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LINEAR INSTABILITY OF BREATHERS FOR THE FOCUSING
NONLINEAR SCHRODINGER EQUATION

MARIANA HARAGUS, DMITRY E. PELINOVSKY

ABSTRACT. Relying upon tools from the theory of integrable systems, we discuss the linear
instability of the Kuznetsov—Ma breathers and the Akhmediev breathers of the focusing nonlin-
ear Schrodinger equation. We use the Darboux transformation to construct simultaneously the
breathers and the exact solutions of the Lax system associated with the breathers. We obtain a
full description of the Lax spectra for the two breathers, including multiplicities of eigenvalues.
Solutions of the linearized NLS equations are then obtained from the eigenfunctions and gen-
eralized eigenfunctions of the Lax system. While we do not attempt to prove completeness of
eigenfunctions, we aim to determine the entire set of solutions of the linearized NLS equations
generated by the Lax system in appropriate function spaces.

1. INTRODUCTION

The focusing nonlinear Schrodinger (NLS) equation in the space of one dimension is a fun-
damentally important model which brings together nonlinearity and dispersion of modulated
waves in many physical systems [I7, 29]. It has been used as the main testbed for rogue waves
in fluids and optics [22], 32], where the rogue waves appear from nowhere and disappear without
any trace. One of the important properties of the focusing cubic NLS equation is its integrabil-
ity, which allows to construct the basic solutions for the rogue waves in a closed analytical form.
Although these solutions have been constructed long ago in the works of Akhmediev et al. [2],
Kuznetsov [25], Ma [20], Peregrine [28], and Tajiri & Watanabe [31] they have been studied a
lot in the past few years in physics literature [13] [16].

To explain the current state of art in the mathematical studies of these breather solutions,
we set up the stage and take the NLS equation in the following dimensionless form:

1

where the unknown v is a complex-valued function depending on time ¢ € R and space x € R.
The NLS equation (|1.1)) is invariant under the scaling transformation
if ¢)(x,t) is a solution, so is cy(cx, ¢*t), for every c € R,

and under translations in « and ¢. Up to these symmetries, the NLS equation (1.1) admits the
following exact solutions on the background of the constant-amplitude wave v(x,t) = e*:

e Akhmediev breather (AB)

2(1 — \?) cosh(Akt) + i\k sinh(\kt) it
cosh(Akt) — A cos(kx) ’

where k = 2v/1 — A2, and X € (0,1) is the only free parameter.

U(x,t) = |—1+ (1.2)
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e Kuznetsov—Ma breather (KMB)

2(A% — 1) cos(ABt) + iABsin(ABt)] .,
t)=|-1 ’ 1.
v t) [ * Acosh(fx) — cos(A\fGt) ’ (1.3)
where f =2y A2 — 1, and A € (1, 00) is the only free parameter.
e Peregrine’s rogue wave (PRW)
4(1 4+ 2it) "
t)=|-14+4 ———5——=-|€e". 1.4

Note that PRW can be obtained in the limit A — 1 from either AB or KMB. Also note the
formal transformation k& = ¢ between AB and KMB. The main goal of this work is to study
the linear instability of AB and KMB.

Stability of breathers is a challeging question that has been extensively studied in the math-
ematics literature. A major difficulty comes from the nontrivial dependence of the breathers on
time ¢. Therefore, many of the analytical methods developed for stability of stationary or trav-
eling waves in nonlinear partial differential equations do not apply to breathers. For instance,
spectral methods are out of reach for AB and PRW which are localized in time ¢. Since KMB is
periodic in time ¢, Floquet theory can be used, at least formally, to compute stable and unstable
modes of KMB. This has been done numerically in [14] after KMB were truncated on a spatially
periodic domain in x. Further studies of KMB in discrete setting of the NLS equation can be
found in [30].

Very recently, the authors of [35] set up a basis for a rigorous investigation of stability of
breathers which are periodic in time ¢ and localized in space z. Using tools from the theory of
semigroups and Fredholm operators, they analyzed properties of the monodromy operator for
the linearization of the cubic-quintic complex Ginzburg-Landau equation about such solutions,
and computed its essential spectrum. These results being obtained in a dissipative setting do
not directly apply to KMB due to the Hamiltonian nature of the NLS equation.

Most of the existing instability results for breathers of the NLS equation strongly rely upon
the integrability properties of the NLS equation. Instability of AB was concluded by using the
variational characterization of breathers in the energy space in [3]. Perturbations to the AB
were considered in the periodic space H,, for s > 1 /2. Similar techniques were applied to KMB
and PRW in [4] (see also the review in [5]). It was shown that both KMB and PRW are unstable
with respect to perturbations in H*(R) for s > 1/2.

Evolution of KMB and PRW under perturbations was studied in [I8] and [7], where inverse
scattering transform was applied to the NLS equation in the class of functions decaying to the
nonzero boundary conditions. Instability of PRW was visualized numerically in [24] by using
time-dependent simulations of the NLS equation. Linear instability of PRW was also studied
numerically in [9]. By using perturbation theory for embedded eigenvalues of the Lax system,
it was shown in [23] that the perturbed PRW is transformed to either KMB or two counter-
propagating breathers, the latter solutions were later constructed explicitly in [33].

Our approach to linear instability is closely related to the recent works [6, 8, [19], where
solutions of the linearized NLS equation are constructed from solutions of the associated Lax
system. Eigenfunctions of the Lax system related to the Lax spectrum provide solutions of the
linearized NLS equation relevant for the linear instability of breathers. The completeness of the
resulting solution set is a particularly challenging question. In the class of spatially localized
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functions, it was shown in [0, Section 3.4] how to obtain a complete set of solutions of the
linearized NLS equation at PRW. Stability of AB under periodic perturbations of the same
period was stated in [8] without the proof of completeness. It was recently discovered in [19]
that the set of eigenfunctions constructed in [§] is incomplete and two unstable modes exist for
AB. The spatially periodic unstable modes for AB were constructed in [19] by taking a suitable
combination of unbounded solutions of the linearized NLS equation.

The purpose of this paper is twofold. Firstly, we give a full description of the Lax spectra for
AB and KMB, including algebraic multiplicities of eigenvalues. Secondly, we obtain all solutions
of the linearized NLS equations at AB and KMB generated by eigenfunctions and generalized
eigenfunctions of the Lax systems. These solutions are spatially periodic for AB and spatially
localized for KMB. The completeness question is outside the scope of this paper and will be the
subject of subsequent studies.

Similar to [0, 8, 19], we use the Darboux transformation to obtain AB and KMB from the
constant-amplitude wave and then to precisely determine the Lax spectra at AB and KMB
from the Lax spectrum at the constant-amplitude wave. For AB we focus on solutions of the
linearized NLS equation with the first three spatially periodic Fourier modes, whereas for KMB
we focus on spatially localized solutions.

Aiming for a presentation accessible to readers who are not expert in integrable systems,
we review some properties of the Lax system and the Darboux transformation in Section [2} In
Section [3| we consider the constant-amplitude wave. We compute the Lax spectrum and establish
the explicit relation between the solutions of the linearized NLS equation obtained by a standard
Fourier analysis and the ones generated by the Lax system. We focus on spatially periodic and
spatially localized solutions. Then using the Darboux transformation, we determine the Lax
spectra and the resulting solutions of the linearized NLS equations for AB in Section 4| and for
KMB in Section 5 The paper is concluded at Section [6] with a discussion of further directions.

Acknowledgments: M. Haragus was partially supported by the project Optimal (ANR-20-
CE30-0004) and the EUR EIPHI program (ANR-17-EURE-0002). D. E. Pelinovsky was partially
supported by the National Natural Science Foundation of China (No. 11971103).

2. PRELIMINARIES

We recall the Lax system for the NLS equation (I.1)), its connection with the linearized NLS
equation, and the Darboux transformation for the NLS equation and its Lax system.
For our purpose, it is convenient to write 1(x,t) = u(z, t)e*, where u satisfies the normalized
NLS equation
1
iy + Sttzs + (Juf* = Du = 0. (2.1)
The constant-amplitude wave ¥(z,t) = e of the NLS equation (1.1)) becomes u(z,t) = 1 and
the breathers (L.2)), (1.3), and (1.4) provide exact solutions of the normalized equaiton ({2.1)
without the factor e in these formulas.

2.1. Lax system. The normalized NLS equation ({2.1)) for u = u(z,t) is a compatibility condi-
tion @, = @y, for a 2-vector ¢ = p(z,t) satisfying the Lax system

¢fwmn%cmwz<g_$) (2.2)
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and

2 |1 2 1
FriMin ke ) e

Pt = V(“? )‘)907 V(uv )‘) =1 ( —\i+ %ﬁx 22— %(’u|2 _ 1)
where A\ a complex number. The z-derivative equation is the Zakharov—Shabat (ZS)
spectral problem, which is a particular case of the AKNS spectral problem; see pioneering works
[34] and [I]. The t-derivative equation gives the time evolution of the solution ¢(z,t) of
the ZS spectral problem ((22.2)).

Spatially bounded solutions of the Lax system are referred to as eigenfunctions and the
corresponding values A as eigenvalues. The set of eigenvalues A form the Lax spectrum of the ZS
spectral problem . Rigorously, this terminology corresponds to considering the ZS spectral
problem in the space CY(R) of z-dependent functions which are bounded and continuous on R.
However, depending on the properties of the solution u = u(x,t) to the NLS equation other
function spaces may be considered as, for instance, the space of L-periodic functions L?_ (0, L),

per
or the space of L-antiperiodic functions L7 ;... (0, L), or the space of localized functions L*(R).
The choice of the function space affects the nature of the Lax spectrum, as this is usual for
spectra of differential operators. For the spaces mentioned above, the Lax spectrum is a purely
point spectrum consisting of isolated eigenvalues for L2 (0, L), or L7 ;...(0, L), whereas it is a
purely continuous spectrum, up to possibly a finite number of eigenvalues for L?(R).
The ZS spectral problem can be rewritten as a classical eigenvalue problem
0, —u

(L—=X)p =0, ‘C'_<_@ —8@«)' (2.4)
In particular, this allows to define generalized eigenfunctions and algebraic multiplicities of
eigenvalues in the usual way by the bounded solutions of (£ — A)kp = 0 for k € N. If A is a
double eigenvalue with the only eigenfunction ¢ satisfying , then there exists a generalized
eigenfunction ¢, satisfying the nonhomogeneous linear equation

(L=, =¢. (2.5)
In this case, A has geometric multiplicity one and algebraic multiplicity two.

Remark 1. Solutions of the Lax equations and satisfy the following symmetry. If
0= (p,q)" is a solution for X, then ¢ = (—q,p)" is a solution for —\.

Taking a solution u = u(x,t) to the normalized NLS equation (2.1]), solutions v = v(x,t) of
the corresponding linearized NLS equation

1
v + oV + (2lul* — 1)v + u*v = 0, (2.6)

can be constructed from solutions ¢ = ¢(x,t) of the Lax system (2.2)—(2.3). The following
well-known property is a result of a straightforward calculation.

Proposition 1. Assume u is a solution to the normalized NLS equation . If o = (p1,02)T
15 a solution to the Lax system f for some X\, then

V=9I =@, T=—¢+ @ (2.7)
and
v=1(pf + @), U= —i(ys+ P (2.8)
are solutions to the linearized NLS equation @
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Proof. Due to the symmetry in Remark [1| and the linear superposition principle, it is sufficient

to confirm the relations (2.7) and (2.8)) by using v = ¢? and v = —3. This is obtained directly:

1
v + o Vs + (2luf* — v +u*v

= 01(2ip11 + P102) + (P12)” + (2Jul® — 1] — v’

= @1((1 = [u*)pr = 2001 — 2Mupz — uzipz + A(Ap1 + upa) + Uuzipa + u(—Tpr — Ap2))
+ (M1 4+ up2)® + (2lul? = 1)pf — v

=0.

Extending the solution by using (2.7) and (2.8)) ensures that v is a complex conjugate of v. O

Remark 2. Solutions ¢ = ¢(x,t) to the Lax system ~(2.3) which are bounded functions
in x generate bounded solutions v = wv(z,t) to the linearized NLS equation (@ by means
of the transformations and (@) On the other hand, solutions ¢ = @(z,t) which are
unbounded functions in x generate unbounded solutions v = v(z,t) but the linear superposition
of unbounded solutions may become bounded [19]. This latter property must be taken into account
when constructing solutions to the linearized NLS equation @) either in L2, (0, L) or in L*(R)
by using Proposition [1]

The result in Proposition (1| can be extended by taking two linearly independent solutions
¢ = (p1,02)" and ¢ = (¢1,¢2)" to the Lax system (2.2)—(2.3) for the same value of A\. Then
from these two solutions we can construct the three pairs of solutions of the linearized NLS
equation given in Table . The symmetry of the Lax system in Remark [I| implies that the
solutions of the Lax system for —\ lead, up to sign, to the same solutions of the linearized NLS
equation ([2.6]).

Pair | Pair 11 Pair I11

v=pl— G5 | v=p191 — Pay | v =% — P}

v =ip} iP5 | v =ip1d1 + iPago | v = i} + i)
TABLE 1. Table of possible solutions of the linearized NLS equation (2.6) gen-
erated from two solutions ¢ = (1, 02)T and ¢ = (¢, $2)T to the Lax system

(2.2)—(2.3) for the same value of A.

Remark 3. If \ is a double eigenvalue with the only eigenfunction ¢ = (o1, p2)T satisfying
and the generalized eigenfunction p, = (@41, pg)’ satisfying , then the linearized
NLS equation (@ admits the solutions

U =201Pg1 — 202Pg2, UV = 2101041 + 2102042, (29)
in addition to the two solutions in Pair I of Table[l]
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2.2. Darboux transformation. For the construction of breathers, we use the following version
of the one-fold Darboux transformation from [12], Propositions 2.2 and 3.1].

Proposition 2. Assume that u = ug(z,t) is a solution to the normalized NLS equation

and pick \g € C. If ¢ = (po,qo)T is a particular solution of the Lax system f with
u=ug and A = \g, then

P 2(Xo + Ao)podo
0 = Uo
[pol® + g0l

s a solution to the normalized NLS equation and ¢ = (Po, Go)* with
{ﬁo ] _ ot { — } (2.11)
90 [pol? + [qo[? | Po

s a particular solution of the Lax system f with u = ug and A = X\g. Furthermore, the
following identity holds:

(2.10)

2

. 0
[iol” = ol + 7 log(Ipo[* + |4o|”)- (2.12)

Remark 4. By the symmetry in Remark |1, ¢ = (—qo, ﬁQ)T is a solution of the Lax system

f with uw = ug and X = —Xg, whereas ¢ = (—Go, Do) is a solution of the Lax system
foru =1y and A = —)\q.

Remark 5. The result in Proposition[q provides new solutions to the normalized NLS equation

, and to the associated Lax system f, when \g + Ao # 0, i.e., when X\ is not

purely imaginary. When Ao + X = 0, it gives the same solution iy = uqy to the normalized NLS

equation and the trivial solution ¢ = (0,0)T to the Lax system —. Breathers are
found by taking ug = 1 and positive values \g: Ao € (0,1) for AB, A\¢ € (1,00) for KMB, and
Ao =1 for PRW.

In addition to the Dagboux transformation uy — g in Proposition [2, we have a Darboux
transformation ®(\) — ®(A) between solutions of the Lax system (2.2)—(2.3). More precisely,
assuming that ®(A) is a 2 x 2 matrix solution to the Lax system with u = wug, then

d(\) = DA)P(N) (2.13)

is a 2 X 2 matrix solution to the Lax system with u = g if A # {\o, —Ao}, where the Darboux
matrix D()) is given by

1 Po
D) =1 - | = 2.14
W=+ | 2w (2.14)
and [ stands for the 2 x 2 identity matrix. Since
A+ Ao
det D(\) = ———

the matrix D(\) is invertible, and the correspondence between the 2 x 2 matrix solutions ®(\)
and ®()) is one-to-one, when \ # {\g, —Ao}.
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3. CONSTANT-AMPLITUDE BACKGROUND

Here we discuss the simple case of the constant solution v = 1. We determine the Lax
spectrum and compare the set of solutions of the linearized NLS equation

. 1 _
zvt+§vm+v—|—v=0 (3.1)

obtained using standard tools of Fourier analysis with the one given by the solutions of the Lax
system (2.2)—(2.3]). This comparison will be useful in the study of linear instability of AB and
KMB in Sections [] and [5] respectively.

3.1. Lax spectrum. Since the solution v = 1 is constant, the Lax system — can be
solved explicitly. Two linearly independent solutions exist for every A since the Lax system
f is of the second order. We only consider real and purely imaginary values of A
because the solutions found for the other complex values A are unbounded.

For A € R, , two solutions to the Lax equations f are given by:

A= %k()\) —Lik(X\) (z+irt) ¢ = A+ %k()‘> ot 3ik(N) (+iXt) (3.2)

v = , € ) = : ,
— A+ 5RO —A= 5k

where k() := 24/1 — A2. These solutions are bounded for A € (0, 1] and are linearly independent
for A\ # 1, that is, for k(\) # 0. For A = 1, two linearly independent solutions are given by

V1. ¢_l1—1]’ qﬁ_{x—kit%—l]. (3.3)

—x — 1t

Solutions for A € R_, and in particular, for A € [—1,0), are found from the symmetry property
of the Lax equations in Remark [I] This implies that any A € (—1,0) U (0,1) is a geometrically
double eigenvalue, whereas A = £1 are geometrically simple.

For A =iy with v € R, two solutions to the Lax equations f are given by:

1 _ 1
Y 2k(v) =~ ef%ik;('y)(xffyt)7 b = \/ sk(y) + ot 3 k() (@=71) (3.4)

SO_ i 3 9
—iy/3k(v) +~ in/2k(v) — v

where k() := 24/1+4~2. These solutions are bounded and linearly independent for every
v € R,. Solutions for v € R_ are found from the symmetry property of the Lax equations in
Remark |1l Consequently, any A = iy with v € R\{0} is a geometrically double eigenvalue.

For A =0 (y = 0), there are two linearly independent solutions,

A:O: ¢:[ji:|6_iz’ ¢:|:1:|6+iz, (35)
implying that A = 0 is a geometrically double eigenvalue. In contrast to the eigenvalues above,
the eigenvalue A = 0 has algebraic multiplicity four because the bounded solutions of £%¢ = 0
are spanned by (3.5) and two additional solutions

13 —ix —t i
A=0: ¢g:|:_1_7:t:|€ : qﬁg:{_l_it}(ﬁ'. (3.6)
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These computations are summarized in the following lemma, where we have also checked
algebraic multiplicities of all eigenvalues.

Lemma 1. The Lax spectrum of the spectral problem with uw = 1 in the space CP(R) of
bounded continuous functions is the set

Yo =iRU[-1,1], (3.7)
and the following properties hold:

(1) A = +1 are algebraically simple eigenvalues;
(2) each A € ¥o\{0,£1} is a geometrically and algebraically double eigenvalue;
(3) A =0 is an eigenvalue with geometric multiplicity two and algebraic multiplicity four.

Proof. Geometric multiplicity of all eigenvalues has been checked with direct computations re-
sulting in , , , and . In order to check the algebraic multiplicity of eigenvalues,
we note that for each eigenvalue A, the bounded eigenfunctions ¢ and ¢ in CP(R) are periodic in
x with some spatial period L. For the algebraic multiplicity of A, we need to solve (L—XI)¢, = ¢
and (£— )¢, = ¢ in the space of periodic functions with the same period L. Consequently, we
can check the Fredholm condition in L?(0, L) equipped with the standard inner product (-, -).

Let ¢ = (¢1, p2) be the bounded eigenfunction of the eigenvalue problem (£ — Al )¢ = 0. By
the symmetry, the adjoint problem (ﬁ* — ) ¢* = 0 admits the eigenfunction ¢* = (@, §1)7.
If A € Yo\{+1,—1}, there exists another linearly independent eigenfunction ¢ = (¢, d2)7,
for which we have similarly ¢* = (¢2,¢1)7. Since (1*,¢) = {(¢*,¢) = 0, the generalized
eigenfunctions ¢, and ¢, exist if and only if (¢*, ) = 0 and (¢*, ¢) = 0.

For A € (0,1), we obtain

<90*a 90> = —2>\L6)‘k(>‘)t, <¢*, ¢> — _2)\Le—)\k()\)t7

which are both nonzero for A # 0. For A = 1, only one linearly independent eigenfunction ¢ in
(3.3) exists and we check that (p*, ) = —2L # 0. For A\ =iy with v € R, we obtain

<80*7 90> — _Qif}/Lei’Yk(’Y)t, <¢*, ¢> _ _ZifyLefi'yk(fy)t,

which are both nonzero for v # 0. Hence, the algebraic multiplicity of all nonzero eigenvalues
is equal to their geometric multiplicity.

For the eigenvalue A = 0 with the eigenfunctions (3.5), we obtain (¢*, ) = (¢*,¢) = 0, in
agreement with the existence of the generalized eigenfunctions . On the other hand, we
also have

<30*7§0g> = _L7 <¢*7¢> = _Lu
which implies that no new generalized eigenfunctions satisfying £3¢p = 0 exist. Hence, the zero
eigenvalue has algebraic multiplicity equal to four. 0

Replacing the space CP(R) by L?(R) in Lemma [l| the Lax spectrum does not change, the
difference being that ¥y becomes a purely continuous spectrum in L?(R). In the space L2,.(0, L)
of L-periodic functions, the Lax spectrum only contains the eigenvalues \ € ¥y with L-periodic

associated eigenfunctions, hence the purely point spectrum is located at

2
57 = {EAD, m € {0, Noven}}, AP = V1= %"ﬂ- (38)
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Similarly, in the space Lzmiper(o, L) of L-antiperiodic functions, the Lax spectrum only contains

the eigenvalues A € ¥y with L-antiperiodic associated eigenfunctions, hence the purely point
spectrum is located at

(A) A A T
S = {EAD ] m e Nogad, A =4 /1— T (3.9)

The algebraic and geometric multiplicities of these eigenvalues remain the same, as given by
Lemma [I] Notice that A = 0 is an eigenvalue only for particular periods L € mwN.

Figure [1 illustrates these results. The left panel shows the purely continuous spectrum of >3
in L?(R) given by . The right panel shows the union Z(()P) U Z(()A) of the purely point spectra

in L2..(0,L) and L7, ;... (0, L) given by (3.8) and (3.9), respectively.

4 6
4
2
2t
= 0 —— = 0
2t
-2
-4
-4 -6
-2 -1 0 1 2 -2 -1 0 1 2
Re()) Re())

FIGURE 1. Left: The Lax spectrum S in L2(R). Right: The union 35 U £{
of the Lax spectra in L2 (0, L) and L2 ,; ..(0, L) for some positive L ¢ wN.

per antiper

3.2. Localized solutions. Since the linearized NLS equation (3.1)) has constant coefficients,
the Fourier transform provides a basis of bounded solutions in  which can be used to represent
a general solution in L?(R). The following proposition gives the result.

Proposition 3. For every vy € L*(R), there exists a unique solution v € C°(R, L*(R)) to the
linearized NLS equation satisfying v(z,0) = vo(x) in the form of a linear superposition

v(z,t) = /000 [cFo (8) + vy, ()] cos(ka)dk + /000 [dfof(t) + di vy, ()] sin(kz)dk,  (3.10)

where coefficients ¢i& and dif are uniquely found from vy € L*(R), and the functions v (t) for
k >0 are given as follows:

k=0 { gﬁfg; _ %ijr 2it, (3.11)

ke (0,2) { g};gg - gg i gzk;t A= A(k) = % I, (3.12)
LT 1 319
reeoos {0 TS S, 7= = VL (14
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Proof. The proof is based on separation of variables and straightforward computations. Indeed,
substituting v(t, z) = U (t)e™*® into (3.1)) yields the linear differential equation

dt 2

with two linearly independent solutions o) () and v, () given by (3.11), (3.12), (3.13), and
(3.14) for different values of k& > 0. Completeness of the basis of bounded functions in L*(R) is
given by the Fourier theory. 0

Remark 6. Since the points k = 0 and k = 2 are of measure zero in the integral we
actually do not need the solutions for k = 0 and k = 2. Howewver these solutions play a role
when the space L*(R) is replaced by the space L?..(0, L) of L-periodic functions.

per

Remark 7. From the Fourier decomposition (3.10) we can determine the spectrum of the linear
operator from the linearized NLS equation hen acting in the space L*(R). We find that
the purely continuous spectrum is located at {£kA(k); k> 0} =R U [—1,1]. This implies the
spectral instability of u =1 in the linearized NLS equation .

It follows from Proposition (1| that solutions of the linearized NLS equation can be
constructed from solutions of the Lax equations f with v = 1 and A € C. We show
below how to recover the Fourier basis in the decomposition from the eigenfunctions
associated to the Lax spectrum in Lemma [I We use the three pairs of solutions given in

Table [l
Pair II of Table [1, Using ¢ and ¢ in either (3.2) or (3.4), we obtain the same constant

d . N\ - =
i—vk+(1——)vk+vk:0,

solutions
v=0, 7vg(t)=2i, (3.15)
where U7 is the same as in (3.11)). Using ¢ and ¢ from (3.3), we find the solutions
Vo (1) =14 2it, wv(r) =i(2z+ 1), (3.16)

where v, is the same as in (3.11). The two bounded solutions in the Fourier decomposition

(3.10) with & = 0 are recovered.

Pairs I and IIT of Table . Using the eigenfunction ¢ from associated to the simple
eigenvalue A = 1 we obtain the solutions from , again. By the symmetry of the Lax system
in Remark [I} the solutions obtained for A = —1 are, up to sign, the same.

Next, using ¢ and ¢ in for A € (0,1), we find the following four linearly independent
bounded solutions:

o) (2,1) = — (2N + k)eMsin(kz), vl (z,t) = (20 + k)e ! cos(kx), (3.17)

and

vy (2,1) = (26X — k)e M sin(kr), vZ,(2,t) = (26\ — k)e ¥ cos(kx), (3.18)
in which £ = k(\) € (0,2). These are, up to sign, equal to the four solutions in the Fourier
decomposition given by so that we have a one-to-one correspondence between the
solutions provided by the Lax system with A € (0,1) and the solutions in with k € (0,2)
through the equalities £ = k(A) and A = A(k). By the symmetry of the Lax system in Remark ,
the solutions obtained for A = (—1,0) are, up to sign, the same.
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Using ¢ and ¢ in (3.4)) for A = iy with v € R, we only find two linearly independent solutions

vy (z,t) = kcos(kx — kvyt) + 2irysin(kx — kt),

vt (z,t) = —2iy cos(kx — kvt) + ksin(kx — kvt), (3.19)

in which k = k(v) € (2,00). However, using ¢ and ¢ in (3.4)) with —~ instead of v, we obtain
other two linearly independent solutions,

vy (x,t) = kcos(kx + kyt) — 2iysin(kx + kvyt),
v_, (2, t) = 2iycos(kx + kvyt) + ksin(kx + kyt).

Solutions (3.19) and (3.20)) are linear combinations of the four solutions in the Fourier decompo-
sition (3.10]) with k € (2, 00) given by (3.14), and we have a one-to-one correspondence between
these solutions through the equalities £ = k(y) and v = (k).

Finally, using ¢ and ¢ in for A = 0, we obtain two linearly independent solutions

vy (z,t) = —2sin(2z), v y(z,t) = 2cos(2x). (3.21)
These recover the two solutions with & = 2 in the Fourier decomposition (3.10]) corresponding

to 03 in (3.13). In order to recover the two solutions given by 75 in (3.13)), we use (2.9) with
the eigenfunctions (3.5)) and the generalized eigenfunctions (3.6)) to obtain

vg (x,t) = 2(i + 2t) cos(2x) — 2sin(2z), v y(z,t) = 2(i + 2¢t) sin(2z) + 2cos(2z).  (3.22)

Using with ¢ and ¢, produces the same solutions as up to the change of signs.
Solutions (3.21)) and (3.22) for A = 0 recover the four solutions in the Fourier decomposition
given by (3.13) for k = 2.

Summarizing, the set of eigenfunctions of the Lax equations |D withu =1 and A € X
allows us to recover the Fourier basis in the decomposition (3.10]), except for the two functions
Uy (t) cos(2x) and v, (t) sin(2x) with & = 2. The entire basis is recovered when also using the
generalized eigenfunctions associated to the eigenvalue A = 0. This leads to an alternative
expansion for solutions v € C%(R, L?(R)) to the linearized NLS equation (3.1,

v(z,t) = /0 [czvj\“(k)(x, t) + i Uy (T: 1) + Doty o (2,8) + oy g (2, t)} dk, (3.23)

(3.20)

where coefficients T, are uniquely defined from the initial condition v(-,0) = vy € L*(R), and

vi\(k)(x,t) are given by (3.17)—(3.18)) if £ € (0,2) and by (3.19)—(3.20) if £ € (2,00). Since

the points k = 0 and k = 2 are of measure zero in the integral (3.23)) we do not need solutions

B19), B-16), (3:21), and (3.22).

Remark 8. Since the solutions for k = 0 and k = 2 are not used in the expansion , the
solutions found from Pair II of Table[1] and from the eigenvalues A = 0 and A = £1 play no role
in the dynamics of localized perturbations on the background of w = 1. In particular, linearly

growing in t solutions play mo role in this dynamics. All relevant solutions are obtained using

the eigenfunctions of the Lax system for A € ¥\ {0, £1} in Pairs I and 111 of Table .
3.3. Periodic solutions. Solutions of the linearized NLS equation (3.1]) in the space L2 (0, L)

of periodic functions with the fundamental period L > 0 are found by restricting the continuous
Fourier decomposition (3.10) to the discrete values

2
ko = ”Tm m € No := {0,N}. (3.24)
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This leads to a decomposition in Fourier series

v(z,t) = Z [cf of () + ¢, vy ()] cos(knmz) + Z (i o (¢) + dy, 0, (¢)] sin(knx), (3.25)

meENy meN

where coefficients cf and diL are uniquely found from the initial condition v(-,0) = vy €
L2,.(0,L), and the functions v, (t) are given by (3.11)—(3.14).

We obtain an equivalent decomposition using the eigenfunctions of the Lax system. For
the Lax system we have to consider both L-periodic and L-antiperiodic solutions, because the
solutions of the linearized NLS equation ({3.1)) are constructed using squares of solutions of the
Lax system.

The Lax spectra Zg ) in L2 (0,L) and E(()A in Lfmtlper(O, L) are given in (3.8) and (3.9),

per
respectively. For notational simplicity we set A(k,,) = AP , if m is even, and A(k,,) = A ,ifm
is odd, so that $5 U Z(()A) = {£A(kn), m € Ng}. The arguments above show that all functions
in the Fourier series are recovered from the eigenfunctions of the Lax system associated to
the eigenvalues A € E U E( ). Indeed, for m = 0 we have the eigenvalues +A(0) =+1 € Z[()P)
leading to the solutlons vy and Uy given by and , respectively, which are constant
inz. If 0 <7m < L, then A(k,,) € (0,1), and we have the four linearly independent solutions
in (3.-17)—([B-18) with A = (k). If mm > L, then A(ky,) = iy(kn) is purely imaginary, and we
have the four linearly independent solutions in (3.19)—(3.20) with v = v(k;,). In the particular
case L = mm, for some m € N, we have A\(k,,) = 0 and four linearly independent solutions are
given in - and -
As a consequence, an arbitrary solution of the linearized NLS equation (3.1]) in L
be written in the series form:

0,L) can

per

v(z,t) = C(J)rvo (t) +co vy (t>

+ Z [c UA(k T, 1) + Cp Uy (@) + € fmvf/\(km)(a:,t) + cjmvjk(km)(a:,t)], (3.26)
meN

where coefﬁcients ¢, are uniquely defined from the initial condition v(-,0) = vy € L2,(0, L),

andvii I areglvenby- -1f0<7rm<L by- -1f7rm L, and by

1f7Tm>L

Remark 9. When L ¢ 7N, the functions vik(km)(:c,t) in the decomposition (3.26) are all ob-
tained from the eigenfunctions associated to nonzero eigenvalues +\(ky,). When L = wm, the
eigenvalues £\(ky,) vanish and the associated eigenfunctions only provide the two linearly inde-

pendent solutions (3.21)). The generalized eigenfunctions associated to the eigenvalue \(k,) = 0
must be used in this case to obtain the other two solutions in (3.22)).

4. AKHMEDIEV BREATHER (AB)

By using the Darboux transformation in Proposition [2 we obtain AB from the constant
solution u = 1. We describe the associate Lax spectrum in Section and construct periodic
solutions of the linearized NLS equation in Section [4.2]
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Let Ao € (0,1) and define the particular solution ¢ = (pg, go)* of the Lax system ([2.2)—(2.3))
with u =1 and A = A\q:

po(@,t) =1/ Ao — lko e3(Cikoatoot) _ \/ Ao+ zko e3(thoz=0ot)
2 2 (4.1)
Go(w,t) = —/ Ao + %ko ex(Tihomtaot) 4y [Xg — %k’o g3 likor=out),

where kg = 2¢/1 — A2 € (0,2) and 09 = A\oky. Elementary computations give

Ipo|? + |qo|* = 4 [cosh(agt) — Ao cos(ko)],

pol® = 1ol = 2ko sin(koz),

Podo = 2 cos(koz) — 2\ cosh(oot) + ik sinh(ogt).
and the one-fold Darboux transformation (2.10)) yields the formula for AB:
2(1 — A2) cosh(ogt) + iog sinh(ogt)

cosh(agt) — Ag cos(kox) '
The AB solution 4 is L-periodic in z with L = 27 /ky > m and

2
. A _ . 2 . — o 2 .
tkrinoo Uo(z,t) =1 —2X5 £ ikoAo (\ /1 =X+ z/\g> ,

from which it follows that tlirin |to(z,t)] = 1. The complementary transformation ([2.12)) gives
—3o0

ao(l’,t) =—-1+

(4.2)

o cosh(oot) cos(kox) — Ao

% [cosh(oot) — Ao cos(koz)]*

which is consistent with the exact solution (4.2)).

4.1. Lax spectrum at AB. For the Lax system (2.2)—(2.3)), we consider both L-periodic and

L-antiperiodic eigenfunctions ¢ = ¢(z,t) in . We use the Darboux transformation (2.13)) and
the result of Lemma [T to determine the Lax spectrum for AB, which is illustrated in Figure [2

o (, )[> = 1+ Aok

‘ ‘ ‘ . ‘ ‘ ‘
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
Re(\)

FIGURE 2. The union X0 USYY of the Lax spectra in L2,,(0, L) and L2

per antiper

for AB. The red dots represent the eigenvalues {+M\g, — Ao}

(0, L)
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In the space of L-antiperiodic functions, we show that Lax spectrum of AB consists of the
same eigenvalues as for the constant-amplitude solution v = 1. The only difference between
the two spectra is that the eigenvalues {4+\g, —A¢} are geometrically double for v = 1, while
they are geometrically simple and algebraically double for u = .

Lemma 2. Consider AB given by (4.4 (-) and assume L ¢ mNyqq. The spectrum of the ZS spectral

problem (.) with u = Uy n Lanmper(O L) consists of isolated eigenvalues
2
Shp = (£M, m € Noaa}, ALY = /1 m?,

with the following properties:

or each m € Nygq, m , the eigenvalues £y’ are geometrically and algebraically
1) For each N 1, the eigenvalues +A5 trically and algebraicall
double.
e eigenvalues =X and — = —\g are geometrically simple and algebraically
2) The eigenvalues AV = Xy and A" = —) trically simple and algebraicall
double with associated eigenfunctions o = (po,Go)’ and ¢ = (—qGo, o)’ and generalized
eigenfunctions v, = (P11, 012)" and 9, = (=Pra,$11)", where wo = (po, Q)" and
o1 = (1.1, 012)" are given by (A7) and (AI0) in Appendiz[A]

Proof. The Darboux matrix D()\) given by is L-periodic in x and invertible for every
A # £)g. It follows from the relation that there is one-to-one correspondence between the
L-antiperiodic solutions of the Lax systems with « = 1 and u = 6y when A # +)y. Consequently,
with the exception of m = 1, the L-antiperiodic Lax spectrum for u = 4y is the same as
the L-antiperiodic Lax spectrum for u = 1 in and the property (1) holds. The linearly

independent eigenfunctions for the eigenvalues A = AW are given in the form

~ 1 b
Q=+ DY {gg ] [—q0 po] ¢, ¢3:¢+)\_—>\0 [Sg ] [—q0 pol ¢, (4.3)
where the two linearly independent eigenfunctions ¢ and ¢ are given by if0< L <mm
and by if L > mm. The marginal case L = mm is excluded by the assumption.

For A\ = )¢, transformation (2.11)) gives the eigenfunction ¢g = (po, Go)? of the Lax system
with u = 4y and it is easy to check that ¢, is L-antiperiodic in x. For A = —)\; we have the
eigenfunction ¢ = (—go, po)” due to the symmetry in Remark . Hence {4+X\g, —Ao} belong to
the L-antiperiodic Lax spectrum for u = 1. It remains to show that \q is geometrically simple
and algebraically double, the result for —\q following then by the symmetry of the Lax system.

For this part of the proof, we rely on the explicit computation of the expansion into Laurent
series of the 2 x 2 matrix solution ®()) to the Lax system with u = g given in Appendix The
vector ¢ given by m is a second linearly independent solution to the Lax system (2.2 .
for u = 1y and A = \y. Since it is not L-antiperiodic in z, we deduce that )y is geometrically
simple. Next, ¢; given by is L-antiperiodic and satiﬁes (L — Xol)p1 = o, whereas @9
given by satisfies (£ — Mol )pa = 1, but it is not L-antiperiodic. This implies that Ag is
algebraically double and completes the proof. 0

Remark 10. For an alternative proof that Ay is algebraically double, we can check the Fredholm
condition for the eigenfunction oo and the first generalized eigenfunction ¢,. Taking the eigen-
function @} = (4o, po)T of the adjoint problem (L* — \oI) o}y = 0 and the inner product {-,-) in
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L*(0,L), we find that

COSh(O'Ot — Zk’o(L’) — /\0

L
* — )\2 =0
(%0, o 0/0 (cosh(ogt) — Ao cos(koz))? ‘
and
< * > o & /L COS(kO.Z') .
o= o cosh(ogt) — A cos(kox)
+2_)\(2) /L (cosh(ogt + ikox) — Ag)(cosh(ogt — ikox) — )\O)dx
k2 J, (cosh(ogt) — Ao cos(kox))?
_ 2_);(2) L cosh?(agt) + A2 cos?(kox) — 2)\2 i — 2_)\23L 40,
ks Jo (cosh(ogt) — Ag cos(koz))? kg

Since (pg, po) = 0, there ezists the generalized eigenfunction vy satisfying (£ — Xl )1 = o in
L? (0, L). Since (@§, v1) # 0, there is no the second generalized eigenfunction gy satisfying

antiper

(L — XoD)pa = 1 in L2 (0, L). This implies that Ay is algebraically double.

antiper

For L-periodic solutions, we show that Lax spectrum of AB consists of the same eigenvalues
(3.8) as for the constant-amplitude solution u = 1. Moreover, algebraic multiplicitilies of the
eigenvalues coincide.

Lemma 3. Consider AB given by and assume L ¢ mNeyen. The spectrum of the ZS spectral
problem with u = Uy n Lger((), L) consists of isolated eigenvalues

(P) P o i
EAB = {j:)\gn)a m e {O7N9Ven}}7 /\7(71) = 1= ﬁmQ,

with the following properties:

(1) For each m € Neyen, the eigenvalues AP are geometrically and algebraically double.

(2) The eigenvalues Agp) =1 and —/\(()P) = —1 are algebraically simple with associated eigen-
functions ¢ = (¢, $2)T and o = (—@o, 91)T respectively, where p = (P1, ¢2)T is given by
. 1 Po+qo | po
= — |- 4.4

Proof. As in the proof of Lemma [2| the set of eigenvalues and their geometric and algebraic
multiplicities are found from the Darboux matrix D(A) in and the transformation (2.13).
Since D()) is L-periodic in x and invertible for every A = +A ), there is one-to-one correspon-
dence between the L-periodic solutions of the Lax systems with v = 1 and u = 4. Moreover,
the explicit expressions for eigenfunctions ¢ and QAS hold for every A = A0,

For the eigenvalue \ = )\gp) = 1, only one linearly independent eigenfunction ¢ = ¢ =
(¢1,92)" in L2,.(0, L) exists in the form (4.4). In order to check the algebraic multiplicity of

per

A = 1, we take eigenfunction ¢* = ({9, $1)? of the adjoint problem (L£L* —I)p* = 0 and compute
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the scalar product

(0%, 0) = —2/L {1 4 2X0_ podo + Pogo + [pol® + |qol? AN, pogo(Po + Go) }
’ 0 1= A [pol? + |qo|? (1= X0)* (Ipol* + [q0]?)?
_ 1+ Ao /L [1 Lo cosh(ogt) cos(kox) — Ag — iAg sinh(ogt) sm(k‘ox)] "
1 =X [cosh(agt) — Ao cos(koz)]?
_ 1+ Xo I
1— Mg
Since (*, ) # 0, there exists no generalized eigenfunction satisfying (£ —1)p, = ¢ in L7,,(0, L)
so that the eigenvalue A = 1 is algebraically simple. The result for A = —1 is a consequence of
the symmetry of the Lax system in Remark O

4.2. Linearized NLS equation at AB. As in the case of the constant-amplitude solution
u = 1, we construct L-periodic solutions of the linearized NLS equation at AB from the L-
periodic and L-antiperiodic solutions of the Lax equations. These solutions are generated by
the eigenvalues A ) and A% in Lemmas 2 I andl 3l respectively.

We focus on the solutions related to the positive eigenvalues AY‘) = )\ and )\(()P) = 1. By
the symmetry of the Lax system, the negative eigenvalues —)\gA) = —)p and —/\(()P) = —1
provide the same solutions up to the sign change. The particular goal is to identify six linearly
independent solutions of the linearized NLS equation at AB which correspond to the six linearly
independent solutions in the decomposition (3.26)) with m = 0 and m = 1 for the solutions of
the linearized NLS equation at u = 1. The correspondence is established by showing that the
solutions constructed for AB become identical to the ones for u = 1 asymptotically as ¢t — Fo0.

The following theorem presents the main result of these computations.

Theorem 1. Consider AB given by . Solutions of the Lax system f with u = g
for the eigenvalues A =1 and \ = \g generate the following sixz linearly independent L-periodic
solutions of the linearized NLS equation (@) at AB:

(1) the solutions vy in (@ and vy in , which are asymptotically equivalent to the
solutions Uy(ky) and v, respectively, in the decomposition (3.20});

(2) the solution we in (4.11)), which is asymptotically equivalent to the solution V- \(ky) in the
decomposition (3.26));

(3) the solution v in 4.1 , which is asymptotically equivalent to the solution vy in the
decomposition (3.2

(4) the solutions v in (4. ]ﬂ) and (4.20), which are asymptotically equivalent to the solutions
v:\(kl and vA (k1) respectively, in the decomposition @)

The six solutions in this theorem are computed explicitly in the next three subsections.

Remark 11. Due to the two exponentially growing solutions in item (4) of Theorem AB s
linearly unstable. This agrees with the main conclusion of [19] based on symbolic computations.
For periods L € (m,2m) the eigenvalues Ay and 1 are the only positive eigenvalues of the Lax
system, see Figure[d. For larger periods L > 27, there are additional positive eigenvalues which
lead to exponentially growing solutions for the linearized NLS equation at AB.
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4.2.1. Solutions related to A = 1. Recall from Lemma [3| that A = 1 is an algebraically simple
eigenvalue in EEQ associated with eigenfunction ¢ given by (4.4]). The second linearly indepen-
dent solution of the Lax system (2.2)—(2.3)) for u = 4y and A\ = 1 is obtained from the second

vector in (3.3)) by using the transformation formula (2.13)—(2.14]) with A\ = 1:

g |oTittl ~ (z+at)(po+q0) + q0 | po
—x — it 1— X Go |-

By using the L-periodic eigenfunction ¢ in (4.4)) in Pair I in Table , we obtain the following
two L-periodic solutions of the linearized NLS equation ({2.6):

200(1 + Ag) sin(koz) [ko cosh(ogt) + 2i\g sinh(ogt)]

(4.5)

vi(x,t) = — 1—Xo [cosh(agt) — Ao COS(k:Ox)]2 (4.6)
and
nlayt) = 22 [ Fosloe) el
) 1—Xo [cosh(agt) — Ao cos(koz)]?
(1 —2)\3) CoshQ(O-Ot) — A2 cos? (ko) + 2)\3} -
[cosh(ogt) — Ao cos(koz)]? ' :

As t — 400, the periodic solution v; decays to 0, whereas the periodic solution vy approaches a
nonzero constant. These two solutions are asymptotically equivalent to the solutions V(i) and

¥y in the decomposition ((3.26]).
By using both the L-periodic eigenfunction ¢ in 1’ and the non-periodic solution ¢ in 1}
in Pair I in Table [T we obtain the following two non-periodic solutions of the linearized NLS

equation (2.6)):
v3(z,t) = zvy (2, t) + tog(z, t) + fi(z, 1), (4.8)
vg(x,t) = zvg(,t) — tuy(z,t) + folz, t),

where the periodic parts f; and fy are given by

14+ Ao 403 Ao cosh(ogt) — cos(kox
flw.t) = 1—Xo bt ko * sinh(oo?) [cosh(aoi) ))\0 cos((koac))]2
o2 cosh?(ogt) — cos?(kox) — i sin(koz) sinh(ogt)
[cosh(ogt) — Ao cos(koz)]?
cosh(ogt) sin(koz)

A
o [cosh(agt) — Ao cos(koz)]?
and
14+ X koo sin(kox) iAoko cosh(ogt) sinh(ogt)
D e vl R gy 2
- X — A§ cosh(aot) — Agcos(koz)  [cosh(ogt) — Ao cos(koz)]

4AMo(1 = Xg) cos(kox) o cosh(20¢t) + cos(2kox)
cosh(ogt) — Ao cos(kor) ° [cosh(agt) — Ag cos(koz)]?
Ao(1 4 Xo)(1 = A2) cos(koz)?  2A3 cosh(ogt) cos(kox)

[cosh(agt) — A cos(koz)]®  [cosh(ogt) — Ag cos(koz)]?
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Both solutions grow linearly in x and are not L-periodic. Ast — +00, the non-periodic solution
vs becomes asymptotically periodic, because v; decays to 0, and could represent v, in the
decomposition . However, one needs to cancel the polynomial term in x by using a linear
combination with other solutions of the linearized NLS equation .

Finally, by using the non-periodic solution in Pair IIT in Table , we obtain two other
non-periodic solutions of the linearized NLS equation , which are quadratic with respect
to x. As is described in the recent symbolic computations in [19], such quadratic solutions in x
play no role in the proof of Theorem [I]

4.2.2. Solutions related to A = Xg. By Lemma [ the eigenvalue )\ is geometrically simple
with L-antiperiodic eigenfunction ¢y = (po, §o) given by . A second linearly independent
solution of the Lax system is the non-periodic solution ¢g given by in Appendix

By using Pair I in Table [1] with ¢, we obtain the following two L-periodic solutions of the
linearized NLS equation :

W = — = A2 sin(kox) [ko cosh(agt) + 2iAg SiIzlh(O'ot)] _ _)\Ok()_2% (4.10)
2 [cosh(ogt) — Ao cos(kox)] Ox
and
T A2 [ko sinh(ot) cos(kox) + 2iAg cosh(ogt) cos(kox) — 2i] Oty

— (2 + 32 = = —ky?—-. (411
wa = 17+ do) 2 [cosh(ogt) — Ao cos(kox)]” O ot (4.11)

These are neutral modes generated by the translational symmetries of the NLS equation (2.1))
in x and ¢t. Note that w; is proportional to the solution v, in (4.6]),

A1+ )
v = _>\0(1—_)\0)w1' (4.12)

As t — 400, the two periodic solutions w; and wy decay to 0. These two solutions are asymp-
totically equivalent to the solutions vy, , and v~ , in the decomposition 1)
Next, we record the following algebraic computations:

—Gop+(Ao) + Pod+(Ao) = 4isin(koz),
—qop—(Mo) + pod— (o) =0,
—Gop+(Xo) — Pods(No) = 4Xg sinh(ogt) — 2ikg cosh(ot),
—Gop—(Xo) — pod—(No) = 4 [N cosh(ogt) — cos(kox)] — 2ikq sinh(ogt).
Then, by using Pair II in T with the L-antiperiodic eigenfunction ¢q in and the
non-periodic solution ¢y in (A.11)), we obtain the following two non-periodic solutions of the
linearized NLS equation :
w3(z,t) = —4 ozw (z,t) + 4(1 — 2\ tws(z, 1) + g1(z, 1), (4.13)
wy(z,t) = —4Xozwo(,t) — 4(1 — 2X2)tw, (,t) + go(x, 1), (4.14)

~—~

where the periodic parts g; and gy are given by

gi(z,t) = 4ky* [cosh(opt) sin(kox)wy (z,t) + sinh(ogt) cos(kox)ws(z, )]
) 2 cosh(ogt) — 2 cos(kox) — ikg sinh(opt)
0 cosh(oot) — Ag cos(kox)
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and
g2(z,t) = 4ky* [cosh(ogt) sin(kow)ws(z, t) — sinh(ogt) cos(koz)wy (7, 1)] .

Note that the components g; and g, are bounded in ¢t as t — +o0. In view of (4.12), the linear
combination

1—A
v(,t) = A - )\ng(a:,t) —wy(x,t) = tso(a, t) + fo(x, 1), (4.15)
0
where sg and fy are L-periodic in x and bounded as t — +o00, e.g.

ikoAo sinh(ogt)
cosh(ogt) — Ao cos(koz)
iko sinh(ogt) cos(kox) + 2(1 — A2 cos? (ko))
[cosh(ogt) — Ao cos(koz)]?

As t — oo, the solution v in (4.15)) is asymptotically equivalent to the solution v, in the
decomposition (|3.26]).

so = 2iA5|1—2X\5+

+(1=X3)

Remark 12. Since vy and wy are not linearly dependent from each other, there is no a linear
combination of vy and wy which would be L-periodic in x.

Finally, by using Pair III in Table [1] with the non-periodic solution ¢, in (A.11]), we obtain
two non-periodic solutions which are quadratic in . Again, such quadratic solutions in = play
no role in the proof of Theorem [}

4.2.3. Solutions related to the generalized eigenfunction at A = X\g. With the account of vy, vs,
wy, wa, the relation , and the linear combination , it remains to obtain two L-periodic
solutions of the linearized NLS equation at AB, which would be asymptotically equivalent
to the remaining solutions v;\r(kl) and v:\(kl) in the decomposition . These solutions will
be constructed from linear combinations of non-periodic solutions that grows linearly in z, just
as the solution v in (4.15)).

By Lemma [2 the eigenvalue \g is algebraically double with the generalized eigenfunction
1 given by in addition to the eigenfunction ¢y given by . It is natural to expect
additional solutions for the linearized NLS equation to be obtained from the eigenfunction ¢y
and the generalized eigenfunction ;. It is surprising, however, that this is not the case. As a
result, we have to use the eigenfunction ¢y and the generalized eigenfunction ¢; together with

the non-periodic solutions ¢g and ¢; given by (A.11) and (A.14)).
By using the expansion of the 2 x 2 matrix solution ® () computed in Appendix , we write

b(X) = [2ikop(N), #(N)]

where

o) = o T e (A=) O((A= X)), (4.16)

d(N) = do+ d1(A— Xo) + O((A — \o)?). (4.17)
Here ¢g, 1, and ¢y are given by (|A.7)), , and (A.13), whereas ¢ and ¢; are given by
(A1) and (A.19).

Both columns of CTD()\) being solutions of the Lax system l){i the three pairs in Table
give solutions v(A) of the linearized NLS equation (2.6) at AB. Expanding v(A) at A = Ag
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generates a set of possible solutions to the linearized NLS equation (2.6) at AB. It turns out
that the L-periodic solutions and the linearly growing in x solutions obtained from Pair I in
Table [1] are all linear combinations of the previously obtained solutions and that the solutions
obtained from Pair III in Table [1| are all at least quadratic in x. As a result, the new suitable
solutions to the linearized NLS equation ([2.6) must be obtained by using Pair IT in Table .

Using Pair II in Table [I| with the two columns in the matrix ®(\) expanded at A = Ao, we
obtain the following expansions

v = (zlko) Azﬁj}\o + vy + O()\ — )\0) , (418)

where each term of the expansion gives a solution v to the linearized NLS equation (2.6 at AB.

It follows that w, = w3 and w_ = w, were previously obtained in (4.13)) and (4.14]) respectively.
The next corrections in (4.18) give two new solutions:

vy = Qo111 — 950,2451,2 + p1,1001 — @1,2&0,27
V- = ipo1P11 + 1Po201,2 T 111001 + 1912002,

where the first subscript stands for g, ¢1, @9, and ¢; and the second subscript stands for the
first and second components of the 2-vectors. For further computations of v we obtain

PoP+(Xo) + Goq+(Ao) = 2cos(kox) [2Xg sinh(ogt) — ko cosh(opt)] ,
p0p+()\0) — (j(](j_|_(/\0) = =2 Sil’l(kol’) [k() SiHh(O'()t) + 21)\0 COSh(O'()t)] .

After substitution of (A.7), (A.10)), (A.11), and (A.14)) into vy, we obtain

vi(z,t) = ary(z,t) + tse(x,t) + fe(z,t),
where the L-periodic parts are computed explicitly:

8

ry = —F(3—2>\3)w17
0
8 202
_o= ——=(1—4X — 0
4 16

S¢ = k_g(l = 220) (Bop+ (Vo) = G0+ (o)) + 7 (1 = 2)5) sinh(oot) sin (ko)
0
+%(1 — 2)3) (2 cosh(ogt) cos(koz) — o) wa — 8Agws,
0

4q R = _ 16 ) .
s = k_o(l —228) (Pop+ (M) + Gods(No)) + ?(1 — 2)3) sinh(ogt) sin(koz )w,
0

—%u — 92X2) (2 cosh(oot) cos(kox) — Ao) wr + 8w,
0
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and
1 7
f+ = = Pop+(No) + GG+ (M) + —(Pop+(Xo) — God+(Xo))
221{?0 kO
2 .= 2t ) .=
+ﬁ (cosh(ogt) cos(kox) — Ao) (PoPo — Godo) — o sinh(oot) sin(koz) (popo + Gogo)
0 0
2
k_ Slnh(Uot) COS(kofB)(pop+(>\0) - QOQ+()\0))
0
22 . N ~ _
2 cosh(oot) sin(koz) (Pop+(Xo) + God+(No))
0
4 4
+/{;3 cosh(20¢t) sin(2koz)wy + — 13 5 sinh(200t) cos(2kox)ws,
0 0
1 1
- = (pop+ (o) — Go@+(Xo)) — — (Pop+(Xo) + God+(No))
2]{?0 kO

2 . _x 2 . . < _ =
k2 (cosh(ogt) cos(kox) — o) (Popo + Godo) + — sinh(oot) sin(kox)(poPo — Godo)

kg

21 . ~ ~ _
+— sinh(oot) cos(koz) (Pop+(Ao) + God+ (o))

kg
2 : . =
ﬁ cosh(oot) sin(koz) (Pop+ (M) — Gogd+(No))
4 . 4 .
+ﬁ cosh(200t) sin(2kox)we — = sinh(20¢t) cos(2kox)w,
0 0

The z-growing part of vy is cancelled in the linear combination

220(3 — 2X2)(1 — Ao)

v(x,t) = kjvg(v,t) — T v3(x, 1)
—92)\2 —
= t81($,t> + k§f+(l',t) - 2)\0(3 124)‘\0)?51 )\O)fl(x7t)a (419)

where

(2A%2 — 1) cosh(agt) — iAgko sinh(ogt) — Ao cos(koz)

t) = 4id(7 — 102
si(w,t) iAo 0) cosh(aot) — Ao cos(kox) ’

and fy(z,t), fi(z,t) are L-periodic in x. Note that tsi(z,t) is irreducible in the sense that
there are no other solutions of the linearized NLS equation (2.6) with the same behavior as
tsi(z,t). On the other hand, si(z,t) and fi(z,t) are bounded as ¢ — o0, whereas k3 f, (z, 1)
is unbounded. As t — 400, we deduce that the exponentially growing component of v(x,t) is
given by

v(x,t) ~ —4ki(1 — 4X7) cosh(aot) cos(kox) — 8idoko(3 — 4A7) sinh(oot) cos(kox).
We conclude that the solution v in (4.19) is L-periodic and asymptotically equivalent to the
(13.26))

mode vf)\(kl) in the decomposition as t — Fo0.
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The z-growing part of v_ is cancelled in the linear combination

2(1 — 4)\2 SA2(1 =\
oet) = Ko ot) - 2y 0y - B2
2(1 — 4)? 8A2(1 =\
= tsala )+ RS- 1) — 20 g gy SR gy a0
0 + Ao

where
sin(koz)[ko cosh(ogt) + 2iAg sinh(opt)]
[cosh(ogt) — Ao cos(kox)]? ’
and f_(z,t), fa(z,t), go(x,t) are L-periodic in x. Again, the solution v(z,t) grows exponentially
in time as t — 400 due to the unbounded component k2 f_(z,t), according to

v(x,t) ~ —4k3 (1 — 4\2) sinh(oot) sin(kow) — 8iAoko(3 — 4A3) cosh(ogt) sin(kox).

We conclude that the solution v in (4.20)) is L-periodic and asymptotically equivalent to the
mode vj(kl) in the decomposition 1} as t — *oo. This completes the proof of the theorem.

4.2.4. Solutions related to other eigenvalues. We conclude this section with some comments on
the solutions generated by the remaining eigenvalues in the Lax spectrum. These are the ge-
ometrically double eigenvalues {)\,(f )}meNmn for L-periodic solutions and {A% )}mGNO w\(1y for
L-antiperiodic solutions. We exclude the case L € 7N when 0 is an eigenvalue of higher alge-
braic multiplicity and the two eigenfunctions alone were not enough to obtain the decomposition
for the constant solution v = 1. Then, using Pairs I and III in Table from the associated
eigenfunctions we obtain L-periodic solutions of the linearized NLS equation at AB which
are asymptotically equivalent to the solutions {UiA(km)}meN\{o,l}, in the decomposition 1'
Pair II in Table [I| generates two L-periodic solutions which are linear combinations of the solu-
tions vy, v2, and wy from Theorem [I] Together with the other three solutions from Theorem [I]
the resulting set of solutions is asymptotically equivalent to the one in the decomposition ([3.26)).
While we do not attempt to prove completeness of this set, we refer to [19, Section 4] for a
recent discussion of this question.

5. KUuzNETSOV-MA BREATHER (KMB)

Here we apply the same procedure of Section [4] for KMB. Since KMB is localized in z, we
have to consider the Lax spectrum and bounded solutions of the linearized NLS equation in the
function space L*(R).

Let \g € (1,00) and define the particular solution ¢ = (pg, qo)? of the Lax system ([2.2)—(2.3))
with u =1 and A = Ag:

po(CL’, t) = AO + l/@o e%(ﬁOiﬁ-’riO&Ot) _ \/)\0_71/60 6_%(50334—2‘0(013)’
: 1 2 1 (5.1)
qo(x,t) = _M 3 (Bow+iaot) 44/ N+ 550 e*%(ﬁoﬂwriagt)’

where By = 24/A2 — 1 and ag = \ofp. Notice that py and ¢q in |) are related symbolically to
the ones for AB in (4.1]) through the equalities ky = i5y and 0g = 1yg. Elementary computations
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give
Ipo|? + |qo|* = 4 [Xo cosh(Byx) — cos(agt)]
pol® — lqol* = 29 sinh(Byz) (5.2)
Podo = —2 cosh(Box) + 2o cos(agt) + 5o sin(agt),
so that the one-fold Darboux transformation yields the formula for KMB:
2(\2 — 1) cos(apt) + iy sin(agt)
Ao cosh(Byx) — cos(apt)
The complementary transformation gives a consistent relation
Ao — cosh(Box) cos(apt)
(Ao cosh(Box) — cos(agt))?’
which can also be derived from . KMB is periodic in ¢ with period T' = 27 /ay and localized

in z with lim ao(z,t) = —1.

T—400
5.1. Lax spectrum at KMB. As for AB, we use the Darboux matrix to construct the
bounded solutions of the Lax system f with v = 4y from the bounded solutions of
the Lax system with u = 1 and then determine the Lax spectrum at KMB in L?(R). The Lax
spectrum Ykyp is shown in Figure [3| where the red dots show isolated eigenvalues {+X\g, —Ao}.

’llo(.f,t) =—-1+

|do(z,t)]* =1+ a0

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
Re(\)

FIGURE 3. The Lax spectrum Yiyp in L*(R) for KMB.

The following lemma gives precisely the spectrum Ygyg.

Lemma 4. Consider KMB given by . The spectrum of the ZS spectral problem with
u =g in L*(R) is the set
Exmp = (R U[=1,1] U {Ag, = Ao}, (5.4)

with the following properties:

(1) For each A € iRU (—1,1), there exist two linearly independent bounded solutions.

(2) For A\=1 and \ = —1, there exists only one bounded solution.

(3) The eigenvalues A = X\g and \ = — Xy are algebraically simple with associated eigenfunc-

tions o = (po, Go)T and o = (qo, —Po)T respectively.
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Proof. The Darboux matrix D()\) given by is invertible for A # £X¢. Moreover, both D(\)
and its inverse are bounded in x for A # £)\g. As a result, we have a one-to-one correspondence
between the bounded solutions of the Lax systems with « = 1 and u = 1 for A # +X\g. This
implies that, up to the values £\, the ZS spectral problems with v = 1 and u = 4y have
the same continuous spectrum X, given by (3.7)), so that properties (1) and (2) hold.

[t remains to prove (3). Due to the symmetry property of the Lax system, it is enough to
show the result for ).

The vector ¢ = (po, qo)T given by (5.1)) is a solution of the Lax system (2.2)—(2.3) with u =1
and A\ = ). The Darboux transformation (2.11)) gives the solution ¢ = (pg, o)’ of the Lax

system — with v = 49 and A = Ag. From the formulas and we find that
Po(,t),Go(x,t) — 0 as |x| — oo exponentially fast, hence p = (pg, Go)? is an eigenfunction
in L?(R) associated with )\g. Furthermore, the Lax system ({2.2)—(2.3) having zero-trace, the
Wronskian of any two solutions is constant both in x and ¢. Since one solution is decaying
to zero as |r| — oo, another linearly independent solution is necessarily growing at infinity.
Consequently, \g is geometrically simple.

For the algebraic multiplicity, we use the form (£ — AgI) ¢ = 0 with the eigenfunction ¢y =
(Po, Go)* € L*(R) and show that the linear nonhomogeneous equation

(ﬁ - )\0[) o = o, (5-5)

does not have the generalized eigenfunction 1, € L?*(R). The solvability condition for this
equation is given by the Fredholm condition (¢§, po) = 0, where (-,-) is the inner product in
L3(R) and ¢} is an eigenfunction of the adjoint problem (£* — \oI) ¢ = 0. A direct calculation
shows that ¢} = (qo,Po)”, and then we compute

* 8)\%])0(]0
Lo, P - / —dl’
(5, 0) o TPl + [0

_ / cosh(Boz + iangt) — Ao I
70 i (Ao cosh(Byx) — cos(apt))?
1 )\0 Sil’lh(ﬁo[ﬁ) +1 Sil’l(Oé()t) peo

BT = 25"
o Ao cosh(fox) — cos(aot) |, , o

Consequently, (g, o) # 0 so that \g is a simple eigenvalue and property (3) holds. |

5.2. Linearized NLS equation at KIMB. As in the case of the constant-amplitude solution
u = 1, we construct bounded solutions of the linearized NLS equation (2.6)) at KMB from the
bounded solutions of the Lax equations for A € Xkyp in Lemma [4] Recall that the solutions
are unbounded in x when A ¢ Ykyg.

Here we focus on solutions generated by the eigenvalue )y, and in particular on those which
are decaying to zero as |z| — oco. The eigenvalue A = — )¢ produces the same solutions of the
linearized NLS equation, due to the symmetry in Remark [l The following theorem provides
the main result of these computations.

Theorem 2. Consider KMB given by . The eigenvalue Ny of the Lax system generates
three linearly independent exponentially decaying solutions of the linearized NLS equation (@
These solutions are proportional to the three derivatives of KMB with respect to x, t, and \g.
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Remark 13. Besides the three exponentially decaying solutions in Theorem[d, we also find three
linearly independent bounded solutions which are asymptotically constant as v — 4o0o. These
siz solutions are the analgue for KMB of the sixz solutions given in Theorem[1] for AB.

5.2.1. Solutions related to A = X\g. Since \g is a simple eigenvalue in Yy, the eigenfunction
0o = (Po, Go)* provides an exponentially decaying solution of the Lax system — with
A = Ag. The second linearly independent solution is exponentially growing in z. According to
Remark [17] in Appendix [A] this second solution is given by:

bo = [ Z(()) ] +4 [Nz +i(1 — 2XA3)t + By ' sinh(Box + iapt)] [ 23 } . (5.6)
By using Pair I in Table [1| with ¢y, we obtain the solutions

A2 sinh(Byx) (8o cos(apt) + 2iAg sin(agt))

)=pt— @ =— .
i, 1) = Py = o 2(Ag cosh(Byz) — cos(apt))? (5.7)
and
. A2(2)\ cosh 1) =241 h i t
() = Zpo n qu iAg (2o cosh(Box) cos(apt) 5o cosh(Byx) sin(aot)) (5.8)

2(A\g cosh(Boz) — cos(apt))? ’

which are periodic in ¢ and exponentially decaying in x. It turns out that these solutions are
proportional to the derivatives of 7 with respect to x and ¢,

, Ol 8u
wy; = )\050 xO, 50 0

Hence these solutions are generated by the symmetries of the NLS equation (2.1)) with respect
to translation in z and .
While Pair IIT in Table [I| with ¢y gives exponentially growing solutions, Pair II with ¢, and
¢o gives two bounded solutions:
ws(z,t) = —4Xozwi(x,t) + 4(1 — 203 two(w, t) + fi(x,1), (5.9)
wy(z,t) = —4Xzwy(x,t) — 4(1 — 20 twy (2, 1) + fo(x, 1), (5.10)
where w; and wy are given by (5.7) and (/5.8]), respectively, and
200 cos(agt) — (1 + A2) cosh(Byz)
[Ao cosh(Bya) — cos(aot)]?
(2A2 — 1) cos(apt) — A cosh(Bx)
[Ao cosh(Byx) — cos(aot)]?
g1 sinh(Boz)
0 X\ cosh(Byz) — cos(agt)’

Here f; is exponentially decreasing as |r| — oo, whereas f, is bounded but not decaying as
|z| — oo, and both f; and f, are periodic in t. Consequently, w3 is also exponentially decaying
in z, and a direct computation shows that it is proportional to the derivative of 1y with respect
to )\0,

fl(x,t) = 2)\0 COS(Oéot)

+4iXoBy * sin(apgt)

Y

i L 0hy 0
wBy " B (ho) 5 + tag o (ho) it + 0

ot T

dUO

d>\0 = —)\611}3.
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In this computation, A\g is an arbitrary parameter and we write Sy = 5y(\o) = 24/A3 — 1 and
ap = apg(Ng) = XoBo(No). The solution wy is asymptotically constant, with
lim wy(r,t) = £4iX3y " (5.11)

r—=Fo00

The solutions wq, ws, and ws are the three linearly independent exponentially decaying solutions
in Theorem 2

5.2.2. Solutions related to A € ¥y. First, we consider the solutions of the linearized NLS equation
which are asymptotically constant, but not decaying to 0. These solutions are obtained from
Pairs I and II in Table[l|for A = 1 and from Pair II for any A € ¥y. We are looking for a suitably
chosen linear combination of these solutions with w4 which might lead to a fourth exponentially
decaying solution of the linearized NLS equation . We show below that this is not the case.

For A = 1, the Lax system has the bounded solution ¢ in and the unbounded solution qg
in in which (po, go) is given by (5.1). Using Pair I of Table [I] with ¢ we find the solutions

_ 2X00(1 + Ag) sinh(Boz) (5o cos(apt) + 2iAg sin(agt))

t 5.12
vz, 1) 1— X [Ao cosh(Boz) — cos(agt)]? (5.12)
and
(2. 1) 2i —Xg cosh(Boz) + (2A2 — 1) cos(agt) + 2iAoBo sin(apt)
va(x =
2 (1—Xo)? Ao cosh(Boz) — cos(apt)
a2 B2 sinh?(Box) + (—2 cosh(Boz) + 2\ cos(agt) + 5 sin(apt))? (5.13)
0 4 [\o cosh(Byz) — cos(agt)]? '
The solution v; is proportional to w; given in (5.7)),
o 414 M) w
1 — )\0(1 _ )\0) 1,
whereas the solution vy is asymptotically constant with
) 20(1+ A
:vl—1>r:£oo U2(I’ t) - :([ — /\00)
By using Pair II with ¢ and qg, we find the bounded solution
1
v3(z,t) = <x + 5) vi(z,t) + tog(z, t) + g1(z, 1), (5.14)
where
1 5 B2 sinh?(Byx) + (—2 cosh(Byw) + 2Ag cos(apt) + iy sin(agt))?
g(z,t) = —5 [1+ A 5 ,
(1—Xo) 4 [A\g cosh(Byx) — cos(apt)]
and a solution vy(x,t) which is unbounded in x. The solution vs grows linearly in ¢ and
: 2i(1 + o) A
1 t) =—t .
A T P (e

Pair III gives two unbounded solutions. The three bounded, but not decaying to 0, solutions vs,
v3, and wy are linearly independent. Comparing their limits at x = 00 we conclude that there
is no linear combination of these solutions which could lead to a localized solution.
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Using Pair IT in Table [I] with the two linearly independent solutions of the Lax system for
A € iRU(—1,1) we do not find any new solutions. After some computations, we obtain that all
these solutions are linear combinations of the exponentially decaying solutions w;, wy, obtained
from the eigenvalue A = Ay, and the asymptotically constant solution v, obtained from \ = 1.

The remaining solutions of the linearized NLS equation are obtained using Pairs I and
IIT in Table [1] for A € iR U (—1,1). Since the Darboux matrix D(X) in is invertible with
constant limits as z — 400, these solutions are asymptotically the linear combinations of the
solutions found for w = 1. For A € iR U (—1,1) the latter solutions are asymptotically periodic
in z with wavenumber k = k(\) = 2v/1 — A2 > 0. By analogy with the case u = 1, we denote
by f}i\(k) (x,t) the four solutions of the linearized NLS equation at KMB for k € (0, 00)\{2}.
Although only two linearly independent solutions are obtained for k = 2, the point £ = 2 is of
measure zero in the continuous spectrum xug.

5.2.3. Localized solutions. Based on these explicit computations, we expect that a solution v €
C°(R, L*(R)) of the linearized NLS equation (2.6) at KMB can be uniquely expressed in the
linear superposition form

v(z,t) = cui(z,t) + cove(x,t) + czvs(z, t)

+ / [ég@j(k)(x,t) + G Oy (@, 1) + 507, o () + é:k@;(k)(x,t)] dk, (5.15)
0

where the coefficients ¢q, ¢, ¢3, and éik are uniquely determined by the coefficients by the initial
condition v(-,0) = vy € L*(R). A rigorous justification of this formula requires an additional
completeness proof which is outside the scope of this paper.

Remark 14. The decomposition precisely shows how many linearly independent solutions
of the linearized NLS equation (2.0) at KMB correspond to the point and continuous parts of
the Lax spectrum Yxwus. Interestingly, this decomposition is different from the complete set of
solutions of the linearized NLS equation at the NLS soliton [20), 21] where perturbations to a
single NLS soliton are decomposed over four exponentially decaying solutions which correspond
to translations of the NLS soliton over four parameters and the four continuous families of
eigenfunctions of the continuous spectrum. Here, we only found three exponentially decaying
solutions.

Remark 15. It follows from that the linear instability of KMB is related to the continuous
spectrum g in Yxup with evactly the same growth rate as the one of the constant-amplitude
background v = 1. This is in agreement with the numerical computation of unstable modes for
KMB in [14], where KMB was truncated on a spatially periodic domain [—L, L]. According to
Figs. 1,2, and 8 in [14], the number of unstable modes of KMB depends on the period T for
every fized L. In the limit T — 0 (Ao — 00), the number of unstable modes corresponds to those
of the constant-amplitude background uw = 1. Howewver, for each fized L, the number of unstable
modes decreases as T decreases. Our analysis corresponds to the case L = oo, when the unstable
modes form a continuous spectrum which is independent of period T'. Indeed, the results in [14]
showed that the number of unstable modes increases when L increases.
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6. CONCLUSION

We have classified solutions of the linearized NLS equation at two breather solutions
of the NLS equation given by AB and KMB. In the case of AB, our results agree with
the symbolic computations in [I9] where exponentially growing in time and spatially periodic
solutions of the linearized NLS equation were discovered. In the case of KMB, we provide the
set of solutions for characterizing the linear instability of breathers which was not achieved in
the previous work [35] due to lack of spectral mapping properties. In both cases, the question
of completeness was left opened and is the future open problem of highest priority.

Among further directions, it is worth mentioning that AB and KMB are particular solutions
of the third-order Lax-Novikov equation

u” + 6lul*u’ + 2ic(u” + 2Jul*u) + 4bu’ + Siau = 0, (6.1)

for a = ¢ = 0. More general solutions of the third-order Lax—Novikov equation with a = ¢ =0
are represented by the double-periodic solutions which are periodic both in z and t [2] [10].
Linear instabilities of the double-periodic solutions were recently explored in [27] by utilizying
the Floquet theory both in  and ¢. The linear unstable bands of the double-periodic solutions
should correspond to the linear unstable modes of AB and KMB in the case of degeneration of
the double-periodic solutions, this limiting procedure is still to be studied in future.

Overall, characterizing instability of breathers on the constant-amplitude background is a
more difficult problem compared to characterizing of the modulation instability of travelling
periodic waves in the NLS equation [I1], [15]. Further understanding of the linear and nonlinear
instability of breathers will provide better clarity of the formation of complex rogue wave patterns
and integrable turbulence in the framework of the NLS equation .

APPENDIX A. COMPUTATION OF ®()\) NEAR A = g

Let u = 4y be AB given by (4.2)) and consider the 2 x 2 matrix solution ®(\) to the Lax
system (2.2)—(2.3) with v = 1 in the form:

=16 18] =
where
p£(A) = \M——k 3kt 300 R LA ‘
g+(N\) = \ + k Lik a(A)t:F [\ — %k(k) e%ik(/\)xf%a()\)a
with k(\) := 21— )2, ¢ —)\k()and)\eR

Remark 16. The solution (4.1 (m used for the construction of ty corresponds to the second column
of ®(N) evaluated at X = Ao, so that py = p_(Xo) and qo = q— (o).

The 2 x 2 matrix solution CTD()\) of the Lax system 1}{) with u = g is given by the
transformation (2.13)) and (2.14)), or explicitly by

B =20 + 1 [ b } a0 po] (V). (A.2)
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Expanding <i>()\) into Laurent series near the simple pole at A = )y, we write

A

B()) = A(I)__le + B+ B1 (A — Ag) + O — Ao)?), (A.3)
where
<i>,1 = {53 } [ qo Po]‘bO\O)a
By = B(N\) + Hg }[ 9 po] '(No),
b= B0 {fq)g ] —g0 po] ().

Further expanding the eigenvalue problem
(L= M)D(N) =0,
into Laurent series near the simple pole at A = \g, we find successively at orders O((A — \g) ™),
O(1) and O(X — Ag) the equalities
(L=D2D)P_y =0, (L—=XD)Dy=D_1, (L—XI)D, = Dy. (A.4)
We use these equalities to identify the eigenfunctions and the generalized eigenfunctions of the

Lax system for A = \g from the columns of P 1 (IDO, and ®;.
We record the following algebraic computations:

—qop+(Xo) + Pogs(Ao) = 2iko,

—qop—(Ao) + pod—(Ao) =0, (A.5)
—qop+(Xo) — Pog+(Ao) = 4sinh(oot — ikoz), '
—(qop- ( ) Poq-—- ()\0) = 4COSh(O'0t — Zkol’) — 4)\0
By using the first two lines of (A.5) , we obtain
d_, = [2ikopo, 0], (A.6)
where ) \
Do 0 — o
= A = — A.?
70 [ do } 2 [cosh(ogt) — Ag cos(kox)] [ Po ] ’ (A7)

is precisely the L-antiperiodic eigenfunction of the Lax system . . 2.3]) for u = Ug and A = \g.
Next, using the equalities

A Sk(N) = Fo /A £ kO

we compute the derivatives

D) = k() i + 2ida + 2(1 — 222t p= (),
do(N) = k(N =i + 2idz + 2(1 — 232)] g= ().

which together with the four equalities of (A.5)), lead to
[—go po] '(No) = diky " [cosh(oot — ikox) — Ao, ko(iAox + (1 — 203)t) + sinh (oot — k)] .

Then we compute

(A.8)

Dy = [2ikop1, do, (A.9)
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where
L | p+(Mo) 2 : Po
= — — |cosh (oot — tkoz) — A A A.10
Y1 Sike { ¢ (o) + i [cosh(ogt — ikox) 0] do ( )
is the L-antiperiodic generalized eigenfunction satisfying (£ — Aol )p1 = ¢o, and
o = {Zo ] + 4 [ Ao + (1 — 2A3)t + iky " sinh (ot — ikow)] {go ] ’ (A.11)
0 0

is a second linearly independent solution to the Lax system (2.2)—(2.3)) for u = @y and A = A,
which is not L-antiperiodic in x.

Finally, by differentiating in A and using we obtain
—qop’L (Xo) + pod (M) = 2iky" [A(idox + (1 — 2X0)t)* — 1]
+16iky* [idoz + (1 — 203)t] sinh(oot — ikox)
+16iXoky ® [cosh(ogt — ikoz) — Ao -
and
—qop” (Mo) + pog” (No) = 16iky? [idox + (1 — 2)8)t] cosh(opt — ikox)
+16iMok; ® sinh (oot — ikox) + 4i(ix — 4)ot).
Then we compute
(i)1 = [2ikop2, ¢1], (A.12)

which consists of non-L-antiperiodic functions,

1 D 1 D
= A 1—2X\Ht) | 1Y — |
2 kQ(Ox ! 0)){%}4_2%{ 0]

Lot Po
+2—k3 [4(2)\0I + (1 — 2)\3)75)2 — 1} |: C}o :|

;3 (iAow + (1 — 203)t) sinh (oot — ikox) [ ];0 ]
0
4\ . D
+? [COSh(O’Qt — Zk‘o[L’) )\0] qAO (A13)

satisfying (£ — Mol)p2 = ¢1, and

b1 = (idor +(1—222)0) {2183)) ] L { p+(No) ]

ko ko _Q+<)‘O)

8(2)\:1:+(1—2)\2))cosh( t — ikox) +82—)\Osnh( t —ikox) Po

k:2 0 70 ’ q() kg o | do
+2i(ix — 4)\ot) l ];2 ] . (A.14)

satisfying (£ — Xol)d1 = ¢o.

Remark 17. These computations can be transferred to KMB given by by taking ko = 15
and og = iag. In particular, we obtain two linearly independent solutions of the Lax system
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—([2.3) with uw = tg and X = X\ for KMB from and (A.11). The first one is the

solution @y = (Po, Go)* in Lemma and the second one is the solution ¢y given by

Remark 18. Derivatives of the matriz solution <i>()\) n A at X = £Xg were computed in the
recent work [19] without discussing geometric and algebraic multiplicities of the eigenvalue Ag.
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