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MODULATION ANALYSIS OF THE STOCHASTIC CAMASSA-HOLM

EQUATION WITH PURE JUMP NOISE

YONG CHEN1, JINQIAO DUAN2, HONGJUN GAO3, AND XINGYU GUO1

Abstract. We study the stochastic Camassa-Holm equation with pure jump noise.
We prove that if the initial condition of the solution is a solitary wave solution
of the unperturbed equation, the solution decomposes into the sum of a randomly
modulated solitary wave and a small remainder. Moreover, we derive the equations
for the modulation parameters and show that the remainder converges to the solution

of a stochastic linear equation as amplitude of the jump noise tends to zero.

1. Introduction

1.1. Background. The Camassa-Holm (CH) equation

ut − uxxt + 3uux + 2kux − 2uxuxx − uuxxx = 0, t > 0, x ∈ R, (1.1)

with k ≥ 0, was derived by Camassa and Holm in [13] as a model of shallow water waves.

Here u denotes the fluid velocity in the x direction or, equivalently, the height of the

water’s free surface above a flat bottom [13, 61]. Eq. (1.1) was originally derived by

Fuchssteiner and Fokas [48, 49] as a bi-Hamiltonian generalization of KdV. A rigorous

justification of the derivation of Eq. (1.1) as an approach to the governing equations

for water waves was recently provided by Constantin and Lannes [35]. Eq. (1.1) was

also arisen as an equation of the geodesic flow for the H1 right-invariant metric on the

Bott-Virasoro group (if k > 0) [69] and on the diffeomorphism group (if k = 0) [33, 34].

The CH equation (1.1) is completely integrable [13, 27], which has the bi-Hamiltonian

structure [13, 48]

mt = J1
δH1[m]

δm
= J2

δH2[m]

δm
, (1.2)

J1 = −(∂xm+m∂x + 2k∂x), J2 = −(∂x − ∂3
x) (1.3)
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with a momentum density m := u− uxx and the two Hamiltonians

H1[m] = H1(u) =
1

2

∫

R

u2(x) + u2
x(x)dx =

1

2

∫

R

umdx, (1.4)

H2[m] = H2(u) =
1

2

∫

R

u3(x) + u(x)u2
x(x) + 2ku2(x)dx. (1.5)

The CH equation (1.1) can be written in Hamiltonian form as

∂t
δH1(u)

δu
= −∂x

δH2(u)

δu
. (1.6)

The Cauchy problem for the CH equation (1.1) has been studied extensively. For

initial data u0 ∈ Hs(R), s > 3/2, Eq. (1.1) is locally well posed [28, 40, 65]. Moreover,

Eq. (1.1) has global strong solutions [28, 26] and also finite time blow-up solutions

[28, 29, 26, 31, 40, 65]. On the other hand, it has global weak solutions in H1(R)

[7, 8, 23, 30, 36, 53, 54, 55, 78]. The ill-posedness of the CH equation in H3/2 and in the

critical space B
3/2
2,r , 1 < r < ∞ is proved in [51].

The CH equation (1.1) possesses smooth solitary-wave solutions called solitons if k > 0

[14] or peaked solitons if k = 0 [13]. In particular, when k > 0, Eq. (1.1) possesses the

smooth soliton with the expression u(t, x) = ϕc(x − ct + x0), c > 2k, x0 ∈ R, in a

parametric form as follows [62, 66]

u(t, x) =
c− 2k

1 + (2k/c) sinh2 θ
,

where

θ =
1

2
√
k

√

1− 2k

c
(y − c

√
kt), x =

y√
k
+ ln

cosh(θ − θ0)

cosh(θ + θ0)
, θ0 = tanh−1

√

1− 2k

c
.

The soliton ϕc satisfies the following equation

−cϕc + cϕcxx +
3

2
ϕ2
c + 2kϕc = ϕϕcxx +

1

2
ϕ2
cx, x ∈ R.

It is shown in [14, 38] that the CH equation (1.1) admits the smooth and positive solitary

wave solution ϕc with an even profile decreasing from its peak height c− 2k. Moreover,

|ϕ′
c| ≤ ϕc and as |x| → ∞,

ϕc(x) = O(exp(−
√

1− 2k

c
|x|)). (1.7)

The CH equation (1.1) has even more complex solutions, such as multi-solitons which

can be given also in a parametric form like one soliton [12, 32, 66, 68].
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Some kinds of the stability of solitons of the CH equation are considered in [38, 46, 76].

In [38], the nonlinear stability of the 1-solitons is proved by applying the general spectral

method. In [46], the orbital stability of the train of N solitary waves of the CH equation in

energy space H1 is investigated . In [76], the dynamical stability of smooth N-solitons of

the CH equation in Sobolev space HN and the orbital stability of smooth double solitons

in the space H2 are proved for all the time. The stability of peakons and multipeakons

of the CH equation are established in [37, 47].

1.2. Stochastic Camassa-Holm equation. Since there are some uncertainties in geo-

physical and climate dynamics [4, 57, 45], it is widely recognized to take random effect

into account in mathematical models. Using stochastic variational method [57, 58], the

following stochastic CH equation with Brownian motion was derived in [39],

dm+ (∂xm+m∂x)v = 0, (1.8)

where m = u− uxx and the stochastic vector field v, defined by

v(x, t) = u(x, t)dt +

N
∑

i=1

ξi(x) ◦ dW i
t .

The vector v(t, x) represents random spatially correlated shifts in the velocity, the func-

tions ξi(x), i = 1, 2, . . . , N are the spatial correlations, W i
t , i = 1, 2, . . . , N are indepen-

dent Brownian motions and ◦ is the Stratonovich product. Eq. (1.8) admits peakon

solutions and isospectrality [39]. Applying a finite element discretization, the authors in

[6] reveal that peakons can still form in the presence of stochastic perturbations. The

local existence and uniqueness of strong solution of (1.8) is proved in [2]. The well-

posedness of stochastic CH equation with the initial value u0 ∈ Hs, s > 3/2 is proved

in [16, 74]. The martingale solution in H1 is established in [18] under the condition

that m0 = u0 − u0xx is a positive regular Borel measures, which is improved in [50]

with u0 ∈ H1. The global well-posedness of the viscous Camassa-Holm equation with

gradient noise is established in [56].

The analysis of the Lévy noise is different from [57, 58] and is motivated by the require-

ment that the noise must preserve some invariance properties of stochastic Hamiltonian

structure. Thus, it needs to find an analogue of the Stratonovich integral with respect
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to compensated Poisson random measure. The work of Marcus [67], developed later by

Applebaum [3], Kunita [64], Chechkin and Pavlyukevich [15], provides a framework to

resolve this technical issue. Using stochastic variational method [57, 58], we derive the

following stochastic CH equation with pure jump noise [19],

dm+ (umx + 2mux)dt+m ⋄ dL(t) = 0, (1.9)

where ” ⋄ ” is the Marcus product and L(t) is a Lévy motion with pure jump. The local

well-posedness and large deviations of (1.9) with the initial value u0 ∈ Hs, s > 3/2 are

given in [17] as an example. The global existence, the wave breaking phenomena and

moderate deviations of (1.9) with u0 ∈ Hs, s > 3/2 are proved in [19].

Consider the following stochastic Hamiltonian

H̃1[m]dt =
1

2

∫

R

u(t, x)m(t, x)dxdt +

∫

R

m(t, x)σ(x) ⋄ dL(t),

where σ = σ(x) depends on x ∈ R, ”⋄” is the Marcus product and L(t) is a Lévy motion

with pure jump, defined as

L(t) =

∫ t

0

∫

Z

zÑ (dt, dz). (1.10)

Here Z = {z : |z| ≤ 1} is a locally compact Polish space, and Ñ is the compensated

Poisson random measure. Let N be a Poisson random measure on [0, T ] × Z with a

σ-finite intensity measure λT ⊗ ϑ, where λT is the Lebesgue measure on [0, T ] and ϑ is

a σ-finite measure on Z, such that
∫

Z

e2‖σx‖L∞ |z|ϑ(dz) < ∞,

∫

Z

z2ϑ(dz) < ∞. (1.11)

Then, for A ∈ B(Z) with ϑ(A) < ∞,

Ñ ([0, t]×A) = N ([0, t]×A)− tϑ(A).

We derive the stochastic CH equation

dm =J1
δH̃1[m]

δm
dt = J1(udt+ σ ⋄ dL(t))

=− (umx + 2mux + 2kux)dt− (σmx + 2mσx + 2kσx) ⋄ dL(t). (1.12)

By the relation between the advective form u and the moment m, applying (1 − ∂2
x)

−1

to both sides of (1.12) to yield

du+ (uux + Px)dt+ ζ(u) ⋄ dL(t) = 0, (1.13)
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(1− ∂2
x)P = u2 +

1

2
u2
x + 2ku, (1.14)

where

ζ(u) = 3σux − 2σxu+ (1 − ∂2
x)

−1(2σxu− u∂3
xσ + σxxux) + 2k(1− ∂2

x)
−1σx. (1.15)

The elliptic equation for P can be solved to supply

P = K ∗ (u2 +
1

2
u2
x + 2ku), K(x) =

1

2
e−|x|.

Mathematically, as explained in Remark 2.1, the nonlocal part and the part 2uσx of the

noise term in (1.15) offers no new (essential) difficulties compared to 3σux. For the sake

of clarity, we will therefore focus on the following stochastic CH equation with gradient

pure jump noise

du + (uux + Px)dt+ σux ⋄ dL(t) = 0, (1.16)

where P is given by (1.14). For fixed z ∈ Z, w ∈ L2, let Φ(t, z, w) be the solution of the

following partial differential equation

dy(t) = −zσyx(t)dt, y(0) = w.

Then Φ(t, x, w) = w(x − σzt). Hence, the stochastic integration in equation (1.16) with

Marcus form can be written with Φ(1, z, u) as follows [3]

du+ (uux + Px)dt =

∫

Z

[u(t−, x− σz)− u(t−, x)]Ñ (dt, dz)

+

∫

Z

[u(t, x− σz)− u(t, x) + zσux]ϑ(dz)dt. (1.17)

The literature on stochastic partial differential equations driven by Lévy noise in the

”Marcus” canonical form is very limited and such work has recently been initiated by

Brzeźniak et al. in [10, 11]. The noise intensity σ is a constant in [20]. The operator in

the Murcus integral in [10, 11] is bounded, while it is unbounded here. Moreover, in this

form of noise, it can maintain the invariants H1(u) and H2(u).

1.3. Our aims. Our aim is to investigate the influence of random perturbations with

the form given in Eq. (1.17) to the smooth solitary wave of the CH equation. More

precisely, we study the stochastic CH equation

du + (uux + Px)dt+ ǫσux ⋄ dL(t) = 0, (1.18)
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where P is given by (1.14) and ǫ > 0 is a small parameter. The stochastic integration in

equation (1.16) with Marcus form can be written as follows [3]

du + (uux + Px)dt =

∫

Z

[u(t−, x− ǫσz)− u(t−, x)]Ñ (dt, dz)

+

∫

Z

[u(t, x− ǫσz)− u(t, x) + ǫzσux]ϑ(dz)dt. (1.19)

We will use the collective coordinate approach to investigate the influence of random

perturbations on the propagation of deterministic standing waves (e.g. [42, 43, 75]).

This approach consists in writing that the main part of the solution is given by a mod-

ulated soliton and in finding then the modulation equations for the soliton parameters.

The modulation theory, in general, provides an approximate and constructive answer to

questions on concerning the location of the standing wave and the behavior of its phase

for t > 0. The random modulations of solitons of the stochastic Korteweg-de Vries equa-

tion and stochastic Schrödinger equation under the influence of the Brownian motion

have been studied in [42, 43, 75]. As far as we know, it’s the first paper to consider the

influence of the pure jump noise to the solitions.

Let ϕc0(x) with c0 > 0 fixed be a smooth solitary wave solution of equation (1.18)

with ǫ = 0. Define the functional

Hc(u) = cH1(u)−H2(u), u ∈ H1, (1.20)

where H1 and H2 are given in (1.4) and (1.5) respectively. Note ϕc0 is a critical point

of Hc0 , that is

H ′
c0(ϕc0) = c0H

′
1(ϕc0)−H ′

2(ϕc0) = 0, (1.21)

where H ′
1 and H ′

2 are the Fréchet derivatives of H1 and H2 in H1(R) respectively. The

linearized Hamiltonian operator Lc of cH ′
1 +H ′

2 around ϕ is defined by

Lc = −∂x((2c− 2ϕc)∂x)− 6ϕc + 2∂2
xϕc + 2(c− 2k). (1.22)

Denote uǫ(t, x) be the solution of equation (1.18) with the initial value uǫ(0, x) = ϕc0(x).

We prove that uǫ(t, x) can be decomposed into the sum of a randomly modulated solitary

wave ϕcǫ(t)(x
ǫ(t)) and a small remainder ǫηǫ(t), which is randomly modulated in its phase

xǫ(t) and frequency cǫ(t). Then, we study more precisely the behavior at order one in ǫ

of the remaining term ηǫ in the preceding decomposition as ǫ goes to zero.
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1.4. The main results. Now, we give the main results of the paper. The first one

is that the main part of the solution of equation (1.18) is a solitary wave, randomly

modulated in its phase xǫ(t) and frequency cǫ(t) as follows.

Theorem 1.1 (Stochastic modulated solitary wave). For ǫ > 0, let uǫ(t, x) be the

solution of equation (1.18) with u0(x) = ϕc0(x) and c0 > k. Then, there exists α0 > 0

such that for 0 < α ≤ α0, there is a stopping time τ ǫα a.s. and there are semi-martingale

processes cǫ(t) and xǫ(t) defined a.s. for t ≤ τ ǫα, with values respectively in R
+ and R.

The solution uǫ(t, x) can be decomposed as

uǫ(t, x) = ϕcǫ(t)(x− xǫ(t)) + ǫηǫ(t, x− xǫ(t)).

Let ηǫ(t, x) = 1
ǫ [u

ǫ(t, x+xǫ(t))−ϕcǫ(t)(x)]. Then it satisfies the orthogonality conditions

(ηǫ, (1− ∂2
x)ϕc0) = 0, and (ηǫ, (1− ∂2

x)∂xϕc0) = 0. (1.23)

Moreover, for t ≤ τ ǫα,

‖ǫηǫ(t)‖H1 ≤ α, and |cǫ(t)− c0| ≤ α, a.s.

In addition, for any T > 0 and α ≤ α0, there is a ǫ0 > 0, for ǫ < ǫ0,

P(τ ǫα ≤ T ) ≤ C
T

α4
b(ǫ), (1.24)

where b(ǫ) =
∫

Z
((eǫ|z|‖σx‖L∞ − 1)2 + (e

3

2
ǫ|z|‖σx‖L∞ − 1)2)ϑ(dz).

The second one is the convergence of ηǫ as ǫ goes to zero.

Theorem 1.2. Let ηǫ, cǫ and xǫ be given by Theorem 1.1, with α ≤ α0 fixed. Then,

for any T > 0, the process ηǫ converges in probability in the space D([0, T ∧ τ ǫα];L
2), as

ǫ goes to 0, to a process η satisfying the linear eqaution

dη =
1

2
(1− ∂2

x)
−1∂xLc0ηdt+ (y(t)∂xϕc0 − a(t)∂cϕc0)dt

+ (σ(x)∂xϕc0 + ∂xϕc0µ(t)− ∂cϕc0b(t)) ⋄ dL(t), (1.25)

with η(0) = 0, where

y(t) =− 1

2
(∂xϕc0 , (1 − ∂2

x)∂xϕc0)
−1(∂xLc0η, ∂xϕc0), (1.26)

µ(t) =− (∂xϕc0 , (1− ∂2
x)∂xϕc0)

−1(σ∂xϕc0 , (1 − ∂2
x)∂xϕc0), (1.27)
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a(t) =− 1

2
(∂cϕc0 , (1− ∂2

x)ϕc0)
−1(∂xLc0η, ϕc0), (1.28)

b(t) =(∂cϕc0 , (1− ∂2
x)ϕc0)

−1(σ∂xϕc0 , (1− ∂2
x)ϕc0). (1.29)

Moreover, the modulation parameters may be written as

dxǫ(t) = cǫ(t)dt+ ǫyǫ(t)dt+ ǫµǫ(t) ⋄ dL(t), (1.30)

dcǫ(t) = ǫaǫ(t)dt+ ǫbǫ(t) ⋄ dL(t), (1.31)

for some adapted processes yǫ, µǫ, aǫ, bǫ with values in R satisfying: (yǫ, aǫ, bǫ, µǫ) →

(y, a, b, µ) in probability in D([0, T ]) as ǫ → 0.

This paper is organized as follows. In Section 2, we justify the existence of the

modulation parameters and give an estimate on the time up to which the modulation

procedure is available. In Section 3, we give the equations of the modulation parameters.

In Section 4, we show the convergence of the remainder term as ǫ to zero.

2. Modulation and estimates on the exit time

In this section, we prove the existence of modulation parameters and the estimate on

the exit time. First, we present the following Itô formula.

Lemma 2.1 (Itô formula, [10], Theorem B.2). Assume that U is a Hilbert space. Let

Y be a U -valued process given by

Y (t) = Y0 +

∫ t

0

a(Y (s))ds+

∫ t

0

∫

Z

f(Y (s−)) ⋄ dL(s), t ≥ 0,

where a, f : U → U are Ft-adapted random mappings. Let V be a separable Hilbert

space. Let φ : U → V be a function of class C1 such that the first derivative φ′ : U →

L(U ;V ) is (p− 1)-Hölder continuous. Then for every t > 0, we have P-a.s.

φ(Y (t)) =φ(Y0) +

∫ t

0

φ′(Y (s))(a(Y (s)))ds +

∫ t

0

∫

Z

[φ(Φ(1, z, Y (s−)))− φ(Y (s−))]Ñ (ds, dz)

+

∫ t

0

∫

Z

[φ(Φ(1, z, Y (s))) − φ(Y (s))− zφ′(Y (s))f(Y (s))]ϑ(dz)ds,

where y(t) := Φ(t, z, y0) solves

dy

dt
= zf(y),

with initial condition y(0) = y0.
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The following lemma gives the evolution of H1 and H2 by (1.18).

Lemma 2.2. Let uǫ(t, x) be the solution of equation (1.18). Then, for H1(u
ǫ), H2(u

ǫ)

given in (1.4) and (1.5), we have

H1(u
ǫ) =‖ϕc0‖2H1 +

∫ t

0

∫

Z

[H1(Φ(1, z, u(s−)))−H1(u
ǫ(s−, x))]Ñ (ds, dz)

+

∫ t

0

∫

Z

[H1(Φ(1, z, u(s−)))−H1(u
ǫ(s−, x)) + ǫz(σx, u

ǫ2 − uǫ2
x )]ϑ(dz)ds,

(2.1)

H2(u
ǫ) =H2(ϕc0) +

∫ t

0

∫

Z

[H2(Φ(1, z, u(s−)))−H2(u
ǫ(s−, x))]Ñ (ds, dz)

+

∫ t

0

∫

Z

[H2(Φ(1, z, u(s)))−H2(u
ǫ(s−, x)) − ǫzH ′

2(u
ǫ)σuǫ

x]ϑ(dz)ds, (2.2)

where Φ(1, z, u(s)) = u(s, x− ǫσz), H ′
1(u

ǫ) = uǫ − uǫ
xx and

H ′
2(u

ǫ) = 3uǫ2 − uǫ2
x − 2uǫuǫ

xx + 4kuǫ.

Proof. Since the initial value ϕc is smooth, we can use Itô formula to H1(u
ǫ) and H2(u

ǫ).

Since H1(u
ǫ) and H2(u

ǫ) is the invariants of the CH equation (1.1), applying Itô formula

Lemma 2.1 to H1(u
ǫ) and H2(u

ǫ), we have (2.1) and (2.2). �

Lemma 2.3. Let uǫ(t, x) be the solution of equation (1.18) with uǫ(0, x) = ϕc0(x).

Then,

H1(Φ(1, z, u
ǫ))−H1(u

ǫ) ≤(e|z|‖σx‖L∞ − 1)‖uǫ‖2H1 , (2.3)

H2(Φ(1, z, u
ǫ))−H2(u

ǫ) ≤C(e|z|‖σx‖L∞ − 1)‖uǫ‖2H1 + C(e
3

2
|z|‖σx‖L∞ − 1)‖uǫ‖3H1 ,

(2.4)

where Φ(1, z, u(s)) = u(s, x− ǫσz). Moreover,

E sup
t∈[0,T ]

‖uǫ‖2H1 ≤ C‖ϕc0(x)‖2H1 . (2.5)

Proof. Fixed z ∈ Z, s ∈ R, let y(t, x) = Φ(t, z, u(s, x)) be the solution of the following

equation

dy(t, x) = −zσ(x)yx(t, x)dt, y(0, x) = u(s, x).

Then y(t, x) = u(s, x− σzt) and

‖y(t, x)‖2H1 ≤ ‖u(s, x)‖2H1e|z|‖σx‖L∞t. (2.6)
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By the mean value theorem and H ′
1(y) = y − yxx,

H1(Φ(1, z, u))−H1(u) = H1(y(1, x))−H1(y(0, x))

=

∫ 1

0

d

dr
[H1 ◦ y](r)dr =

∫ 1

0

(H1 ◦ y)′(r)dr

=

∫ 1

0

H ′
1(y(r))y

′(r)dr = −z

∫ 1

0

H ′
1(y(r))σyx(r)dr

=− z

∫ 1

0

(y − yxx, σyx)(r)dr ≤ |z|‖σx‖L∞

∫ 1

0

‖y(r)‖2H1dr

≤|z|‖σx‖L∞‖u(s, x)‖2H1

∫ 1

0

e|z|‖σx‖L∞rdr

≤(e|z|‖σx‖L∞ − 1)‖u(s, x)‖2H1 . (2.7)

Since H ′
2 = 3y2 − y2x − 2yyxx + 4ky, we also have

H2(Φ(1, z, u))−H2(u) = −z

∫ 1

0

H ′
2(y(r))σyx(r)dr

=− z

∫ 1

0

(3y2 − y2x − 2yyxx + 4ky, σyx)(r)dr

=z

∫ 1

0

(σx, y
3 − yy2x + 4ky2)(r)dr

≤|z|‖σx‖L∞

∫ 1

0

(‖y‖L∞‖y‖2H1 + 4k‖y‖2L2)dr

≤C|z|‖σx‖L∞

∫ 1

0

(‖y‖2H1 + ‖y‖3H1)dr

≤C(e|z|‖σx‖L∞ − 1)‖u(s, x)‖2H1 + C(e
3

2
|z|‖σx‖L∞ − 1)‖u(s, x)‖3H1 . (2.8)

Next, we prove (2.5). Using Burkhölder-Davis-Gundy (BDG) inequality, Hölder in-

equality and (2.3), we have

E sup
0≤t≤T

|
∫ t

0

∫

Z

[H1(Φ(1, z, u
ǫ))−H1(u

ǫ)]Ñ (ds, dz)|

≤CE(

∫ T

0

∫

Z

(e|z|‖σx‖L∞ − 1)2‖uǫ(s, x)‖4H1ϑ(dz)ds)1/2

≤CE sup
t∈[0,T ]

‖uǫ‖H1(

∫ T

0

∫

Z

‖uǫ‖2H1(e|z|‖σ
n
x‖L∞ − 1)2ϑ(dz)ds)1/2

≤1

4
E sup

t∈[0,T ]

‖uǫ‖2H1 + CE

∫ T

0

‖uǫ‖2H1ds, (2.9)

Then, it follows from (2.1) and (2.9) that

E sup
t∈[0,T ]

‖uǫ(t)‖2H1 ≤ 2‖ϕc0(x)‖2H1 + CE

∫ T

0

‖uǫ(r)‖2H1dr,

from which, the Gronwall inequality yields (2.5). The proof is complete. �
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Remark 2.1 (Full Euler-Poincaré structure in the noise). It can be verified that there

is no additional difficulty with the incorporation of full Euler-Poincaré noise of the form

ζ(u) ⋄ dL(t) in (1.13) in place of σux ⋄ dL(t) in (1.16).

We estimate (2.3) with the full Euler-Poincaré noise to explain it. Fixed z ∈ Z, s ∈ R,

let y(t, x) = Φ(t, z, u(s, x)) be the solution of the following equation

dy(t, x) = −zζ(y)(t, x)dt, y(0, x) = u(s, x).

Then, using integration by parts and Hölder inequality,

d

dt
‖y(t, x)‖2H1 = −2z((1− ∂2

x)y, ζ(y))

=− 2z((1− ∂2
x)y, 3σyx − 2σxy + (1− ∂2

x)
−1(2σxy − y∂3

xσ + σxxyx)

+ 2k(1− ∂2
x)

−1σx)

≤C|z|(‖σx‖L∞ + ‖σxx‖L∞ + ‖σxxx‖L∞)‖y‖2H1 + C|z|‖σx‖L2‖y‖L2

≤C|z|(1 + ‖σx‖L∞ + ‖σxx‖L∞ + ‖σxxx‖L∞)‖y‖2H1 + C|z|‖σx‖2L2 ,

which implies, by Gronwall inequality

‖y(t, x)‖2H1 ≤ ‖u(s, x)‖2H1eC1|z|t + C(eC1|z|t − 1), (2.10)

where

C1 = C(1 + ‖σx‖L∞ + ‖σxx‖L∞ + ‖σxxx‖L∞).

By the mean value theorem and H ′
1(y) = y − yxx,

H1(Φ(1, z, u))−H1(u) = H1(y(1, x)) −H1(y(0, x))

=

∫ 1

0

H ′
1(y(r))y

′(r)dr = −z

∫ 1

0

H ′
1(y(r))ζ(y)(r)dr

=− z

∫ 1

0

(y − yxx, ζ(y))(r)dr

≤C1|z|
∫ 1

0

‖y(r)‖2H1dr + C|z|
∫ 1

0

‖σx‖2L2dr

≤C1|z|‖u(s, x)‖2H1

∫ 1

0

eC1|z|rdr + C1C|z|
∫ 1

0

(eC1|z|r − 1)dr + C|z|‖σx‖2L2

≤(eC1|z| − 1)‖u(s, x)‖2H1 + C(eC1|z| − 1) + C|z|.

Hence, the only extra requirement is that σ ∈ W 3,∞ instead of σ ∈ W 2,∞.

Now, we give the proof of Theorem 1.1.
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Proof of Theorem 1.1. Denote B(ϕc0(x), 2α) = {v ∈ H1, ‖v(x) − ϕc0(x)‖H1 ≤ 2α} for

α > 0. Then, consider a C2 mapping

Y :(c0 − 2α, c0 + 2α)× (−2α, 2α)×B(ϕc0(x), 2α) → R
2,

(c, x1, u) → (Y1, Y2)

defined by

Y1(c, x1, u) =

∫

R

(u(x+ x1)− ϕc(x))(1 − ∂2
x)∂xϕc0(x)dx,

Y2(c, x1, u) =

∫

R

(u(x+ x1)− ϕc(x))(1 − ∂2
x)ϕc0(x)dx.

In the following, we verify that the function Y satisfies the properties:

(i) Y (c0, 0, ϕc0(x)) = (0, 0).

(ii) By the dominated convergence theorem and the smoothness of ϕc, the partial

derivatives ∂Y1

∂c , ∂Y1

∂x1

, ∂Y2

∂c , ∂Y2

∂x1

are continuous. Indeed,

∂Y1

∂c
(c0, 0, ϕc0(x)) =−

∫

R

∂cϕc(x)(1 − ∂2
x)∂xϕc0(x)dx|(c0,0,ϕc0

(x)),

∂Y2

∂c
(c0, 0, ϕc0(x)) =−

∫

R

∂cϕc(x)(1 − ∂2
x)ϕc0(x)dx|(c0,0,ϕc0

(x))

=−
∫

R

∂c((ϕc0(x))
2 + (∂xϕc0(x))

2)dx 6= 0,

∂Y1

∂x1
(c0, 0, ϕc0(x)) =

∫

R

∂xϕc0(x)(1 − ∂2
x)∂xϕc0(x)dx > 0,

and

∂Y2

∂x1
(c0, 0, ϕc0(x)) =

∫

R

∂xϕc0(x)(1 − ∂2
x)ϕc0(x)dx = 0.

Hence, the determinant of the matrix Y ′
(c,x1)

(c0, 0, ϕc0(x)) 6= 0. So, from the implicit

function theorem, we find that there exists α0 > 0 and the uniquely determined C2-

functions (c(u), x1(u)) defined for u ∈ B(ϕc0(x), 2α), such that

Y (c(u), x1(u), u) = 0.

Moreover, reducing again α if necessary, we may apply the implicit function theorem

uniformly around the points (c, 0, u0) satisfying

Y (c, 0, u0) = 0, |c− c0| < α, and ‖u0 − ϕc0‖H1 < α.
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Applying this with u = uǫ(t), we get the existence of cǫ(t) = c(uǫ(t)) and xǫ(t) =

x1(u
ǫ(t)) such that the orthogonality conditions (1.23) hold with ǫηǫ(t) = uǫ(t, x +

xǫ(t))− ϕcǫ(t)(x).

Since uǫ(t) is a H1-valued process, it follows that uǫ(t) is a semi-martingale process

in H−1. Noting that Y is a C1 functional of u on H−1, the processes cǫ(t) and xǫ(t)

are given locally by a deterministic C2 function of uǫ(t) ∈ H−1. Then the Itô formula

shows that cǫ(t) and xǫ(t) are semi-martingale processes. Moreover, since it is clear that

Y (cǫ(t), xǫ(t), uǫ(t)) = 0, the existence of cǫ(t) and xǫ(t) holds as long as

|cǫ(t)− c0| < α and ‖uǫ(t, x+ xǫ(t))− ϕcǫ(t)(x)‖H1 < α. (2.11)

We now define two stopping times

τ̃ ǫα = inf{t ≥ 0, |cǫ(t)− c0| ≥ α or ‖uǫ(t, x+ xǫ(t)) − ϕc0(x)‖H1 ≥ α},

τ ǫβ = inf{t ≥ 0, |cǫ(t)− c0| ≥ β or ‖uǫ(t, x + xǫ(t))− ϕcǫ(t)(x)‖H1 ≥ β}.

Since the inequality ‖ϕcǫ(t) − ϕc0‖H1 ≤ Cα holds as long as |cǫ(t) − c0| ≤ α ≤ α0, with

a constant C depending only on α0 and c0, it follows obviously that

τ ǫα ≤ τ̃ ǫ(C+1)α ≤ τ ǫ(C+1)2α.

Taking α0 sufficiently small again, the processes cǫ(t) and xǫ(t) are defined for all t ≤ τ ǫα0
,

and satisfy (2.11) for all t ≤ τ ǫα, α ≤ α0 under the orthogonality conditions (1.23).

To prove (1.24) for any T > 0, let Hc = cH1 −H2. By Taylor formula, we have

Hc0(u
ǫ(t, x+ xǫ(t)))−Hc0(ϕcǫ(t))

=(H ′
c0(ϕcǫ(t)), ǫη

ǫ(t)) + (H ′′
c0(ϕcǫ(t))ǫη

ǫ(t), ǫηǫ(t)) + o(‖ǫηǫ(t)‖2H1 ). (2.12)

Note that o(‖ǫηǫ(t)‖2H1 ) is uniform in ω, ǫ and t, since H ′
c0(ϕc) and H ′′

c0(ϕc) depend

continuously on c, and since |cǫ(t)− c0| ≤ α and ‖uǫ(t, x+xǫ(t))−ϕcǫ(t)‖H1 ≤ α for all

t ≤ τ ǫα. We then assume α0 small enough so that the last term is less than C
4 ‖ǫηǫ(t)‖2H1

for all t ≤ τ ǫα.

On account of the results on the spectrum of Lc0 = H ′′
c0(ϕc0) derived in [38] (see also

(4.26) in Lemma 4.3 in [46]), there exist δ > 0 and Cδ > 0, such that if for c0 ≥ k,

|(w, (1 − ∂2
x)ϕc0)|+ |(w, (1 − ∂2

x)∂xϕc0)| ≤ δ‖w‖H1 ,
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then

(Lc0w,w) ≥ Cδ‖w‖2H1 .

It then follows that

(H ′′
c0(ϕcǫ(t))ǫη

ǫ(t), ǫηǫ(t))

=(H ′′
c0(ϕcǫ(t))ǫη

ǫ(t)−H ′′
c0(ϕc0)ǫη

ǫ(t), ǫηǫ(t)) + (H ′′
c0(ϕc0)ǫη

ǫ(t), ǫηǫ(t))

≥Cδ‖ǫηǫ‖2H1 − ‖H ′′
c0(ϕcǫ(t))−H ′′

c0(ϕc0)‖L(H1,H−2)‖ǫηǫ‖2H1

≥Cδ‖ǫηǫ‖2H1 − C|cǫ(t)− c0|‖ǫηǫ‖2H1 . (2.13)

Since H ′
cǫ(ϕcǫ) = 0 by (1.21), Hölder and Young inequalities yield

|(H ′
c0(ϕcǫ(t)), ǫη

ǫ(t))| =|(H ′
c0(ϕcǫ)−H ′

cǫ(ϕcǫ), ǫη
ǫ(t))

=2((cǫ − c0)ϕcǫ , ǫη
ǫ)|

≤C|cǫ(t)− c0|2 +
Cδ

2
‖ǫηǫ‖2H1 . (2.14)

It follows from (2.12)-(2.14) that for all α ≤ α0 ≤ Cδ

2 , and for all t ≤ τ ǫα, we have

Hc0(u
ǫ(t, x+ xǫ(t)))−Hc0(ϕcǫ(t)) ≥

Cδ

4
‖ǫηǫ(t)‖2H1 − C|cǫ(t)− c0|2,

for a constant C depending only on α0 and c0. Hence, using Itô formula to Hc0(u
ǫ(t, x)),

we have

‖ǫηǫ(t, x− xǫ(t))‖2H1 ≤ C[Hc0(u
ǫ(t, x))−Hc0(ϕcǫ(t)(x− xǫ(t)))] + C|cǫ(t)− c0|2

=C{Hc0(ϕc0)−Hc0(ϕcǫ(t)(x− xǫ))

+

∫ t

0

∫

Z

[Hc0(Φ(1, z, u
ǫ(s−, x))−Hc0(u

ǫ(s−, x))]Ñ (ds, dz)

+

∫ t

0

∫

Z

[Hc0(Φ(1, z, u
ǫ(s, x))−Hc0(u

ǫ(s, x)) − ǫzH ′
c0(u

ǫ)σuǫ
x]ϑ(dz)ds}

+ C|cǫ(t)− c0|2, (2.15)

where

H ′
c0(u) = c0H

′
1(u)−H ′

2(u) = c0(u− uxx)− (3u2 − u2
x − 2uuxx + 4ku).

We now estimate |cǫ(t)− c0|2. The orthogonality conditions (1.23) imply

‖uǫ(t)‖2H1 =‖ǫηǫ + ϕcǫ(t)‖2H1

=‖ǫηǫ‖2H1 + ‖ϕcǫ(t)‖2H1 + 2(ǫηǫ, (1− ∂2
x)(ϕcǫ(t) − ϕc0)) (2.16)
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and by (2.1),

‖uǫ(t)‖2H1 =‖ϕc0‖2H1 +

∫ t

0

∫

Z

G1(u
ǫ(s−, x))Ñ (ds, dz)

+

∫ t

0

∫

Z

[G1(u
ǫ(s, x)) + ǫz(σx, u

ǫ2 − uǫ2
x )]ϑ(dz)ds, (2.17)

where

G1(u
ǫ(s, x)) = ‖Φ(1, z, uǫ(s, x)‖2H1 − ‖uǫ(s, x)‖2H1 .

Thus, it follows from (2.16)-(2.17) that for some constants C and µ, depending only on

α0 and c0,

µ|cǫ(t)− c0|

≤|‖ϕcǫ(t)‖2H1 − ‖ϕc0‖2H1 |

≤‖ǫηǫ‖2H1 + 2‖ǫηǫ‖H1(‖ϕcǫ(t) − ϕc0‖H1) +

∫ t

0

∫

Z

G1(u
ǫ(s−, x))Ñ (ds, dz)

+

∫ t

0

∫

Z

[G1(u
ǫ(s, x)) + ǫz(σx, u

ǫ2 − uǫ2
x )]ϑ(dz)ds

≤‖ǫηǫ‖2H1 + Cα|cǫ(t)− c0|+
∫ t

0

∫

Z

G1(u
ǫ(s−, x))Ñ (ds, dz)

+

∫ t

0

∫

Z

[G1(u
ǫ(s, x)) + ǫz(σx, u

ǫ2 − uǫ2
x )]ϑ(dz)ds. (2.18)

Hence, choosing α0 sufficient small, we get

|cǫ(t)− c0|2 ≤C[‖ǫηǫ‖4H1 + |
∫ t

0

∫

Z

G1(u
ǫ(s−, x))Ñ (ds, dz)|2

+ |
∫ t

0

∫

Z

[G1(u
ǫ(s, x)) + ǫz(σx, u

ǫ2 − uǫ2
x )]ϑ(dz)ds|2]. (2.19)

Because H ′
c0(ϕc0) = 0, we have

|Hc0(ϕc0)−Hc0(ϕcǫ(t))| ≤ C‖ϕc0 − ϕcǫ(t)‖2H1 ≤ C|cǫ(t)− c0|2. (2.20)

Then, inserting (2.19)-(2.20) in the right hand of (2.15), we obtain

‖ǫηǫ(t)‖2H1 ≤ C{‖ǫηǫ‖4H1 + |
∫ t

0

∫

Z

G1(u
ǫ(s−, x))Ñ (ds, dz)|2

+ |
∫ t

0

∫

Z

[G1(u
ǫ(s, x)) + ǫz(σx, u

ǫ2 − uǫ2
x )]ϑ(dz)ds|2

+

∫ t

0

∫

Z

[Hc0(Φ(1, z, u
ǫ(s−, x))−Hc0(u

ǫ(s−, x))]Ñ (ds, dz)

+

∫ t

0

∫

Z

[Hc0(Φ(1, z, u
ǫ(s, x))−Hc0(u

ǫ(s, x)) − ǫzH ′
c0(u

ǫ)σuǫ
x]ϑ(dz)ds}. (2.21)
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Now, fix T > 0 and set

ΩT,ǫ,α
1 = {ω ∈ Ω, τ ǫα ≤ T, ‖ǫηǫ(τ ǫα)‖H1 = α},

ΩT,ǫ,α
2 = {ω ∈ Ω, τ ǫα ≤ T, |cǫ(τ ǫα)− c0| = α}

so that

P(τ ǫα ≤ T ) ≤ P(ΩT,ǫ,α
1 ) + P(ΩT,ǫ,α

2 ).

Let α0 > 0 be small enough so that Cα2
0 ≤ 1/2. Multiplying both sides of (2.21) by

1ΩT,ǫ,α
1

, for α ≤ α0 and taking expectation with t = τ ǫα ∧ T , we have

α2

2
P(ΩT,ǫ,α

1 )

≤C{E|
∫ t

0

∫

Z

G1(u
ǫ(s−, x))Ñ (ds, dz)1ΩT,ǫ,α

1

|2

+ E|
∫ t

0

∫

Z

[G1(u
ǫ(s, x)) + ǫz(σx, u

ǫ2 − uǫ2
x )]ϑ(dz)ds1ΩT,ǫ,α

1

|2

+ E[

∫ t

0

∫

Z

[Hc0(Φ(1, z, u
ǫ(s−, x))−Hc0(u

ǫ(s−, x))]Ñ (ds, dz)1ΩT,ǫ,α
1

]

+ E[

∫ t

0

∫

Z

[Hc0(Φ(1, z, u
ǫ(s, x)) −Hc0(u

ǫ(s, x))− ǫzH ′
c0(u

ǫ)σuǫ
x]ϑ(dz)ds1ΩT,ǫ,α

1

]}.

Using Lemma 2.3,

G1(u
ǫ(s, x)) ≤ C(eǫ|z|‖σx‖L∞ − 1)‖u(s, x)‖2H1 ,

Hc0(Φ(1, z, u
ǫ(s, x))−Hc0(u

ǫ(s, x))

≤C(eǫ|z|‖σx‖L∞ − 1)‖uǫ(s, x)‖2H1 + C(e
3

2
ǫ|z|‖σx‖L∞ − 1)‖uǫ(s, x)‖3H1 ,

H ′
c0(u

ǫ)σux ≤ C(‖uǫ‖2H1 + ‖uǫ‖3H1),

Then, by Cauchy inequality, BDG inequality and ‖uǫ‖2H1 ≤ C a.s., we can get

α2

2
P(ΩT,ǫ,α

1 )

≤CT

∫

Z

(eǫ|z|‖σx‖L∞ − 1)2ϑ(dz)P(ΩT,ǫ,α
1 )

+ CT 2[|
∫

Z

(eǫ|z|‖σx‖L∞ − 1)ϑ(dz)|+ ǫ2‖σx‖2L∞ |
∫

Z

zϑ(dz)|]2P(ΩT,ǫ,α
1 )

+ C
√
T (

∫

Z

(eǫ|z|‖σx‖L∞ − 1)2 + (e
3

2
ǫ|z|‖σx‖L∞ − 1)2ϑ(dz))1/2P(ΩT,ǫ,α

1 )1/2,

and it follows that, for ǫ sufficient small

P(ΩT,ǫ,α
1 ) ≤ C

√
T

α2
b1/2(ǫ)P(ΩT,ǫ,α

1 )1/2,
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where b(ǫ) =
∫

Z
((eǫ|z|‖σx‖L∞ − 1)2 + (e

3

2
ǫ|z|‖σx‖L∞ − 1)2)ϑ(dz), which implies

P(ΩT,ǫ,α
1 ) ≤ C

T

α4
b(ǫ). (2.22)

Coming back to (2.19) and using the same argument as above, we can obtain

α2
P(ΩT,ǫ,α

2 ) ≤ C(ǫ)P(ΩT,ǫ,α
2 ) + C

√
Tb1/2(ǫ)P(ΩT,ǫ,α

2 )1/2,

then, for ǫ sufficient small, we have

P(ΩT,ǫ,α
2 ) ≤ C

T

α4
b(ǫ). (2.23)

Hence, (1.24) follows from (2.22)-(2.23) for α and ǫ sufficient small. �

3. Modulation equations

In this section, we derive the equation coupling the modulation parameters xǫ, cǫ to

the remaining term ηǫ.

Lemma 3.1. Under the assumptions of Theorem 1.2, ηǫ satisfies the equation

dηǫ =
1

2
(1− ∂2

x)
−1∂xLcǫη

ǫdt+ (yǫ∂xϕcǫ − ∂cϕcǫa
ǫ)dt+ ǫyǫηǫxdt+ ǫf(ηǫ)dt

+ [(σ∂xϕcǫ + ∂xϕcǫµ
ǫ)− ∂cϕcǫb

ǫ + ǫ(σηǫx + ηǫxµ
ǫ)] ⋄ dL(t), (3.1)

where

f(ηǫ) = −ηǫηǫx − (1− ∂2
x)

−1∂x(η
ǫ2 +

1

2
ηǫ2x ). (3.2)

Proof. We write (1.18) in the Hamiltonian form

du+ (1 − ∂2
x)

−1∂xH
′
2(u)dt+ ǫσux ⋄ dL(t).

Then, using (1.30)-(1.31), we have

du(t, x+ xǫ) = −(1− ∂2
x)

−1∂xH
′
2(u)(t, x+ xǫ)dt+ ǫσux(t, x+ xǫ) ⋄ dL(t)

+ ux(t, x+ xǫ)cǫdt+ ǫux(t, x+ xǫ)yǫdt+ ǫux(t, x+ xǫ)µǫ ⋄ dL(t), (3.3)

dϕcǫ = ǫ∂cϕcǫa
ǫdt+ ǫ∂cϕcǫb

ǫ ⋄ dL(t). (3.4)

Replacing u(t, x+ xǫ) by ϕcǫ(x) + ǫηǫ(t, x) and using (1.21)-(1.22),

H ′
2(ϕcǫ) = cǫH ′

1(ϕcǫ) = cǫ(ϕcǫ − ∂2
xϕcǫ),
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we have

H ′
2(u)(t, x+ xǫ) = (

3

2
u2 − 1

2
u2
x − uuxx + 2ku)(t, x+ xǫ)

=H ′
2(ϕcǫ) +H ′

2(η
ǫ) + 3ǫηǫϕcǫ − ǫηǫ∂2

xϕcǫ − ǫηǫx∂xϕcǫ − ηǫxxϕcǫ

=cǫ(ϕcǫ − ∂2
xϕcǫ)−

1

2
Lcǫ(ǫη

ǫ)− ǫcǫηǫxx + ǫcǫηǫ +
3

2
ǫ2ηǫ2 − 1

2
ǫ2ηǫ2x − ǫ2ηǫηǫxx.

Hence,

− (1− ∂2
x)

−1∂xH
′
2(u)(t, x+ xǫ)

=
ǫ

2
(1 − ∂2

x)
−1∂xLcǫ(η

ǫ)− cǫ∂xϕcǫ − ǫcǫηǫx + ǫ2f(ηǫ), (3.5)

where f(ηǫ) is given by (3.2). Applying (1− ∂2
x)

−1 to both sides of (3.3), then replacing

u(t, x+ xǫ) by ϕcǫ(x) + ǫηǫ(t, x) and putting (3.4)-(3.5) into (3.3), we get (3.1). �

Lemma 3.2. Under the assumptions of Theorem 1.2, the modulation parameters

satisfy the system of the equation

Aǫ(t)Bǫ(t) = Dǫ(t), (3.6)

Aǫ(t)Y ǫ(t) = Eǫ(t), (3.7)

where

Aǫ(t) =

(

(∂xϕcǫ + ǫηǫx, (1− ∂2
x)∂xϕc0) −(∂cϕcǫ , (1− ∂2

x)∂xϕc0)
(∂xϕcǫ , (1− ∂2

x)ϕc0) −(∂cϕcǫ , (1 − ∂2
x)ϕc0)

)

, (3.8)

Bǫ(t) =

(

µǫ(t)
bǫ(t)

)

, Y ǫ(t) =

(

yǫ(t)
aǫ(t)

)

, (3.9)

Dǫ(t) =

(

−(σ∂xϕcǫ + ǫσηǫx, (1− ∂2
x)∂xϕc0))

−(σ∂xϕcǫ + ǫσηǫx, (1− ∂2
x)ϕc0)

)

, (3.10)

and

Eǫ(t) =

(

(− 1
2∂xLcǫη

ǫ, ∂xϕc0)− ǫ(f(ηǫ), (1− ∂2
x)∂xϕc0)

(− 1
2∂xLcǫη

ǫ, ϕc0)− ǫ(f(ηǫ), (1− ∂2
x)ϕc0)

)

. (3.11)

Proof. Taking inner product of Eq. (3.1) with (1−∂2
x)ϕc0 and (1−∂2

x)∂xϕc0 respectively,

and making the orthogonality conditions (1.23), we have

0 = d(ηǫ, (1− ∂2
x)ϕc0) = (dηǫ, (1− ∂2

x)ϕc0)

=(∂xϕcǫ , (1− ∂2
x)ϕc0)y

ǫdt− (∂cϕcǫ , (1− ∂2
x)ϕc0)a

ǫdt+ (
1

2
∂xLcǫη

ǫ, ϕc0)dt
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+ ǫ(f(ηǫ), (1 − ∂2
x)ϕc0)dt− (∂cϕcǫ , (1− ∂2

x)ϕc0)b
ǫ ⋄ dL(t)

+ [σ∂xϕcǫ + ǫσηǫx, (1− ∂2
x)ϕc0) + (∂xϕcǫ , (1− ∂2

x)ϕc0)µ
ǫ] ⋄ dL(t),

and

0 =d(ηǫ, (1− ∂2
x)∂xϕc0) = (dηǫ, (1− ∂2

x)∂xϕc0)

=(∂xϕcǫ , (1− ∂2
x)∂xϕc0)y

ǫdt− (∂cϕcǫ , (1− ∂2
x)∂xϕc0)a

ǫdt+ (
1

2
∂xLcǫη

ǫ, ∂xϕc0)

+ ǫ(f(ηǫ), (1− ∂2
x)∂xϕc0)dt+ [σ∂xϕcǫ + ǫσηǫx, (1− ∂2

x)∂xϕc0)

+ (∂xϕcǫ + ǫηǫx, (1− ∂2
x)∂xϕc0)µ

ǫ] ⋄ dL(t)− (∂cϕcǫ , (1− ∂2
x)∂xϕc0)b

ǫ ⋄ dL(t).

Then, letting both the drift and martingale part of the above equations are identically

equal to zero, we get (3.6)-(3.7). �

Lemma 3.3. Under the assumptions of Theorem 1.2, there is a α1 such that for α ≤ α1

and t ≤ τ ǫα,

|µǫ(t)|+ |bǫ(t)| ≤ C(c0, α), (3.12)

|yǫ(t)| + |aǫ(t)| ≤ C(c0, α)‖ηǫ‖2H1 , a.s. (3.13)

Proof. We may write almost surely for t ≤ τ ǫα that Aǫ(t) = A0 +O(|cǫ − c0|+ ‖ǫηǫ‖H1),

where

A0 =

(

(∂xϕc0 , (1− ∂2
x)∂xϕc0) 0

0 (∂cϕc0 , (1− ∂2
x)ϕc0)

)

and O(|cǫ−c0|+‖ǫηǫ‖H1) holds uniformly in ǫ, t and ω as long as t ≤ τ ǫ. Hence, choosing

α ≤ α1 smaller, it follows that setting

Ãǫ(t) = A0 + 1[0,τǫ)(t)(A
ǫ(t)−A0),

the matrix Ãǫ(t) is invertible and

‖(Ãǫ(t))−1‖L(R2) ≤ C(c0, α), a.s.

Then, Eq. (3.6) may be solved as

Bǫ(t) = (Ãǫ(t))−1Dǫ(t),

for t ≤ τ ǫ, which implies

|µǫ(t)|+ |bǫ(t)| ≤ C(c0, α)|Dǫ(t)| ≤ C(c0, α)(‖ϕcǫ‖H1 + ‖ϕc0‖H3) ≤ C(c0, α).
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Thus, (3.12) is obtained. By (1.22) and (3.2), for t ≤ τ ǫ

|Eǫ(t)| ≤ C‖ηǫ‖L2‖Lcǫ(∂xϕc0)‖L2 + Cǫ‖f(ηǫ)‖L1‖(1− ∂2
x)∂xϕc0‖L∞

(1 + |cǫ|+ ‖ηǫ‖2H1), a.s.

Using (1.31) and (3.12), we can get

|yǫ(t)|+ |aǫ(t)| ≤ C(c0, α)(1 +

∫ t

0

|aǫ(s)|ds+ ‖ηǫ‖2H1), a.s.

Then the Gronwall inequality implies (3.13). �

Corollary 3.1. Under the assumptions of Theorem 1.2, for t ≤ τ ǫα, we have

|cǫ − c0| ≤ Cǫ(

∫ T

0

‖ηǫ‖2H1ds+ 1), a.s. (3.14)

Proof. Since

cǫ − c0 = ǫ

∫ t

0

aǫ(s)ds+ ǫ

∫ t

0

bǫ(t) ⋄ dL(t),

(3.14) is obtained by Lemma 3.3. �

4. Estimates on the remainder term and convergence

In this section, we prove the convergence of ηǫ. Firstly, we give some estimates of

ηǫ, yǫ, µǫ, aǫ and bǫ in the following Lemmas 4.1-4.2.

Lemma 4.1. Let T > 0 be fixed. Under the assumption of Theorem 1.2, we have

E sup
t∈[0,T∧τǫ

α]

‖ηǫ‖2rH1 ≤ C, r = 1, 2. (4.1)

Proof. Let y(t, x) = Φ1(t, z, v) solves the following partial differential equation

dy

dt
= z(σ∂xϕcǫ + ∂xϕcǫµ

ǫ)− z∂cϕcǫb
ǫ + ǫz(σ + µǫ)yx,

with initial value y(0, x) = v(x). Then, using integrations by parts, Hölder inequality

and (3.12), we have

‖y(t, x)‖2H1 = ‖y(0, x)‖2H1 + 2z

∫ t

0

((σ∂xϕcǫ + ∂xϕcǫµ
ǫ)− ∂cϕcǫb

ǫ, (1 − ∂2
x)y)ds

+ 2ǫz

∫ t

0

((σ + µǫ)yx, (1− ∂2
x)y)ds

≤‖v(x)‖2H1 + C|z|
∫ t

0

(‖σx‖L∞‖∂xϕcǫ‖H1 + ‖∂xϕcǫ‖H1 |µǫ|+ ‖∂cϕcǫ‖H1 |bǫ|)‖y‖H1ds
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+ Cǫ|z|
∫ t

0

‖σx‖L∞‖y(t, x)‖2H1ds

≤‖v(x)‖2H1 + C|z|
∫ t

0

(1 + ‖y‖2H1)ds.

The Gronwall’s inequality implies

‖y(t, x)‖2H1 ≤ (‖v(x)‖2H1 + C|z|t)eC|z|t.

Similar to the estimate (2.7), using integrations by parts, Hölder inequality and (3.12),

we have

H1(Φ1(1, z, η
ǫ))−H1(η

ǫ) =

∫ 1

0

H ′
1(y(r))y

′(r)dr

=z

∫ 1

0

(y − yxx, σ∂xϕcǫ + ∂xϕcǫµ
ǫ − ∂cϕcǫb

ǫ + ǫ(σ + µǫ)yx)(r)dr

≤C|z|
∫ 1

0

(‖y(r)‖H1 + ‖y(r)‖2H1)dr

≤C|z|‖ηǫ(s, x)‖2H1

∫ 1

0

eC|z|rdr + C|z|2
∫ 1

0

reC|z|rdr

≤C|z|(‖ηǫ(s, x)‖2H1 + 1). (4.2)

Using Itô formula Lemma 2.1 to ‖ηǫ‖2H1 of (3.1), we have

‖ηǫ‖2H1 =

∫ t

0

((1− ∂2
x)

−1∂xLcǫη
ǫ, (1− ∂2

x)η
ǫ)ds

+ 2

∫ t

0

((yǫ∂xϕcǫ − ∂cϕcǫa
ǫ), (1 − ∂2

x)η
ǫ)ds

+ 2

∫ t

0

(ǫyǫ∂xη
ǫ + ǫf(ηǫ), (1− ∂2

x)η
ǫ)ds

+

∫ t

0

∫

Z

[‖Φ1(1, z, η
ǫ(s−))‖2H1 − ‖ηǫ(s−)‖2H1 ]Ñ (ds, dz)

+

∫ t

0

∫

Z

[‖Φ1(1, z, η
ǫ(s))‖2H1 − ‖ηǫ‖2H1

− 2z((1− ∂2
x)η

ǫ, (σ∂xϕcǫ + ∂xϕcǫµ
ǫ)− ∂cϕcǫb

ǫ + ǫ(σηǫx + ηǫxµ
ǫ))]ϑ(dz)ds

=:

5
∑

i=1

Ji. (4.3)

Using (1.22), integration by parts, Cauchy inequality and embedding theorem, we have

J1 =

∫ t

0

(∂xLcǫη
ǫ, ηǫ)ds

=2

∫ t

0

(∂2
x((c

ǫ − ϕcǫ)∂xη
ǫ), ηǫ)ds+ 2

∫ t

0

(∂x((−3ϕcǫ + ∂2
xϕcǫ + (cǫ − 2k))ηǫ), ηǫ)ds
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=

∫ t

0

(∂xϕcǫ , (∂xη
ǫ)2)ds− 2

∫ t

0

((−3ϕcǫ + ∂2
xϕcǫ)η

ǫ, ∂xη
ǫ)ds

≤C

∫ t

0

‖ηǫ‖2H1ds. (4.4)

Lemma 3.3 and Cauchy inequality yield

J2 ≤ C

∫ t

0

‖ηǫ‖2H1ds. (4.5)

Using integration by parts, we obtain

J3 =2ǫ

∫ t

0

((1 − ∂2
x)f(η

ǫ), ηǫ)ds

=2ǫ

∫ t

0

(3ηǫ∂xη
ǫ − 2∂xη

ǫ∂2
xη

ǫ − ηǫ∂3
xη

ǫ, ηǫ)ds = 0. (4.6)

By BDG inequality and (4.2), we have

E sup
t∈[0,T∧τǫ

α]

J4 ≤CE

∫ T

0

(
∫

Z

|z|2(‖ηǫ(s, x)‖2H1 + 1)2ϑ(dz)

)1/2

ds

≤1

2
E sup

t∈[0,T ]

‖ηǫ‖2H1 + CE

∫ T

0

(‖ηǫ‖2H1 + 1)ds. (4.7)

Similarly, we have

E sup
t∈[0,T∧τǫ

α]

J5 ≤ C(1 + E

∫ T

0

‖ηǫ‖2H1ds). (4.8)

It follows from (4.3)-(4.8) that

E sup
t∈[0,T∧τǫ

α]

‖ηǫ‖2H1 ≤C(1 + E

∫ T

0

‖ηǫ‖2H1ds),

from which and Gronwall inequality implies

E sup
t∈[0,T∧τǫ

α]

‖ηǫ‖2H1 ≤C.

From (4.3), we have

‖ηǫ‖4H1 ≤
5

∑

i=1

|Ji|2. (4.9)

Then, using Hölder inequality and the estimates of (4.4)-(4.8), we can obtain

E sup
t∈[0,T∧τǫ

α]

‖ηǫ‖4H1 ≤C(1 + E

∫ T∧τǫ
α

0

‖ηǫ‖4H1ds),

from which and Gronwall inequality implies

E sup
t∈[0,T∧τǫ

α]

‖ηǫ‖4H1 ≤C.

The proof is complete. �
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Lemma 4.2. Let the adapted processes yǫ, µǫ, aǫ, bǫ, y, µ, a and b be given in (1.30)-

(1.31) and (1.26)-(1.29). Then, for any positive T and t ≤ τ ǫα

|yǫ(t)− y(t)|+ |µǫ(t)− µ(t)|+ |aǫ(t)− a(t)|+ |bǫ(t)− b(t)|

≤C‖ηǫ(t)− η(t)‖L2 + Cǫ(1 + sup
t∈[0,T∧τǫ

α]

‖ηǫ(t)‖4H1 ). (4.10)

Proof. Denote

A−1
0 =

(

(∂xϕc0 , (1− ∂2
x)∂xϕc0)

−1 0
0 (∂cϕc0 , (1− ∂2

x)ϕc0)
−1

)

(4.11)

D =

(

−(σ∂xϕc0 , (1− ∂2
x)∂xϕc0))

−(σ∂xϕc0 , (1− ∂2
x)ϕc0)

)

, (4.12)

and

E =

(

(− 1
2∂xLc0η, ∂xϕc0)

(− 1
2∂xLc0η, ϕc0)

)

. (4.13)

Then

A−1
0 E =

(

y(t)
a(t)

)

:= Y (t) and A−1
0 D =

(

µ(t)
b(t)

)

. (4.14)

It follows from (3.7) and (4.14) that

Y ǫ − Y =

(

yǫ − y
aǫ − a

)

= (Ãǫ)−1Eǫ −A−1
0 E

=((Ãǫ)−1 −A−1
0 )Eǫ +A−1

0 (Eǫ − E)

=(Ãǫ)−1(A0 − Ãǫ)A−1
0 Eǫ +A−1

0 (Eǫ − E). (4.15)

Let vǫ = ηǫ − η. Then, using (4.21)-(4.22), we get

Eǫ − E =

(

(− 1
2∂xLcǫη

ǫ + 1
2∂xLc0η, ∂xϕc0)− ǫ(f(ηǫ), (1 − ∂2

x)∂xϕc0)
(− 1

2∂xLcǫη
ǫ + 1

2∂xLc0η, ϕc0)− ǫ(f(ηǫ), (1 − ∂2
x)ϕc0)

)

=

(

(− 1
2∂xLc0v

ǫ − 1
2∂xg(η

ǫ), ∂xϕc0)− ǫ(f(ηǫ), (1− ∂2
x)∂xϕc0)

(− 1
2∂xLc0v

ǫ − 1
2∂xg(η

ǫ), ϕc0)− ǫ(f(ηǫ), (1− ∂2
x)ϕc0)

)

(4.16)

Similar to (4.27), (4.28) and (4.29), we obtain

|Eǫ − E| ≤ Cǫ(1 + sup
t∈[0,T∧τǫ

α]

‖ηǫ‖4H1) + C‖vǫ‖2L2 . (4.17)

Since A0 − Ãǫ = O(|cǫ − c0|+ ‖ǫηǫ‖H1) = ǫO(‖ηǫ‖H1), it follows from (4.15)-(4.17) that

|yǫ − y|+ |aǫ − a| ≤ C‖vǫ‖2L2 + Cǫ(1 + sup
t∈[0,T∧τǫ

α]

‖ηǫ‖4H1). (4.18)

Now, we estimate (4.1). Similar to (4.15),
(

µǫ − µ
bǫ − b

)

=(Ãǫ)−1(A0 − Ãǫ)A−1
0 Dǫ +A−1

0 (Dǫ −D).
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Since

Dǫ −D =

(

−(σ∂x(ϕcǫ − ϕc0) + ǫσηǫx, (1− ∂2
x)∂xϕc0)

−(σ∂x(ϕcǫ − ϕc0) + ǫσηǫx, (1− ∂2
x)ϕc0)

)

, (4.19)

we have, from (3.14) and Hölder inequality,

|Dǫ −D| ≤ Cǫ‖ηǫ‖H1 . (4.20)

Thus, we can get (4.1) as that of (4.10). The proof is complete. �

Proof of Theorem 1.2. By (1.22), we have

∂xLcǫη
ǫ =∂xLc0η

ǫ + g(ηǫ), (4.21)

where

g(ηǫ) =− 2∂x[(c
ǫ − c0 − ϕcǫ + ϕc0)∂x]η

ǫ − 6∂x((ϕcǫ − ϕc0)η
ǫ)

+ 2∂x(∂
2
x(ϕcǫ − ϕc0)η

ǫ). (4.22)

Let vǫ = ηǫ − η. Then by (3.1), (1.25) and (4.21)

dvǫ =
1

2
(1− ∂2

x)
−1∂xLc0v

ǫdt+
1

2
(1 − ∂2

x)
−1g(ηǫ)dt+ (yǫ∂xϕcǫ − y∂xϕc0)dt

− (aǫ∂cϕcǫ − a∂cϕc0)dt+ ǫyǫηǫxdt+ ǫf(ηǫ)dt+ hǫ ⋄ dL(t), (4.23)

where

hǫ = σ∂x(ϕcǫ − ϕc0) + ∂xϕcǫµ
ǫ − ∂xϕc0µ− ∂cϕcǫb

ǫ + ∂cϕc0b+ ǫ(σηǫx + ηǫxµ
ǫ).

By Hölder inequality,

‖hǫ‖L2 ≤ C(|cǫ − c0|+ |bǫ − b|+ |µǫ − µ|+ ǫ‖ηǫ‖H1) := γǫ. (4.24)

Let β(t, x) = Φ2(t, z, v) solves the following differential equation

dβ

dt
= zhǫ, β(0, x) = v(x).

Then Φ2(t, z, v) = v + z
∫ t

0 h
ǫ(r)dr. Using Hölder inequality and (4.24), we have

‖β(t, x)‖2L2 = ‖β(0, x)‖2L2 + 2z

∫ t

0

(β, hǫ)ds

≤‖v(x)‖2L2 + C|z|
∫ t

0

‖β‖L2‖hǫ‖L2ds

≤‖v(x)‖2L2 + C|z|
∫ t

0

‖β‖2L2 + ‖hǫ‖2L2ds

≤‖v(x)‖2L2 + C|z|γǫ2 + C|z|
∫ t

0

‖β‖2L2ds.
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The Gronwall’s inequality implies

‖β(t, x)‖2L2 = ‖Φ2(t, z, v)‖2L2 ≤ (‖v(x)‖2L2 + C|z|γǫ2)eC|z|t. (4.25)

Applying Itô formula Lemma 2.1, we have

‖vǫ‖2L2 =

∫ t

0

(
1

2
(1 − ∂2

x)
−1∂xLc0v

ǫ, vǫ)ds+

∫ t

0

(
1

2
(1− ∂2

x)
−1g(ηǫ), vǫ)ds

+

∫ t

0

((yǫ∂xϕcǫ − y∂xϕc0), v
ǫ)ds−

∫ t

0

((aǫ∂cϕcǫ − a∂cϕc0), v
ǫ)ds

−
∫ t

0

(ǫyǫ∂xη
ǫ + ǫf(ηǫ), vǫ)ds +

∫ t

0

∫

Z

[‖Φ2(1, z, v
ǫ(s−))‖2L2 − ‖vǫ(s−)‖2L2 ]Ñ (ds, dz)

+

∫ t

0

∫

Z

[‖Φ2(1, z, v
ǫ(s))‖2L2 − ‖vǫ‖2L2 − 2z(vǫ, hǫ)]ϑ(dz)ds

=:

7
∑

i=1

Ki. (4.26)

Using (1.22), we can write K1 = K11 +K12, where

K11 =

∫ t

0

(−(1− ∂2
x)

−1∂2
x((c0 − ϕc0)∂xv

ǫ), vǫ)ds,

K12 =

∫ t

0

(−3(1− ∂2
x)

−1∂x(ϕc0v
ǫ) + (1− ∂2

x)
−1∂x(∂

2
xϕc0v

ǫ)

+ (c0 − 2k)(1− ∂2
x)

−1∂xv
ǫ, vǫ)ds.

Since −(1−∂2
x)

−1∂2
x = I− (1−∂2

x)
−1, using integration by parts, Cauchy inequality and

embedding theorem, we have

K11 =

∫ t

0

((c0 − ϕc0)∂xv
ǫ, vǫ)ds−

∫ t

0

((1− ∂2
x)

−1((c0 − ϕc0)∂xv
ǫ), vǫ)ds

=− 1

2

∫ t

0

((c0 − ∂xϕc0)v
ǫ, vǫ)ds−

∫ t

0

((1− ∂2
x)

−1∂x((c0 − ϕc0)v
ǫ), vǫ)ds

+

∫ t

0

((1 − ∂2
x)

−1((c0 − ∂xϕc0)v
ǫ), vǫ)ds

≤C(1 + ‖ϕc0‖H2)

∫ t

0

‖vǫ‖2L2ds

≤C

∫ t

0

‖vǫ‖2L2ds, (4.27)

and

K12 ≤C

∫ t

0

‖vǫ‖2L2ds. (4.28)

By (4.22), integration by parts, Corollary 3.1, Hölder and Young inequalities,

K2 ≤
∫ t

0

‖(cǫ − c0 − ϕcǫ + ϕc0)‖L∞‖∂xηǫ‖L2‖vǫ‖L2ds
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+

∫ t

0

‖ϕcǫ − ϕc0‖L∞‖ηǫ‖L2‖vǫ‖L2ds

+

∫ t

0

‖∂2
xϕcǫ − ∂2

xϕc0‖L∞‖ηǫ‖L2‖vǫ‖L2ds

≤C

∫ t

0

|cǫ − c0|2‖ηǫ‖2H1 + ‖vǫ‖2L2ds

≤Cǫ(1 + sup
t∈[0,T ]

‖ηǫ‖6H1) + C

∫ t

0

‖vǫ‖2L2ds. (4.29)

It follows from (4.10) that

K3 +K4 ≤ C

∫ t

0

‖vǫ‖2L2ds+ Cǫ(1 + sup
t∈[0,T ]

‖ηǫ‖4H1). (4.30)

By Lemma 3.3, Hölder and Young inequalities,

K5 ≤Cǫ2
∫ t

0

(|yǫ|2‖∂xηǫ‖2L2 + ‖f(ηǫ)‖2L2)ds+ C

∫ t

0

‖vǫ‖2L2ds

≤Cǫ2 sup
t∈[0,T∧τǫ

α]

‖ηǫ‖4H1 + C

∫ t

0

‖vǫ‖2L2ds. (4.31)

By BDG inequality, (4.1) and (4.25), we have

E sup
t∈[0,T∧τǫ

α]

K6

≤CE

∫ T∧τǫ
α

0

(
∫

Z

[(‖vǫ‖2L2 + C|z|γǫ2)eC|z|t + ‖vǫ(s)‖2L2 ]2ϑ(dz)

)1/2

ds

≤CEγǫ2 + CE

∫ T∧τǫ
α

0

‖vǫ(s)‖2L2ds. (4.32)

Similarly, we have

E sup
t∈[0,T∧τǫ

α]

K7 ≤ CEγǫ2 + CE

∫ T∧τǫ
α

0

‖vǫ(s)‖2L2ds. (4.33)

It follows from (4.26)-(4.33) that

E sup
t∈[0,T∧τǫ

α]

‖vǫ‖2L2 ≤CE

∫ T∧τǫ
α

0

‖vǫ‖2L2ds+ Cǫ(1 + E sup
t∈[0,T∧τǫ

α]

‖ηǫ‖4H1) + CEγǫ2,

from which and Gronwall inequality implies

E sup
t∈[0,T∧τǫ

α]

‖vǫ‖2L2 ≤Cǫ(1 + E sup
t∈[0,T∧τǫ

α]

‖ηǫ‖4H1)eCT + CEγǫ2. (4.34)

Then, by Lemma 4.1, it follows that vǫ → 0 as ǫ → 0 in probability in the space

D([0, T ∧ τ ǫα];L
2). �
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