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Abstract

Based on a susceptible-infected-susceptible patch model, we study the influence of
dispersal on the disease prevalence of an individual patch and all patches at the endemic
equilibrium. Specifically, we estimate the disease prevalence of each patch and obtain
a weak order-preserving result that correlated the patch reproduction number with
the patch disease prevalence. Then we assume that dispersal rates of the susceptible
and infected populations are proportional and derive the overall disease prevalence,
or equivalently, the total infection size at no dispersal or infinite dispersal as well as
the right derivative of the total infection size at no dispersal. Furthermore, for the two-
patch submodel, two complete classifications of the model parameter space are given:
one addressing when dispersal leads to higher or lower overall disease prevalence than
no dispersal, and the other concerning how the overall disease prevalence varies with
dispersal rate. Numerical simulations are performed to further investigate the effect
of movement on disease prevalence.
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1 Introduction

Infectious diseases pose a serious threat to public health and economic stability around
the globe. The globalization, urbanization, and economic growth have strengthened
both regional and global connectivity to an unprecedented level. However, large human
movement facilitates pathogen spread and hinders disease control and elimination. For
example, the COVID-19 outbreak was first detected in the city of Wuhan in China in
December 2019 and was declared by the World Health Organization as a pandemic on
March 11, 2020. As of October 5, 2020, the disease has caused more than 34.8 million
confirmed cases and over 1 million deaths in more than 188 countries and territories
(World Health Organization 2020). To mitigate the disease burden, many countries
have imposed travel restrictions including entry-exit screening, flight cancellations,
and city lockdown.

Mathematical modeling of the spatial-temporal spread of infectious diseases has
attracted considerable attention in the past two decades (Rass and Radcliffe 2003;
Sattenspiel and Lloyd 2009). A large number of spatial epidemic models have been
proposed to describe disease spread through discrete diffusion (Wang 2007), continu-
ous diffusion (Ruan and Wu 2009), and nonlocal diffusion (Yang et al. 2019). Among
these, we refer to Wang and Mulone (2003), Wang and Zhao (2004), Salmani and van
den Driessche (2006), Allen et al. (2007), Cosner et al. (2009), Gao and Ruan (2011,
2012), Tienetal. (2015) and Gao (2019) for epidemic patch models, Allen et al. (2008),
Peng (2009), Huang et al. (2010), Lou and Zhao (2010), Ge et al. (2015), Wu and Zou
(2016), Cui et al. (2017), Li et al. (2017), Song et al. (2019) for reaction-diffusion
epidemic models, and Kuniya and Wang (2018), Yang et al. (2019), Zhang and Liu
(2019) for nonlocal diffusion epidemic models. Most of these works focus on studying
the effect of diffusion on the dynamic behavior of the model systems and particularly
establishing threshold-type results in terms of the basic reproduction number.

It is important to know whether a disease can spread or not and how it goes in the
long term, but that should not be the whole story. Disease eradication is rather difficult
or even impossible for many infectious diseases. Smallpox is the only human disease
that has been eradicated globally. Thus, reducing disease prevalence to a low level is
usually a more feasible and cost-effective goal. This requires us to explore the impact
of population dispersal on the infection size (i.e., the number of infections) or disease
prevalence (i.e., the proportion of individuals in a given population having a specific
disease or a particular condition). To our knowledge, there are only sporadic numerical
investigations on this topic (Gao 2019; Gao et al. 2019; Hsieh et al. 2007) except one
recent work (Gao 2020). It should be pointed out that the topic is highly related to
a fundamental question in spatial ecology, that is, how does animal dispersal affect
the population abundance and distribution in a heterogenous environment (DeAngelis
et al. 2016b). Since the pioneering work of Freedman and Waltman (1977), extensive
theoretical and experimental works have been done (Arditi et al. 2018; DeAngelis
et al. 2016a; He et al. 2019; Lou 2006; Wang et al. 2020; Zhang et al. 2017, 2015).
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In this paper, we consider a susceptible-infected-susceptible (SIS) patch model

ds; S; I; .
d—;=—ﬁi#+yﬂi+8zLiij, i€,

! JjeQ (1.1
dl; S; I; . ’
d_;zﬁill\/_il_)’ili+8ZLijlj, i€,

JjeQ

where Q2 = {1, 2, ...,n},n > 2. Here S;(¢) and I; (¢) denote the number of susceptible
and infected individuals in patch i at time ¢, respectively, and N;(t) = S;(¢) + 1; (¢)
is the total number of individuals in patch i at time #. The parameters B; and y; are
transmission and recovery rates in patch i, respectively; L;; represents the degree of
incoming movement from patch j to patch i fori # j and —L;; = Z./#i Lj; is
the degree of outgoing movement from patch i to all other patches; § and ¢ are the
dispersal rates of the susceptible and infected populations (i.e., the dispersal rate is
dependent upon the disease state), respectively. We assume that B;, y;, 8, and ¢ are all
positive constants, independent of time 7.

The model (1.1) was originally proposed and analyzed by Allen et al. (2007) and
later studied from the aspects of asymptotic profiles and global stability of endemic
equilibrium, and the monotonicity of the basic reproduction number with respect to
dispersal rate of the infected populations by Li and Peng (2019), Gao (2019), Gao and
Dong (2020), and Chen et al. (2020). To facilitate the analysis and presentation, the
following assumptions will be required throughout the paper:

(B1) S§;(0) >0and [;(0) > O0fori € Q;
(B2) L = (L;j)nxn is essentially nonnegative, irreducible, and ) jea Lj; =0 holds
fori € Q.

Then by assumption (B2) and the Perron—Frobenius theorem, model (1.1) has a unique
disease-free equilibrium Eg = (S¥,...,59%,0,...,0), where $® = (8¥,..., 89) is
the unique positive solution of

> LijSj=0,i€Q and Y S =N,
jeQ ieQ

where N is the total population size over all patches at time ¢ = 0, given by

N =) (5:(0) + 1:(0)).

ieQ
By assumption (B1), N is positive.

Furthermore, it follows from, e.g., Lemma 3.1 in Gao and Dong (2020), that

(8%, 8N =N, ..., a) = (LY, .., LY,

ZieQ Lii

@ Springer



73 Page4of 41 Journal of Nonlinear Science (2021) 31:73

where LY, represents the (i, i) cofactor of L and sgn(L};) = (="~ That s,

ES
Lii

- T

Ziefz Lii

satisfying 0 < o; < 1 foralli € Qand )", o; = 1. In particular, if L is symmetric
or line-sum-symmetric (i.e., the sum of elements in each of its rows equals the sum of
elements in the corresponding column), then L}, = --- = L;;, and hence o) = - - - =
o, = 1/n.

Using the next-generation matrix method (Diekmann et al. 1990; van den Driessche
and Watmough 2002), the basic reproduction number of model (1.1) is defined as
Ro = p(FV~1), where

i e,

o =

F =diag{By,...,B,} and V =diag{y;,..., ) —¢L.

Obviously, the basic reproduction number of patch i in isolation is R(()’) = Bi/vyi. When
Ro > 1, by constructing an equivalent equilibrium problem, Allen et al. (2007) and
Chen et al. (2020) showed the existence and uniqueness of the endemic equilibrium
with symmetric and asymmetric connectivity matrix L, respectively.

Lemma 1.1 (Lemma 3.12 in Allen et al. (2007) and Theorem 3.3 in Chen et al. (2020))
For model (1.1), if Ro < 1 then Ey is globally asymptotically stable in R>", whereas
if Ro > 1 then the disease is uniformly persistent and there exists a unique endemic
equilibrium

E*= (8" I") = (Sf,.... S5 I .. 1*):(KST,...,KS;;,fil*,...,fi*),
& &

’on

(1.2)
where
“ ai—fi* i eN eN
S = ,1€Q, and k= < T = v
3 oS r+IY) 6+(1—-6) > IF
p j j : J
JEQ je
0:=¢/8§ € (0, 00), and i* = (i*, e, Iv,f) is the unique positive solution to
hill) =T | Bi —vi — . +e) Lilj=0, ieQ, (13)
O(a; — I;) + I; jen '
in the region U = {(I,...,I,) € R% |0 < I; < o, i € Q). Moreover, I is

monotone increasing in parameter 0 for all i € Q.

In reality, the relative mobility of infected individuals to susceptible individuals, 6,
is probably below one for human diseases but may be above one for animal diseases
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such as rabies (Ruan and Wu 2009). The following assumption will also be required
throughout the paper to reflect the environmental heterogeneity across the habitat:

(B3) Rg) is nonconstant in i € 2.

Otherwise, the reproduction number Ry = R(()' ) for all i € € and the endemic
equilibrium E* = (S0 /Ro, (1 —1/ RO)SO) are independent of dispersal rates.

Using the theory of monotone dynamical systems (Smith 1995; Zhao 2017), Gao
and Ruan showed that E* is globally asymptotically stable if susceptible and infected
individuals disperse at the same rates (Gao and Ruan 2011). Recently Li and Peng
(2019) established the global asymptotic stability of E* in the case of constant patch
reproduction number Ré’) . Extensive numerical simulations suggest that the global
attractivity of E* holds for general model (1.1).

In the next two sections, we will investigate some quantitative properties of E*,
i.e., how human movement affects the disease prevalence of an individual patch and
all patches at the endemic equilibrium (when it exists), denoted by,

I* T,

L and —,
SE+1F N

respectively, where 7, = Y, I denotes the total infection size over all patches.
Since the total population size N is constant, we use total infection size and overall
disease prevalence interchangeably.

In Sect. 4, we completely answer two epidemiologically meaningful questions
for two-patch case: (1) when does dispersal cause higher or lower overall disease
prevalence than no dispersal? (2) when is it detrimental or beneficial to disease control
in terms of overall disease prevalence by implementing or relaxing travel restrictions?
One of the key ingredients in the proofs is to show that the total abundance of infected
population at equilibrium, as a function of the dispersal rate, has at most one local
maximum.

In Sect. 5, numerical simulations are conducted to demonstrate the impact of human
migration on the overall disease prevalence. A brief discussion of the main results and
their implications is given at the end. We extend the main results in Gao (2020) from
a special case (§ = ¢) to a general setting with substantial improvements and new
findings.

2 General Results

This section is mainly devoted to the study of the effect of population dispersal on
the disease prevalence of an individual patch. We first present a lemma on the basic
reproduction number Ry which guarantees that if the disease eventually dies out in
every patch for some dispersal rate g9 € [0, 00) then it remains extinct for ¢ > &o.

Lemma 2.1 (Lemma 3.1 in Gao (2020) and Gao and Dong (2020)) For model (1.1),
the basic reproduction number Ro(e) = p(F VY and the spectral bound s(¢) :=
S(F —V)=s(F — D+ ¢L) are strictly decreasing and strictly convex in ¢ € [0, 00)
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if R(()l) = Bi/vi and B; — y; are, respectively, nonconstant in i € 2, and constant
otherwise, where D = diag{y1, ..., yn}. Moreover, we have

) (0
min Rf < Ro(00) = zg;,&-L;"i/ XS;)/[L;‘i < Ro(e) < Ro(0) = max Ry, Ve > 0,
1S IAS

where Rg ) is nonconstant in i € Q and L7; is the (i, i) cofactor of L. In addition, if
Ro(0) > 1, then the followings hold:

(@) If Ro(co) < 1, then there exists a unique critical value €* € (0, 00) such that
Ro(e) > 1 fore < &*, Ro(e) = 1 for e = &*, and Ro(e) < 1 fore > &*.
(b) If Ro(oo) > 1, then we have Ry(g) > 1 forall ¢ > 0.

For convenience, we introduce the following notations:

Bil;

—, 1 €.
O(a; — ;) + I;

fildy =&l and &) =B —yi —
Like the relation between patch reproduction numbers and multipatch reproduction
number (Gao and Ruan 2011), the disease prevalence over all connected patches is

bounded below and above by the minimum and maximum values of the single patch
disease prevalences.

Proposition 2.2 Formodel (1.1), if Ro > 1forsomed > 0and e > 0, then the disease
prevalence at the endemic equilibrium E* = (8*, I'*) = (N* — I*, I'*) satisfies

+

1 I* 1 )
1— —() < ;* <1- —(), NS Q,
mlnRJ N; maxRJ
JjEQ JjeQ

where tT = max{; 0}. Furthermore, the same estimate holds for the overall disease

prevalence =Y I*/ > N
ieQ ieQ

Proof 1t follows from Lemma 1.1 that

Si* _ K§f eN i — Il.* 0(o; — I )
0+0—-0) 3 I} 8 9+(1_9)Z]eﬂj
Q
e . @.1)
. N 1. I;
JA ¢ I = N
3 9—}-(1—0)21* 3 6’—}-(1—0)2]691
je
Thus, the disease prevalence of patch i at the endemic equilibrium E* is
I;k Ivl*
— (2.2)

SEHIT O — I+ I
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which is strictly increasing in 1:* € [0, «;]. Denote

_ - 1

I=,....)=|1- 0] (o, ... o),

1+9mag<(R0 — Dt
4SS

1

12(1171): 1- . 0) (al’---yan)~

1 +9m1g121(7€0 — Dt
e

Assume that Rg ) < 1foralli € Q. Otherwise, the lower bound of Il.* / Nl.* immediately
holds. It follows from

hi(I) = fi(I;) <0 and h;(I) = fi(I,) > 0, i € Q

that I and I are the upper and lower solutions of (1.3), respectively. By the strong
monotonicity of the system generated by (1.3) and assumption (B3), we know

I1<I" «I. (2.3)

The proof is completed by substituting the estimate (2.3) into (2.2). O

We next generalize the weak order-preserving result in Gao (2020) from 6 = 1

(i.e., 6 = ¢) to arbitrary 8 > 0 (i.e., Ve > 0 and § > 0) and the proof is postponed to
Appendix A.

Theorem 2.3 For model (1.1), suppose R(()l) > > ’R(()”) and Ry > 1 for some

8 > 0 and ¢ > 0, then the disease prevalence at the unique endemic equilibrium
E* = (N* — I'*, I'*) satisfies

+
I* I* 1 1 Lr I*
min#<—1<1—w and [1-——] < - <max-——.
RS R :

In particular, for the two-patch case, we have I /Ny > I;/Nj, i.e., the disease
prevalence of the high-risk patch is always larger than that of the low-risk patch; for
the three-patch case, we have I /N{ > I5/N3, i.e., the disease prevalence of the
highest-risk patch is always larger than that of the lowest-risk patch.

Remark 2.4 Under the condition of Theorem 2.3, it follows from Proposition 2.2 that

1 1\

n

L1 —— and (1-—) <2
N; R RY N
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and hence

I &
AUD =Bl (1 b=k F) >0> " Lyl

0 jeQ

I
FalL) = Bl (1—W F) <0< Lyl;.
0

JjeQ

Thus, combining with the last part of the proof of Theorem 2.3, an alternative proof
of the above theorem can be given. We will numerically show that the conclusions of
Proposition 2.2 and Theorem 2.3 may fail if the susceptible and infected populations
have different connectivity matrices.

Following Remark 2.4, we can see that

SN LN = "LySi+ Y Lyli=(1—¢/5) Y Lyl

je Jje JjeQ Jje

can be positive or negative if @ = ¢/§ # 1, which suggests that the state-dependent dis-
persal also affects the distribution of hosts. In particular, for two-patch case, dispersal
increases/decreases the population size of the high-risk patch but decreases/increases
that of the low-risk patch if and only if infections reduce/increase host mobility.

Corollary 2.5 For (1.1), suppose R(()l) > e > Rg’) and Ro > 1 for some § > 0
and & > 0, then the population distribution at the unique endemic equilibrium E* =
(N* — I'*, I'*) satisfies

D LN > (=,<)0> (=,<) Y LyjN7,
JEQ jeQ
ifand only if 0 = ¢/8§ > (=, <) 1. In particular, for the two-patch case, we have
* *

alN >(=,<) 1> (= <) 2N

ifand only if 0 = ¢/§ < (=, >) 1, where a1 = L12/(L12 + Lo1) and oy = 1 — .

It is worth pointing out that results similar to Proposition 2.2, Theorem 2.3, and
Remark 2.4 can be established for the unique positive solution of (1.3). In particular,
we can rewrite (2.3) to give an estimate of Ii* /o or Ii* which will be used later.

Corollary 2.6 For system of equations (1 3), lfRo > 1 for some ¢ > 0 and 6 > 0,

vk
then the unique positive solution 1 (I £, 1Y) satisfies
R HONA I3(0)
min < -+ < max ieQ,
JEQ o o JEQ o
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where I}‘ 0) = (1 —

then

————a;, j € Q.1If inaddition, L is line-sum-symmetric,
1+9(Rf{)—1)+> i /2 Y

mlnI (0)<I*<maxl 0), ieQ.
jeQ

At the end of this section, we consider the total infection size over all patches at the
positive steady state (when it exists) or the disease-free steady state and its limit as the
dispersal rate § or & approaches zero or infinity. In case where the patchy environment
consists of both high-risk and low-risk patches satisfying R(()' V> 1> R(()j ) for some
i, j € Q, the asymptotic profile of the endemic equilibrium E* as § — Qore — 0
was discussed by Allen et al. (2007), Li and Peng (2019), and Chen et al. (2020).

Proposition 2.7 For model (1.1), the total infection size, denoted by T, (8, ¢), satisfies

T, (5,
Tu(8.8) =Y I}(8.¢) = n(?. ) N, Ve >0,
= 0+ (1 =0T, (3, ¢)
where
I8, . y
I8, €) = 0.8 N and T,(.e):=) I7(.e) €[0.1).

0+ (1—6)T,(, ) P

In addition, we have

1
T,(0+, &) := lim T,(5, 3N, Vee (0,00,
n (04, &) 53&”( g) = g - ¢ € (0, 00]
ieQ (R —-bF
1
T,(5,04) := lim T,(5. &) = (1— o )N, V8 € (0, ool
e—>0+ 14+ Y ai(RY — 1)+
ieQ
1
T, (00, &) = lim T, (8, ¢) =< )N Ve € (0, ool
§—00 1+ Z I
e
1
T,(8,00) := lim T,(8,¢) = —— N, V8 e (0,00,
£—>00 1+ Z Si
ieQ
where T,(0+,€) = 0if RS’ < 1 for some i € @, and (Iy, ..., I,) and (31, ..., §,)

are, respectively, the unique positive solutions to

ey Liyli+8 —yil; =0, ieQ,

je a; i
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and

8 Lij8; — Bi— i+ i =0, i€,
s a; + S;

provided that Ro(e) > 1 and Ry(co) > 1.

Proof Tt follows from (2.1) that

TG.e)=Y I6.e)= [76.¢) R D)
i ien ¢+ —9)1221 6.e) O+ —T,0, ¢

We omit the proof of the remaining parts which are similar to these of Lemma 4.1
in Allen et al. (2007), Lemma 3.4 in Chen et al. (2020) and Theorem 3.6 in Gao and
Dong (2020). It suffices to note that no low-risk patch with R(()' ) < 1is required. O

3 Model with Restrictions

In this section, we further work on the total infection size, or equivalently, the overall
disease prevalence of model (1.1) under two additional assumptions as follows:

(B4) The diffusion coefficients of the susceptible and infected subpopulations are
proportional, i.e., § = £/6 with constant 6 and variable ¢;
(B5) The population distribution by patch at no dispersal obeys the limiting case of
e — 0+.
The assumption (B4) here is a generalization of (B5) in Gao (2020), and (B5) here
was labeled (B4) in Gao (2020). Under assumption (B4), model (1.1) takes the form

ds;
dll__ﬂz il + = ZLUSJ, ieQ,
]EQ (3 1)
dl; Si I; . ’
E:ﬂiVi—yili—Fé‘ZLijlj, i €Q.
je

In correspondence to Proposition 2.7, we get the following result on the total number
of infections for model (3.1) as the diffusion coefficient £ — 0+ or oo.

Theorem 3.1 For model (3.1), the total infection size, denoted by T, (¢), satisfies

T,(¢) := Zli*(g) _ L‘Q)VN’ Ve > 0,
prs 0+ —-0)Ty,(e)
where
Ii*(e):Lg)vN and T,(e) := Y If(e) € [0, 1).
04+ (1 —=0)T,(e) ica
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In addition, we have

-2 1+9(R0l(i")—1)+
T,(0) = ) 17 (0) = ’EQ‘) N,
icQ _ _ ‘xi_
ic 0+ m(ligfﬁﬂ??J
Tw(00) = Y If(00) = ( = :oo)>+zv,
ieQ
where
. v 1
! ( ) 8—1>Ig)l+ ! (8) ( 1+6(R(()l) _ 1)+>Ol, Le
. 1 .
Ii*(oo) = Slingo Ii*(g) = (1 1 O (Re(00) — 1)+>ai, i €.

Proof The first part directly follows from Proposition 2.7. As ¢ — 0+, equations
(1.3) become f;(1;*(0)) = 0 fori € €2, which implies that

<y Oa; (Bi — i) Vi 1
roy=——"0 10 (oM Ny o (- ——— g
i © 0B —vi)+vi ( 9(,3:'_]/1')4‘3/:')“ ( 1+9(R8)—1))a

if Rg) > 1 and Ivl* (0) = 0 otherwise (Chen et al. 2020; Li and Peng 2019).
Suppose Rg(co0) > 1. Then there exists some m = T,,(oo) € (0, 1] such that

lim (If(e), ..., [¥(e) = m(y, ..., Q).
E—>00

Summing up (1.3) over i € Q2 gives

ﬂiii* ¥ ( Bima; >
YR o R I . o,
%:2 (ﬁl . 0(c _Ii*)+1i*) l Z pimm 0(a; —mog) +ma;)
3.2)

which implies

m
Z(,Bi — Y = o0 —m) tm iEZQ,BiOli

e
> B — v
N — i€ —1_ 1
01 —m) +m Y Biai Ro(c0)
ieQ
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T, (00) m 1
= Ty(c0) = N = N=(1- v
0+ (1 —6)T,(c0) 0+ —0)m Ro(c0)
The proof is completed by solving m from the above equation. O

Remark 3.2 As ¢ — 0+ and oo, by (2.1) and (2.2), the disease prevalence and total
population size of patch i at the equilibrium satisfy, respectively,

: I 1\
lim t =lim —————=|1—-— —= and
e=>0+ SF A+ IF om0+ 0oy — %) + [F Rg)

* 1 +
llm ” ! ¥ = (1 - ) )
=00 ¥ 4 [ Ro(00)

and
A i
Oa; + (1 —O)IF 1+6( Ry -1
h%l N’*ZIO 91 (; 9)) N = - N and
e—0+ e—0+ —+ — T,
Y- ——— |«
e 1+6(R-1)
lim N =uo;N.
E—>0Q0

3.1 T,(0) vs T,,(00)
We shall make a comparison of 7,,(0) and 7},(co) to see the difference of small and
large dispersal. Note that T,(c0) is independent of 6 but 7,(0) does. Only in this

subsection, to highlight the dependence of 7, (0) and T, (0) on 0, we write T,,(0) and
T (0) as 7,,(9) and T (6) or simply 7, and ’T for 6 € (0, 00), respectively.

Lemma 3.3 7,(0) is strictly decreasing in 0 as long as Ry(0) = ng( Rg) > 1.
1S

Proof 1In fact, the derivative of 7,,(6) with respect to 6 is

a7, _ 04 _ 7. (0)(1 — L)
do © + (1 — )T, )2
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Denote p; = G(Rg ) _ 1)*. Direct calculation yields

CZZ’ — T,0)(1 —T,9))
o _\*
ZQZ (Ro . 1) - o — | — l(i) .
ieQ (1—}—9(72(()') _ 1) ) ieQ 1+9(RO —1)
X o - %

. T
e 146 (R(()’) — 1)

_ ri o[-

_§(1+m)2“’ (1 Zl+p,> Xé + pi
— i —

Zl+pt ZZS‘;(l+pi)2 (1 16914'1?1)

ieQ
o ? o
Z(ZQ 1+p,-> _iezﬂuwf)? ',.EZQ“" =0
which is implied by the Cauchy—Schwarz inequality. O
So, we have

lim 7,() < 7,(0) < lim 7,(0), VO € (0, 00),
6—o00 6—0+

where

1
lim 7,0) = |1- + |V =T, 04),
0—0+ 1 + Z o (R(l) )
ieQ
. 1
ell)H;OTn(@) Qi pppe—— N =T, (0+, ¢)
ieQ2 (R(l)—l)

with the understanding that elim 7,0) = 0if Rg) < 1 for some i € 2. Based on
—00

these discussions and Lemma 3.3, we obtain the following result on comparing 7,,(6)
and T, (00).

Theorem 3.4 For model (3.1), suppose Ry(0) = mag( Rg) > 1. Then the following
le

statements hold.:
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(a) if lim 7,(0) < T,,(c0) < lim 7,(0), then there exists a unique 0* > 0 such that
60— 00 6—0+

T,(0) > T, (c0) for 6 € (0, 6%), T,(0) = T, (c0) for 6 = 0%, and T,(0) < T,,(c0)
for 6 € (%, 00);
(b) ifgli%l_‘r,];l(e) < T, (00), then T,(0) < T,(c0) for 6 € (0, 00);

() if@lim 7,0) > T, (c0), then T,(0) > T, (c0) for 6 € (0, c0).
—00
In what follows, we compare 7,(0) and T}, (c0) in some special cases.
Corollary 3.5 For model (3.1), suppose R(()i) > 1 for all i € Q. Then the following

statements hold.:

(@) if Bi = Bforalli € 2, then T,,(0) < (=, >) T,(c0) ifand only if 6 > (=, <) 1,
b) ifyi =y foralli € Q, then T,(0) < T,(00) for 6 € (0, 00);
©) ifBi—yi=c>0foralli € Q, then T,(0) > T, (<) for 6 € (0, 00).

Proof We give a simple proof by using Theorem 3.4, whereas a direct proof by com-
paring 7, (6) and T}, (c0) and applying the Cauchy—Schwarz inequality is feasible.

Case (a). It suffices to show that eliml T,(0) = T,(c0), i.e.,

u | o N IS (L A
1=y — N:<1— )N@Z L=y i - .
SRy Ro(00) @Ry i@ P L R
Case (b). It suffices to show that elirg 7,(0) = T, (00), or equivalently,
—0+
. . b 2 Biai
1+ Y a@®RY D= ary =3 2% = g— = Ro(00).
ieQ ieQ iew V Frc v

Case (c). It suffices to show that elim 7,(0) = T,,(c0), or equivalently,
— 00

(1+Z—ai )(1— . >=<1+Zﬂ> 1—’%2%%
= RY —1) Ro(c0) ~ c 2 P
vidi c i;l piei c
:(l+ieZQT> %g:zﬁiai T e 'igzﬂiai =
by noting that 8; — y; = candc + y; = B; foralli € Q. O

Additionally, similar to Remark 3.4 in Gao (2020), if the connectivity_ matrix L
is line-sum-symmetric, then 7,,(6) > T,,(c0) as one of the sequences {R(()l)}ieg and
{Bi + %y,- }ieq is nondecreasing and the other is nonincreasing, and 7,,(0) < T,,(c0)
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as both sequences are nondecreasing or nonincreasing. We can see from the above
analysis that the state-dependent dispersal does make a difference to infection size or
disease prevalence.

Remark 3.6 For model (1.1), if § is a fixed constant, then 7},(8, co) may vary with &,
ie.,

1 +
T, (8, = lim 7,(8,¢) = 17 (8, l——=——| N
(3.00) = lim T,(3.e) = ) I( OO)s'é< RO(OO))

ieQ

It is sufficient to consider the case of Rg(oco) > 1. Since 0 < Ivl* < a; foralli € L,
it follows from (1.3) that

(78, €),...1°(8,8) = k(ay,...,a,), ase — oo,

for some k € [0, 1]. By using (3.2), we find k = 1 by contradiction and thus 7}, (8, 00)
cannot be solved from (1.2) and (1.3). However, according to Proposition 2.7, we have

1
1,0+, 00) = QILH;OTn(@) TN'

=0 Ry -D*

Meanwhile, T, (oo, 0c0) = (1 — 1/Ro(c0))N and all patches have the same disease
prevalence. They are generally not the same, e.g., T,,(0+, co) < T, (o0, 0c0) if 8; = B
ory; =y foralli € @, but T,,(0+, 00) = T, (00, 00) if B; —y; = cforalli € Q.
Hence, T,,(8, 00) is generally nonconstant in § € [0, co].

3.2 Monotonicity of T, () for small €
We next compute the right derivative of 7}, (¢) with respect to € at zero to determine

the monotonicity of 7,,(e) under sufficiently small dispersal. It can also enable us to
establish a sufficient condition for the nonmonotonicity of 7, (g) (Gao 2020).

Theorem 3.7 For model (3.1), if R’ # 1 for all i € , then

ON .
T,(0+),

Tn/(o‘i‘) = ~ n
0 + (1 —6)T,(0))?

where

T0+H) =—)_ ZLUI, 0)

ieQ /EQ
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and

Xi = ﬁi — Vi l‘f R(l)
i _(ﬂl _ ,yi)l/i-i-@féfi—)/i)’ lf Rg) - 1

Proof Since T, (s)vcan be viewed as a strictly increasing function of ]V‘n (¢), we only
need to calculate 7}, (0+) to decide the sign of 7, (0+).

Suppose Ro(0) = r_nag Rg DS, Otherwise, T, (¢) = 0 for ¢ > 0 and the conclu-
IASS

sion immediately holds. Thus, forvsufﬁcier}tly small ¢, we have Ry(e) > 1 and there
exists a unique positive solution (1", ..., I¥) to the equilibrium equations

7 =o, (3.3)

> Tn

M, (IF, ...

where

I¥ I*
M,,:F—V—diag{ Pily Puly }

O — 15+ 1 0, — L) + I

Differentiating both sides of (3.3) with respect to ¢ gives

_ [(dI* dr* .
i (0 Y (Sadp )
je jeQ
where
- 0B1ai [ 0Bnanl*
M, = M, — dia praaly Puonly
Oy — 1) + I7)? O(an — 1) + 1})?

The essential nonnegativity and irreducibility of M, imply that s(M,) = 0 and hence
s(M,) < s(M,) =0 and sgn(|M D= (—=1D" #0. So, M ! exists and it is negative

(see e.g., Corollary 4.3.2 in Smith (1995)). Solving dli*/de from (3.4) gives

T

v v T
dll* dl* ~r—1 ¥
(E d:) =M, ZLIJ-I;,.. oLyl . 3.5
JjeQ JjEQ
As ¢ — 04, we have
BiI¥(0) 0B I7(0)

My — diag(x;) := diag (/3 —%i— o L

O(a; — 1;7(0)) + I7(0)  (B(e; — 1;(0)) + 1;(0))
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where
PR Bil7 (0 - 0 I (0)
T e — T+ O O — I7(0) + 17(0))?
_ 0B I (0) _ OBia; I7(0) ’
O — O+ 1002 170) \6(a; — [¥(0) + [*(0)
2 (l)
0Bi i 1 ; —1
= - ﬂ‘f (1—@) —Bi(1+0(RG — 1)) "(1)2
(1 B 1+0(7€g">—1))ai 0 o)
i +0(Bi — vi
S Al A (L )
Bi
ifRY > 1,and i = B — i < 0if R < o

Remark 3.8 For n = 2, if R(()]) > R(()z) and Ro(e) > 1, then we have Lzllvl*(s) —
lelvz*(e) > 0, orequivalently, Lo I{(¢) — L1215 (¢) > 0due to Remark 2.4. It suffices
to consider the case of ¢ = 0 with R(()l) > R(()z) > 1. In fact,

. . 1 1
Lot I{(0) — L1215 (0) = Loy l-—— |1 —Ln 1—# @
1+0(Ry" = 1) 1+0(Ry —1)

Loy Liay
L+oRY — 1) 1+6RS —1)
1 2
0Lt (RS = RY)
M ) -
(1 +O0(Ry —D)A+0(Ry" — 1))

4 Two-patch Case

In this section, we present two complete classifications of the model parameter space
in two-patch case: the first classification concerns when dispersal leads to more or less
infections across patches (or equivalently, higher or lower overall disease prevalence)
and the second addresses how the total number of infections (or equivalently, the
overall disease prevalence) varies with dispersal rate. To this end, we consider the
two-patch submodel

ds;
d—;z—ﬂl—+ vili + - ZL,,S,, 1<i<2,
4.1
dl; SiI; .
d—;=/3i;v—il—3/ili+8ZLij1j, l<i=<2
=
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The auxiliary system associated to the equivalent equilibrium problem is

dly Bi1h v o
—=Nh|Bi—1———— | te(—Lali+ L),
dt O(ar — 1)+ 1

. . “4.2)
dl Baln v .
— =L |-y — ———~— ) +e(Llali — Lizplp),
dt O(ar — )+ I

where 6 = ¢/8 > 0 is constant and (i1, ig) € [0, 1] x [0, ap]. Without loss of
generality, we assume that the first patch has higher risk of infection, i.e., R(()l) > R(()z).

4.1 Tr(e) vs T2(0)

Lemma 4.1 Forsystem (4.2),if 0 < Tz(so) < TQ(O)forsome go > 0, then YV’Z’(so) < 0.
In particular, if T(0+) < 0, then Tj(s) < 0 for all & € (0, 00) as Ro(c0) > 1 or
e € (0,e%) as Ro(o0) < 1. Here

BiLiz+ BaLoy and &% — B — vy (B2 — 12)
YLz + 2Ly B —yDLiz+ (B2 — v2) L2

Ro(o0) =

is the unique positive solution to Ro(e) = 1 as Ro(o0) < 1.

Proof According to (3.5), we have

v v T v v
(dll* d12*> _ Lolf - Luly

de ’ de | M|
I* Gﬂzazi*
TE t -+ hR ) S —1>
elo 8L121v—2* + __fhaely 1

I; O (a1 —IH)+IF)?

where M, is defined as in the proof of Theorem 3.7 with |M>| > 0. It indicates that

- ~ 2
M v M- d /v
L VR YY)
LoI{ — Loy Lo Iy — LIy

=1
2 [ 0Bja;l*

i j v
:Z(—l)] (8Ll'j —SLJ','L J

0B oy IF 0Byar I* e(I¥ +I¥) . .
= s — ot — —t 2 (L If — LoD (4.3)
@@ —IH+IH2 Ol — L)+ I Iy
2 j Bil} 0Bjo; I
=> =1 | Bj—vj - L — P (4.4)
= Olaj—IN+1IF @@ —IH+1
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2 .
=2 1/ (
i=1

D SR L et S TR F L)
i=1 Oaj— I+ 17 Oaj — I +17 s Ocj —I%) +1¥

(4.5)

—OB; =y +yNIF+ (B —voe, 0p ja; 1%
Olaj I +17 Ofaj =I5+ 1)

(OB -+l OB -+l
Oy — 1) + I 0(or — I3) + I3

fay B}
E—— vi = — (Br—vy) |+
ey — 1)+ 1 \ O — I + 1}

0 I*
L R (T e — — (4.6)
Olas — 1)+ I Olay — 1)+ I3

where | < j <2andj #1i.

Case 1: Rgl) > Rg) > 1. If follows from the difference of equilibrium equations

. & . .
Iy ﬁl—yl—% +e(—Lolf + Linly) =0,
Oy — I}) + I}

. 70
ﬁ@(&—m— PITO) )

(a1 — IF(0)) + I(0)

that
e(Loy I} — Linly) . Bl B11(0)
I Oy — 1)+ 1 6(ar — [£(0) + I(0)
01 (I(0) — I7) 0B -+

= T* T* T* PN T* T* ([\/1*(0) - il*)
O (a1 — 1{(0) + 1{(0)) O (e — I]) + 1)) O(ay — I{) + I}
Iy -1y 1 0o — 1) + I
8(L21il* —L12i§) - 0(B1 —v1) + 1 Ivl* )

Similarly, we have

-50 1 0o — I3) + I}
S(Lzllvl* - lelvz*) 0(B2—v2)+ i; ’

The above two equalities give

To(e) = T2(0)  Ola— )+ I3 0oy — I¥) + I

e(LolF — Lal) 0B — )+ 0B —y) + )i
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and hence it follows from Lzllvl* (e) — L121V2* (¢) > 0 for any ¢ > O that

@B —yD) + I _ OB =)+ )5
O —IH+1F = G-I+

To(e) < TH(0) & . @

which implies that TZ’ (¢) < 0 by applying (4.6) and Remark 2.4 or Corollary 2.6.
Case 2: R(()l) > R(()z) = 1. Direct calculation yields

o . 1 60— L)+ I y y

L-L0)=I5=—- #8@211{" — LipI3)
B2 Iy

and hence

D) —HO) -+ 0@ —IH+I}
e(Laily — Lial3) Bal; OB —y) + )i

which implies that

y y 081 — 1)+ yDI* I
Be) < H(0) & O (B1 Vlv) )/lv) [ ﬁzvz _ 4.8
Oy — I+ If Ol — I)) + I
Similarly, we obtain Tz/ (¢) < 0 provided that Tg (e) < f’g 0).
Case 3: R(()l) > 1> R(()z). Direct calculation yields
I Bl B Lo\l
V*z o= ﬁz—Vz—ﬁ 2—(5’2(12*))
e(LorI{ — L121y) Oax — 15) + 1,
and hence
T>(e) — T2(0) TR DI C: TR (o T by
= (U)) - -
e(Loy Iy — L1215) @B —yD) + vl
which implies that
. . @B -+l _ . Bal3
Tr(e) < T5(0) & L <—hN =p-pt ——
Oy — I+ I} Oy — I)) + I
4.9)
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On the other hand, it follows from (4.6) and (4.9) that

|M2| Yo! v oYk v oYk
—Th(e) <|—gy) — 82(1y)

OB2 —y2) + 7/2)va"> N O
L21[{k — lelik

Oar — 1) + I O(r — 1) + I
(B> —v2)I} 0(B> — v2) I}
< yz_'B2+ % 2"*_ I* zv*
0oy —I3) + 15 Olax = I5) + 15
Oar (B2 — ¥2)
Oy — I3) + I}
I =00 + 0y
2 2
= —-FRh+B—n)———7F=— =0.
O(r — I3) + I

The proof is complete. O

Remark 4.2 One can give a simpler proof of the above lemma in the case of R(()l) >
R(()2) > 1 and 6 > 1. In fact, it follows from IV{" < Ivfk (0) and Ivz* > IVZ*(O) that

0B101 0pra2
OBr—y)+yi>—————— and 0B — )+ < ———————,
Oy — If) + I} Ol — I) + I

respectively. Thus, if Tg(s) < TZ(O), i.e., (4.7), for some ¢ > 0 then we have
0Bia) Iy I
- L < 0B -+ ————
Oy = IF) + 1) Oy — 1)) + I Oy — I7) + If
I 0 I
2 - /32052 ) 2

Ol — I+ Ol —IH+I; 0 — I+ 1}

<OB2—y2)+y2)-

and hence YV“Z/(S) < 0 because of (4.3).

Remark 4.3 1t follows from Remark 2.4 and (4.4) that % < 0 for e € [0, 00) as
Rp(oco) > 1ore € [0, &%) as Ro(co) < 1 < Rp(0). Meanwhile, the second part of

. dily S . .y .
(4.4) has the same sign as > and it is strictly increasing in /;". Thus, if

_ B} (00) 0B I} (00)
¢r:=p—n— T 7% - T* 7% 2 =
O(a) — 17 (00)) + I (00)  (B(ay — I](00)) + I (00))
then % > ( for ¢ € [0, 00); otherwise there exists a unique & > 0 such that % >0
diy diy

for e € [0, &), i 0 for ¢ = &, and I < 0 for ¢ € (g,00) as Rog(c0) > 1 or
g€ (g, e as Ro(o0) < 1 < Rp(0).

The proof of Lemma 4.1 is irrelevant to the relation between (o1, o2) and L, so the
result can be generalized to a more general model. The strict monotonicity of 7> (¢)
in terms of 73 (&) implies that Lemma 4.1 can be directly transformed to model (4.1).
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Lemma 4.4 Formodel (4.1),if 0 < Tz2(e0) < T>(0) for some g9 > 0, then T, (g9) < 0.
In particular, if T;(04+) < 0, then T,(¢) < 0 for all ¢ € (0, 00) as Ro(c0) > 1 or
e € (0,&%) as Ro(oo) < 1.

Next we give a complete classification of the parameter space for model (4.1)
on whether dispersal is beneficial or detrimental to disease control in terms of total
infection size.

Theorem 4.5 Suppose Rél) > max{R(()z), 1} for model (4.1). Then we have

(a) if T,(0+) < 0, then T>(¢) < T>(0) for e € (0, 00);

d) if0 < T2’(0+) < o0 and T>(0) > T»(00), then there exists a unique € > 0 such
that T>(¢) > T>(0) for e € (0, &), Tr(e) = T2(0) for e = &, and T>(g) < T>(0)
fore € (&, 00);

(©) if T»(0) < Tr(00), then Tr(g) > T>(0) for € € (0, 00) (and T,(0+) > 0).

Proof By applying Lemma 4.4, we need only consider the cases of 7,(0+) = 0 and
00, or equivalently, T2’(0+) =0and co. If Yv"z’(O—i—) =0,i.e., x1 = x2, then

(D) R(()l) > R(()z) > 1. It follows from Theorem 2.3 and x; = x» that

OB )+ 1) It 0B )+ 1) o
- — < - v v
e — T+ It L — T ) + T )
3 (0) I
v v 9 - + T~ v
T N T R R A Ty Sy

=0(B2 —y2) +72)

which means that 7‘2(8) < fz(O) for ¢ > 0 by using (4.7).
2) R(()l) >1> ’R(()z). It follows from Theorem 2.3 and x; = x» that
It I} (0)
0(ar — I7(0)) + I3 (0)

@B —y) +r) < @B —rD)+r)

Oy — ) + I}
Bl

= -MKh<n-Hht——-——,
O — I3) + I}

which again means that T>(e) < T>(0) for e > 0 by applying (4.9).

If 75(04) = oo, i.e., RS = 1, then T(e) > T3(0) holds for 0 < ¢ < 1 by using
(4.8). o

The following comparison result of 75 (0) and 7> (co0) somewhat generalizes Corol-
lary 3.5 when only two patches are concerned. We also decide the sign of T, (0+)
afterwards. These are crucial for applying Theorem 4.5.

Proposition 4.6 Suppose 72(()1) > max{R(()z), 1} for model (4.1). Then the following
statements concerning the relation between T>(0) and T, (00) hold as 6 € (0, 00):

@ if RS > R = 1, then
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() if 71 < y2and 1 —y1 > B2 = v then sgn(T2(00) = T2(0)) = sgn(® — 6;)
27Vl
where 6y = G~y > 0
(i) if y1 = y2, then T(0) < T>(00);

(i) if B1 — y1 = P2 — v, then T2(0) > T>2(00);
®) if R > Ro(o0) > 1 > R, then

@) if A= (B —yD(1 — v — (2 — B2)y1 = 0, then T(00) > T2(0);
(i) if A < 0, then sgn(Tr(c0) — T2(0)) = sgn(@ — 6;) where 6; =
2=BIyvi—Bi—yD) W —y2)ai
(Br1—y1) (Bray+Pprox—y1a1—y2a2)’

© iIfRY’ > 1= Ro(00) > R, then Tr(0) > T>(c0) = 0.

Proof Using T>(0) and 7> (oco) from Theorem 3.1, direct calculation yields

(@) if Ry > R = 1, then

aja(Bry2 — Bay)O(B1 —v1 — B2+ v2) + (v1 — v2))
(Bray + Bra)(Bra1(0(B2 — v2) + ¥2) + a2 (0(B1 — 1) + 1))

Tr(o0) — 12(0) =

() if R > Ro(o0) > 1 > R, then

ax(0(B1 — y1)(Brar + Pran — yiag — yaaz) + A)
(Bra1 + Baaz)(Brar + (B(B1 — 1) + vi)az)

Tr(c0) — T2(0) =

with A = (B1 — yD)(y1 — v2)a1 — (2 — B2)y1;
© if R > 1 > Ro(o0) > R, then

(B1 — yDai
T5(00) — T3(0) = —T»(0) = — N=0
2(00) — T2(0) 20 Bray + (0(B1 — y1) + vz -

The proof is completed by noting that the numerator of 75(co) — 75(0) is either a
constant or a linear function of 6 and the denominator of 75(c0) — 72(0) is always
positive. O

Proposition 4.7 Suppose R(()l) > max{Réz), 1} for model (4.1). Then the following
statements concerning the sign of T;(0+) hold as 6 € (0, 00):

(a) if R(()l) > R(()z) > 1, then

() if Do := n1 (1 - %) -y (l — /3—2) > 0, then T;(04+) > 0 (and ®| =
(’31;3’1)2 - (’32;2’/2)2 > 0). Farticularly, T;(04+) > 0 if y1 = y2;
(i) if o < 0and @1 > 0, then sgn(T,(0+)) = sgn(0 —0,) where 6, = —%‘1’ >
0;
(iii) if @1 <0, then T,;(04) < 0 (and Py < 0);

®) if R > 1> R, then

() if Wo =71 (1= 4) = 2 = B2) 2 0, then T}(04) > 0;

@ Springer



73 Page24of 41 Journal of Nonlinear Science (2021) 31:73

TN _ _ Bin=B)=ri(Bi=y1)
(ii) g‘\l’o < 0, thensgn(T;(0+4)) = sgn(0—6,) where 65, = P21 (,521—;/11)2 AR

© iIfRY > 1 =R, then T)(0+) = 400 > 0.

Proof Using Theorem 3.7, if R > max{R{”, 1} and R{> # 1 then

sen(T3(04)) = sgn(T3(0+)) = sgn (%(Lzlir«» - leis‘(m))
X2 — X1
= sgn (—) = sgn(x2 — x1),
X1X2

where xi = f; — i < 0if Rf) < 1and —(8; — y) =0 < 0if R > 1.
Therefore,

(a) for R(()l) > R(()z) > 1,

Br—n)?  (Br— )/2)2) ( )/1) < Vz)
_ — _ _ A 12
T ( 2 )0t g ) 75

= &0 + .

(b-c) for Y > 1> R,

Br—n)? ( Y1 ) Br—n)?
= LT, =) gy = P 4y,
X2 — X1 5 + ¥ 8 (2 — B2) 5 + Yy

The proof is completed by noting that x, — x; is a linear function of 6. O

In terms of the signs of 7;(0+) and 7>(00) — 72(0), and the values of single and

multi-patch reproduction numbers, Ré’) and R (oc0), a more detailed classification
of the relation between 7>(¢) and 7>(0) similar to Theorem 4.3 in Gao (2020) can
be given. In particular, we now have a clearer understanding of the relation between
T>(e) and T>(0) under the special conditions listed in Corollary 3.5.

4.2 Monotonicity of T, (&)

To identify the shape of 7> (¢), it is necessary to know its change trend or monotonicity
for small and large dispersal rates. The former is discussed in Proposition 4.7 while
the latter is considered below.

Remark 4.8 For model (4.1) with R{" > R and Ro(c0) = L5202 > 1 yhe
monotonicity of 7 (¢) for sufficiently large ¢ can be determined by (4.4) and Theorem

3.1. Indeed, substituting I * by I*(c0) for i = 1,2 into (4.4) gives
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5(00) :=22:(—1)f <a~ Bivi — Bivi _ (Bi —viei + (Bj —vjle,
i=1

z,3i05i + Bja; Bici + Bja;
. B @Bi —vi) +vi)ai + OB —vj) + J/j)Olj>
’ Biai +ﬂj6¥j
Bay1 — B1va 1 |
=+ (1~- 04+ —60)—— — Bo).
Bray + Baaz + ( Ro(oo)>< +( )Ro(oo))(ﬂl B2)

which has the same sign as T, (¢) for large enough ¢ as long as T (c0) # 0. Clearly,

then

: | Biva—=Beyi . __Ro(x) 1
(@) if 1 > p and 0 > 65, = Bi—B2 "~ yiaitra - (Relco)—1)? ~ Ro(oo)-1°
T’ (00) > 0;

(b) if B1 > B2 and O = 6, > 0, then T’ (00) = 0;
(c) if B1 < Bror0 <6 < 6%, then T/z(oo) < 0.

In particular, T, (g) < 0 fore > 1 as B < 2 or Ro(c0) = 1.

Lemma 4.9 For system (4.2), iffz/(so) = 0 and Ro(go) > 1 for some gy > 0, then
fz” (e0) < 0, ie., any nontrivial critical point (the corresponding critical value is
nonzero) of 7V"2 (¢) on Ry corresponds to a local maximum. Furthermore, 7V"2 (e) has

at most one nontrivial critical point ey € Ry and Tz’(s) < Oforall ¢ € (g9, 00) as
Ro(c0) > 1ore € (g9, €*) as Ro(oo) < 1.

Proof If Ry(e) > 1, then differentiating the equilibrium equations

Bl -
I p—yi———i ) +eN Lyl =0, 1<i<2,
1(1 i Q(Wi_li*)+1i* ]z_:l g

with respect to ¢ yields

. T 0B I* 2 .
U\ Bi—vi — 'Blv’ — — ,3,?5, L + SZLij(I}k)/
O — I+ 17 (O — 1) + 11)? p=
(4.10)

2
+Y Lyl =0.
j=1
Summing (4.10) over i gives

2 v v
y T 0pjo; I*

oy (/31- —vi— ﬁ’v; - ﬁ’i’ o 2) =0. (.11

— O — I+ IF  (Blai — [¥) + %)
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It follows from T (e9) = 0, i.e., (I{)'(e0) = —(I}) (20), that (IF)' (e0) = (I3)(g0) =
0or

Bi I} (e0) OBia; I} (eo) <0 i=1.2.

Bi—vi— - - — - - :
O(a; — I (e0)) + 17(0) (O — I7(€0)) + 1 (£0))?

(4.12)

In the former case, equations (4.10) imply that L211V1* (e9) — nglvi" (¢0) = 0, which
contradicts Remark 3.8. Thus, (4.12) holds and the negativity of  follows from Remark
4.3. Differentiating (4.11) in ¢ yields

, . y
" ﬁili* Qﬂio{,‘[i*
I i — Vi — > — — % %
,-;( D (ﬂ 4 Oi — IN+ 1Y (O — )+ 11.*)2)
) . y
. 0B Oa; — )+ IF) —2(1 — ) I
:Z((Ii*)/)z( ,Bva _ +9,3i05i( (a ) v) V( ) )
i=1 O — I7) + 1) O i = I7) + 1)
2 20;
= () 0B ’

< < >0
i=1 (Q(O‘i - Ii*) + Ii*)3

which indicates that at ¢ = gy we have
2

2T oy = 0Ty (e0) > 0= T3'(e0) < 0.

i=1
The remaining part can be shown by contradiction and the differentiable continuity of
T (&) on (0, 00) as Rp(o0) > 1 or (0, *) as Ry(o0) < 1. O
Lemma 4.10 For model (4.1), isz’(eo) = 0 and Ro(ep) > 1 for some g9 > 0, then
T2” (e0) < 0, i.e., any nontrivial critical point of T>(¢) on Ry corresponds to a local
maximum. Furthermore, T>(¢) has at most one nontrivial critical point &y € Ry and
T,(e) < 0 forall € € (g9, 00) as Ro(o0) > 1 or ¢ € (g9, €*) as Ro(o0) < 1.

Proof The first and second derivatives of

T(e)

Th(e) = ———————
0+ (1 —0)Tu(e)

with respect to ¢ are

T)(e) = . T, (e)
O + (1 — 6) T, (¢))>
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and

ON
O+ (1 —0)T,(e))3

I, (e) = (@+a =0T @)@ —20 -0 )?).

respectively. So, if T;(eg) = 0 for some gy > 0, then fz’(so) = 0. It follows from
Lemma 4.9 that YV‘Z” (¢0) < 0 and hence T,'(g9) < 0. This completes the proof. O

Lemma 4.11 For model (4.1), if Ro(c0) > 1 and T, (o) = 0, then T,(¢) > 0 for all
e € [0, 00).

Proof Denote p = a1 + «2/2 and 0 € R. We introduce an axillary system

dly ./ Bl - -
ar = 1(}91 — Y1 — m) +e(=Lo )y + Li2Db),
. oA (4.13)
dl -/~ pal> - -
2 (- - ) +eali — Lih),
dt O(ar — )+ I
where
Bi=Bi+o, i=12 7=y -I—LU, and )72=V2+1_—p6.
a1Ro(c0) az2Ro(00)

Let 75, (¢) be the sum of I} and I at the unique positive equilibrium of system (4.13)
and T%_(oo) the limit of (4.6) as & — oo associated to system (4.13). Note that
Tzo (&) = Tz (¢) and T (00) = T (c0). The limiting reproduction number as & — 00
associated to system (4.13) is the same as that of system (4.2), i.e.,

R (00) :Eldl + Bz _ Brai + proar + o
7 C e+ ey yiar + e + 0 /Ro(c0)
Birar + ooz + o Bray + Baaz
= = = Rp(c0) > 1.
(Va1 + o)1 +o/(Brag + foaz))  yian + yaan
A straightforward but tedious computation gives
B — B 1 1 L
/0 ) =— =+ (1-— 6+ (1—-6 —
b (00) 1= p 2 ( 2 (OO))( (1= 6) - (OO))</31 B2)
Bt — Bi 1 1
=+ (1- 0+ —-0) B1 — B2)
oy el Gl e o)) 1= P2
Bay1 — Biv2 By — Biv2
= (p—aj)o — ———
Brog + fraz a1 Ro(00) Bray + Braz
1 1
= — [ — O
waRoo) P T = 2 Re0)
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for any o > 0, where the second and third equalities are due to R, (00) = Rp(00)
and T)(c0) = 0. So it follows from Lemmas 4.1 and 4.9 that 7"2’0 (¢) > 0 for any
¢ > 0 and 0 > 0. By the smoothness of ng (¢) in 0 € R4, we known ng (e) is
uniformly convergent to Tzo(e) = 7V"2(8) as 0 — 04 for ¢ in every bounded set on
R4. The monotonicity of Trs (€) in € implies that Ty (e) is nondecreasing in ¢, i.e.,
YV‘Z/(S) > 0 for any ¢ > 0. Again by applying Lemma 4.9, we have YV‘Z/(S) > 0 and
hence T, (g) > 0 on Ry O

A combination of Lemmas 2.1, 4.4, 4.10 and 4.11, and Remark 4.8 produce the
following theorem which means that 7> (e) is either constant (if and only if Rél) =

7'\’,(()2) or Ro(0) < 1), or strictly decreasing, or strictly increasing, or initially strictly
increasing then strictly decreasing with respect to diffusion coefficient ¢.

Theorem 4.12 Suppose R(()l) > maX{R(()z), 1} for model (4.1). Then we have

(@) if T,(0+) <0, then T, (¢) < 0 for all & € (0, 00) as Ro(c0) > 1 (or (0, £*) and
T,(e) = 0 for e € (¥, 00) as Ro(o0) < 1);

(b) if 0 < T,;(0+) < oo and Ro(00) < 1, then there exists €1 € (0, e*) such that
T,(e) > 0 fore € (0,&1), T,() =0 fore = &1, T;(¢) < 0 fore € (e1,¢%), and
T,(e) =0 for e € (g*, 00);

© if 0 < TJ(04) < o0, Ro(00) > 1 and T)(c0) > 0, then Ti(z) > 0 for all
¢ € (0, 00);

(d) if 0 < T;(04) < o0, Ro(00) = 1 and T,(o0) < 0, then there exist &2 > 0
such that T,(¢) > 0 for e € (0, ¢2), Ty(¢) = 0 for ¢ = &3, and T;(¢) < 0 for
£ € (&, 00).

We can see that the shape of 73(¢) is completely determined by the signs of
Ro(00)—1, T;(0+) and T% (00). It is noteworthy that T’ (c0) > 0implies Ro(o0) > 1,
T2’ (0+) > 0 and Tr(oc0) > T>(0) provided that Rg(co) > 1. An alternative way for
clarification of the shape of 7>(¢) can be given in terms of sgn(7>(oco0) — 72(0)).

In what follows, we present some results on how population dispersal affects the
disease prevalence, the population size and the infection size of the high-risk patch.
The proof can be found in Appendix B.

Proposition 4.13 Suppose 7'\’,(()1) > 7'\’,(()2) and Ry(e) > 1 for model (4.1). Then

. . . d (I Iy
(@) the difference of the disease prevalences of patches 1 and 2 satisfies - (N—ll* - N—Z;)
< 0;
(b) the disease prevalence in patch 1 satisfies f—e (;,—}) <0;
() (1) if0 < 6 < 1, then the total population size of patch 1 satisfies dd% <0y
(i) if6 = 1, then % = 0and N{(e) = aiN fore € [0, 00);
(i) if0 > 1, then D0 > 0;
(d) if0 <0 <1,0r0 > 1and T,(0+) < 0, then the infection size in patch 1 satisfies
a <O
(e) the population sizes of the susceptible and the infectious in patches 1 and 2 satisfy

I Iy A\ NS .
d (—‘ — —2) < 0and % (—1 — —2> > 0, respectively.

de \ o o) o] o)
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Remark 4.14 When only two patches are considered and 0 < 6 < 1, increasing
dispersal is good for the high-risk patch in reducing its infection size and disease
prevalence, but can be harmful to the whole patchy environment. The condition in
part (d) can probably be weakened through a delicate analysis. However, under some
parameter setting, we find that /{"(¢) may not be decreasing for sufficiently small or

large ¢ once %(O—i—) >0orI{(0) < If(co)holds (e.g., B1 =4, P2 =2, y1 =y =
1, L1 = L1 = 1 and 6 = 4), respectively. By Corollary 2.5 and Remark 3.2, it is
not surprising that N (¢) changes its monotonicity with respect to & as 6 varies from
less than one to greater than one. It is easy to see that 15/ N3 may constantly increase
or initially increase then decrease with respect to &, whereas I3 can be decreasing,
increasing or nonmonotone in € (e.g., Ro(c0) < 1).

Remark 4.15 The disease persistence/extinction and the total infection size as ¢ — oo,
characterized by (1—1/R(00)) ™ N, are independent of § = £/8, the relative mobility
of infected population to susceptible population, but the total infection size is affected
by 0 when ¢ is finite. More specifically, the infection-caused change in mobility affects
T,(0+), T>(00) — T>(0) and T%(00), and hence the sign pattern of 7> (¢) — 72(0) and
the change pattern of 73 (¢). In addition, the population size of a given patch and its
change pattern also depend on 6 if the disease can persist.

Remark 4.16 The methods here can be applied to two-patch models with logistic
growth for a single species, introduced by Freedman and Waltman (1977) in 1977 to
study the effect of dispersal on total population abundance. Since then, many related
theoretical and experimental works have been done; see (Arditi et al. 2018; DeAngelis
et al. 2016a; He et al. 2019; Lou 2006; Wang et al. 2020; Zhang et al. 2017, 2015)
and the references therein for more details. We will further address this ecological
question and its applications to two competing species models in a forthcoming work
(Gao and Lou 2021).

5 Numerical Simulations

We will use a numerical approach to further explore the impact of the movement of
susceptible and infected populations on the local and global disease prevalence, I/ N
and T,/ N, respectively. For simplicity, the total population size across patches is fixed
atone, i.e., N = 1, such that the overall disease prevalence and the total infection size
have the same quantity. The ranges of parameters used below are chosen for illustrative
purpose only and may not necessarily be epidemiologically realistic.

Example 5.1 (T, versus 8 and ¢) For model (1.1) with two patches, we make four
contour plots of the total infection size 7»>(4, ¢) under different parameter settings
in Fig. 1. In all four scenarios, both patches are sources with patch 1 having higher
infectionrisk, i.e., 7?,81) > 7?,82) > 1. Figure 1a and b shows that 7> can simultaneously
increase and decrease with respect to § and &, the dispersal rates of susceptible and
infected populations, respectively. Moreover, near y-axis in Fig. la and x-axis in
Fig. 1b, T, is increasing in § but decreasing in . Figure lc and d illustrates the
nonmonotonic dependence of 75 in terms of § and ¢, respectively. So even though T
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0.582 0.595

0.580 0.590
0.575 0.585
0.570 0.580
0.565 0.575
0.560 0.570
0.555 0.565

0.550 0.560

0.125
0.329
0.120
0.328
0.115
0.327
0.110
0.326
0.100
0.325
0.090
0.324
0.080
0.323
0.070

1) 8
(©) (d)
Fig.1 The contour plots of 7, versus § and ¢ under four parameter settings: a 1 = 0.3, y; = 0.11, g =
0.1, =0.05,L1p =0.2,Lr1 =03;b B =0.15,91 =0.05,6 =04,y =02,L1p =0.2, Ly =

0.2;¢ By = 0.11,y1 = 0.071, 8, = 0.15,p = 0.109, L1, = 02,Ly; = 0.1;d B = 0.14, 91 =
0.1, B = 0.06, y» = 0.057, L1 = 0.03, Ly; =0.18

is increasing in 6 = ¢/§ for fixed ¢ (i.e., decreasing in §), 7>(8, €) can increasingly,
or decreasingly, or nonmonotonically depend on § and . However, for a source-sink
patchy environment, i.e., R(()l) > 1> R(()Z), the endemic equilibrium E* approaches a
limiting disease-free equilibrium as § — 04, so we have 7> (04, ¢) = 0 and 7> (6, ¢)
must strictly decrease in § near zero (Allen et al. 2007; Chen et al. 2020). We can
see from Fig. 1 that 7> (4, ¢) still changes significantly in € or § for large § or €. This
suggests that 7> (00, €) and 7>(8, 0o) are nonconstant which agrees with Remark 3.6.

In Fig. 1, all points on a ray passing through the origin in the interior of the first
quadrant have the same slope 6 = ¢/§. Thus, T>(¢) is strictly increasing in ¢ in Fig.
la, strictly decreasing in ¢ in Fig. 1b and c, and initially increasing then decreasing
in & for small and medium 6 but strictly increasing in ¢ for large 6 in Fig. 1d. The
dependence of 7,, on § and ¢ becomes more complicated and some properties of the
two-patch submodel like Lemmas 4.4 and 4.10 may fail for model (1.1) with three
or more patches (Gao 2020). It should be noted that the threshold quantity Ry is
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(@) (b)

Fig. 2 The curves of (T7(00) — T>(¢g))e against ¢ (in logarithmic scale) with & = 0.2 (blue solid), 1 (red
dashed), and 5 (black dotted) for a source—source and b source—sink patchy environment. See main text for
parameter settings (Color figure online)

independent of § but strictly decreasing in ¢ for the model with an arbitrary number
of patches.

Example 5.2 (rate of convergence for T,(¢) — T,(c0) as ¢ — o00) For model
(3.1) with Rog(o0) > 1, it follows from Theorem 3.1 that 7,(e) — T,(c0) =
(1 —1/Ro(c0))N as e — oo. It is biologically meaningful and mathematically inter-
esting to examine how fast the convergence speed is. Consider the two-patch submodel
(4.2) with the parameter setting: 81 = 0.3,y = 0.15, o = 0.25,y» = 0.2, L1 =
0.05, La; = 0.1, which gives R}’ = 2 > Ro(c0) = 1.45 > R = 1.25 and
T>(0c0) = 0.31. The dependence of W (¢) := (T>(c0) — Tr(g))e ine for6 = 0.2, 1,5
are illustrated in Fig. 2a. Clearly, W»(¢) converges to a constant as ¢ — oo, which
suggests that T>(e) = T»(oc0) + O(1/¢). The limit of W (e) varies with 6 and for
fixed ¢ larger W) (e) in 0 corresponds to smaller 7>(¢). Using the same parameter
set except that B = 0.15 so that R(()l) =2 > Rp(co) = 1.09 > Réz) = 0.75 and
T>(0c0) = 0.083. Now patch 2 changes from a source patch to a sink patch, but the
function W (¢) remains convergent as ¢ — oo (see Fig. 2b).

Moreover, for 2-, 3- and 4-patch cases, we use the Latin hypercube sampling
(LHS) method to randomly generate 10* parameter sets with B;, y;, L;; € (0, 1] and
6 € (0, 5] and obtain 5007, 5082, and 5037 qualified scenarios whose corresponding
Ro(o0) > 1, respectively. We calculate the relative change of W), (¢) from ¢ = 10° to
10° for each qualified scenario,

W, (10°) — W, (10°) — W, (109
Wi (10°) - Wa(10°)

k]

and find that the average and maximum values are 2.94 x 1073 and 6.22 x 10_3,
431 x 1073 and 1.83, 2.46 x 1073 and 0.54 for n = 2,3, 4, respectively. These
simulation results strongly suggest that

T, (¢) = T, (c0) + O(1/¢), orequivalently, T, (¢) = T, (c0) + O(1/¢),
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as ¢ — oo provided that n > 2 and Ro(co) > 1. Furthermore, we numerically find
that even I*(¢) = I(00) + O(1/e) holds as ¢ — oo for each i € 2 provided that
n > 2 and Rp(co) > 1. We leave the rigorous proof of this observation for a future
work. It is worth mentioning that Ro(e) = Ro(o0) + O(1/¢) also holds as ¢ — oo
(Tien et al. 2015).

Example 5.3 (failure of order preservation) The conclusion that the disease prevalence
of each patch in connection is between the maximum and minimum of the set of the
disease prevalences of each isolated patch may fail if the connectivity matrices for
susceptible and infectious populations, respectively, denoted by L and K, are different.
Namely, consider a generalized model as follows

das; S; I; .
d—t':—ﬁi#-f-)/[li-l—é‘ E LijS;, i €8,
! jeQ 51
dl; Si1; . .1
T =,3i—Ni —vili+ey Kyl i €Q
NS

with nonnegative initial condition satisfying

ZiEQ(S,-(O) +1;(0)) ;= N > 0 and Zieg 1;(0) > 0.
For the two-patch case, we choose the following parameter set
B1=04,y1=028,6 =04, =0.3,L12 =0.5,Ly =0.1, K;2 = 0.1, K»; =0.5.

The disease prevalences of patch 1, patch 2, and both patches at the endemic equilib-
rium versus the diffusion coefficient ¢ are plotted in Fig. 3a. When the two patches are
isolated, the disease prevalences of patches 1 and 2 are 0.3 and 0.25, respectively. As
the dispersal rate increases, the disease prevalence of patch 1 is constantly decreasing
while that of patch 2 is initially increasing then decreasing. For larger dispersal rate, the
disease prevalence of patch 1 is less than that of patch 2 (low-risk patch) in isolation,
the disease prevalence of patch 2 exceeds that of patch 1 (high-risk patch) in isolation,
and the overall disease prevalence is below the minimum of the disease prevalences
of the two isolated patches. Figure 3b is illustrated by using the same parameter set
except that the connectivity matrices L and K are changed to their respective trans-
poses. The disease prevalence of the high-risk patch becomes even larger while that
of the low-risk patch becomes even smaller when population dispersal presents. The
choices of L and K make less susceptible individuals but more infected individuals
move from low-risk patch to high-risk patch, which results in an even higher disease
prevalence for the high-risk patch.
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04} — L/N{ --- /N; ---- T,/N
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Fig.3 The disease prevalences of patch 1 (blue solid), patch 2 (red dashed) and both patches (black dotted)
versus diffusion coefficient for (5.1) in two scenarios. See main text for parameter settings (Color figure
online)

6 Discussion

In most theoretical studies on spatial epidemic models, the central objective is to
explore the influence of human movement on the disease dynamics. Usually a sharp
threshold result between disease persistence and extinction can be gained in terms of
the basic reproduction number. When a disease is endemic in a discrete or continuous
space, it is important to know how population dispersal affects the local and global
disease prevalence at the endemic equilibrium or other attractors. Although the repro-
duction number can determine whether an emerging infectious disease can spread
in a population or not, it can hardly measure the endemic level in most cases. This
motivates us to study the quantitative property of the positive steady state. It appears
there are rather few analytical studies in this topic (Gao 2020).

In the current paper, based on an SIS patch model, we first gave an estimate of
the disease prevalence of each connected patch with respect to those of all isolated
patches and established a weak order-preserving result associated with patch disease
prevalence and patch reproduction number. Dispersal reduces the disease prevalence
of the highest-risk patch but promotes that of the lowest-risk patch. In case of two
patches, high-risk patch still has high disease prevalence in the presence of human
migration. Then we studied the total infection size, or equivalently, the overall disease
prevalence in case the dispersal rate of the susceptible population is proportional to that
of the infected population. The total infection sizes at no dispersal and infinite dispersal
were calculated and compared. In particular, if the recovery rate is unanimous then fast
dispersal leads to more infections than slow dispersal. Furthermore, for the two-patch
submodel, we completely answered the questions of when dispersal causes more or
less infections and how the total number of infections changes with dispersal rate.
Finally, three numerical examples were given to investigate the relationship between
the total infection size and dispersal rates, the convergence speed of the total infection
size T,(¢) as ¢ — 00, and the occurrence of non-order-preserving phenomenon,
respectively. The strict monotonicity of Rg(e) in ¢ implies that Ro(0) and Ro(c0)
are the supremum and infimum of R (¢), respectively. However, the two-patch case
indicates that 7, (¢) can at least increase, or decrease, or initially increase then decrease
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in . Thus, 7,,(0) and T;,(c0) could be the supremum, infimum or neither of 7}, (¢).
The inconsistence between the basic reproduction number and the overall disease
prevalence with respect to dispersal rates indicates that public agencies should not
focus solely on reducing the basic reproduction number in the fight against infectious
diseases.

We extensively generalized and improved the results of our recent work (Gao 2020)
from the very special case of & = 1 to the general case of & > 0. The infection-
caused change in mobility for the infected people impacts population distribution,
total infection size, and its distribution and change pattern. For the two-patch submodel
with any positive constant 6, it is no longer easy, if not impossible, to use the graphical
method to classify the model parameter space on when dispersal results in more or
less infections than no dispersal (Arditi et al. 2018; Gao 2020). The approach used
in proving Lemma 4.1 is quite skillful in factoring ]V"z’ (¢) and deriving Tz () — YV"Q 0).
Importantly, in Lemma 4.10 we showed that any nontrivial critical point of T>(¢)
must be a local maximum point. The relation between 7>(e) and 77(0) is wholly
governed by the signs of 7,(0+) and T>(c0) — T>(0), while the shape of T (¢) is
completely determined by the signs of Rg(co) — 1, T;(0+) and T, (c0). Here the
terms 7> (0), T2’ (0+4) and ']I"z(oo) are dependent of 6 (Proposition 4.6, Proposition 4.7
and Remark 4.8). One application of this finding is that it enables us to have a much
better understanding of dispersal on total population abundance for the two-patch
logistic model (Arditi et al. 2018; Freedman and Waltman 1977; Gao and Lou 2021).

When vital dynamics are incorporated into model (1.1) (Wang and Mulone 2003),
we get

ds; Sili .

E:N«iNi_IJ«iSi_lgiT"‘ViIi‘f‘SZLiij, i €K,
! jeQ

dl; Si1; .

d—;=ﬁi]lv—il—(ﬂi+)/i)1i+€ZLij1j, i €82,

JeQ

where p; is the birth rate and death rate of the population in patch i. The main results
in this paper remain valid since a result similar to Lemma 1.1 on the existence and
uniqueness of the endemic equilibrium as Ro > 1 can be similarly proved. This study
is also applicable to an SIS patch model with different contact rates ¢; and kc; but
equal dispersal rates for the susceptible and infectious populations.

There is still room for improvement. It will be nice to compute the derivative of 7}, (¢)
with respect to large € for n > 3 and determine its sign to see the change trend of 7}, (¢)
for large dispersal. The observation on the rate of convergence for 7, (¢) as ¢ — 00
desires a rigorous proof (DeAngelis et al. 2016a; Lou 2006). What happens to 7}, (¢) if
there are three or more patches? A detailed study of the dependence of 7,, on §, € and
L;; is helpful to evaluate the effectiveness of border screening and travel restrictions,
especially during the ongoing COVID-19 pandemic. The global asymptotic stability
of the unique endemic equilibrium is generally unknown (Gao and Ruan 2011; Li and
Peng 2019). We are interested in generalizing the current work in various ways, e.g.,
by considering complicated vital dynamics (Wang and Zhao 2004), state-dependent
connectivity matrices (Gao and Ruan 2011), temporal variations (Gao et al. 2014),
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different model structures (Cosner et al. 2009; Gao and Ruan 2012; Salmani and van
den Driessche 2006), and continuous or nonlocal diffusion (Allen et al. 2008; Lou and
Zhao 2010; Yang et al. 2019).
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Appendix A: Proof of Theorem 2.3

Proof We only prove the first part while the second part can be shown similarly.
Suppose not, then there exists some §y > Oand g9 > Osuchthat I /N = misrzl IY/N}.
1€

Claim 1: I} /N = --- = [*/N} ifand only it R = --- = R". Suppose I*/N* =
T € (0,1)foralli € 2, then

2 Lifly =D LiTNy = | D_LijSj+ 3 Lifl}
je je Jje je
implies that
> LiS) = Y Liil]
je Jje

and hence

0=08) LijSi+ey Ljlf= (5— +e) > Ll

je je je

Thus, we have

N LI =0= fi(17) = p (1 I =0 Iy
= = fil;7) = p; _— S =Y =) —=1—-—=7
pord ij ] ild; i N* i Vi N* Ré’)

and hence R(()i) =1/(1 — ) forall i € Q. On the other hand, if R(()l) =...= R(”),

then Rg = R(()l) > 1 and the unique endemic equilibrium E* = (S*, I'*) of system
(1.1) satisfies

* 1 * 1 7
Si :R—OaiN and Ii = I—R—O Oll‘N, 1 e Q.

So, I*/Nf =1 — 1/Rq fori € Q.
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Claim 2: f; (1) # O for i € Q. Suppose not, then

[UH =06 Lijli=0&Y L;sSi=0icQ
Jje JjeQ

implies that /*/N} is constant in i € €, which is impossible by Claim 1.
Claim 3: If fi (1) > O for some k € Q then f(I]") > 0. Indeed, it follows that

It S* Sk IF
SUD B ST B SE o RUD
vil y1 N Yk Nk Vklk
due to R(()l) ﬁ‘ >R(k) and N* ]{,**

It follows from the above clalms and the fact
Sl run+ed L | =) U7 =0
ieQ jeQ ieQ

that there existk, [ € Qsuchthat fi (1) > Oand f;(I]") < 0.Inparticular, fi(/{) > 0.
On the other hand, we have

> Lyl = ZL” i N*— ZLl,

je je jGQ
1*
= (1= §) S et _—z 057 = s (-5) St
jeQ M jeQ jeq
=Y LI} >0.
je

So the left-hand side of the equilibrium equation for I} is positive, a contradiction. 0

Appendix B: Proof of Proposition 4.13
Proof (a) Suppose Ro(e) > 1 for some ¢ > 0. It follows from (4.4) that

d (& Ir
- (Z(— ) )

i=1

2 bwdY
1)/ =) (=1)/ o
dg(;:( r— *)+1) > =D

= G-I +1?

) Ou; L I — L I
Z(—l)f T et S R )
P O(ai — IF) + )2 | M|
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I* 0Bjail*
Ij (9(0{]'—11-)4-]]-)
. L21IVI*—L12[VZ* 2 Oo;

| M| = (O — [+ 1?2

x\Bj—vj— ’ijlj — — Qﬂj(vle}k < ,
0 — I+ 17 (0(a; — D)+ 1772

where | < j <2and j # i. Thus, using (4.5), if R(()z) > 1—1/0 then

o 8 Bj 0Bja; j
- N A
O(a; — I¥) + )2 Db - I+ T (0 - T+ 12
a; OB —vi)+vpl} N O 5 (7
_ T N (i
O(; — I¥) + I)? Ol —IH+TF 0@ —IH+1} !

o 90[]
O — 1)+ 12 6l — 1) +17

A

1 10 11

g7 <0,

by noting that
2 P
. . Bil;
> O —In+I (B —vi— ———
= o Oaj—I7)+17

2 o eyl — LI
:Z(e(a,—l;‘)+1)8( i1} = Lol

Y%
j=1 j (B.1)
Ooy (22 %) 0(11 —0(21*
=e(Lot I} — L12L3) ( = ) =0s(Ly I} — Linl)—2—~——L
IFIx
I 2 112

Oe v .
= (LI} — Linl5)?* <0.
(L2 + Lo I I

On the other hand, if & > 1/2 then the conclusion follows from

2 [ [*
L Bil; 0Bjo;l]
>0 — 1)+ 1772 (ﬁf"”_ S - s
P Olej — I +1F O — 1) +17)
2 Jx
. Bil;
< Y i+ =0 —yj — ——L——
=R AT e i+ T

i=1

2 v ﬁ]i*
= N QP + A -0 (T g =y — — T
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o oLy Ty — L)
0220 + (1 = 0)%a; (7)) T L

Il
||‘MN
-

~~

*
I;
v v o] (%)
= e(Lo I — Lipl3) (0 ajon (1— - 1_> + (1= 0ol — oz112)>
1 2

v v Oll
= e(Lyl} — LioL}) (F = )11 Iy (921 o —(1-6) )
1 2 1°2

where the first equality is due to fl(i*) + fz(i*) =0.

(b) It immediately follows from the calculation of 4 o (1{/—1*) in part (a).
(c) By (2.1), a straightforward calculation gives
dN?  d d (6 1—0)ir
Lo S (St 1) = — o+ A =0T
de  de de \ 04+ (1-0)T

_ B = 1) + LU — (61 = I7) + 1) (13
0+ (1 -7

(1-6)N

So, it remains to prove the negativity of

2
Oy — I3) + BT = @1 = I + IHUID) =Y (=1 Oy — ) + I}
i=1

I -L y 6p;a; [*
—Z( D 0(e; — ) + 17 - 7122( ! (él-ui*)—%),
i=1 | M3| (9(0‘[_11')"‘[,‘)

which is guaranteed by

2 v v
v v i LF 0B;c; IF
Y — i+ ) -y - L Ol
i Oa; — 1)+ 17 Oy — I[") + [[F)

<22:(9(a~ —IH+IH( B —yi —L <0
P i i i ] i 9(0” _ ]vl*) n ]vl* .

The second inequality is due to (B.1).
(d) Direct calculation yields

iy _ a4 I\ odd +a -0 )I*—I*(I My
(I*) Iy — I¥(L3)

—0)N.
(9 + —9)T2)2( )

@ Springer



Journal of Nonlinear Science (2021) 31:73 Page390of41 73

So,if 0 < 6 < 1 then it suffices to determine the sign of

| M| ol
—((I)I )= — 2 (1)1(1)
LoyIf — Lo Iy 1772 1 (U L21] _L1212* ZZ:

'] ' I 0B I*
:Z(—l)lll*(_l)l /3[ — v - IBlvl _ ﬁlvl ; ]
i=1 Olai = 1)+ 17 (O — 1) +Ii*)2
2 s ,
N -y - ——— ) =Y eI — Lyl =0,
; l l l O — 1) + I ; Ui Jidi

where 1 < ] <2 and j # i.This can also be directly proved by applying parts (b) and
(c) due to N7 = I{. Meanwhile, it follows from the proof of part (c) and Lemma
4.1 that the 1nequality

Oy + (1 —0) (I Iy — T (7))
= (I} 02— L) +13)— (I3 @1 — [F)+1})
+0a1(IF+13) < 6aiT3(e) <0

holds whenever T, (0+) < 0.
(e) It follows from e(Lo1 I} — L1213) + 6(L21 ST — L12S5) = 0O that

LoiN{ — L1oN5 = (L1 + Lio)N{ — LioN =(L21 S| — L12S5)+ (Lot I{ — L1215)
= (1 =0)(LaI{ — L1215) = (1 = 1/0)(L21 S| — L1255).

Thus, we can draw the conclusion by applying parts (a) and (c) for6=1and 6 #1. O
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