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Abstract

In this paper, we study degenerate Hopf bifurcations in a class of parametrized
retarded functional differential equations. Specifically, we are interested in the case
where the eigenvalue crossing condition of the classical Hopf bifurcation theorem is
violated. Our approach is based on center manifold reduction and Poincaré-Birkhoff

normal forms, and a singularity theoretical classification of this degenerate Hopf bi-



furcation. Our results are applied to a recently developed SIS model incorporating a
delayed behavioral response. We show that the phenomenon of endemic bubbles, which
is characterized by a branch of periodic solutions which bifurcates from the endemic
equilibrium at some value of the basic reproduction number Ry, and then reconnects to
the endemic equilibrium at a larger value of Ry, originates in a codimension-two orga-
nizing center where the eigenvalue crossing condition for the Hopf bifurcation theorem

is violated.



1 Introduction

Retarded functional differential equations (RFDEs), of which delay differential equations
(DDEs) are a special case, are used to model a large variety of phenomena in sciences,
engineering, economics and many other areas [1l 2 [3] O, 0] 12, 13 15, 16, 18, 191 20, 21].
One of the main technical differences between RFDEs and ordinary differential equations
(ODEs) is that while ODEs require initial data only at one point (typically at time ¢ = 0)
to generate a solution, RFDEs require initial data in a range of past values, typically an
interval ¢t € [—7,0]. One of the consequences of this fact is that the phase space for RFDEs
is infinite-dimensional. Despite this fact, most of the usual tools and techniques of the theory
of dynamical systems can be suitably adapted to the study of REDEs [4, 5 [§]. In particular,
for parametrized RFDEs, one can analyze bifurcations using center manifold theory and
normal forms [4 5], and in many studies (see for example [2, [3] [13], [T5], 18 [19]), this has led
to valuable insight into many phenomena which are modeld using RFDEs.

The focus of this paper is an analysis of a certain codimension 2 degenerate Hopf bifur-
cation in RFDEs. In particular, we are interested in studying the case where a parametrized
RFDE admits an equilibrium solution which satisfies the simple purely imaginary eigenvalue
condition of the Hopf bifurcation theorem [14], but for which the crossing condition of this
theorem is violated. This is motivated from recent results [I1] where a SIS model incor-
porating a delayed behavioral response was analyzed and shown to exhibit a phenonmenon
which the authors called endemic bubbles. It became apparent to us that the bifurcation
diagrams reported in [I1] resembled bifurcation diagrams which had been found to be in

the versal unfolding of the degenerate Hopf bifurcation (with crossing condition violated) in



[6]. Although this SIS model is the application which motivated our analysis, the theoretical
results we present here have a much larger scope of application, since many phenomena in

nature are modelled using the class of delay differential equations we study.

1.1 The crossing condition for the Hopf bifurcation

Consider as a prototype the delay differential equation
©(t) =ax(t)+ Szt — 1)+ Fa(t), z(t — 7)) (1.1)

where «, f € R are parameters, 7 > 0 is a fixed delay time, and F' represents higher-order
nonlinear terms.

Equation has z = 0 as an equilibrium solution for all values of o and . We are
interested in bifurcations from this trivial equilibrium point. To this end, we consider the

characteristic equation

E=a+pe.

In particular, we are interested in purely imaginary solutions £ = ¢w to this characteristic

equation. It is easy to see that such solutions occur when the parameters o and (3 satisfy
a+fcos Tw=0, —w=}PFsinTw, w=+p2—-0a2 PB>>a’ (1.2)

Equations (1.2)) define curves in the a- parameter space, as illustrated in Figure
Now let us suppose that o and § in (|1.1)) depend on a distinguished external control
parameter A. If the path (a()), 5()\)) in parameter space crosses the Hopf bifurcation curve

(1.2) at the point (a*,5*) = (a(A*),5(A*)) from the region where the equilibrium =z =
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Figure 1: Hopf bifurcation curves ((1.2) in red for 7 = 1 on the left and 7 = 5 on the right.
The blue line represents § = «. In the region in parameter space below the blue line and
above the uppermost red curve, the equilibrium point x = 0 of (|1.1)) is locally asymptotically

stable, and loses this stability below the uppermost red curve.



0 is stable into the region where it is unstable as illustrated in Figure [, then typically
it crosses this Hopf curve transversally, and assuming non-degeneracy conditions in the
nonlinear coefficients (specifically, the first Lyapunov coefficient is non-zero), a super- or

sub-critical Hopf bifurcation occurs from the trivial equilibrium.
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Figure 2: As the control parameter A varies through A*, the (black) curve (a()),5(N))
crosses the (red) Hopf bifurcation curve ([1.2)) at the point (a*, 8*). Generically, the crossing

is transversal (as illustrated here), and we get a Hopf bifurcation from the trivial equilibrium

point of (1.1)).

In applications, it often occurs that in addition to depending on the distinguished pa-
rameter A\, the coefficients a and ( in also depend on auxiliary parameters u € RP. For
the purposes of this discussion, let us suppose that p = 1. In this case, it is possible that for
a certain value of p = p*, the curve A — (a(\, u*), B(A, 1*)) intersects the Hopf curve (1.2))

tangentially at the point (a*, %) = (a(\*, u*), B(\*, u*)) as is illustrated in Figure[3] In this



case, the transversality condition of the Hopf Bifurcation Theorem [14] is violated. However,
as p varies in a neighborhood of u*, this degeneracy is “unfolded” as illustrated in Figure
[ Assuming certain non-degeneracy conditions on nonlinear terms for ODEs undergoing a
violation of the crossing condition, it is shown in [6] that the Hopf bifurcation diagrams in

a neighborhood of p* are equivalent to one of the bifurcation diagrams of the normal form
v(e(V+n)+2°) =0, e==1 (1.3)

as shown in Figure [5

[ (a5, B (A" W)

Figure 3: Tangential intersection of the parameter curve (a(\, p*), (A, 1)) with the Hopf
bifurcation curve ([1.2]) at A = A*. The crossing condition of the Hopf bifurcation theorem is

violated for this parameter path.

Consider the twice differentiable path A — (a(A, i), 5(A, 1)), and let A* and p* be such

that the point

(", 57) = (a(A", 17), BN, 7))



Figure 4: Unfolding the tangential intersection (middle diagram), for fixed values of u in a
neighborhood of p*. Generically, we either get no intersections (as illustrated on the left) or

two intersections (as illustrated on the right) with the Hopf bifurcation curve.

satisfies both the following equations

o + [ cos T/ —a2 = 0 (1.4)
Braax(\, 1) (1 = a7) + BN 1) (7872 — ) = 0, (1.5)

then the path A — (a(A, ), B(A, 1)) has a tangential intersection with the Hopf bifurcation
curve (1.2)) at the point (a*, 8*). At the point (a*, %), the signed curvature of the Hopf
bifurcation curve ((1.2) can be computed as

5*(04*2 _ 6*2)( *27_2 L afr — 2)7_
(87272 + 1)(a*2 + §+2) — 4o f27]3/2

R1 =

and the signed curvature of the path A — (a(\, ), B(A\, 1)) is

(077 = 1828 (07 — Dan X o) + (0 = B20)8 (X))
ﬁ)\(/\*’u*>2[(5*27_2 + 1)(0(*2 + 6*2) _ 4C¥*ﬁ*27']3/2 ’

Ro =

8
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Figure 5: Universal unfolding of the degenerate crossing condition for the Hopf bifurcation.
These are the bifurcation diagrams for the normal form ((1.3). An “s” designates a sta-
ble branch of periodic solutions, whereas a “u” designates an unstable branch of periodic

solutions.



Although these two curves are tangential at the intersection point, we want their curvatures
to be different, so that locally near (a*, *) the curve A — (a(, ), B(\, p)) lies entirely on
one side only of the Hopf curve, as illustrated in Figure [3| This is equivalent to requiring
G(ar, 55, 7) = (a1 — 133 2am(V\, 1) + B (o't — 1)2(a* — B727) BN, 1*)
(1.6)
(BN (e — FR(E 1 %7~ 2) £0.
By using center manifold and normal form analysis for retarded functional differential
equations (see for example [4], B]), we expect to see for (A, ) near (A*, u*) Hopf bifurcation

diagrams for

#(t) = a(h, p)2(t) + B, p) (t = 7) + Fa(t), o(t = 7), A p)

which resemble those of Figure[5] This will be the theoretical focus of section 2 of this paper.

1.2 Endemic bubbles

In [11], the following susceptible-infected-susceptible (SIS) model incorporating delayed be-

havioral response was analyzed

y(t) = —y(t) + Roh(y(t — 7))y (t)(1 — y(t)) (1.7)

where y(t) represents the proportion of infected individuals in the population, Ry is the basic
reproduction number (expressing the expected number of secondary infections generated by
a single infectious agent introduced into a wholly susceptible population), and the smooth
behavioral function & : [0,1] — (0, 1] is such that A'(y) < 0, h(0) = 1 and h(1) < 1. The

parameter 7 > 0 represents the delay in time between the moment when the population
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has information about the number of infections, and the moment this population decides to
modify its behavior in order to reduce the rate of infections. We refer the reader to [I1] for
more details related to the modelling aspects.

Equilibria of (1.7)) are algebraic solutions to

y = Roh(y)y(1 —y). (1.8)

Obviously y = 0 is always a solution to (1.8) (disease-free equilibrium). It is shown in
[11] that if Ry < 1, then the disease-free equilibrium is globally asymptotically stable. If
Ry > 1, then y = 0 becomes unstable, and has a unique endemic equilibrium y*
satisfying y* < 1 — 1/Ry. The authors in [11] then perform a comprehensive analysis of
for different choices of response functions h, and in particular, they plot bifurcation
diagrams with distinguished parameter Ry. Some of these bifurcation diagrams (see for
example figures 5 and 9 of [I1]) exhibit a phenomenon that the authors have called endemic
bubbles, which loosely speaking is the bifurcation of a branch of periodic solutions from the
endemic equilibrium point at some parameter value Ry > 1, and this branch reconnects with
the endemic equilibrium (in a reverse Hopf bifurcation) at parameter value Ry > Ry. A
schematic representation of a typical such endemic bubble bifurcation diagram is given in
Figure [6]

When focussing on the endemic branch, we notice the similarity between Figure [6] and
the bottom-right-most bifurcation in Figure [5| As we will show in this paper, the endemic
bubble is indeed a consequence of a degenerate Hopf bifurcation which occurs in for
various choices of response functions h(y, p), where p > 0 is some auxiliary parameter which

appears in the behavioral response function.
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Figure 6: Schematic representation of a bifurcation diagram for which exhibits the
phenomenon of endemic bubble. The disease-free equilibrium is stable for Ry < 1. At Ry = 1,
a branch of endemic equilibria bifurcate from the disease-free equilibrium, and this branch
is stable until Ry = Ry at which point a Hopf bifurcation occurs. The blue curves represent
minima and maxima of oscillations for the bifurcating periodic solutions. At Ry = Ry, the
branch of periodic solutions reconnects with the endemic equilibrium. The region between

Ry and RO is what is referred to as the endemic bubble.
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1.3 Overview of paper

With the above discussion in mind, this suggests that the organizing center of endemic bub-
bles is a degenerate Hopf bifurcation in . In this paper, we will develop the theoretical
ideas to make this hypothesis into a rigorous theorem. Our approach will be to use the
center manifold and normal form theory for REFDEs developed in [4], [5] and the classification
and unfolding of degenerate Hopf bifurcations of [].

Ours is not the first study of higher codimension bifurcation in RFDEs with nonlinear
degeneracies. We note in particular [2] where the authors present and analyze a DDE model
for tumor growth in which a Bautin bifurcation (Hopf bifurcation with the first Lyapunov
coefficient being zero) occurs. In [17], a Maple program is presented which allows the com-
putation of coefficients up to any order related to Hopf bifurcation for RFDEs. Also, in [3],
the authors investigate the stabilization of unstable periodic orbits via the Pyragas delayed
feedback control. It is shown that the stabilization mechanism occurs because of a highly
degenerate Hopf bifurcation in which both crossing condition and first Lyapunov coefficient
degeneracy occur simultaneously. Our paper here appears to be the first systematic study of
the degeneracy resulting from the violation of the crossing condition in the Hopf Bifurcation
Theorem for general RFDEs.

In section 2, we will establish the sufficient conditions for such a degenerate Hopf bifur-
cation to occur in a general class of parametrized RFDEs. Our main theorems to that effect
are Theorems and 2.4l In subsection 2.3, we will apply these results to the special case
in which the RFDE is a DDE of the form ({1.1)).

In section 3, we use our theoretical results to seek out and analyze degenerate Hopf
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bifurcation points in the SIS model , where the behavioral response function h = h(y, p)
depends on an auxiliary parameter p. The parameter space is thus two-dimensional: R, acts
as a distinguished bifurcation parameter, and p as an unfolding parameter. This leads to
Theorem [3.1] In subsections 3.2 and 3.3, we illustrate these results by performing explicit
computations for two of the types of delayed response functions h(y, p) which were considered
in [11].

We end with some concluding remarks in section 4, and an Appendix where a lengthy
expression for the Lyapunov coefficient associated with the degenerate Hopf bifurcation is

presented.

2 Center manifold and normal form reduction

In this section, we give a brief summary of the theory presented in [4, [5] for center-manifold
and normal form reductions of retarded functional differential equations, and then apply it

to study the degenerate Hopf bifurcation in a class of parametrized RFDEs.

2.1 Phase space and splitting

For 7 > 0, we consider the Banach space C' = C([—7,0],R) of continuous functions from
[—7,0] into R, endowed with the supremum norm. We define z; € C by z/(0) = z(t + 0), for
6 € [—7,0].

Let

2(t) = LA, p)(20) + F (2, A ) (2.1)
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denote a smoothly parametrized family of nonlinear retarded functional differential equa-
tions, where A € R is a real distinguished bifurcation parameter, ¢ € R is an auxiliary
parameter (to be regarded as an unfolding parameter), L(A, i) is a smoothly parametrized
family of bounded linear operators from C' into R, and F is a smooth function from C x R?

into R, which satisfies
F(0,\pn) =0, DiF(0,\p)=0, V(XA u) near (0,0) € R? (2.2)
We denote Ly = L(0,0), and we rewrite as
() = Lo(z) + (L(A, ) — Lo)(ze) + F(z, A, ).

By the Riesz representation theorem, we may write

0

L)) = / [dnn, (6)] 9(0),

where 7, ,(#) is a measurable function on [—7,0]. We also define A(A\, 1) to be the infinites-
imal generator for the flow of the linear system Z = L(A, pu)(2;). For each fixed (A, u), we

consider the characteristic equation

AOE =0, AN =€~ [ ()

We suppose that the following holds:

Hypothesis 2.1 The characteristic equation A(X, p)(§) = 0 has roots, E(A\, u) = y(A\, p) £

iw(A, 1) which are smoothly parametrized by A and p, and are such that

7(07 0) = 07 W(O’ O) =w > 0, 7/\(07 0) = 07 ’7/1(0’ O) 7é 07

15



C%A(O, 0)(iw*) # 0, or equivalently 1 — Lo(#e™"?%) #0, (2.3)

and furthermore, we suppose the characteristic equation A(0,0)(§) = 0 has no roots other
than +iw* on the imaginary axis, and that all other roots of A(0,0)(§) = 0 have strictly

negative real part.

It follows that if Ay denotes the infinitesimal generator of the linear equation 2(t) =
Lo(z), then the eigenspace P of Aq corresponding to the eigenvalues +iw* is two-dimensional.
Let ®(0) = (¢ e~™"%) be a complex representation of a basis for P. The dual space
C* = C([0, 7], R) also admits a two-dimensional subspace for the transpose A corresponding

to +iw*. We introduce the bilinear form between C' and C*

(¥, ¢) = ¥(0)$(0) —/ /0 V(v — 0) dn(8) ¢(v) dv.

We choose a basis ¥(s) = col(1;(0)e™™* 1,(0)e™*) such that (¥, ®) = I;. As is shown in
[5] we have

¥1(0) = [1 — Lo(0e™" )71, (2.4)
which is well-defined because of . We have C' = P @ (), where () is infinite-dimensional
and also invariant for the operator Aj.

We now let BC' represent the Banach space of functions from [—7,0] into R which are
uniformly continuous on [—7,0) with a jump discontinuity at 0. We define the function

1, 6=0
Xo(e) =

0, —7<60<0.
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The elements of the space BC' can be written as Y = ¢ + Xy, where ¢ € C' and v € R. We

define the projection 7 : BC' — P as
m(p + Xov) = ®[(¥, @) + V(0)v].

We then have
BC = P @ kerm,

where @) C ker m, and we may rewrite (2.1)) according to this splitting as

=Bz +V(0)[(L\, pu) — Lo)(Px+ )+ F(Px+ A\ p),

(2.5)
#C = A0, C+ (L = M) Xo[(L(N 1) = Lo)(Pa + () + F(®a + (A p),
where
w* 0
B = )
0 —w*
r=(u,u)’, (€ Q' =QnNCY[-7,0],R), and Ag, is defined as
Ao = ¢+ Xo[Loyp — ¢(0)].
As is shown in [5], it is then possible to define near identity changes of coordinates
(2,0) = (&,Q) + U@\, p) (2.6)

such that a Taylor expansion of (2.5 can be put into the normal form

) d
b=Brt ) gi(@CAp),  C=A0C+) 6@ ¢ A p)

Jj=2 j>2
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having the property that the center manifold is locally given by ¢ = 0, and the local flow of

(2.1) on this center manifold is given by

&= Bx+ Z gj (2,0, A, ). (2.7)

Jj=2
The nonlinear terms in ([2.7)) are in classical Poincaré-Birkhoff normal form with respect to

the matrix B.

2.2 Normal form for the degenerate Hopf bifurcation

From Hypothesis , we have that there exists a smooth function £(A, u) such that
EON 1) = LA, p) (M%), £(0,0) = iw*,
for which implicit differentiation gives the following equalities
€(0,0) = 1(0) Lx(0,0) (™),
£u(0,0) = 1(0) L, (0, 0)(e™),
and

£(0,0) = 1 (0) [Lax(0,0)(™"®) + 26,(0,0)Lx(0,0)(0 €™%) + (£2(0,0))Lo (6% € %)] |
(2.8)

where 11 (0) is as in (2.4). Hypothesis thus implies
Re [11(0) Lx(0,0)(e®"?)] =0, and Re [¢:(0) L,(0,0)(e™")] # 0.

In addition, we are going to assume the following second-order non-degeneracy condition
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Hypothesis 2.2 We assume the non-degeneracy condition Re(&1(0,0)) # 0, which is equiv-

alent (via (2.8)) to

Re (1(0) [Lax(0,0)(e™"?) +2£,(0,0)LA(0,0)(0 ™) + (£,(0,0))*Lo (6% €™"%)]) # 0. (2.9)

We will see later on that the geometrical meaning of (2.9)) is equivalent to the curvature
condition given in (|1.6).

Consider equations ([2.5)) which we expand in a Taylor series as
&t = Bx+ Y(0)[ALx(0,0)(Px+ )+ pL,(0,0)(Px+ ()

FIN L3 (0,0)(P x + ¢) + Rz, ¢, A\, )],
(2.10)

#C = Ag(+ (Lo = m)Xo[ALx(0,0) (@ +¢) + p Ly(0,0)(x + ()

+3A2 L (0,0) (P 4 ¢) + R(x, ¢, A, )],
where the remainder term is R(x,, A, 1) = O(|(z, C)|?, p?, pX, A3).
We procede as in section 3 of [5]. Writing x = (u,u)T, ® 2 = ue™™? + e~ we define
quadratic near-identity changes of coordinates of the form ({2.6) which transforms in

such a way that the normal form (2.7 becomes
0 = iw*u + [(oy +io)pu + iosA + (04 + i05) N2 |u + 1 (0)R((u, @), 0, \, 1), (2.11)

where
o1 +ioy = 11(0) L,(0,0)(e*"?), o1 #0,
o3 = Im [11(0)Lx(0,0)(e™"?)] = wx(0,0),
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and

ouitios = 3n(0) [Lan(0,0)(€™"?) + 26:(0,0)Lx(0,0)(8 ¢ %) + (€2(0,0))* Lo(62 )]

= 1£,(0,0)
(2.12)

is such that o4 # 0 because of Hypothesis The extra terms
1 ok o
5%1(0) [260(0,0)L5(0,0)(6 ") + (€x(0, 0))* Lo (6 )]

which appear in (2.12)) arise from having normalized quadratic terms in ([2.10j).
As mentioned earlier, the nonlinear terms in (2.7)) (equivalently (2.11))) are in classical
Poincaré-Birkhoff normal form with respect to the matrix B. It is well-known (see for

example [7]) that such a normal form has the algebraic form
o = dw*u + T(Jul?, A, p)u, (2.13)

where I is a smooth complex-valued function.
The following theorem now follows from the above discussion and by performing further

near-identity changes of coordinates (2.6]) as in [5]:

Theorem 2.3 Consider the smoothly parametrized family of nonlinear retarded functional

differential equations which satisfies , and Hypotheses and . Then there

exists a two-dimensional semi-flow invariant center manifold in the phase space C([—,0],R).
Furthermore, there exist a formal sequence of parameter-dependent near-identity changes of
coordinates of the form (@ which are such that the dynamics of reduced to this center

manifold have a Poincaré-Birkhoff normal form to any order given by (equivalently
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):
U = [iw* + (01 +io2)pu + io3A + (04 +i05) N> + H(Ju]*, X\, )] u, (2.14)

where H(Jul?,0,0) = Ky + K>, Hx(Ju?,0,0) = H,(|ul>,0,0) = Hy\(Jul?,0,0) = 0.

The coefficient K in (2.14)) is the first Lyapunov coefficient. It has been computed explicitly

in [5] as
Bu1,00Bao1,0  B2000DB0,1,01)
K; =Re |41(0) ( B — ~LLOZUOL 2.15
1 € |:77Z)1( ) ( (2,1,0,0) LO(l) 2'&(,{)* _ LO(@QZw*O) ) ( )
where the coefficients B, j 1 () are read-off from the Taylor expansion of F' in ({2.1)):
F(x1e™% + 2070 4 231 4 24e%979 0,0) =
(2.16)
3(2,0,0,0)33'% + Ba,1,00T172 + B(1,0,1,007173 + B(0,1,0,1)T274 + B(2,1,0,0)9€%$2 +ee
Using the polar coordinates u = re®®, (2.14) becomes
o= (o) + o+ Kir2 + O(rt )y, ph, A3))
(2.17)

b = w4
Zeros of the 7 equation of correspond to periodic solutions of whose period is
approximately equal to 27 /w*. Let us assume the non-degeneracy condition K; # 0. Since
o1 # 0 and o4 # 0, it now follows from the classification of degenerate Hopf bifurcations

done in [6] that

Theorem 2.4 For p near 0, the bifurcation diagram (wrt \) of r(04A* + oy + Kir? +
O(rt, 12, uX, X)) = 0 is locally diffeomorphic to the bifurcation diagram of
r(e(\ +n) +71%) =0,
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where € = sgn(o4/ K1) and n = % (see ), as illustrated in Figure H

2.3 Special case: discrete delay

As a special case of the theory we have just developed, we return to the prototype delay-

differential equation
2(t) = al\, px(t) + B\, wx(t —7) + F(x(t), x(t —7), A\, 1) (2.18)

where we will assume without loss of generality that \* = 0, u* = 0, and (a*, 8*) are such

that (L.4]), (1.5) and ([L.6)) are satisfied, and 5* # 0, and a7 — 1 # 0.
The operator L(A, p1) is defined as

LA, 1) (2(0)) = a(A, 1)2(0) + B(A, p)z(=7),

so that - i}
Lo(e®) = o + e ™ =it =W T = D ﬁ_* =,
Lo(0e?) = —7p% %7 = —1(iw* — a*),
w*0\1—1 1
U1(0) = [1—Lo(fe™ )] =

(1—or7) +iw s
Using ([1.5]), we have
ax(0,0) + %(iw* — )
(1 — a*T) + iw*T
[w(ax(0,0)8*T — 5x(0,0))
/8*((1 _ O[*T)2 + w*27—2)
The non-degeneracy condition Re(¢(0)L,(0,0)(e™"?)) becomes

o= B, (0,0)(1 — a*7) + B8,(0,0)(15** — a*) 20
1= B((1 — a*1)? + w*2r?) :

Y1(0)Lx(0,0)(e") =
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Finally,

204 = Re(1h1(0)[Lax(0,0)(e™?) 4 265(0,0)Lx(0,0)(0 €™"?) + (£(0,0))*Lo (6% )]

S(a”, B, 7)
B2 (arT — 1)2(—F*272 + 20T — 1)’

where G(a*, *,7) is as in ([1.6)). Thus, we note that the condition o4 # 0 is equivalent to

the curvature condition (|1.6)).
We write F'in (2.18) at (A, u) = (0,0) as

F(z(t),z(t —7),0,0) = f(270)a:(t)2 + fanzt)z(t —7) + foo)(x(t — 7))2+
+feort)’ + fenzt) et — 1) + fayz(t) (@t — 7)) + foz(@(t —1))°

+O(|2|*)
(2.19)

To compute the first Lyapunov coefficient K7 in (2.15]), we need

(iw* . a*)Z
/8*
We will assume that a*+ 8% # 0. If this condition holds, it follows that 2iw* — Lo(e**™%) £ 0.

A lengthy computation using (2.15)), (2.16]) and (2.19) yields the Lyapunov coefficient K; in

terms of the coefficients f(;x) in (2.19) and o, 3%, w* and 7. The formula is lengthy and

L0(1> — Oé* +ﬁ*, and L0(62iw*0> — Oz* +ﬁ*€72iw*7— — Oz* i

given in the Appendix. Generically, we will have K7 # 0. Once we have these quantities,

we can compute the normal form for the unfolding of the degenerate Hopf bifurcation at

(A, 1) = (0,0):

r(e(\ +n) +1°) =0,

where ¢ = sgn(oy/K;) and n = m as in Theorem .
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3 Application to a SIS model with delayed behavioral
response: endemic bubbles

We recall the SIS model (1.7]) which was analyzed in [I1]. In this section, we will apply the
theoretical results of the previous section to establish and study degenerate Hopf bifurcations

which occur in this model.

3.1 General case

Non-trivial equilibria of (1.7) are solutions g # 0 to ([1.8)), or equivalently to

1

et (3.1)

h(7,p)

Because the function h is such that h,(y,p) <0, h(0,p) =1 and h(1,p) < 1, if Ry > 1 then

has a unique solution § = y(Ro, p), i.e.
Roh(j(Ro,p),p)(1 = 4(Ro,p)) =1,  VR;>1,p>0. (3.2)
Linearizing about the equilibrium (R, p) gives
(t) = a(Ro, p)a(t) + B(Ro, p)a(t — 7),

where
@(Rmp) = _RO g(R07p) h(g(R07p)7p) < O (33)
and

B(Ro,p) = Ro hy(4(Ro, p), ) 4(Ro, p) (1 — y(Ro,p)) < 0. (3.4)
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Using implicit differentiation of (3.2), one can compute yg,, 9, and yg,r, in terms of h, hy,
hyy, hp and . One can then use (3.3) and (3.4) to compute the quantities ag,, Bry, ¥, Bp,

X RoRy and ﬁRORO'

We then have the following

Theorem 3.1 Consider the nonlinear delay-differential equation

#(t) = a(Ro, p)z(t) + B(Ro, p)a(t — ) + F(a(t), 2(t — 7), Ro, p)

which is obtained by performing the change of variables x = y — y(Ro,p) in (n) (where

y(Ro,p) is the endemic equilibrium, which is solution to (3.9)), and where a(Ro,p) and

B(Ro,p) are as in and respectively. Define w(Ry,p) by
W(ROvp)Q = B(ROap)Q - Q(Ro,p)2-
Suppose (R§, p*) is a point in parameter space such that

af + frecosw't = 0, (3.5)

Brag, (1 —a7) + By, (18 —a") = 0, (3.6)

where o = Of(Ré,p*), B* = /B(R87p*)7 a*RO = aRo(Rgap*)a 57%0 = 5(R8ap*); Cl/; = ap(Raap*):
ﬁ; = ﬁp<R67p*)7 O‘?EORO = aRoRo(Ra?p*)7 BEORO = ﬁROR()(Rg?p*)’ and w*? = 6*2 —a? > 0.
Suppose
L Ba(l—atn) 4 B (7 — o)
1 B*((l _ Oé*T)Q + w*27-2)

S(a”, 8, 7)
6*2((1*7- _ 1)2(_5*27-2 + 205*7' _ 1)

£ 0, (3.7)

E
20, =

40, (3.8)
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(where G is as in (1.6])), and that the first Lyapunov coefficient K = Ki(a*, 3*) computed in
Appendix A is non-zero. Then has a degenerate Hopf bifurcation point at the endemic
equilibrium y when (Ry, p) = (R§, p*), and the normal form for the Hopf bifurcation diagrams
near this point is
r(e(N+n)+7r*) =0

oi(p — 1)
| K7 |sgn(o})
enough to (R, p*), this Hopf bifurcation diagram will exhibit an endemic bubble if ¢ = +1

where A = Ry — Ry, € = sgn(o}/K7) and n = Furthermore, for (Ro,p) close

and n < 0. In the case € = +1 and n < 0, the width of the endemic bubble (in Ry space) is

approzimately equal to the width of the region between the two zeros of
oa(Ro — Rg)* + a1(p — p"),
1.€.

o1(p — p¥)
04

Ro—R[)%Q

_1
14+py

3.2 Response function h(y,p) =
This is one of the special cases which was studied in [I1] and for which endemic bubbles were
observed. For purposes of comparing our results to those of [11], we will assume as they do

that 7 = 10.

The endemic equilibrium is




and introducing = = y — y* transforms (|1.7)) into

i(t) = a(Ro, p)x(t) + B(Ro, p)(t — 7) + O(|z]*), (3.9)
where
a(Ro,p) = 11;};(), B(Ro,p) = %-

Computing the quantity Sag,(1 — at) + Br,(T8% — ) for 7 = 10 gives

(1 — R0)2p (10 R03 + R02p + R02 — 10p2)
Ro* (1+ p)° .

So using (3.6) and solving for p, we have

1
p=p = 5% <R3+ \/R32+400R3+40> R,

where R is a root of (3.5]), which is equivalent to

cos (10w*) <R;§ + \/R32 + 400 R + 40) +20=0 (3.10)

where

(1— Ry (R;; VRZ 400 Ry 1 40 + R:2 + 200 R: — 180>

w*2:2

2
(Rg VERZ+ 400 Ry + 40 + Re2 + 20)
A plot of the left-hand side of (3.10)) as a function of Ry is given in Figure . We numerically
compute the value for the root
Ry~ 1.784
which yields

Pt~ 2.613
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0.1

-0.14

-0.21

Figure 7: Graph of the left-hand side of (3.10)).

and

o~ —0.217, B* ~ —0.318, w* ~ 0.232.

We compute o7 and o} as in (3.7)) and (3.8) and get
oy ~ 0.021, o, ~ —0.037.

To compute the Lyapunov coefficient K7, we will need to compute explicitly the quadratic

and cubic terms in (3.9). A straightforward computation gives the following expression for
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these quadratic and cubic terms:

* * * *__ O ok * * * * *_ *2
_ (Pliﬁo) :L’(t)2 + (P (RORg(liza)*(])DQJFRO)) z(t)x(t — 1)+ ((p ;Igggii%*)lz)p > z(t — 7')2

*—‘—R* 2, % *2 *+R* 2 R*—Q— «
(R - - () e o

1—R* * LR 2, %3
+ (SRS ) et - 7).

The formula for K; in the Appendix now gives
K{ =~ —1.006

so that

e =sgn(oy/K;) =41, n~-0.021(p—p").

Based on Theorem , we therefore predict the following for p near p* when h(y,p) =

1/(1 +yp):

(i) Suppose p < p*. Then varying Ry near R in ({1.7)) will not generate Hopf bifurcation

from the endemic equilibrium, hence there will be no endemic bubble.

(ii) Suppose p > p*. Then varying Ry near R in (1.7 will generate an endemic bubble
via Hopf bifurcation at Ry = R, followed by a reverse Hopf bifurcation at Ry = Ro,

with R, and RO near I, and

*

~ — o
Ry— Ry~ 2 —0—1 (p — p*) = 1.614y/p — p*.
4

In Figure [8) we illustrate the results of several integrations of (1.7)) with h(y,p) = 1/(1+
py) for values of (R, p) near (Rg, p*). The resulting bifurcation diagrams show the emergence

of the endemic bubble.
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Figure 8:
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Numerically obtained bifurcation diagrams for (1.7) with h(y,p) = 1/(1 + py)

for the following values of p: (a) p = 2.61 < p*, (b) p = 2.62 > p*, (¢) p = 2.633 > p*,

(d) p = 2.7 > p*. The red squares indicate that the simulation has settled to the endemic

equilibrium. The green asterisks and blue circles designate respectively the maxima and

minima of the steady oscillations which occur for values of Ry inside the endemic bubble.

Recall that the theoretically computed value of (R, p*) for the degenerate Hopf bifurcation

is (R, p*) ~ (1.784,2.613).
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(a) p=1.660 (b) p=1.662
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Figure 9: Numerically obtained bifurcation diagrams for with h(y,p) = e ¥ for the
following values of p: (a) p = 1.660 < p*, (b) p = 1.662 > p*. The red squares indicate
that the simulation has settled to the endemic equilibrium. The green asterisks and blue
circles designate respectively the maxima and minima of the steady oscillations which occur

for values of R, inside the endemic bubble. Recall that the theoretically computed value of

(R§, p*) for the degenerate Hopf bifurcation is (Rf, p*) ~ (2.1474,1.6617).
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Figure 10: Numerically obtained periodic solution y(¢) to (1.7) with h(y,p) = e ?¥ after
transients have died out. The parameter values are p = 1.662 and Ry, = 2.14, which is inside
the endemic bubble. The period is approximately 25, which is close to the theoretically

predicted value 27 /w* &~ 24.7.
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3.3 Response function h(y,p) =e

This case was also studied in [I1], although the bifurcation diagrams were not given in that
paper. In this case, we can not solve in closed form the equation for the endemic equilibrium

52
P Hop) — Ry (1 — (Ry, p)). (3.11)

Using (3.11)), equations (3.3)) and (3.4} become

—1J(Ro, p)

o(fo,p) = 1 —y(Ro, p)

and
B(Ro,p) = —py(Ro, p).

Implicit differentiation of (3.11]) gives

) B 1 — (R, p)
Yro(Ro, p) = Ro(1+p(1 —y(Ro,p)))’

from which we may now compute

1
1 —g(Ro,p)) Ro (14 p(1 —5(Ro,p)))

aRo(RO;p) = —(

and
p(1—y(Ro,p))

For 7 = 10, solving ({3.6)) becomes equivalent to solving

Bry,(Ro,p) = —

—10(1 — §(Ro,p))* p* + 11 — §(Ro,p) = 0,

or

_ 1 V/10(1 = g(Ro, p))(11 — (R0, p))
10 (1 = g(Ro,p))? '
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Using this expression for p, we may solve (numerically) the equation
a+ B cos(10v/ 0% —a?) =0

for y, and the result is

7~ 0.2703

which, when substituted into (3.12)) gives

p* ~ 1.6617

and then (3.11]) gives
R} ~ 2.1474.

We then compute
o~ —0.3704, B A —0.4491, w* ~ 0.2540.
Using these values and further implicit differentiations of (we omit the details) yields
o1 ~ 0.0503, o, ~ —0.0190.
Finally, the first Lyapunov coefficient has the value
K ~ —0.4906

so that

e=sgn(o;/Ky)=+1, n=-0.1025(p—p").
Based on Theorem , we therefore predict the following for p near p* when h(y,p) = e ?¥:
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(i) Suppose p < p*. Then varying Ry near R in (1.7)) will not generate Hopf bifurcation

from the endemic equilibrium, hence there will be no endemic bubble.

(ii) Suppose p > p*. Then varying Ry near R in (1.7 will generate an endemic bubble
via Hopf bifurcation at Ry = R, followed by a reverse Hopf bifurcation at Ry = Ry,

with R, and RO near I, and

*

~ — o
Ry — Ry~ 2 —0—1 (p — p*) ~ 4.486+/p — p*.
4

Resuts of numerical simulations for this case are illustrated in Figures [0] and [10]

4 Conclusions

In this paper, we have performed a detailed theoretical analysis of a degenerate Hopf bifur-
cation in parametrized families of RFDEs where the degeneracy arises from a violation of
the eigenvalue crossing condition. Although our detailed computations have been performed
for scalar RFDEs, there are no complications other than those involved with cumbersome
notation in extending these results to systems of RFDEs. We have paid particular attention
to the cases where the RFDE is a delay differential equation of the form , since these
cases are quite ubiquitous in the literature, and many important phenomena in nature are
modelled using such equations. Since we give precise conditions on the parameters of
to characterize the degenerate Hopf bifurcation, we expect that our paper will be a valuable
contribution to many researchers who model phenomena using delay differential equations.

As an application of our results, we have considered the SIS model ((1.7) which was
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studied in [I1]. We have shown that the phenomenon of endemic bubbles which had been
reported in [I1] originates in a degenerate Hopf bifurcation such as the one studied herein.

It is worth noting that the formula for the Lyapunov coefficient in the appendix includes
the parameters o, 5* and 7. It is conceivable that by varying 7, we could achieve an even
higher-order degeneracy where both the crossing condition and the first Lyapunov condition

are violated. This is work in progress.

A First Lyapunov coeflicient

For the delay-differential equation (2.18)), formulae (2.15)), (2.16) and (2.19) yield the Lya-

punov coefficient K in terms of the coefficients f(;;) in (2.19) and o, 8%, w* and 7. The

following result was computed using the symbolic computation software package Maple:
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01*27'70(*2 *2 a*
K1 = qoamram |31 = a*7T) fao) + <3 e ) fen

*3 * Q2 *3 * Q2 *2_ gx2 *2 %2 *2 %
- (M R s 2aﬁ*—2§-2a 7277 p >f(1,2)+3<a - aﬁfﬁ = )f(o,:s)

6 2r—9a* B* T—2a*2+28*%2—6a*+9 B* 2
+2 ( (a*+,3*)(4a*—5,3*) > f(270)

_ [ 18a*37-330*2B* 74+9a* B*?r—10a*3+7a*?B*+10a* B*2—73*3 18 0*?+33 0* B*—9 8*2 foof
(a*+6*)(4ar=58%)B* (2,0/(1,1)

(a* —B*)(G a*2r—9a* B* T—6 a*24-a* B*4+T7 B*2—6 a*+9 [3*)
=2 ( (a*+B*) (4 o* =5 5*) B* f(210)f(0,2)

((X*—B*)(4Oé*37'—1006*2ﬁ* T+a* 5*27—4a*3+2a*2ﬁ*+3a* ﬁ*2—3ﬁ*3—40ﬁ*2+100¢* ﬁ*_ﬁ*2) 9
* T B (a5 5) Jay

+ 87‘a*5+8 0*45* —32 a*35*27_+19 a*26*3779a* 6*4T*8a*5*8a*4ﬁ*+36 a*3ﬁ*2
B*3(a* +8%)(4a* 5 5*)

*2 *3_28 * *4_,’_7 *5_8 *4_8 *3 % 32 *2 *2_19 * Q%3 9 x4
+ R e )fu,l)f(o,z)

_2 4a*47+4a*3,6’*7'—13a*26*27+2a*,8*3'r—4a*4—4a*36*+15a*2,8*2+4a*5*3

+ 7115*47404*374&*26*+13O‘*5*2725*3 f2
B2 (a*+p%) (4o —55%) 02)] -

It follows that in order for K to be well-defined, we need the non-degeneracy conditions
o* + B* #£ 0 and 4a* — 55* # 0. For a generic delay-differential equation of the form ([2.18]),

this coefficient K; will be non-zero.

Acknowledgments

This research is partly supported by the Natural Sciences and Engineering Research

37



Council of Canada in the form of a Discovery Grant. The author is grateful to the review-

ers for carefully reading the manuscript and for providing valuable suggestions that have

considerably improved the paper.

References

1]

[6]

A. Beuter, J. Bélair and C. Labrie. Feedback and delays in neurological diseases : a

modeling study using dynamical systems. Bulletin Math. Biology 55, (1993) 525-541.

P. Bi and S. Ruan. Bifurcations in delay differential equations and applications to
tumor and immune system interaction models. SIAM J. Appl. Dyn. Syst. 12 (2013),

1847-1888.

G. Brown, C.M. Postlethwaite and M. Silber. Time-delayed feedback control of unstable

periodic orbits near a subcritical Hopf bifurcation. Phys. D 240, (2011) 859-871.

T. Faria and L.T. Magalhaes. Normal forms for retarded functional differential equations
and applications to Bogdanov-Takens singularity. J. Differential Equations 122, (1995)

201-224.

T. Faria and L.T. Magalhaes. Normal forms for retarded functional differential equations
with parameters and applications to Hopf bifurcation. J. Differential Equations 122,
(1995) 181-200.

M. Golubitsky and W.F. Langford. Classification and unfoldings of degenerate Hopf

bifurcations. J. Differential Equations 41, (1981) 375-415.

38



[7]

[10]

[11]

[12]

[13]

[14]

M. Golubitsky, I. Stewart and D. G. Schaeffer. Singularities and Groups in Bifurcation

Theory, Vol. II. Applied Mathematical Sciences 69, Springer-Verlag, New York, 1988.

J.K. Hale and S.M. Verduyn Lunel. Introduction to Functional Differential Equations,

Appl. Math. Sci., vol. 99, Springer, New York, 1993.

T. Heil, I. Fischer, W. Elsafler, B. Krauskopf, K. Green and A. Gavrielides. Delay
dynamics of semiconductor lasers with short external cavities: Bifurcation scenarios

and mechanisms. Phys. Rev. E 67, (2003) 066214-1-066214-11.

Y. Kuang. Delay differential equations with applications in population dynamics. Math-

ematics in Science and Engineering, 191. Academic Press, Boston, (1993).

M. Liu, E. Liz and G. Rost. Endemic bubbles generated by delayed behavioral response:
global stability and bifurcation switches in an SIS model. SIAM J. Appl. Math. 75,

(2015) 75-91.

A. Longtin and J.G. Milton. Modeling autonomous oscillations in the human pupil light
reflex using nonlinear delay-differential equations. Bulletin Math. Biology 51, (1989)

605-624.

J. Ma and H. Tu. Analysis of the stability and Hopf bifurcation of money supply delay

in complex macroeconomics models. Nonlinear Dynamics 76, (2014) 497-508.

J.E. Marsden and M.F. McCracken. The Hopf Bifurcation and Its Applications Springer-

Verlag, New York, 1976.

39



[15]

[16]

[18]

[20]

[21]

M. Neamtu, D. Opris and C. Chilarescu. Hopf bifurcation in a dynamic IS-LM model

with time delay. Chaos, Solitons and Fractals 34, (2007) 519-530.

A.S. Purewal, C.M. Postlethwaite and B. Krauskopf. A Global Bifurcation Analysis of
the Subcritical Hopf Normal Form Subject to Pyragas Time-Delayed Feedback Control.

SIAM J. Appl. Dyn. Syst. 13, (2014) 1879-1915.

R. Qesmi, M. Ait Babram and M.L. Hbid. A Maple program for computing a terms of a
center manifold, and element of bifurcations for a class of retarded functional differential

equations with Hopf singularity. Appl. Math. Comput. 175, (2006) 932-968.

J. Sieber and B. Krauskopf. Bifurcation analysis of an inverted pendulum with delayed
feedback control near a triple-zero eigenvalue singularity. Nonlinearity 17, (2004) 85—

103.

E. Stone and S.A. Campbell. Stability and bifurcation analysis of a nonlinear DDE

model for drilling. J. Nonlinear Sci. 14, (2004) 27-57.

M.J. Suarez and P.L. Schopf. A Delayed Action Oscillator for ENSO. J. Atmos. Sci.

45, (1988), 3283-3287.

A.G. Vladimirov, D. Turaev and G. Kozyreff. Delay differential equations for mode-

locked semiconductor lasers. Optics Letters 29, (2004) 1221-1223.

40



	1 Introduction
	1.1 The crossing condition for the Hopf bifurcation
	1.2 Endemic bubbles
	1.3 Overview of paper

	2 Center manifold and normal form reduction
	2.1 Phase space and splitting
	2.2 Normal form for the degenerate Hopf bifurcation
	2.3 Special case: discrete delay

	3 Application to a SIS model with delayed behavioral response: endemic bubbles
	3.1 General case
	3.2 Response function h(y,p)=11+py
	3.3 Response function h(y,p)=e-py

	4 Conclusions
	A First Lyapunov coefficient

