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Abstract

This paper is concerned with the multi-dimensional compressible Euler equations with time-
dependent damping of the form —ﬁpu inR", wheren > 2, u > 0,and 4 € [0, 1). When A > Ois
bigger, the damping effect time-asymptotically gets weaker, which is called under-damping. We

show the optimal decay estimates of the solutions such that [|0%(0— 1)|l;2n ~ (1+1 —54G+ad and
l0%ull; 2y = (1+£)~ 4 (3 +al)— 5 , and see how the under-damping effect influences the structure of
the Euler system. Different from the traditional view that the stronger damping usually makes the
solutions decaying faster, here surprisingly we recognize that the weaker damping with0 < A1 < 1
enhances the faster decay for the solutions. The adopted approach is the technical Fourier analysis
and the Green function method. The main difficulties caused by the time-dependent damping
lie in twofold: non-commutativity of the Fourier transform of the linearized operator precludes
explicit expression of the fundamental solution; time-dependent evolution implies that the Green
matrix G(t, s) is not translation invariant, i.e., G(¢, s) # G(¢ — 5,0). We formulate the exact decay
behavior of the Green matrices G(t, s) with respect to ¢ and s for both linear wave equations
and linear hyperbolic system, and finally derive the optimal decay rates for the nonlinear Euler
system.
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1 Introduction

1.1 Modeling equations and background

In this series of study, we consider the multi-dimensional compressible Euler equations with time-
dependent damping

0+ V- (ou) =0,

Opu) + V- (pu ® ) + Vplp) =~ (L1)

Pli=o = po(x) := 1 + po(x),  ul=0 = uo(x),
where x e R", n > 2, u > 0, A € [-1, 1). Here, the unknown functions p(t, x) and u(¢, x) represent the
density and velocity of the fluid, and the pressure p(p) = %p” with y > 1. The initial data satisfy

po(x) = 1, ie., po(x) = 0, and up(x) — 0, as|x| — co. (1.2)

K
(1+n)*
vanishing; and it is said to be over-damping for 4 < 0, which is time-asymptotically enhancing to

The damping effect of — pou is said to be under-damping for A > 0, which is time-asymptotically
co. In this paper, we are mainly interested in the under-damping case with A4 € [0, 1), and leave the
over-damping case with A € [—1,0) in the second part [17].

The time-dependent damping phenomena were first proposed and studied by Wirth [36, 37 [38]]
for the linear damped wave equations, see also the significant extension on the damped Klein-Gordon
equations by Burg-Raugel-Schlag in [1} 2], recently. Since then, the study on this subject becomes
one of hot spots, and intensively carried on, particularly, the research for Euler system involving time-
dependent damping. The under- or over-damping effects with 4 > 0 or A < 0 makes the structure of
the solutions to (I.I) more complicated and various.

When u = 0, the system (L)) is reduced to the pure Euler system which usually does not possess
the global-in-time solutions, no matter how smooth the initial data are, and the singularity formed by
shock waves cannot be ignored [3 16} 8, [18} 30].

When ¢ > 0 and 4 = 0, the damping effect usually prevents the singularity formation of shocks
when the initial data are suitably smooth [29]], but the damped solutions can still blow up like shocks
when the gradients of the initial data are big [20} 35]. For 1-D case, Hsiao and Liu [13]] first ob-
served that the damped Euler system is essentially equivalent to the nonlinear porous media equa-
tions, and showed the convergence as ||(v — ¥,u — @)(®)llz» = O™ V/2,171/2), where (¥, @)(x/ V1)
are the self-similar solutions to the corresponding porous media equations, the so-called diffusion
waves. The relaxation-limit convergence in the weak sense was showed by Marcati and Milani in
[22]. After then, the convergence rates to the diffusion waves were improved to O(t=3/4,175/%) by



Nishihara [24]] in L?-sense, and to O(t"!, r3/%) by Nishihara-Wang-Yang [25] in L!-sense, respec-
tively. Furthermore, Mei [23] heuristically looked for the best asymptotic profiles which are a kind
of solutions for nonlinear diffusion equations with certain selected initial data, and obtained much
better convergence rates O(t~>/2Int,t > Int). For the multiple dimensional case, Sideris-Thomases-
Wang [29] first showed the global existence of the solutions and the decay rates to the constant states
as 1050 — Luw)Oll2rsy = O(t_z_%,t_%_#) when the initial perturbations are smooth enough in
Sobolev space H!, which was then improved to O(t‘%‘%‘% , t‘%‘%‘%) by Tan-Wu [34] for the initial
data in the Besov space H'n BIf)O with s € [0, 1], and to [|0(0 — 1, u)(Dllgy-u = Ot lwlz”,t‘l”l%) by
Tan-Wang [33]] for the initial data in the Besov space ng}o N HY with s € (0,3/2]. For the vaccum

case, the existence of the entropy solutions and their convergence to Barenbllat self-similar solutions

were significantly studied by Huang-Pan-Wang [16], Huang-Pan [15], Huang-Marcati-Pan [[14]], and
Geng-Huang [9]], respectively, and the free boundary case with singularity was further studied by

Luo-Zeng [21] recently.

u
(1+1)1
weaker, we call it as under-damping. This makes the feature of the compressible Euler system more

complicated and fantastic. For 1-D case, Pan [26, [27] first proved that, when 0 < A < 1 and the initial

When u > 0 and A > 0, compared with the case of A = 0, the damping effect — pu becomes

data around the constant states are small enough in Sobolev space H', then the solutions globally
exist in time; when A > 1 and the initial data are big, then the gradients of the solutions blow up
at finite time; when A = 1, the critical case, then the solutions still globally exist for 4 > 2, but
blow up for 0 < u < 2. These results were then improved by Sugiyama [31}32]] in C' space, and
particularly, by Chen-Li-Li-Mei-Zhang [3]] for the global existence even with large initial data. When
the constant states at far fields are different, the convergence of the solutions to the diffusion waves
was investigated by Cui-Yin-Zhang-Zhu [7] and Li-Li-Mei-Zhang [19], independently, where the
convergence rates obtained in [7]] are better than in [[19]. In the critical case of A = 1 and u > 2, by
the variables scaling method for finding the asymptotic profiles, Geng-Lin-Mei [10] recognized that
the roles of hyperbolicity and the damping effect for the Euler system both are equivalently important
and cannot be ignored, and further proved the convergence of the original solutions to the asymptotic
profiles which are artfully determined in the critical case, where the convergence rates are dependent
on the physical quantity u (> 2). For the multiple dimensional case R” with n = 2,3, Hou-Yin [12]
and Hou-Witt-Yin [11] first proved that, when 0 < 4 < 1 withu > 0,or 4 = 1 withu > 3 —n,
once the initial data are smooth, compact supporting, and zero-curl or not, then the solutions for the
time-dependent damped Euler system globally exist; while, when 4 > 1 with g > 0, or 4 = 1 but
(< 3 — n, the solutions will blow up in finite time. The decay rates for high dimensional solutions in
the case 0 < A < 1 were proved by Pan [28]] very recently, but these rates are not sufficient.

The main purpose of the present paper is to understand the structure of the solutions for time-
dependent damped Euler system as the damping effect getting weaker for 0 < A < 1, and to derive
the optimal decay rates of the solutions as [|05(0 — Dllp2gny = (1 + t)‘%(%”“'), and [|05ull 2y ~
1+ t)_%(%”"')_%ﬂ, by means of the technical Fourier analysis and the Green function method. We
see from these optimal rates that the weaker damping with 0 < A < 1 enhances the faster decay for



the solutions. This is a bit surprise, and also subverts the traditional view. In fact, as we show later,
by taking Fourier transform to the linearized system to derive the fundamental solutions, we see that,
when the damping is getting less as A increases, the solutions in the high frequency part still decay
slowly, but the solutions in the low frequency part decay fast.

1.2 Main results

In order to obtain the optimal decay rates of the solutions for Euler system (I.I]), we need to build up
the fundamental solutions for the corresponding linearized system.
—1 _
Letv = %(w/p’(p) -1 = y—%l(pyT —1)and w = yTl Then (v,u) satisfies the following
symmetric system
0v+V.u= —u Vv —wvV - u,

ou+Vv+ ———u=—(u-Viu — wvVy, (1.3)

I+ )A

V=0 = vo(x), ul=0 = up(x),

where vy(x) = %((1 + ﬁo(x))% — 1), which behaves like g(x) if the initial perturbation is small.
The optimal decay rate of the linearized system is essential for the study of large time behavior of
the time-dependent damped Euler equations. The linearized system of (L3)) is

0v+V-u=0,
M
ou+Vv+ —— T+ t)’l (1.4)
V=0 = vo(x),  ul=0 = uo(x).
Letu := A'V-uand w := A~ 'curl u (with (curl u)’}‘. = axjuk - axkuj foru = (u',...,u"), see [34]

for example, where A is the pseudo differential operator defined by A’y := .Z~1(|&*¥(&)) for s € R
(see the notations introduced below for details). Then the linearized system (I.4)) is equivalent to

i?tx’-+ Au = (),
J7i
atu—Av+—/{u:0,
S 4 ,u(l‘:t_)o (1.5)
T A+t 7

V=0 = vo(x), uli=0 = up(x), wl=0 = wo(x),

where ug(x) = A7'V - ug(x) and wo(x) = A~ lcurl up(x). We note that the estimates on (v,u) are
equivalent to the estimates on (v, u, w) according to the relation

u=-AN'"Vu-AV.w

From the equation (I.3))3, we can see that the vorticity w(z, x) of the linearized system decays to zero
sub-exponentially as
1-2
wit,x) = wo(x)e A0



which is faster than any algebraical decays. So we only focus on the first two equations of (L.3)).
The Fourier transform B(t, &) of the linear operator (I.3) is time-dependent and non-commutative
(although it is diagonalizable), that is, B(t,£)B(s, &) # B(s, &)B(t, &) for general s # t with
0 -l
B(t,¢) =
( g) (|§| __H

(1+1)1

Therefore, the fundamental solution of the first two equations of (L.3) cannot be represented as matrix
exponential el Blss,

In order to formulate the optimal decay rates of the linearized system (L3)), we consider the
following two kinds of linear wave equations with time-dependent damping

u
8?\/ - Av+ matv = 0, X € Rn,

(1.6)
V=0 = vi(x), Oli=0 = v2(x),
and u
Ou—Au+d,(——u)=0, xeR"
! t((l + 1) ) (1.7)

ul=o = ur(x),  Oul=o = u(x),

which are satisfied by the solutions v(z, x) and u(z, x) of (L3)), respectively. The above two Cauchy
problems (L.6) and may seem similar at first glance, but as we prove below, their optimal decay
rates are totally different. It should also be noted that the optimal decay rates derived from (I.7)) are
not the optimal decay rates of the solution u in the linearized system (L3). The reason is that the
optimal decay rates of (7)) are formulated with respect to arbitrary initial data u; (x) and u,(x), while
the solution u in (I.3)) corresponds to with initial data u;(x) = up(x) and up(x) = Avy(x) — pug(x).
We will show that there exist some cancellations between the evolution of initial data in this situation.

Notations. We denote D, = —id, and the n-dimensional Fourier transform .% (v) of a function
v(x) is denoted by »(¢) for simplicity. We use H®* = H*(R"), s € R, to denote Sobolev spaces and
LP = LP(R"), 1 < p < oo, to denote the L” spaces. The spatial derivatives ¢ stands for 85, - - - dy"

with nonnegative multi-index @ = (a1, ...,a,), where the order of « is denoted by |a| = Zj:'f aj,

and a';" stands for all the spatial partial derivatives of order |a|. The pseudo differential operator A
is defined by A*v := .Z1(|£]*D(&)) for s € R. We use H® = H*(R"), s € R, to denote homogeneous
Sobolev spaces with the norm || - || s defined by [[Vl| s := [|A®V]|;2. The norm ||v||é( stands for the || - ||x
norm of the low frequency part V= F —1()((5)9(5)) of v, while IIVII’)‘( stands for the || - ||[x norm of the
high frequency part V= (1 - X(&E)P(&)) of v, where 0 < y(£) < 1 is a smooth cut-off function
supported in Bz(0) and x(£) = 1 on Bg(0) for a given R > 0.

Throughout this paper, we also denote b(t) = ﬁ with u > 0 and A € [0, 1) and we let C (or
C; with j = 1,2,...) denote some positive universal constants (may depend on the dimension n, the
constants A, u, v, and the index ). Weuse f < gorg 2 fif f < Cgand denote f ~ gif f < g and
g = f. For simplicity, we use ||(f, 2)llx to denote ||f]|x + ||gllx and ff = fRn f(x)dx. The norm || - ||;2
will be simplified as || - || if without confusion. For a matrix the norm || - ||yax is the maximum absolute



value of all its elements. We define the characteristic functions

) I, s<3, ) 1,  s>4,
<l1 = (Ss) = ~11 = 11(8) =
Xlssg] = Als<i) 0, others, Xisz3] = Alsz3) 0, others.
For simplicity, we denote time decay functions
_1
T(ts) =1+ +0"™" =1+ 9" %, 0@, = min([(t,5),(1+ 7"}, (1.8)

There holds

_ 1+
r(t5 S) X[sg%](s) ~ (1 + t) 2 = ®(ta S) 'X[sg%](s)a ®(t5 S) S r(t5 S)'

Here we always assume A € [0, 1) and show that under-damping gives rise to faster decay es-
timates. Our main results are stated as follows. We present the L and L¢ decay estimates of the
nonlinear system (I.3).

Theorem 1.1 (Optimal L decay rates of nonlinear Euler system) For n > 2 and A € [0, 1),
there exists a constant &y > 0, such that the solution (v, u) of the nonlinear system (I.3)) corresponding
to initial data (v, ug) with small energy ||(vg, uo)|| Linglas S €0 exists globally and satisfies

1+1 1+4

03Vl s (1 + )~ 52kl 0<lo|<[4]+1,
Haa/u” < (1 + t)_ﬂn—lﬂ(|d|+l)+/l 0< |a,| < [%]’ (1 9)
16%ul| < (1 + t) i labed ol = [2]+ 1, '

R

The first two decay estimates in (L9) (i.e., the decay estimates on ||0$v]| with 0 < |a| < [5] + 1 and
l0%u|| with 0 < |a| < [%] ) are optimal and consistent with the linearized system.

Theorem 1.2 (Optimal L7 decay estimates of nonlinear Euler system) Forn > 2, 1 € [0, 1),
q € (2,00 and k > 3+[y2 4] withys 4 := n(1/2—1/q), let (v, u) be the solution to the nonlinear system

(L3), corresponding to the initial data (vo,uo) with small energy such that ||(vo, uo)|| ne < &o,

L'nH!2
where gy > 0, is a small constant only depending on n, q,k and the constants y,u, A in the system.

Then (v,u) € L(0, +00; H'31*KY and satisfies

1+1
li < 1+t‘—7l — 3l 0<la <1,
{n Ve £ (140 <lo] < (110

lullze < (140~ 27
where y1 4 = n(1 = 1/q). All the decay estimates in (LI10) are optimal.

For the time-dependent damped Euler equation (I.I]), we have the following decay estimates.



Corollary 1.1 Forn > 2 and A € [0, 1), there exists a constant gy > 0, such that the solution
(o, ) of the Euler equation (I.1)), corresponding to the initial data (pg, uo) with small energy ||(po —
Louo)ll LinHI%1 < &y, exists globally and satisfies

10%Go = DIl < (1 + 5y~ Fn=5el 0 <o < [4]+1,
10%l] < (1 + 1)~ 53 @ bed g <o) < [2], (L11)
0%l < (1 +py~ "5t lof = [41+ 1, ’

o = Ll g5 1.

The first two decay estimates in (L11) (i.e., the decay estimates on [|05(p — D|| with 0 < |a| < [5] + 1
and ||0%ul| with 0 < |a| < [5]) are optimal.

Forn > 2, 1 €[0,1), g € [2,00] and k > 3 + [y24] with y2, := n(1/2 — 1/q), let (p,u) be
the solution to the Euler equation (1) corresponding to initial data (pg,uo) with small energy such
that ||(po — 1, uo)ll ;14
constants vy, i, A in the system. Then (o — 1,u) € L™(0, +oc0; H [§]+k) and satisfies

1+ < &0, Where g9 > 0 is a small constant only depending on n, q, k and the

_Led, _1sd
{uag(p—l)llms(lw) 2Tl 0 <ol < 1, (1.12)

lallze < (1 -+~ 5705,
where yi 4 = n(1 — 1/q). All the decay estimates in (L12)) are optimal.

To derive the optimal decay rates of the solutions for the Euler system with time-dependent damp-
ing (I.I), it is essential to investigate the fundamental solutions to the linear system (L.3) and two
kinds of wave equations (L.6) and (L7). Here we state the optimal decays of the solutions for the
linear wave equations (L.6) and (7)) and the linear hyperbolic system (L.3)) as follows.

Theorem 1.3 (Optimal decay rates of linear wave equations) Let v(z, x) and u(t, x) be the so-
lutions of the Cauchy problems (1.6) and (I.7)) corresponding to the initial data (v(s, x), 0,v(s, x)) and
(u(s, x), 0:u(s, x)) starting from the initial time s, respectively. Then for q € [2,00] and 1 < p,r <2
(or 0 € [0, 5)), we have

102z, )l|za ST7P4(z, 5) - O(z, 5)
l a|+w, a|-1+w,,
(s, .+ 97 ams D, + @ vs, ). (4 + 9T diu(s, )

h
)

(1.13)
and
e, i (At T04(2, 5) - @1t 5)
1+s
(s 3. (1 + 7B, Ny, + 1@ uCs, ), (1 + 9% ducs, )|, )
(1.14)

where y, 4 :=n(1/p —1/q) (or vy, 4 replaced by By 4 := 0 + y2 4 and || - ||L» norm replaced by || - ||-6),
and wyg > Vrq for (r,q) # (2,2) and wy, = 0.



The decay estimates (113) and (I14) are optimal for all t > s > 0 such that the “<” in and
(L.14) can be replaced by “~” for some nontrivial initial data (v(s, x), d,v(s, x)) and (u(s, x), Ou(s, x)).

Moreover; there exists a number To > 0 such that the decay estimates (L13) and (I.14) are
element-by-element optimal for % > s > Ty in the following sense: there exist four kinds of nontrivial
initial data (v(s, x),0), (0,0,v(s, x)), (u(s, x),0), and (0, 0,u(s, x)) starting from the time s such that
the four corresponding solutions satisfy

I3V, Mo ~T7P(2, 5) - ©FU(t, 5) - (s, A, + 057 vs, ),)

620G, Mlza ~(1+ st TP, 5) - @, ) - ([9vts, [, + [0 ancs, [ )
1 a|+w.
105t e (1) T2, 5) - 00t 5) - (s, O, + | ucs. . ).

102t Mz ~(1+ 04 - T7a(z, 5) - @1, 5) - ([|Bruets. [, + [0 s, -

h
)

respectively.

Corollary 1.2 Letv(t, x) and u(t, x) be the solutions of the Cauchy problems (1L.6) and (I]) corre-
sponding to the initial data (V(0, x), 0,v(0, x)) and (u(0, x), 0,u(0, x)) respectively. Then for q € [2, oo]
and 1 < p,r <2 (or6€l0,5)), we have

102v(t, s <1+ 1) F 0D (00, ), 300, N[, + @000, ). 88 a0, N|[7,):

and

102(t, Mo <1+ 1y~ FOraeDe (110, ), s, N[, + @70, 8 90, )

h
)

wherey, 4 :=n(1/p —1/q) (ory,, replaced by Be, := 0 + y2 4, and || - ||L»r norm replaced by || - || z-0),
and wyg > Yrq for (r,q) # (2,2) and w;, = 0.

The above decay estimates are optimal such that the “<” can be replaced by “=” for some
nontrivial initial data (v(0, x), 0,v(0, x)) and (u(0, x), 0;u(0, x)).

Remark 1.1 The decay estimate (L13) for s = 0 was first proved by Wirth [37] by developing
a perfect diagonalization method. For the application to nonlinear systems, we need to consider
the evolution of initial data starting from any s > 0 to t > s since the damping is time-dependent.
One of the main difficulties caused by the time-dependent damping is that the evolution of the initial
data starting from s > 0 to t > s is completely different from that starting from O to t — s, as can
be seen from the estimates (L13) and (L14). As a consequence, the estimate on the decay rate of
fot G(t, $)Q(s, x)ds is slower than Q(t, x), where G(t, s) is a general Green function and Q(t, x) is a
general non-homogeneous term.

Remark 1.2 It is surprising here that the two Cauchy problems (1.6) and (1)) decay with differ-
ent rates. We note that the function
_u(+

@(t, x) 1= —————e 4
1+pnz"

8



which satisfies (lf—[)ﬁatgo = Ay, is an asymptotic profile of (1L6), while y(t, x) := ¢(t, x)/ ((lf_t)'*)’ which
satisfies 0y( (lf—t)/lgl/) = AY, is a good asymptotic profile of (1), and y(t, x) decays slower than ¢(t, x).
The functions ¢(t, x) and Y (t, x) decay at the same rates as v(t, x) and u(t, x) proved in Theorem

Theorem 1.4 (Optimal decay rates of linear hyperbolic system) Ler (v(¢, x), u(t, x)) be the so-
lution of the linear hyperbolic system (1.3)) (the third equation of w(t, x) is neglected as it decays
sub-exponentially) corresponding to the initial data (v(s, x), u(s, x)) starting from the time s. There
exists a universal constant To > 0 such that for g € [2,00] and 1 < p,r < 2 (or 6 € [0, 2)), and for
t>s>Ty we have

)
Lr

02v(t, s <T7(1, s) - ©0(2, 5) - ([[v(s, |, + 0 ves. )

(L T, 5) - @ 1, ) - (Jucs, L, + 087 ues ), @15)
and
6%, Izs s(%)” T7a(t, 5) - (1, 5) - ([[uCs, [, + |8 ucs, |7,
+ (400 TG, 5) - O (1, s) - (i, + ] v o). (.16)

where vy, 4 :=n(1/p —1/q) (or vy, 4 replaced by Be, := 0 + y2 4 and || - ||L» norm replaced by || - || z-0),
and wyg > Yrq for (r,q) # (2,2) and w;y, = 0.
Furthermore, u(t, -) decays faster than (L.16) provided one order higher regularity:

)
Lr

+ L+ ' (1 + )T T7a(t, 5) - O, 5) - ((Jucs, .)H’U, + [l s,

1020t, lzs <L+ 0y - T7a(t, 5) - @ 1,5 ([lvcs. ), + [Jo™ v, )

1) @1

Moreover, the decay estimates (1.13)) is element-by-element optimal for % > s > Ty in the follow-
ing sense: there exist two kinds of nontrivial initial data (v(s, x),0) and (0, u(s, x)) starting from the
time s such that the two corresponding solutions satisfy

102v(1 s ~ TGz, 5) - ©0(t, 5) - (||vis. [, + 05 v(s. )

h
)

and

109, s (1 + s T0a(t, ) - 0 (1, ) - ([Juts, [, + |8 ucs, |, ).

respectively.
The decay estimate (L16) and (ILIT) are optimal with respect to v(s, x) for all 5 > s > Ty in the
following sense: there exists nontrivial initial data (v(s, x),0) such that

10%u(t, Mo ~(1+ 0y - TGz, 5) - @111, ) - ([[ves. |, + (|05 v,

)
)

The decay estimates (L.15) and (IL17)) are optimal for all t > s > 0 such that

1029z, iza ~TPa(z, 5) - Oz, 5)



(sl + o™ s M+l ol + Jo sl ).

and

10%u(t, Mlpa =(1 + 1)t - T?ra(z, 5) - O (2, 5)

(vt A+ 08 vs !

)

Z + [|us, -)||le + ||8|f|+1+w”"u(s, )

for some nontrivial initial data (v(s, x), u(s, x)).

Corollary 1.3 Ler (v(t, x), u(t, x)) be the solution of the linear hyperbolic system (1.3) (the third
equation of w(t, x) is neglected as it decays sub-exponentially) corresponding to the initial data
(v(0, x), u(0, x)). Then for q € [2,c0] and 1 < p,r <2 (or 6 € [0,%)), we have

1+4
”8%’(1, Mg =1 + l‘)_T(yp,q‘HQD

(0., + v, + [l A, + [0 w0,y

h
)

and

1+ 1-1
l85u(t, Miza ~(1 + 1)~ = Oratied=57

(., + [l w0,y !

)

where vy, 4 :=n(1/p —1/q) (ory,, replaced by Be, := 0 + y> 4, and || - ||L» norm replaced by || - || z-0),
and wy.y > yrq for (r,q) # (2,2) and wy» = 0. The above decay estimates are optimal.

L w0, + 0 w0, )

Remark 1.3 The decay estimate for u in the linear hyperbolic system (1.3)) with time-
dependent damping derived from the optimal decay estimate (IL14)) in Theorem is not optimal,
since the initial data u(0, x) = uo(x) and 0;u(0, x) = Avo(x)—uug(x) are not independent. Cancelation
occurs and the decay rate increases as in (L17). However; the estimate is still of importance
in the decay estimates of the nonlinear system (I.3) since the regularity required is one order lower
than in the estimate (I.17).

Remark 1.4 We would like also to note some new features and difficulties caused by the time
dependent damping of the linear system (I.3) and two kinds of wave equations (1.6) and (1.7).

(i) The general solutions of the wave equation (1) (satisfied by u(t, x)) decay optimally slower
than those solutions of (L.6) (satisfied by v(t, x)); while in the linear system (L.3), u(t, x) decays faster
than v(t, x).

(ii) The solutions to the linear system (I.3) (and the linear wave equations (1.6) and ) decay
faster as A € [0, 1) increases. This may seem counterintuitive as weaker damping coefficients give
rise to solutions which decay faster. We may understand it as follows: when A is larger, the high

1-1 . . R 1+4
~CA+D"ywhile the low frequencies decay faster as e”¢1€" 1+ ", and

frequencies decay slower as e
on the whole the increasing decay of the low frequencies dominates the decay rate of the system,

which is faster as A increases.
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(iii) For the application to nonlinear problems, the fundamental solution of the linear hyperbolic
system (I.3) (and the linear wave equations (1.6) and ) starting from the time s to t, denoted by
G(t, ), is essentially dependent on s. That is, G(t, s) # G(t — s,0) since the decaying damping (15_0‘
on (s,1) is not comparable with the damping on (0,1 — s).

(iv) Two main difficulties occur when showing the optimal decay rates: the first one is that we

"B(r.&)dr

cannot express the fundamental solution &(t, s, &) in the phase space as simply e and approx-

imated diagonalization scheme is applied such that in the elliptic zone Z};

(”t |mt(T<§
£, 5,8) = & VT 2 5,0,

where &(t,5,€) == MN\(1, Q. 5, N (1,E)M™", see Lemma 21) below. Therefore, we need not
[ e 2 ar

matrix &(1, s,&) are not cancelled in the matrix product. The other one is that the low frequencies

only to prove the lower bound of e , but also to show that some elements of the
are divided into elliptic zone Z}), and mixed zones, where the frequencies in Z} decay slowest but the
region Z)), is shrinking. As a result, higher decay rates are needed for frequencies in mixed zones in
order to avoid the possible cancellations between frequencies in different zones.

The paper is organized as follows. In Section 2 and Section 3, we formulate the optimal decay
estimates of the time-dependent damped wave equations and linear system separately. The optimal
L? and L7 decay estimates of the nonlinear system are proved in Section 4.

2 Time-dependent damped wave equations

We first focus on the optimal decay rates of the time-dependent damped wave equations (1.6) and
(L7D). Here we need to consider the wave equations starting from any time s > 0 to time ¢ > s for
application to nonlinear problems, since the evolution is not translation invariant due to the time-
dependent damping. This section is devoted to the proof of Theorem

Taking Fourier transforms to the time-dependent damped wave equations (I.6) and (I.7)), we have

0% + €D + b()0,D = 0 2.1
P(0,8) = 91(§),  9:(0,8) = 79, '
and
20 + €0+ 8,(b(H)i) = 0 2.2)
20,8 = (§), 9:4(0,8) = i (), '
where b(t) = T t)l with ¢ > 0 and A € [0, 1). The solutions can be represented in the form
0(1,8) = DY(1,0,6)91(8) + ©3(1,0,5)P2(8), (2.3)
i(t, &) = Of(2,0,5)i () + V51, 0,H)in(é), (2.4)

11



with Fourier multipliers CD;(t, s,&) and CID’j‘.(t, s,€), j = 1,2, which represent the evolution of initial
data starting from s < ¢. A perfect diagonalization scheme was developed by Wirth 36l [37]] in order
to handle the time-dependent operators since the matrix is not commutative.
Let
5(1,8) = €7 h MU g,

(1, &) = 3 b POy &,

Then the equations in Z.I)) and (2.2)) are transformed into

- 1 1,

2 +(|§|2——b2(t) Eb (t)) = (2.5)
. 1

z +(|§|2 bz(t)+2b(t)) = (2.6)

For simplicity, we denote

e L2y 1y e~ Y2 Ly
my(t,€) = 7 = 7670 = S0, m(t,) = 67 = 7 b7(0) + ZD(0).

One may think that the differenoe between m, (¢, &) and m,(t,&) is of no importance since |b'(7)| =
(1”)1“ is dominated by b?(¢) ~ (1+t)2 < as 4 € [0, 1). However, we will prove that this difference makes
the solution u(z, x) of (I.7) essentially decay slower than the solution v(z, x) of (L.6).

We employ the diagonalization method developed by Wirth [36, [37]] and we pay more attention
to the exact asymptotic behavior of different frequencies, especially the low frequencies such that
my,(t,&) < 0 or my(t, &) < 0. We need to analyze the phase-time space for both (2.3) and (2.6). For the
sake of simplicity, we only write down the analysis and diagonalization of the problem (2.3) and then
we highlight the difference between the two problems. The phase-time space (¢, ¢) of the problem
(2.3)) is divided into the following parts:

z, (1, 8); VImy (1, O = Nyb(1), my(t,§) = 0},

{

hyp

Zhy = (1. 6):eb(1) < AImy(6. )] < Nob(e), my(t,€) > 0},
Z0, = (.6 AImy(t,6)] < e,b(D)},

Z% =05 VImy(1,6)] = &,b(t), m\(1,€) < 0,1 > 14},

where &, > 0 is chosen to be sufficiently small such that the influence of the reduced zone Z| ; on

the fundamental solution is relatively small, and N, > &,, 7, > 0. There remains a bounded part

{(#,8); \Imy(1,6)] = &,b(1),m\(1,) < 0,1 € (0,1;)} which is of no influence. The treatment of the
zones, Zy s Zo4s Zyegs

pd> “red
zone Z, 1n detail since this part will determine the decay rates of solutions.

and Z} is similar to that in [37], here we present the treatment of the elliptic

For any fixed constant ¢y > uN,, we would call

high frequencies: (¢,£) € Z hyp, €] > co,
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low frequencies: (t,¢) € Zevn, or other mixed zones,

where mixed zones are Z" , Z¥ . and Z’ with |£| < ¢g. Note that the elliptic zone Z” is shrinking
pd> “red hyp ell

and the frequencies in Z", decay slowest.
ell

In the elliptic zone Z_, we let D; := —id; and V := (/|m, (2, IV, DT, where (-)T is the transpose

of a matrix or a vector. Then the equation (2.3)) is converted into (note that m,(z, &) < 0)

Dy Iy (1.9)
L Y Vo t,
D,V =[ N 8']1/ = A, E)V. 2.7)
= /lmy(,6)]
Let
(i i 1 1 -i 1
M‘(1 1)’ M _2(1' 1)'
Then
Dy - A(t,€) = M(D; - D(t,€) - R(t,E)M ™, (2.8)
where
Dy, —i/Imy(2,8)| D@ (1 —1
D: = ’ D 8 = . s R , = .
! ( Dr) 2 ( i flm,(t, &) @) 24m@el \-1 1
An important note here is that D, # D,I since D;F = —id,F is the time derivative of a scalar, or

vector, or matrix F', while O, F for a matrix F' is a multiplier such that
D,FG = D(FG) = (D;F)G + F(D,G) + (D,F)G

for general matrix or vector G. For a vector V, there holds D,V = D,V.
Now the matrices 9, and D(t, &) are diagonal but R(¢, &) is not. The bad thing is that ||R(Z, &)||max <

1 (the norm || - ||max for a matrix is the maximum absolute value of all its elements), which is not

T+
uniformly bounded integrable with respect to time. The key ingredient for the diagonalization method

developed by Wirth [36}[37] is to proceed a step further, such that

(Dr = D(1,8) = R, N1 (1, &) = N1(1,E)(Dr — D(1,€) — Fo(1,€) — Ri(2, ), (2.9)
with e
) D A\m 8] 1 _ Divim@gl (1
N1, 8) = 2lmy (1,€)] (_1 )’ Fo(t,8) = 2/ [my(1.9)| ( 1)’

and N (t,&) = I + ND(t, £) such that
NV, 8D, €) - D1, NV (1, ) = R(t, &) - Fo(1, £),
and then
Ri(1,&) = (I + NV, &) (DIND(1,€) = R(t, NV (1, €) + NV (1, £)Fo(t, ).

Now one can verify that ||R (¢, &)|lmax < W, whose integral with respect to time over any interval

(s, t) is uniformly bounded. We also note that ||[N|(z, &) — Illmax = INV(, E)llmax < W and N (¢, &)
is uniformly bounded invertible if the 7}, in the definition of Z), is chosen large.

13



Lemma 2.1 The fundamental solution &(t, s,&) of D, — A(t, &) (i.e. the equation 1)) for (¢,£) €
Zuand0<s<tzs

Ot \Wh(rf

(Vlm, @O+
E(t, 5,8) =MN,(t,&)e NS 2o
1 3 Vi @O
:efx(\/lmv(r,f |+2W)

Q(t, s, N7 (t,& )M~

£, 5,8),

where &(t, s, &) := MN(t,&)Q(L, s, §)N1_1(t, EM" and Q(t, 5, &) is the solution of the following inte-
gral equation

Qt, s,&) = H(t,5,&) + if H(t,0,8)R (0, 8)Q(6, s, £)do, (2.10)
with

1 0
H(t,s,&) = 0 o2k Vim@éiar

Moreover, ||Q(t, s, E)|lmax is uniformly bounded and ||Q(t, s, &) — H(t, 5, E)|lmax S ﬁ for (t,€) € Z}),
and s < t.

Proof. According to the relation (2.8) and (2.9), it suffices to prove that the fundamental solution of
- D(t,€) - Fo(t,€) - Ri(1,€) is &HQt, 5, &) with

- [yl 2Dl
by =¢€" 2V )l

That is, we need to show
(&HQ) = iD(EQ) = (ID(t, &) + iFo(t, ) + iR\ (1, €))(EQ).

In fact,
0.(&Q) = (0,40)Q + £0,Q = (iD + iFy — H)EQ + &0dQ,

where
. 0, \lmy (t.8)] 0 0
H(t, &) = (D@, €) + Fo(t, ) — L&)+ ) = .
(1.6) = (D8 + Fo(t.£)) = (Vm, (1. 6] + === @ > mmzﬂ
Noticing that & is scalar, we see that Q is the solution of

9,:Q(1, 5,6) = H(t, HQ(, 5,8) + iR (1, )QUL, 5,8),  Qs, 5,8) =1,

which is equivalent to the integral equation (2.10). As proved in Theorem 15 of [37], there holds the
estimates

IQ(, 5,8) — H(z, 5, &)llmax
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Zf ||R1(l1,§)||maxf IR (12, &)llmax - f IR (¢, O)llmaxdt; - - - dirdty
=1 s

L JHIR (@0 lmaxd T

< O ([ IR ) e ROt

J=1

The proof is completed since

1 t 1 1
R (T, dr < dr < )
j; || I(T f)”max T j; (1 +T)2_’1 T (1 + S)l—/l

which tends to zero as s — oo. O
The following asymptotic analysis will be used to show the optimal decay rates of the solutions

D(t, &) and a(t, &) for equations (2.1) and (2.2).

Lemma 2.2 For (t,&) € Z}), there holds (note that b’ (1) < 0)

0\l ) b(t) ) 1 b’(t)
«/Imv(t,f)|+—2 e —|él"— b(t) 0 + (8,8l

2.11)
O Am O b(t) 2 € VO _
Vi (8 O+ e K5 B IOk

and for (1,£) € Z}), (the definition of zones in the phase-time space corresponding to i is completely
similar to that of v), there holds

Vit b
Vi@, + s - (t) |§|2— + (. €)l,

(1,6 b( ) (2.12)
i, (t b ’
Vi, + —@ > I o = It )L

where |r,(t,&)| < W and |r,(t,8)| < W such that the integrals of |r,(t,&)| and |r,(t, &) with
respect to time are uniformly bounded.

v ’f . f 1 2 > mu > L I 2 s

and in the elliptic zone Z), or Zj, my(t,£) < 0 and /lm,(t,§)| = &,b(1), or m,(1,§) < 0 and
Vim (8,8 > &,b(t), respectively. Then we have |m,(t,&)] = in(t) + %b’(t) _ |§|2 > egbz(t),
my (1, )| < 3b*(1) and

(1, )] + TN @

lmy (.6)]
Cm@EP = 3020 3h@OY (1) + 36" (1)

+
Vm @ o1+ 22 4G 0) + b (1) - |EP)
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|1 3b' (1) Ib()b' (1) b7 (1)
\/mv(tfl+b(’) Vim, @, 6)] + 22 4(%b2(r)+%b'(t>—|§|2) 4(4b2(t>+1b'(t) %)

1 b' (1)
2 L
+r,(t, &), 2.13
=€ — b(t) b0) ry(t, ) (2.13)
1y 7
with |r,(t,&)| = | 267 b’ o This shows the first inequality in 2.11).

4(%b2(t)+%b’(l)—|§|2)| ~ g v (1+l‘)2 1

As for my(t,£), we have Imu(t &l = 10X - 3b' (1) —I€P > gzbz(t) and |my (1, &) = 16X () — 16 (1) -
€12 < %bz(t) since |b'(f)| < (1+t)1” is dominated by b*(¢) ~
within 7 > 7, which can be chosen large. Now, we see that

|m(t§)|+@_@

2 \|Imy (2.6)| 2
I, (t, )| — 1b(1) Tbb' () - 16" (1)

= +
Vima@ 61+ 22 4(db2 (1) - 3 (1) - IEP)

i t)2 7 and the elliptic zone Z}), is defined

_ kP —3b'() 3bb' (1) 30" (1)
\/mu<r§|+“” Vim (@, &) + %2 4(%b2(t)—%b'(t>—|§|2) 4320 - 1o - 1€P)
e _
= ut’ k)
o+ 20 e
. —|¢P? -~
with m =~ —|§|2ﬁ and
_Lly 1 / 1onm
e, ) =|——2 @ S — ”“{“’) S LA |
IO+ 22 402 0) - S0 (1) - EP) 4(zb ) — $br (1) — |€12)
<| —1b'(t) . 140) +| b (1) W, b0
~ ‘/mu(t§|+@ b(t) b2(1)

4t = Iy —1ep) b
@l 8 - K, L @ID @ + 4EP] @)
|b(t)|| Vima (@, 6] + %2 D)l (2, )] b2 (1)
Ib’(t)ll 1b(t) - Ifl | |b’(t)||2b’(t)+4|§|2| . 1b” ()]
|b(t)|| N b<f>|2 [b(D)lmy (2, )| b2(1)

L1 Wl POR | o)
50 o TR TR

124 (t)l 1
b2(1) S (1+n)1-1°

By noticing that which tends to zero as r — oo, we find that 7,(¢, £) can be split into

Fu(t, &) = '5'2% W(t, &) + ry(t, &),
with
pOF ol 1

ru(2, )] < B0 R0 S A
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and 5
- 2 1 2 1
+E = w(t, &) ~ —[¢I"—
N e D M D
since |w(t,&)| < w and we can choose 7, large enough (it suffices to let |w(z, §)| < 1/4).
We show that the second inequality in (2.11) holds. Note that in the Z,

2% (1) < Imy(1, &) = %bz(t) + %b’(x) — ¢l < %bz(t).

Then (2.13)) reads as
= g \Im@dl  b()
t, - - -
I, 1 + 5 m@ol 2
|2 3b'(0) 16 (1) . 1y (1)

= + +
Vi @O+ 22 Im @, 6) + B2 4G020) + 30 (1) - P 4302 (0) + 30/ (1) — 1P

, 2 e bove

> —|¢] m + @ N @ + b2(t) + 7(1, &)

L2 2 VO
> —|¢] 0 + 0 + 1(1,6),
with
140! a0
F(1,€) > 2 -2
.62 (2, ) + %2 @+@)
I (1) %b(t)b’(t)) B | Ly (1)

+(12 Loy — 122 b2 112 Lreo _ 122
A02(0) + 5 (1) ~ 1EP) 0 714G + 3b'(1) - [€P)
L2060 — NIm@OD - SbOY D20 + M) (o)
T (W @O+ Ay AGHAO + 3 (1) — 1EPA() b))
LAO N CACRS R G O W< 0]
TR0 b+ lm @O PO b0 b)) b0

ACI S A O (O]

“2 b b)) )

_ep S
2= Py~ In( o)l

’
where C3 := max;>q l}}:z((?)l < MaXs( W is bounded, and

’ 2 ’”
b’ (1)] N 1b” (@)l < 1 ‘
b3 () brr) T (1 +1)%4
Therefore, the second inequality in (Z.11)) holds with C = C3 + 2. The proof is completed. i
According to the asymptotic analysis of the frequencies, we can formulate the following esti-

(2, )] <

mates.
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Lemma 2.3 The multiplies CD;(t, s5,&) and CD'J‘.(t, 5,8), j = 1,2, in the equations 2.3) and (2.4)
have the following estimates: there exist co > 0, € € (0,1/2), C > 0, and Ty > 0 (only depending on

w and ) such that
(i) For (1,€) € Z), and 0 < s < 1, there hold

|®m&ﬂsa%Wﬁﬂf|®asﬁ<()efwﬁﬁ“
for (t,¢) € Zvyp, 0<s <t and|&| = cy, there holds

_(Ll_ i
DY (t, 5,8)| + €Dt 5, £)] < ™G0 | b,

and for (t,&) ¢ Zgu with 0 < s < t and || < co, there hold

ax{s JV
; ot [ dr-(-e) ! e
|(D1(ta S’ é‘:)l S e ’

max{s,r¥}

2 & 1 t

-CIEP g s dr—(5-€) fmx(&%,b(r)dr
b

1
|(D (t S, 'f)l ~ b(mln{vt"}) "€

where tV = supfr; (t,€) € ell}
(ii) For (t,§) € Z3j, and 0 < s < 1, there hold

R P T T P

b(r) R 1))
for (t,¢) € Z"yp, 0 < s <t and|&| = cy, there holds

(D41, 5,€)| + IEIDL, 5, £)] 5 &30 [ o,

and for (t,&) ¢ ZY, with 0 < s < t and |§| < co, there hold
max{s,r%}
y _ €
D1, 5,6)] < T%ﬁﬁfcwﬁ R 378) foa PE
ax{s, i

m; ) .
—CeP [ dr—(=e) [1 . u b(DdT
|q)g(t, S, §)| < ﬁg) .e T max{s,} ’

where t” = supf{r; (t,¢) € ell}

( lll) For (t,¢) € Z}) and Ty < s < t, the estimate 2.14)) is optimal:

2 (11 2 1t 1
D)(t, 5, £)| 2 ¢ KT L wmdT, @Osﬁ>()[mwa

with another universal constant C > Q.
(iv) For (t,&) € Z%, and Ty < s < t, the estimate (2.15) is optimal:

DY(t, 5.8)] 2 b((S)) . ~CIR [ fdr DU, 5,6)| 2 — () o [[ gadr.

with another universal constant C > 0.
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Proof. The estimates (i) with s = 0 was proved by Wirth in Theorem 17 of [37]. Here we need to
consider CD;(t, s,&) with s < 1 for the application to nonlinear system (L.3). It should be noted that

d'(1, 5, &) behaves different from (D;(t — 5,0, &) since the damping is time-dependent.
We first focus on the elliptic zones Z!) and Z},. Using the fundamental solution &'(z, s, £) of

— A(t,&) in Lemma 2.1l we can express the solution of (2.7)) as

(\/|mv(r, o, 5)) 8 5.6) ( Vi, (s, (s, 5))

D(t, ) D;(s, &)
_ s 2 3.5, ( \/Im;)(sﬁ,(é;)lgs, 6))’

where éN"(t, 5,&) = MN (1, 6)Q(, s, f)Nl_l(t, &M and ||£0(t, 8, &)|lmax 18 uniformly bounded. Accord-

ing to the relation

7(1,8) = e O ),
we arrive at (note that D, = —id;)

( Vimy (4, ), €) ) A e e R B 5.8) VImy (s, )l (s, €) )

D(t, &) - i%29(t, €) Di(s, &) - i%20(s, €)
Therefore,
0156 = memm S GBIl 218G, O10),
5.0 = m e P 2.18)
such that

‘A)(ta ‘f) = (I)‘I)(ta S, é‘)‘}}(sa ‘f) + (I)E(ta S, f)atﬁ(*g’ g)a
where [-]  denotes the (j, k)-element of a matrix. Note that in the elliptic zone Z, o We have
1
&b(t) < NImy(1,6)| < Eb(t)’

We apply the estimate (2.11) in Lemma[2.2]to get

u A \lmy(7.6)| h(r)
eﬁ( V|mv(Ta§)|+ AN GD) )dt e_|§|2 fS’ ﬁd‘l’ ) eJ: }2((?611 b(t) ) e_|‘f|2 j;’ ﬁd‘r’
s b(s)

which implies (2.14).
Similarly, we have

1 t (T, 5[W_@ - b ~
eﬂ(m I (c ) dr ( |mu(s,§)|[£(t,s,§)]11—i%[g(t,s,f)]ll),

D1, 5,£) = ——me
: (1, &)
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RS e CE
o

O5(t,5,8) = (£, 5,6)a- (2.19)

Here we have slightly abused the notion &(z, s, &), which should be replaced by the matrix corre-
sponding to the problem of ii(z, £). We apply the estimate (2.12)) in Lemma [2.2]to get

[ Ot \/\mu(‘l’f b(‘r)
f( |mu(7'f |+ N ) e_|§;|2 t 1 dT

)

which completes the proof of (2.13).

The treatment in the zones Z}Vlyp » oy and Z7 , of the phase-time space of (7, £) is similar to that
9 . t
in [37]. We note that for (t,¢) € Z hyp and |€] > ¢y, ﬁ Z(T;)) and %t) are all dominated by eefx b()dr

For (1,€) ¢ Z)}, and |£] > ¢y, we can apply the estimate (2.14) to CD;(tV, 5,8 if s < tg. This completes
the proof of (i) and the proof of (ii) follows similarly.
We prove that the estimate of ®)(z, 5,¢) in (2.14) is optimal. According to the optimal estimate

(@.11) in Lemma[2.2] we see that for (1,6 e Z),

At \Imv(T€)l b(r)
f( Vimy(1,€) |+2 ) Ydt |§|2 st Cd ef: Y@ g b(t) ' e—|§|2 ‘¢ d‘r

b(7) s b(r)
b(s)
Then (2.18)) reads as
1 (. Ot VImy(@8)| b(T) B b _
]88 = —— s e e R N wews T R I P65, ol
mV B
> KL b<c>dT| bv(() %) [£(t, 5,611 — —[@@(I 5.1,
and
e I e)
DY, 5, €)] = R A L N 1€, 5,01,
Im, (2, &)
1
2 LIS 8, 5,8)110).

It suffices to show that there is no cancellation between the elements of the matrix product of & (t,s,8)

such that | XS &, 5,)]11 — L6 5.O112] 2 1 and [[€(1, 5.O)]12] 2 1. Noticing that

E(t, 5,€) = MN1 (1, E)Q, s, ONT (, M = MU + NV, )Q(t, 5,6 + NV, €)' M,

where [NV (t, &)llmax S ger and IQ(, 5,€) = H(t, 8, E)llmax S gpyer With

1 0
H(t’ S, é:) = 0 €_2 fst [my (7,6)ldT
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as shown in Lemma[2.1] we can find Ty > 0 such that for any Ty < s < t and (¢, &) € Z",,, there holds

ell’

& - 1
16, 5,) = MH(, 5, )M lmax < 7

1 —i |
i 1
if t > s such that fs ! svb(‘r)d‘r > 3In2/2, which is easily achieved since fs * b(t)dt is divergent.

Therefore, |[é~"(t, 8,9 - | <z and I[é"(t s, ) — | < 1 which means

and furthermore we have

< 16—2 J: &,b(t)dt < i’
max 2 16

—2 f |my(7,€)ldT
max 2

fussen -3 (1, 1)

<3
Imy, (s, )| Vimy(s, 91 1 i i Im,(s,)I1 11 3
|( b0s) [£(t, 5,611 — —[é"(f $,6)2) — (————— b(s) '§—§'§)|SW§+§§SE-

It follows that

Imy (s,
b(s)

and the proof of (iii) is completed.

Imy(s, Ol 1 i i

(605,011 -~ 518,560 2 [T ER 2 - 1 2 ) -

|( b(s) 2 2 2

We turn to prove (iv) in a similar way as (iii). According to the optimal estimate (2.12)) in Lemma
R.2] for (1,¢) € Z}),, we have

NS e N e [

lmy (&)l s D)

Then (2.19) reads as
1 (7 +ar VImu(r.6)| b(zT)
.56 = ———sc oF O S e | oG DI 5.£)]11 — i ()[@@(t 5.6
o
b _ 2 4 C my
. b((j)) i gegte| VIl O (S Nza s, ——[@@(t 5.6)al.
and
1 Ot VImu(zé)l h(‘r)
1 my (T, __ ~
@4t 5,8)] = P I S s, 1),
. &)
1 2 [P C -
25w L& 1&a, s, 1a).

The proof of |[£o(t, 8,812l = 1 and | “l'Zé‘(;g [éa(t, s, — —[é"(t s, g)]12| > 1 in the case of i(t, &) is
the same as in (iii). O
The above frequency analysis is used to show the optimal decay estimates of the wave equations

(L6) and (7). Note that the time decay functions I'(¢, s) and ©(z, s) are defined as in (L.8).
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Proof of Theorem[L.3] The estimate (I13)) for s = 0 was proved by Wirth [37]]. Here we focus on
the influence of s and show that u(z, x) decays slower than v(z, x). We also prove that those estimates
are optimal. According to the frequency decay estimates Lemma[2.3]and the representation

0(t,€) = @|(1, 5, (s, &) + D3, 5,£)0,0(s, ),

we need to calculate the integral |||§||"|f/(t, )l decomposed into several zones, where ¢’ := p/(p—1)

is the conjugate of ¢’ with 1’ = co. For the low frequencies in the elliptic zone (z,£) € Z}), we

consider the case p € (1,2) and g € [2,00) and take |§|Ia||q)¥(t, 5, O)IP(s, &)| for example. Let & :=
supl{|él; (,€) € Z),}. We have

. q

[ (s ome.o de
[61<&
< f gl &L Lo po(s, o)1 dg

I€1<&

’ 'Ip , rN r_ N, T 1 1-q'/p

S ([ popag)™( [ el ot § i)

€1<&; €1<&:

< (s, 9l ( f el 1= et = C 10~ [ st ) T
0
< (s (14 (1) = (1) )20markeDy
which is
€D (2, 5, €)D ! 1+ _ 142y~ L (g +a)
14 8, EW(s, E)lLa < [Iv(s, x)”Lp(l +(1+1) 1+s)y™) 2 , (2.20)

where we have used the fact that for general 8 > 0 and C > 0,
00 00 i3
—CleP [ st _ 2t 1 8 -kl [ jdr 200 1 gL 1 -7
fo e 6P I mtag) = [ e ) pganste L aggr [ gloant ([ )

fop e \
s(f ——dr) T s+ (L)Y, et
b(t
s b(1)

We also have
el < gl < e s A+ WL Ve e 2,

and then

NENIDY (2, 5, £)0(s, Elza < (1 + )WDY (2, 5, )05, €)lI1s

< (s, Ol (1 + (1 + DM = (1 + )13 Ypa (1 4 gyl (2.21)
Combining (2.20) and (2.21)) together, we have

NEIDY (2, 5, €)0(s, Elza < (s, )II;, - TP(2, 5) - Oz, 5).
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For the high frequencies such that (¢,&) € Zﬁyp and |£] > ¢g, we consider the case (r,q) # (2,2)
and we have

LL (161107, 5. )05, £))" e

’ 1 r [t ’
s [ oo Eoo, g ag
€1>co

< oo [ beo( f

l€1>co

1 1 ’
< (e_(i_‘g)fs h(T)dT”al;ll"'wr,qv(S’ x)”ﬁr)q

MWWMMWMWWI eedg) "

l€1>co

’

since k := w.qr'q"/(r' — q') > n. Note that the sub-exponential function e~(27e) [ b decays faster
than (1 + (1 + )14 = (1 + s)l+)=20patlad,
For the mixed part of low frequencies such that (z,&) ¢ Z and |£| < cg, we divide the proof into

two cases: (i) tV > s+1g and (ii) ¥ < s+ 1y, where ¢y > 1 is a constant such that f o md‘r > 1. Note

that — b( 5 = (1 + 7)1, and 1y can be chosen independent of s. For case (ii) with s < £} < s + 1y, we have
€] = b(1}) = b(r) for 7 € (s, 1}), and ’

max(x,tv) max({s,t

-C1leP [; b(T)d‘r C> fmaw b(r)dr -C fs h(‘r)dr C fmaxm‘ b(r)dt
e X e

< e Min(C1.Ca) I byt

which is also true for ¢} < s. As for the case (i), we can use the following inequality for general 8 > 0

¢
max({s,t}}
|§|ﬁe—C1|§|2ﬁ 3 b(‘r)dT C fmdxml b(r)dt
B I -C f L b(T)dT , B
(12 [ g N2 —CikP € g T . :
= (|§| ff b(T)dT) b atmdr (fsf md‘r)

Nlh

—cfh( )d
se (L )

~C; [ b(r)d 8 _
se szt‘f " T( e b(r)dT/ff 6] )2( s b(r)dT+ i b(r)d )
! 1 _B
< (j; %dT) 2,

since fs ; Br )d fs o b(l 5dt > 1. The rest of the proof is similar to the case (1,¢) € Z),.

Now we prove that the estimate (LI13) is optimal. The proof of the optimal decay of the estimate
(L14) follows in a similar way. Without loss of generality, we assume that s > 1 and ¢t > 2s. We
show that the L'-L? estimates are sharp, other L”-L? and H~?-L? estimates can be deduced similarly
or using an interpolation theorem. Let 7y > 0 be the constant in Lemma[2.3] If s > T, we consider
the initial data at the time s with v(s, x) = 0 and 9,v(s, x) = .% ! (y) such that (&) is a nonnegative

I

and smooth function, y(£) = 1 for |£] < R and suppy C Bsr(0). Replacing the upper bound estimates
(2.14) by the optimal lower bound estimate (2.16) of ®}(z, 5,&) in the estimates within Z) shows
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that the frequencies in Z); decay not faster than the desired rates in (LI13). Note that ¥(s,&) = 0
and then @Y (z, 5,£) has no influence. We only need to show that the low frequencies in the mixed
zones decay faster such that the cancellation between frequencies in different zones can not happen.
In fact, & := sup{|é]; (¢, ¢) € Zevn} ~ (1 +1t)~*and tg = sup{t; (1,€) € Zevn} ~ |§|‘%, we can estimate for
& < [é] < ¢o and |§] near &;

—C11el? [ L dr—C, [ b(r)d O ER A (A=Al -A -1-2 -y~ . 1-J
P [ mmdr=Ca [, bnydr < @ CPET-Co ™ o™ o —ClT T =Co T o minfC Gl

which decays sub-exponentially and is faster than the desired decay. We can also take the initial
data 9,v(s, x) = 0 and v(s, x) = .Z ' (y), and then using the optimal lower bound estimate (2.16) of
(2, 5, 8).

It remains to show the optimal decays for the case s < Tj. We first choose the initial data
(T, x), 0,v(Ty, x)) at the time T such that v(¢, x) decays not faster than the rate in (LI3). Then we
consider the backward wave equation (I.6) with the initial data (v(T, x), d,v(Ty, x)) at the time T, and
backward to the time s < T(. Note that the problem is a linear wave equation with bounded damping
coefficients on a bounded time interval (s, T) C (0, Ty), and the solution remains bounded. The proof
is completed. O

3 Time-dependent damped linear hyperbolic system

We next show the optimal decay estimates of the linear hyperbolic system (L3)) starting from any time
s > 0 to time ¢ > s for the application to nonlinear Euler system (L3).
Proof of Theorem WEe first prove that

10%V]|za ST7Pa(z, ) - @12z, 5)

(v, .+ s, D, + (@ vis, ), (0 + 91 uis, D7),

and
14+1\2
W05ules () T 5) - 02, 5)

(s, 2. (1 + (s D, + (@ us, ), (1 + YT (s, ), ).

which follow from the estimates (I.I3) and (L.I4) in Theorem [L3l That is, we regard v(z, x) as a
solution of (I.6) with the initial data v(s, x) and d;v(s, x) = —Au(s, x), and u(t, x) as a solution of (I.7)
with the initial data u(s, x) and d;u(s, x) = Av(s, x) — b(s)u(s, x). Note that,

1+ s7'ams, ol < 0+ sy Aucs, Al < I+ y'ucs,

||(1 + S)/lal;ﬂ—l-f—wr,qa[v(s’ ) zr < ||(1 + S)/laL(CIHa)r.qu(s’ ) zr’

and
(1 + 9%0us, s, < |+ A Avs, ) = bsuCs, M|, < [Jts 2 (1 + sy (s, D,
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h

(1 + 8™ s, ),

< @ s, ), (1 + sy A vs, )

h
r

However, the above estimates on low frequencies are not element-by-element optimal (the decay
rate of v(¢, x) in dependence on the initial data v(s, x) is optimal, but that on u(s, x) is not). According
to the frequency decay estimates Lemma[2.3] and the representation

0(t,€) = OY(t, 5, (s, &) + D31, 5,£)0,0(s,£) = O (1, 5, )¥(s, &) — KDL (1, 5, )ir(s, £),

we can improve the decay rate of v(z, x) in dependence on the initial data u(s, x) by (%, s) in a similar
way as in the proof of Theorem [L3]since the decay rate is determined by the frequencies in Z}. This

completes the proof of (L13) and (LI6).
We show that u(z, x) decays faster than (I.I6). According to the equation (I.3)),, we have

t 4 1
u(t, x) = ek POy (g ) + f ¢ b PO Ny . 3.1)

N

-C((1+n'

t —A .
The sub-exponential function el (19" decays faster than any desired alge-

braical decay and

! t
a(;f e_J;ib(T)dTAV(nax)dn“Lq
: oy
< f e I POU 99 Ay, )lladn
N
! t
< f e I PO a(y, 5) - @ g, ) - (|[vcs. [, + [0 s, )
N

)
Lr

1 1
+ f e AT 4 gyt [7ra(x, s) - @2, s)dn - (Hu(s, -)HILP + ||a'f'“+”w u(s, )

)
)

Integrating by parts yields

t ot ! 1 o
[ e, -0 s = [ -0, ek ")
S S

<(1+ 0t - T4, 5) - O (g 5).

This ends the proof of (L.17).

Let Ty > 0 be the constant in Lemma[2.3] We can prove that the estimates on [|0%v(t, x)| L4
is optimal in a similar way as in Theorem [[.3] In fact, if s > T we take v(s, x) = .% ~'(y) and
u(s,x) = 0 to show the optimal decay with respect to v(s, x), such that v(z, x) is a solution of (L6
with the initial data v(s, x) = .Z " (y) and d,v(s, x) = —Au(s, x) = 0, where Ty > 0 is the constant
in Lemma 2.3l and y(&) is the smooth function in the proof of Theorem Alternatively, we take
u(s,x) = Z '(y) and v(s,x) = 0 to show the optimal decay with respect to u(s, x). For the case
s < Ty, we apply the same procedure as in Theorem [L.3]
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Finally we show that the decay estimate (I.17) is optimal with respect to v(s, x) for all § > s > Ty
by taking v(s, x) = .% ! (y) and u(s, x) = 0. For (¢,&) € 7y, and s < 1, according to (2.19) in the proof
of Lemma[2.3] we have

i, &)

(1, 5,O)it(s, &) + (1, 5,£)0,i1(s, €)
D3(t, 5, OIEN - x (&)

. — H,W_@ -
—l f(m |mu(r.6)| i |§|[(9"ﬁ}(t, S, §)]12 X(é‘:)’
Imy (1, 6)|

and |[£(t, s, 2l = 1. The rest of the proof is similar to the proof of the optimal decay in Theorem
[L3l The proof is completed. i

Remark 3.1 The estimate (L16) on ||0%u(t, x)||Ls derived from the optimal estimate (L14) is not
optimal with respect to u(s, x) for the linear system. If one take v(s,x) = 0 and u(s,x) = F(y),
then the initial data of the wave equation satisfied by u(s, x) are u(s,x) = F _1()() and Ou(s, x) =
Av(s, 1) — b(s)u(s, x) = —=b(s)F _1()(). According to the estimates in the proof of Lemma[.3] we see
that if s > Ty,

o).

b(1) Ly,

DY (2, 5, )ia(s, &)| =
and

D3, 5,03s,£) = = - ¢ LI () = T Ly

b(r) b(t)

They are decaying of the same order and cancellations happen as we can prove a faster decay (IL17).

We have formulated two kinds of decay estimates on [[0u(t, -)||z« in Theorem [[.4t one is
without optimal decay rates, the other is with optimal decay rates but the regularity required
is one order higher. In application to the nonlinear system, we can use the optimal (I.I7)) for the
estimates of [|d%u(t, -)||Ls with lower index « and apply (L16) to those with higher index a.

We improve the decay estimates (L.16) on ||0%u(z, -)||zs in Theorem [L.4] by taking advantage of the
cancellation between the initial data u(s, x) and d,u(s, x) = Av(s, x) — b(s)u(s, x) if we regard u(t, x)
as a solution of the wave equation (L7).

Proposition 3.1 (Decay rates improved by cancellation) Let (v(z, x), u(t, x)) be the solution of
the linear system (1.3)) corresponding to the initial data (v(s, x), u(s, x)) starting from the time s. Then
forge[2,00]and 1 < p,r <2 (or @ € [0, %)), and fort > s > Tog (To = 0 is the constant in Lemma
2.3), we have

102t Mz (1 + 0% TGz, 5) - @1 2, 5) - ([|vcs, |, + ([0 v,

h
v)

+(L+ 00+ 9 T, 5) - 021, 5) - ([lucs, |, + (057 ucs,

v)
LV
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+ C(i)” Tt 5) - 01t 5) - (

o — +(L+ L+ = (L + )7

1
(1+ s)!
h

) (32)

. (”u(s, ')”le + ||8|f|+w”1u(s, )

where C > 0 is a constant and Ypq = n(l/p —1/q) (or vy, replaced by Boy := 6 + y2 4 and || - ||
norm replaced by || - ||g-6), and w4 > yyq for (r,q) # (2,2) and w; = 0. The decay estimate B.2) is
optimal with respect to v(s, x) for all % >s2>Ty.

Proof. 1f C = 0, the decay rates in (3.2) are equal to that in (ILI7)) in Theorem T4} but the regularity
required is one order lower. We note that the estimates on [[0u(t, -)||z« in (LI7) are deduced from the
optimal decay estimates on ||VO{v(¢, -)||ze, which requires regularity one order higher. Noticing that
cancellations happen in the evolution between the initial data if we regard u(¢, x) as a solution of the
wave equation (L7), we make advantage of the cancellation to improve the decay estimates without
the one order higher regularity.

Similar to the proof of Lemma 2.3] but with more precise estimates concerned with the possible
cancellations, for (¢,¢) € Z:H and s < ¢, we have

at, &) D(t, 5, 6)i(s, &) + (1, 5,6)0,(s, &)

(1, 5, )05, €) + P51, 5, )05, €) = b(9)it(5,€))

(@Y(1, 5,€) = b()D3(1, 5, )als, €) + D5 (1, 5.£)0(5.6)
L OVl Sl e

- 2\l B
|, (1, &)

~ b - -
(G BNE, 5. + 7218, 5,Ehoits, &) ~ A, 5,E)li(s,8),

according to (Z.19) in the proof of Lemma [2.3] where we have proved that there are no cancelations
between

- b -
. B, 5, &)1 — i%[(s(a 5.6,

and here we show that the leading terms within the summation

VIm, (s, OE, 5,6 + i@[@% 5,612
2

cancel each other. In fact, noticing that
E(t, 5,€) = MN1(1, E)Q(t, 5, )N (1, &y M = M(T + NV (1, )Q(t, 5, )T + NV (1, €)' M7,

where [INO (1, )llmax S gprr and QU 5,€) = H{1, 5, O)llmax S gy With

1 0
Ht 5.9 =\ [ Vimcoir
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as shown in Lemma[2.1] we have

1€, 5,6) = MH(t, 5, )M lmax < I (3.3)
and
({1 1 d 1 —i 1 '
-1__ _ 220 Almu@é)ldr 22 [ eubdr
|perics . w7t -3 (—i 1)”max ~2¢ (i 1)” =3¢ - GD
Therefore, (3.3) and (3.4) imply
3 L1 i 2 [ eub(r)dr
¢ 2(—1‘ 1)|maxS T+ 7 ’ G:3)
which means
lmy(s, &)l ~ i lm, (s, &) 1 i 1 2 [
- " [&(t —[&(¢ <l X2 4 - ﬁ eub(T)dt
S @ s 8 + 518 s O] S| r = S g S e

1 -2 rsuh(‘r)d‘r
S | VPGB 3409+ e e

2 /
.l LAC) B SN (P
b2(s) (1+5)1-1

It follows that

[V DI, 5,0l + ZQ[@% 5.6)112| < b(s) - | W

2 t
< ﬂ + 1 + ;e—zfs eub(1)dT
b(s) 1+s (1+ s

[E(t, 5,611 + é[c?(t, 5Ol

Compared with

Vi Bl s ol = b0, [P 180. 5800 = boo,

1e?

the multiplier ;5 ©

leads to a decay estimate multiplied by
O’(t,5) - (1+ 9™,

and the multiplier

1 +e—2j;tsub(r)dr < 1 +e—28u((1+t)1’/l—(1+s)l”l) < 1 +(1+(1+t)1+’1—(1+s)1+’1)_1,
(1 + s)1-4 (1 + s)1-4 (1+ s)1-4
since (1 + (1 + 1)1+ — (1 + 5)!1T)e 280 =149 < | forall 0 < 5 < 1. O

Remark 3.2 If C = 0, then 3.2) is reduced to the optimal decay estimate (LLT) with the higher
order regularity ||8|f|+1+w"" (s, ), u(s, - }Ll, replaced by ||8|f|+w"” u(s, }Z,. That is, (3.2)) is stronger
than both (T16) and (LI7) if C = 0. Here we cannot prove that C = 0 due to the approximation error

in 3.3). Fortunately, the strategy of applying (L17) and (I.16) to ||0%u(t, -)|| s with different index a
works forn > 2 and A € [0, 1).
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4 Reformulated Euler system

We apply the optimal decay estimates Theorem [I.4] of the linear system (I.3)) to the study of asymp-
totic behavior of nonlinear system (I.3). We rewrite (L3)) as

v 0 -V \ (v —u-Vv—wvV - u
(1 R At w
and the solution can be expressed as by the Duhamel principle
V(t, -x) _ V(O, )C) t
(u(r, x)) - o0 (u(o, x)) + [ 6t.900. s, (42)

where

Ql(s,X)) _ (—u-Vv—va-u) Glios) = (Qu(t, 5) G, S))
0 (s, x) —(u-Vu —wvVy)’ ’ Gt s) Gnl(t,s))

The semigroup (Green matrix) G(t, s) stands for the evolution of the linear system starting from the

O(s, x) = (

time s to 7. For simplicity, we may write a function of time and space v(z, x) as v(¢).

It should be noted that G(t, s) # G(t—s, 0) since the decaying damping (15—01 on (s, t) is completely
different from the damping on (0, ¢ — s). One should be careful that the optimal decay estimates of
G(t, s) depends on both ¢ and s (not only on ¢ — ).

4.1 Optimal L? decay estimates
We start with the optimal L'-L? decay estimates of the nonlinear system (L.3).
Lemma 4.1 Fort> s> Ty (Ty > 0 is the constant in Lemmal(2.3)), there hold

193G11(1, PNl ST2 (L, 5) - Oz, 5) - (gl + 10161,
103G 12(t, )P S(1+ ' -T2(2,5) - O (1, 5) - (I, + 18" lI"),
102G21(t, )N S(1+ DT -T2, 5) - O (2, 5) - (I, + 197 ¢lI™),

109G (2, )| s(%)” T3(5,5) - ©t, 5) - (lglly, + 101", (4.3)

Furthermore,
103G, )P S(1+ DA + ' -T2, 5)- Oz, 5) - (llgllL, + 105 gl (4.4)
Proof. These estimates are simple conclusions of Theorem [I.4] O

Lemma 4.2 Forf > 0andy > 0, there holds

f(l +A+D" -+ 9"YHY B + 5)7Vds
0

(1 + £y~ min{B+D.y} if  max{B8(1+A),y} > 1,
SA(1 + )~ minBED A ne + 1), if max{B(1 + )y} = 1, (4.5)
(1 + £y PA+DHL if max{8(1+2),y} < 1.
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Proof. Denote 6,4 = 1 for p = g and 6, , = 0 for p # g, we can calculate
t
f (L+A+0" =1+ 9)""HPA +5)7ds
0

1/2 t
s( n )(1 + (1 +D)" =1+ "YU + 5)Vds
0 t/2

!

/2
sf A+ PMA+ 9 Vds+ | A+A+"™ =1+ 9" PA +1)7ds
0 t/2

<1+ 0PI 4+ pm =0 nge + )PPt + (1 + )7V (1 + HmXPUEDI In(e 4 p)or0sn,

since
! !
A+A+)" A +9"™Pds < | QA +@-95"HPds
12 12
t /2
< | Ad+1-9PMgs = f (1 + s) P+ gy,
t/2 0
We can verify (.3)) in different cases. m|

Lemma 4.3 For >0,y >0, and k > 0O, there holds
!
f (1+ - TP, 5)- O (1, 5) - (1 + 5)7Vds
0

! !
< f @, s)- Ok, s)- (1 +5)Vds < f P, 8) - (1 + 5)Vds
0 0

(1+1)" min{%(ﬁ%m, if max{Z4(B+k),y}> 1,
SRy
<3+ mﬂlﬂTW")#} Ine+0, if max{Z@B+k),y}=1, (4.6)
+4
(1 + 1777 B+ if max{Z2@B+k),y} <1

Proof. We note that O(t,s) = min{['(¢, s), (1 + )™} as defined in (I.8). The proof is completed
according to Lemma [4.2] i
The following higher order energy estimates will be used to close the decay estimates of nonlinear

system (L3).
Lemma 4.4 Assume that (vo,uo) € H'21*3 and a priori assume that
v (@), wO)ll 1512 < 60b(2), 4.7)

where 6y > 0 is a small constant. Then the nonlinear system (L3) admits a global solution (v,u) such
that

!
I 15 + fo BTV 1510 + P 1.5)ds S 100, wOIE 1.5 (4.8)
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Proof. The energy estimate (4.8)) is proved through the following four steps. The case of time inde-
pendent damping and n = 3 is proved in [33]]. Here the main difficulty lies in the absence of uniform
lower bound of the weak damping coefficient.

Step I: For 0 < k < [5] + 2, we have

d
030wl + bGP < 0wl igres - 03I + 105ulP). (4.9)

This is proved by applying X to (I.3) and then multiplying the equation by 6%(v, u), summing up and
integrating over R”. Here we omit the details.
Step II: For 0 < k < [5] + 2, we have

d
Enaﬁz“(v,u)n2 + bOIA ull < 110, Wl egreo - (0P + 1105 wl). (4.10)

This is proved by applying 3! to (L3) and then multiplying the equation by 6%*!(v,u), summing up
and integrating over R".
Step III: For 0 < k < [5] + 2, we have

7]

— f O -V + 10V < 105l + 1, w1 - USSP + 107 ). (4.11)

This is proved by applying 6% to (L3), and then multiplying it by Vo¥v, utilizing (L3); to dealing
with the mixed time derivative term f ko - Vokv.
Step IV: Multiply @.11) by b(7), for 0 < k < [5] + 2, we have

d k k k+1_ 112
E(b(z) f O - VOkv) + bol|oE vl

< @) f |0 - V] + bOIF I + DN, w5102 - AT VI + 110 ull)
eI VI + b@)dull? + bW, wl ir.o - U0V + 105 ul),

where g1 > 0 is a small constant. Therefore, for 0 < k < [%] +2,
d
(b f O - V) + b VIP < bOIAuI + bW, w)l 5102 - (5P + 105 ). (4.12)

Multiply 4.12) by a small constant &, > 0, summing it up with (4.9) and (4.10), we have

[n/2]+2

—||(v I 1410+ —(e2

k k 2 2
- b(t)fa - Vo) + bOUTVIE 41,0 + el g,.) <0,

k=0
provided that the a priori assumption (4.7)) is valid. The constant &, > 0 is small such that

[n/2]+2
|82 > b f O u - voky
0

1
< 5l u>||2 -
k=

2

The proof is completed. O
We present the optimal L!-L? decay rates of the nonlinear system (L3).
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Proposition 4.1 (Decay rates of nonlinear system) Forn > 2 and A € [0, 1), there exists a con-
stant gy > 0, such that the solution (v,u) of the nonlinear system (I.3) corresponding to initial data
(vo, ug) with small energy ||(vo, uo)|| Lingl4s S €0 exists globally and satisfies

10%v]| < (1 + )~ ¥ n="3"lel, 0<lal<[4]+1,
I0%ull < (1+n~ =500 <|af < [4], “.13)
0% < (1 + 1) =5 laked, ol = [4]+1, '

100, )l 105 1.

The first two decay estimates in (4.13) (i.e., the decay estimates on ||0%v|| with 0 < |a| < [5] + 1 and
l0%ull with O < |a| < [5]) are optimal.

Proof. Suppose that the local solution (v, u) exists for # € (0, T'). Denote the weighted energy

Led, 1ed Led, o 144 _
E,@:=sup { > (L4 FmElany, N (14 T gy
1€(0.0)  g<jal<[n/2]+1 0<lal<[n/2]
Lad ) LAy 144
(L4 b ge), 3 @+ otvwll, Y. 10tvwll). (414)
la|=[n/2]+1 lal=[n/2]+2 la|=[n/2]+3

We claim that under the condition ||(vg, up)|| +3 < &, there holds

L'nat?!
En(i) < 605 er (Oa T)5 (4'15)
where g9 > 0 and &y > O are small constants to be determined.

The global existence and the a priori assumption (4.13) (which implies the decay estimates (4.13))
will be proved in the following three steps. For the sake of simplicity, we take the case n = 3 for
example. Other cases with n > 2 follow similarly. We may assume that 7y = 0, where Ty > 0 is the
constant in Lemma[2.3l That is, we consider the nonlinear system (I.3)) starting form the time Ty and
we write t — T as ¢ for convenience.

Step I: Basic energy decay estimates.

According to the Duhamel principle (4.2)) and the decay estimates of the Green matrix G(z, s) in
Lemmal4.1] we have

@l <G 11t Oyvoll + 1G22, O)uoll + fo G116, Q1 (9)lds + fo 1612t 9)0:(5lds
<eo(1+07 77+ fo ). Q1 (DI, +11Q1(I"ds
+ fo t(l + )1 -T2(t,5)- O 5) - (10291, +1Q2(s)")dls
<eo(1+ 075" + EX(1) fotr%(t, s)-(1+s) 2" 1ds

!
+ EX(1) f (1+ ) -Ti(t,5)- O, 5)- (1 +5) 277 ds
0
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<eo(L+ 075"+ B2 +1) 57,

where we have used Lemma[4.3] (note that %n + % > 1forn >2and A € [0, 1)) and the following

decay estimates on ||Q(s)||;1 and ||Q(s)|| (here and after, we use D/ := 9’ and we may also write u as

u for simplicity)

_ld,
1Q1()llr < DVl + vDulls < IullIDV]l + VDUl < Ex(s)(1 + )7 2"

1+4

_ld, 144
1Q2(9)ll < lluDullys + VDVl < llullllDull + IMIIDVII S En(s)(1 + 5) 7"

+ -

For n = 3, we have

3 2,112 L.
()|l < |1Dull2|ID?ullz < E,(s)(1 + s)~ & "L,
()l < IDVIZIDMIZ < En(s)(1 + ) 553,
D)= < 1D ID%ul)? € En(s)(1+ )™ 5772,
IDV(s)lL> < ||D2v||%||D3v||% < E,(s)(1 + S)—¥n—%(1+/l),
2 3 1 4 1 —Mn
ID*u(s)|l < 1D ull2|ID*ullz < En(s)(1 + 5)" 5 7,
2 3 1 4 1 —Mn
ID*v(s)|lz < ID?VIIZIID*]12 < Ep(s)(1 + 5)" % ",

and

_led, 1A
> 1

1Q1 (N < luDvl| + [IvDull < llull = 1DVI| + [VlIz=[1Dull < E;(s)(1 + 5) 27,
L,
1Q2()| < lluDull + VDVl < llull1Dull + [Vl 1DV 5 Ex(s)(1 + 5)7 2 "2,
1+4

IDQ1 (s)]| < 1IDuDVI| + [luD?v]] + [vD?ul] < EX(s)(1 + 5)” =715,

IDQ(s)I| < lluD?ul + IDuDul| + VD] + IDvDV]| < EX(s)(L + 8 57700,
where 0, = min{%, 1+ 4} > %
Using the above estimates, we have

IDv(@D)l SIIDQu(t,O)Voll+|IDQ12(t,0)uo|I+f0 IIDQu(t,S)Ql(S)IIdS+f0 IDG12(1, 5)Q2(s)llds

1+,

<eo(1+ 07 F 4 fo T3(1,5)- O, ) - (101 + IDQ1(9)])ds
+ fo 1+ )T -T3(t,5) - 0%t ) (102(3)l1 + IDQ(s)I)ds

_ld, 144 2 ! n g
Seo(l+0)"+" 2 +E () | T2(t,5)-0@,s)-(1+5)" 2" ds
0

2 ' p n 2 _ld, 14d
+E,@) | A+ -T2 5 -0 s)-(1L+s5) 2" 2ds
0

_led, 1ea ) _led, 1+a
<eg(l1+1)" 72 T+ E, O+ 7,
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and
ID*v(@)ll SID*G 112, 0)voll + ID*G1a (2, O)uol| + fo t ID*G11(t, )Q1(s)llds + fo t ID?*G12(t. $)Q2(s)llds
seo(1 + 1)~ Fn=D 4 fo T2 021.5)- (1Q1 (Il +ID*Q1()lDds
+ fo s THs) 0%1.5)- (1Q2(zr + ID*Qa(9)l)dss

t
<eo(1 + 1) 5040 4 g f Ti(t,s) @2t s)- (1 +5)" 2" \ds
0

1+1 1+1

3
+E f (1+s5)'-T2(t,5)- O, 8) - (1 +5) 2" 2 ds
0
<so(1 + £y #7004 B2(p)(] 4 )= 5 (4D,

since
1+A4 +1+/1>1+/1
2 "7 T,

We have also used the following estimates

n+(1+A4), forn>2,41€][0,1).

ID2Q1 ()|l < D3]] + [DuD|| + |DvD2ull + [vD3ull < EX(s)(1 + 5)" 21,
ID2Qa ()| < lluD3ull + [|DubD?ul| + [WDv]| + |DVD>|| < EX(s)(1 + 5) 7 "L

The decay estimates on ||V for 0 < |o] < [%] + 1 are based on the optimal decay estimates on
10YG11(2, s)|| and [|02G12(¢, s)I| in @.3). However, the estimates on [|02G», (¢, s)|| and [|09G2x (1, )|| in
(@.3) is insufficient for the optimal decay estimates on [|0%u|| for 0 < |e| < [%]. In fact, we use the
optimal decay estimates in (4.4)) to show the decay estimates on ||07u|| for 0 < |a| < [%] in a similar
way as [[0%v]| for 1 < |o| < [%] + 1. One can check that the condition on the estimate of ||(9’;u|| for
0 < k < [5] is equivalent to the condition on the estimate of ||8’;+1v||.

Further, we use the decay estimates in (4.3)) to show the decay estimates on ||0%u|| for [%] +1<
la| < [%] + 2 since the regularity required in (4.3) is one order lower than that in (.4). We note that
in this case the condition on the estimate of ||(9’;u|| for [3]+1 < k < [5] + 2 is similar to the condition
on the estimate of ||6’;v||. We have

ID*Q(s)I| < 1I(v, w)D* (v, w)l| + 1D, D (v, w)|| + D>, W) D*v, wl| < EX(s)(1 + 5) 505,

with

1+/l.3,1+/ln+l 1+1+/ln}.

05 :rnin{ 1 > 2

Therefore,

ID*u(ll <IID?Ga1(t, O)voll + 1D Goa (2, O)ugl| + fo ID*Ga1(t, $)Q1(s)llds + fo ID*Gan(t, $)0a(s)llds
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+4

1 3

+ fo (L+ 0" -T2(1,5) - ©%2, ) - (101 (N1 + ID*01(9)lDds

t 1 n
" fo (1) T8 5 0, 5) - (102(3)l + ID° Qa(s)IDds

1+1

73
<eo(1 + 7 Fm30H 0+ L B2y f A+ 0y T3, 5) - @41, ) - (1 + 5y~ MU 40 Finv T g g
0

141 1+4

Pl +t\A A
+E,3(t)f (T) T3t 5) - ©3(1, 5) - (1 + 5) Mnl 5 et 50n 58 g g
0 N
—Ldy, 2 —Ldy,
<o+ 3 "+ E20)(1 +)7 3 ",

since 63 > A. The estimates on ||Dv|| follows similarly.
Step II: Higher order energy estimates. We note that the condition (4.15)) is stronger than the a
priori assumption [@.7)), and according to (4.8)) in Lemma[4.4] we have

v, w2, o + I 5115)ds < Nvo, w0l (4.16)

1+3°

[

n n n
2 2 2

st fo bIVVIE,

Step II: Closure of the a priori estimate (4.15). Combining the above estimates and choosing
go > 0 and ¢y > 0 to be sufficiently small such that C(gy + 5(2)) < dp, we see that the a priori estimate
holds for all the time ¢ € (0, +o0).

Finally, we show that those estimates (||0§ V|| with 0 < |a| < [5] + 1 and [|0{u|| with O < || < [5])
are optimal. We take the estimate on ||v|| for example. According to the optimal decay estimates
Lemmal4.T]and the energy estimates in Step I, we choose the initial data (vo, i) such that |Gy (¢, 0)vol|
decays optimally, then we have

vl 2 IG11(2, 0)voll = [1G12(2, O)ugl| _‘fo‘ IG11(2, $)O1(s)llds _‘fo‘ IG12(2, $)O2(s)llds,

where [|G12(2, O)uol| decays faster than [|G11 (%, 0)vol|, and fot lG11(z, s)Ql(s)||ds+f0t IG12(2, $)O2(s)llds
decays no slower than ||G;(¢, 0)vgl|. We note that Q; (¢, x) and Q»(t, x) are quadratic, and we rescale
the initial data as (&)vg, €1up) with £; > 0 sufficiently small such that neither fot 1G11(t, $)Q1(s)|ds

nor fot [1G12(t, $)O2(s)||ds is comparable with [|G11(Z, 0)vgl|. In fact, according to the proof in Step I,
we have

! 2 1+4 9 1+4
f 1G1;(t, $)Qj()llds < Ey((1+0" " s 651+~ +",  j=12,
0

and
1
IG11(t, 0)voll = go(1 + 1) 5",

where the small constants gy = dg as in the proof Step III. That is, ||[v(?)|| decays in the same order as
|G 11(t, 0)vgl|. The proof is completed. O
Proof of Theorem This is proved in Proposition 4.1l i
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4.2 Optimal L7 decay estimates

We now turn to the L'-L9 decay estimates of the nonlinear system (L3). Similar to Lemma &4, we
have the following higher order energy estimates.

Lemma 4.5 Assume that (vo,uo) € H'2"** with k > 2 and a priori assume that

(@), u(@)l 1312 < Sob(D),

where 6y > 0 is a small constant. Then the nonlinear system (L3) admits a global solution (v, u) such
that

!
01 00+ fo BTV gy + I 31, )ds S 00 w0 g1 (417

Proof. The proof is completely same as that in Lemma 4.4l We note that the a priori assump-
tion only requires the norms ||(v(z), u(1))|| Hla1+2 which is sufficient for the required estimates such as
10x(v(0), ()|l and [[(v(D), u(@®))l|z=. O

Lemma 4.6 For g € [2,c0]l and 1 < p,r <2 (or € [0,%)), and fort > s > Ty (To > 0 is the
constant in Lemmal2.3)), we have

10°G11(t, H®ILe STT74(t, ) - O, 5) - (Il + 101,
102G1a(t, HP®ILe <1+ )% -T2, 5) - @1 (1, 5) - (gL, + 10 glI2,),
10°Gai (1, )®ILg <1+ DT -T2, 5) - @1 (1, 5) - (IllL, + 10 gI12,),

1 +124\2 o w,,
185621, )90(le (7= ) T4t ) - Ot ) - (gl + 18 I,

wherey, 4 :=n(1/p —1/q) (ory, 4 replaced by Be, := 0 + y2 4, and || - ||L» norm replaced by || - || z-0),
and wyg > yrq for (r,q) # (2,2) and w;, = 0.
Furthermore,

10%Gan(t, )P(Die <1+ DA + )t - T4z, 5) - @21, 5) - (gL, + 105 g0,

Proof. These estimates are simple conclusions of Theorem [I.4] O
We present the following optimal L7 decay estimates of the nonlinear system (L.3).

Proposition 4.2 (Optimal L? decay estimates) For n > 2, 1 € [0,1), g € [2,00] and k >

3+[yaql withys 4 := n(1/2—1/q), let (v, u) be the solution to the nonlinear system (L3) corresponding

to initial data (vo, wo) with small energy such that ||(vo, uo)|| w < &9, where g9 > 0is a small con-

L'nH'3
stant only depending on n, g, k and the constants vy, u, A in the system. Then (v,u) € L*(0, +co; HI21¥k)

and satisfies

1+1

1+4
16Vl € (140~ 2 va=3hl, 0 <ol <1,
_led, 12 (4.18)
lallzs < (140~ 777,

where yi 4 = n(1 — 1/q). All the decay estimates in @.18)) are optimal.
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Proof. The decay estimates are based on the optimal L? decay estimates Proposition E.1] the higher
order energy estimates Lemma[4.3] and the L'-L9 decay estimates of the Green matrix in Lemma .6

We prove the estimate on ||0¢v||zs with || = 1 in (4.18). According to the Duhamel principle (4.2))
and the L'-LY decay estimates of the Green matrix in Lemma[.6 we have

IDvOlle < IDG11(5, 0)vollze + IDG12(2, O)uol e
+f0 IIDgu(t,S)Ql(S)IILf/dS+f0 IDG12(1, $)Q2(5)l|Lad's

< e+ TN 4 fo t (1, 5) - O, 5) - (101l + ID+20 Q1 (s)I)ds
+ fo t(1 +5)t - T7a(t, 5) - ©%(t, 5) - (1029l + 1D 29 Qs (s)l)ds

< s+ TN T L B0 fo D)0 )- (1 + 5 ds
+E; (1) fot(l + st Ta(t, 5) - @4t ) - (1 +5) 202 ds

< sl +0 FNeF L B2+ TN E

where w, , > v, and
1+A I+4 _1+4 l1+A4

y "t 2Ty et
which is valid for all n > 2, 1 € [0, 1), and g € [2,0]. Other estimates and cases can be proved
through a similar procedure. O
Proof of Theorem This is proved in Proposition 4.2 O
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