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Stability of monotone, non-negative, and compactly supported vorticities
in the half cylinder and infinite perimeter growth for patches
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Abstract

We consider the incompressible Euler equations in the half cylinder Rso x T. In this domain, any
vorticity which is independent of zs defines a stationary solution. We prove that such a stationary
solution is nonlinearly stable in a weighted L' norm involving the horizontal impulse, if the vorticity is
non-negative and non-increasing in x1. This includes stability of cylindrical patches {z1 < a}, a > 0.
The stability result is based on the fact that such a profile is the unique minimizer of the horizontal
impulse among all functions with the same distribution function. Based on stability, we prove existence
of vortex patches in the half cylinder that exhibit infinite perimeter growth in infinite time.

1 Introduction

We consider the incompressible Euler equations in the half cylinder Sy := Ryg x T, where T := [—m,7) is
the torus, in vorticity form:

Ow—+u-Vw=0 for (tz)e€ (0,00)x 54, (11)

w|t:0 = Wo for =€ S+. '
The velocity w in (|1.1)) is determined from the vorticity w by the cylindrical Biot—Savart law, imposing no-
flow condition at the boundary 95, := {0} x T, where u vanishes as x; goes to infinity. The exact form of
the Biot—Savart law will be discussed in Section 2.1. Tt can be shown that for an initial data wy € L (Sy)
with bounded support, which means it is compactly supported so wy € (L* N L), there exists a unique
global-in-time weak solution w € L> (0, 00; (L' N L>)(S,.)) of (L.I), by following the arguments of Yudovich
[26] in R2. By using the result of Kelliher [16], Beichman-Denisov in the appendix of [3] demonstrated this
in the full cylinder S := R x T, which is a general case of S, having an odd-symmetry in z; .

In this paper, we present two results: the stability of a compactly supported non-negative, monotone,
and xs—independent vorticity, and the existence of patch-type solutions which exhibit infinite growth of
perimeter in infinite time. This seems to be the first infinite perimeter growth result for patches defined in
an unbounded domain.

*Department of Mathematical Sciences, Ulsan National Institute of Science and Technology, 50 UNIST-gil, Eonyang-eup,
Ulju-gun, Ulsan 44919, Republic of Korea. Email: kchoi@unist.ac.kr
fDepartment of Mathematical Sciences and RIM, Seoul National University, 1 Gwanak-ro, Gwanak-gu, Seoul 08826, Republic
of Korea. Email: injee_j@snu.ac.kr
fDepartment of Mathematical Sciences, Ulsan National Institute of Science and Technology, 50 UNIST-gil, Eonyang-eup,
Ulju-gun, Ulsan 44919, Republic of Korea. Email: dwlim@unist.ac.kr
2020 AMS Mathematics Subject Classification: 76B47, 35Q35
Key words: 2D Euler; vorticity distribution; stability; center of mass; rearrangement; perimeter; large time behavior.



1.1 Main results

We denote the weighted L' —norm on S, with weight 1 + z; as the J;—norm on S, :
||fHJ1(S+) = /s (1+21)|f(2)|dz.
+

Note that any zs—independent function is a stationary solution of (|1.1)) in S, since the zo—independence
O0z,w = 0 of w leads to u; = 0, which gives us

U+ Vw = u10z,w + Uu20z,w =0 0g,w+uz-0=0.

The first result of this paper is about the stability of such a zo—independent solution when it is non-negative
and monotone with bounded support. Theorem [1.1]is analogous to that of radial and monotone solution in
R? from the recent work [12].

Theorem 1.1. For any constants L, M > 0, there exists a constant C; = C1(L,M) > 0 such that if
¢ =((x1) is in L*°(S1), non-negative, non-increasing, and compactly supported with

supp (¢) € {z1 < L}, |[¢]| s,y < M (1.2)

then for any non-negative wy € L°°(Sy) with compact support, the corresponding solution w(t) of (1.1
satisfies

1
i‘;lg [Jw(?) — C||J1(S+) < C1ff|lwo — <||§1(S+) +[Jwo — <’|J1(S+)]' (1.3)

Remark 1.2. The non-negativity of wy is necessary in our proof for technical reasons. One of the reasons is
that the rearrangement of a function, which is frequently used in our proof, cannot be defined on the infinite
domain Sy if the function contains a negative part. On the other hand, boundedness and compact support
of wqy are imposed to apply the standard global well-posedness theory as well as to ensure that J;-norm of
wy is finite.

This can be considered as an extension of the work by Marchioro—Pulvirenti [20], where they considered
the Euler equations in a bounded strip while we consider the equations in the infinite strip. More
precisely, the result in [20, Theorem 1] shows the explicit L' —stability of the form of the zo—independent
and monotone ¢ € L* in a bounded strip {x1 < L}, where C; depends on the domain size L and the
L>®—norm of the initial perturbed data wg. By imposing the weight 1 + x; on the L'—norm, we were able
to remove the dependence on HWOHLW and to extend the domain into the infinite strip {z; < co}.

This stability result is used in showing our next result, which deals with the perimeter of a smooth vortex
patch. In R?, if the initial data is given as a patch wy = 1q, for some open set Q5 C R?, then the unique
solution is of the form w(t) = lg,, where Q; = ®(t,€). Here, ®(¢) is the flow map, which is the unique
solution of the ODE

d
%Q)(t, z) =u(t, ®(t,z)), ®(0,z) =z, (1.4)
where u(t) is determined from w(t) by the Biot—Savart law in R?, given as u(t) = —%% *w(t). Moreover,

it is well known if the boundary 0 of Qg is connected and C'*°—smooth, then 9€); is connected and C'*°—
smooth as well ([5], 4] 23]). It can be shown that the same holds for open patches with smooth boundaries
in S, by adapting the proof of Kiselev—Ryzhik—Yao—Zlatos [17].

Recently, it was shown in [10] that there exists a patch on R? that has perimeter growth for finite time.
The following theorem shows the existence of a patch on Sy where the growth of the perimeter is infinite in
infinite time (see Figure [1).
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Figure 1: A schematic diagram for perimeter growth in Theorem

Theorem 1.3. There exists a constant Cy > 0 and a bounded, open set g C Sy with its smooth, connected
boundary 00y C S; := {x1 > 0} that satisfies

length(0) < 20, 0Q¢ N IS, # 0,
such that for any t > 0, the solution 1q, of (L.1) with the initial data lq, satisfies
length(08);) > Cat, VYt > 0.

Here, the boundary 0S4+ of Sy is the circle {0} x T.

In an annulus, suggested by Nadirashvili [22], two points each on the inner circle and the outer circle
possess different angular velocities for all time. This difference leads to the growth of length of the curve on
the annulus that connects the two points. Theorem [I.3] shows that such growth of length can occur in an
unbounded space having one connected boundary component as well.

Wan-Pulvirenti [25] showed a L!—stability of a disc patch 15_, r > 0 among patches in a bounded disc
Bgr, R > r. More generally, [20] proved a L'— stability of a radially symmetric and monotone solution
among solutions in L>°(Bg), R > 0 as well. Sideris—Vega [24] presented a L!'—stability of a disc patch
1p,, 7 > 0 among patches with a compact support in R?. The most recent work [12] extended the work
in [20] to show a weighted L'—stability of a non-negative, radially symmetric, and non-increasing solution
among non-negative solutions in L>°(R?). In addition, [I] proved an orbital stability, admitting translation,
of the Lamb dipole by using a variational method. [6] showed a stability, up to translation, of the Hill’s
spherical vortex among non-negative axi-symmetric solutions in 3D. [9] presented an orbital stability in L!
of m—fold Kelvin waves for symmetric perturbations and constructed an m—fold Kelvin wave which shows
perimeter growth for sufficiently long finite time.

In the full strip S, [3] showed a stability of a cylindrical patch 1y|4,|<ry for sufficiently large L > 2. The
existence and uniqueness result in the strip is based on the work from [I6], in which it characterized various
properties of a solution with bounded velocity and vorticity. [7] estimated the upper bound of the horizontal
support size of a non-negative solution in L°°(S) with compact support in S. Bedrossian-Masmoudi [2]
proved asymptotic stability and inviscid damping of Couette flow in S. Zillinger [27] showed linear inviscid
damping for monotone shear flows. Ionescu—Jia [15] showed inviscid damping of a shear flow in a bounded
cylinder [0, 1] x T, along with that the support of the vorticity perturbation stays in the cylinder for all ¢ > 0.

[22] proved that in an annulus, there exists a smooth solution of (1.1)) which is C!—unstable among smooth
solutions. [10] constructed a patch in R? in which the perimeter of the patch boundary grows for sufficiently
large finite time. [T1] constructed a solution, close to Lamb dipole, with compact support in R? which shows



growth of its gradient and support size for infinite time. [8] proved the existence of a solution that is close
to the Hill’s vortex in L!(R?), its support being close to that of the Hill’s vortex as well, which exhibits
filamentation for infinite time. This, as corollaries, produced infinite growth of perimeter and gradient as
well.

1.2 Key ideas

In order to prove Theorem we needed to reproduce the main ideas that were used in the proof of [12]
Lemma 3.3], such as the conservation of the measure of level sets, the total mass, the angular impulse,
and properties of symmetric decreasing rearrangement, including the rearrangement estimate established in
[20]. We use the conservation of the level set measure, the total mass, and the horizontal impulse. The
last quantity corresponds to the angular impulse in R?. Then we define the rearrangement on S, to be
ro—independent so that it is defined in the same way the symmetric decreasing rearrangement is defined on
R2. This implies that the nonexpansivity property and the rearrangement estimate on R? can be reproduced
to S;. In addition, we use the idea of cutting off a non-negative function by a certain height. One of the
important property of the cut-off operator I'y,, a > 0, which is defined in section 2.4, is that it commutes
with the rearrangement operator x*:

for any non-negative f € L'. The use of this cut-off operator makes our stability result be independent of
the L°°—norm of wyg.

Remark 1.4. Using the conservation of the total mass and the horizontal impulse, we can reproduce the
simplest stability of the stationary patch 1p of the unit disc D= B;(0) in R? from [24] and Dritschel [13] to
the stationary patch lg with

Q:={z; <1} CS;:

/ |1—J;1|dac=/ (1—x1)dx—|—/ (acl—l)dx:/ (1—x1)dac—|—/(x1—l)dac
Q. AQ Q:\Q Q\Q, QO Q
:/ (1—$1)dac+/7(x1—1)dac:/ |1 —ay|dx, t>0.
Qo Q QuAD

However, note that the weight |1 — x| vanishes when x; = 1; this norm is not strong enough to control the
flow map pointwise.

We move on to Theorem The idea in [10] was using the L!—stability of the circular patch 1p and its
corresponding velocity up, which can be derived explicitly. The fact that the Biot—Savart kernel K in R?
is roughly ﬁ was used to show that the difference between velocities ug, of 1o, and up of 1p is uniformly

bounded by the L!—difference of 1o, and 1p up to the power of %. The method used in the proof required
two points that are located on 02y in the initial time and move along the flow map to have certain amount
of radial distance with each other. If that is the case, then the tangential velocities of those two points differ.
This difference creates the perimeter growth of the boundary. However, for infinite time, there is no reason
for the radial distance in the future to be nonzero, since the radial velocity of each point need not vanish.
Thus, in this method, the perimeter growth of 9€); is limited to finite time where the distance is kept. This
is why we use a different approach in Theorem

Similarly as in R?, the unique solution of with patch-type initial data wy = 1q, is the patch w(t) = 1gq,,
where €, is the image of €y through the flow map. As a way of understanding this patch 1q,, we can go
through the following process. First, we periodically extend the velocity field u(t) of 1, to the half plane
R? :=R- x R. Then, denoting this extension as ue(t), we generate the flow map ®(¢) in R? from wey (t).
Then we project €y C Sy through the flow map ®(¢) to obtain the image ®(¢,Qg) = P4(Qp). Finally,
Q; C S, is obtained by projecting ®;(£2g) onto S, via the map @ : Ri — S, which is defined as

Q(z1,x2) := (x1,22 — 2n7),
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Figure 2: A schematic diagram of understanding 2, C Sy

for some n € Z that satisfies z2 € [(2n — 1)7, (2n 4+ 1)7). Such a framework is depicted in Figure

We require the boundary 0€)g of the initial patch 2y to be connected and to have at least one point that
intersects with dS, = {0} x T, the boundary of the domain S, (cf. the boundary 99 = {0,1} x T of the
(steady) set © is not connected.). Then we use the fact that the point stays on the z,—axis R2 along the
flow map, that is, 9®¢(Qo) N IR # @ for any t > 0. This is because the horizontal velocity of any point on
8R3_ is zero. Then we use the important fact that the vertical velocity of that point is strictly greater than
the growth rate of the vertical center of mass of the patch 14,(q,) on Ri:

d 1

o - -
'LLZ(tv (t,ZEO)) dt|®t(QO)| ()

zodx > C > 0, x0€89008S+, t>0,

which is depicted in Lemma In this lemma, we show that the rate of 14, ) is close to the rate of 13, @)

the half of the vertical velocity of the point on 9%,(Q)NIR2. Here, ®(¢) is the flow map induced from the
periodic extension of %, the velocity of the steady solution 1g. Due to this difference in vertical velocities,
which is maintained for every time, the vertical distance between the point on 8®;(0) N ORL and some
point on 9P;(£2) near the vertical center of mass of 14, ) is bigger than Ct. This distance works as a lower
bound of length(0€2;) in Theorem To prove this, we use the stability from Theorem applied on
the bounded strip 1g, and the velocity u corresponding to 1g that is calculated explicitly in Section 3.1.

Organization of the paper

In Section 2, we define the cylindrical Biot-Savart law and list the conserved quantities of w(t), give the
definition of rearrangement and its properties, define the cut-off operator, and move on to the proof of
Theorem We begin Section 3 by calculating the velocity field @ of the patch 1g and the total mass of



lg. After defining the map @) from the , we define periodic extensions of u(t) and @, and induce flow maps
®(t) and ®(t) from these extensions. Then we present that € is the image of ®(t,Qy) = D+(Qp) through
the map Q. After explicitly calculating the growth rate of the vertical center of mass of the patch 15, @) on

Ri, we prove several lemmas concerning the control of the difference of vertical velocities and the growth
rates of vertical center of mass between 1g,(q,) and 1g, @) We finish the paper with the proof of Theorem

T3

2 Stability

2.1 The cylindrical Biot—Savart law

We shall specify the exact form of the cylindrical Biot—Savart law, considered in this paper, which gives the
velocity u in from the vorticity w. We recall the Biot—Savart law for the full cylinder S = R x T (|3}
App. A]). The kernel K for S; can be derived simply by imposing the odd symmetry in 27 to w(z1,x2).
Then u is given as (see [3] for detail)

u(z) = V*i(z) = | K@ ywy)dy, (2.1)

where W is the stream function defined as
¥(@) = [ Ty, Te.y)=Ts(e =) ~Tsta+)
+

1
Is(z) = I In(coshzy — cosza), ¥ = (y1,—Y2),
and the kernel K = (K7, K») is given by

K(z,y) = VyT(z,y) = Ks(x —y) — Ks(z +7),

i —sinh ) (2:2)
% _vlr _ (sinzg, —sinh zq .
s() s() 4m(coshzy — cosxa)

Here, when w € L*°(S;) with bounded support is considered, ¥ solves the elliptic problem

—AV=w in Sy, Wlyog=0, lim 9,%(x) =0, [¥(x)] < Cla+1), (2.3)

and Kg is the cylindrical Biot—Savart kernel in S. The kernel K in S, has the form (2.2) due to the
odd-symmetry of w in x7. Also, the kernel K has the following rough estimate

C C .
|x—0y|’ [Ko(w,y)| < ——+1, if —7<wm—y<m (2.4)

|Ky(z,y)] <
|z -yl

with some constant Cy > 0.

2.2 Conserved quantities

For a function f defined on S, where both f and x; f are in L!(S, ), we denote
h(f) ::/ x1 f(z)dz
Sy

as the horizontal impulse of f. To begin with, we let wg be in L*°(S;.) with a bounded support in S,. Here,
we assume a impermeable wall {0} x T, which gives a tangential boundary condition for u at ;1 = 0. Then



there exists the unique weak solution w € L*° (07 oo; (LN L°°)(5’+)) such that the following quantities are
conserved for all times;

(a) the total mass / w(t,z)dz,
Sy

(b) the horizontal impulse h(w(t)),
(¢) the measure of a level set |{z € S; :w(t,z) > a}|, Va >0,
(d) the L —norm ch(t)HLp(S”7 p € [1,00].

Such conservation laws are needed to prove the J;— stability . The existence and uniqueness can be
found in [16] and [3]. The total mass is conserved because of the divergence-free condition of u(t), and the
conservation of the horizontal impulse is due to the odd-symmetry of the cylindrical Biot-Savart kernel K,
which is presented in . We refer the reader to [3, Prop. 2.1] for details. The conservation of the measure
of each level set of w(t) is because the flow map is measure-preserving in time. This leads to the conservation
of the LP—norm of w(t), since the L” —norm can be represented as the integral of the measure of each level
set.

2.3 Rearrangement and its estimate

First, we define the rearrangement of a measurable set with finite measure in S; and the rearrangement of
a function in L'(S,), analogously to [I8] Sec. 3.3].

Definition 2.1. For a measurable set Q@ C Sy with finite measure || < oo, we define the rearrangement

Q* of Q as the bounded strip that has the same measure as €; that is, Q* = {z1 < %} In addition, for
a non-negative function f € L'(Sy), we define the rearrangement f* of f as the non-negative function that
satisfies

{f*>a}={f>a}", Va>0.

By the above definition, f* is zo—independent, non-increasing in x1, and satisfies

{f*>a}| = {f >a}

, Ya>0. (2.5)

From , we have
||f*HL1(S+) - ‘|fHL1(S+)’ h(f*) < h(f). (2.6)

There are two properties of rearrangement that we use in this section. The first is the nonexpansivity,
which is introduced in the following lemma.

Lemma 2.2 (Nonexpansivity). Let f,g € L'(S,) be non-negative functions, and let g satisfy g* = g. Then
we have

1" =9l s,y < 15 = 9lloa s, -

We refer the reader to [I8, Sec. 3.5] for the proof of a general case where g* = g need not hold. This is
the extension of [20, Lemma 2] in a bounded strip {z1 < a}, a > 0. Recall that in Theorem [I.1] we required
the stationary solution ¢ = {(x1) to be non-increasing. This is because it satisfies (* = ¢, and this fact is
used in applying the above lemma with g = ¢ in the proof of Theorem [I.1}

The second is the rearrangement estimate , which is a refinement of . Such an estimate can be
found in [20, Lemma 1] when the fluid lies on the bounded strip {z1 < a}, a < co.

Lemma 2.3. For a non-negative function f € L>(S4) satisfying h(f) < oo, we have

1F = N5 gs,) < ClIAll s, RO = ROF]- (2.7)

with some universal constant C' > 0.




This tells us that f* is the unique minimizer of the horizontal impulse among every function that has
the same measure of each level set with f.

Proof. Without loss of generality, we assume || f||; . = 1. First, let us consider the case f = 1o, where
) C S is a measurable set with finite measure. Note that from |Q] = |Q*|, for some 8 > 0, we have

* * 1 *
2\ Q7] = |97\ Q] = S|QAQ" = 5
Then using O\ Q* = (QUOQ*)\ Q*, Q*\Q=0*\ (QNQ*), and h(f) > h(f*), we obtain

/ z1dT 2/ r1dx, / z1dT §/ T1dx. (2.8)
o\~ (QUO*)*\Q* Q\Q Q=\ (QNQ*)*

Then taking a; > b > as > 0 that satisfy
{.’L‘l <a1}:(QUQ*)*, {1‘1 <b}:Q*, {.’L‘l <a2}:(QﬂQ*)*,

we get
B

a1=b+g, ap=b— —.

This together with the inequality (2.8]), we obtain
h(lg) — h(lg+) = / r1dz 7/ ridr > / r1dz 7/ ri1dz
Q\Q* Q\Q {b<z1<ai} {az<w1<b}

al b 0 52 1
271'(/12 xldxlf/a mldxl)ﬁ(a1+a22b) o = gnlg—l

2

2
Q* Lt

Now we consider the case where f is a simple function of the form

n—1
1
= E La,(z)
n i=1

with some n > 2, where {Ai}?;f C S, satisfies A;q1 C A; for i =1,--- ,n — 2 and |A;]| < oco. Then its
rearrangement f* becomes
1 n—1
= — 14+
n Z Al (z)
=1

Then due to the result above and the linearity of h, we get

n—1 n—1

) =hU5) = 5 3 L) L)) 2 g 3 L -1

n -
i=1

On the other hand, using the Cauchy—SchwarZ inequality, we have

LS -l _m("fuui—w)

n ;
i=1

N

This gives us

W) = h() 2 s

Finally, for general f, we use the sequence of simple functlons {gn}52, C L>®(S,) given as

n—1 .

1 (n) )
= — ]_ n A - .
nzi:1 Al (2), k {f> n}

Then g, is dominated by f and it converges to f pointwise as n goes to infinity, and the same holds for
(gn)* and f*. Therefore, applying the estimate (2.9) to g, and using the dominated convergence theorem,
the proof is complete. O




2.4 The cut-off operator and the rearrangement

We need one more notion in order to prove Theorem the cut-off operator of a non-negative function.
For any a > 0, we define a cut-off function 1, : R>g — R>( given by

s fs<a«
7704(5) = { _

a ifs>a’

and for any non-negative measurable function f on S, we define the cut-off operator I',, as

Lofi=naof.

That is, I',, cuts off the part where f is greater than « and replaces it with «, whereas the other part of f
that is less than or equal to « stays the same. Note that if f is in L'(S, ), where the rearrangement f* of f
is defined, then the cut-off operator and the rearrangement operator commute with one another:

(Faf)* :Fa(f*)' (210)
Indeed, it can be easily shown that T',(f*) satisfies the definition of (TI'y f)*. For s € [0, a], we have
{Ta(f?) > s} ={f">s} ={f >s}" ={Taf > s},

and for s € (o, 00), we have
{Talf*) > st =0=A{Taf > s}".
This property is crucial in the proof of Theorem

2.5 Proof of Theorem [1.1]
We finish this section by proving Theorem We shall use the notation Ay, := {f > a}.

Proof of Theorem[I.1, We fix L, M > 0 and let  be a function that satisfies the condition (1.2]). Then note
that for any non-negative function f € L'(S,), the measure of the level set A pr41 can be estimated as

A ars] =/ 1dx§/ If—M\de/ 1 = Clde < ||f — || - (2.11)
{f-M>1} {f—M>1} {f-M>1}

We fix t > 0 and for simplicity, we drop the parameter ¢ from w(t) and M + 1 from the level set notation
and the cut-off operator;

w=w(t), Awg :AWO,M+17 Aw :Aw(t),M+l7 F(.d :FM+1[W(t)]
To begin with, we estimate h(|w — ¢|) using the decomposition
/ riwdz = [h(w) — h(()] — / 21 (w — Q)dx.
{z1>L} {z1<L}
Then using the non-negativity of w, we can use this decomposition to obtain

h(|w—§|):/ x1|w—C|dx—|—/ xl\w—dd:ch/ |w—§|d:c+/ riwdz
{=m1<L} {z1>L} S~ {=m1<L} {z1>L}

=|w|=w

<if e e i) Q)+ [ el

{z1<L}



In the above, the conservation h(w) = h(wg) was used. Then we have
h(lw =) < 2L/{ " lw = ¢lda + h(lwo = ¢) < 2L{jw = ¢[| 1 + hlwo = <))
1<

This shows us that it is only left to estimate Hw — CHLl to obtain an estimate of ||w - CHJl. First, we split
the integral of Hw — CHLl to get

|w =<, :/ \w—g|dx+/ Tw — (|d.
Ay AC

In the right-hand side, we can estimate the first term:
/ |wa|dx§/ wdz+/ de:/ w0d$+/ Cdiﬂﬁ/ |W0*C|dﬂc+/ Cdz + M - |Ay|
Ao Ao Ao Awg Ao Awg Ay ~~
:‘AWO‘
< Jlwo = €[l + M - A + M - A | < (M + 1)lwo ¢ -

The third inequality follows by using ¢ < M and the conservation |A,| = |Ay,|. The last inequality comes

from the estimate (2.11)) of |Ay,|-

The second term is estimated by using the estimate (2.7) from Lemma and the nonexpansivity from
Lemma due to (Tw)* = (Twp)* and ¢* = (, respectively. We also use the commutative property

(Two)* = T[(wp)*] from :

/AC [Tw —¢ldz < HFW - CHLl < HFW - (Fw)*HLl + H(FWO)* - C||L1

1
2

C(M + 1) [h(Tw) — h((Two)*)] + [|Two — ||,

COI + 1) [h(Tw) — h(Tl(wo))]® + [Jwo — ¢

Furthermore, the term h(T'w) — h(T'[(w)*]) from the above can be estimated by adding and subtracting
suitable terms, using I'w < w, and using the conservation h(w) = h(wy):

h(Tw) — h(T[(wo)"]) = [A(Tw) — h(w)] + [A(wo) — ~({)] + [A(C) — h((wo)")] + [A((wo)*) = A(T[(wo)*])]
< h(lwo —C|)+h(| ) —<|) + /A x1(wo)*dz.

(wg)*, M+1

The second term in the right-hand side of the above inequality can be estimated in the same way as we did
for the term A(|w — (]), which gives us

B(| o) = ¢|) < 2L (w0)* = ¢y + hllwo — 1) < 2L Jwo — €[ 12 + h(lwo — €.

For the third term, note that Ay« m41 = {21 < ao} for some ag > 0, and from the level set measure
conservation of rearrangement and the estimate (2.11) of |A,,|, we have

|A(w0)*,M+1| _ |Aw0|
2w 2w

ag =

1
S —.

Using this and the L' —norm conservation of rearrangement, we get

1
a?w*dxga/ wo) de < —lwo — ¢ R
~/A(wo)*=M+l (o) " {xl<ao}( ) 27TH 0 HL1||( 0)

1 2 1
< oo = I+ el oo =l <

1
a0 = Cllpalleoll

< ol = ¢l + EM |l = ]l ..

10



Thus, gathering all the above estimates, we have

oo = ¢l < Crna[llwo = Cl3 + lwo = €l s + Pl — D]

where C', ps > 0 is a constant that depends only on L, M. Finally, we obtain

o= ¢ll, <@L+ Do =l + bl = ¢ < €[l = |13, + flwo = <L, ],

where C; = C(L, M) > 0 is a constant. O

3 Perimeter growth

3.1 Velocity and the total mass of the stationary patch 15

We consider the patch-type vorticity @ = 1g on S4. It defines a stationary solution because w = w(z1)
is xzo—independent. The velocity field @ on Sy that corresponds to @w by the Biot—Savart law can be
calculated, using the stream function ¥ = ¥(z;). We denote U’ as the first derivative of ¥ with respect to
the x1—variable. Then using the conditions from the problem , we obtain

1—x if0§1‘1<1,
0 ifx; >1 '

=00 o0 [e'e)
uy(z) = V'(z1) = -V (5)‘5_“ = —/xl v(€) d§ = Ll Lio,1)(§)d€¢ = {

=AT(&)

In addition, we can calculate the total mass m(lg) of 1g:

1 ™
m(lg) :/S lg(z)dx = /ﬁl dx :/0 / 1 dxodzy = 27.
+ —7

3.2 Framework of understanding the patch 1g, on S

To begin with, we let II : R — T be the quotient map II(x) := x — 2n7 for some n € 7Z that satisfies
z € [(2n — 1)m, (2n + 1)7). Additionally, we define a map @ : RZ — Sy by

Q(x1,x2) = (x1,(x2)) = (1,22 — 2n7),

for the same n € Z above.

We let wy = 1o, with €y C S;+. Then we obtain the unique solution w(t) = lq, of on S, with
the initial data wy = 1gq,, and get the velocity field u(t) on S, by the cylindrical Biot—Savart law . We
introduce one way of understanding the patch 1q,. Let us consider the periodic extension g (t) on R of
u(t), defined as

Ueat(t,2) = u(t,Q(z)), t>0, zeRi. (3.1)

Then if we let ¢ > 0 and = € R2, then u.y(t) induces the flow map ®(¢) on R% that satisfies the ODE
(1.4). Note that ®(t) is well-defined because wueq+(t) is uniformly bounded in time and has the log-Lipschitz
estimate:

H“ewt(t)HLm(Ri) = CHWOH(leLm)(sw t=0,

[tewt (t, @) — Uear (L, 2)] < CHwOH( zZIl=Injz —2z|), t>0, |z—z <L

Linpee) (s T~

See [21, Sec. 2.3], especially [2I, Lemma 3.2], or [I9, Sec. 8.2.3]. Then we consider ®(¢,€) C R?, and
Q, C Sy is the image of ®(¢,Q0) through the map Q:

Q= Q(2(t, Q) = Q(P:()).

11



That is, €, is the union of intersection between ®,() and {(z1,22) € R% : (2k — 1)1 < x5 < (2k + 1)7}
that are translated by the distance 2km in x5 from k= —N to k = N:

N 0

Qg, Qg = Eug— ( > )

k:QN 2km (3.2)
By g = ®(Q) N {(z1,22) € RE ¢ (2k — V)7 < 20 < (2k + D)7},

where N = N(t) € N satisfies ®;(0) C Rsg X [-(2N + 1), (2N + 1)7).

3.3 Growth rate of the vertical center of mass of 15,

For a function f defined on R in which both f and x5 f are in L' (R%), we define the vertical center of mass

K(f) as
B(f) = ( ) f(:v)dx)l - / mf(a)da

As in , we define .., the periodic extension of @, which is the steady velocity from W = 1g, by
Teai(2) = T(Q()), w € R2,
We consider ®(t), the flow map from %, and the image of  through ®(¢):
Q) =0t Q) ={(z1,22) €ERT:0< 21 <1, 1—z1)t — 7 <2 < (1 —a1)t + 7}

Then we can calculate k(1g);

—1 1 ™
1
k(lg) = (/1 dx) -/ﬁdw: —/ / Tadaadry = 0,
Q 9 27T 0 —

and %k(lgt(ﬁ)), the growth rate of k(15, gq)):

: ; / >_1 / ] </ )_1 ; /
—k(ls &) = — 1dz . Todr| = 1dz - — Todr
dt Uz.@) dt{( 3.(%) 3,(Q) ? Q dt J3,@) ?

1 d 1

o dt/q)z t,x) —/ 0y Po(t, x) Q—/Ewt,g(x)dx (3.3)
1
2’

1
-— / / 1 71‘1 dl’ldl’g
27

3.4 Growth rate of the vertical center of mass of 14,(q,)

In the following lemma, we show that the difference between the vertical velocities us(t) of 1o, and s of 1g
is controlled by the L!'—difference between the corresponding patches.

Lemma 3.1. There exists a constant Cs > 0 such that if Qo C S4 is a bounded open set, then for anyt > 0
and x € Sy, the velocity fields u(t) and @ that are determined by vortex patches w(t) = lg, and W = 1g,
respectively, by the cylindrical Biot-Savart law (2.1)) satisfy

lus(t, ) — T ()| < Cs[|Q0AQ]E + [2,A0]. (3.4)

To prove this lemma, we use an elementary lemma (e.g. see Iftimie—Sideris—Gamblin [I4]) that is used
in bounding the velocity term by the L'—norm and the L™ —norm of the vorticity term.

12



Lemma 3.2 ([I4, Lemma 2.1]). Let A C R? and f € (L' N L*>°)(A) be a non-negative function. Then there
exists an absolute constant C' > 0 such that for any x € R?, we have

f(y) 3 3
ey < 1 I

Proof of Lemma . We fix x = (z1,22) € Sy. First, we define the periodic extensions Qt,em,ﬁem - Ri of
sets Q;,Q C Sy as

Qt,ewt = Qta elt - ﬁ
0
Qt,ezt + (2]{;7_‘_) = Qt,ezta Qegs + ( > Qegy  for any keZ.
+

Also, we define a subset A C R2 as A = Ryg x [-7
lg,,, are 2r—periodic in ya, we have

Jus(t, 7) — s (a)] < /

St

x2, T+ x2). Then using that Ky(z,), 1q, .,,, and

(y)|dy.

ett

IKz(%y)l'|1Qt(y)—1ﬁ(y)\dy=/A|K2($7y)\'|1Qt,m(y)

Now we use the estimate (2.4) of K and the above lemma to get

ua(t.) = ) < [ 1Ka(l o) =t 0l < [ (5941 o) -1

S C(/)H]'Qt,em -1

(v)|dy

ext

1 1
Qeat ||1§1(A)||1Qt,m - 1§m Hioo(A) + Hlszt,m - 1§m ||L1(A)
1
- C(’)Hlm - 1§||21(s+) + Hlﬂt - 1§HL1(S+)’
for some C{) > 0. Finally, taking C3 := max{1, C{j}, we have
luz(t, @) = Ta(2)] < Cgl[Le, — 15|71 (s, ) + 1o — 1gll s,y < C3[|2:A0]7 + ,AQ]].
O

As a corollary of this lemma, applying the J;—stability, obtained in Theorem on (3.4) allows us to
control the difference between us(t) and Te with the difference between Qg and 2 in measure.

Corollary 3.3. There exists a constant Cy > 0 such that if Qo C {21 < 3} is a bounded open set that
satisfies |QoAQ| < 1, then for any t > 0 and x € S, the velocity fields u(t) and u from the previous lemma
satisfy

lug(t, ) — Ta(z)] < C4lQQAQ3. (3.5)

Proof. Using (L.3) from Theorem [1.1] with L = M =1, { = 15, and w(t) = lg,, we can take an absolute
constant C7 > 0 that satisfies

Q. AQ| :/ 1dx§/ (1+x1)dx§01[(/ (1+x1)dx) +/ (1+x1)dx}
QA0 Q,AQ QAT QAT

Then using the conditions Qg C {z; < 3} and |Q,AQ| < 1, we have

0,AT) < 01[(/ (1+x1)dx> i +/ (1+x1)dx]
QA0 QAT (3.6)
<40 [|Q0A80]2 + [Q0AQ]] < 8CHQAQE.
Finally for any t > 0 and « € Sy, combining this with from the previous lemma, we obtain
lus(t, ) — Ta(x)| < C3[|QAQIZ + [0AQ]] < C3[v/BC1 QAT + 8C1[QAQ|Z] < CuQAD|T
with Cy := C3(+/8C7 + 8C1). O
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Using this corollary, we prove that the growth rate of the vertical center of mass Ek(lq;.f(gg)) of 1g,(00)
is close to Gk (15, q) in if the sets (g and  in S, are close with each other in measure

Lemma 3.4. There exists a constant Cs > 0 such that if Qo C {x1 < 3} from the previous corollary satisfy
|Q0] = |2 as well, then for any t > 0, we have

d d 1
‘dtk(lét(no)) ak(l T,(Q) )‘<C'QO Q3.

(3.7)
Proof. We fix t > 0. Then following a similar procedure as in (3.3)), we have
d d

-1 -1
d
—k(lg, = — / ld:zs) / xdm}z(/ 1da:> / — Oy, z)dx
dt (Lo (QO)) dt |:( ©:(Q0) Py (Qo) ’ Qo 0, dt 246:2)

—/ uez” t Dt x))d Uegt 2 (t, T)dx.
271' ‘bt(Qo) ’

Then taking N € N that satisfies ®;(Qy) C Rsg x [-(2N + )7, (2N + 1)7) and using notations

Et,k = (I)t(QO) N {(2]{3 - ].)T(' S To < (2]€ + 1)71'}, Qt,k = Et,k - <22 ) ke {—N, M N},
from (3.2)), we have

N
d 1 1
ra - cota(tz)de = — > ‘, d
7 (1a,(00)) o [Dt(ﬂo)u‘ t2(t, r)dx o /E us (¢, Q(x))dx

k=—N t,k
N
1

1
2w 0,2k 2(t, t,x)dx.
2m k;N /Et,k U2( ( 7T' 271' Z /Q, Tk CC 2 /Qt uQ( 1‘) X

)

Now note that from the inequality (3.6]), we can get

‘/Qt ﬂg(l‘)d{b—/ﬁﬂg(l’)dﬂ? /Qt\ﬂug(x)dx—/mm Uy (z)dx| < /QtAQ [ (x)|dx

< [[@s]] y s,y - 19440 < 8C1QADY2.

Using this and (3.5 from Corollary we can obtain upper and lower bounds of %k(l@t(go)) For the
upper bound, we have

d 1 1 1
%k‘(lqn(m)) =5 o, ua(t,y)dy < 2 Jo, [W2(z) + Cy|QAQ| 7] d
1 _— 1
< % |:/UQ({L‘)d£U + 86‘1|Q()AQ|E + C4|Qt| . |Q()AQ|Z
a
d

< —h(lg,@) + (201 + Cy)|Q0AQ5.

In the same way, the following lower bound can be derived:

d =1
ak(lq‘u(ﬂo)) 2 %k(lét(ﬁ)) — (201 + Cy)[Q20 Q|5
Finally, taking C5 := 2Cy + Cy, we obtain (3.7]).
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3.5 Proof of Theorem [1.3l
We finish this paper by proving Theorem [I.3]

Proof of Theorem[I1.3 Let Qo C S be a bounded, open set with a smooth boundary 9 that satisfies the
following conditions (see Figure [1):

(a) there exists a closed curve v : [0,1] — Sy such that ~([0,1]) = 9 and v(0) = y(1);

(b) length(9€) < 20;

(©) Q0] = [9l;

Q ) (3.8)
(d) 0:= QA0 < min{l7 (M) };
(e) k(la,) = 0;
(f) (0,0) € 82 N IS, .

Note that the set Q does not satisfy the condition (a) due to disconnectedness of its boundary 9Q =
({0} xT)U ({1} x T). We fix t > 0. We claim that there exist two points a = (a1, as), b = (b1, b2) € 0P;(Qp)
depending on ¢ and an absolute constant Cy > 0 such that they satisfy

as — Czt > k(].(pf(QO)) > b2. (39)
Once the above is shown, then we obtain
length(é‘Qt) Z |a — b| Z ag — bg Z Cgt,

and the proof is done. L

We consider the point ®(t,(0,0)) € RZ = R>o x R. Then note that we have ®,(¢,(0,0)) = 0 because
any point on the zo—axis stays on the axis along the flow map, due to the tangential boundary condition of
u at 1 = 0. Additionally, using the inequality from Corollary we get

Bs(t, (0,0)) = B (0, (0,0))+/0 %¢2(57(0,0))ds:0+/(J tent.2 (5, B(s, (0,0)))ds

_ /O us (5.Q(@(s. (0,0))) ) ds > /O [ (@(@(s. (0.0)))) — €% as.
Then due to ®4(s, (0,0)) = 0, we have the lower bound of ®4(t, (0,0)):

Da(t, (0,0)) > /Ot 72 (Q(@(s..(0.0))) ) — Cust|ds = /ot [(1- @1 (265, 0,0) ) = Cud¥|as (3.10)

= [ 10— 2.6, 0.0) ~ Custlas = [ Custhas = 1 - cust
0 0

Similarly, we can find the upper bound of k(1g,(q,)) using the inequality (3.7) from Lemma and the
calculation (3.3)):

td
K(La,gap) = k1o, + [ Sh(la,oy)ds < [
0

0

Then by the above bounds (3.10)), (3.11)), and the condition (d) of (3.8)), we have

S

trd ) 1 :

t 1 t 1 1 t
Dy (t, (070))—1 > (1= Cyd2)t — 1 = (2 — 0454>t+
>

> (; - 045‘1*>t+ (Cy + 05)5%t
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We choose a = ®(t,(0,0)) and Co = 1. It is only left to show that there exists a point b € 9®;(€) such
that

k(LPt(Qo)) > bo. (3.12)
Indeed, if every point £ € 0®;(£2) satisfies k(1g,(q,)) < &2, then it leads to the following contradiction:

-1 -1
k(l@t(ﬂo)) = (/ 1 dﬂj) / .CEQdLE > </ 1 da;) 'k(l‘bt(ﬂo)) / 1 dﬂj = k(l‘bt(ﬂo))'
®:(Q0) @4 (Q0) 24+(Q0) ¢ ()

This finishes the proof of the claim (3.9). O
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