arXiv:1606.06583v1 [math.AP] 21 Jun 2016

Domain formation in membranes near the onset of instability

Irene Fonseca Gurgen Hayrapetyan
Carnegie Mellon University Ohio University
Pittsburgh, PA, USA Athens, OH, USA
fonseca@andrew.cmu.edu hayrapet@ohio.edu
Giovanni Leoni Barbara Zwicknagl
Carnegie Mellon University Bonn University
Pittsburgh, PA, USA Bonn, Germany
giovanni@andrew.cmu.edu zwicknagl@iam.uni-bonn.de

October 8, 2018

Abstract

The formation of microdomains, also called rafts, in biomembranes can be attributed to
the surface tension of the membrane. In order to model this phenomenon, a model involving
a coupling between the local composition and the local curvature was proposed by Seul and
Andelman in 1995. In addition to the familiar Cahn-Hilliard/Modica-Mortola energy, there
are additional ‘forces’ that prevent large domains of homogeneous concentration. This is taken
into account by the bending energy of the membrane, which is coupled to the value of the
order parameter, and reflects the notion that surface tension associated with a slightly curved
membrane influences the localization of phases as the geometry of the lipids has an effect on
the preferred placement on the membrane.

The main result of the paper is the study of the I'-convergence of this family of energy
functionals, involving nonlocal as well as negative terms. Since the minimizers of the limiting
energy have minimal interfaces, the physical interpretation is that, within a sufficiently strong
interspecies surface tension and a large enough sample size, raft microdomains are not formed.
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AMS Mathematics Subject Classification: 49J45, 74K15.

1 Introduction

The continuum theory of membranes has been an active area of research in material and biological
sciences since the pioneering works of Canham and Helfrich, [6] [I7]. Biological cell membranes or
biomembranes are complex structures commonly made up of lipids, proteins, and cholesterol. Of
recent very widespread interest is the phase separation and domain formation of these compounds
forming the cell membrane. The resulting nanoscale microdomains, referred to as ‘lipid rafts’, are
believed to be responsible for membrane trafficking, intracellular signaling, and assembly of special-
ized structures, [33]. Many important biological processes, such as virus budding, endocytosis, and
immune responses, are believed to be linked to membrane rafts, [29]. Ever since the first experimen-
tal evidence of raft formation in late 1980’s, there has been a growing body of literature on both
theoretical and experimental aspects of this phenomenon, [I1]. However, due to very small scales
associated with raft domains (they are too small to be optically resolved) [29] Bl 25], there are differ-
ent viewpoints on the precise structure and stability of lipid rafts, [24]. As a result, understanding
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Figure 1: Experimental and schematic representation of rafts. The first picture is reprinted with
permission from S. Rozovsky, Y. Kaizuka, and J. T. Groves. Formation and spatio-temporal evolu-
tion of periodic structures in lipid bilayers. J. Am. Chem. Soc., 127(1):36-37, 1 2005. Copyright
2005 American Chemical Society. It depicts epifluorescence microscopy images of phase separation
in a vesicle composed of a mixture of sphingomyelin, DOPC, and cholesterol adhering to a supported
lipid bilayer. Rafts, initially forming a stripe pattern evolve into a hexagonal array of circular do-
mains as the vesicle changes shape. The last row depicts Fourier spectra for the ordered regions
depicted in the middle row. The second picture, showing a schematic representation of the same
process, is reprinted with permission from S. Komura, N. Shimokawa, and D. Andelman. Tension-
induced morphological transition in mixed lipid bilayers. Langmuir, 22:6771-6774, 2006. Copyright
2006 American Chemical Society.

the conditions for the formation, as well as mechanisms driving stability (and instability), of these
microdomains is of great importance.

It has been proposed in [22] that raft formation can be attributed to the surface tension of
the membrane. The experimental basis for the theory comes from the work of Rozovsky et al in
[31], in which domain formation in a ternary mixture of sphingomyelin, DOPC, and cholesterol is
observed for a vesicle adhered to a substrate structure. To study the relation between an increase in
surface tension and the morphological transitions on the membrane plane, a coupling between the
local composition and the local curvature was proposed in [22]. The authors consider a free energy
framework and use an energy functional first introduced in [32] to model phase separation of a di-
block copolymer in a membrane allowing out of plane (bending) distortions (see also [20, [34] 23]).

Similar to the classic Ginzburg-Landau models, the system is described in terms of an order
parameter u that may, for instance, model the relative composition of the lipids and cholesterol on
the membrane plane. However, in addition to the familiar Cahn-Hilliard/Modica-Mortola energy
(see [27]),

Afu] :/Q(iW(u)+€|Vu|2> da, (1.1)

that models line tension between domains and represents ‘short-range’ interactions and whose min-
imization drives the system to evolve into A rich and B rich phases (corresponding to v = « or
u = [, minima of a double-well potential W), there are additional ‘forces’ that prevent large do-
mains of homogeneous concentration. In [32] Seul and Andelman proposed a nonlocal contribution
to the energy by considering an energy functional that takes into account the bending energy of
the membrane, and couples it to the value of the order parameter. The idea is that surface tension
associated with a slightly curved membrane influences the localization of phases as the geometry of



Symbol Description Value
ay 107 J/m?
b line tension 5x 107197
o surface tension 5x 107 to 10=%J/m?
K bending rigidity of the membrane 10719J
A composition-curvature coupling constant 4.9 x 1072J/m

Table 1: Parameter descriptions and characteristic values, [22].

the lipids has an effect on the preferred placement on the membrane. Similarly, the geometry of the
membrane may adapt to that of the molecules. The resulting energy has the form

Elp,h] = /D (f(q/)) + %b|v¢|2 + %0’|Vh|2 - %n(Ah)Q + A¢Ah) dz. (1.2)

Here D := {Lz : z € Q} is the domain with the characteristic size L, ¢ is the order parameter, h
represents the height profile of the membrane, f(¢) := %¢2 + ‘1—%154, where a9, a4 are constants, b > 0
is related to the line tension between different domains, o > 0 and x > 0 are the surface tension
and bending rigidity of the membrane, respectively, and A is the composition-curvature coupling
constant.

We note that several simplifying assumptions have been made in relation to the classical mem-
brane energies (e.g. [6l [17]) or more recent multi-component biological membrane energies (e.g.
[15]). Rather than considering a closed hypersurface to represent the vesicle. We assume that the
vesicle is almost flat and that its shape is described in terms of the distance, h, to the reference
plane, D C R2%. In addition, for simplicity, higher-order coupling terms between the composition
and the curvature of the membrane are omitted. There is no direct measure of the resulting single
coupling parameter, A, but it can be fitted based on experimental data (see [22] for details).

Since minimizers of £ satisfy the Euler-Lagrange equations, we may consider the minimization
problem for £[¢, h] under the constraint, % = 0. Using the last equation to eliminate h (see the
Appendix) and rescaling

K bo 2K o1 2
u(z) = ¢(Lx), 6'_”E’ q.—l—P, W(u)—pf(u), and F; '_EiAzLdS’

one can reduce (1.2)) to

Flu] := é /Q (W(u) —u®+ (1—q)e?|Vul® +u (1 - egA)_l u) dr. (1.3)

Here ¢ is a constant parameter and the second order differential operator 1 —2A : H2(Q2) — L?(Q)
is subject to Neumann boundary conditions. A detailed derivation is given in the Appendix. In
addition, Table 1 lists typical values for the parameters. Note that \/§ ~ 10~"m, so the domain size
of 10 microns corresponds to € ~ 1072, One may also easily check from the table that the relevant
values of the parameter ¢ fall in the interval (—1.1,1), and for fixed b and A correspond to varying
the surface tension.

Moreover, the line tension, surface tension, and the composition-curvature coupling constant are
embedded in the effective parameter q. To develop some intuition about the effect of varying ¢ we
momentarily assume dependence only on a single direction and consider the energy of a single term
in the Fourier series expansion of u (see the Appendix),

u(m) = wn(m)v T€EN= (_17 1)7



where
n(x) == cos(Apz) and A\, = 27mn.

Then,
1
1+e2X2

and separating the potential term in the energy we have,

(1 - €2A)71,¢” = 1%’

* 1 ! 1 ! 242 1 2
Frn] = - [1 W (¢p,)dx + - [1 <1 +(1—q)e“i + 1—|—€2)\%> cos®(\px)dx

1! 1

== W(wn)dw + 7}—q,n7 (14)
e )1 €

where )
— 242
Fon i =—1+(1—qe X, + Trene (1.5)

For fixed ¢ > 0, the minimum of F, ,, is achieved by

1
_1’
VI—gq

N2 =
with the corresponding energy

Fan. =—2+2\/T—q+q<0. (1.6)

As evident from the calculations above, the contribution to the full energy from F,, becomes
negative as ¢ increases from 0 (corresponding to the weakening tension). Hence, depending on the
properties of the potential W the functional may be unbounded from below. A natural question is
to understand this bifurcation as ¢ increases. This paper represents a step towards that goal. In
particular, we show that for a standard family of double-well potentials (see Hypotheses [2.2]), even
if ¢ is positive, the energy is bounded from below and I'-converges to the perimeter functional for ¢
sufficiently small. Since the minimizers of the limiting energy have minimal interfaces, the physical
interpretation is that for L? > s/, (¢ < 1) raft microdomains are not formed in this regime. If
the surface tension is too small and the functional is unbounded from below as ¢ — 0, different
mathematical methods will have to be used to study the formation of raft-like microdomains (e.g.
126, 28]).

We remark that when g < 0 the I'-convergence to the perimeter functional can be proved under
weaker conditions on the potential. In that case the functional is nonnegative (this can be seen from
the reformulation of the problem presented in ) The I'-convergence of similar energies has been
considered before (e.g. [18, [2]), however there are some differences with the functional (for
example when ¢ = 0) and will be addressed in a separate paper.

Finally, we observe that in our context the relevant physical dimension is d = 2, although the
analysis presented here is carried out in arbitrary dimension d > 2.

2 Preliminaries, Notation, and Statement of Results

A natural mathematical framework for studying the asymptotic behavior of the family of functionals
(1.3) is the notion of I'-convergence introduced by De Giorgi in [I4] (see also [4, [10]). In a general
metric space setting the definition is given below.

Definition 2.1. Let (Y,d) be a metric space and consider a sequence {F,} of functionals F:
Y — [—o0,00]. We say that {F,} T'-converges to a functional F : Y — [—o0,00] if the following
properties hold:



1. (Liminf Inequality) For every y € Y and every sequence {y,} CY such that y, — vy,

Fly] < liminf F, [yn].

n—oo
2. (Limsup Inequality) For every y € Y there exists {yn,} CY such that y, — y and

lim sup F, [yn] < Fly).

n—oo

The functional F is called the T'-limit of the sequence {F,}.

A key property of I'-convergence is the fact that, under appropriate compactness conditions,
the sequence of minimizers of the functionals F,, converge to a minimizer of the limiting functional
F. Moreover, one can show that the isolated local minima of the I'-limit F persist under small
perturbations (see [211 [10]).

The problem of finding a characterization of the I'-limit of has been considered in the one-
dimensional setting by Ren and Wei in [30], but in a different parameter regime. Due to the different
scaling of the terms, the technique used in that paper is not applicable to our case. Recall that the
last term in renders the problem nonlocal. A local approximation of was studied in [7]
and [8]. We refer to the derivation of in the Appendix for the precise connection between
the models. Qualitative properties of local minimizers of the local approximation model have been
studied extensively to explain the formation of periodic layered structures (see [3} 9} 26} 28]).

We now give the precise formulation of our results. Let Q C R%, d > 2, be an open, bounded set
of class C?, and let W be a twice continuously differentiable double-well potential defined on the
real line. We make the following hypotheses on W.

Hypotheses 2.2.
1. W(s) >0 if s # £1.
2. W(%1) = 0.
3. There exists c,, > 0 such that W(s) > c,(s F1)? for +5 > 0.

4. There ezist constants Ky, Cy > 0 such that |W'(s)| < Cy/W(s) and [W"(s)| < Ky, for all
s eR.

Remark 2.3. Note that conditions 3 and 4 imply that W has quadratic growth at infinity.

For the purposes of our analysis it will be convenient to rewrite the functional F} as follows.
Given u € W2(Q), we define v € W32(Q) via

v
—2Av+v=uinQ and — =0 on 012,
on
where n denotes the outward unit normal to 92, and use the abbreviatory notation v := (1 —

£2A)~1lu. Integrating by parts we obtain
1
Fiu) = / <EW(u) — q|Vul* + 3 (Av)? + 55|vm2> da
Q
1
= / <EW(u) —eq|Vo]? + (1 —2¢)3(Av)? + (1 — q)ESVAU|2> dz.
Q

Hence, we may also view F as F.[v] with F. : L?(Q) — (—00, 00] given by



Fv;Q] ifve W32(Q), % =0 on 99,
~+00 otherwise,

7 = {

where
1
Felv; Al = / (sW(_€2AU +v) —eq|Vol* + (1 — 29)3(Av)* + (1 — q)55|VAv|2> dx
A

for every open set A C .

Remark 2.4. Observe that if v € W32(Q) does not satisfy Neumann boundary conditions on 052,
then F.[v; Q] < Felv] = o0.

Definition 2.5. Given a vector v € S*™! (d — 1 dimensional unit sphere), let {vy,--- ,vq_1,v} be
an orthonormal basis of R?. We will denote by Q, an open unit cube centered at the origin with two
of its faces normal to v, i.e.,

1 1
Q, = {xERd1|I'V<27 ‘I'V7;|<§, i:l,...,d—l}.

If 1o € R? and r > 0, then Q,(z0,7) := 20 +7Q,. If {v1,--- ,v4_1,v} is the canonical basis, we
drop the dependence on v, i.e., Q(zo,7) := xg +1(—1/2,1/2)% = 20 + rQ, where Q is the open unit
cube centered at the origin with faces normal to the coordinate axes.
Define the admissible set to be
A, ={ve VVli’CQ(Rd) :v =1 in a neighborhood of x - v = —1/2,

v = —1 in a neighborhood of x-v =1/2,
v(z) =v(x + v;) for allz e RY, i = 1,...,d—1},

and set
mg = inf{F[v;Q,] : 0<e<1,ve A} (2.2)

As we will see in the sequel (see (2.3))) the constant mg represents the surface energy density per
unit area of the limit energy. The fact that mg is characterized by the cell problem is to be
expected in this type of singular perturbations problems (see, e.g., [2], [7], [8]). As it turns out, in
the case in which only first order derivatives are considered in the energy functionals, mg reduces
to a one-dimensional geodesic distance between the wells for an appropriate metric involving the
double-well potential W (see [13]).

Remark 2.6. Since the gradient and Laplacian are invariant with respect to rotations, we can choose
the coordinate system in such a way that the standard vector eq is parallel to v. It follows that my
does not depend on v, and we abbreviate A := A,,.

Remark 2.7. We will show in Proposition[3.4] that mq > 0 if q is sufficiently small.

We introduce the functional F : L?(Q) — [0, +o0],
[ mgPerq({v=1}) ifveBV(Q{-1,1}),
Fll = { oo itve L2Q\BV(Q; {~1,1}). (2:3)

Here BV (Q;{—1,1}) denotes the space of functions of bounded variation taking values in the set
{—1,1}, (see the discussion at the end of the section). The following theorems establish the I'-
convergence of F. to F, and ensures convergence of almost minimizers of . to minimizers of F.



Theorem 2.8. (Compactness) Assume that W € C?(R) satisfies Hypotheses . There exists
qo > 0, depending only on the potential W, such that if ¢ < qo, €n — 01 and {v,} C W32(Q)
satisfies

sup F¢, [vn] < o0, (2.4)

then there exist a subsequence {vy, } of {vn} and v € BV (Q;{—1,1}) such that
Up, =0V and sikAvnk =0 in L*(Q). (2.5)

Theorem 2.9. Assume that W € C?(R) satisfies Hypotheses , There exists § > 0, depending
only on the potential W and ), such that for all 0 < q < q the following inequalities hold:

1. Liminf Inequality: For every sequence of positive real numbers e, — 0, for every v € L?(Q),
and for every {v,} C W32(Q) such that v, — v in L*(),

lim inf F,  [v,] > Flv]. (2.6)

n—oo

2. Limsup Inequality: For everyv € L?(Q) and for every sequence of positive real numbers e, — 0,
there exists a sequence {v,} C W>2%(Q) such that v, — v in L*(Q) and

lim sup Fe,, [vn,] < Flv]. (2.7)

n—oo

Remark 2.10. We remark that Theorem and the compactness property stated in Theorem
have analogous formulations for the functional Fr in (1.3). In particular, since for v, :=

(1 —2A)uy, Fe, [vn] = FZ [ug], the compactness property follows from ([2.5) due to the fact that
sup,, Fr[un] < oo implies that u,, = —ei Avy, + vn, — v in L*(Q). Similarly, for u, — v in
L*(Q)), inequalities [2.6) and [2.7) of Theorem|[2.9 hold with F., [v,] replaced by F7, [un].

We now give a proof of an elliptic regularity result used in the sequel.

Proposition 2.11. IfQ has a piecewise C? boundary, then there exists a constant C(Q), depending
on ), such that
V29[| 220y < 3[|A0[172(q) + C(Q)0][F2(0 (2.8)

for all v € W22(Q) such that g—z =0 on 09.
Proof. Theorem 3.1.1.2 from [16] yields

/|V211|2dx§/ |Av|2dac+C'1(Q)/ |Vo|2de (2.9)
Q Q o0

for all v € W22(Q) with 22 = 0 on 09, where the constant Cy () depends only on the curvature of
0. In turn, applying Theorem 1.5.1.10 from [16] to each component of Vv we obtain

1
Cl(Q)/ Vol2de < f/ V20[2dx + 02(9)/ Vol2de
o0 2 Ja Q
for some Co(2) > 0 and for all v € W22(Q). This, together with (2.9), reduces to

/|V2v|2da:§2/(Av)2dx+202(9)/ |Vo|?da. (2.10)
Q Q Q

Finally, using the Neumann boundary condition and integration by parts we conclude that

2C2(Q)/Q|Vv|2dx:QCQ(Q)/KZ(fAv)vdxg/

(Av)?dx + C(Q)/ v2dr, (2.11)
Q

Q
where in the last step we also used Young’s Inequality. Inequalities (2.10) and (2.11) now imply

23). O
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Figure 2: The sets E (in grey), Ry, and Ra.

For the reader’s convenience we end the section with a summary of standard measure-theoretic
results used in the remainder. A key concept used in the development of the Liminf Inequality
in Section [5| is that of a reduced boundary of the set E := {z € Q : v(z) = 1} associated to
v € BV(Q;{—1,1}). We recall that v € L'(Q) is said to be of bounded variation, v € BV (), if the
generalized partial derivatives D; of v in the sense of distributions are bounded Radon measures. In
particular BV (€; {—1,1}) denotes functions of bounded variation taking values in the set {—1,1},
and Perq(FE) := |Dxg|(Q2) < oco.

For sets of finite perimeter the reduced boundary 0*E of E is defined as the set of points
xo € spt|Dxg| N2 such that the limit

Dx (B (o))

v(wo) == im 5 B (x0)

exists and satisfies |v(zg)| = 1. Here B,.(z0) is the open ball of radius r centered at xy. For xo € 0*FE
the vector v(xzg) is called the generalized outer unit normal to E. In particular, by Theorem 3.59
from [1], |Dxg| = H4 'L O*E, and for 2y € 0*F,

7"1—1>I})1+ rd—1 =1
1 1
llm 7“_d|R1| =0, hII(l) ﬁ\R2| =0, (2.12)
where
Ry :={x € Q,(xo,r) NE: (x —xg) - v(zxo) > 0}, (2.13)
Ry :={x € Qu(zo,r)\E : (x — xg) - v(z0) < 0}, (2.14)
and | - | denotes the Lebesgue measure in R?.

3 Compactness
In this section we prove the compactness Theorem [2.8] We use the following interpolation inequality.

Proposition 3.1. Let A C R? be a bounded open set in RY. Assume, in addition, that either A
has a C' boundary or that A can be written as the union of finitely many pairwise disjoint open



rectangles and a set of Lebesque measure zero. Then there exist a constant q. € (0,1), independent
of A, and €9 = g¢(A, ¢) > 0 such that

q*/ E|Vv\2d;v§/ (W(“) +53v%|2> dx (3.1)
A A €

for every e € (0,2¢) and v € W22(A).
Proof. See Theorem 1.2 in [1]. O

For every open set A C Q, v € W32(Q), and ¢ > 0, define the functional
1
I.[v; Al == / (EW(v) +¢| Vo2 + 3| V20)? + 65|VA11|2> dx.
A

Remark 3.2. We note that in the energy F.[v] the potential W acts on u, which is related to v
through the condition u = —e%Av + v, while in I [v] the potential acts on v. Hence F. differs from
the standard Cahn-Hilliard energies involving solely the potential W (v). In addition, the second
order term in F_[v] involves the Laplacian Av, while the second order term in Z.[v] involves the
Hessian V2v.

Next, we prove a result that will be useful to bound the energy from below and to obtain
compactness of energy bounded sequences (see Theorem [2.8)).

Proposition 3.3. Let Ky, Cy,, Cy, g«,€0 > 0 be the constants given in Hypotheses and Proposi-
tion . Then there exist go > 0, depending only on K, Cy,q. (see (3.6)), and 1 > 0, depending
only on Cy,, such that for every 0 < q < qo, v € W32(Q), and 0 < ¢ < ¢y,

Filo] > qT[0: Q) - %O(ﬂ)aﬂm (3.2)

for some constant C(€)) > 0.

Proof. If v does not satisfy g—:fb = 0 on J9 then F.[v] = oo and there is nothing to prove. Otherwise,
fix 0 < 6 < 1. Using Taylor’s formula for W and the fact that W is bounded by Hypotheses
yields

Felv] = Felv; Q] = /Q (iW(—EQAU +v) —eq| Vo2 + (1 — 29)3(Av)* + (1 — q)55|VAv|2) dx

> / (gW(’U) . QWI(U)EA’U _ 5q\Vv|2 + (1 —2¢ — ng)53(AU)2 + (1 - q>€5|VAU‘2)dSL’.
Q

(3.3)
By Young’s Inequality and the condition |W'(s)| < Cy+/W (s) from Hypotheses we have
/ o2y Eo e 2 1 2 2

Substituting (3.4]) into (3.3]) implies

0 0 0
Felv] > / <2EW(U) —eq|Vv|? + <1 —2q — in - 203) 3(Av)? + (1 — q)55|VAv|2) dx.
Q



Multiplying (3.1), with A = Q, by 2¢/¢. and using it in the previous inequality gives

6 2q 1 2 E E 2 3 2

2 3
_ %IV%M (1 q)55|VAv2>d:z:. (3.5)

Fix 6 > 0. Using Proposition [2.11] we get
0 2¢\1 2
Felv] > / ( - q) -W(v) — (5 + q> 3C(Q)v? + gq|Vv|?
o\ \2 ¢/c¢ qx
o, b0 0 o 6q 3 2 3192, (2 - 2
+11-2¢ 2Kw QCw . 39 ) e2(Av)* + de”|V=0|” + (1 — q)e’|VAY|* .
Finally, it follows from Hypothesesthat W (s) > (cy/4)s? for |s| > 2. Hence

Fv] z/ ([92‘15440(9) <6+2q)] L) + (12q9Kw9056q35) 3 (Av)?
a\l2 ¢ Cow g« /)| € 2 2 s

, 2
+ &q|Vv|? 4 63| V20?4 (1 — q)55|VAv|2> dr — 4 <5 + qq> 30(0)[9Q.

) . 8g . w 1/4
ChOOSlng 6 = q—*’ 9 = —, &1 = min\ &y, (7120((1)) and

qs’

— 4+
= 5 T 4K, + 402 + 10 (3.6)

yields (3.2). O
We now prove that for ¢ sufficiently small the “cell” energy is positive.

Proposition 3.4. Let my be defined in (2.2)) and let qo be as in Proposition . Then mq > 0 for
every 0 < q < qo-

Proof. Without loss of generality we may assume that the infimum in the definition of my is taken
over 0 < € < gg. The result of the proposition then follows if we show that

inf{/ (VVE(U)—&—EWUP) dx:0<€<€07v€.,4} > 0. (3.7)
Q

Indeed, let v € A. Since v satisfies periodic boundary conditions on @, integration by parts yields
1V20][72(q) = 1AV][72(q)- (3.8)
Repeating the proof of Proposition with @ instead of Q and using (3.8) in (3.5]), we obtain

Flo:Q) > qZ0:Q) > q/Q (VVE“ +€Vv|2) ix

if ¢ < go. To prove (3.7)) we follow [I3]. In particular, for v € A,

/Q<VV(U)+5|V11|2> dx>2/Q\/WVU|d:L’>/,/_1/2 NGHO)

dzgdz’, (3.9)
€ 1/2

o
6$d

10



where Q' := (—1/2,1/2)471. Since v(2’,4+1/2) = £1 a change of variables yields

1/2
/ / dzd dz’ > / VW (s)ds.
rJo1/2
Using this lower bound in (3.9) and taking the infimum over v € A and 0 < € < gg gives (3.7). O

Proof of Theorem[2.8 By Proposition 3.3 and (2.4)
sup Z, [vn; Q] < oo. (3.10)

Hence, the Modica-Mortola energy, A.[v,], of v, defined in is uniformly bounded from above.
The existence of some v € BV (Q;{—1,1}) and a subsequence {v,, } converging to v in L!(2) is well
established for sequences of functions with uniformly bounded Modica-Mortola energy (see [27]).

To show the convergence in L%(£2), we recall again that by Hypotheses W(s) > (cu/4)|s|?
for |s| > 2, and hence for every measurable set F C €,

/ a2 dx:/ |vn|2dz+/ lon|?da
P e BT w)I<2) [EB o ()22}

4
<4iB+ = [ Wo) < 48]+ Cloen,
w JE

where in the last step we used (3.10]). Therefore {|v,, |?} is equi-integrable, and convergence of {v,, }
to v in L?(€2) is a consequence of Vitali’s Convergence Theorem.

To prove (2.5)2, note that (3.10) implies €2 [|Avy, | 12(0) < C’(q)s}/Z. It follows that €2 Av, — 0
in L?(Q). O

4 Slicing Propositions

The slicing arguments in the following propositions will be used in the proof of the Liminf Inequality.
In what follows we adopt the notation introduced in Definition

Proposition 4.1. There exists a constant C(d) > 0 with the following property: If K >0, k € N,
and v € W32(Q(zo,70)) are such that

Z.[v; Q(z0,7m0)] < K (4.1)

for some 0 < e < ey := then there exists i € {1,...,k} (depending on v) such that

41@@
Felv; Q(zo,7)] > qZ:[v; Q(z0,7)] — P

and

K
T.[v; L] < s

for allr € (%0 (1 + 22;1) S (1 + %)) and all 0 < g < qq, where

L:_Q(xo,;()( ))\Q(I0’< k1>)

qx
2q. + 4K, +4C2 +3C(d) + 1

and

q1 =

11



Proof. For simplicity we will use the notation Q(r) := Q(zg,r). The following estimate is obtained
from the proof of Lemma 9.2.3 in [19]. Let 0 < r; < ro < ro. Then,

/ |V2u|? < C(d) / |Av|? dx + %/ |Vo|? dz | . (4.2)
Q1) Qra) (r2 =71)% Jo@anae)

Given k € N, we first partition the set Q(r9)\Q(ro/2) into k layers

L ::Q(TQO (1+;>>\Q<TZO <1+i;1>), i=1,.. .k

Since

by (@.1)) there exists a layer L'  satisfying

T.v; L] <

Ze[v; Q(ro)] <

K
- (4.3)

T =

Fix r € (3 (1 + 21;;1) )5 (1 + %)) Choosing ry 1= 2 (1 + i*lgl), ro := r and applying esti-
mate (4.2]) we obtain

2
/ V2|2 dx < O(d) / |Av|? dx + 16]; / |Vo|? dz | .
Q(r1) Q(r) To Jri

V2v|? dx to both sides and multiplying by & yields, by (4.3),

Adding [} ;.

- 1 k2
53/ V202 de < C(d) 53/ |Avf? dz + 67263/ Vol? dz %3/ V20 do
Q(r) Q(r) 0 Li* Li*

16k% K K
< C(d) 53/ |Av|? dx + 62 2= |+=.
Q(r) L) k k

2
Let0<5%=#&d). Then for 0 < € < ¢; we have

2K
63/ IV20]? dz < C(d) 53/ Avf? dz + 25 (4.4)
Q) Q) k

Repe.ati.ng the grgument of the p1.ro-0f of Proposition with 6 := % until (3.5)) and using (4.4))
multiplied by 3 in place of Proposition yields

2q1 4 4 3 )
Rz [ (Blwe+ (1-2- 2k, - 2oz - Bow ) S
Q) \ 4= ¢ 4 q+ g

6K

+ qe|Vv|* + qge?’WQU\Q +(1— q)55|VAv2> dx — qu
6K
> 4T Q)] - -

provided 0 < g < ¢;. This completes the proof. O
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Proposition 4.2. Let k € N, ¢, — 0%, v € ¥, and {w,} € W32(Q,(0,1)) be such that

lim |wy, — vo|2dx =0,

n—oo Qy(o,l)
and o
I [wnaik] < ?0

n

(4.5)

for all n and some Cy > 0, not dependent on k, where

vo(y):Z{l ify-v <0,

-1 ify-v>0,
and ~
Li = Q,(0,)\Q,(0,1 —1/(4k)).
Then
C
]:5,1 [wn;Qu(Oa 1)] Z mqg — E>

where the constant C' does not depend on k.

Proof. We modify {w,} to belong to the admissible class .4, without increasing the energy. Given
U € C2°(R?), with supp(¥) C B1(0) and [, ¥(y)dy = 1, and € > 0, consider the mollifier

1oy
Vely) = ¥ (g) (4.6)
and
Yn =10 * Y, .

Note that ¢, € C®(R?) and
lenllLe@®) <1, |IVenllpe® < Certy  IIV0nllieom@) < Cer?,  |[VP0nllpem) < Cep®. (4.7)

In addition,
1 ify -v<—ep,
w”(y)_{ -1 ify-v>ep,
and
VS‘Pn(y):Olf‘yW > En, 821,2,3.

Hence for ¢, sufficiently small ¢, € A,. We want to define a function z, to equal ¢, near the
boundary of @}, and w, away from the boundary. To be precise, we first partition the set L =

Q. (0, 1)\Q, (0,1 — 1/(4k)) into [e,;1] layers,

. i1 - { . 1
Ln._Q,,<0,1 4}6{5”11)\@”@,1 4H5n11>, i=1,..., [,

where [z] is defined as the smallest integer not less than x. Since both w,, — vy in L?(Q,) and
©n — vg in L3(Q,), we have

||wn - @n”%z(QV) — 0 as n — oo.

Note that U; L}, = Ly C Q,(0,1) and that Lf, are pairwise disjoint, so the sum over all of the layers
is bounded by

> lfwn — ‘PHH%%L;) < Co 1

||wn - SOnHZLQ(QU) ~k

ZIen [wn; L;z] +

13



Since there are [e;!] layers, for one of these layers, say L, := L’ , it holds

2

Wy — Pn 2

I [wn: L] + I HQL (Ln) < (OO + 1) En. (4.8)
||wn, — ‘Pn”m(Qu)

Define
Zp 1= NpWn + (1 - 77n>90na

where 7,, is a smooth function with support in @, (0,1) such that

0 if o € Q5 = Qu (0,1\Qy (0.1 - 1= ),
() =94 €(0,1) ifze Ly,
1 ifz e Q;” =Q\(Q U L,),
and "
IVl =0 (&), s=123 (49)
Moreover,

]:sn [Zn§ Qu} = -an [‘pn; QZM} + ]:en [Zn§ Ln] + ]:En [wn§ Q;n]

We observe that since F, [w,; Q,\Q"] can be negative it is not necessarily true that F., [w,; Q"] <
Fe, [wn; Q). Instead, we use (4.5)) to control the negative terms to obtain

fen [Zn; Qv] < fen [‘Pn; Q%ut] + ]:sn [Zn; Ln] + ]:an [wn; Qv] + Q/ 5n|vwn|2dz
L
C
< fsn [@n; Q’(I)LUt] =+ ]:67,, [Zn§ Ln] + ]:sn [wn; Ql/] + Q?O' (410)

Note that for s = 1,2, 3,

C C
5%571/ |V |2dr < affflgﬂHx € QM ¢, #+1} < - (4.11)
Qg n

In addition, by the continuity of W,

1 C C

— W(—e2Ap, + @n)de < —|{z € Q" : ¢, # £1}| < —. (4.12)

En Qout En k
Together (4.11)) and (4.12) imply

C
Fealion; Q2" < = (4.13)

To estimate F, [zn; Ly], we first note that
O, 2n = O, (Wn — @n) + M0z, wn + (1 = 1) 0, 0,
and

6Ii$kz’ﬂ = awlzknn(wn - (Pn) + 6winnamkwn + 6:rk77n8ziwn + nnawiwkwn
— O, MOz, Pn — Oy MOz, Pn + (1 = 10) Oy P

We use (4.8) to control the derivatives of w,, in the transition region L,. From (4.7), (4.8]), (4.9),

the expressions for the derivatives of z,, and the fact that |[w, — ¢n||r2(q) — 0, we readily obtain

14



the following bounds on the terms in F;, [zy; Ly],

en/ V2 2 < c/ (enl Vit 2lwn — onl? + ent2 Vewnl + en(L — 1) Vipul?) da
L, Ly

kQEn C €n
<C ( lwn = @nllZa(r,) + <k° + 1) en+ 5o € Ln:on # il})
n

C C n C
<C <k2 ( k“ + 1) lwn — @nllZ2r) + (ko + 1> En + 2) <% (4.14)

for n sufficiently large, where we used |{z € Ly, : |z - v| < &, }| = O(e2 /k). Similarly,

fi/ V22| da < Cﬁi/ (IVznnIQIWn = @nl® + 2|V [Vwn|? + 21 Va2 [Vipn|* + 17| VP w, |
Ln L

3kt (C 2K2 (O
+ (1= 1) |V0n|? )dx<C<€ (°+ >€n||wn @n||L2L)+E (0+1)6n

11 C C
+€§L<—1—64>{x€Ln:<pn75:|:1}+<ko+1>8n> SE

2 22
€n En n

for n sufficiently large. To bound the integral involving the potential W we first remark that by
Hypotheses (and Remark W grows quadratically at infinity. Splitting the integral into
regions where | — e2Az, + z,| < 2 and | — e2Az, + z,| > 2, we use the quadratic growth of W to
obtain,

su W (s 2
< MM | + C—/ (—e2 Az, + 2,)dx
L,

€n n

Ei/ W(—e2Az, + 2z,)dx

2 2 2
g% C;/Ln aiAzHQda:—&-QC;:/Ln zidwﬁ%—i—i’”/ ei|Azn|2dx+i}:/Ln(wi+<pi)dx
2
<0+ [ @aapart S [ Wt Sni< (Lan)a+ S @)
k 2 Jpo, L, k E =k

for n sufficiently large, where we again used (4.8). Analogous calculations are used to estimate
b [, |VAz,|*dz. Combining estimates ([£.13), (4.14)-(4.15) with (£.10) completes the proof. [

5 Proof of the Liminf Inequality

In this section we prove the Liminf Inequality of Theorem [2.9, We use the blow-up method to reduce
the problem to a unit cube, where we follow the general hnes of [7]. In what follows we assume
q < min{qo,q1} (see Propositions[3.3]and [£.1). Fix e, — 0% and {v,} € W*2(Q), v, — v € L*(Q).
We may assume that

liminf F. [v,] < oo, (5.1)

n—oo

and we extract a subsequence {v,, } of {v,} satisfying

lim F., [Un,] = liminf F, [v,] < co.

k—oo n—00

By selecting a further subsequence, if necessary, we can assume that sup, F-, [Un,] < o0 so that by

Proposition [3.3]
supZe, [vn,; €Y =1 K < oo. (5.2)
k
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Since vy, — v in L*(Q), Theorem [2.8| implies that v € BV (€2;{—1,1}). Therefore,
UV =XE — XQ\Es (5.3)

where Perg(FE) < co. In what follows, to simplify notation we denote the subsequence of {v,}

extracted in (5.2)) by {v,}.
We first note that, due to (5.1]) and (5.2)), the sequences of functions

1
— W (=2 Av, +vp) — €nq|Vun]? + (1 — 29)3 | Av,|? + (1 — q)ed |V A, |?

n

fn:

and 1
Gn 1= 5fI/V(vn) + €n|an|2 + 52|Avn|2 + si\VAvnF
n

are bounded in L!(€). Consider the signed Radon measures defined on Borel subsets of €,

M(B) ::/Bfn dr, C(B) ::/Bgn da.

Up to subsequences, not relabeled, we may assume that there exist Radon measures A, u, ¢ such
that

An =T, |/\n| — G =" ¢

in the space M;(€2) of all bounded signed Radon measures on € (see Proposition 1.202 in [12]),
where |\, | denotes the total variation of A,,. We claim that A > 0.
Suppose that A # 0. By the Besicovitch Derivation Theorem (Theorem 1.155 in [12]), for |\|-a.e.

Tg €
dX : AMQ(zo, 1))
——(x9) = lim ———"—-%
oy = B @0, )
where || is the total variation of A. Fix any x for which (5.4) holds and |A\|(Q(xo, 7)) > 0 for all
r > 0 sufficiently small. Let n € (0,1) and find 7, > 0 such that

A0S AQor)
a2 NQGo ) " 65

eR, (5.4)

forall 0 <r < 7.
Fix 0 < 79 < 7, and k € N. By Proposition for every n there exists i,, € {1,...,k} such that

Feo [0 Q(x0,7)] > ¢Le,, [0; Q(20,7)] — — —— (5.6)

for all r € (%0 (1 + 2i’2‘,;1) 2 (1 + %)) where K is given in (5.2)). Since i, € {1,...,k} for all n,
there exists i(V) e {1,...,k} such that i) = 4, for infinitely many n, say n;, I € N. Let k be so

large that
q 6K

ok < A(Q(wo,70/2))n (5.7)

me (1 + M o (4 + ﬁ
P2 2k )2 k
such that p(0Q(xo,71)) = 0. Then by (5.5)), Corollary 1.204 in [12], (5.6]), and (5.7)

ﬁ )\(Q(Jfo,rl)) o — lim fenl[vnz;Q(xO;rl)] B
a2 N@Go ) T A T AQo,10))

> L qZe,,, [vn,;; Q(z0, 1)) — [A(Q(20, 70/2)0

> lim inf -

n—00 AN (Q(z0,71))
2 _2777

and take
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where we used the fact that 79/2 < 71 so that [A|(Q(zo,71)) > |\ (Q(z0,70/2)). Letting n — 0T we
conclude that %(mo) > 0.

This shows that A > 0. In turn, by the Radon-Nikodym and Lebesgue Decomposition theorems
([12] Theorem 1.180) we can decompose

A= Aae + As,
where A\qe < &, As >0, Ay L &, with
&(B):=H"YBNO'E), B CQ Borel.
We claim that for H% t-a.e. 2o € QN I*E,

dXac
d¢
where my is the constant defined in (2.2)). Observe that if (5.8 holds, then, since A\ > 0,

(zo) > my, (5.8)

lim Fe, 0,50 = lim A, () > A(Q) > A\ee(Q) = / D ;¢
n—oo

> mgHTH QN O*E) = mgPerq(E),

which gives (2.6) (see (2.3]) and (5.3)). In the remainder of the proof we show (5.8).

To this end we first note that by the Besicovitch Derivation Theorem (Theorem 1.155 in [12]),
for Hé 1ae. 290 € QNO*E

dAac o MQu(wo, 1)) o MQu(zo,1))

0= dHa-1 (o) = rlg(r)lJr HI-Y(Q,(xo,7) NO*E) Tlg(rﬁ rd—1 ’ (5-9)
dCac RT C(Qu(ﬂﬁoﬁ)) T C(QV(x07T)>

oo > ggrten) = i Tt gy ~ i S 610

where v denotes the outward normal vector to E at zg. Fix zo € QN 9*E for which (5.9)) and (5.10)
hold. Then there exists 7 > 0 such that

C(Qu(x%r)) < dCac
rd—1 — dHd4-1

for al 0 < r < 7. Let 0 < 19 < 7 be such that ¢(0Q,(xg,70)) = w(0Q.(x0,70)) = 0. Then by
Corollary 1.204 in [12],

((ﬂo)‘i’l =M

I s v b) v b
lim en[Un»CiEﬂfo ro)] _ (@ (daio1 70)) <M
n—00 Ty o

and so
Isn [vn;Qv(anTO)] < (M+ 1) Tg_l

for all n > ny = no(ro). Let k € N. By Proposition with K := (M + 1)rd™ for each n > ng
there exists i, € {1,...,k} such that

en [Uns Liiy, ] = A )

where L;,, := Qy (20, % (1+ 2))\Qu (0, 2 (14 =72)).
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Since i, € {1,...,k} for all n > ng, there exists i(") € {1,...,k} such that i) = i, for infinitely

many n, say nl(l),l €N. Let LM := L,4). Then

M+1) 7"8171

. . [v.o; LV < (
n; k.

€
l
for all nl(l), l € N. We proceed by induction. Let

B dk(k+i-1) L

Fix Bk € (ag, 1) and for j € N choose

) Tj—1 42(]) -3 Tj—1 &
me( 5 <1+ 1) A (1 (5.11)

such that ((0Q.(xo,7;)) = p(0Q,(xo,7;)) = 0. Note that r; — 07 since r; < Byr;j—q for all j.
Thus, for every j we find a subsequence {Un(j)}leN - {Un(j—l)}leN and a layer
l L

LU+t .=, <x07 %j (1 + i(];_l))> \Qv (330, %J (1 + L—Hk): — 1)) (5.12)
such that it
L gn [v, 605 LUFY] < % (5.13)
for all [ € N.

By (5.9) and Corollary 1.204 in [12],
Fe, [vn; V(x(hrj)]
1

)\(QV Zo, /rj)) . .
g = llm lim pr
Tj j—00 n—00 rj

and by Theorem 3.59 from [I] (see also (2.12)))

dAac .
dH 41 (o) = glggo

)

1 1
lim lim *d/ |v,, — To|?dz = lim 7/ |v — Bo|?dx = 0,
Ieon=ee Ty JQu (z0,m;) 17T JQu(wo,rs)

where Ug(x) := vo(x — xo) with vy introduced in Proposition Further, by (5.13) and using the
fact that for j € N, £, — 0 as | — oo, we can use a diagonal argument to find £V e {€n(j)}l€N
L l

and 0; € {v_ ) hien such that eW) /r; =0,
l

dae . Fen [05; Qulzo,7j)]
71 o) = lim - ]7«4—1 22, (5.14)
j

1 2

lem - ) |0 — Og|*dx = 0, and (5.15)
o0 7 JQu(zo,rj
. M +1) 7471

L. [55; LD] < WDy k) . (5.16)

Define
wj<y) = ’D](I‘O + Tj:l/), Yy S QV(Oa 1))

and (see Proposition 3
Lk :=Qu(0,1)\Qu (0,1 — 1/(4k)).

18



Since LY D Q, (20,7)\Qu (0,75 (1 — 1/(4k))) = 20 + 7 Lx by (5.12) and (5.11), by (5.16) we have

N 1 } 8 1 L
Zei) jr; wjs L) = fd_lIE(j)[Uj;xo +rjLy] < rd_lzg(j)[UjZL(J)] <
J J

(M4 1) (M 1) 20
r]d,_l k - k ’

where we also used r; > “=t. Moreover (5.14) and (5.15) become

dAac
d’]_ld* 1

(zo) = lim F_i) p [wy;: Qu(0,1)],
j—oo

and

hm \wj — Uo|2dy =0.
J7720JQ.(0,1)

We can apply Proposition [£:2] to obtain

dXac C
dpa-1 (70 2 M g

Letting £ — oo completes the proof.

6 Proof of the Limsup Inequality

We now turn to the proof of , where we follow closely the argument in [7].

Step 1. Assume first that the target function v has a flat interface orthogonal to a given direction
v € S?! and that  has a Lipschitz boundary that meets this interface orthogonally. More precisely,
without loss of generality (under suitable rigid transformations of the coordinate system), we assume
that v € BV (Q; {£1}) is of the simple form
1}(33) :{ -1 if.’td<07

‘ 1 if 4 >0,

where we use the notation x4 := - eq = x - v, and that the normal to 0 is orthogonal to ey for
all z € 9Q with |z4| small enough. Let p > 0. By definition of mg (see (2.2) and the remark after),
there exist g > 0 and w € A, such that

1
/ (W(—E%Aw +w) — e0q |[Vw|? 4 (1 — 2¢)ed|Aw]? + (1 — q)58|VAw|2> de <mg+p. (6.1)
Q

€0
Define
-1 if zg < =52,
wa(e) = w () i fral < 52,
1 if zg > QET”O.

Note that, for n large enough, w, € W32(Q). Moreover, we claim that w, — v in L?(Q). Indeed,

lwn = vll2@) = llwn = vll L2 ((ee: jzal< g2 1) < lwnll2(eea:ioa< g2 ) + [0l L2 (e (a1 < 52 1)

where for n sufficiently large

En
vl L2 ((wee: jval< £2y) = Hx EN: |yl < 250}’ — 0 asn — oo.

2eq
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Further, setting ' := {2/ € R~ : (2/,0) € Q}, we have for sufficiently large n, that {x € Q : |z4| <
en/(260)} = ¥ x [—e,/(2¢0),en/(2c0)]. Hence, applying the change of variables ¢ := %4 yields

(2 e 7 ()]
w T
} 1/2 4 En
(6.2)
Since w is periodic in the first d—1 arguments, applying Fubini’s Theorem and the Riemann-Lebesgue

Lemma (see for example Lemma 2.85 in [12]) to fi/z ’w (ngl,t)‘ dt € L (RI71) gives

dz'dt.

PENRY

oz goeen al< 1) = [{wea feal< 52

1/2
1/2 1/2
lim / / (5‘”” : ) dt dz' —/ / / w(y, O dt dy da’ = L7 Jw] 22 0.
n—o00 J 1/2 / ’ 1/2
It then follows from (6.2 that
Ce
||wnH2L2({zEQ: |lzal<52}) <— ||wHL2(Q) — 0, as n — oo.

This concludes the proof that w,, — v in L?(£).
Since w, = 1 on {z € Q : \xd| > 52}, the contribution to the energy only comes from the
interfacial region {z € Q: [q| < 72}, Where we have
Eox
en )

1 €3 ed
Fe, [wn; Q] = / {W (—edAw +w) — g [Vw|? 4 (1 — 2¢)=2 | Aw|*+
{z€: |zg|< 22 En En

— &2 Awy, (x) + wp(r) = —2Aw <M> +w

En

Setting, as before, t := we have for n sufficiently large

€0Z%d
€

2eq

6
+(1- q)gO|VAw2} (E;IE) dx
/ /1{ 8Aw+w)—qso|Vw|2+

!
+ (1 —2¢9)ed|Aw* + (1 - q)ESVAmF} (5237 ,t) dt dz'.

n

Since w is periodic in the first d — 1 arguments, also the functions

1
3
s W(—elAw +w) (2, t)dt, x H/ |Vw|? (2, t) dt,
2

M\»—l

1
xn—>/2|Aw| (2',t)dt, and x»—>/ |V Aw|? (', t) dt
3

are periodic and locally in L', where for the integral involving W we used the quadratic growth
assumption from Hypotheses Thus, by the Riemann-Lebesgue Lemma and the choice of w (see

(6.1)),
1
lim Fo. [uwn: ]:L‘d‘l(Q’)/ [ W (S +w) — gz [Vul* + (1 - 20)3] Aw?
Q

n—00 €0

+(1- q)agwAw\?} dz < (mg + p)Pera({v = 1}), (6.3)
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Figure 3: Construction in Step 2.

and the limsup inequality follows since p > 0 is arbitrarily small.

Step 2. Consider now the case in which

U= XE — XQ\E>

where Perg(F) < oo and E has the form E = PN Q with P a polyhedron, i.e., there is L € N such
that 0P = Hy U Ho U --- U Hp U F with pairwise disjoint relatively open convex polyhedra H; of
dimension d — 1, H; C {x € R%: (z — z;) - v; = 0} for some x; € RY and v; € S71 i=1,... L,
and F' is the union of a finite number of convex polyhedra of dimension d — 2. Finally, we assume
that E meets the boundary of €2 transversally, more precisely

9Q N AP is the union of a finite number of C! manifolds of dimension d — 2. (6.4)

We extend v to R? by setting
v(@) = xp () = xra\p(7),

and define
on =0 *x U, (6.5)

with mollifiers ¥, (see (4.6)). For fixed (small) 0 < § < 1 set
Us :={x € Q: dist(z,00U F) < 4}

and let H! be relatively open subsets of H; with a d — 2 dimensional C* boundary such that
. 0 - T
xe H;NQ: dist(z,00UF) > -+ CH, CH C H;NQ

andﬁ{ﬂU% =0. Fix 0 <n < 4/2, and set for every i =1,2,..., L,
Qi:={z+tv;,: xe H, |t| <n}.
Taking n sufficiently small we may assume, without loss of generality, that €y,...,Q are pairwise

disjoint and o
;N U% = 0. (6.6)
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We apply Step 1 to every €2; to obtain a sequence {w?} C W32(Q;) such that w!, — v in L?(€2;),
and lim,, oo Fe, [w; Q] < (mg + p)HI Y (H; N Q). For every § > 0 choose cut-off functions
ns € C°(R%;]0,1]) such that

ns=0inUs, n5=1n R\ Uss, [V¥nsllp_ e < C/6" for k=1,2,3. (6.7)
Define V,, by

: 1- n i ﬁiv .:17"'7[/7
V, = {"‘”""H Ma)n in i (6.8)

15 %n in A:=0\(QU---UQy).

We claim that V,, € W32(Q) and satisfies Neumann boundary conditions on 9). Indeed, considering
V,, in the neighborhood of A, we observe that by construction of wf, in Step 1
En

w! (x) =v(x) for € Q; and dist(x, H;) > e
0

n

Hence, from , for sufficiently large n we have w! = ¢, in a neighborhood of {z € 99; :
dist(x, H;) = n} (the part of 9Q; parallel to H;), and by in that region both nsw?, + (1 —ns)pn
and 13 ¥n are equal to ¢,. In addition, {x € 9Q; : dist(x, H;) < n} (the part of 9€; orthogonal
to H;) is contained in Us\Us/4 and both nsw?, + (1 — ns)e, and 73 n are equal to ¢, also in that
region. Finally, V, is identically zero in a neighborhood of U 3 SO the Neumann boundary conditions
are satisfied.

Furthermore, lim, o ||V; — v||z2(q) < €9, since wt — v in L?(Q;) and ¢, — v in Lz(Q\Ug).
It remains to estimate the energies. By , V., is possibly different from +1 only on U s and on

R, :={z € Q: dist(x,0P) < max{e,/(20), en}}.

Using the notation from , V, = 13 Pn On U%, Vi = ¢ on A\U%-7 ANR, C Us and HI=1(OP N
Us) < C4. Thus, for n sufficiently large,

n

Fe [VnaA] < ‘fen[ngwn;U%]

1
[ (EW g+ o)+l Tea + (1 - 20055000 P
ANR, En

+(1— q)ﬁZIVAcpnF)dm < 4,

where we also used (4.7) and to bound the derivatives of ¢,, and s, respectively. Next we
estimate the energy in ;. In Q; N Uy, V,, = ¢, and using (4.7) yields

Feo, Vs NUs] = Fe, [Va; s NUs N R, < C6. (6.9)
To obtain estimates inside T := Q; N (Uzs\Us) we first observe that
B, Vi = w3, 05,115 + 150,105, — ;s + (1= 115) 0P,
and arguing as in (6.3),
lim_ el T HIVEWL 122 (0,0 < C(p) MO (Hi N Uss) < C(p) 6 for k=0,...3, (6.10)

n

where we also used the fact that w € Wl‘ifo (R4). Combined with the bounds on ¢,, from (4.7)), it
follows that,

[ i i [
en|VVu|?de = en|VVa 2 dx < C(p) (5 llwpllZz(ry + enllVwp 122y + 55 l1@nll720r)+
) )
T TAR,

+eallVenlliaen ) < Clo) (54 5).
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Analogous calculations for the higher derivatives of V,,, yield the bound

Feo Vi QN (Uas \ Us)] < C(p) 6 (6.11)

n

for n sufficiently large. Next, by (6.8), (6.10) and (4.7), we have

lim £n|VVi|? dz < C(p) 6,

n— o0 Q’L ﬂUQg

and hence

1
/ {W(Vn) —enq|VVu 2 + (1 = 2¢9)e2 |AV,|? + (1 — q)aiWAVnP} dx
Q:\Uzs LEn

1
< / {EW(Vn) - 6TLQ|VVTL|2 + (1 - ZQ)si‘AVn‘Q + (1 - Q)52|VAV71|2} dz + C(p) d.

Q; n
(6.12)

Combining (6.3)), (6.9)), (6.11)), and ([6.12]), we obtain for § sufficiently small a sequence V,, € W32(2),

with Neumann boundary conditions on 0f2, satisfying
lim ||V, = v[|z2(0) < p
n—oo

and

L
limsup F., [V;,] = limsup F, [V,; Q] < limsup Z Feo [Vi: 4] + lim sup F | [Vy,; A
L
< (ma+p) SN QN H) + Cp) 8

i=1

< (mg+ p)HHQNOP) + p,

and the Limsup Inequality (2.6]) follows by a standard diagonalizing argument.

Step 3. Lastly we consider the case in which the target function is

UV =XE — XQ\E>»

where E is an arbitrary set of finite perimeter in Q. Since € is bounded and has C? boundary, we
can approximate E with smooth sets (see Remark 3.43 in [I]) and then with polyhedral sets. In
particular, we may find sets Fy C Q of the form Ey = P, N{2, where Py are polyhedral sets satisfying
such that H¥"Y(OE, N ON) =0, xg, — X in L*(Q), and Perg(E}) — Perg(E) as k — +oo0.
We apply Step 2 to each function vy := xg, — Xo\g, to find a sequence

Vf—>vk

satisfying
limsup F.,, [V,¥; Q] < mgH (B, N OP)

n—o0

and
limsup limsup 7., [V,¥] < limsup (mqH*" " (Ex N OP;)) = maPerq(E).

k—oo  n—o0 k—o0

The general result now follows by a diagonalizing argument.
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Appendix

We derive the energy functional (|1.3]) from (|1.2). To eliminate the dependence on h we assume that
¢ and h satisfy the Euler-Lagrange equation

%(@ h) = 0. (6.13)

After changing variables, x := Z/L, u(x) := ¢(Z) in (1.2)) we have

1 . 2 2, M =
ﬁf,’[u, h] —/Q(f( )+ 2L2|Vu| +2L2|Vh| + 2L4 [AR]? + 2uAh> dw, (6.14)

where Q := {z/L : * € D}. Assuming natural boundary conditions, the Euler-Lagrange equation

(6.13) takes the form
in Q,

- 6.15
8 =0 on 0N ( )

A (AR — Zh+ )
Oh =0 OAh __0 ou 0

on — U on Y On

Consider the Fourier Series expansions of h and u,

h/::EE:hi¢i, QLZZEZ:inh
=0 =0

where 1; are the eigenfunctions of —A on H'() with Neumann boundary conditions. Denote the
corresponding nonnegative eigenvalues by A?. Then, since 1)y = const (due to Neumann boundary
conditions), we have

_ i Mhitp;, and A%h = iA?hiwiv

i=1

and thus by (6.15))

gAf (ﬁ/\fh +oh; —Aui) i = 0.

Taking the L? inner product with t;, and noting that (¢, wj>L2(Q) = §;;, we obtain

X2 (F5\2h; +0hy — Auy) =0 for j =1,...,00

Solving for h; yields
AUj

hi= (/L2)\2

for j=1,...,00,
and

00 o > A—z 7
z) = Z hiv;(z) = const + Z hiti(x) = const + Z u/jL2
i=0 =1

Using this expansion and Aw; = —\?1); gives

> 2ui i\ L
— Ah(z) = ; m (6.16)

In addition, multiplying (6.15) by h and integrating by parts, we obtain

/ ((/L*)(AR)? + o|Vh[* + AuAh) dz =0,
Q
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and consequently

1 1
f/ ((k/L*)(AR)? + o|Vh[?) dx:—f/AuAhdx. (6.17)
2 O 2 Q

Substituting (6.17)) into (6.14)) yields
ig[ h]—/ fw) + ==V |2+i Ah (6.18)
pactem =] 2L2 RSy '

To eliminate the dependence on h observe that since (1;,%;)2(q) = 6i5, (6.16)) implies that
> 20 AN2uv4(x) as AN2q2
uAhdx = —/ ui () LI e = — —
/ (S (S ) o= -5 v oo
Substituting this expression into the energy functional (6.18)) yields
1 ) = A2\? .2
- - dr — Sl R
sl = [ (1) + 519 do - o > i

- [ () + 5alveR) o ﬁi(“ﬁ@;@”)ﬁ

=1

_ /Q (f(u) v 222|Vu|2> dr — %z : w 2—2 i (W) (6.19)

At this point one can use a long-wavelength approximation as suggested for example in [22] resulting
in an approximation energy

1 1 A2 A%k
ﬁgap[u] = \/Q (f( ) + ﬁ <b - o_) |VU|2 L4 BY (AU) ) (620)
which was studied in [7, §]. Returning to the full energy in (6.19), we have
A2 A2L2 =
= Vul> — — 2) 3 u;
/Q (f 2L2‘ | 2K Z L + )\2
A? ANL%0c [(L%c !
2 2
= - — — A
/Q<f 2L2|Vu| 5 W T 5 u( - ) u) dx
A? K -1
— _ = - 2 - _ v
_/Q(f u +2L2|Vu| + u(l 25 A) u) dx
A2 u? + Kb 24 1
Setting
K bo 2K « 1 2k
€=\/12, q.—l—p, W(u) :== Ff(u), and F; '_5A2Ldg’
yields
1 _
Filu] == . / (W(u) —u? 4+ (1 - q)?|Vul* +u (1 — °A) ! u) de.
Q
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