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Abstract

We explain how spectrally stable vortices of the Nonlinear Schrédinger Equation in the plane
can be orbitally unstable. This relates to the nonlinear Fermi golden rule, a mechanism which
exploits the nonlinear interaction between discrete and continuous modes of the NLS.

1 Introduction
In this paper we consider the nonlinear Schrédinger equation (NLS):
iuy = —Au+ Vu+ B(|ul?)u, u(0,2) = up(z), (t,z) € R x RY, (1.1)

with V' a real valued Schwartz function. We are interested in bound states, which are solutions of
(1.1) of the form u(t,x) = e“’¢, () with w € R. When ¢,, is real valued and of fixed sign then we
call et¢,, a ground state. In all other cases we call it an excited state. In the d = 2 case on which
we focus in this paper, and with V(z) = V(|z|), an important class of excited states, which we call
vortices, involves solutions of the form

u(t,z) = e“tp,, (x) with @, (z) = e™ 8@, (Jz|) with ¢, : R? = R, (1.2)

with ¢, (x) smooth and rapidly decreasing to 0 at infinity and m > 1. In the sequel, we will always
assume that there is a family of bound states ¢,, for w in some open interval O C R} = (0,00) (see
(H4) in section 2). We will study the following classical notion of stability, [31, 81].

Definition 1.1 (Orbital stability). A bound state e“!¢,, of (1.1) is orbitally stable if

Ve>0,36>0st. [|¢o —uollgr <& = supinf [[€5d, — u(t)||m < e
t>0 sER

where u is the solution of (1.1) with u(0) = wo.

The orbital stability of bound states has been extensively studied, mainly using two tools:
Lyapunov functions; linearized operators.
It is well known that (1.1) conserves the energy

1
B(u) =5 /R \Vaul? + Vul> + B(|u|?) dx (1.3)
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where B(0) =0 and B’(s) = 3(s), and the mass

Qu) =271 . lu|?dz (we will set g(w) = Q(¢,,) and ¢’ (w) = %q(u))) (1.4)

Using these conservations laws, if ¢, is a strict local minimizer up to constant phase €’ of F
under the constraint ||ul| 2 = ||¢w| 2, then it has been shown that e“!@,, is orbitally stable, see
[8, 31, 32, 80]. We are interested on standing waves not covered by this classical result. We will use
the following notion.

Definition 1.2. A bound state ei*¢,, is not trapped by the energy if for any € > 0 there exists an
e satisfying |6 — ucllm < &, ucllzz = [bullze and E(u.) < E(6.).

The results [8, 31, 32, 80] do not cover the case when ¢, is a local but not strict minimizer.
They also leave unsolved the case when ¢,, is not trapped by the energy, which we will discuss here.

In order to study the stability, it is natural to consider the linearized operator L, of ¢, (see
(2.7) for the explicit form). Indeed, if £, has unstable modes (spectrum with positive real part),
then el“!@,, is orbitally unstable. (Even though this may look trivial, it is not, and it was proved
rather recently first in 2D by [56] and later in general by [28]). Classical papers proving orbital
instability of solitary waves by first proving their spectral instability are [30, 32, 37, 38|.

In the case of ground states, except for the degenerate cases when ¢'(w) = 0, only the above
two cases (trapped by the energy or linearly unstable) occur. That is, if ¢’(w) < 0 then £, has
an unstable mode while if ¢’(w) > 0 it is trapped by the energy, [31, 32]. For the degenerate case
¢ (w) =0, see [9, 49, 61].

Excited state are usually not trapped by the energy and furthermore there are cases when
L, has no unstable modes. For example, if —A + V has n simple negative eigenvalues {e; <
ez < -+ < en(< 0)} then, if 2e; < e; for some j > 2, the excited states bifurcating form e; are
not trapped by the energy and are spectrally stable. Even if spectrally stable they are orbitally
unstable, [18]. Prior to [18] no systematic proof of this orbital instability was available. The series
[26, 27, 34, 60, 71, 72, 73, 74, 75, 76], which stemmed from [7, 70], was able to treat only case
2e9 > e; where, generically, excited states are spectrally unstable, see [20, 34, 60, 76].

Vortices (1.2) of (1.1) in the important pure power case 3(|u|?)u = —|u|P~1u have been consid-
ered in [57, 58, 59] which have various instability results, always by proving first spectral instability.
Another important example is given by [63, 65, 77] for vortices for the cubic-quintic nonlinearity

iy = —Au — (|u|2 - |u|4>ua U(O,.I) = UO(x)v (t,.I) €eRx RQ, (15)

(for a review paper see also [10], for work on spinning solitons in 3D see [55]; see also [5]). [63, 77]
show numerically for some values |m| > 1 the existence of a critical value w, such that for w < w,
the vortices are spectrally unstable and for w > w,, are spectrally stable. In the simulations in [63]
the spectrally stable vortices for w > w, appear stable while in [77] for m = 3 appear to slowly
develop instabilities. This latter observation appears consistent with the more recent numerical
observations in [22, 43], in turn based on the instability theory in [14]. The theory in [14] is centered
on the notion of Krein signature, which we introduce in Lemma 2.4 (although the standard definition
is in the proof of Lemma 7.1). In this paper, we generalize [14] by using a simple idea from [18]. We
will need the following notion.

Definition 1.3 (Conditional asymptotic stability). We say that a bound state e'“*¢,, is conditionally
asymptotically stable if there exist constants ey > 0 and Cp > 0 s.t. if u € C°([0,00), H') is a solution



of (1.1) with sup,sinfyer [[u(t) — e, |1 < € < €o then there exist wy € O, § € C*(R;R) and
hy € H' with ||hy || g1 + |ws — w| < Coe such that

tli>1£10 [u(t) — e®Dey,, — e hi|m = 0. (1.6)

Then we have the following orbital instability result.

Theorem 1.4. Consider a bound state e“*¢,, and suppose that Hypotheses (H1)-(H5) in Section 2
below are satisfied. Then if e“!¢,, is not trapped by the energy and is conditionally asymptotically
stable it is also orbitally unstable.

Proof. Here the key hypothesis is (H5), i.e. ¢'(w) # 0 and hence either ¢'(w) > 0 for all w or
¢ (w) < 0 for all w. We prove the theorem by contradiction.
Assume that the statement is false and that there is a w1 € O s.t. the standing wave e“it¢,, is
orbitally stable. Since ei“1t¢,, is not trapped by the energy there are initial data ug arbitrarily close
to ¢u, such that E(ug) < E(¢w,) and Q(ug) = Q(éw, ). We can apply the Conditional asymptotic
stability, Definition 1.3, and conclude by the conservation of the mass that

g(wr) = Q(u(t)) = lim Q(u(t)) = q(w+) + 27 Ay [|Z2 > q(ws).

t—o0

Similarly, by the conservation of the energy we have

() > Eluo) = lim B(u(t) = E(du,) + 27 [Vh |2 > B(6.,). (1.7)

By VE(¢w) = —wVQ(¢.,) we have L E(¢,,) = —wq'(w) (recall the notation g(w) := Q(¢.,) in (1.4)).
On the other hand, by (H5) we know that ¢'(w) has a fixed sign. So, since w > 0, both w — E(¢,,)
and w — ¢(w) are strictly monotonic, one increasing and the other decreasing. This means that
q(w1) > q(wy) implies that E(¢,,) < E(¢. ). But this contradicts E(¢,,) > E(¢,., ) in (1.7). This
contradiction shows that e“1'¢,, is not orbitally stable for any w; € O. O

Remark 1.5. Notice that (after modifying the assumption (H4)) Theorem 1.4 holds for arbitrary
dimension and we do not require that the nonlinear bound states are vortices.

Remark 1.6. We do not claim that conditional asymptotic stability is necessary for the instability
of excited states.

Remark 1.7. For discrete NLS there are examples of bound states which are not trapped by the
energy, are orbitally stable, but are not asymptotically stable, see [50, 51].

We now start the discussion on how to apply Theorem 1.4. We first discuss a sufficient condition
for the standing waves to be not trapped by the energy. One natural way is to look at the Taylor
expansion of the energy, which is often used in the study of orbital stability. Set S, (u) = F(u) +
wQ(u) (notice that if Q(u) = Q(v), B(u) > E(v) is equivalent to S,,(u) > S, (v)). Then, since e“!¢,,
is a bound state if and only if V.S, (¢.,) = 0, we have Sy (¢, +v) = Su(du)+ 5 (V5w (dw)v, v)+0(v?).
Roughly speaking, we have one constraint Q (¢, + v) = Q(¢,) which may eliminate at most one
negative direction of V2S5, (¢, ). Therefore, if V2S,,(¢,) has more than two negative eigenvalues,
¢, is not trapped by the energy. Further, for the case V2S,,(¢,,) has one negative eigenvalue, the
trapping/nontrapping can be determined by the sign of ¢’(w). That is, if ¢'(w) > (<)0 then e“!¢,,
is trapped (not trapped) by the energy.

Another viewpoint which we adopt in this paper is to study the linearized operator L, =

JV2S,(¢.) given in (2.7), where J = (_01 (1)) Here, we have extended V2S,,(¢.) to be a matrix



to make it self-adjont, see section 2. Since L, has the form J(—A+w)+ “rapidly decaying potential”,
we see that i0.(L,,) = (—00, —w] U [w, 00). Here o.(L,,) is the essential spectrum of L. Since we
are only interested in the case that L, is spectrally stable we assume o (L) C iR.

In general no eigenvalues are expected in the interior of the essential spectrum. References [2, 54]
have computational proofs about the absence of embedded eigenvalues when ¢, is a ground state
for some equations.[63] does not discuss explicitly the issue of embedded eigenvalues but they seem
to be excluded, see Remark 7.10 below for some further comments. [20] proves that in some generic
sense embedded eigenvalues do not exist because they are unstable, see also [30, 76]. The proof is
similar to the discussion of the well established instability of embedded eigenvalues in the case of
self-adjoint operators, cfr. [40]. However it is not clear whether taking for example V' generic in the
cubic—quintic NLS would make £, generic in the sense of [20]. We think that embedded eigenvalues
(with some negative Krein signature) can exist, but that they are unstable (we conjecture the non
existence of embedded eigenvalues of positive Krein signature). Hence the assumption of absence of
embedded eigenvalues seems reasonable.

Similarly, the edge of the essential spectrum is shown in [19, 78] generically to be neither an eigenvalue
nor resonance. Again, we did not check whether taking V' generic makes the £, associated to the
cubic—quintic NLS generic in that sense, although this is even more likely than for the issue of
embedded eigenvalues. In [63] there is no discussion about the edge of the essential spectrum where
the presence of a resonance or an eigenvalue would affect the computations discussed in pp. 371-372.
We think that assuming absence of eigenvalue or resonance at the edge is reasonable.

We will further assume that the kernel is spanned by J¢,, and all nonzero eigenvalues (which are
assumed to be finitely many but in fact this can be proved to be the case, see the comments
under (H11) in Sect. 2) have the same algebraic and geometric dimensions which are finite (in the
presence of a nonzero imaginary eigenvalue whose two dimensions differ we would have a sort of linear
instability, see Remark 7.10 for further comments). Now, let £ be the eigenfunction of £, associated
to 1A with A > 0 (for eigenfunctions of i\ with A < 0, we have the symmetry. Thus it suffices
to consider the positive case). Then, the “energy” of £ is (V2S,(¢,)¢, &) = Q(L,€,€) = iAQUE,E),
where Q = (J1,-,-) (see (2.6)). It is known that we can normalize £ s.t. Q(¢,§) = is for s € {1, —1}.
Therefore, if s = 1, £ have a negative energy and if s = —1, £ have a positive energy. Now, set
n(V2S,(¢.)) be the number of negative eigenvalues of V2S5, (4,). It is known that n(V2S,(¢.))
can be represented as

n(V2S,(éu)) = p(¢') +2N,;” + N; + 2N,

where p(¢') = 1if ¢ > 0 and 0 if ¢ < 0, N,, N;, N, are the number of real, imaginary and complex
eigenvalues of £, (See [20, 79]). In our situation, N; = N. = 0. Therefore, if N,- = 0, ¢, will be
trapped by the energy and if N~ > 1, the ¢, is not trapped by the energy. Thus, by the above
discussion, the trapping/nontrapping of the energy is determined by the existence of eigenvalue of
L., with negative energy. Here, we will give a direct proof of the nontrapping when there exists a
negative energy eigenvalue.

Proposition 1.8. Assume hypothesis (H1)-(H11) and (H14) in Section 2. Then the standing waves
are not trapped by the energy.

Proof. Here (H14) is the key hypothesis which is roughly stating that for any w there is one eigenvalue
i\; € Ry with negative Krein signature (i.e. the corresponding eigenfunction &; satisfies Q(¢;,¢;) =

1).



Fix w1 € O and choose af(e) to satisfy Q ((1 — a(€))u, + €(&;(w1) +&j(w1))) = Q(¢w, ). Since
& (W), &(w) € Ng(Ly,)* (see (2.9)), we see that

Q((1— a(€)u, + €(&j(wr) +&5(w1)) = (1 — a(€)?Q (duy) + €2Q (& (wr) + &(w1))) -

Thus, we can conclude a(e) ~ 2. Consequently, we have

E((1 = a(€)gu, +e(&(wr) +&i(w1) — B(¢wr)
= Swl ((1 - a(e))¢w1 + E(gj (wl) + gj(wl))) - Swl (¢W1)

= 5 (V2501 (8) (§(@1) +§ (1)) & (1) + (1) + 0(&?).

Finally, since £,, = JV2S,, (¢w, ), we have
(VS0 (huor) (&5 (wr) +&(w1)) &5 (wr) 4+ &(w1)) = Q (Luy (§(w1) + & (wn)) , &5(wr) + & (wr))
=i Q& (W), & (W) = INQE (W), &(wr)) = =2, < 0.

Therefore, we have the conclusion. |

We now turn our attention to the conditional asymptotic stability. Its proof is very close to
the proof of asymptotic stability of ground states in [12, 13] and we will need assumptions for the
spectrum of £, discussed above (i.e. absence of embedded eigenvalues, +iw are neither eigenvalues
nor resonance, the generalized kernel is 2 dimensional, all nonzero eigenvalues have nonzero energy,
see section 2). We will consider only the 2D case.

Theorem 1.9. Assume hypothesis (H1)-(H13) in Section 2. Then, we have the conditional asymp-
totic stability.

The main example for the theory developed in this paper that we have in mind is the cubic
quintic NLS (1.5) and specifically perturbations obtained adding a radial potential V'(|x|)u. As
we mentioned above, in [63] it is shown that for any m = 1,2,3,4,5 there is a critical value w,,
such that for w < w,, the vortices are spectrally unstable and for w > w., are spectrally stable.
[63] proves numerically that the linearization £, has an eigenvalue of negative Krein signature, i.e.
our hypothesis (H14) is satisfied. Indeed in [63] it is shown numerically that for (1.5) the spectral
instability for w < we, occurs because a pair of eigenvalues on iR coalesce as w — w. and then
for w < w,, form two eigenvalues which exit iR in opposite directions. This can happen only if the
eigenvalues for w > w., do not have the same Krein signature. Thus for w close to and larger than
wer at least one imaginary eigenvalue has negative signature. See below in Lemma 7.1 for a more
precise discussion. Our results do not apply directly to the 2D cubic quintic NLS (1.5) because of
its translation invariance. However, as we show in Section 7, when we add to (1.5) a small linear
potential, then we obtain an equation which satisfies hypothesis (H14) and which is not translation
invariant. When we take the small potential with a nondegenerate minimum at the origin, then for
w > wer we obtain spectrally stable vortices. Our hypotheses (H1)-(H7) are either obvious or we
know they are true as a consequence of the numerical experiments in [63]. The hypotheses (H9)—
(H13), while probably generically true, ought to be checked numerically. We will say more later
about them, especially (H13), the most delicate and least analyzed. The conclusion that we can
draw is that, assuming that indeed (H9)—-(H13) are true, then for w close to and larger than we, the
vortices of appropriate perturbations of the cubic quintic NLS (1.5) are not trapped by the energy
and are conditionally asymptotically stable. And hence by Theorem 1.4 they are orbitally unstable.



We have seen that Theorem 1.4 is a simple consequence of non trapping by energy (by Propo-
sition 1.8 a consequence of the existence of one eigenvalue of negative Krein signature) and of the
Conditional asymptotic stability. The latter follows from (H1)-(H13) by Theorem 1.9. A more
precise formulation of Theorem 1.9 is in Proposition 2.5. The Conditional asymptotic stability, like
the asymptotic stability of ground states proved in [13], is due to a mechanism of loss of energy of
discrete modes related to the Fermi golden rule (FGR) and to linear scattering of the continuous
modes.

The FGR was first introduced in [7, 67, 70] and we will discuss it shortly. But first we discuss
linear scattering, which is based on a number of results on the group e*“~ associated to the lin-
earization of the NLS at the vortex. The results needed here are quoted (here we focus on 2D) from
[21] and require that £,, should not have eigenvalues (and resonances) in the essential spectrum, see
hypotheses (H9)—(H10) below. The results in [21] allow to say that, for all practical purposes, the
restriction of e/« on the continuous spectrum part, behaves like e'*(=2+V) restricted to its contin-
uous spectrum part. (H9)—(H10) are probably generically true, but nonetheless ought to be either
proved or checked numerically on any given example. The fact that we cannot treat translation (the
asymptotic stability result on moving solitons in [15] has not been proved in dimensions 1 and 2)
depends on the specific way in which scattering of continuous modes is proved. Probably there is a
simpler and more robust way to prove dispersion using virial inequalities and the theory of Martel
and Merle [52, 53]. This should require fewer hypotheses and lead to similar results. This approach
has been very successful in the context of KAV equations where it has improved the result by Pego
and Weinstein [64]. The theory is proving successful also in different contexts, see [6, 11, 29, 47, 42].
However here we follow our standard approach and we use material in [21].

We now turn to the FGR. It can be easily seen under appropriate coordinate systems. It leads
to nonlinear interactions between discrete an continuous modes of the NLS which are responsible
for energy leaking out from the discrete modes.

When we discuss the FGR we need to separate two distinct issues, as we will see with a simple
example below. One issue is the fact that certain coefficients of the system have a 2nd power
structure. This has been proved in [13]. See also [12, 18] for generalizations and references. A
separate issue, is whether or not these 2nd powers, which are non negative, are also strictly positive.
There might be cases when this is not true, but in general we expect that they are strictly positive.
We do not have the expertise to run numerical tests, but a simple model might clarify this point
(for other examples of FGR see also the survey [82]).

For (z,h) € C x H'(R? C), consider the Hamiltonian

H(z,h) = |2|* + VA7 + |,z|22/]R2 G(z)h(x)dz + |z|2z/ G(x)h(zx)dz, (1.8)

R2

where G is a C-valued Schwartz function and the symplectic form idz A dz + 2 (idh, dh) where

() =Re [ f@a@is = [ (h@n @)+ Ln)s o fo: B S C=R) . 09)
Then we have the Hamiltonian system

ih = —Ah+ |2|?2G, (1.10)

2 =2+2|z)? /R h(z)G(z)dz + 22/ h(z)G(z)dz. (1.11)

R2

The solution of the linearized equation around (0,0) is (z,h) = (e~*2(0),e**h(0)). Therefore,
at the linear level, we do not see the asymptotic stability of (0,0). In the following, we sketch



heuristically why the equilibrium (0, 0) is asymptotically stable thanks to the FGR and scattering
of the continuous mode. First, if we assume z(¢) = e71*2(0), then —|z|?2R* , (1)G solves (1.10) (for
the use of RT , (1) = lim. o+ R—a(1+ic) see the remark on p. 30 [70]) . Therefore, it is reasonable
to set

h=—|z?2R* ,(1)G +¢ (1.12)

and think ¢ is a remainder. In fact (1.12) is a normal form transformation intended to eliminate
the term |z|22G from the r.h.s. in (1.10). g satisfies an analogous equation as h, but with a higher
degree polynomial in (z,%), and so it is smaller than h (this goes back to [7, 70] )

When we substitute (1.12) in (1.11) and we ignore g, we get

iZ=2z-— 2|z|4z/ GR' ,(1)Gdx — |z|4z/ GR”,(1)Gdz.
R2 R2

We recall that RE,(\) = P.V.(=A = \)~! +ird(—A — \) for any A > 0, where § is the Dirac delta
function and P.V.z~! is the Cauchy principal value. These can be given sense using the Fourier
transform. Multiplying by Z and taking imaginary part we get

i|z|2 = —2mc|z|® with ¢ = [ GO(—A —1)Gdz > 0. (1.13)
dt R2

We conclude that ¢ > 0 by the following formula, see ch.2 [23]:

1 AV 2do
=3 [ 1B@Pase) (114)

This is the 2nd power structure discussed above. In the context of the study of ground states of the
NLS, the analogue of this formula has been proved in [13], see formulas (6.13)—(6.14) and later in
this section.

The next step is to ask whether in (1.14) we have not only ¢ > 0 but rather the strict inequality

¢ > 0. Obviously, for generic G we have G " # 0, and so ¢ > 0. Numerical computations for
gl=1
random choices of G would yield convincingly this fact. The strict inequality ¢ > 0 and the equation

of z in (1.13) yield the explicit formula

2(0)”

O =

On the other hand, h will scatter by linear mechanisms, thanks also to the fact that the forcing
term |z|22G in (1.10) is in L? for time. (Combining this fact with Kato smoothing estimates such
as Lemmas A.3 and A.4, we can show h has finite Strichartz norm, which implies the scattering).
Proceeding differently and as a reference for later comments, one could integrate (1.13) and write

l2(t) | + 27rc/0 |2(s)|%ds = |z(0)]*. (1.15)

Our FGR hypothesis, stated explicitly in (6.15), is the same as assuming ¢ > 0 in model (1.8). The
analogue of ¢ > 0 instead is rigorously proved in (6.14). Numerical computations are likely to prove
(6.15) true for generic equations exactly in the same way they would show that ¢ > 0 in the above
model.



We now discuss the FGR, still heuristically, for a model closer to the one necessary to examine
equation (1.1). The discussion is more complicated than for model (1.8), but will yield similar
conclusions.

First of all, by a Noetherian reduction of coordinates related to the U (1) invariance of the NLS,
we will see that we reduce to an effective Hamiltonian of the form, for appropriate finite sums,

H(z h) == sidlzl? + (CA+w+Dh,orh) + Y 2#2Y(G o, 0301h), (1.16)
i=1 (i) [ >

where: (z,h) € C* x H'(R?;C?) with h = o1h; the inner product (f,g) = [ 'f(z)g(z)dx is a
bilinear map; i\; € iR, are eigenvalues of the linearization Ly; A = (A1,..., An); U(x) is smooth in
x, rapidly convergent to 0 as x — oo and is for every x a self adjoint 2 x 2 matrix; w > 0 and in
the application we are thinking it is in O of (H4); p, v are multi-index such as g = (1, - , pin) and
ZH = z{"" -+ .zl and similar for 2¥; the second (finite) sum is taken for multi-indices p, v; G () is
Schwartz class in x with values in 2 components vectors;

m_G b,%_@ g» (1.17)

the number —s; is the Krein signature of each i);, with at least one s; = 1 (for the connection
between Krein signature and number s; see in the proof of Lemma 7.1).
Here h = o1h, the Hamiltonian #(z,h) is real valued and so G, = —01G,,. We consider the

symplectic form
n

> s dzj Adz; +i(dh, o301dh).

j=1
The equations are then of the form

ih = Kh+ Z zo‘EﬁGag for K =o03(—A+w+ )
X (a=B)[>w

o ZHzv
isj2; = —s;N\jzj + E Vi— <G,uu,0301h>-
[A-(p—v)|>w

(1.18)

Zj

Setting h = — > 2°Z° RE(X - (B — @))Gag + g like in (1.12), substituting and ignoring g (as we did
earlier) we get
L MY pogh I
182 = —Sj)\ij — Z ij<GuU7U301RK(A ' (B - a))Gaﬁ>'
I\ (v >w !
X (a=p)[>w

As we will see, we can ignore the terms where A - (1 — v) # A - (a — ). Furthermore, up to smaller
terms that we ignore, we have

z2%ZY
. . +
18525 = —Sj)\ij — E E vy = <GOV;O'301R/C(_L)GOCO>'
L>w Av=XAa=L

Let us write formally Rf(—L) = P.V.,C;JFL +imd(K 4 L) (there is a distorted Fourier transform that



allows to make sense of this). Then, using G, = —01Goo,

Oy isj/\j|zj|2 =7 Z LRe< Z z'Goy,03010(K + L) Z zo‘Ga0>
j=1

L>w Av=L Aa=L (1.19)
= -1 Y L(GL(2),030(K + L)G(2)) where G(2) = Y 2*Gao.
L>w Aa=L
Furthermore, there exists G(LO) (2) s.t.
0
— _ —_———
(Gr(2).030(K + L)Gr(2)) = (@1, (2), | 5(—A +w+ L) 0 G (2)).
0 —(A—w+1L)
Observe now that §(A —w + L) = §(—A — (L — w)) and that integrating in (1.19) we get
n t —_—
}:%MVAMQ—wZ:QA«G?@@Dbﬁ@A—%L—me?@@Db»%
=t b (1.20)

= s;\ilz ().
j=1

Notice that inside the integral we have a similar 2nd power structure (for each L we have a positive
quadratic form in the vector (2%)x.q=r, ) to the (1.14) we found in model (1.8). In particular, if n =1
in (1.16), then the time integral in (1.20) will be similar (possibly with different power) to the time
integral in (1.15). So formula (1.20) is a generalization of (1.15). When the Krein signatures are

all positive, that is if s; = —1, then (1.20) can be used to prove z(t) 280 (and so the asymptotic
stability of the standing wave). Indeed, starting from a |z(0)| small, (1.20) is telling us that also
|z(t)| remains small. Furthermore, the fact that the integrals remain bounded as ¢ — oo can be used,
along with the fact that |2(¢)| remains bounded (which can be seen by the 2nd equation in (1.18)),

to show that z(t) 28°0. However, to make this rigorous we need to have something analogous to

the inequality ¢ > 0, which is exactly the meaning of (6.15).

If there are negative Krein signatures, and so some s; = 1, obviously the proof of z(t) 20

breaks down since in the Lh.s. of (1.20) there are terms with different signs whose size could become
large even if the sum is small.
However, if we know that a solution u(t) remains close to a standing wave, and consequently

the corresponding |z(t)| remains small, then (1.20) allows to prove z(t) 2£° 0 because we know that
the sum . s;A;]2; ()] remains small. This allows to control the integrals and, with hypothesis

(H13), that is (6.15), to conclude z(t) "25° 0.

The validity of (6.15) (or of more explicit formulations of the formula) is an open question.
Proofs related to special situations are in [3, 46, 1]. Tt is fair to expect that numerical experiments
will confirm strict positivity for most examples, like for the ¢ in (1.14). Some numerical verifications
are in [22, 43], but there is room for more systematic studies. These are absent in the literature not
because some intrinsic difficulty, but simply because the ideas in [13, 14] are not well known.

Having given a general overview of the main concepts and results of this paper, we list now
the content of the remaining section of the paper. In Section 2 we state hypotheses and give in
Proposition 2.5 a statement that is more detailed than Theorem 1.9. In Sections 3—6 we describe



the proof of Proposition 2.5. The proof is basically the same of the proofs of asymptotic stability of
ground states of the NLS in [12, 13]. In Section 3, after introducing a natural system of coordinates
related to the modulation we state in Proposition 3.4 a result on Darboux coordinates, whose proof
is in [12] and which is a key step to the subsequent search of an effective Hamiltonian. We will only
give a sketch here. The expansion in these new coordinates of the functional K (u), defined in (3.14),
is again given without proof since the proof is in [12]. In Section 4 we complexify L?(R? R?) and
consider the spectral decomposition of the linearization £, in L?(R? C?). This produces discrete
coordinates z = (21,...,2n) € C® and a continuous coordinate f € L?(R? ,R?). We then state the
expansion of the functional K (u) in these coordinates, with the proofs in [12]. Next step is the search
of an effective Hamiltonian by means of a Birkhoff normal forms argument. This is accomplished in in

Proposition 4.3, which we give only a sketch of the proof, for which we refer again to [12]. Proposition
t—o00

5.1 contains Strichartz and smoothing estimates satisfied by f, and the statement of z(t) "= 0. We
then show that Proposition 5.1 implies Proposition 2.5. By an elementary continuation argument
Proposition 5.1 is in turn a consequence of Proposition 5.2, whose proof is in Section 6. In consists
first in Strichartz and smoothing estimates for f. We then split f like in (1.12) as a term dependent
only of z, which is the part of f which really affects the z’s, and a g which is smaller, does not affect
z substantially and can be treated as a reminder term. The estimates on f and on g are the same

of [21]. Finally in Section 6 we return to the Fermi golden rule, explaining why z(t) F28°0. All the
estimates are proved in the literature, for example in [16]. Therefore, we limit ourselves at describing
the structure of the argument. However we give a sketch of the proof for some important theorem
(especially Darboux theorem and Birkhoff normal forms arguments) for reader’s convenience.

In Section 7 we discuss the cubic quintic equation (1.5). We discuss how starting from the
numerical observations in [63] it satisfies hypothesis (H14) for values w > we, close to we,. Since our
theory does not apply to translation invariant equations like (1.5) we show that by adding a small
radial potential with a non degenerate local minimum at 0 produces spectrally stable vortices which
still satisfy (H14) because their linearization is a small perturbation of that of (1.5). At the end of
Section 7 we also discuss the status of the other of the other hypotheses for equation (1.5) perturbed
by adding a liner potential. Some of them follow from the computations in [63], the others ought to
be checked numerically and in out opinion are plausibly true.

2 Hypotheses and statements
To begin with, assume the following hypotheses.
(H1) B(0) =0, B € C*(R,R).

(H2) There exists a p € R such that for every k > 0 there is a fixed Cj, with

k
‘% 02| < CilolP*1 if u] > 1. (2.1)
v

(H3) V(z) is smooth, non zero, real valued, and for any multi index « there are C, > 0 and a, > 0
such that |09V (z)]| < C, e aalel,

For n > 1 and K = R, C then 3, = %,,(R?, K?) is the Banach space with

Jull%, = Z (|72 gey + 105 ull72(gey) < oo (2.2)

la|<n
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We set ¥o = L2(R?, K2). We define ¥ by |Julls, := [|(1 = A+ |z]?)2ul[> < oo for t € R. Fort € N
the two definitions are equivalent, see [15].

(H4) There exists an open interval O C Ry such that
Au—Vu—wu+B(luf*)u=0 forxecR? (2.3)

admits a function w — ¢, which for any k is in C?(0, %, (R?,C)). We also assume that
bu () = emae@)y (|z|) like in (1.2).

(H5) We have for g(w) := 2_1||¢w|‘%2(11§2)= see (1.4),
¢ (w) #0 for allw € O. (2.4)

Remark 2.1. Notice that by a standard bootstrapping argument we can relax hypothesis (H4) by
only asking that w ~ ¢, be in C1(O, H}(R?,C)).
We identify C = R? setting w; = Rew and wy = Imw for w € C . In particular we identify the
imaginary unit i with —J where
0 1
(D), @)

Im ¢,
We consider the strong symplectic form defined

and the bound state ¢, with (Re ¢w>.

QX,Y) = (J'X,Y). (2.6)

Definition 2.2. We denote by ( , ) also the bilinear form in L?(R? C?) obtained extending (1.9).
We extend € to L?(R?,C?) as a bilinear form.

For F € C'(U,R) with U an open subset of H!(R? R?), the gradient VF(u) is defined by
(VF(u),X) = dF(u)X, with dF(u) the Frechét derivative at u. If F € C?(U,R) it remains de-
fined V2F(u) € C°(U, B(H'(R?,R?), H }(R?,R?))) (with B(X,Y) the space of R-linear bounded
operators from a Banach space X to another a Banach space Y).

The ¢, are constrained critical points of E with associated Lagrange multiplier —w so that
VE(¢n) = —wVQ(dw). The linearization of the NLS at ¢,, is

Lo = J(V2E($n) + w) = J(=A +w+ V) + JV,, with (2.7)

V., = (B(|¢w|2)+2BI(|¢w|2)(Re¢w)2 ﬁ/(|¢w|2)(Re¢w)(Im¢w) )
© B'(16u)Re du)(Imdn)  B(l6wl?) +28'(|¢w ) (Im ¢u)? )~

Since there is a natural identification L?(R?, C?) = L?(R?,R?)®xC and H?(R? C?) = H?(R? R?)®g
C, the operator £, extends naturally in a C linear operator in L?(R?, C?) with domain H?(R?%, C?)
simply starting from formulas £, (v ®gr z) = (L,v) QR 2.

Starting from v ®g z := v ®r Z a complex conjugation can be defined in L?(R?, R?) ®@g C, which
should not be confused with the complex conjugation in the initial L?(R?, C). Using this complex
conjugation we consider in L?(R?,C) the hermitian form (f,g), where we recall that ( , ). is a
bilinear form.

Notice that if £,¢ = 2€ with z € C, then applying this complex conjugation we obtain £, = Z£.

11



Notice also that as operators in L?(R?,R?) we have JL, = —L£*J and L, J = —JL}. This extends
also for the operators in L?(R?,C?). From this we conclude that o(L,,) is symmetric with respect
to the coordinate axes.

We consider only standing waves which are spectrally stable. Specifically, we will assume

(H6) o(Ly) CiR for all w € O.

Since (H4) implies that ¢, (x) is exponentially decreasing to 0 as © — oo, we know that always
for the essential spectrum we have io¢(L,) = (—00, —w] U [w,00). Hence (H6) is all about the set
of eigenvalues 0,(Ly). We want our ¢,’s to be also linearly stable. This is somewhat ambiguous
as in principle it should mean that |e?“«|;>_, 7> is bounded, which is never true since £, is not
skew—adjoint and has a nontrivial Jordan block at 0. By linear stability we mean (H6) and the
following two additional hypotheses.

(H7) For N,(L) := U3, ker(L7) we have
ker £, = Span{J¢. } and Ny(L,,) = Span{J¢.,, 0P }- (2.8)

(H8) For any eigenvalue e € 0,(L,,)\{0} the algebraic and geometric dimensions coincide.

Notice that N4(L,) for (1.5) has been computed in [63]. For what happens when a potential is
added to (1.5) breaking the translation invariance see Lemma 7.4.
We assume the following hypotheses.

(H9) There are no eigenvalues of £, contained in o¢(L,).

(H10) The points +iw are neither eigenvalues not resonances of L, ie. if L,F = +iwF in a
distributional sense for an F' € L°(R?), then F = 0.

As we mentioned in the introductions oth conditions appear to be generically true.
We have the symmetry JL, = —L}J. Thus, (2.8) implies

Ng(L;) = Span{(bwv(]ilawgbw}- (2.9)

We have the following beginning of Jordan blocks decomposition, where we use the hermitian from
(f,9) to define the orthogonal spaces,

LA(R?,C%) = Ny(Lu) & N(L3) (2.10)

[21], as consequence of [41], proves that ||6t£w|N;(£:)

|12 12 is bounded under (H6)—(H10). Appro-

priate dispersive and Strichatz estimates can be proved for the restriction e**« ‘ L2(w) for the space
L?(w), see Lemma 2.3 below.
We assume existence of non zero eigenvalues.

(H11) For any w € O there is a number n > 1 and positive numbers 0 < A\; < Ay < ... < )\, such that
op(Ly) consists exactly of the numbers +e; and 0, where we set e;(w) :=i\;(w). We assume
that there are fixed integers np =0 < n; < ... < ny, = n such that A\; = \; exactly for ¢ and j
both in (n;,n;4+1] for some | < ly. In this case dimker(L, — i\j(w)) = nj41 — n;. We denote
by N; € N the number such that N; 4+ 1 = inf{n € N : ni); € 0.(Ls,)}. We set N = sup; N;.

12



Notice that in (H11) we do not ask any more uniformity with respect to w, as in [13, 15, 16, 17].
We remark that the fact that the sum of all the algebraic dimensions of the eigenvalues of L, is
finite can be proved from (H10) and from the fact that each ¢, (x) is in fact not only a Schwartz
function in S(R?%, C) but converges exponentially to 0 as z — oo, see [35]. The proof is standard,
is similar to an argument in p.305 [66] and involves extending the resolvent beyond the resolvent
set as a meromorphic function. Since we are in dimension 2, the discussion of what happens near
+iw is more complicated than the 3D argument near 0 in [66], but nonetheless an accumulation of
eigenvalues near +iw can be excluded using +iw.

The following is a rather standard non-degeneracy hypothesis in the context of normal forms argu-
ments.

H12) For distinct A\;, < ... < \;, and pu € Z* with |g| < 2N + 3, then
J1 Ik
N, + -+ ey, =0 <= pn=0.

It is plausible that (H12) is generically true.
Next we assume the Fermi golden rule which we will state explicitly later and on which we commented
at length in the Introduction.

(H13) The Fermi golden rule Hypothesis (H13) in Section 6, see (6.15), holds.

So far the hypotheses (H1)—(H13) are similar to the analogous ones in [13]. In [13] though
the main result is that the standing waves are (asymptotically) stable, while here we want to prove
instability, that is the opposite. So we need an hypothesis which will generate orbital instability. To
obtain this hypothesis we consider the signature, or Krein signature, see [44, 45].

Recall the extensions of { , ) and Q in L*(R?,C?) made in Def. 2.2. Recall that o,(L,) =
op(LY). By general argument we have the following result.

Lemma 2.3. The following spectral decomposition remains determined:
L*(R?,C?) = L%(L,,) ® L3(L,) where L3 (w) = (LA(L:))F and for L = Ly, Lo* (2.11)
L3(L) == Ny(L) @ L3(L) with L3(L) := ®eco, £\ {0} ker(L — e).
We denote by P.(w) the projection on gjﬁ (w) associated to (2.11).

The form € remains symplectic also in L3(L,,). The proof of the following lemma is elementary,
see for example Lemma 5.2 [12].

Lemma 2.4. For any w € O and corresponding n in (H11) there are functions &;(w) € Xy for any
k and j =1,...,n such that the following facts hold.

(1) &(w) € ker(Ly, —iAj(w)) for all 5.
(2) Q& (w), &k (w)) = 0 for all j and k and Q(&(w), &, (w)) = is;6,, with s; € {1,—1}.

O
In the case of ground states, that is when ¢, () = ¥y, (|z]) with ¥, (Jz]) > 0 and m = 0, then
sj = —1, see Lemma 2.7 [17]. Here, where m # 0, we assume instead what follows.

(H14) There exists at least one j s.t. s; = 1.

We have already discussed, and we will say more in Section 7, that it has been shown numerically
that this hypothesis occurs for spectrally stable vortices of the cubic—quintic NLS (1.5).

Theorem 1.9 is a consequence of the following proposition, which is a consequence of [12, 13,
16, 21].
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Proposition 2.5. Let wy € O and assume (H1)-(H13). Then there exist constants eg > 0 and Cy
s.t. if u € C°([0,00), H') is a solution of (1.1) with sup,>qinfyer |[u(t) — o, || < € < ey then
there exist wy € O, 0 € CHR;R) and hy € HY with ||hy| g + |ws — wi] < Coe such that

tli>1£10 [u(t) — Doy, — e hy|lm = 0. (2.12)

It is possible to write u(t,z) = €D, ) + A(t, ) + u(t,z) with |A(t,z)] < Cn(t){(z)~N for any N,
with limy—, oo Cn(t) = 0, with lim;_o w(t) = w4, and such that for any admissible pair (q,p), i.e.

1/q+1/p=1/2,9> 2, (2.13)

we have
1@l 4(0,00), w10y < Coe. (2.14)

From Section 3 to Section 6 we focus on Proposition 2.5. There are various steps. We aim at
showing that there exists an effective Hamiltonian of the form (1.16). This has to be found through
a Birkhoff normal forms argument, see Theorem 11 [39]. In order to initiate the process we need to
to find and appropriate system of Darboux coordinates.

3 Modulation and Darboux coordinates

Asymptotic (or conditional asymptotic) stability arguments require traditionally, since [69], the
choice of appropriate modulation coordinates. Indeed, since we are discussing the stability of vortices,
it is natural to express a solution u(t) which is close to a vortex as a sum of a vortex plus an error and
to frame stability in terms of what happens to the error. This and more is what modulation aims to
do. The first step to define precisely this vaguely stated aim is the following standard Modulation
Lemma.

Lemma 3.1 (Modulation Lemma). Fiz n € Z, w; € O and ¥; = e‘”l¢w1, where O is given
in (H4) and J is given in (2.5). Then there exists a neighborhood U, of ¥1 in ¥_,(R? R?) and
functions w € C° Uy, O) and 9 € C° Uy, R) s.t. w(V1) =wi and I(¥1) =V and s.t. Yu € U,

u=e""(¢po+R) and R € N, (L},). (3.1)
We give a sketch of the proof. See also Lemma 2.4 [12] or Lemma 2.2 [16] for a detailed proof.

Proof. Tt suffices to apply the implicit function Theorem to
eJﬂu - ¢w7 ¢w>
a0 w,u) = (<eJ§u 6. d1000.))

66% will be invertible because of (H5). O
(9.w) (9,w,u)=(0,w1,e"7% ¢y, )

The above Modulation Lemma is the starting point to find appropriate coordinates in the
neighborhood of ¥, in H'(R?,C). Solutions u(t) starting close to ¥; will admit a time dependent

decomposition (3.1). If u(t) stays close to the orbit of ¥y for all time and scatters to a vortex, this

will be equivalent at showing that R(t) scatters to 0 as ¢ — oo and w(t) 4% 4, for some w,. € O.

This will be proved working on the parameters in the r.h.s. of (3.1).

14



Equation (1.1) can be expressed as @ = JVE(u). The following discussion is standard, and is only
sketched in order to give an overview of the use of the parameters (¢,w, R). By substituting the
r.hs. of (3.1) and using VE(¢,) = —we,, we obtain after standard computations

(W —0)J o + WD + R=L,R+ N(R) — (w—9)JR, (3.2)

where N (R) contains terms which are quadratic or higher order for R small. Denote by Py, (w) =
Py, (c.,) the projection on N,(L,) related to (2.10). Because (¢.,, 0, ¢w) = ¢'(w), we have

Pr, (@)X = —(¢' (@) (AUX, 0¢u) b + QI S, X)Outw), VX € S'(R%,C?). (3-3)

Applying the projection
P(w):=1- Py, (w). (3.4)

to (3.2) we obtain for R the following equation
R=L,R+ P(w)N(R) — (w—9)P(w)JR. (3.5)

Since, as is well known, the term (w — ) is higher order in R, we can think of (3.5) as a perturbation
of R = L,R. Tt is natural now to look at the rest of the spectrum of £,. The main difficulty is to
show that the discrete components of R associated to the point spectrum of £, which at a linear
level want to oscillate like the e~1z(0) component of the linearization of (1.10)—(1.11), will lose
their energy because of some friction originating from the nonlinear interaction with the continuous
components of R. This effect will be captured by an argument similar to the Fermi golden rule
discussed in the Introduction. For that argument to work we need to find an appropriate system of
coordinates.

Lemma 3.1 does not provide coordinates. We co back to the projection Py, (w). We have
Q(Pyn, (w)X,Y) = Q(X, Py, (w)Y). By (H4)—(H5) and (2.8) for S(R?, K?) = Mj>oXx(R?, K?) the
space of Schwartz functions and for &' (R?, K?) = Up<oXk(R?, K?) the space of tempered distribu-
tions, we have

Py, (w) € C™(0, B(S'(R*, K?),S(R?, K?))) for K =R,C. (3.6)
For P(w) defined as in (3.4) we have w — P(w)P(w1) € C*(0, B(Xy, X)) for any k. By (H4) we
have P(w) “="" P(w;) in the operator topology of B(Xg, 3x). Thus, writing
Pw)P(wr) = (1+ (P(w) = P(w)))P(wr),

we see that there exists an a > 0 such that if |[w —w1| < a the map P(w)P(wq) restricts into an
isomorphism from Ng-(L7, ) N Xy to Nj-(L:) N Xy, for any k > —n with Xj equal either to HF or
to X. Hence for k > —n the map

Rx{w:|w—w| <a} x (N;‘(EZZI)QXIC) — Xk,

(0, w,7) = u=e"""(¢, + P(w)r), (3.7)

is for ||r]|x, < a a local C*° diffeomorphism in the image. Therefore, (J,w,r) in (3.7) provides an
initial system of independent coordinates.

If we consider the function @ = Q(u), the map (¢, w,r) — (¥, Q, ) is a local diffeomorphism
because of the assumption (H5). Indeed, applying implicit function theorem to

FQ(QapaTa w) = Q(¢w - PNg(w)T) +p+ <¢w - PNg(w)T’ T> - Qa (38)
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there exists w(@, p,r) which is a smooth function defined in the neighborhood of (Q(¢.,),0,0) €
R xR x3X_,. Notice that F5(Q, Q(r),r,w) = Q(d. + P(w)r) — Q. We have put an auxiliary variable
p because if we directly put w(Q,r) to be the implicit function of Fy = Q(¢, + P(w)r) — @, then
we will only able to define w in the neighborhood of (Q(¢.,),0) in R x L2 Differentiating, (3.8) by
Q, p,r, we have

Oow = —0pw = A1, (3.9)
(Vow, X) = A" ((P(w)r, Py, (w)X) + (Pn, (w)r, X)), (3.10)

where A = (¢, + P(w)r, O pw + 0 P(w)r).
We now expand 2 by using the coordinates (9, @, r). Notice that

X = duX = 0yuXy + douXg + (Vyu, X, ,
where Xy = dX, Xg =dQX and X, = drX. Then, after some cancelations, we obtain
N =—ddANdQ + Q(P(w)dr, P(w)dr) (3.11)
+ A7Q A Q0 P(w)r, P(w)dr) + (V,w + gwr, dr)y A Q(0, P(w)r, P(w)dr).

Notice that the coordinates (i, Q,r) are not a system of Darboux coordinates for the symplectic
form €.
We now prepare some notations.

e Let F be a Frechét differentiable function. Then, its hamiltonian vector field X is defined by
ANXp,Y) =dF(Y) for any given vector Y. In particular, we have Xp = JVF.

e For F,G two scalar valued functions, we set the Poisson bracket by {F, G} := dF(X¢).

e If G has values in a given Banach space E and G is a scalar valued function, then we set

{G,G} :=dG(Xq).

In the coordinate system (¢, Q,r) our NLS can be expressed as
Q={Q.E}=(Xp)q, V={0,E}=(Xp)y, i={rE}=Xp). (3.12)

Further, comparing the coefficients of Yy in Q(Xg,Y) = dEY by (3.11), we have (Xg)g =
dQXp = 0. Therefore, we have Q = 0. Notice that this shows that with coordinates (¥, Q,r) we
have achieved a reduction of order in the system, see [62] p. 412, effectively reducing to the variable
r only.

In the sequel we choose wy such that if ug is the initial value in (1.1), then

Q(¢wy) = Q(uo). (3.13)
We consider (recall ¢(w) = Q(¢,))
K(u): = E(u) = E(¢u,) +w(u)(Q(u) — g(wo)). (3.14)
Then, since (Xo)y = —1, (Xg)o = 0 and (Xg), = 0, we see that (3.12) is equivalent to

Q=0, 9={0,K}+w, 7={rK}.

See [12] Lemma 2.6 and Section 2.3, and it is important that Q(ug) = q(wo).
In the sequel the changes of coordinates will differ from the identity transformation by pertur-
bations that can be written in terms of the two classes of symbols which we introduce now.
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Definition 3.2. For I an interval with 0 in the interior, A C RxRx (N, (£, )NX_,) a neighborhood
of (q(w1),0,0), we say that § € C™(I x A,R) is R}, if there exists a C' > 0 and a smaller
neighborhood A’ of of (g(w1),0,0) s.t.

3t Q. 0.7 < ClIrlg_, (Irlls_, + o] +1Q = glwn)])" in I x A" (3.15)

We will write also § = RyJ, or § = RiJ, (t,Q,0,7). Given a function F : I x U,, — R for
Uy, a neighborhood of ¢, in L*(R? R?), we say that F' = R}/ if there is a R}7, function s.t.
F(t,u) = Ri{fm(t, Q,Q(r),r).

We say § = R/, if § = Ry, for all m. We say F = R5/,, if we can take n arbitrarily large.
If F=7RY,, for any m, we set F' = R".
Definition 3.3. A T € C™(I x A, X,(R? C?)), with I x A like above, is 8,7 and we write as
above T = S}Jor T = S4J (t,Q, 0,7), if there exists a C' > 0 and a smaller neighborhood A’ of
(o, po,0) s.t.

IT(t. Q. 0,7) 12, < Clirlis_, (Irlls_, + lol +1Q = q(wn)])" in I x A'. (3.16)

We use notation T = S%J | T = 8% —and T = S% as above. As above, given a function 7 : I x

n,oo? co,m

Uy, — X we write F' = SpJ - if there is a S}/, function s.t. T'(t,u) =S4 (t,Q,Q(r),r).
Next we consider the following symplectic form:
Do := —dI N dQ + Q(dr ,dr ). (3.17)

This is how our symplectic Q form should look in appropriate coordinates. Indeed in Section 3 [12]
the following Darboux Theorem is proved.

Proposition 3.4 (Darboux Theorem). There is a local diffeomorphism F around ¢, in L*(R?,R?)
such that F*Q = Qo and which in the (¥, Q,r) coordinates is of the form

19/:194_73'072(@7@(7‘)77‘)7 Ql:Q’

R 3.18
P =R QRN (L SLL(Q, Q(r), 7). o

O

Remark 3.5. Notice that the idea of taking as fixed point ¢, rather than ¢, as in [12], is taken
from [4]. The proof of Prop. 3.4 is unaffected.

For the convenience of the readers we give a sketch of the proof here.

Sketch of the proof of Proposition 3.4. To make a change of coordinate to convert the symplectic
form € into 2y we need three steps. First, we find a 1-form T' s.t. 2 — ¢y = dI". Next, we solve
ixsQs = =T, where ixw(Y) := w(X,Y) and Q, := Qo + s(2 — Qo). Finally, let Vs be the flow of
4y, = X*(Ys). Then, we have

d
s (ViQs) = Vi (LasQs — 0:Qs) = Vi(dixsQs —dl') = 0.
s
Thus, Y := P! gives us the desired transformation. This is a standard proof of Darboux theorem
(see [39]).

In our situation, we have to care about the regularity of the transformation (or in other words, error
from the identity). Therefore, we need to compute I' rather explicitly.
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First, we seek I'. It suffices to find some I' satisfying I' = B — By + dC', where

2By = Qd9 + Q(r,dr),
2B = Q(u,-)
= QdY + Q(P(w)r,dr) + Q¢pw, P(w)dr) + Qdw + P(w)r, 0ppw + 0, P(w)r)dw.

It is elementary that dB = Q, dBy = )y. We have

2(B — By) =d (¢w, P(w)r)) + QP (w)r, 0.,Pr)0quwd@
+ Q(=Pn, (w)r + Q(P(w)r, 0 P(w)r)dpwJr 4+ Q(P(w)r, 0y P(w)r)V,ew, dr).

Therefore, we can choose I' = Q(T',, dr) + T'gdQ as

2, = =P, (w)r + Q(P(w)r, 0, P(w)r)0pwJr 4+ Q(P(w)r, 0y P(w)r)V ,w,
g = QP(w)r, 0, Pr)dguw.

Since Py, (w)r = Pn,(w) (P(wo) — P(w))r and |w — wo| ~ Q(r), we see I', = St + R%2Jr and
FQ = RO’Q.

Next, we solve iysQy = —I'. Since s (Q(X*, ) — Qp(X*,-)) can be handled as a perturbation, the
main part of the equation will be Qy(X*,-) = —I'. Therefore, we have X5 =04 = R%2 and

X5 = 8Ht + R%2 Jr. Finally, solving d%ys = X*()s), we have the conclusion. O

It is well known that normal forms processes are based on Taylor expansions of the Hamiltonian,
see [39]. So we need an expansion of the functional K defined in (3.14) in terms of the Darboux
coordinates. This is provided by the following, proved in Lemma 4.3 [12].

Lemma 3.6. Consider an integer L € N s.t. L > p for p the exponent (2.1) in hypothesis (H2).
For any preassigned (k,m) and in the coordinates (Q,9,r) of (3.18), K admits the expansion

() — (o) — (@ — w)a(wo) + SULLP)r, P)) + RY% (@ Qr),r) + Ep(P(w)r) + R,

L—-1
R' = (Ba(QQr),r), (Plw)r)?) + / Bu(e,r(2),Q.Q(r). 1) (Pw)r)* (a)dr with: (319
d=2

o dw) = E(¢w) + wq(w);
0),0,0) = 0;

)4(x) represent d—products of components of P(w)r;

(w
)r

Ba(q
(P(w
Ba(,Q, 0,7) € C"™(U—_, Xk(R?, B((R%)®4R))) for 2 < d < 4 withU_, C P~* a neighborhood
of (¢(w1),0,0) in R x R x (N (L5)NE_p);
o for ( € R? and (Q, 0,7) € U_} we have fori+j <m

||87J:627Q7QBL('7 C7 Qu 0, r)||B(E?f;72k(R2,B((R2)®L,]R)) < Ci- (3.20)
Remark 3.7. We have d(w) — d(wp) — (w — wo)q(wo) = O(w — wp)? = R*O(Q(r)) + ’Rl 2 (Q,Q(r),r).
In Lemma 4.3 [12] inequality (3.20) is stated for |¢| < e for some small ¢ > 0, but in fact in the

proof is unnecessary, thanks to (H2). Notice also that L = 5 in [12], but a similar proof holds for
our choice of L.
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Sketch of the proof. Notice that here we are just expanding K (u) = S, (u) — S, (bw,) such as
K (6 + P@)r) = Su(0.) + (V25.(0.) P)r, P@)r) + 0 ((P@)r)*) = d(wo) + (@ = wo)g(wo),

where we have used V.S, (¢,) = 0. O
If we expand P(w)r = r + (P(w) — P(w1))r we obtain what follows, see Lemma 4.4 [12].

Lemma 3.8. The expansion of K in Lemma 3.6 can be rewritten as follows,with similar notation:

K =Ry (Q.Q(r) + 271 Q(Luyr,7) + Ry 2 (Q.Q(r),7) + Ep(r) + R,
L—1

R = (B4(Q,Q(r),r),r) —i—/ Br(z,7(z),Q,Q(r),r)rk (z)dx . (3.21)

d=2 R?

4 Spectral coordinates associated to L,

Recall that 7 € Nj-(L7, )N L*(R? R?). We consider the spectral decomposition of r in terms of Ly,
n n _
r= Zz]{j(wl) + sz j(w1) + f where f € L%(w;) and also f € L*(R? R?). (4.1)
j=1 j=1

This yields new coordinates r — (z, f) to replace 7.
Correspondingly we have the expansion

Qdr dr )= _is; dz; NdZ; +Q(df ,df ). (4.2)

j=1
Equation 7 = {r, K'} splits into

iz g K, f={fK}, (4.3)

=S5 —
] o
8Zj

where we recall that s; € {1, —1} and s; = 1 for at least one j.

We have reduced our NLS to system (4.3). Obviously, having replaced r with (z, f), we need to
rewrite the expansion of K in Lemma 3.8 in terms of (z, f). This is done in Lemma 5.4 [12], which
we quote.

Lemma 4.1. In the coordinate system (z, f) near (0,0) for any preassigned pair (k,m) we have an
eTpansion

4
K =R5.(Q.QUN) + Hy+ Y Rj+ R0, (Q.Q(f). f) with what follows. (4.4)

j=—1

(1) For ¢ =Q(f)

Hy== siNlzfP+ Y Ryn(Q 02"z +27'(Lu, £ f). (4.5)
7j=1 |ptv|=2
e (u—v)=0
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(2) We have for o = Q(f):
Roi= Y R%@Q#z+ Y #2(IS10,(Q o) f):

lutv|=2 |utv|=1
e (n—v)#0
for N as in (H12), 0 = Q(f), 9, (Q,0) = Rg’,?n(Qv 0), G (Q,0) = 821?71(@7 0) and with the
symmetries gy, = [ and Gy, = —@,W, we have
2N+1 2N
Ry= Y 2'%gu(Q0); Ri=i Y 2(JGuw(Q,0),f)
lptv|=3 lptr|=2

Ry = (Sy,(Q; 0), f?) with Ba(g(w1),0) =0,

where f4(x) represents schematically d—products of components of f;

Ry= ) 2'Ri5(Quzof)+ Y, #ZIS(Qze0) )

lptv|= lptv|=
=2N+42 =2N+1
L-1
Ri= Y (BalQu20.0) % + [ Bule, (0).Q..QU). NI w)de + En()
d=2 R
where the B’s are like in Lemma 3.6.
O
Now we start discussing about the normal forms argument. It will consist in eliminating as
many terms as possible from R; with j = —1,0, 1.
We set, for n the number associated to wy in (H11),
e=(eq,...,en). (4.6)

Some of the monomials in R; with j = 0,1 cannot be eliminated because they are resonant, that is
of the following type.

Definition 4.2 (Normal Forms). A function Z(z, g, f) is in normal form if Z = Zy + Z; where Z
and Z; are finite sums of the following type:

Zi=i Y, @TICw(). f). (4.7)

e»(u—u)Eo’e(Lwl)
where G, = S} (o) for fixed k,m € N;
Zy = Z 9w (0)2"Z", (4.8)
e(wn)-(n=v)=0

and g, = RYY,,(0). We assume furthermore that Zy and Z; are real valued for f € L*(R? R?),
and hence g, = g, and @W =—Guu.

With an appropriate canonical change of coordinates (that is, it preserves the r.h.s. of (4.2))
the term R_; and all non resonant terms in Ry and R cancel out. Indeed we have the following
fact, which we quote from Theorem 6.4 [12].
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Proposition 4.3 (Birkhoff normal forms). There is a canonical transformation (z, f) % (', ")

where
Z =2+ R*(Q,2,Q(f),f), (4.9)
f=e/R@DD (1 +811(Q.2.Q(). ))- |
such that in the new coordinates (z, f) we have
K(Q,z f) = Ry (Q,Q(f)) + Hy + Ro + Ry + R with
(4.10)

4
R=R2(Q.QU).[)+> R+ Ra(Q.z,0, ),

j=2
with Hy and R; like in Lemma and where we have:
(1) the term R_1 in (4.4) is here R_1 = 0;

(2) all the nonzero terms in Ry with |+ v| < 2N+ 1 are in normal form, that is e (u —v) =0,
and are in Zy;

(8) all the nonzero terms in Ry with |u+v| < 2N are in normal form, that ise-(u—v) € ge(Hp,),
and are in Z;

(4) we have Ry € C™(U,C) for UC R x C® x R x P.Y_j, a neighborhood of (q(w1),0,0,0) and
[R2(Q, 2, /. 0)] < C(1Q — qlwn) + |2 + [ flls I 11, -

Sketch of the proof. Our canonical transformation will be generated by Hamiltonian functions of the
following form:

Yoo An@eE Y 2EBLLQ 0, f)
ltv|=m lntv|=m—1
e (n—v)#0 e(p—v)¢oe(Lu;)

The Hamilton vector flow generated from this Hamiltonian vector field will be

. Flarid Flarid
ZJ(S) ~ Zj — S815; Z VjA,u,u(QaQ) . + Z Vj . Q(B,U..,V(Qag)af) 5
lntv|=m / lntv|=m—1 /
e (u—v)#0 e (u—v)¢oe(Luwy)
f(s)~f+s Z 2'Z" B, (Q, 0).
|ptv]=m—1

e (p—v)goe (l:wl )

Thus,

n

=Y sl (P +271QL, F(1), F(D) ~ =Y sidlzP +271Lu, £ f)
=1

j=1

+ Y e (n=1)A(Q. 077 + > ZZ"(Luy — e (p = 1)) Buw(Q; ), f)-

lptv|=m lptv|=m-1
e (u—v)#0 e (p—v)¢oe(Lu;)
By the above, we can erase the nonresonant terms. |
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In (4.10) the functional K is written in a form which is essentially the same of (1.16). What
follows in Sections 56 is rather close to the classical discussion in [7, 70]. The difference between
these papers and [13, 3] lies in the fact that the latter two use in an essential form the Hamiltonian
structure of the system to study higher order interactions between discrete and continuous modes.
The ideas originate from [14]. The method [7, 70] does not work well with higher order interactions
and requires very stringent restrictions on the spectrum of the linearization, which are completely
eased in [13, 3.

As we have seen in the analysis of (1.16) the 2nd power, the structure of the Fermi golden rule
will be easily seen in the framework provided by Proposition 4.3. However the informal analysis on
(1.16) which we made in Section 1 has to be supplemented by a number of estimates, especially for
the variable f. So we will need to write the equation for f and derive some estimates.

5 Equations

In the new coordinates (z, f) in Proposition 4.3 our NLS continues to be of the form (4.3). In
particular we have

f=JVRE(Q Q) + TV HYQ, 2, Q(f), ) + TV 1 Z0(Q. 2, Q(F))

5.1
+ IV Z1(Q, 2, Q(f), f) + IVsR(Q, 2,Q(f), f), 51)
where 20
Vi(Rym(Q,Q(f) + Hy + Zo) = Lo, f + A",
A= R (QQUN+ S doinam(@.Q()=", (5.2)
lntv]>2
e (u—v)=0

and similarly we split the 2nd line of (5.1) into

A”Jf_i Z ZHEVGL”’(Q?Q(JC))+Jva(Q7zvgv f)|.Q:Q(f)’
e (p—v)€oe(Luy) (53)

A” = 8Q(f) [Zl(Qa Z, Q(f)v f) + R(Qa Z, Q(f)v f)]

So finally we write the equation of f as

f=Lo f+ATf—i > 2M2 G0 (Q,0) + M where (5.4)

e (n—r)€oe(Luy)

A=A+ A" and R = VfR(Q,Z,Q, f)\g:Q(f) —1i Z Mz (Guu(QaQ(f)) _G#V(an))'

e (n—1)€0e(Luy)

We write the equations for z as

.. 0 . zHzY 0
S5125 = 8T(Hé + ZQ) +1 Z Vj_—_<JGMu(Q7 Q(f))7 f> + aTR (55)
3 3 3
o (u—)€0 (Luy)
We set, for n the number associated to wy in (H11),
A=A,y An),s (5.6)

where the A; = A;j(w1) are introduced in (H11).
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Proposition 5.1. For ey sufficiently small there exists a C' > s.t., given a solution u(t) of the NLS
which satisfies sup;>q infyer [|u(t) — €@y, | < € < €0, for t € I =[0,00) we have

I e wray + 1f L2, pg2—sy < Ce for all admissible pairs (p,q), (5.7)
12|z () < Ce for all multi indices p with A - p > wi, (5.8)
||ZjHWt1,ao(I) < Ce forall j€{1,...,n}, (5.9)
[w = wil[zg=(r) < Ce. (5.10)
Furthermore
t_lgrnooz(t) = 0. (5.11)

Notice that the case (p,q) = (00,2) in (5.7) and inequalities (5.9) and (5.10) are an easy
consequence of sup,~ infger [|[u(t) — e du, | g < e

Proposition 5.1 implies Proposition 2.5. For the proof see [16], in particular Section 12. First
of all, by standard arguments there is a f; € H'(R?, C?) such that for the f in (5.7) and for the A’
in (5.2) we have

lim || f(t) — /@t A=A f 1y =, (5.12)

t——+oo

see Lemma 7.2 [16]. We can express the solution u(t) as

u(t) = e (G0 + P(w(t))(2(0)E; +25(8)E; + f'(t)) where

0,2 X 5.13
Y =2+ RY2(Q,2,Q(f), f) and f = e Rrn @2 QDD (f 1 S0 (Q,2,Q(f), ) (519

where (z, f) are the variables in Proposition 5.1 and (k, m) are arbitrary. This follows from the fact
that composing the change of variables (3.18) and (4.9) yields a change of variables like in (4.9), see
[12].

. . 1,1 - 1 . 02 -
(5.11) and (5.12) imply tilgrnoo Skm =0in H' and tiujrnoo Rym=0inR.

It is easy to see that when we plug (5.13) in @ = JVE(u) we get

f=J(=A+9 =R+ Gi(u),
with G1(u) € C°(HL, L1). On the other hand, f satisfies also (5.1), which is of the form

f=J(=A+wi+ A)f + Ga(u),
with Ga(u) € CO(H}, LL). Then we have

k(u)f = Gi(u) — Go(u) with k(u) :=w; — 9 + R 4+ A", (5.14)

We have k € C°(H!,R) and we claim that x = 0. Indeed, if k(u(to)) # 0 for a given solution, we
can find solutions for which u,(t,-) € S(R?), un(to, ) — u(to,-) in H*(R?), ||un(to)| 11 @) — oo,
Gj(un(to)) — Gj(u(to)) and k(un(to)) — rk(u(to)). This yields a contradiction because on one
hand |lun(to)|| 1 (r2) — oo implies for the corresponding f coordinates || f(to)| £t r2) — oo, on the

other hand (5.14) is telling us [|fa(fo)ll 12y ~ |w(u(to))|~1[|Ga (ulto)) — Ga(u(to))l| L1 (xe) and so
| fr(to)ll L1 (r2y # 0.
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Integrating wq — ¥ + R%2 + A’ = 0 and by . 1121 Rgfn =0 we get for a fixed ¥y € R
——+00 ’

t
tiigrnoo(wlt + /0 A'(s)ds —9(t)) = Yo.

Then (5.12) for hy := e’ f, becomes

Jim e f(@) = B = 0.

Using this in formula (5.13) we obtain

. o) _iA _
Jimlu(t) = e 0y — ehy g =0

which yields (2.12). Combining (3.13) and (5.13) wee have

g(w(t) + Q(f) + RY2, = q(wo).
Then
lim q(w(t)) = q(wo) — Q(h).

t——+oo

Then (H5) implies that there must be a wy s.t. . 1121 w(t) = w4. The last sentence of Proposition
—+00

2.5 follows from (5.13) and the estimates in Proposition 5.1.
O
By a standard continuity argument, Proposition 5.1 is a consequence of the following proposi-
tion.

Proposition 5.2. There ezists €g > and a constant co > 0 such that if T > 0 and if u(t) is a
solution of the NLS which satisfies sup,¢; infyer [|[u(t) — ey, | g < € < eo where I = [0,T) then,
if the inequalities (5.7)—(5.8) hold for this I and for C = Cy > cq, they hold also C = Cy/2.

6 Proof of Proposition 5.2

The proof of Proposition 5.2 is basically the same of Proposition 6.7 in [16]. We give a schematic
description of the main steps. The first is the following, which follows from theory in [21] and whose
proof we review in Appendix A.

Lemma 6.1. Assume the hypotheses of Prop. 5.2. Then there is a fixed ¢ and an sg such that for
all admissible pairs (p,q) and all s > sg

I e o,y wiey + 1 220,y mr—ey < €s€+¢s Z |ZM|%$(07T)7 (6.1)
A p>wi

where we sum only on multiindices such that X\ - — A\j < wy for any j such that for the j-th
component of  we have pj # 0.

O
The notation is simpler if we change frame. For M defined below we have M ~'iJM = o3, see
(1.17), and so we have

Ky :=MYNL,M = o03(~A+V +w) +osM 'V, M,
(11 L1 i (1 0
where M := (—i i) , M= 3 (1 —i) , 03= (O _1) .
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Then we set h = M ! f, which satisfies for G = M‘lGW(Q, 0) and E := MR,

ih=Koh+Aosh+ Y 2'7'Gu +E.

6.2
e (p—r)€oe(Luy) (6.2)

with A defined in (5.3). The last summation in (6.1) originates from the z#z" G, terms in (6.2) (or
the corresponding ones in the 1st line of (5.4)). We cancel these terms by a normal forms argument
For

g=h+Y, Y:= Z z“E”R,JEwl A (v—p)Gu, (6.3)
A-(u—) [ >w1
we have
ig =Ko, g+ Aosg + [iY — K, Y]+ > 212G, + AosY + E. (6.4)
e (p—1v)€oe(Luy)
We then compute
— (v — )2z RE (v —
iy = X Z A (v—p)zt'z R,CW1 (A (v —p))Gpy + T where
IA-(u=v)|>w1 . (6.5)
T = Z [8ZJY(123 + )\ij) + (}ZjY(iEj — )\jfj)} .
J
Inserting (6.5) in (6.4) we obtain
ig =Ky, g+ Aosg + AosY + T + E. (6.6)

So we have canceled the 2#Z"G,, terms. Notice that T contains terms of this type but by (5.5)
they are smaller. So ¢ is smaller than h. In fact the following is true, and is proved in Lemma 4.6
n [21] (the statement in Lemma 4.6 [21] has a systematic typo and L?L2™ should be replaced by
L?2L%~M where M there is like our s here).

Lemma 6.2. Assume the hypotheses of Prop. 5.2. Then for fized s > 1 there exist a fixed ¢ such
that if €y is sufficiently small, for any preassigned and large L > 1 we have |\g||L2((O_T)_L2,7S) < ce.

O
For M7T the transpose of M, and using M7 = 2M~! | f = Mh and G,, == M'G,,(Q,0), by
direct computation we have

((JGuw (Q,0), f) =i(MTTMM ™G, (Q,0), h) = 2(0103G ., h).
Notice that G, (Q,0) = —G,,(Q,0), see in Lemma 4.1, implies by M=o M
— 1= _
G,=M G,.(Q,0)=-01M G (Q,0) = —01G,,.

Then substituting (6.3) in (5.5) we obtain

ZHzv —
isj =0z, (Hy+ Z0) +2 D vj=—{(g,03G,.) +95,R

J

[A-(p=v)[>w1
Z“+O‘EU+'6 . (67)
+2 Z ij<RZwl ()\ : (B - a))G'Ot,B7 03Guu>7
|A-(a=B)|>w1 J
[A-(p=v)[>w1
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Let us consider the set of multi-indexes
M:={a: A a>wand A\ a— N\, <w VEk s.t. ap # 0} (6.8)

Set also A :={\-a:a e M}.
Like in [16], there is a new set of variables ¢ = z + O(z?) s.t. for a fixed C

¢ - 2z < CCoe?, ¢ 2lla < C&  and (6.9)
55i¢; = 0z H3(C,h) + 0z Zo(G,h) +
+ 2 Z _7 C C <‘RJr ( )\ . Oé)Gonu U3GVO>7 (610)
Aa=Av J
(a,v)EM?

where for a fixed constant ¢y we have

n
D IDiC oy < co(1+ Co)e®. (6.11)
=1
Now we consider, like in [16],
atzsjAjKjF = 2ZAJ- Im (D) — (6.12)
j=1 j=1
~4 Y Avm (caZ”<R,§wl (A - @)Gao, agﬁyw) .
Aa=\-v
(a,v)EM?

In the second line of (6.12) we have a sum

P(Q) = =4Y Ln (Rf (~D)G(L,Q),0sG(L,Q) ) , for

LeA

= ) (“Gao.

an/(

(6.13)

For W = limy_, o, e~ w1 eltos(=A+w1) there exist F(1¢) € WHP(R2,C?) for all k € R and p € (1,00)
with 2G(L,¢) = WF(E9)  see [21]. Then for tFEL:0) = (FE9) | f{1:0)

rQ=-431 lim Tm{(R_a(~L — wi + i) FEO FENY (Ra(wy — L+ ie) FEO, T

LEA
=4 lim Im(Ra (w1 - L+ie) B0 T (6.14)
LEA
e AL (2
=43 E dz < 0.
LeAsl\r‘% —(A—wl))2—|—52| 2 (LL')| T <

Now we assume:

(H13) for some fixed constant I' > 0 and for all ( € C™ we have
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L)< - Y [¢*P. (6.15)

aeM

Then integrating and exploiting (6.9) we get for ¢ € [0, 7]

T > 112%3200 < cCo€® — Zsj/\j|zj(0)|2 + ZSj/\jlzj(t)|2- (6.16)
J

« as in (H14) J
We want to conclude for some other fixed ¢’
Lh.s. of (6.16) < 3¢/ Coe>. (6.17)

Since supg<; < infyer [[u(t)—eVéy, | g1 < € by hypothesis, we can conclude that > Alzj (t))? < e
for any ¢. Then (6.16) implies (6.17) since here we can assume Cy > 1 we get (6.17).
We conclude that for €y > 0 sufficiently small and any 7" > 0, (5.7)—(5.8) in I = [0, T] and with
C = Cp implies (5.7)—(5.8) in I = [0,T] with C = ¢(1 + /Cp) for c. This yields Proposition 5.2.
O

Remark 6.3. Notice that in the proof of asymptotic stability in [13], where s; = —1 for all j, orbital
stability is a consequence of (6.17) rather than the other way around. Indeed in that case we have

SAlEOP+T D 2%z 00 < cCoe® + > Ajlz(0))%, (6.18)
- :

a as in (H14) J

and taking the initial datum ug very close to ¢, we can assume Y_. A;|2;(0)]* < ¢’¢*. Then each
term in the Lh.s. of (6.18) is small for all ¢ > 0. Furthermore this and and the fact that from (5.5)

we derive that the time derivatives Z;(¢) remain small, we conclude that z;(t) 2890 for all j.

7 Theorem 1.4 and cubic quintic equations

We have not carried out numerical experiments to check examples to which Theorem 1.4 applies.
In this section we combine numerical results in [63] with number of assumptions to propose some
possible applications of Theorem 1.4. We discuss mainly hypothesis (H14).

We consider the cubic—quintic NLS (1.5). For each m > 0 one can find a family of vortices
e, (r) for w € O = (0,w,) with 1, > 0 [36]. Here, the upper bound w, of O is given by
we == sup{w > 0 | Is > 0, $s* — 2s* + 15 < 0} which is in this case 2. Notice that if
§s2 — is‘l + ésﬁ > 0 for all s > 0, by Pohozaev identity we can show that there are no nontrivial
bound states in the energy space.

As we have already discussed in Section 1, for each m = 1,2, 3,4,5 [63] shows that there is a
critical value w., such that for w > w., the vortices are spectrally stable, while for w < w,, they
are spectrally unstable. For m = 1 the value is w., = 0.1487, see Section 5.5 [63]. In all these cases
spectral instability is generated as follows. As w approaches w. from above, two distinct eigenvalues
on the imaginary axis i)\(l)(w) and i\ (w) coalesce at w = we, at a point iXe, (iAer & 10.0478 for
m = 1). As w decreases further, two eigenvalues bifurcate from i), out of the imaginary axis. In
[63] it is not stated explicitly whether or not the eigenvalues iAU)(w) for j = 1,2 are simple and
whether their algebraic and geometric dimensions coincide. The fact that only eigenvalues with
different signatures can generate by collapse eigenvalues outside iR is well known, and we formalize
it as follows.

In the following, £, will denote the linearized operator of the vortices e“!e!™%),(r) of the
cubic-quintic NLS (1.5).
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Lemma 7.1. Consider equation (1.5), anm =1,2,3,4,5 , a corresponding vortex and the operators
L,,. Suppose that there exists eg > 0 s.t. for w € (Wer, Wer + €0) the eigenvalues i)\(j)(w) forj=1,2
are simple and their algebraic and geometric dimensions coincide (and so are 1). Then one of them

satisfies (H14).

Proof. Recall, preliminarily, that if z is an eigenvalue of L, with z # —Z, that is if z ¢ iR, then
Q(v,v) = 0 for any v € ker(L,, — z). This follows from

2(J 7, 0) = (7 L, ) = — (v, T IL,v) = —2(J v, D), (7.1)
which uses J 'L, = —L5J L If 2 =i\ € R we have
iNJ o, T) = iAo, ),

so that (J71L,v,7) € R for any v € ker(L,, — i\). When i\ € R is simple we have (J~1L,v,7) # 0
for any v € ker(L,, —i\)\{0} and the sign is called the Krein signature. Since

(J71Lov,T) = iNJT 1o, T),

it is clear that the Krein signature of i\ is positive exactly if (J~'v,7) = i¢ with ¢ < 0 (this
explains why in (H14) the hypothesis s; = 1 implies negative Krein signature and that positive
Krein signature corresponds to s; = —1). Notice that for i\ to have a well defined Krein signature
it is not necessary that be simple, and it is sufficient that (J='£,v, o) have constant sign as v # 0
varies in ker(L, —iM).

Now let us proceed with the proof of Lemma 7.1. By hypothesis the iA) (w) for w > w,, are
simple and hence they have a well defined Krein signature, which is constant in w > we, (see [45]) and
can be written in the form s() := —iQ({U(Jj) , Zif)) for appropriate generators 50@ € ker(L, —i 0 (w)).
We have s € {~1,1}. For w < w,, in [63] it is proved that there are two eigenvalues z(*)(w) and
2 (w) with Re 20)(w) # 0, which for reasons of symmetry satisfy 2 (w) = =z (w). These two
eigenvalues exit from iA() (wer) as w decreases. With an argument by contradiction we suppose now
that s(Y) = s for w > we,. Then, by Section 6.1 in [45], this continues to be true for w < we, in the
sense that the quadratic form (J~'L,-,7), which is definite in ker(£L, —iA") (w)) @ ker(L,, —iA?)(w))
for w > w,, must continue to be definite also in ker(L,, — (") (w)) ® ker(L,, — 2 (w)) for w < we,.
But from what we saw in (7.1) this is not possible. This gets us to a contradiction. So s(!) # s(2)
for w > we, and one of the two must be equal to 1. |

Since (1.5) is translation invariant it is beyond the scope of our theory. In order to find
examples of equations not translation invariant which satisfy (H14) it is natural to add to (1.5) a
small potential eV (|x|) with a point of relative minimum in 0. We will show that the perturbed
equation has vortices. As ¢ — 0 they converge to vortices of (1.5) in any space 3 (R?, C).

Then the spectrum and the eigenfunctions of the linearizations Eff converge to spectrum and
eigenfunctions of £,. In particular, assuming our mixed rigorous and numerical proof that (1.5)
satisfies (H14) for w > we,, then we will have obtained this result also for the operators £Z, with
e #£0.

Let ¢ (e7) = €™%),,(r) be the vortex of [63] with 1, > 0. Under the assumption that for
(1.5) the kernel of £, restricted in L2, := {u € L? | e7™% is radially symmetric} is Span{J¢,} (in
[63] it is shown that numerically this appears to be generically true) we show that for small £ there
exists ¢, .(e!7) = ™%, .(r) which is a solution of

0= _A¢w,5 + W¢w,s + 5V¢w,5 - |¢w,s|2¢w,s + |¢w,s|4¢w,5- (72)

More precisely, we have the following proposition.
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Proposition 7.2. Assume ker L,,)|;> = {Jéw,}. Then there exist 69 > 0 and €9 > 0 s.t. for
€ € (—¢e0,60) and w € (wo — o, wo + o) there exists ¢, . € Nk>oXk(R?,C) which satisfies (7.2).
Furthermore, the map (w,€) — @u.c is in Ct((wo — o, wo + o) X (—€0,0), Xk) for arbitrary k > 0.

To prove Proposition 7.2 we consider a preparatory and standard lemma.
Lemma 7.3. Assume ker EW|L$R ={Jopu}. Then A, = —A, + T—; +w — 32 + 5L is invertible in
L?,4(R*,R) and [|[e™* A ull gz < [lull e
Proof. Let v € L?_,(R% R) satisfy A,v = 0. Then, multiplying by €™’ we have
(=2 +w = 20u|* + 3|gu|Ju+ (—¢5 + 200 |0u]*) 7 =0,
where u = €%, Therefore, using the natural identification between C and R?, we have

Lou=0.

By the assumption, we have u = aJ¢,, and thus v = aJv,,. However, v has values in R x {0} while
J1, has values in {0} x R. So a = 0 and kerA4,, = {0}. Therefore, A, is invertible. Finally suppose

A,v = u. Then, first we have ||| 1> = ||v]|z2 < ||ul/z2. Next, multiplying by €™’ we have
(—A +w)e™y = (31/)3, — 51/Ju4)) ey 4 My,
Taking the L? norm of both sides, we have the conclusion. O

Proof of Proposition 7.2. Set § = w — wy and consider ¢y, 45 = ™0 (Yoo is + Vs,e), where vs . is
radially symmetric and real valued. Then, substituting this into (7.2) and for v = vs ., we have

wo+96
wo

Ayyv = G(6,£,v) where G(0,e,v) := —eV (Yuyts +v) + [(39F — 59})] v = 6v + Nyops(v),

(7.3)
with N,,+s(v) nonlinear in v and the convention [f(T)]Z = f(b) — f(a). We can rephrase (7.3) as
F(8,2,v) = 0 where F(8,2,v) :=v— A'G(5,¢,v). (7.4)

The function F is in C*((wg — do,wo + 60) X (—c0,€0) X H?, H?). An elementary application of
the implicit function theorem yields a function vs. in C'((wo — &0, wo + do) x (—€0,20), H?). By a
standard bootstrapping argument, H? can be replaced by X, for arbitrary k. O

In [63] it is checked numerically that for a generic vortex of the (1.5)
Nq(ﬁw) = Span{‘](bwa aml ¢wu a$2¢w7 6w¢w7 Jx1¢w7 Jx2¢w}' (75)

We have chosen V(|z|) with a relative minimum at 0. The following fact is well known, see Theorem
4.1 [24] and Theorem 3.0.2 [25].

Lemma 7.4. Consider an m = 1 vortex of the(1.5). Assume —-||¢,|2 # 0 and (7.5) for the
linearized operator L,,. Then for € > 0 sufficiently small we have

ker £ = Span{Jp, .} and Ny(LE)) = Span{J¢u c, Ot e }- (7.6)

Furthermore, ES) has an eigenvalue of algebraic and geometric multiplicity 2 which is of the form
iu(e) = iev2e + o(e), with e the eigenvalue of the Hessian matriz of the potential in 0, and with
eigenfunctions

') = V20, 6. + ivesJzé, + ofe), (7.7)
with ||o(g)|ls, = o(e) for any k.
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Proof. Everything is proved in Theorem 3.0.2 [25]. We only remark that there is only one small
eigenvalue iu(e) € iRy which has to be of multiplicity 2. Indeed, E&E)Wgs) = iu(g)\llgs) implies by
the symmetry J =1V, (z1,22)J = Vy(z2,—21) also LS)lega)(.IQ,—Il) = i,u(s)Jlllgg) (x2, —21). By

Jbu(x1,29) = = (z2, —21) We have

J‘I’ga)(x% —z1) = J\/§(311¢w)(f2, —x1) — Weexap, (2, —x1) + 0(€) =

V20, [T o (w2, —21)] + iVeeTwa, (21, 22) + 0(€) = V200, 9w (w1, 22) + iVee Jwad, (w1, 22) + 0(€)
and hence necessarily J\I!f)(xg, —x1) = \I/és)(xl, x2). This implies that ix(e) has multiplicity 2.
|
In the following remarks we discuss whether the perturbations of equation (1.5) satisfy the
hypotheses of Theorem 1.4.

Remark 7.5. (H1)-(H3) are trivially satisfied.
Remark 7.6. Tt is known that equation (1.5) satisfies (H4) and the same holds for the perturbations.

Remark 7.7. According to the numerical experiments in [63] hypothesis (H5) is true generically. The
same will be true for the perturbations.

Remark 7.8. (HG6) is proved numerically for w > w,, in [63] and for the perturbations is a consequence
of Proposition 7.2 and Lemma 7.4.

Remark 7.9. Assuming the numerical results in [63] which claim that (7.5) is true for generic w,
then for the perturbations (HT7) is a consequence of Lemma 7.4.

Remark 7.10. We don’t know the status of hypotheses (H8)—(H12) for (1.5), but if they hold, they
hold also for the perturbations.

As we have already mentioned, failure of (H8) would yield some Jordan block of dimension 2 or higher
forcing e**« to grow algebraically in the invariant space N qL (£%) in (2.10) producing essentially a
linear instability, which would yield an easy to detect nonlinear instability. Since this is not what
the numerical experiments show, we conclude that probably [63, 77] confirm (HS).

In [63] embedded eigenvalues and singularities at the edges are not discussed explicitly but hypotheses
(H9)—(H10) seem to be confirmed. In [63] isolated eigenvalues are obtained as zeros of an Evans
function. It is observed, see the discussion on pp. 371-372, that sometimes the Evans function
is small near the continuous spectrum. This smallness is attributed not to eigenvalues sitting in
the continuous spectrum, but rather to resonances on the other side of the continuous spectrum (in
essence, to zeros of an analytic continuation of the Evans function beyond the continuous spectrum).
Hypotheses (H11)-(H12) state that the eigenvalues between 0 and iw are positioned in a generic way.
This is plausible to expect and probably can be proved for V' generic. We did not attempt the proof.

Remark 7.11. We have discussed at length Hypothesis (H13) in Section 1. It ought to be checked
directly for perturbations of (1.5) or for equation (1.5). Notice that, since (1.5) is translation
invariant, the search of an effective Hamiltonian is somewhat more involved, see [12, 16].

Remark 7.12. We have already discussed (H14) which is true, assuming that each of the eigenvalues
ix@) (w) has some fixed Krein signature. Indeed this is what happens if each eigenvalue is simple, as
we assumed in Lemma 7.1. Even if there is an eigenvalue of higher multiplicity, it is enough to ask
for iQ2(v,v) to have fixed sign for any eigenvector. This property on the signatures continue to hold
for the perturbations.
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A Appendix: proof of Lemma 6.1

First of all, it is equivalent to consider equation 6.2 for h. Let X. = M ~!L2(w;) and by an abuse of
notation let us set P. = M ~!'P.(w;)M, where P, is introduced under Lemma 2.3. Set also K = K,
The following three lemmas are Lemma 3.1-3.3 in [21].

Lemma A.1 (Strichartz estimate). There exists a positive number C' such that for any k € [0,2]:

(a) for any h = P.h and any admissible all pair (p,q),
”eiit/ChHwaqu < C”h”HH

(b) for any g(t,x) € S(R?) and any couple of admissible pairs (p1,q1) (p2,q2) we have

t
|| /0 e—l(t—s)K:ch(S’ ')dSHLlemk,ql < C||gHLf/2W:’ql2 .

Lemma A.2. Let s > 1. 3 C = C such that:

(a) for any f € S(R?), k5
lle i Pcf”L?Lﬁ’*S < Cllfllee;

(b) for any g(t,x) € S(R?)

/ e Pg(t,-)dt
R

| < Cllgll gz
L2

Lemma A.3. Let s > 1. 3 C such that V g(t,r) € S(R?) and t € R:

< CHQHL%L@*S'

t
/ e =KD g(s,-)ds
0 L2L%

Lemma A.4. Let (p,q) be an admissible pair and let s > 1. 3 a constant C > 0 such that V
g(t,x) € S(R?) and t € R:

The following is Proposition 1.2 in [21].

< CHQHL?L%S'

t
/ e =KD g(s, )ds
LPLY

0

Lemma A.5. The following limits are well defined isomorphism, inverse of each other:

Wu = , lim e*Feltos(B=w1)y for any u € L
—+0o0

it(*Aerl)e

Zu= lim e UK for any u = P.

t——+o0

For any p € (1,00) and any k the restrictions of W and Z to L> N W*P extend into operators such
that for for a constant C we have

||W||Wk,p(R2)7WCk’P + HZ”WC"’P_,Wk,p(]Ra <C
with Wk the closure in W*P(R2) of WP (R2) N P,L2.

The following is Lemma 3.5 [21].
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Lemma A.6. Consider the diagonal matrices Ey = diag(1,0) E_ = diag(0,1). Set Py = ZELW
with Z and W the wave operators associated to K. Then we have for u = P.u

1 M
Piu= lim — lim [Ric(A +i€) — Ric (A — ie)] udA

e—0+ 2T M—+oco

P_u= lim L lim / [Ric(A +ie) — Ric (A — ie)] udA

e—=0+ 2L M—+o00 |y
and for any s1 and so and for C' = C(s1, s2) we have
[(Py = P- — ﬁco3)f”L2vsl S C|lfllp2se-

Now we look at the term E in (6.2).

Lemma A.7. For any preassigned s and for ey > 0 small enough we have
E = Ri + Ry with |[Ral[ 1 jo,1),m1) + HRQHL%([O’T]VH;S) < C(s,Co)é. (A.1)
Furthermore for a fived constant ¢ we have
| All oo (0,1),R) < cCGe?. (A.2)

Proof. The estimate on A = A’ + A” follows from the definitions of A’ in (5.2) and of A” in (5.3).
E is a sum of various terms. For example we have

122" MG (Q,0) — G (@Q, QU L2 0,7y, 127
< ”Z#EU”Lf[O,T]”G,uV(Qa 0) — G;W(Qv Q(f))HLgO([o,T],H;’S) S 0863

So this term can be absorbed in Ry. Another example is B(|f*)f = x|71<1B8(f1*)f +x11=18(f*) f-
The 1st term can be bounded, schematically, by

P Petormn S (W hwze 7 |, o < 170 gy waey S CBE (A3)
while the 2nd term can be bounded by
[ A e F{ v e (A.4)
where in the last step we use || f|| Qmel S ||f||o‘ 2L HfHLooH1 for some 0 <o < 1by L >3
t L

(which we can always assume) 1nterpolat10n and Sobolev embeddlng
Notice that by VfR (Q 0, f)‘Q:Q(f) k,m—l(Q7 Q(f), f) we have by (3.16)

IV Ry (@ 0, Nio=an lzmre < Mgz oz (1Fllz2 + 2]+ 1QUND 2
< lpzrz=o (l2lloge + 1 fllogL?) < 2CGe?

Consider for example the contribution of

v / Br(x, f(x),Q, 2, 0, /) (@) mq(p) ~ Bule, f(2),Q.2.Q()), NI ()
(A.5)

/. 06 Br(x, f(2),Q,2,Q(f), /) f (x)da + 02 BL(x, f (), Q. 2, Q(f), /) [* ().
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The last term can be treated like f* above, since || B (z, f(x),Q, 2, Q(f), f)|lLe < C by (3.20). We
can use (A.3) or (A.4) for the 1st term of the r.h.s., since L — 1 > 3. Finally let us consider the 2nd
term in the r.h.side. If we take g € L{°H ' we need to bound

T
/O @t | N9 06Br (. £(), Q% QU )z, £ (@)

< [ it 0630, 100, @. 5, QU i i
< 149, 06 B (@, f(2),Q, 2, Q(f), /)2, lrwerzf ¥ a2
and we bound the last factor by (A.4). We have for fixed ¢
(g, 06 BL(x, f (x), Q. 2, Q(f), [ r2, 22 < 106 BLlpz_, s llglls_,

so that by (3.20), or by its analogue for the By, in Lemma 4.1, we have that the last quantity is
bounded by C||g||z-1. This yields a bound ||1st term 2nd line (A.5)[|p172 < Cge.

Proof of Lemma 6.1 We rewrite (6.2) as
ih = [Kh+ A(Py — P_)|h+ A[P.os — Py + P_|osh + > 27G,,, + P.E.
e (p—v)€oe(Luy)

Then we have

t
h(t) = U(t,0)en(0) + / U(t, )tk [A[Pco3 — Py + P_]osh
0

(A.6)
+ Z 220G, + PE| ds,
e'(N_V)eo'e(l:wl)

where the following operator commutes with K:
U(t, s) _i [P A(s')ds'(Py—P_)

Then

Il wranzzn—s < 1RO e + 3 1222 121Gl g
g

T [ All e l1hll g2 -= + [[Ballp o + [[Rall 2 p.e-

The terms on the second line are O(e?) and the r.h.s. is bounded by the r.h.s. of (6.1), proving
Lemma 6.1.
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