negative traces and positive determinants, then A4 holds.

Let us consider By first. The trace of By is
—k1Siorw1 — (k=1 + k2) — k3Sior(1 — 21 — 22) — (k_3 + ky).

It is negative provided that
k_i+ko+k_s+ky

o <
- Stot (k1 + k3)

The determinant of By is
k1 (k_g + /<:4)Stota:1 + kg(k_l + kg)Stot(l — T — xg) + (k_l + k‘g)(k‘_g + k‘4).

It is positive if
o< (k‘_l + k’z)(k‘_g + k‘4)
~ Siot (kl(k‘_g + k4) + kg(k‘_l + k‘g))

The condition for By can be derived similarly. To summarize, if we take

. { k_i+ko+k_s+ky (k—1 + ka)(k—3 + k4)
o = min { oy, ; )
Siot (k1 + k3) Stot (k1 (k—3 + k) + kg(k_1 + k2))
h_14+hy+h_3+hy (h_l + hg)(h_g + hy) }
Stot(P1+h3) 7 Syor(hi(h—3 + hy) + h3(h_1 + h2))

then the assumptions A1, A2 and A4 will hold.

Notice that ¢ in (I2) is linear in y when & = 0, so ¢g; (defined as in (3])) is linear in z, and hence the

equation for z can be written as:

dz
i B(xg)z, xo €U,

where the matrix B(zg) is Hurwitz for every zo € U. Therefore, A3 also holds.
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To check A6, let us look at the reduced system (¢ = 0 in ([I2)):

d:l?l k?g:l?l h4CKm3(1_x1_x2)

Km4 F

— = = T1,T 13
dt Kot + K1 (1—z1—22) +x + K3 + Km3(l—z1—x2) +r 1( L 2) ( )

Stot K2 1 Stot Kima 2

Kmi(l—z1—x2)

dry hocxo N R s = Fy(z1,22)
dt Kps | KEms(1—z1-x2) K1 | Kmi(1—z1—x2) : 2)

SZL + King + T2 StZt + Ko + 21

It is easy to see that F is strictly decreasing in xo, and Fb is strictly decreasing in x; on
Ko ={(x1,22) |x1 > 0,29 > 0,21 + 22 < 1}.
So, (I3) is strongly monotone on some open set W containing K\ with respect to the cone
{(z1,22) |21 < 0,29 > 0}.

Applying Lemma [2] the flow of (I3]) has eventually positive derivatives on Ky (C W), and A6 is valid.

So the system formulated in the form of (I2]) satisfies all assumptions A1l to A7. Applying Theorem
[0, we have:

Theorem 2 There exist a positive e* < gy such that for each ¢ € (0,&*), the forward trajectory of (2
starting from almost every point in D converges to some equilibrium.

In fact, since the reduced system is of dimension two, we know that every trajectory in D., instead of
almost every trajectory in D, converges to some equilibrium ([19]).

It is worth pointing out that the conclusion we obtained from the above theorem is only valid for
small enough ¢; that is, the concentration of the enzyme should be much smaller than the concentration
of the substrate. Unfortunately, this is not always true in biological systems, especially when feedbacks
are present. However, if the sum of the Michaelis-Menten constants and the total concentration of the
substrate are much larger than the concentration of enzyme, a different scaling:

[SO] [52] r_ Etot t — 7’6/,

1= — =

A0 2T f T T

where A = Sior + K1 + Ko + Kiig + King will allow us to obtain the same convergence result.

5.2 Another example

The following example demonstrates the importance of the smallness of . Consider an m + 1 dimensional
System:

dx
dyi .
ey = diy; — ai(x), d; >0, i1=1,...,m.

under the following assumptions:

1. There exists an integer r > 1 such that the derivatives of 7, 3, and «; are of class Cj for sufficiently
large bounded sets.
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2. The function f(x) is odd, and it approaches infinity as x approaches infinity.
3. The function «;(x) (i = 1,...,m) is bounded by positive constant M; for all x € R.
4. The number of roots to the equation

Y (x), ... am(2)) = B(x)

is countable.

We are going to show that on any large enough region, and provided that ¢ is sufficiently small, almost
every trajectory converges to an equilibrium. To emphasize the need for small €, we also show that when
€ > 1, limit cycles may appear.

Assumption 4 implies A7, and because of the form of (I4]), A3 and A4 follow naturally. A6 also holds,
as every one dimensional system is strongly monotone. For A5, we take

D. ={(z,y)||z| <a,|y;| <bj,i=1,...,m},

where b; is an arbitrary positive number greater than J‘f; and a can be any positive number such that

5((1) > Np := max 7(3/17' .. 7ym)
ly:|<b;

Picking such b; and a assures

i.e. the vector field points transversely inside on the boundary of D.. Let U and V be some bounded open
sets such that D, C U x V, and assumption 1 holds on U and V. Then A1 and A2 follow naturally. By
our main theorem, for sufficiently small ¢, the forward trajectory of (I4]) starting from almost every point
in D, converges to some equilibrium.

On the other hand, convergence does not hold for large €. Let

3

B(x) = 3~ z, aj(z) =2tanhx, m=1, v(y1) =y1, d1 = L.

It is easy to verify that (0,0) is the only equilibrium, and the Jacobian matrix at (0,0) is

(e -1 )

When ¢ > 1, the trace of the above matrix is 1 — 1/e > 0, its determinant is 1/e > 0, so the (only)
equilibrium in D is repelling. By the Poincaré-Bendixson Theorem, there exists a limit cycle in D.

6 Conclusions

Singular perturbation techniques are routinely used in the analysis of biological systems. The geometric
approach is a powerful tool for global analysis, since it permits one to study the behavior for finite ¢
on a manifold in which the dynamics is “close” to the slow dynamics. Moreover, and most relevant to
us, a suitable fibration structure allows the “tracking” of trajectories and hence the lifting to the full
system of the exceptional set of non-convergent trajectories, if the slow system satisfies the conditions of
Hirsch’s Theorem. Using the geometric approach, we were able to provide a global convergence theorem
for singularly perturbed strongly monotone systems, in a form that makes it applicable to the study of
double futile cycles.
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