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Regularity of traveling free surface water waves with vorticity
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Abstract We prove real analyticity of all the streamlines, including the free surface, of
a gravity- or capillary-gravity-driven steady flow of water over a flat bed, with a Hélder
continuous vorticity function, provided that the propagating speed of the wave on the
free surface exceeds the horizontal fluid velocity throughout the flow. Furthermore, if the
vorticity possesses some Gevrey regularity of index s, then the stream function admits the
same Gevrey regularity throughout the fluid domain; in particular if the Gevrey index s
equals to 1, then we obtain analyticity of the stream function. The regularity results hold
for both periodic and solitary water waves.
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1. Introduction

Recently, water waves with vorticity, also called rotational waves, are investigated
extensively. There have been a series of works concerning rotational waves, including
existence results for small- and large-amplitude waves [4, |6, |7, [11, 12, 21], as well as
results on uniqueness and symmetry, analyticity of wave profile [3, 8, 110, [18, [19], and so
on. The present work is mainly concerned with the analyticity or regularity results for
rotational water waves, with or without surface tension.

Assuming that the vorticity function is Holder continuously differentiable, Con-
stantin and Strauss [4] proved, by using methods of bifurcation theory, the existence of
global bifurcation branches consisting of periodic water waves which travel above a flat
bottom with constant speed exceeding that of the water particles enclosed by the wave.
The assumption that the wave speed exceeds that of the water particles is supported by
field evidence [17], and means that the waves are not near breaking or stagnation. We
consider such waves as well in this paper.

In the irrotational setting, a classical result due to Lewy [16] showed that irrota-
tional waves without stagnation points have real analytic profiles, by use of a generalized
Schwartz reflection principle. Recently, Constantin and Escher [3] generalized this result
to rotational case, and proved that, under the same assumption on the vorticity function
as in [4], namely Holder continuity of the first derivative, each streamline, except the free
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surface, is real analytic; if further the vorticity function is real analytic, then the free
surface itself is also analytic. The arguments in [3] base on translational invariance prop-
erty of the resulting operator in the direction of wave propagation, and the celebrated
result due to Kinderlehrer et al. [15] on regularity for elliptic free boundary problems.
Later on, similar results as in [3] are obtained for deep-water waves [19], flows with merely
bounded vorticity [18], solitary-water waves [14], and for periodic capillary-gravity waves
18,19, [10] where it was shown that the wave profile is furthermore C*-smooth if the vortic-
ity function is Holder continuously differentiable. Note that in the aforementioned works
the analyticity of free surface is established under the extra assumption that the vorticity
function is analytic.

It is natural to expect the analyticity of the free surface for flows with only Hélder
continuous vorticity. This is what we will do in this work. Precisely, assuming that
the vorticity function is only Holder continuous, we obtain the real analyticity of all the
streamlines, including the free surface, of the steady flow over a flat bed in the absence
of stagnation points. As in the above works, we first use an appropriate hodograph
change of variable that transforms the free boundary value problem (corresponding in a
frame moving at the constant wave speed to the governing equations for water waves with
vorticity) into a nonlinear boundary problem for a quasi-linear elliptic equation in a fixed
rectangular domain. Then basing on some a priori Schauder estimates (see for instance
[5, Theorem 6.30], and [1] for general nonlinear elliptic equations with nonlinear oblique
boundary conditions), we show the analyticity of streamlines by giving successively a
quantitative bound for each derivative of the streamlines in the Holder norm.

We also study the case when the vorticity possesses more regularity property rather
than Holder continuity, namely Gevrey regularity of index s. Gevrey class is an intermedi-
ate space between the spaces of smooth functions and analytic functions, and the Gevrey
class function of index 1 is just the real-analytic function; see Subsection 2.2 below for
precise definition of Gevrey class. In this case we investigate Gevrey regularity of stream
function throughout the fluid domain. If the vorticity is Gevrey regular, we prove that
the stream function admits the same Gevrey regularity in the fluid domain, up to the free
surface; see Theorem 2.4 stated in Subsection 2.2l To obtain this, we firstly establish the
corresponding regularity for the height function in a fixed rectangular domain, and then
use the result of |2, Theorem 3.1] to show that the Gevrey regularity is preserved through
partial hodograph transformation.

We conclude this introduction by pointing out that our approach applies for both
periodic and solitary waves. For simplicity we consider in this work only flows with finite
depth. With suitable modifications, the methods may be employed to the periodic waves
on deep water with vorticity, constructed in |11, [13].

This paper is organized as follows. In Section 2l we formulate the rotational water-
wave problem as free boundary problem for stream function and its equivalent reformu-
lation in a fixed rectangular domain, and state our main regularity results. Notations



and some useful inequalities are listed. Section [3]is devoted to the proof of analyticity
of streamlines including the free surface. In Section Ml we study the Gevrey (analytic)
regularity of stream function. In the last section, Section [l we consider the travelling
capillary-gravity water waves, and obtain similar regularity results for streamlines and
stream function.

2. Preliminaries and main results

2.1. The governing equations for rotational water waves

Consider a steady two-dimensional flow of an incompressible inviscid fluid over a
rigid flat bed y = —d with 0 < d < oo, acted upon by gravity, and a steady wave on the
free surface of the flow. By steady, we mean that the flow and the surface wave move at
a constant speed from left to right without changing their configuration. In the frame of
reference moving at the wave speed ¢ > 0, let the z-axis point in the direction of wave
propagation, the free surface be given in the graph form by y = n(z) and let the liquid
occupy the stationary domain

Q={(z,y) eR*: —d <y < n(x)}.

Take y = 0 to represent the location of the undisturbed water surface. Let (u(z,y),v(z,v))
denote the velocity field, and define the stream function ¢ (z,y) by ¥(x,n(z)) =0 and

Tzz)y =u-—=_¢, ¢z = —. (1)

The flow is allowed to be rotational and characterized by the vorticity w = v, —u,. Consider
also only waves that are not near breaking or stagnation, so that

Yy (z,y) < -5<0 in Q (2)

for some § > 0, which implies that the vorticity w is globally a function of the stream
function ¢, denoted by v(—1); see [4]. The governing equations for the gravity water wave
problem are formulated as

Aw = _fY(_w)a (‘Tay) € Q? (3&)
Vol +2¢9(y+d) = Q,  y=nx), (3b)
v=0, y=n), (3¢)
Here g > 0 is the gravitational constant of acceleration, @ is a constant related to the
energy and
n(x)
Po = Yy(2,y) dy <0

—d



is the relative mass flux (independent of z). Moreover the wave profile n(x) represents
an unknown in the problem since it is a free surface. We refer to [4] for the detailed
derivation of the above system of governing equations.

The level sets {(z,y) : ¥(z,y) = constant} are streamlines of the fluid motion. Note
that the free surface and the rigid bottom are themselves streamlines in virtue of ([Bd) and
@Bd)). Observing (2), each streamline 1 (z,y) = p, with p € [py, 0], can be described by the
graph of some function y = o,(x).

2.2. Statement of the main results

To state our main results, we first recall the definition of Gevrey class functions,
which is an intermediate space between the spaces of smooth functions and real-analytic
functions; see |20, Chapter 1] for more detail.

Definition 2.1. Let W be an open subset of R? and f be a real-valued function defined
on the closure W of W. We say f belongs to Gevrey class in W of index s > 1, denoted
by f € G5(W), if f € C=(W) and for any compact subset K of W there exists a constant
Ck, depending only on K, such that

VaeN!, max|0°f(z)| < R (),
EAS
where |o| = oy +ag + -+ + ag.

In particular G*(W) is the space of all real analytic functions in W.

Throughout the paper let C*#*(W), k € N, € (0,1), be the standard Holder space
of functions f : W — R with Holder-continuous derivatives of exponent p up to order k.
For given p, < 0 and v € C"*([po,0]), the existence of periodic and supercritical small-
amplitude solitary water waves has been established in [4] and [7, [12], respectively. Our
main result below shows that, with a Holder continuous vorticity, each streamline can be
described by the graph of some analytic function.

Theorem 2.2. Let the function v in (3d) belong to the Holder space C%*([py,0]) with
po <0 and 0 < p <1 given, and let Y(x,y) € C>#(Q) be the stream function for the bound-
ary problem (3d)-(3d) with free surface y = n(z). Suppose 1 satisfies the no-stagnation
assumption (2). Then each streamline including the free surface y = n(z) is a real-analytic

curve.

Remark 2.3. The existence of the stream function ¢ for the boundary problem (Bal)-(3d)
is well-known (cf. [4]).

The following result shows that the stream function admits the same regularity as
the vorticity.

Theorem 2.4. Under the same assumptions as in Theorem [2.2, if v € G*([po,0]) addi-

tionally with s > 1 given, then we have ¥(x,y) € G*(Q); in particular if s =1, v.e., v 1s
analytic in [py,0], then the stream function (z,y) is analytic in Q.
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Remark 2.5. The above results also hold for the travelling capillary-gravity water waves;
see Theorem [5.1]in Section

2.3. Reformulation

Under the no-stagnation assumption (2]), we can use the partial hodograph change
of variables to transform the free boundary problem (Bal)-(3d) into a problem with fixed
boundary. Precisely, if we introduce the new variable (¢, p) with

q=2, p:_w(‘r7y)7
and exchange the roles of the y-coordinate and 1 by setting
h(g,p) =y +d,
then the fluid domain € is transformed into a fixed infinite strip
R={(¢,p) :q €R, po <p <0},
and the system (Bal)-([Bd)) can be reformulated in this strip as

(14 h2)hyp — 2hyhghyg + Bohgg +v(p)RS = 0, in R, (4a)
1+ hz + (2gh — Q)hi =0, on p=20, (4b)
h =0, on p = pg. (4c)

We refer to [4] for the equivalence of the two systems (Bal)-([Bd) and (@al)-([#d) of governing
equations. Note that h, = -1

c—u’

The no-stagnation assumption (2)) ensures that

1
0< inf h,<h,< sup h, <. (5)

(¢.p)ER (a,p)ER J
The following proposition shows that the regularity is preserved through hodograph
transformation. So we only need to study the above problem (Za)-(d) instead of the

original one (Bal)-(Bd).
Proposition 2.6. Let h € C**(R) be a solution to the problem ({{d)-({{d) . If the mapping
q — h(q,p), with any fized p € [py,0], is analytic in R, then each streamline including the

free surface is an analytic curve. Moreover if h € G*(R) then the stream function ¢ for
(3d)-(3d) lies in G*(Q); in particular + is analytic in Q provided h is analytic in R.

Proof. The first statement is straightforward. Indeed, Observing (2)), each streamline
Y(z,y) = p, with fixed p € [po,0], can be described by the graph of some function y =
op(z). The analyticity of x — o,(z) follows at once from the analyticity of the mapping
q — h(gq,p), due to the partial hodograph change of variables.

As for the second one, we rewrite the hodograph transform as
g==z, p=1,

with ¢ (z,y) Lf _ foy ¥(x,z)dz. This is just the classic partial Legendre transformation. If
h(g,p) € G*(R) then y = y(q,p) € G*(R). Thus by [2, Theorem 3.1], we have ¢ € G*(Q)
and thus ¢ € G*(Q) since G*(2) is closed under differentiation. O



2.4. Notations and some useful inequalities

We list some notations and useful inequalities which will be used throughout the
paper. Let k € N and p € (0,1), and let (C’W(R); R) be the standard Holder space
equipped with the norm

) Hk,u;

\80‘w(q,p) - 80‘w(é7ﬁ)‘
’H

k
w s = sup 0w q,p + sup sup —
H Hk,,u,R I;O R | ( ’ )| |a|=k (q,p)j%(ti,ﬁ) ‘(qap) - (qup)

To simplify the notation we will use the notation ||- HM instead of ||-||, .7 if no confusion
occurs. For the case when p = 0, we naturally define

k
HwHk = HwHk,O - Z s%plao‘w\.

lor|=0

For p € (0,1), direct verification shows that

lwlly, < lfully Ml lwelly, <2l el (6)

For a multi-index o = (a1, p) € N2, we denote 9* = 051052, a! = ajlay! and denote
the length of a by |a| = a; + as. Moreover for two multi-indices a and 8 = (31, 3,) € N?,
by 8 < a we mean 5; < a; for each 1 <1i < 2. Let (g) be the binomial coefficient, i.e.,

(a) B o! B oqlos!
B - 5!(04 - B)! B Bil(ay — 51)!ﬁ2!(042 - ﬁ2)!.

In the sequel, we use the convention that m! =1 if m <0.

3. Analyticity of streamlines

We prove in this section the analyticity of streamlines, including the free surface
y =n(x). In view of Proposition [2.6] it suffices to show the following conclusion that the
map ¢ — h(g, p) is analytic for all p € [py, 0].

Proposition 3.1. Let v € C%* ([py,0]) with po <0 and 0 < p < 1 given, and h € C**(R)
be a solution of the governing equations (4d)-({4d). Then there exists a constant L > 1,
such that for all m € N with m > 2, one has the following estimate

(En) : |07 h)),,, < L™ (m —2)L. (7)
Thus the map q — h(q,p) is analytic for all p € [py,0].

Remark 3.2. As to be seen in the proof below, the constant L depends on pu,infz h,,
2], X 7l , and the number § given in (@), but independent of the order m of derivative.



Remark 3.3. Starting from the C*#*-regularity solution h of the governing equations
(Ha)-(4d), we use the Schauder estimate ( cf. [5, Theorem 6.30]) for 9,h which satisfies a
nonlinear elliptic equation of the same type as (4al)-(4d), to conclude that 9,h € C**(R).
Repeating the procedure, we can derive by standard iteration that 9*h € C**(R) for any
k € N; see for instance [4, [10].

To confirm the last statement in the above Proposition [3.1] we choose C in such a

All,,. b

which, along with the estimate (E,,) with m > 2 in Proposition B.1], yields

way that

C = max {L,!

VmeN, max |80'h(q,p)] < C™ ml.
(e.p)ER

In particular, for any p € [po, 0], max,er |07"h(q, p)| < C™+'m!. This gives the real analyt-
icity of the map q — h(q,p), p € [po,0].

Before proving the above proposition, we first give the following technical lemma,
and present its proof at the end of this section.

Lemma 3.4. Let ¢ =1 or 2 be given, and let || - || stand for some Holder norm || - HO_# or
| - HL#. Suppose that ko is an integer with ko > £+ 1, and 0Fu; € CO*(R) for all k < ko,
j=1,2,3. If there exists a constant H > 1 such that

VI+1<k<ky |[Oful<H"“(k—t-1), j=12.3, (8)

then we can find a constant C, depending only on ¢ such that

3 6
VOr1 <k <k, [0F (wuus) || < O gl +1) H R — 0= 1)L
j=1

We now prove Proposition 3.1l

Proof of Proposition[31. In view of Remark B.3] we may assume that 9¥h € C**(R) for
any k € N. Now we prove the validity of (E,,) by using induction on m. For m =2, (E,,)
obviously holds if we choose

Now let m > 3 and assume that (E;) holds for all j € N with 2 < j <m — 1, that is,
0kl <TG —2), 2<j<m—1L ()

Then we show the validity of (E,,). For this purpose, taking the derivative with respect to
q up to order m on both sides of equations (4al)-(4d), and then applying Leibniz formula,
we have

B(h)[07"h] = o1 + 2 on p=0, (10)
Ofth = on p=po,



where the operators A(h) and B(h) are defined by

A(h)[¢] = (1 + hg)(bpp - 2hth¢qp + h§¢qqa B(h) [¢] = hq¢q + (2gh - Q)hp¢p + 29h§(;5,

and the right-hand side

fo= () [ @y ) +2 05 ) 0 ) — @)@ )] (1)

fr = =)0 hy), (12)
o= =3 (M) - s - X (T @y, (3)
o= o X (M@, (14

The operator A(h) is uniformly elliptic since its coefficients satisfy
(14 h2)h2 — h2h2 = h2 > inf h2 > 0
R

due to (@). Also the boundary operator B(h) is uniformly oblique in the sense that it
is bounded away from being tangential; the coefficient (2gh — Q)h, of ¢, is nonzero and
satisfies
1 2

+h; R N 5
h, — supgph, —

(2gh — Q)hp =

in view of the boundary condition (4h) and (B]). Since h € C*#(R) the coefficients of the
operators A(h) and B(h) are in C**#(R). Moreover, by virtue of the induction assumption
@), one has 9:03h € C**(R) for all multi-index (,7) with i +j <m+1 and j < 2, and
similarly 9:07h € C**(R) for all multi-index (i,j) with i +j < m and j < 1. As a result,
the right-hand side f; € C°*(R) and ¢; € CY*(R), i = 1,2, since by (@) the product of two
functions in C*#(R) is still in C*#(R) with k = 0,1. Thus, using the standard Schauder

estimate (see for instance |5, Theorem 6.30]) we have,
1)”’) ) (15)

2

where C is a constant depending only on s, 6,infz h, and ||A|| ... To show (E,) is valid,
we estimate the terms on the right-hand side of (IH]) through the following steps.

fi

Pi

2
o], <c (\\G?hl\o >

=1

To simplify the notations, we will use Cj,j > 1, to denote suitable harmless con-
stants larger than 1. By harmless constants we mean these are independent of m.

Step 1) We claim that there exists C; > 0 such that, with m > 3,

|omh|, < CLLm2(m — 2). (16)



Indeed, when m = 3 the above estimate obviously holds if we choose C; = ||h/|, ,+1; when
m > 4 it follows from the induction assumption (@) that

]|, < (|07 2A], , < L™ *(m — 4)! < L7 2(m — 2).

Then (I6) follows.
Step 2) Let f, be given in (II). In this step we prove

[£lly,, < CaL™*(m = 2)L. (17)

Observe that , by (@),

3 m—n — m U3 m—n
Iy = 3 (2 0000 0l + 23 () 005 ) 05,
n=1 n=1 N (18)
30 (1) 105020, 195l
n=1
We now treat the first term on the right-hand side, and write
m U3 m—n m 3 m—n
> (Mol o lo, < 3 () lognil,, logal,
1<n<m 1<n<m (19)

(T 3z T ) (e,

1<n<2 3<n<m—2 m—1<n<m

By the induction assumption (), one has
V3<n<m, ||07hl,, <1077 R, < L7 (n—3)L

Thus applying Lemma 3.4, with ¢ = 2, kg = m, H = L, u; = uy = h, and uz = 1, yields
that

V3<n<m, H@"h2H0 < CsL"2(n — 3). (20)
Moreover, we have
Vi<sn<m-—2 |[|o77"h[, < L™ (m—n—2)! (21)

due to the induction assumption (). Then using the above two estimates, straightforward
verification shows that

S (0 sl lor—l, + 5= (2050l oy, < Cotm-2m =3t (22)
n=1 n=m-—1

if we choose

Co = (||l + DBO[A]l,,, +4Cs + 6).

9



Next for the case when 3 < n < m — 2, which appears only when m > 5, combination of
the estimates (20) and (21]) gives

m—

3 n m—n m! n— m—n—
< ) 5 thO,u ‘6 hHQ,,u é 05 Z m[/ 2( 3)'L 1(m—n—2)'
n=3 3<n<m—2

m2

< CL"Pm-2) ) o

3<n<m—2

< CgL™3(m —2)L

m—n)?

This along with ([22) shows, in view of (1)),
5o (Y02l 05l < (€ G L =2
1<n<m

Similarly, we can find a constant Cy such that

22 <T:> Hag(hphq)Ho,uHagl_nhquo# + Z <T:> 5"h2HOHH8m_"hquO7M < CyL™ 2 (m — 2)\.
n=1 1

Inserting the above two estimates into (I8]), we get the desired estimate (7)) by choosing
02:Cg+08+09.
Step 3) Let f, be given in ([I2]). We now prove

18], < CoL™2(m —2)L. (23)
In fact, using (@) we have
172lo,. < [l 105" B3 (24)
By the induction assumption (), one has
va<i<m [0l < 0], < DG -3
Then using Lemma 3.4 with ¢ =2, ky=m , H =L, u; = uy = uz = h,, we conclude
197 B3 ], < CroL™*(m = 3).

Choosing Cs = Cio|[7]|, , +1, We obtain (23) in view of (24).
Step 4) Flnally we prove, with ¢, and ¢, given in (I3)) and (I4)),

2

|

i=1

2

L S Ol 2 (m = 2)L. (25)
First for H(‘01H1,H7 we have
ol < Curm2m o).

10



The proof is quite similar as that of (I7) for || /|| o
not need to use Lemma [34}, so we omit the details. Next for ||¢,]|, ,» we write, by @),

e, <20 5 () logl oy —a,

1<n<m-—1

and is in fact simpler since we do

(26)
<u( o ¥ o 3 (D,
1<n<2 3<n<m-—2 n=m-—1
By the induction assumption (), one has
V3<n<m, |Oh|,, <877 R]l,, < L' (n-3)L (27)

and for 1 <n <m -2,
v2<j<m—n, [0kl <|0jhll,, < L77G -2

This last estimate allows us to use Lemma [3.4] with £ =1, kg =m —n with 1 <n <m —2
, H=1L, u; =uy=h, and uz = 1, to conclude,

Vi<n<m-—2, ||9f "k, < Crol™ " (m —n—2)L (28)

In virtue of (27) and (28]), direct verification shows

20 30+ 3 ) () ornl il < ot -2 (29

1<n<2 n=m-—1

Next for the case when 3 < n < m — 2, which appears only when m > 5, we use again (27])
and (28) to compute

w ¥ () )ua"huwuam .,

3<n<m—

m! n— m—n—
3<n<m—2

m2

S Cl4Lm_3(m - 2)' Z TL3(

3<n<m—2

S 015Lm_3(m — 2)'

m—n)?

Inserting (29) and the above estimate into (26]), we obtain
H(,DQH 013+Cl5) L= 2( —2)'

Thus the desired estimate (23] follows by choosing C, = Cy; + Ci5 + Cis.

Now we come back to the proof of Proposition 3.1l Choose L in such a way that
L>C(C+Co+ Cs+Cy) + ||07h]],  +1

11



with C,C,,---,C, the constants given in (&), ([I6]), (IT), [23) and (25). Then combining
(I3, [@a), (@), 23) and (25]), we have,

[05'0]|,,, < C(Cr+Co+ Cs+ Cy) L™ (m = 2)L < L™ (m — 2)L.
The validity of (E,,) follows. Thus the proof of Proposition 3] is complete. a

The rest of this section is occupied by

Proof of Lemmal[3.4 In what follows we always assume ¢ + 1 < k < k. To simplify the
notation, we use b;,7 > 1, to denote suitable constants larger than 1, depending only on /.

Firstly let us = 1. By Leibniz formula we have

0% ) = Y- (1) (0gun) (04 7).

0<j<k
Note that || - || stands for the Holder norm |- ||, or ||-|[, . Then from (@) it follows that

k!
e [ ot

0<j<k

< S+ 5+ 5;

19 (wrz) |

IN

with

St = 23 s—illonullllor ],

o< <t k—J)
k!

S = 2 Z WHWWHHW Tus |,
41<j<k—b— 1j(

So o= 2 ) mr—llOgulllog el
—t<j<k J

Using the assumption (§)), direct computation shows that there exists a constant b, > 1,
depending only on ¢, such that

2
S1+ 85 < by | fuallp,, +1) H k== 1)

‘ul Hz+1,u

For S,, which appears only when k > 2¢ + 2, we have

Ko |
S22 3 e TG - D H (e - - 1))
4+l§j§k7271]!(k —J)!

k!
< by Z S S— &
(+1<j<k—t—1 J(k — g)tt
k—2¢ Z Ll
< b3H*(k—1—1)! —
1< j<k—b— 1]”1 (k—1j) *
< b HM'(k—0—-1)

12



In view of the estimates for S;, S, and Ss, we conclude

2
|0 (uruz) || < b5 (HMHHW + e,y + 1) H (k=€ —1)!
by choosing bs = b; + by.
Now we consider the case when u; # 1. We have shown above that

2
Vb1 <k <k, (05wl < b5 (Juillpy, + ey, +1) HS R — 0= 1)L

provided u; and wu, satisfy (§]). This allows us to use the same argument as above to the
two functions

-2
byt <HU1HH1)H + HmHHl)H + 1) uug and ug;

this gives, for any £+ 1 < k < ko,

195 (uruzus) |

IN

2 2
b?) <Hu1He+1,u + HU2H13+1,H + 1) <Hu1u2H4+1,u + HU3H13+1,H + 1) Hk_é(k —L— 1)!

6
be (HWHM,H + HU2H13+1,H + HU3H13+1,H + 1) Hk_e(k — £ 1)!-

IN

The conclusion follows by choosing C, = bs. Then the proof of Lemma[3.4lis complete. [

4. Gevrey regularity of stream function

Let G* ([py,0]), s > 1, be the Gevrey class; see Definition 2.1 of Gevrey function. In
this section we assume v € G* ([po,0]). Then by the alternative characterization of Gevrey
function, for any p € [py,0] we can find a neighborhood U, of p and a constant M, such
that

VkeN, sup |9y (t)| < MK

P
teUpN[po,0]

Note [po,0] is compact in R; this allows us to find a constant M such that

VEkeN, sup |0y(p)| < M*H(k!)®. (30)

P€E([po,0]

We prove now the Gevrey regularity of stream function, i.e., Theorem 24l In view
of Proposition 2.6] it suffices to show the following result for the height function h(q, p).

Proposition 4.1. Let v € G*([po,0]) with s > 1, and let h € C**(R) be a solution to
(4d)-({4d). Then there exist two constants Ly, Ly with Ly > Ly > 1, such that for any
m > 2 we have the following estimate

(F) : Va=(a,a) € N?) o] =m, H@“h“2 < LSULY?[(la) — 2)1.

Recall || - ||, stands for the Hélder norm || - Thus h € G*(R); in particular if s = 1

then h is analytic in R.

HCM(R)'
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Remark 4.2. As to be seen in the proof, the constants L, L, depend on the constant L
given in Proposition 3] and the constant M in (B0), but independent of the order m of
derivative.

Then differentiating the equation (Zal) with respect to p, we can obtain h € C3#(R) 4]

Remark 4.3. Note v € G*([po,0]) € C=([po,0]). By Remark B3] we see 9,h € CQ“(R)
ce |
for details. Repeating this procedure gives h € C*#(R) for any k € N, since v € C’OO([p 0]).

To confirm the last statement in the above Proposition [4.1] we choose C in such a
way that
C = max { i, Lo, |11l }

which, along with the estimate (F,,) with m > 2 in Proposition 1] yields

VaeN?  max |0°h(qg,p)| < Ol (o).
(a:p)ER

This gives h € G*(R).

In order to prove the above proposition, we need the following technical lemma.

Lemma 4.4. Let s > 1, and H, and H, be two constants with Hy, > H, > 1. Suppose that
oo 18 a giwen multi-index with |ag| > 3, and u,v,w € Cl*l*(R). For j =0,1,2, denote

s ={feCnB) | ¥ a=(a,0) < ag, la] 2+ 1, 0%l < B HE (o] - j — DI}

Then there exists a constant c., depending only on the C*°-norms of u,v and w, but
independent of ag, such that

(a) if ue Ay and v € Ay, then c¢;'uv € A;, that is,
Va= (o) <ay |af =2, [0 (uw) Ho < e, HM'HS [(Ja| — 2)!)°;
if additionally w € Ay then ¢ 'uvw € Ay;
(b) if ue Ay and v,w € Ay, then ¢ 'uvw € Ay;
(c) if u,v € Ay and w € Ay, then ¢ 'uvw € Ay;
(d) if u,v,w € Ay, then c;* Hiuvw € Ay, that is,

Va=(u,0m) <ay |af 22, [0 (wow) Ho < . HPPHS (ol — 2)1)°.

The proof of the above lemma is postponed to the end of this section. Now we
prove our main result.

14



Proof of Proposition[{.1. In view of Remark .3l we may assume that h € C*#(R) for any
k € N. We now use induction on m to prove the estimate (F,,). First for m = 2, (F,)
obviously holds by choosing L, L, in such a way that

Ly > Ly > ||nf, + 1. (31)

Next let m > 3 and assume that (F}) holds for any j with 2 < j <m — 1, that is,
VB=(B10), 2< B+ B<m—1, [[0°h|, <L L8] - 2)1). (32)
We have to prove the validity of (F},). This is equivalent to show the following estimate
(Fg) s 0 0phl, < Lyt L5 [(m = 2)!)° (33)

holds for all » with 0 < n < m.

In what follows we use induction on n to show (B3]) with fixed m > 3. Firstly note
that s > 1, and thus from Proposition 3.1l we see that (F}, ) holds if we choose

L, > L. (34)
Next let 1 <n <m and assume that (F,, ;) holds for all ¢ with 0 <i <n — 1, that is,

Vo<i<n-—1, 0" 0Lk

|, S LY LY[(m — 2)1°. (35)
We have to show (F,,,) holds as well, i.e., to prove that

|8 aphl|, < L= Ly [(m — 2)1]°. (36)
To do so, we firstly compute, with 1 < n <m,

o7 ophll, < llogophll, + |05yl + llog a5 hll, + 077952 R]l,
107795 Al + 2[| 0700y A, + |00 R

IN

The induction assumptions (32) and (B3] yield

o795 [, + 2[|07 ="M ap A,

IN

Ly Ly (m = 3))° 4 2Ly L (m - 2)1)
Ly (14 20) L "L [(m — 2)1)°

1 m—n— n S

§L1 Ly [(m —2)1)7,

IN

IN

where in the last inequality we choose
L, > 8L, > 8. (37)
Accordingly, in order to obtain (36]), it suffices to prove
—nan 1 m—n— n s
o= a, 2|, < §L1 LY [(m — 2)1)°. (38)
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The rest is occupied by the proof of the above estimate.

From now on we fix m and n with m > 3 and 1 < n < m, and denote a = (o, as) =
(m —n,n). Applying 9> = 97" 97 on both sides of the equation (Hal) gives

(6%

1@ ) == 3 (5) O RO hyy) 420 hyhyhy) — 9 (120) — 0 (31).
B<a, B#£0

which implies

la+m@m)l, < > @Haﬂhil\o!wa‘ﬁhppuo+2H8°*<hphqhqp>Ho
B, 570

o (thaa)lly + 110% (35) [,

Since
0705kl = |0 |, < [1(1+ BE(@hy) (39)
we obtain, with a = (ay, az) = (m —n,n),
log=eagnl, < 3 (5) 10l o hll, + 2ottt
B<a,B#0 (40)

+[10%(hahao) o + 107 (v3) -

We now treat the terms on the right-hand side through the following lemmas.

To simplify the notations, we will use ¢;,j > 1, to denote suitable harmless con-
stants larger than 1. By harmless constants it means that these constants are independent
of m and n.

Lemma 4.5. For a = (ay,a2) = (m —n,n) with 1 <n <m, we have

S (§)I0nzl ol < ez 2Ll - 20
B<a,f#0

Proof of the lemma. We firstly use Lemma B4l to treat the term ||0%A2||, with 3 < || <
la| = m. To do so, write 3 = 5+ (8 — B) with |3| = |8| — 1 > 2. Without loss of generality
we may take §— 3 = (0,1), and the arguments below also holds when 3 — 8 = (1,0). Thus

0°h% = 20° (hyhyp) - (41)

Note that for any ¢ = (£,,&) < 3 with [¢] > 3, we have, using the induction assumption

B2),

0%k ||, < [|0°R||, < LS T LE[(1€] — 2)']°,
and

ol < {

|o5ras = h)|, < LY LS (€] - 3)1)° < LY L€ - 3))°, & =>1,

42
|08 =2R]], < L§2[(€] = 3))° = L L [(1¢] - 3)1), &-o,
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where in the case & > 1 we used L, > L,. Therefore applying Lemma L4} (@), with
H, =Ly, Hy = Ly, u = h, and v = hy,, gives

107 (hahap) g < eali* L5 (1] = D7 = sl L8] = 3 < eal$**L5°((15] — 31"
the last inequality holding because L, > L;. This along with the relation (41l) yields
VB, 3< 8l <lal, [0°h2, < 2eLTPLEE((18] - 3)Y)°. (43)
On the other hand, for the term ||0*~h,,||,, we have, by the induction assumption (32,
VB<a, 1<|B <lal=2, [0° "y, < [0°7 7R, < LY 7 Lg% (ol — 8] - 2)1)°. (44)

Next we write

I (A ICETNCE I 1D SIETED SIS Dl § (4 [ TR A

B<a,B#0 B<a B Bl
1<[pl<2 3<|BI<lel =2 |B|=[al-1
= Jl + J2 + Jg.

By virtue of (43]) and (44]), direct computation as in (22)), shows that
Jl + Jg S C5L(11172Lg2[(|01| — 2)']5

Next for J,, which appears only when |a| > 5, we have by (43) and (44) that

a! - 2 S a1 —pPp1— a2 — P2 S
R<te Y sl D8 - L L ol - 16 - 2
3<161< al—2
‘Oé" _3 -1 —1
< e ___1of pecspesqqs) - 31 (al — 18] — 2)1°
Z 8 (laf — 18>+
3<|8|< | -2
<eLprg Y M e sy
B<a ‘IB‘ (‘a‘_’/@‘)z
3<|B|<|a| -2
) o
< Lo L (Ja] — 2)1)° e —
b Z 18° (Ja| — |B])2
3<|B]< | -2

< oL Ly [(lal = 217,

the last inequality holding because

2

|a| < 872
2 gy =

p<a
3<[BI<|al -2

Therefore, choosing ¢; = ¢5+c¢7, we can combine the estimates for J;, J; and J; to complete
the proof of the lemma. O
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Lemma 4.6. For a = (o, a0) = (m —n,n) with 1 <n < m, we have
2Haa(hphqhqp)H0 + Haa(h;%hqq)uo < C2L?1ng_l[(’a‘ - 2)1".

Proof of the lemma. Since n > 1, we can write a = & + (0,1) with @ = (&;1,a2) = (m —
n,n —1). Thus
aa(hphqh‘H’) = 8& (hpphqhqp + hphqphqp + hphqhqpp) : (45)

We next compute the estimate for the term 9%(h,,h,h,,). For any g < & with |3] > 3, we
have, as for ||0%h,||, in (@2),

10°0,||, < P L8] - 3)1°,  ||8°h, ||, < LY LE2[(18] — 3)1)°,

and by the induction assumption ([B2) and ([BH), in view of By < day =n —1,

10, < [|0°R]|, < LT L52[(18] — 2)1°,
10°hgll, < 1|0°h||, < LT~ L52[(18] - 2)1)°,
10%ham |, < (|05 002h]|, < L L5[(18] = D))"

Thus we obtain, using Lemma 1.4} @) with v = h,, w = h, and v = h,,,
109 (hyhahap) ||y < esLT* 7 L32[(J&] = 2)1) = es L3 T L5* H(Ja| = 3)1]° < e L3 Ls>~ [(lo] — 2)!]°
Similarly, using Lemma 4 (b)) with u = h,, v = w = hy,, gives

107 (hphaphap)|| < eoLT* Ly?[(1&] = DY = eoL7* L3>~ [(a] — 2)1)%,
while using Lemma .4 (@) with v = h,, v = h, and w = h,,, gives

|07 (hyhphap )|y < e10L Ly?[(&] = 1" = 1oL Ly* [(la] - 2)1]"
Combining the above inequalities, we have, in view of (43]),

2(|0% (hphqhap)||, < 2(cs + ¢o + c10) L L5 [(Jo| — 2)1]°.
The treatment for the term [|0°(h2hq,)||, is completely the same as above, so we have
102 (hShan)ly < enn i L3527 [(lal = 2)1)*

Combining the above two estimates, we choose ¢, = 2(cg + ¢9 + ¢19) + ¢11 to complete the
proof of the lemma. 0

Lemma 4.7. Let v € G*([po,0]). We have, for a = (ay,a3) = (m —n,n) with 1 <n < m,

H@“ (vh3) HO < esL 2L [(la) — 2)1)°.
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Proof of the lemma. As for ||0%h,||, in @2), we have by induction
VB<a, 823, (0%, < LYTLE (18] - 3)1"

Thus using Lemma L4 () with H; = L;,i = 1,2, u = v = w = h,, we deduce that
c; 'Lk} € Ay, that is,

VB<a, [Bl=2 |[0°(h3)], < c.LP L8] - 2)1° (46)

On the other hand, since v(p) € G*([po,0]), then using (B0) gives

0
VB =3, [0, <9 y
18] > [caged { |0527]], < MP=(ByY)* < M*[(B, = 3)!]*, B =0,

where M in the last inequality is a constant depending only on M and s. Thus if we
choose L, Ly in such a way that

Ly > LM, (47)
then we have
VB <a, |B>3, [0, <LP L8] - 3)!)" (48)
Now we write
|
O*(vhA|| < L 98 9 B(h3] .
H (v p)Ho > Z 181 _|5|)!H 7”0“ ( p)Ho

|BI<lal

This together with (46]) and (48] allows us to argue as the treatment of J; — J; in Lemma
1.5 to conclude

|0°(vh)||, < era LS 2 LS [(|er] — 2)1)°.
Thus the desired estimate follows if choosing c; = ¢;5. The proof is thus complete. O

We now continue the proof of Proposition .l Combining (40]) and the conclusions
in the previous three lemmas, Lemma .5 Lemma (4.7, we get

o705k, < ((ex + ea) Lt + eaLnLy) L' L5*[(|o] = 2)1°
< S L (o] — 201,
where in the last inequality we chose
Ly > 4(cy + ¢3), Ly >4dcrL,. (49)

Then we get the desired estimate (38]), and thus the validity of (F,,,) and (F,,). Summa-

rizing the relations (31I), (34)), (87), (47) and (49)), we can choose

Ly > maX{L, HhH4 +1,4(c; + Cg)} and L, > (8 + 4ey + M) L, (50)
with M the constant appearing in (47), to complete the proof of Proposition E.1l O
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The rest of this section is devoted to

Proof of Lemma[{.4 To simplify the notations, we use a;,j > 1, to denote different suit-
able harmless constants larger than 1, which depend only on the dimension, but are
independent of the order o, of derivative.

(@) Assume u € A, and v € A;. By Leibniz formula we have, for any a < ay with
lal > 2,

o (w) = 3 (;) (6%4) (8°~0).

0<B<a

Then

o ! o
o o)l = 3 el ol ool = o+ 1+ I
0<B<a

with

D D L N

0<B<a
|B1<2

|al
I, = j{: HﬂTﬂ;ff_jTHaﬁuH [

0<p<a
3<[BI<]al—2

|ov]! o
Iy = Z w“m_ﬂuuaﬂuuo“a ﬂUHo'

0<B<a
181> —1

Since H, > H,, direct computation shows that there exists a; > 1 such that
Tt Iy < an ([ful, + [Joll, + 1) HE 5 (o] — 21

For I, which appears only when |a| > 5, we have

‘Oé" B1—2 1B s rra1—pB1—1 rraz—p s
L, < ———H'""H}? —3)) H " H2 2 (lal — 8] — 2)!
2 < X Bl g (8] = 3))" H; 2% [(lod — 18] = 2)1]
SMﬂSII
‘04! -3 s—1 s—1
< a - HMTPHS: —3)! ol — —2)!
S o D a8 (e - 191 - 2
3<|B|< | -2
— |Oé|' s—1
< aHPTHSE Y — (|| - 5)!]
0<B<a ’/8‘ ‘a_B’
3<|8]< ] -2
2
a1—1 rras s |Oé|
< @HPTHEl =21 3
3<|51<fal—2
< azHPT'HS[(Jof - 2)1]7
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In view of the estimates for I, I, and I3, we have, for any a < ay with |a| > 2,
10 (wo)[, < as ([full, + [[o[l, +1)° H 5 [(jal - 2)!]° (51)

by choosing a, = (a; + a3).

If additionally w € A,, then applying the above arguments to the two functions w

and
2

a el + flofl, +1) e
which lies in A, due to (1), gives

o wowll, < o (el + ell, + 1) (fwll, + [lull, + 1) 752 [0l - 2)]°

< (Jull, + [[oll, + [l + 1) 7 H52 (o] = 2)1"

Thus the conclusion (@) follows if we choose ¢, > aj (||ul], + ||v||, + ||w]|, + 1)6.
(b) Now assume u € A, and v, w € A;. Firstly note from (5I]) that

7" (o, + ol + 1) o € 4,

We can use the same arguments as above to the two functions a;* (HuH2 + Hle + 1)_2 uv

and w; this gives, for any a < oy with |o| > 1,
ai" (full, + [loll, + 1) o (wow) [l < as ([ful], + [Jwll, +1)" By H5= [(jof - 1)]°

tasHY T H* [(Jof =21 Y W

2<|B]< e -2

< ag (JJuv]|, + |jw]|, +1)" H H* [(Jo] - 1)1],

2

where the last inequality using the estimate
|2

B (o
Z 18° (la] — 8])° ~

Accordingly,
o (uvo) , < avan (fall, + ol + ol +1)° 857 5 (o] - 1"

Thus the conclusion follows if we choose ¢, > asag (|Jul|, + [Jv]|, + |lw]|, + 1)6.

(@ Now consider the case when u,v € A, and w € A,. Similarly we can first use
the same arguments as in (&), to obtain

7" (ull, + ol + 1) € A,

and then repeat the arguments to the two functions az* (||ul|, + |Jw|, + 1) “uw and v to

I,
conclude

aztagt (fJully + [loll, + flell, + 1)~ wow € Ao
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6

The conclusion (@) follows by choosing ¢, > aqas (||ul|, + [|v]|, + [Jw]|, + 1)

(d) Assume u,v,w € A,. Similarly, we can first argue as in (@) to show that
Vel 22, (|0 wo)ll, < as (lull, + [[oll, + 1) B HE (o] - 2)1,
and then repeat the arguments to ag" (||ul], + [|v]|, + 1) “2uv and w to derive

Vol 22, (|0 (o), < aom (Jull, + ol + il +1)° B2 (o] — 2)0

Thus the conclusion (d)) follows by choosing ¢, > agayo (|Jul|, + ||v]|, + ||wl], + 1)6.

Finally, the conclusion of Lemma [4.4] follows by choosing
¢, > (a] + asa6 + azas + agane) (||ul|, + ||v]|, + |Jw||, + 1)6

with a; the constants depending only on the dimension. The proof is thus complete. [

5. Regularity of water waves with surface tension

Adding the effects of surface tension in the free boundary problem (B3al)-(Bd)) intro-
duces higher-order derivative into the boundary condition. That is the equation (3D is
replaced by

Vol +2g(y + d) — 20(11# =Q,  y=n(), (3b')
where o > 0 is the coefficient of surface tension. Correspondingly, the equation (4hl)
becomes

1—1—1134—(ZQh—Q)h;—%’hi%hqq3 =0, on p=0. (4b")
(1+h2)>

Proven in this section is the regularity property of all the streamlines and stream
function of water waves with surface tension.

Theorem 5.1. Consider the free boundary problem (3d)-(3d) with (38) replaced by above
(301). Suppose v € C**([py,0]) with p and py given. Then each streamline including the
free surface y = n(x) is a real-analytic curve. If, in addition, v € G*([py,0]) with s > 1,

then (x,y) € G*(Q); in particular if s = 1, i.e., v is analytic in [py,0], then the stream
function ¥ (x,y) is analytic in .

Proof. As before we only prove the corresponding regularity for height function h of the
system (fa)-(@d) with (L) replaced by above (4DL]). Since the arguments are nearly the
same as those in the absence of surface tension (Section [3] and Section M), we shall only
give a sketch and indicate how to modify the analysis as adding the higher-order derivative
due to surface tension.

Repeating the arguments in Section [, we can derive the second statement in
Theorem B, without any difference. So we only need to prove the first statement on the

22



analyticity of streamlines, where the main difference from Section Bloccurs. As in Remark
B.3l we may assume 0¥h € C*#(R) for any k € N. Taking m'"-order derivative with respect
to the g-variable on both sides of the equation (L)) shows that the second equation in

(I0) becomes
B(h)[a;nh] :(151—'_9527 onp:(),

with the operator

and the right-hand side

h2
= 9rn2+ 0 (20— Q)R2), @a=-20 Y (87 "h ( 7>
o ! : 1<n<m " (1 +h2)2

The first and third equations in (I0) remain unchanged. Then, as before, our aim is to
show that the corresponding estimate as in Proposition Bl holds, that is, there exists a
constant L > 1 such that for any m > 2,

(E,) : H@;”hH2M < L™ Y (m —2)!,

and to this end the main point is to show that (E,,) holds under the assumption that for
any j with 2 < j <m — 1, the following estimate

) [oghll,, < 176 - 2) (52)

is already valid.
Since h € C**(R), the coefficient 1+§ + of the operator B(h) is in C**(R). More-

over by the induction assumption (52), @, and @y are in C%#(R). Furthermore it has been
shown in [10] that the operator B(h) satisfies the complementing condition in the sense
of [1]. As a result, we can apply the Schauder estimate in [1] to conclude

102l < € (Haftho Tillo, + I8llo, + H@HO,M> : (53)

=1
with C a constant independent of m, and f;, i = 1,2, defined in ([I)-(IZ). As for the
first three terms on the right hand side, we can use the similar arguments as in Section
without any additional difficulty, to conclude

Ha:znhuo fi 0, + H(ﬁlHo,M < éli/m_2(m —-2)1,
with C; a constant independent of m. It remains to estimate H@HOM and show that for
some constant Cj,
2], ,, < CoL™2(m = 2)1. (54)

To do so we need the following lemma, whose proof is postponed to the end of this section.
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Lemma 5.2. Let C, > 1 be the constant given in Lemmal[3.4, and let ko € N with ko > 3.
Suppose 0Fu € CO*(R) for any k < ko. If there exist two constants Cy and H satisfying

6
Co 2 C. (2| + )y, + 2+ w2, + 0], +1) (55)
and
H>2C3 + |02 (1 +u)™) Hw + 1|82 (1 + u?)~%?) HW (56)
such that
V3<k<khko, [0F(u?)on<CoH*?(k—3)!, (57)
then
V3<k<ko [0 ((1+u?)?)|,, < CTH (k= 3)! (58)
We now use the above lemma to prove (54]). Observe
22l <20 30 1105 " haglly, N5 01+ )]l
1<n<m
Using the induction assumption (52)), we have
Vis<n<m—2, [|8] "hyll,, <1187 ], < L (m—n = 2)L, (59)

and
v3<n<m, |[0ih,, <077 R, < LM (n = 3)L

This last inequality along with Lemma [3.4] with u; = uy = hy, u3 = 1, implies

va<n<m, |lopR2,, <C. (2, + 1)6in-2(n < (3!

HO,H

where in the last inequality we choose

6
Co > Cu (20 + B2, + 2+ 12, + [0y, + 2l[hall,, +1) -

2,p

Now choosing L in such a way that

L2202+ 08 (1 +h2)7Y) ||y, + 108 (1 +h2)~92)

HO,M’

then applying the above Lemma 5.2, with k, = m, u = h, and H = L, we have,

vV3<n<m, |oy(Q+h)?)],,<CoL"(n—3).

HO,H
This along with (B9) allows us to argue as in the proof of ([T) for ||f.|, ,, to obtain (54).
Thus choosing

L >C(Cy+Cy) +2C5 + (|07 (1 +h) ") [l + 195 ((L+83)~*2)

HO,H’

we get the validity of (E,,). The proof of Theorem [5.1lis thus complete. O
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The rest is occupied by
Proof of Lemma[5.2. As a preliminary step we first use induction to prove
V3<k<k, [0F(Q+u))],, <HT (k=2 (60)
In fact (60) obviously holds when k& = 3 due to (56]). Now assuming k£ > 4 and that

V3<ji<k—1, |03 (1+ud)t)], <H (-2, (61)

HO,M

we show that the above inequality still holds for k£ with k£ < k;. To do so, write
I ((A+u)™) == (A +u”) "1+ u®)7'9,(u?)) . (62)

Next we intend to apply Lemma[3.4lto prove that the right-hand side of the above equation
satisfies

1051 (1 +u2) 7 (1 + u2) 10, (u2)) ||, < CEE*2(k — 3)L. (63)
In fact for any j with 3 < j <k — 1, one has by (&1),
1030, (u?)lloe < CoH™'(j = 2)1,
and by the induction assumption (1)
07 (1 +u*)) Ho,u < HI7'(j —2)L.

1

The above two estimates allow us to use Lemma B4 with £ =1, u; = uy = (1 +?)"! and

uz = C;'9,(u?), to obtain

H@Z;il ((1 +u?) N1+ uQ)*laq(zﬁ)) H

0,p

IN

6
CoC. (2 (1 +w2) |, + C [0, +1) F*2(k = 3)!
C2H*2(k — 3)),

A

the last inequality using (BH). Thus the desired inequality (63]) follows. As a result,
combining (62]) and (63)), we conclude

105 (L +u®)7H) ||, < C2H*2(k —3)! < H*Y(k — 2)!,

where the last inequality holds because H > 2C2 due to (B6). We have proven (60).

Now we prove (B8], which obviously holds when & = 3 in view of (56). Now
assuming k > 4 and that

V3<ji<k—1, |07 ((1+u?)"%?) < C2HI7%(j - 3)), (64)

HO,,LL
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we show the above equality still holds for k with k& < ky. As before, write

u2)-3/2
O ((1+u?)™%2) = —gi! (—3(”2 ) (1+u2)_18q(u2)>. (65)

Then the estimate in (64) for j = k£ will hold if we can show that

210k () )0, 0) |, < IRk - ) (66)

0,

Again we next intend to apply Lemma [3.4] to prove the above estimate . For any j with
3 <j <k-—1, one has by (57)

1030, (u*)lo, < Col(j = 2)1,
and by the induction assumption (64))

4Py (14 u?)~%? < §C§I§U’*2(j—3)!gﬁlﬂ'*l(j—Q)!,
217 2

O,p

the last inequality using the fact that H > 2C2 > 3C2/2 due to (56). The above two
estimates along with (60) allow us to use Lemma [3.4] with ¢ =1,

Uy = g(l +u?) 32wy = (1447, ug = Cy o, (u);
this gives
3 _ _ _
5”8}; A+ )PP+ u?) 0, (u?)) Hw

F ), o0, + 1) - 3

IA

aic. (Bl

H2,,u

< CZ2H"?(k -3),

where the last inequality holds because of (53]). Thus the desired estimate (G6]) follows.
We have proven (B8), completing the proof of Lemma O
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