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ABSTRACT. For a smooth bounded domain G C R3 we consider maps n: R3 \ G — S2 minimizing
the energy E(n) = fR3\G |Vn|? + Fs(n| ) among S2-valued map such that n(z) ~ ng as |z| — oo.
This is a model for a particle G immersed in nematic liquid crystal. The surface energy Fs describes
the anchoring properties of the particle, and can be quite general. We prove that such minimizing
map n has an asymptotic expansion in powers of 1/r. Further, we show that the leading order
1/ term is uniquely determined by the far-field condition ng for almost all ng € S2, by relating it
to the gradient of the minimal energy with respect to ng. We derive various consequences of this
relation in physically motivated situations: when the orientation of the particle G is stable relative
to a prescribed far-field alignment ng; and when the particle G has some rotational symmetries. In
particular, these corollaries justify some approximations that can be found in the physics literature
to describe nematic suspensions via a so-called electrostatics analogy.

1. INTRODUCTION

The goal of this work is to investigate the so-called electrostatics analogy in the analysis of nematic
suspensions or colloids: these consist of small particles immersed in a nematic liquid crystal matrix. The
presence of these particles and their alignment induces elastic strains in nematic medium; what results
is a complex strain-alignment coupling yielding novel high-functional composite materials. Examples
include dilute ferronematics, where the suspended particles are ferromagnetic inclusions; organizing
carbon nanotubes using liquid crystals; ferroelectrics; and living liquid crystals, where the suspended
particles are swimming bodies (e.g. flagellated bacteria). Further details on the numerous applications
of such systems may be found in the review articles [Lav20, [Mus19].

Mathematical studies of colloid inclusions in nematics have tended to follow two different directions.
Several papers have addressed homogenization of nematics with a dense array of colloids (see, e.g.,

[BCGO5, BKO5, [CZ20b), [CZ20a]), while others consider the presence of point or ring singu-
larities induced by a single colloid particle (see, e.g., [ABLI6, [ABLI8| [ACS21] [ACS]). In
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this paper we adopt the setting of the second set of papers, but concentrate on the effect of the colloid
geometry on the far-field behavior of the nematic rather than the local structure of singularities near
the colloid surface.

The electrostatics analogy is commonly used to describe colloidal suspensions in the case of a dilute
concentration of particles. It originates in the work [Bd70] by Brochard and de Gennes, and has been
developed further by several authors in the physics literature [KRST96, RNRP96|, [LPCS9§|. It relies
on considering each single particle separately and postulating that:

e far away from the particle the distortion in nematic alignment can be viewed as a perturbation
of uniform alignment and taken to solve the corresponding linearized equation — the repre-
sentation formula for solutions of that linearized equation then provides a specific asymptotic
expansion,

o the first few coeflicients of that asymptotic expansion are characterized by the properties (size,
symmetries, etc.) of the particle.

Then one formally replaces the nonlinear effect of each colloid particle by some singular source terms
(derivatives of Dirac masses) in the linearized equation, according to the terms in the asymptotic
expansion, which are derivatives of the fundamental solution (see Remark [[L7)). In the one-constant
approximation for the elastic energy of the nematic, this amounts to the equation satisfied by an
electric potential in the presence of charged multipoles, hence the name “electrostatics analogy”. This
simplification, intuitively valid for dilute enough suspensions, allows for an explicit calculation of the
energy of a given configuration in terms of the respective positions and properties of each particle,
leading to the ultimate goal: computation of interparticle interactions.

In this article we provide a few elements towards mathematically quantifying the electrostatics
analogy, rigorously obtaining an asymptotic expansion for solutions of the original non-linear and non-
convex minimization problem, and comparing it with a multipole expansion of a harmonic function.
What seems to us the most challenging part is the second bullet-point above: relating the coefficients
of the asymptotic expansion to the particle’s properties. Indeed, various mathematical obstacles defy a
straightforward calculation of an expansion of minimizers: for instance, minimizers may not be unique,
and it is unknown whether the symmetry of the particle system imposes a corresponding symmetry
on the minimizing nematic configuration. Nevertheless we do obtain some results in that direction for
the leading-order term of the expansion.

Specifically, we consider a single particle G C R3 (smooth and bounded) surrounded by nematic
liquid crystal. A configuration of nematic alignment is represented by a director field n: R*\ G — S2,
and its energy (within the one-constant approximation) is given by

E(n) = / VP + Fu(no6),
R3\G

where F,: H'/?(8G;S?) — [0, oc] can be a very general surface energy reflecting the particle’s anchoring
properties. Uniform alignment at far field, loosely expressed as n(z) ~ ng € S? for r = || — oo, is

imposed through the condition
2
n—n
/ %5/ |Vn)? < oo.
R3\G 1+7r R3\G

In other words, we are imposing that n—ng belongs to the completion of smooth maps with bounded
support, with respect to the distance induced by the H! semi-norm; the weight 1/(1 + r?) is given
by Hardy’s inequality. Here and in the rest of the article, A < B means A < CB for some absolute
constant C' > 0

Equilibrium configurations satisfy the harmonic map equation

—An = |Vn|*n in R?\ G.
Loosely speaking, we prove that:

e minimizing configurations have an asymptotic expansion determined by the linearized equation
An = 0, however one cannot discard non-harmonic corrections — see Theorem [T.11
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e generically, the leading-order O(1/r) term in that expansion is uniquely determined by the
particle G and the far-field uniform alignment ng — see Theorem [[.4]

The first point is a result about minimizing harmonic maps in an exterior domain, independent of the
presence of a particle (since we do not explicitly relate the expansion’s coefficients to the particle).
The second point is obtained by connecting the leading-order term to the variation of minimal energy
induced by keeping the particle G fixed and rotating the far-field alignment ng. This is related to
formal calculations in [BA70] for the torque exerted by the particle on the nematic (see Remark [LH]).

We have not been able yet to obtain similar characterizations for the next-order terms in the
expansion.

In terms of the electrostatics analogy developed in the physics literature, the main input of our
results is to clarify the first postulate (that the far field distortions generated by a particle are purely
harmonic to large order) by sheding new light on the second postulate (that these distortions are
uniquely characterized by the particle). More precisely, in [Bd70, [KRST96, RNRP96, LPCS9§|, the
possible presence of nonharmonic corrections is either not considered, or implicitly deduced from a
hypothetical uniqueness principle which would ensure that symmetry properties of the particle directly
translate into symmetry properties of the full configuration (such uniqueness/symmetry principle seems
however difficult to prove). Here instead we deduce that nonharmonic corrections are negligible from
our characterization of the leading-order term, bypassing any uniqueness or symmetry properties of the
full configuration. This is valid for instance in the case of a spherical particle (see Corollary [[8), but
also when the orientation of the particle is at equilibrium (locally minimizing relative to variations in the
prescribed far-field alignment, see Remark [[.7]), independently of its symmetry properties. Moreover
we stress that, for an axisymmetric particle, it is not evident that the equilibrium orientation should
be the most symmetric one (see Remark [[9)).

Below we state our results in more detail.

1.1. Far-field expansion for harmonic maps. Our first main result is a far-field expansion for
harmonic maps in an exterior domain, which (by rescaling) we may without loss of generality assume
to contain R? \ By. Our first main result is a far-field expansion for such minimizing maps.

Theorem 1.1. Let ng € S%. Assume that n € H} (R3\ B1;S?) satisfies

2
/ M S / |Vn|? < oo, (1.1)
R3\B; r R3\B;

and n is locally energy-minimizing, that s,

[ var
R3\ B, R3\ B,

for any S?-valued map © which agrees with n outside of a compact subset of R®\ By. Then there exist
v0,Pj, ke € R® (1 < 4, k, 0 < 3) such that, as r = |z| — oo,

1
n:n0+nharm+ncorr+0 (T_4) y (12)
1 > 1 i 1
Mharm = ~v0 + lejaj (;) + MZI CreOk 0Oy (;) . 0,Dj, e € R,
Jj= L=

3
|vol? |vol® 1 1
Neorr = _r—2n0 - WUO 3 Zlvo “pj 0; - no.
j=
Moreover the vectors vo, p; (j =1,2,3) are orthogonal to ng.

The far-field expansion (LZ) counsists of a harmonic part npge, solving the linearized equation
Anpgrm = 0, and of a non-harmonic correction ng.,--. Interestingly, if the coefficient vy of the leading-
order term in mMpqrm, vanishes, then the non-harmonic correction vanishes and n admits a harmonic
expansion up to O(1/r*). Higher-order non-harmonic corrections would not have that property. This
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is why we stop the expansion at this order, even though it will be clear from the proof that one can
obtain an expansion at any arbitrary order. The relations vg - ng = p; - ng = 0 simply come from the
constraint |n|? = 1, which also imposes similar relations about the higher order coefficients cx¢, but we
do not write them explicitly because they do not have such a precise geometric interpretation.

Remark 1.2. The proof of Theorem [[T] can be generalized to obtain far-field expansions for any
manifold-valued map u: R\ By — N C R¥ (d > 3) with given far-field value ug € N in the sense
f r2|u — ug|> < oo, minimizing the Dirichlet energy. In the context of nematic liquid crystals with
unequal elastic constants, it is interesting to consider more general energies of the form [ A(u)[Vu, Vul,
where A(u) is a positive definite bilinear form on R¥*" depending smoothly on u. Far field asymptotics
should then be dictated by the linearized system V - A(up)Vv = 0, for which multipole expansions
in terms of derivatives of the fundamental solution are described e.g. in [BGO20]. We expect that
the tools developed in the present work will apply to that generalized setting, but do not provide the
technical details here.

We will obtain below various sufficient conditions ensuring that vy = 0, and so n.er = 0. For now,
it is worth noting that vy vanishes for axisymmetric configurations. The map n : R3\ By — S? is
axisymmetric about ng if for any rotation R of axis ng one has

n(Rz) = Rn(x) Vo € Q.

Using the far-field expansion (2] in this identity implies Rvg = vg for all rotations R of axis ng, and
therefore vy = 0 since vg - ng = 0.

Corollary 1.3. If the minimizing map n is azxisymmetric about ng, then n = ng + Nharm + (’)(1/T4)
as r = |z| = 0o, with Anpgrm = 0.

Corollary [[3]is stated here for minimizing maps that are axisymmetric, but it is hard in general to
prove that a minimizing map is symmetric. However, the proof of Theorem[I.Ilcan be reproduced for an
axisymmetric map which is minimizing merely among axisymmetric configurations (see Remark 2.3]),
and Corollary is valid also in that case.

1.2. Characterization of the leading-order term. Next we take into account the presence of the
particle, a smooth bounded open subset G’ C R3, and consider the energy

E(n) = / VP + Fu(no6),
R3\G

where
F,: HY*(0G;S?) — [0, 00] is weakly lower semicontinuous and {F, < oo} # 0. (1.3)

This ensures that, for any ng € S?,
the energy E admits a minimizer among maps n: R® \ G — S? such that

_ 2
/ M + / IVaf? < co.
R3\G 1+7r R3\G

To check this, note first that a boundary map n, € H'/?(9G;S?) with finite surface energy Fy(n;) < 0o
can be extended to a map n € H} (R?\ G;S?) such that n = ng outside of a compact set using e.g.
[HKL88, Lemma A.1l], so the infimum is finite. Moreover the energy is coercive thanks to Hardy’s
inequality, and weakly lower semicontinuous as a sum of two weakly lower semicontinuous functions.

Therefore we may define

E(np) = min {E(n) n € HL (R*\ G;S?),

2
/ |n17n2| +/ |Vn|? < oo}. (1.4)
RI\G 1T7T R3\G
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Examples of admissible surface energies Fs include

Fu(n) 0 if n =np,
s\n) =
400 otherwise,

for some fixed map np € H'/2(0G;S?), which corresponds to imposing Dirichlet boundary conditions
n =np on 0G; or

Fy(n) = /@ gln.a) dHP(a),

for some measurable function g: S? x dG — [0,00) which is continuous with respect to n; for in-
stance g(n,r) = |n — np(z)|? which relaxes Dirichlet boundary conditions (strong anchoring) to weak
anchoring.

Our second main result relates the vector vy appearing in the leading-order term of the expansion
([C2) to the gradient of the function E at ng.

Theorem 1.4. Let Fy: HY/?(0G;S?) — [0, 00] satisfy (IL3). Then the function E defined by (L) is
Lipschitz, and for a.e. ng € S? we have

VE(ng) = —8mvy, (1.5)

where vg = lim,_, o 7(n —n9) for any minimizing n such that E(ng) = E(n). Moreover E is semicon-
cave: for all ng,mo € S? and vy = lim, oo 7(n — ng) for any minimizer n achieving E(ng), we have
the one-sided inequality

E(mo) < E(?’Lo) — 8mug - (mo — no) + C|m0 — TLQ|2,
for some constant C = C(G, Fy) > 0.

Remark 1.5. Formula (A relates vg to the torque applied by the particle G on the nematic, in
agreement with formal calculations in [Bd70] for an axisymmetric particle. These formal calculations
can be made rigorous (and then they show that E is differentiable everywhere) if one knows that the
minimization problem ([4]) admits a unique minimizer n which moreover depends smoothly on ng.
Such uniqueness and smoothness results seem very hard to obtain in general, and we use a somewhat
different method to prove (L3 and Theorem [[4

Different minimizers n in (I4) may a priori have different asymptotic expansions ([2)). However,
a crucial nontrivial consequence of Theorem [[4] is that at any differentiability point ngy of E’, the
coefficient vy of the leading-order term is uniquely determined by ng, even though (I4]) may have
several minimizers. We do not know whether E can have non-differentiable points, and whether vy can
be multivalued at such points. The semiconcavity inequality in Theorem [[.4] implies that all possible
values of vy are included in the subdifferential of —%EA . It would be interesting to characterize values
of vg in terms of this subdifferential.

One may pose an analogous question for S'-valued minimizers in exterior domains R?\ G in the plane
which approach a constant ng = €’®° at infinity. However the situation is completely different, because
finite-energy configurations don’t exist in general. One way around that issue is to relax the S'-valued
constraint via a Ginzburg-Landau approximation. This approach is implemented in [ABGaS15|, with
the asymptotic value ng = e'?0 left free.

An interesting consequence of the semiconcavity of E is that it must be differentiable, of zero
gradient, at any local minimum point.

Corollary 1.6. If ng € S? is locally minimizing for E, then vo = 0 and N = Nparm + O(1/71) as

r = |z| = 00 with Anparm =0, for any minimizing n such that E(n) = E(ng).

Remark 1.7. In the physical system it is formally equivalent to rotate the far-field alignment ng or
the particle G. Hence Corollary [L.6] tells us that, when the particle is in a stable equilibrium position,
all minimizing configurations n have a far-field expansion which is harmonic up to O(1/7*), and whose
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leading order is given by the harmonic term 3 p;9;(1/r) for some vectors p; € ng. Such leading-order
term corresponds to solutions of the equation

3
1 .
An = yp JE:lpjajé in R3,

where the singular source term can be interpreted as a dipole-moment, as described e.g. in [LPCS98§].

Another remarkable consequence of Theorem [[.4] concerns the important case where the particle
G, together with its anchoring properties described by the surface energy F§, possess some rotational
symmetry. As mentioned earlier, we may not necessarily infer the same symmetry for all minimizers,
but we can make some strong geometrical conclusions concerning the vector vg in the expansion (L.2)
of minimizers. To make this precise, we define the symmetry group of the particle (and its anchoring
properties) (G, Fs) as a subgroup of the orthogonal transformations O(3) given by

Sym(G, F,) = {R €0(3): RG =G, and
Fy(Rno R™Y) = F,(n) ¥n € H'2(9G; 82)}.

For any symmetry-preserving transformation R € Sym(G, F;), the energy E is conserved under the
transformation n — Rn o R™1, and therefore F(ng) = E(Rno).

Corollary 1.8. If the particle has an axis of symmetry u € S?, i.e. Sym(G, Fy) contains all rotations
R € SO(3)" about azis u, then for almost all ng € S* we have

1)0(7’1,0) . (u X ’no) = O, (16)

where vo(ng) = lim, oo 7(n — ng) for any minimizing map n achieving E’(no). IfE’ 1s differentiable at
u then vo(u) = 0.

If the particle is spherically symmetric, i.e. Sym(G, Fy) contains all rotations SO(3), then vo(ng) =
0 for all ng € S2.

Note that since v is orthogonal to ng, if u and ng are not parallel, then the identity vg-(uxng) =0
forces vy to belong to a fixed line determined by ny and u. This link between symmetry properties of
G and of vy gives a rigorous justification to assertions in [BA70l § II.1.a] where this is deduced from
the assumption, false in general, that minimizers n in (4] are unique.

Remark 1.9. In the axisymmetric setting, Corollary [[L8 leaves open the case when E is not differen-
tiable at ng = u, the axis of symmetry: the 1/r asymptotic might be nonzero. If that situation occurs,
that is, there is a minimizer n with far-field alignment u but with vy # 0, then all its axial rotations
Rn o R™! are minimizers for F (u) too, with 1/r asymptotic term equal to Rvg. The semiconcavity
inequality

E(ng) < E(u) — 87Ruvg - (ng —u) + C|ng — u?,
is then valid for all rotations R of axis u, and we deduce
E(no) < E(u) — 8x|ng — u| + Clng — u)?.

Hence E has a local maximum at u, and its graph near u looks locally like a cone. While none of the
results above preclude this scenario in the axisymmetric setting, it is natural to ask the open question:
can this situation really occur?

1.3. Plan of the article. In section[2] we prove Theorem [I.1] and in section [3] we prove Theorem [[.4]
In Appendix [Alwe provide proofs of some familiar (but not easily found) decay estimates for Poisson’s
equation for the reader’s convenience.



ELECTROSTATICS ANALOGY IN NEMATIC SUSPENSIONS 7

2. FAR-FIELD EXPANSION

In this section we prove Theorem [ Il The minimizing map n solves, in the weak sense, the harmonic
map equation

—~An = |Vn|?n in R®\ B. (2.1)

If the right-hand side decays like O(1/|z|") for some v > 3, decay estimates for the Poisson equation
(see Lemma [AJ)) enable one to start a harmonic expansion for n, and this process can then be
iterated including relevant non-harmonic corrections. Hence the main new ingredient in the proof of
Theorem [[.T]is to obtain an initial strong enough decay estimate on |Vn)|.

Note that, since f\w\> R |Vn|? — 0 as R — oo, small energy estimates for harmonic maps [Sch84]
SUS2] ensure that n is smooth outside of a finite ball of large enough radius. Specifically, given
o € R3, |x9] = R, the small energy regularity estimate for harmonic maps [Sch84, Theorem 2.2]
applied to 7(2) = n(xo + (R/2)Z) implies the existence of Ry > 1 (depending on n) such that

wo| = R>Ry = [Vnl*(z0) < R*3/ Va2, (2.2)

In particular we have the decay estimate |Vn(z)|? = o(1/|z]?). At this point we would like to use
decay estimates of Poisson’s equation from Lemma[A.]in an iterative process to generate the far-field
expansion, but the decay given in ([Z2) is just not enough to start applying the Lemma. Consequently,
we require an algebraic decay O(1/R?), for some § > 0, of the integral f\w\>R |Vn|2. This we obtain in
Lemma 22 and Step 1 of Theorem [Is proof, using the minimizing property of n in order to compare
the decay of that integral with the decay of the same integral for minimizers of the Dirichlet energy
with values into the plane T},,S?, that is, solutions of the linearized equation An = 0.
First recall that for harmonic functions we have the following decay estimates.

Lemma 2.1. Let u: R®\ B; — R satisfy Je\B, IVul? < 0o and Au = 0 in R3\ By. Then for all
R>1, u(&) = u(RZ) satisfies

“ 1 2 1 2
vial? = —/ Vul” < — Vul”.
/Ilel =R |w|2R| CE R \1\21| |

Proof. Since u is harmonic and fR3\§ |Vu|? < oo, its spherical harmonics expansion is of the form
u(x) = u(rw —u0+2—¢k

where we decompose x # 0 in polar coordinates as = rw, r = |z|, and w = a7 € S?, and {¢x }x is an
L?(S?)-orthonormal system of spherical harmonics and 7 > 0. Then we compute

/ |Vul* = / V- (uVu) = —/ udpt
|z|>R |z|>R \m\—R

_ ”Ykak A+ 2
- R27k+1 - Z’W“ak - R [Vul™.

|z|>1
O

We obtain almost the same decay for our minimizing map n, via the following decay improvement
result. The estimate obtained in Lemma 2.2l will be needed in Step 1 of the proof of Theorem [Tl After
the proof of the theorem we present a second proof of that step, replacing the estimate of Lemma
by a different approach inspired by asymptotic expansions of minimal surfaces in [Sch83|. Note that,
as pointed out by the anonymous referee, this second proof makes use of minimality of n only for
the small energy estimate, and therefore it applies also to nonminimizing stationary harmonic maps
[Bet93]. We find it worth including both proofs here, as their ranges of applicability to the anisotropic
energies mentioned in Remark may differ.
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Lemma 2.2. For any o < 2, there exist § > 0 and Ry > 1 such that for any ng € S* and any map

n: R3\ By — S? with
|n — n0|2 < 9
3 S _|Vn]" < oo,
R3\ B, R3\ By

which is energy minimizing, i.e.
[ <[ v
R3\§1 Rg\El

for all S®-valued maps 7 that agree with n outside of a compact subset of R3\ By, we have

1 1
/ Vo <6 = —/ Vn|? < — Vnl®.
|2[>1 Ri Jiz)>r, RY Jjz>1

Proof of Lemmal2.2 The proof follows quite closely the strategy in [Luc88, Proposition 1] (see also
[HKL86, Theorem 2.4]). By rotational symmetry we may assume ng = (0,0,1). We fix @ < 2.
Since T,,,S* = ng = R? x {0}, thanks to Lemma 2] we may choose any R, > 1 such that for any
T S*-valued energy minimizing map v in R? \ By with [ [v]*|z| > < [ |Vo|* < oo,

1 2 2
— V| < —-— Voul|~. 2.3
7 Jpon, [V TR Joon [V (2.3)

Then we fix Ry = 2R, and argue by contradiction, assuming Lemma to be false for this value of
R;. Hence there exist §; — 0 and minimizing S?-valued maps n; such that

|n; — n0|2 9
/ ! 2 S |VTL]| = 5]2
lel>1 2] |z|>1

1 2 1 2
and — [Vn;|" > — |Vn,|”~.
Ri Jio1>r, ’ RY Jjz1>1 !
We set
Ty — Ng
v; = ,
J 6j
so that
|’UJ'|2 < \V/ 2 1 d 1 2 1 2 9.4
T~ [Vuj|"=1 an e Vo™ > R [V, (2.4)
jz|>1 |z] |z|>1 1 Jie|>R, 1 Sz

Up to a subsequence (that we do not relabel), there exists v, € H. (R®\ B1;R®) such that v; — v,

weakly in H} , strongly in L? | and almost everywhere. Note that v, (z) € T,,S? for a.e. x € R®\ Bj.

Indeed, considering a subsequence of v; converging a.e., we see that v,(x) is the limit of vectors of
the form (2; — ng)/d; for some z; € S? and §; — 0, which implies first that z; — ng, and then that

ve(x) € Ty, S?. Furthermore,
2
/ |U*|2 S/ |V’U*|2§1.
jol>1 || jo|>1

by lower semi-continuity,
By Fubini’s theorem we may moreover pick r € [1,2] such that

/ Vo, |* <1 and / Vo, )* < 1.
|z|=r |z|=r

By continuity of the trace operator and compactness of the embedding Hz (9B,) C L%(0B,) we have
flrlzr lu; —v]* = 0. We claim that v, is a T,,,S?-valued minimizing map in Q, = {|z| > r}. Let
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v € HL (Q; Ty, S?) agree with v, outside of a compact subset of . We will show that [ |Vu,|* <
Ik |Vv|?, thus proving the claim. Let

s 77Lj Zﬁgz(no—f—&jﬁj),

where 7g2 is the orthogonal projection onto S? (well-defined in a neighborhood of it), so that
-2 2 i 2 - . 1 2
|Vi,|™ < 65 (1 + O((SJ?)) [Vol?, 0; = v in Hyp (Qr; T S7).

, 2
Since v = v, on 9B, and [|__ |v; — v.]” — 0, we also have
jal=r 1% =

-2
’yJQ» = / lv; —9;]” — 0.
OB,

Moreover, using that ms2 is smooth in a small neighborhood of ng and ¥; - ng = 0, we obtain

ity —nj = mg2(ng + 8;0;) — no — ;05 = 6;(0; — v;) + O(67|v[?),

SO
~ 12
/aB |nj — nj| S (SJQ("Y? + C25J2-),

where ¢ > 0 is a constant depending on v. Luckhaus’ extension lemma [Luc88, Lemma 1] ensures, for
any A € (0,1), the existence of ¢;: B(14y), \ Br = R? such that

@j =n; on OB, @; =n;((1+ X)) on 0B14x),

[ walaaf (vl wa) eat [ -l
B(14x)r\Br 9By 0B,

SEN+HAT (T +6D),

2 2 1 2 2 : 2 :
swpist(3,8) S0 ([ (1wl iwn)) ([ - af?)
B(14x)r\Br OB, 9By
+ )\72/ |nj — 77Lj|2
OB,
S (A AT
Choosing A = \j = v, + ¢d; — 0, we may thus define 1; = mg2(p;): Biga,)r \ Br — S? satisfying

T/Jj =n; on 0B, T/Jj = ﬁj((l + /\j)') on aB(1+>\j)T’

and §; 2 Vi[> — 0.
B4x;)r\Br
Then we set
() () for r <|z| < (14 \j)r,
fni(x) =
! (1 4+ Aj)zx) for |z| > (1+ Aj)r.

Note that n; agrees with n; on 0B, and satisfies

|ﬁ3 — TL0|2 < |ﬁ’J - TL0|2 < 52 |’DJ|2 < 52 |’U|2
2 ~ 2 ~ Yj 2 ~ Y ) < 00,
lzl>2 2] jol>r 2] o >r |z] o> |2
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since v = v, outside of a compact set and f\w\>1 lus|*]#| 7> < oo. Therefore the 7i; must have greater
energy than n;, hence

/> Y, = 672 . Vi, < 67 Vi, |?
z|>r z|>r

x| =7

< +o(1))5j2/| . |Vi;|* 4 o(1)

<(1+ 0(1))/ Vo) + o(1)

lz|>r

By weak lower semi-continuity of the Dirichlet energy with respect to H} . convergence we infer

/ |Vv*|2§hminf/ |vvj|2g/ |Vul?,
|| >r 2] > || >r

so that v, is a T},,S?-valued energy minimizing map in €2, and moreover applying the above to v = v,
we deduce that

/ |VUj - VU*|2 — 0.
e|=r

In particular, since flml>1 IVu;|* =1, @4) implies that f‘szl |Vu,|> > 0. Moreover, recalling that
r € [1,2] and taking j — oo in (2.4) we obtain

1 2 1 2
- Vo, |” > = [V,
Ri Jig>R, i RY Jjz)>2 o

hence, for 0, (%) = v,(2%), recalling that Ry = 2R, and o < 2, we have

1 ol—a 11
— Vo, [* > / Vo2 > - —
[z|>1

o T 2RY Jig>

Vi, |,
R, |z|> Ry * )

Since ¥, is a Tj,,S%-valued energy minimizing map in R?\ By and flml>1 |V,|* > 0, this contradicts
@3). - O

We will plug the initial decay provided by Lemma into the equilibrium equation (2.)) in order
to deduce the expansion ([2)) (implying in particular a posteriori that Lemma is also valid for
a = 2). The main tool to obtain the expansion will be decay estimates for Poisson equation. These
estimates are familiar but not easily found in the form we require here, and so we have provided a

proof in the Appendix [Al With these preliminary lemmas, we are now ready to present the proof of
Theorem [IT]

Proof of Theorem[I1l Let R; and ¢ be as in Lemma 2.2
Step 1. Picking Ry > 1 (depending on n) such that RLO f\w\>Ro |Vn|2 < 62 we may apply Lemma 2.2
iteratively to x — n(RY¥Rpz) for k > 0 and obtain

1 / 9
[Vn|” < ,
RYRo Jia|>RE Ry (RY)~

and therefore

1 2 C(H,OZ)
— Vnl|® < VR > Ro(n),a < 2.
T o(n)
Thanks to ([2.2]) this implies
C
|[Vn| < r(;l_’:) for r > Ro(n),o > 0.

Here we are interested in small values of o > 0, and C(n, o) > 0 denotes a generic constant depending
on n and o, whose precise value may change from line to line in the rest of the proof. Integrating this
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along radial rays yields |n — no| < C(n,0)/r'~?. Moreover, since —An = |Vn|*n we have (redefining
o appropriately)

C(n,o)
rd—o
Step 2. Applying Lemma [Adlto fi = An = A(n —ng) we obtain the existence of u;: R®\ Bg, — R?

such that Au; = A(n —ng) and

|An| <

for r > Ro(n),o > 0.

C(n,o)

T3—U

|y

+ | Vug| < for r > Ry(n). (2.5)

r
The map n — ng — u; is harmonic in R®\ Bg,. Writing down its spherical harmonics expansion, we
modify uy to include the part of the expansion that decays faster than 1/r. Specifically, we have

n—ng—uy = —vg + U1,
r

for some vy € R? and a remainder ; satisfying |1|/r + |Va1| = O(1/r3). Therefore, replacing u; by
u1 + 1 (without renaming it), we obtain

1
n=ng+ il + uq, (2.6)

with uq still satisfying (2.5). The vector vg is, a posteriori, uniquely determined by the map n, since
vo = lim, oo 7(n — ng). Moreover, this implies

2 1
1=|n|2=1+;vo-no+0( )

T270

so we must have
Vo - No =0.
Step 3. With an eye toward obtaining the next term in the far-field expansion, we plug in ([Z0) into

the harmonic maps PDE (Z.)), and isolate terms that are higher order than O(-%) on the right hand
side. Specifically, we have

1 1
O:An+|Vn|2n=Au1+T—4|vo|2no+(9( )

ro—o

1 |Uo|2 1
:A<U1+T—2 2 no +O 7‘5_‘7 ,
1 |vg|?
A <u1+r—2%no> = fa,

where f> has decay rate given by |fa| < C(n,0)/r°=7 for r > Ry(n). By Lemma [A] we obtain
ug: R3\ Br, — R3 such that Auy = f; and

that is,

C(n,o)

Jua]
r

+ |[Vuq| < for r > Ry(n).

4
,
The map u; 4 7~ 2|vg|*n0/2 — us is harmonic in R?\ Bg,, hence including the higher decay part of its
spherical harmonics expansion into us we deduce the existence of P; € R[X]3, a vector of homogeneous
harmonic polynomials of degree 1 (i.e. linear forms) such that

B 8 1
! r2 2

1
ng + r—gpl(«%') + us,

i.e.

|UQ| 1 1
n= (1 — 5,2 | Mo + e + ﬁPl(x) + us. (2.7)
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Note that the unit norm constraint on n implies ng - Py(z) = 0 for all . Indeed, taking the norm

square of (21), we find
2ng - P 1
1_|n|2_1+710721(x/1")+0< 3_0),
r r

which implies ng - P (z) = 0. Writing Py (z)/r* =Y p;0,(1/r), we must have p; -ng =0 for j = 1,2, 3.
Step 4. As before, we plug (7)) back again into the equation (ZI)) and isolate terms that are O(=)
on the right hand side. We find

1 4 1
0 = An+ |Vn[*n = Aus + —fvo|*v0 + —5 (vo - Pi(w)) o + O <T6—0>

1 9 1 1
=A (U2 + @|vo| vo + ﬁ(vo : Pl(x))no) +0 (rﬁd) .
Applying Lemma[AT] and arguing as in Steps 2 and 3, we deduce the existence of P, € R[X]? a vector
of homogeneous harmonic polynomials of degree 2 (i.e. harmonic quadratic forms) such that we have
the expansion

vol? 1 1 lvol® 1 1
n= (1 s no + ;'UQ + T—gpl(x) e vy — ﬁ(vo . Pl)no + T—5P2($) + us,

C(n,o)
ro—0o

|us|

— 4+ |Vug| < for r > Ry.
”

With one more iteration we realize that the decay uz = O(1/r*~7) improves to uz = O(1/r*). Writing
Pi(z)/r® =3 p;j0;(1/r) and Py(x)/r® =" cje0xe(1/7), the proof of Theorem [dlis complete. O

Alternative proof of Step 1. We present here another proof of Step 1, inspired by [Sch83| Proposition 3].
The map w = Jgn solves, for r = |x| > Ry, the system

—Aw = 2Vn : Vwn + |Vn|?w, (2.8)

where for matrices A, B we use the notation A : B := tr(AT B), for their Frobenius inner product.
Testing ([2.8) with n?w for some smooth cut-off function 7 we obtain

[Vl s [l 9l ol [Vl + [l VeVl + [ 2902
1
<5 [PVl 4 C [ IVl + P (T

Absorbing the first term of the last line in the left-hand side, choosing 1r<|sj<2r <1 < 1r/2<|a|<3R
with |[Vn| < 1/R, and using |w|? < |[Vn|? < 1/r3 thanks to (Z2), we deduce

1
Vw* $ =
/R<|r|<2R R?

hence

1 1
[Vw[* < E / [Vw|* < E S TE S T3 (2.9)
/|I|>R 2 22kR2 ~ R2

k>0 kR<|x|<2k+1R k>0

Therefore, plugging in (Z.2) and ([2Z3) in (28], we find that the right-hand side of (Z8) has O(R~%)
decay in an appropriate L? sense. To be precise,

2

1 1
—Aw = — 212 ] < =
w=f, <R3 [ |f|> S 7
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Applying Lemma with the choice v = 3 — ¢ /2 for any small & > 0, we deduce the existence of a

map u such that —Awu = f and
1
| [P )" 1
R3 ) ysp |2f? ~ R3—o/2°
which implies

/ |U|2 < Z22k+2R2/ % < 1 1 < 1
2[>R 1S ok R<|a|<2r1R T2 7 = 2(1=0)k Rl=o ~ Rl-o’

for any o > 0.
Since w — u is harmonic and square integrable at oo, we have w —u = O(1/r?) as r — oo, and
deduce from this and the above that
1
[P s e
o> R R

Recalling w = Oxn this implies, together with [Z2), |Vn|? < 1/7%77 and the iteration starting in
Step 2 of Theorem [[.1f's proof can now be applied. a

Remark 2.3. We sketch here how to modify the proof of Theorem [[I]for maps n which are minimizing
only among axisymmetric configurations, so Corollary [[.3] applies also in that case. First of all, n is
smooth outside of a large finite ball thanks to small energy estimates which are valid also in that setting:
see e.g. [HKLI0, Lemma 4.1] where the symmetry condition is slightly more restrictive but the proof
can be adapted, or note that n is stationary harmonic thanks to the methods in [DMP21] § 2.1] and
apply [Bet93 Theorem I.4]. Then the alternative proof of Step 1 applies without modification, as
do the rest of the steps. The first proof of Step 1 can also be applied, with the constraint that the
constructed comparison map needs to be axisymmetric.

3. THE LEADING-ORDER TERM

In this section we prove Theorem [[.4] and Corollary [[.8]

Proof of Theorem [1.7) Without loss of generality assume G C Bj and fix a C* function y: R — [0, 1]
such that x = 0 on By and [, 5, lz]72(x — 1)?dz < Jizi1 |[Vx|?dz < oo. Here, as stated in the
introduction, < denotes inequality up to an absolute constant, the cut-off function x being fixed. In
what follows, for any mg € S?, we denote by

|m — mol?

H(mp) = {meHlloc(R3\G;Sz): / ﬁ—l—/ |Vm|2—|—FS(mLag) <oo},
R3\G +r R3\G

the class of admissible competitors in the minimization problem ([4) defining E(mo). This class
depends also on OG and F, which remain fixed throughout the proof.

Step 1: The map Eis Lipschitz.

Let ni,n2 be minimizers with far-field alignments ng°,ns°. For any angle ¥ € R, we denote by
R(¥) € SO(3) the rotation of axis e; and angle ¥. We choose the frame such that n{® = ez and
ns® = R(0)es, where 0 is an angle satisfying [n{® — n3°| < 6 < 2|n$° — n3°|. Consider now the map
n1 € H(ng®) given by

1 (z) = R(=x()0) nz(z).
We have
[V |? < 0?[Vx[? + [Vng|* 4 20 Vx| [Vng|
<A+ A HP|VXE+ (1 +N)|Vnal?,
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for any A > 0, hence
E(n®) < C1+ANn —nP> + (1 + N E(n).
Applying this to A = 1 and a fixed ng°® we deduce in particular that E is bounded on S2. Moreover,
choosing A = |n$° — n$°| we obtain
Em) - Bng®) < n* = ni®| (B(g®) + C + Cln§® = )
Reversing the roles of mi,n2 and recalling that E(n‘”) is bounded on S2, we conclude that E is
Lipschitz.

Step 2: At every differentiability point ng € S? of E we have VE’(no) = —8mvy, where vy =
lim, 00 (0 — o) € T}, S? for any minimizer n such that E(n) = FE(ng). Here recall that r = |z| and
the limit vg is well-defined for any such map n, thanks to Theorem [Tl

Let ng € S? be a differentiability point of E. For any axis e € S? let R(#) be the rotation of axis e
and angle 0, and set ng® = R(f)no, so that

E(ng) — E(ng) = VE(no) - (R'(0)no) + o(0) as 0 — 0.

Define 7 € H(ng®) by 7 = R(x#)n, where n is a minimizer such that E(n) = E(ng). Using the
equation satisfied by n and the fact that n = n in 0G, for all R > 1 we have

A
Br\G Br\G

_ / (2Vn - V(i —n) + V(7 - n)[?)
Br\G

=2 &m-(ﬁ—n)—l—/ (=2An- (it —n) + V(7 — n)?)
OBr Br\G

=2 &m-(ﬁ—n)—l—/

2|Vn|?n - (ﬁ—n)—|—/ V(7 —n)|?
9Br Br\G

=2 &m-(ﬁ—n)—/ |Vn|2|ﬁ—n|2—|—/ V(7 —n)|?
OBr Br\G Br\G

Using the asymptotic expansion of the minimizing map n (n = ng +vo/r + u1, see (28], with |uq|/r +
|Vui| = O(1/r3) thanks to [2.7)) we have

Orn - (0 —mn) = —8mvy - (ng° —no) + O(1/R) as R — oo,
Br

where vg = lim, 0 7(n — ng) € T, S?. We deduce that

E(n§) — E(no)

< E(R) — E(n) = lim / |Vﬁ|2—/ |Vn|?
Ri—oo \ JBR\G Br\G

= mop - (nF — np) / VPl — nf? + / V()2
R3\G R3\G

< —8mvp - (n§° —ng) + C (1 +/ |Vn|2> 02 (3.1)
R3\G

The last estimate follows from the explicit form of 7 = R(x8)n, and the constant C' depends only on
the fixed cut-off function y. In particular we have

E(ng) — E(ng) < —8mug - (R'(0)ng) + O(6?),



ELECTROSTATICS ANALOGY IN NEMATIC SUSPENSIONS 15

which implies
(VE(no) + 8mvg) - (R'(0)ng) < 0.

Since R/(0)ng can be any tangent vector in T, S? we infer that VE(ng) + 8vg = 0.

Step 3. It remains to prove that E is semiconcave. This follows directly from the inequality (B.1)
obtained in Step 2, as any mo € S* can be written as mg = n§° for some 0 < § < 2|mg — ng|. This
completes the proof of Theorem [T.4l O

Proof of Corollary .8 Consider first the axisymmetric case Sym(G) D SO(3)". Then we have
E(Rngy) = E(ng) for any rotation R of axis u and ng € S%. At a differentiable point ng, differen-
tiating this identity with respect to R implies VE(ng) - Ang = 0 for any antisymmetric matrix A with
Au = 0, i.e. VE(ng) - (u x ng) = 0. Recalling from Theorem [4] that VE(ng) = —8mvo, we deduce
vo - (u X np) = 0.

Moreover, if u is a differentiability point, then differentiating that same identity with respect to
no at ng = u gives R"'VE(u) = VE(u) for any rotation R of axis u, hence VE(u) = 0 since
VE(u) € TyS? = ut. So vo(u) = 0.

In the spherically symmetric case Sym(G) D SO(3) we have E(Rng) = E(ng) for all R € SO(3),
hence F is constant, and VE =0onS2% So vo(no) = 0 for all ng € S2. O
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APPENDIX A. DECAY ESTIMATES FOR POISSON’S EQUATION

We collect here some folklore decay estimates for Poisson’s equation. For the reader’s convenience
we include a self-contained proof (similar arguments can be found e.g. in [PRO0, § 2.2.3] for Holder
decay at the origin). The elementary arguments we present here don’t seem to apply directly for
general systems as in Remark [[.2] in that case one should refer to [BGO20, § 5-6].

Lemma A.1. Letd >3, v>d—2,v¢N, and f a function in R?\ By satisfying

1
|f(x)] < o forr=|z| > 1.

Then there exists a function u such that Au = f in R?\ By and

Ju(@)| 1
+Vu(@)] $ =,

— Al
- (A1)
where the constant depends only on d and ~.

Note that (A doesn’t determine u uniquely, as we may add any faster-decaying harmonic terms
to u without changing the equation Au = f, but the proof does determine an explicit right inverse
f — u to the Laplacian in that decay range.

We will obtain Lemma [A 1] as a consequence of an L? version of it, that we state now.

Lemma A.2. Letd>3,v>d—2,v¢N, and f a function in R?\ By satisfying

1 2 ) 1
— de| < —— >1 A2
<Rd /wR"T' ! I) S 2l (4.2
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Then there exists a function u such that Au = f in RY\ By and

1
L / e ) < L YR >1 (A.3)
— —0 a4xr .
Rd e|>R EE ~ Ry+1 =5

where the implicit constant depends only on d and ~.

Before proving Lemma [A2] we explain why, together with rescaled elliptic estimates, it implies

Lemma [A 1]

Proof of Lemma[4dl. The assumption on f implies that it satisfies the L? decay in the assumption of
Lemma [A2] so we obtain v such that Au = f in R\ B; and

1

1 > \* 1
_ = dq < >1
0

and the pointwise bound (AJ]) in the conclusion of Lemma [A-T] follows from rescaled elliptic estimates.
Explicitly, consider @(%) = u(R%) which solves Ad = f, where f(2) := R?f(R%), then from interior
elliptic estimates (see e.g. [GT01]) we have

1
2
sup (] + |Va]) < ( / |a|2> + sup If]
B4\Bl

B3\ B2 B4\ B1

1
1 2\* 1
R J 3> r |7 Ry
from which, scaling back, we infer (AJ]). O

Next we prove Lemma Before doing so, we recall some facts concerning spherical harmonics
(that is, homogeneous harmonic polynomials), referring the reader to [SWT1] for details. The Laplace-
Beltrami operator on S?~! diagonalizes as

_Asd—l@j:)\j(l)j, OZ)\Og)\l <---
The set {\;},en coincides with {k? 4+ k(d — 2)}xen. The eigenfunctions corresponding to k% + k(d — 2)
span the homogeneous harmonic polynomials of degree k. We choose them normalized in L?(S?~!) so
they form an orthonormal Hilbert basis of this space. For a VV120¢32 function w: (0,00) — R we have

Aw(r)®;(w)) = (Ljw)(r)@;(w), L; =0+ ?8,0 - i\—; (A.4)

n _
The solutions of £L;jw = 0 are linear combinations of 775 and r~ 7% , where vji > 0 are given by

d—2\? d—2
fy]',": (—2 ) —|—/\j—T:k fOI‘/\j:kQ—I—k(d—Q),

_ d—2\> d—2

The decay rate v > d — 2, v ¢ N, is fixed and we denote by jo = jo(y) the integer jo > 0 such that
{7 €Ny <7} ={0,...,jo},
{ieNiyy >} ={jo+ 1,40 +2,...}.

Proof of Lemma[A 4. We extend f to be defined in R?, with the property that

1

/ @?f2de| <1,
|z|<1
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and will construct a function u such that Au = f in R?\ {0}. The function f € L?(R?) admits a
spherical harmonics expansion

F= 1),
720
and the decay assumption (A2)) on f amounts to
> / fi(r)?2rittdr < RT-272, (A.5)
j>07 1

We define u as
wi=Y u;(r)®;(w),

where u; € W22 (0, 00) satisfy
ﬁj’U,j = fj.
To write down an explicit formula for u; we rewrite £;, defined in (AA), as
Lyju =76 9,712 0,(r7 )],
and define
% / M’H*d/ s fi(s)dsdt  if 5 €{0,..., 0},
u;(r) = L oo (A.6)
P / 27 +1—d/ sV fa(s)dsdt  if § > jo + 1.
0

t
This is well defined because for any ¢ > 0 using Cauchy-Schwarz, (A5]) with the choice R = ¢, and the
fact that v; = d—2>0, we can estimate the inner integral by

/too s £5(s)| ds < (/too s722 sd_lds) ’ (/too Sij(s)zsd_lds> ’ (A7)

1 d_ -, .4 1 -
<— 27 TheT o pdery 2

2y, +2-d 2y, +2-d

Furthermore, as t — 2% T17944=2=7=7 — 75 =7~1 is integrable near oo if v; <7 le.,if j < jo; and
is integrable near 0 if ;" > 7, i.e., if j > jo 4 1, the functions u; in (AG) are well-defined.
Let j < jo and set

a=7+7;, +1-d,
so that 2y +1—d > a>2y; +1—d. By (A1) and Cauchy-Schwarz we have

1

- 2
Juj (r)|* < o /OO 5% (/oo Szf‘(s)QSdldS) St
d 242y —d\J, : !
2v7 2 °
r- i o0 —_d_a « & 2
= / i T2 22 (/ sij(s)zsd_lds) dt
242y, —d \Jr t
T—2'y; e’} B ee] e e}
< 77/ 25 —d=a dt/ t (/ Sij(s)zsd_lds) dt
2 =+ 27_] —d r r t
prdtiza > * 5 2. d-1
— te s fi(s)s“ " “ds | dt
<2+27;—d><a—2~y;+d—1>/r ([ stntorsttas)

S A By Y )
S(d_2)(7—7j_0)/r t </t s°fi(s)*s ds | dt,
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where in the last line, we used that v;” > d—2so that 2427, —d > d—2, and that y+v; =27, =2 7=,
when j < jo. Summing and using (ALH), we deduce

T—d—l—a

jzo Juy (1) < /Oo e JZO/OO s2f;(s)%s? tds | dt
< = j
=0 r? (d_ 2)('7 _'on) r =07t

T—d—l—a e8]

< —7/ ta+d—2'y—2 dt
(d—=2)(v = ;) Jr
T.—Zv—?

(d=2)(v=,)2y+1—-d—a)
T.—Zv—?

< —t
(d—2)(y - ’on)
Similarly, for j > jo + 1 we set

ﬁ:7+7;)+1+1_d7
which satisfies 2y +1—d < 8 < 2y; + 1 —d. Using (A.7) and Cauchy-Schwarz we find

T*d+lfﬁ r o
Juj(r)[* < A= 21 —7) /o i (/ Sij(s)Qsdlds) dt,
Jo+1 t

so that, we similarly obtain from (A.H]) that

i Juj (r)|? < P22
j=jo+1 2 T (d=2)(v 01 — )2

We conclude that

i s () < ! ! — + — ! P2,
j=0 r2 d—2 (’7 - /on)z (/onJrl - 7)2

Therefore, since v > d — 2,

1 Juf? 1 /°° Nl GOl e
R - dr = — r dr
Rd |2|> R |$|2 Rd Z r2

T
1 1 1 R™27—2
S —\2 + - 2
d=2\(v—,) Vjgr1 —M?) 2v+2—d
1 1 1
< — + — R
(@=22\(v=7,)% (Vg1 —7)?
which proves (A3]). O
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