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Abstract

We present axiomatic characterizations of the proportional division value for
TU-games, which distributes the worth of the grand coalition in proportion to the
stand-alone worths of the players. First, a new proportionality principle, called
proportional-balanced treatment, is introduced by strengthening Shapley’s sym-
metry axiom, which states that if two players make the same contribution to any
nonempty coalition, then they receive the amounts in proportion to their stand-alone
worths. We characterize the family of values satisfying efficiency, weak linearity,
and proportional-balanced treatment. We also show that this family is incompatible
with the dummy player property. However, we show that the proportional division
value is the unique value in this family that satisfies the dummifying player property.
Second, we propose appropriate monotonicity axioms, and obtain axiomatizations
of the proportional division value without both weak linearity and the dummifying
player property. Third, from the perspective of a variable player set, we show that
the proportional division value is the only one that satisfies proportional standard-
ness and projection consistency. Finally, we provide a characterization of propor-
tional standardness.
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1 Introduction

A situation in which a finite set of players can generate certain worths by coopera-
tion can be described by a cooperative game with transferable utility, or simply a
TU-game. A TU-game consists of a set of players and a characteristic function that
specifies a worth to each coalition of players. A single-valued solution or a value on
a class of TU-games assigns a unique payoff vector to every game in this class.

Proportionality is an often applied equity principle in allocation problems. The
idea of proportionality can be traced at least as far back as Aristotle’s celebrated
maxim, “Equals should be treated equally, unequals unequally, in proportion to rel-
evant similarities and differences” from Nicomachean Ethics. With a natural propor-
tionality consideration, the proportional rule' (Moriarity 1975; Banker 1981) allo-
cates the worth of the grand coalition in proportion to the stand-alone worths of its
members. In this paper, we call this the proportional division value, shortly denoted
by the PD value, in order to distinguish it from the proportional rule in claims prob-
lems, bargaining problems, insurance, law and so on.23

Moulin (1987) characterizes the PD value for joint venture games, being a class
of TU-games where intermediate coalitions are inessential, in the sense that the
worth of every proper subset of the full player set equals the sum of the worths of
its stand-alone coalitions. These are the quasi-additive games in Carreras and Owen
(2013), where the PD value is discussed by comparing it with the Shapley value
(Shapley 1953). Banker (1981) considers the situation that the worth of a coalition is
a non-negative strictly increasing function with respect to the sum of the worths of
its members. However, for more general TU-games, since the proportionality princi-
ple is not obvious, as far as we know, an axiomatic characterization of the PD value
is still missing.

In this paper, we axiomatize the PD value on the domain of TU-games in which
the worths of all singleton coalitions have the same sign. This restrictive class of
TU-games is considered in Béal et al. (2018) who also provide many applications.
We focus on some intuitive fairness criteria that are widely used in the theory for
TU-games, including equal treatment of equals (also known as symmetry), monoto-
nicity, and consistency.

First, we introduce a proportionality principle called proportional-balanced treat-
ment, which is a strengthening of Shapley’s symmetry axiom. It states that the pay-
offs to two players whose contribution to every nonempty coalition not containing

! The proportional rule is identical to the stand-alone-coalition proportional value in Kamijo and Kongo
(2015).

2 For other proportional solutions, we refer to the proportional value (Ortmann 2000; Khmelnitskaya and
Driessen 2003; Kamijo and Kongo 2015), the proper Shapley values (Vorob’ev and Liapunov 1998; van
den Brink et al. 2015), the proportional Shapley value (Béal et al. 2018; Besner 2019), and the propor-
tional Harsanyi solution (Besner 2020).

3 We remark that the proportional division value cannot be considered as a weighted division value
(Béal et al. 2016) or a weighted surplus division value (Calleja and Llerena 2017, 2019) since those
values are based on exogenous weights, while the weights in the PD value are determined in the game,
specifically they are equal to the stand-alone worths.
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Axiomatizations of the proportional division value 37

them is the same (we call this weak symmetric players), are proportional to their
stand-alone worths. It well captures the principles of ‘equal treatment of equals’
and ‘unequal treatment of unequals’. Besner (2019) gives a similar axiom for the
proportional Shapley value. Interestingly, proportional-balanced treatment together
with efficiency and weak linearity as introduced in Béal et al. (2018), give a family
of values that have a formula similar as the family of efficient linear and symmetric
values (ELS values for short) introduced in Ruiz et al. (1998), but where the role of
equal division is replaced by proportional division. While the Shapley value is the
only ELS value that satisfies the dummy player property, we reveal that there is no
value belonging to our family that satisfies the dummy player property. Instead, we
adopt the dummifying player property introduced in Casajus and Huettner (2014),
and obtain a characterization of the PD value.

Second, we also provide characterizations of the PD value by applying weaker
versions of well-known monotonicity axioms. A monotonicity axiom states that the
payoff of a player should not decrease if a TU-game changes in certain ways that are
‘advantageous’ for this player. We introduce three such monotonicity axioms that
are a relaxation of three existing axioms, by adding restrictions on the stand-alone
worths of the players.* The three existing axioms are coalitional monotonicity due
to van den Brink (2007), and coalitional surplus equivalence and coalitional sur-
plus monotonicity, both axioms due to Casajus and Huettner (2014). Not surpris-
ingly, any of our monotonicity axioms together with efficiency and symmetry cannot
characterize a unique value. However, replacing symmetry by proportional-balanced
treatment and any of our monotonicity axioms, characterizes the PD value.

For a variable player set, we provide an axiomatization of the PD value using pro-
portional standardness and the well-known projection consistency due to Funaki and
Yamato (2001). Proportional standardness requires to apply proportional division
for two-player games, and is used in Ortmann (2000); Khmelnitskaya and Driessen
(2003); van den Brink and Funaki (2009) and Huettner (2015). Like other stand-
ardness axioms, proportional standardness is rather strong since it sets the payoff
distribution for two-player games. Therefore, we conclude with characterizing pro-
portional standardness on the class of two-player games.

The paper is organized as follows. Section 2 provides basic definitions and nota-
tion. In Sect. 3, we introduce proportional-balanced treatment and provide some
results including an axiomatic characterization of the PD value. In Sect. 4, we offer
three axiomatic characterizations using some monotonicity axioms. In Sect. 5, we
give an axiomatic characterization on variable player sets by employing projection
consistency and proportional standardness. In Sect. 6, we characterize proportional
standardness for two-player games. Finally, there is an appendix with the proof of
Theorem 1 and the independence of the axioms in the characterization results.

4 This modification is similar in spirit to parameterized monotonicity introduced in Yokote and Funaki
(2017).
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38 Z.Zouetal.

2 Preliminaries
2.1 Notation and TU-games

We denote by R and R, the sets of all real numbers and positive real numbers,
respectively. The cardinality of a set S will be denoted by IS| or, if no ambiguity is
possible, appropriate small letter 5. The notation S C T means that S is a subset of 7,
while the notation S C 7 means that S is a proper subset of 7.

Let A be the universe of potential players, and let N € N be a finite set of n
players. A cooperative game with transferable utility, or simply a TU-game, is a pair
(N, v), where N € N is a set of players, and v : 2N - R is a characteristic function
assigning a worth v(S) to each S € 2V, with the convention that v(#f) = 0. A subset
S CN or Se?2V is called a coalition, and v(S) is the reward that coalition S can
guarantee by itself without the cooperation of the other players.

Denote G as the class of all TU-games with a finite player set in A/, and G" the
class of TU-games with player set N. Following Béal et al. (2018), a TU-game
(N, v) is individually positive if v({i}) > 0 for all i € N, and individually negative if
v({i}) < Ofor all i € N. Let G, denote the class consisting of all individually posi-
tive and individually negative TU games, and let gN denote the intersection of G,
and G". For brevity, we refer to a TU-game just as a game.

2.2 Values

A value on GV (respectively on gN ) is a function y that assigns a single payoff vector
w(N,v) € RN to every game (N, v) eg’ (respecnvely (N,v) € QN ).
The equal division value is the value ED on G" given by

ED.(N,v) = %v(zv)

for all (N,v) € G¥ andi € N.
The proportional division value’ is the value PD on gsz given by

PN, = <4 0

ZjeN v({j})

for all (N,v) € QN andi € N.

We employ the following definitions. Player i € N is a dummy player in game
(N, v) if v(S U {i}) = v(S) + v({i}) for all S C N\{i}. Playeri € N is a dummifying
player in game (N, v) if v(S) = ZjeS v({j}) for all S C N with i € §. Notice the
difference between a dummy and dummifying player: a dummy player adds its
own stand-alone worth when it joins any coalition, while a dummifying player
entering a coalition results in the worth of that coalition becoming equal to the

5 As mentioned in the introduction, this is called the proportional rule in Moriarity (1975) and Banker
(1981).
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Axiomatizations of the proportional division value 39

sum of the stand-alone worths of the players in that coalition. Players i,j € N,
i #j, are symmetric in (N, v) if v(Su {i}) =v(SU {j}) for all SC N\{ij}.
For (N,v),(N,w) € QN and a,b € R, the game (N,av+bw) is defined by
(av + bw)(S) = av(S) + bw(S) for all S C N.

Next, we state some properties of values for games.

e Efficiency Ycy wi(N,v) = v(N) for all (N,v) € QN

o Symmetry y;(N,v) = w;(N,v) for all (N,v) € QN and i,j € N being symmetric
in (N, v).

e Dummy player property y;(N,v) = v({i}) for all (N,v) € Qﬁ:’z and i € N being a
dummy player in (N, v). '

e Dummifying player property y;(N,v) = v({i}) for all (N,v) € gﬁfz and ieN
being a dummifying player in (N, v). '

e Weak linearity For all a € R, and all (NV,v),(N,w) € QN such that there
exists ¢ € R, with w({i}) = cv({i}) for all i e N, if (N, av+w) € QN then

w(N,av + w) =ay(N,v) +w(N,w).

The first three axioms are classical, except that they are defined on subclass g
The dummifying player property, proposed by Casajus and Huettner (2014)
states that a dummifying player just earns its own stand-alone worth. Weak lin-
earity, proposed by Béal et al. (2018), states that when taking a linear combina-
tion of two games, where the ratio between the stand-alone worths is the same in
both games, the payoff allocation equals the corresponding linear combination of
the payoff vectors of the two separate games. This axiom is a weak version of the
axiom of linearity as proposed by Shapley (1953). If a = 1, then weak linearity
reduces to weak additivity, which is introduced and studied in Besner (2019).

3 Proportionality principle

In this section, we introduce a new axiom, called proportional-balanced treat-
ment, and characterize the proportional division value.

Definition 1 Players i,j €N, i#j, are weak symmetric in (N, v) if
viSU {i}) =v(lSu {j}) forall S C N\{i,j},S # 0.

Two players being weak symmetric still allows them to have a different stand-
alone worth, but their contribution to any nonempty coalition including neither of
them should be equal. Notice that in two-player games, both players are always
weak symmetric. We now introduce a proportionality property, comparable to
symmetry, which says that the payoffs to two weak symmetric players are in the
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40 Z.Zouetal.

same proportion as their stand-alone worths. This axiom can be considered as a
strengthening of Shapley’s symmetry axiom since it implies that any two sym-
metric players in any game should earn the same payoff.

. . N
e Proportional-balanced treatment ”:((:\ll}:) vg(({] 2 for all N,v) € QN and i,j €N

being weak symmetric players in (V, v).

Next, we exactly characterize the class of values on gﬁjz that satisfies efficiency, weak
linearity, and proportional-balanced treatment.

Theorem 1 A value w on QN satisfies efficiency, weak linearity, and proportional-
balanced treatment if and only if for each (N,v) € QN and eachi € N,

AS
ViV, v) = s vN) + (1)) > z,evvm COEIEDY s O
S:ieS#N StigS
S| > 2 S| > 2

@)

where for each S C N with|S| > 2, Ag is a real number such that
Ag _ Ar
ZJES V({j}) ZJEN\S V({]}) ZJET V({J}) ZJGN\T V({J}) ’

The lengthy proof of Theorem 1 is given in the Appendix. The proof uses the fol-
lowing proposition. Since two players in a two-player game (N,v) € QN are always
weak symmetrlc if value yw satisfies proportional-balanced treatment then

N,
l’;’((:\;}:) u:,(({ }v for i,j € N. By efficiency, we then obtain that the worth of the grand

coalition is allocated proportional to the stand-alone worths.

it 1S =171 3)

Proposition 1 Let N € N with|N| = 2. The PD value is the unique value on Qflvz sat-
isfying efficiency and proportional-balanced treatment.

The values characterized in Theorem 1, can be seen as modifications of the PD
value, where to every game they first apply the PD value and then make a ‘correc-
tion’ that is based on the stand-alone worth of a player and the difference between
weighted sums of the worths of all other coalitions with and without this player.
The weights depend on all stand-alone worths. In this sense, (2) bears some similar-
ity with the family of efficient, linear and symmetric (ELS) values (Lemma 9, Ruiz
et al. (1998)) which can be written as:

v&y) Ps
(N, — — (S
vl = N +S.ieZS¢N IS v S%S IN| = |S|V( - @
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Axiomatizations of the proportional division value 41

where p, s € {1,2,...,n— 1}, is a real number. The ELS values can be seen as first
applying equal division and then make a correction based on a weighted sum of
differences between worths of coalitions with and without a player. Specifically, if
v({i}) = v({j}) foralli,j € N, (2) coincides with the above equation.

Remark 1 Note that (3) indicates that all coefficients of coalitions of the same size
are uniquely determined as soon as any one of them is given. For computational
Js

> - % 0
convenience, given {4 € R | S C N, |S| > 2}, denoting A, = S JRRTIITS ST , (2)

can be rewritten as

vy = 5B (i Y D vUDAVE) = X Y WUiDAS) |,

v v S:ieS#N jeN\S S:igS jes
Q)

where 4, =0, and A, s € {2,...,n— 1}, is a function with respect to Ay and all
stand-alone worths. Since A, might be different for games in which stand-alone
worths are different, (5) cannot be directly used to verify weak linearity.

Remark 2 A family of values derived from the family of ELS values given by (4)
with p; = 0, satisfies proportional-balanced treatment as follows. For any ELS value
v’ given by (4) with p, = 0, the value y defined by
v({i}) v({i}) v({h})y, (N, v)
i) = Dy gy Dy DY
Zien VUKD Dien VAKD S Zien v(HkD
(6)
satisfies proportional-balanced treatment, and also efficiency and weak linearity.
This value can be viewed as a multiplicative normalization of an ELS value.

A next question is whether the class of values characterized in Theorem 1 con-
tains a value that satisfies the dummy player property. It turns out that, for games
with at least three players, the dummy player property is incompatible with the three
axioms in Theorem 1.

Theorem 2 Let N € N with |N| > 3. There is no value on gsz satisfying efficiency,
weak linearity, proportional-balanced treatment, and the dummy player property.

Proof Let y be a value satisfying the four axioms. First, suppose that |[N| > 4. Con-

sider any game (N,v) € QnNZ and i € N such that i is a dummy player in (&, v). By
Theorem 1, we have
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42 Z.Zouetal.

wi(N,v) = V(N) + > DL yg)— Y L)

S <l h Tjes vl Tiens "D
S:ieS#N S:i¢gS
[S] =2 S| =2
—w({ihvny v({iD)- Ay _ v({i})-Ag
T e vlih + Z Y st VD VSULD Z Z,EN\quj})V(S)
S:i¢S S:i¢S
1<|Sl<n=-2 S| >2
_ v\ LD+ D] v(ti)- flm .
S T R Zi samn (67D = A NALED
v({iD)- Ay v({i})-Ag
X [z,em MU Ty (S)]
S:i¢S
2<L185|<n=-2
_ vdibvdid v({i}) .
= Z—V({/ + V({l} Z A{IJ) + I:ZjeNV({j}) - /1N\[11]V(N\{’})
JEN\(i}
v({i})-Agupiy
* 2 T un LD
S:i¢S
28| <n=-2
VA iDAsuy_ v(diD)-Ag
* ) [Z,gu WD Z,GN\sv«j))]V(S)’
S:i¢S
2<181<n=-2

where the third equality follows from i being a dummy player in (N, v).

Since, by the dummy player property, the payoff of dummy player i should not
depend on v(S), i € S and 2 < |S| < [N]| — 1, the third term and the fifth term of the
above equation must be equal to 0, which yields

— _vdip
A’N\{i} - v VD’ (7)

’ISu{i} _ ZjeSu{i} v({j})
A Diems VD

Since Ag for each S C N with [S| > 2 satisfies (3), then (7) and (3) together imply that

4 _ v({k D) ZjeN\{kl} v({j})
A R DN (11)

By using (8), we have

for SCN with 2 <|S] < |N|-2. 8)

for any k; € N\{i}.
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Axiomatizations of the proportional division value 43

AN\tidy) = Ly U N\(k)
AT g V(D N
V({k ) Tye iy VU
T e YU Zen VD
The above equation together with (3) imply that, for any k, € N\ {i, k, },
e = ien ) "D B WD e
v Ziem ik VD Ziegin, vATH o
 Diemiinin MU Tiege s UHYAR D
T Yiemiin YD Tiew iy VA Bew vAD

Now, exchanging the order of k, and k,, we have

1 _ ZjeN\{kl,kz} v({j}) Zje{klykz} v({iHv({k, 1)
M\tkka) = ZjEN\{i,kz} v({j}) ZiEN\(il v({j}) ZjeN V({J})

Therefore, it must be that

v({ki }) _ v({ky})
iemiin YWD Ziew i) VD

from which it follows that v({k, }) = v({k,}) for any k,, k, € N\{i}. This contradicts
the definition of QN

Next, suppose that IN| = 3. Consider (N,v) € QN with N = {i,j,k} and i e N
such that i is a dummy player in (N, v). By Theorem 1 and i being a dummy player,
we have

v({z VDAD D] z})]
Wil V) = S bk

(i) AW,W( )+):(rv<m>> AM({V(}[) im}{)])) _ zg‘kv,(v{i{}j),kw)
= %}}j{m + V(i D Ay + Aigy) = Agag v kD
= vk })(v({: >+vv<({l}))+»( o ’1{/?"1>
+ v({z})(W + A, A{i,k}>.
By the dummy player property, we have y;(N,v) = v({i}). Since y;(V, v) should not
depend on v({j, k}), it must be that m — Agjxy =0, and thus
v({i
it = S U T ©
But then
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44 Z.Zouetal.

v({i})+vv<(5}}>)+v<{k}> * g+ A =1
implying that
i+ K0t = S )+ T (10
Meanwhile, (3) implies that
Mk _ Migy _ Miky _
D +veDHIv(di) - i) +v{GDIv{ED (D + v{ED v
It follows that
Aiky _ Mgy T My .
D +vkbIvi) - v({i) +v{TDIv{ED + Iv({i}) + v{{EDIv{7 D .
Substituting (9) and (10) into (11) yields |
VDY + (kD) = vAiv(kD + v{iDv(()),
which does not hold for all games in gﬁf . O

Notice that for |N| = 2, the PD value satisfies these axioms.

Since the PD value satisfies efficiency, weak linearity, and proportional-bal-
anced treatment on gfz , it belongs to the class of values characterized in Theo-
rem 1. In fact, it is the value corresponding to Ag = 0 for all S € N. Moreover,
replacing the dummy player property in Theorem 2 by the dummifying player
property, characterizes the PD value (also holds for two-player games).

Theorem 3 The PD value is the unique value on Qﬁlvz that satisfies efficiency, weak
linearity, proportional-balanced treatment, and the dummifying player property.

Proof 1t is obvious that the PD value satisfies efficiency, weak linearity, propor-
tional-balanced treatment, and the dummifying player property. It remains to prove
the uniqueness part. Let y be a value satisfying these axioms. By Theorem 1, any
value satisfying efficiency, weak linearity and proportional-balanced treatment is
given by (2) for some Ag (S C N, |S| > 2) satisfying (3). To derive Ay, we consider a
modified game (N, v;) € gjz with respect to (N, v) € QnNZ and i € N, defined by

v({jD, if S = {j} forallj € N,
vi($) =9 Yiesv{j}), ifi € Sand |S] > 2,
v(S), otherwise.

Applying (2) to the game (N, v;), we have
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Axiomatizations of the proportional division value 45

Agv(S
Wi(N,v,»)=v({i})+v({i})[ 2 Ag — 2 L() .
S:i€S#N S:ig¢gs Yjems V(i
IS =2 S| > 2

Since i is dummifying in (N,v;), the dummifying player property requires that
w;(N,v;) = v({i}), and thus

Agv(S)
2 As = z =———=0.
S:ieS#N S Z]GN\S v({jh
S| >2 S| 22

It follows that

n—1
Asv(S)
=21 S:i€eS S:igs Djems V(D
|S| =S |S| =g

We will show that A; = 0 for all S € N in (12). Suppose by contradiction that there
exist some SCN with s€ {2,...,n—1} such that A4;#0 and |S|=s. Let
S={s,5,,...,5,} be the set of such coalitional sizes. Note that (3) implies that if
Ag # 0, then all coefficients of coalitions of the same size s are not equal to zero. We

&Pk
k

the same size s, €S. Pick any S, €S, with i€ S]. By (3), we have

A = Z,es’ v({j )ZjeN\s’ v({j })

5~ E,gy v({j )ZJEN\S' v({ih)

S;). With this equality, (12) can be written as

denote by S, = {S}, 5%, ... ,S"}, k=1,...,m, h= <: >, the set of all coalitions of

s; for any S, €S, (it obviously holds for the case

D lAS - Y B |As =0, (13)
s ES S} ESLIES),
Yiest VD Zjemst vAJ Z,Er (hH
where A(S) = Y ==k "5 and B(S!) = %

E,sy v({j )Eje}v\y v({ })

Now, pick any s; € {s},5,,...,5,} and any ¢ € R\{0}, and consider the game
) € Qf;jz given by

C[(v(S)+c, if|S| =5 and i & S,
Vi (8) = { vi(S), otherwise.

S’GS leS’ E}Eb’ v({j} Z/EN\.S' v({j})

N,v

? lS'I

Note that (3) shows that A only depends on the size of S and the worths of all sin-
gleton coalitions. Therefore, since i is a dummifying player in (N, v; ), for this game
we can obtain an equation similar as (13) but with an additional term that depends
onc,
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46 Z.Zouetal.

Z A(S,) - 2 B(SIZ)V(S;() /15; _C’ls; Z B(S;)ZO

5,E€S SLES,.igS, SieS, S,

Together with this equation and (13), it holds that _MS( D S, B(S;) = 0, yield-
1 > 1
ing 4g- = 0, which is a contradiction. O

Remark 3 Besner (2019) characterizes the proportlonal Shapley value by employing

a proportionality axiom, which says W’(Aj}:) v:,( oy for all (N,v) € G andijeN

such that v(SU {k}) = v(S) + v({k}), k € {i,j}, for all § C N\{i,j}. Clearly, this
axiom focuses on a pair of weakly dependent players, whereas proportional-bal-
anced treatment considers weak symmetric players.

Remark 4 We conclude this section by comparing our results with the main results
in Casajus and Huettner (2014), which show that on the domain of TU-games gy,
the equal surplus division value® treats dummifying players in the same way as the
Shapley value handles dummy players. Restricting ourselves to the subclass gﬁjz ,
notice that the PD value is a variation of both the equal division value and the equal
surplus division value since
PD;(N,v) = v(N) =v({i}) + [v(N) ZJEN v({j}]. Interestingly,
N

Theorem 3 glves a characterlzatlon of the PD value using the dummifying player
property, whereas, for [N| > 3, using the dummy player property instead of the dum-
mifying player property leads to an impossibility, as in Theorem 2.

4 Monotonicity

In this section, we present axiomatic characterizations of the PD value by imposing
three appropriate monotonicity axioms being weaker versions of classical monoto-
nicity axioms in the literature.

o Weak coalitional surplus equivalence7. For all (N,v),(N,w) & g;vz with
v({j}) =w({j}) forall j € N, and i € N being a dummifying player in (N, w), we
have y;(N,v + w) = y;(N,v) + w({i}).

e Weak coalitional ~surplus  monotonicity For all (N,v),(N,w) € G"

nz.

with w({j}) =cv({j}) for all jEN and c€R,, and i€ N such that

 The equal surplus division value ESD, also known as the center-of-gravity of the imputation-set value
in Driessen and Funaki (1991), on gi:{v is defined for all (N, v) € gnN and alli € N, by

. 1 .
ESD;(N,v) = v({i}) + —[v(N) - Z v({jD].
n b
JEN
7 Weak coalitional surplus equivalence is a monotonicity principle since it is implied by weak coalitional
surplus monotonicity with ¢ = 2. See Lemma 1.
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V(S) = Xics VD 2 w(S) = Yicgw({j}) for all SCN with i€ S, we have
wi(N,v) = v({i}) = y;(N,w) — w({i}).

e Weak coalitional monotonicity For all (N,v),(N,w) € QHNZ with v({j}) = w({j})
for all j € N, and i € N such that v(S) > w(S) for all S C N with i € S, we have
Wi(N,v) 2 y(N, w).

Weak coalitional surplus equivalence states that the payoff of a player increases by
her stand-alone worth if we add a game in which this player is a dummifying player
and each stand-alone worth is the same as that of the original game.

Weak coalitional surplus monotonicity states that if two games in which the
stand-alone worths of all players are in the same proportion to each other and the
surplus of every coalition a player belongs to (measured by the worth of the coali-
tion minus the sum of the stand-alone worths of its players) weakly increases, then
the relative payoff of this player (being the difference between the payoff and the
stand-alone worth) should not decrease.

Weak coalitional monotonicity states that the payoff of a player should not
decrease whenever the worth of every coalition containing this player weakly
increases, while the worth of every singleton coalition remains unchanged.

Weak coalitional surplus equivalence (respectively, weak coalitional surplus
monotonicity) is a weak version of coalitional surplus equivalence® (respectively,
coalitional surplus monotonicity”) as defined in Casajus and Huettner (2014). Weak
coalitional monotonicity is stronger than coalitional monotonicity'® as defined in
Shubik (1962), while it is weaker than coalitional monotonicity'' as defined in van
den Brink (2007).!? Not surprisingly, any of our monotonicity axioms together with
efficiency and symmetry cannot characterize a unique value. Outstandingly, replac-
ing symmetry by proportional-balanced treatment and keeping efficiency, we derive
that any of our monotonicity axioms characterizes the PD value.

Notice that weak coalitional monotonicity is a special case of weak coalitional
surplus monotonicity taking ¢ = 1. In addition, weak coalitional surplus monotonic-
ity implies weak coalitional surplus equivalence.

8 A value y satisfies coalitional surplus equivalence if w;(N,v+w) =y;(N,v) +w({i}) for all
WN,v), N,w)yeG¥andi e N being a dummifying player in (N, w).

% A value y satisfies coalitional surplus monotonicity if w;(N,v) —v({i}) > w;(N,w) — w({i}) for all
(N,v),(N,w) € G¥, and i € N such that v(S) — ZJGS v({j}) = w(S) — Zjes w({j}) forall § C N withi € S.
10°A value w satisfies Shubik’s version of coalitional monotonicity if y;(N,v) > y;(N,w) for all
(N,v),(N,w) € G" and i € N such that v(S) > w(S) for all S CN with i € S, and v(S) = w(S) for all
S C N\{i}.

' A value y satisfies van den Brink’s version of coalitional monotonicity if y;(N,v) > y;(N,w) for all
(N,v),(N,w) € G¥ andi € N such that v(S) > w(S) for all S C N withi € S.

12 Under efficiency and symmetry, coalitional monotonicity characterizes the equal division value in van
den Brink (2007), and either coalitional surplus equivalence or coalitional surplus monotonicity charac-
terizes the equal surplus division value in Casajus and Huettner (2014).
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Lemma 1 On QN weak coalitional surplus monotonicity implies weak coalitional
surplus eqmvalence

Proof Let w be a value satisfying weak coalitional surplus mono-
tonicity. Consider a pair of games (N,v),(N,v+w)€ gﬁz ,  where
v({j}) =w({j}) for all jeN, and i€ N being a dummifying player in
(N, w). Since  (v+w)(S) — Zjes(v +w)({j}) = v(S) — ZjeS v({j}) for
all SCN with i€S, by weak coalitional surplus monotonicity, we
have v, (N, v+w)—+w{i}) =w,N,v) —v({i}). It follows that
w,(N,v+w) = y,(N,v) + w({i}), which shows that y satisfies weak coalitional sur-
plus equivalence. O

Considering weak coalitional surplus equivalence and weak coalitional surplus
monotonicity, the PD value is characterized by either one of these axioms in addi-
tion to efficiency and proportional-balanced treatment.

Theorem 4 (i) The PD value is the unique value on gi:; that satisfies efficiency, pro-
portional-balanced treatment, and weak coalitional surplus equivalence.

(ii) The PD value is the unique v.a.lue on§, that sattsﬁes. eﬁ‘ictency, proportional-
balanced treatment, and weak coalitional surplus monotonicity.

Proof (i) It is clear that the PD value satisfies efficiency, proportional-balanced
treatment, and weak coalitional surplus equivalence. Now let y be a value on gsz
satisfying the three axioms. For [N| = 1, (1) is satisfied by efficiency. For |N| = 2,
(1) is obtained from Propos1t10n 1. For |[N| > 3, uniqueness follows by induction
ondv)=|{TCN|wWT) - Z/er v({j}) # 0 and |T| > 2}|. For any (NV,v) € gff,,
define (N,%) € QN as follows:

V(T) = W(T) — % D v({j}) for all T C N. (14)

JET

Initialization. If d(v)=0, then v(N)= %ZJEN v({j}). Notice that, by
d(v)=0, in this case V' (T)=0 for all TCN with |T|>2. Clearly, all
players i,j € N are weak symmetric in (N,v’) and V(N)=0. By effi-
ciency and proportional-balanced treatment, we have ,(N,\0) = 0 for
all ieN. Notice that (v—v)({i})=v({i})—-v({i})+ v({l}) = —v({l})
for all ieN, and all players are dummifying in (N v —19) " since
v =VOT) = wT) = w(T) + 3 Xier VD = 5 Tjer vAiD) = Tjer v =AU
It follows from weak coahtlonal surplus equivalence that
y,(N,v) = u/l(N 1% +(v—v0))—u/,(N v0)+ v({l}) for all ieN. Thus,
y,(N,v) = —v({l}) = PD,(N,v)foralli € N.

Proceedmg by induction, assume that yw(N,w) = PD(N,w) for all (N,w) € QN
withd(w) = h,0 < h <2" —n—2. Consider (N, v) € QN such that d(v) = h + 1. Let
S=1{5,,5,,...,5,,,) be the set of coalitions such that v(S,) — 1 ZjESk v({j}) #0

@ Springer



Axiomatizations of the proportional division value 49

and |S;| > 2. Let S be the intersection of all such coalitions S, i.e., S= [) S,
1<k<h+1

We distinguish between two cases:

e Case (a): i € N\S. Each player i € N\S is a member of at most / coalitions in
S, and at least one S, € S such that i ¢ S, (obviously, S, # N). For (V,v) € gsz,
define three associated games as follows:

vSk,l(T) - 0, | ifT = Sk’
W(T) = 3 Xjer v({j}), otherwise.
5k Z(T) { V(T) . ifT = Sk’
3 Z]ET v({j}), otherwise.

V(T) = % > v({j}), for allT CN.

JET

Clearly, v= v P vSe2 pSel({j)) = vSe?({j}) = lv({j}) for all jeN,
Vel(N) = v(N) — Z,ezv v({]}) (since S, # N), and’ every player i € N\S,
is dummifying 1n (N v$2). By weak coalitional surplus equivalence,
wi(N,v) = w;(N, V1) + v({l}) for alli € N\S,.
Moreover, d(vS¢! +13) =h, and every player i € N is dummifying in
(N,v*). Thus, weak coalitional surplus equivalence and the induction hypoth-

esis imply that Wi (N, VvSel +13) = s(N vely +393({i}) =
wi(N, v + lv({i}) = ZVL’([V& 1(N)+v3(N)] =5 v({i) @) for ol
i € N. It follows that y/l(N vsk = Z ({j v(N) —v(/{z}) foralli € N.

jEN

Therefore, y;(N,v) = Z ({ v(N) PD,(N,v) for all i € N\S,. Since there

exists such a S, for all i € N\S, we obtain y;(N,v) = PD;(N,v) for alli € N\S.

e Case (b):i € S. If S = {i}, we obtain, by efficiency of y and PD together with
Case (a), y;(N,v) = PD;(N,v). If |S| > 2, every player j € S is a member of all
coalitions in S. We consider the game (N, v°) as defined by (14). Clearly, all play-
ers i,j € S are weak symmetrlc in (N,1°), and thus by proportional-balanced

W’V((I{Vi}v)) W’v(:]}v)) for all i,j € S. Since v =1° + (v — ") and all players
are dummifying in (V, v — 1°), by weak coalitional surplus equivalence we have

that wi(N,v) = w;(N.W0) + % for all j e S. Hence,
v({j je v({j
Yies WiN.v) = Fies(w;(N.v0) + {zj})) = ZJGS o Wz(N W) + S—j
ieS. On the other hand, by efﬁc1ency and Case (),
s N V) = V() = s i) = vN) — z,eN\s PD,(N,v) = 2200

treatment,

for any

W ) Tjesvlih Z‘EV ({k

Y 0 ;esv _ 2ZijesV .

Therefore, Z;es e (N0 + =3 8;) V(N). Since

YiesViD #0,  then (N, V) = A— V(N) — and  thus
EN

yw,(N,v) = PD,(N,v)foralli € S.
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The proof of (i) is complete.

(i1) Since it is obvious that the PD value satisfies efficiency and proportional-bal-
anced treatment, we only show that the PD value satisfies weak coalitional surplus
monotonicity. Clearly, w{j}) = cv({j}) for all jEN and
V(S) = Xies VI 2 w(S) = X w({j}) for all S C N with i € S, imply that
V) 2 W) = Tjex WD + Tiew vUD = W) = By wliD + 2,5y 5 =w) - (1= Fywiijp-  Thus,

PD(N.v) = =B vN) = 5 ERsv(N) 2 < T TwN) = (1= ) By w(li]
= PD,(N,w) —w({i}) + - W({l}) =PD;(N,w) — W({l}) +v({i}).
Uniqueness follows from Theorem 4(i) and Lemma 1. O

The next lemma shows a logical implication between the axioms in Theo-
rems 3 and 4(i), which implies that weak linearity in Theorem 3 can be weak-
ened as weak additivity.

Lemma 2 Weak additivity and the dummifying player property together imply weak
coalitional surplus equivalence.

Proof Let (N,v),(N,w) € g be two games such that v({j}) = w({j}) for all
JEN, and i€N is dummlfylng in (N, w). The dummifying player prop-
erty implies that w;(N,w)=w({i}). Then weak additivity implies that
v, (N,v+w) =y,(N,v) + w;(N,w) = yw;(N,v) + w({i}), as desired. O

It is easy to verify that the PD value satisfies weak coalitional monotonicity.
Interestingly, the PD value is characterized by replacing weak coalitional surplus
monotonicity with weak coalitional monotonicity in Theorem 4(ii). In this case,
proportional-balanced treatment even can be weakened by requiring the propor-
tionality only for games in which all players are weak symmetric.

wlNy) _ wiy)
) v v({jih
i,j € N if all players are weak symmetric in (N, v).

for all (N,v) € G and

e Weak proportional-balanced treatment

Theorem 5 The PD value is the unique value on gsz that satisfies efficiency, weak
proportional-balanced treatment, and weak coalitional monotonicity.

Proof 1t is clear that the PD value satisfies efficiency, weak proportional-balanced

treatment, and weak coalitional monotonicity. To show uniqueness, let y be a value
satisfying the three axioms. For any game (N, v) € QQIZ , define the game (N, w) by
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v(N), ifS=N,
wS) =4, S ={j)foralljEN,
min v(T), otherwise.
TCN,|T|22

Efficiency and  weak  proportional-balanced  treatment imply  that

y,(N,w) = %V(N) for all i € N. Pick any i € N. Since v(S) > w(S) for all
jen v

SCN with €S, then weak coalitional monotonicity implies that
w,(N,v) > y,(N,w) = Z (L/ v(N) Efficiency then implies that
/EN

wi(N,v) = LV(N) foralli € N. O
! v VWD

Notice that by using the monotonicity axioms in Theorems 4 and 5 , we can get
rid of weak linearity.

Considering the relationship between our monotonicity axioms and the
stronger versions introduced in Casajus and Huettner (2014) and van den Brink
(2007) (to characterize the ESD value or the ED value), from Theorems 4 and 5,
we obtain the following corollary.

Corollary 1 Let|N| > 2. There is no value on gffz satisfying

(1) efficiency, proportional-balanced treatment, and coalitional surplus equiva-

lence.

(i1) efficiency, proportional-balanced treatment, and coalitional surplus monoto-
nicity.

(iii) efficiency, weak proportional-balanced treatment, and coalitional monotonic-
ity.

As shown before, weak coalitional surplus monotonicity is stronger than
both weak coalitional surplus equivalence and weak coalitional monotonicity.
We conclude this section by mentioning two values to show logical independ-
ence of weak coalitional surplus equivalence and weak coalitional monotonicity.
The value y;(N,v) = v({i}) — i[v(N) - ZjeN v({jD], i € N, satisfies weak coali-
tional surplus equivalence, but not weak coalitional monotonicity; the ED value
y,(N,v) = V(r]lv) i € N, satisfies weak coalitional monotonicity, but not weak coali-
tional surplus equivalence.
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5 Consistency

In this section, we consider a variable player set, and characterize the PD value by
proportional standardness used in Ortmann (2000), Khmelnitskaya and Driessen
(2003) and Huettner (2015), and projection consistency used in Funaki and Yamato
(2001), van den Brink and Funaki (2009), and Calleja and Llerena (2017, 2019).

If a player j € N leaves game (N, v) with a certain payoff, then the projection
reduced game is a game on the remaining player set that assigns to every proper
subset of N\ {j} its worth in the original game, and to coalition N \ {j} assigns
its worth in (&, v) minus the payoff assigned to player j.

Definition 2 Given a game (V,v) € G, with |[N| > 2, a player j € N and a payoff
vector x € RY, the projection reduced game with respect to j and x is the game
(N\{j},v") given by

[ v(N) —x; if S = N\{j},
VX(S)_{V(S) JifScN\{j}.

Projection consistency requires that the payoffs assigned to the remaining players
in N\ {j}, after player j leaving the game with its payoff according to a value, is the
same in the reduced game as in the original game.

Definition 3 A value y satisfies projection consistency if for every game
N,v) € G, with [N| >3, j€N, and x = w(N,v), it holds that (N\{j},v") €G,,,
and y,(N\ {j}, %) = w;(V, v) for all i € N\{j}.

Proportional standardness requires that in two-player games we allocate the worth
of the grand coalition over the two players proportional to their stand-alone worths.
This is equivalent to saying that every player in a two-player game earns its own
stand-alone worth, and the remainder of the worth is shared proportionally based on
their stand-alone worths.

Definition 4 A value y satisfies proportional standardness if for every game
(N,v) € G,, with |[N| = 2, it holds that

v({i})
v({ih) +v({j}h)

Proportional standardness is called “proportional for two person games” in Ort-
mann (2000).

wi(N,v) =v({i}) + V) —v({i}) —v({j}] for alli,je€N.

Proposition 2 The PD value satisfies projection consistency on the class of all
games G,..
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Proof For every (N,v) € G,. with [N| > 3 and any j € N, (N\{j},»") € G,.."* For
x=PD(N,v)andi € N\{j}, we have

U
Diempy VUKD
__vdi)
Ziem ) VAKD
v({i}) v({j})
=—7 oy —22
Zien\(j) V({k})[v( ) ZkeNV({k})v
v({i})
= —=————WN
NTITITIN
= PD.(N,v).

PD,(N\{j},v) = v N\ D

[V(N) = PD;(N, V)]

(V)]

O

Projection consistency together with proportional standardness for two-player
games characterizes the PD value on the class of games with at least two players.
We denote the class of games in G, with at least two players by §,,..

Theorem 6 The PD value is the unique value on an that satisfies proportional
standardness and projection consistency.

Proof 1t is straightforward to show that the PD value satisfies proportional standard-
ness. Projection consistency follows from Proposition 2. To show uniqueness, let y
be a value on an satisfying proportional standardness and projection consistency.

If|N| = 2, then w(N,v) = PD(N,v) follows from proportional standardness.

Proceeding by induction, for |N| >3, suppose that w(N',w)= PDNN',w)
whenever |[N’'| = [N| — 1. Take any i,j € N such that i #j. Let x = w(N,v) and
y = PD(N,v). For the two reduced games (N\{j},v") and (N\{j},"), by the induc-
tion hypothesis, we have

x; —y; = w;(N\{j},v") = PD,(N\{j},»")

= PD,(N\{j}.v*) = PD,(N\{j}.»"). (15

By definition of the PD value and the projection reduced game, we have

13 Notice that, if (V,v) € G,. with [N| = 2 and v(N) = 0, then for x = PD(N, v), we have that x; = x; =0,
and thus (V\{j},v*) ¢ G, for any j € N. In case v(N) # 0, for x = PD(N,v), we have (N\{j},v) €G,._,
since [v({i}) > 0 = PD;(N,v) < v(N) = v*({i}) > 0] (similar if v({i}) < 0).
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PD;(N\{j},v") = PD;(N\{j},+*)
vi({i}) v ({i})
=— 'V  (yN)=x)= ———  (w(N) = .
o~ Vx({k}><”( ) - x) S T y,>
R I
ZkeN\{j}v({k}) s
Together with (15), this implies that, for all i,j € N withi # j,

X, —y; = &0} - X). 16
C ZkeN\{j} v({kp ™ (10

Summing (16) over all i € N\{j} yields

ZiEN\{j} v({i})

(=3 = =Wy )=y —x, 17
ieNZ\{j} Diemgy VKD 4

On the other hand, (16) can be written as v({i})(yj — xj) = Zker} v({kDx; = yy).
Summing this equality over all j € N\{i}, we have

Y Y k= = Y wibo;—x)

JEN\{i} keN\{j} JeN\{i}
& Y (Ui —y)+ Y vkDe = y)) = vt Y 05=%) (g
JEN\Li} keN\{ij} JEN\{i}
eln—v({iH+m=2) Y vliDle —y) =v{i}) Y, ;- x).
JEN\{i} JEN\{i}

Together with (17) and (18), it holds that (n —2)(x; —y;) ZjeN v({j}) = 0. Thus,
x; —y; = 0forall i € N. This shows that w(N,v) = PD(N, v). O

Replacing proportional standardness by standardness in Theorem 6 yields a char-
acterization of the equal surplus division value, as a special case of Theorem 4.4 in
van den Brink et al. (2016).

Proposition 1 and Theorem 6 together imply the following corollary.

Corollary 2 The PD value is the unique value on an that satisfies efficiency, propor-
tional-balanced treatment, and projection consistency.

Due to efficiency, this corollary also holds on G,.

6 Proportional standardness: characterization for two-player games
In the previous section we imposed proportional standardness to characterize the
PD value for any player set. Note that proportional standardness, as other two-player

standardness axioms, is a quite strong axiom since it coincides with not only the
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definition for the PD value, but also those of all proportional values of TU-games
mentioned in Footnote 2. In this section, we support proportional standardness by
showing how the PD value can be characterized on the class of two-player games.
We first characterize the PD value for rational numbers, and then apply continuity to
obtain a characterization for real worths. Denote 92 ={(NV,v) €G,, | IN| =2} and
Q2 ={(N,v) € g2 | v(S) € Q forall S € N}, so the worths of coahtlons for games
in 3{@ are rational numbers

First, we introduce two additional axioms, the first on gz and the second on Qiz.

e Grand worth  additivity  For  games (N,v),(N,w) € QﬁZQ with
N ={i,j} such that v({i})=w({i}) and v({j})=w({j}), it holds that
w(N,v) + w(N,w)=w{N,v®w), where N,v@®w) is defined as:
v w{ih) =v{iD, @& w){j}) =v({j}) and (v & w)(N) = v(N) + w(N).

e [nessential game property For every game (N,v) € Qz with N = {i,j} such that
v({i}) +v({j}) = v({i,j}), it holds that y;(N,v) = v({i}) and (N, v) =v({j}).

Grand worth additivity'* states that for two games in which all worths are rational
numbers and the stand-alone worths are the same, we consider the game where the
stand-alone worths are the same as in the original game, and the worth of the grand
coalition equals the sum of the worth of the grand coalition in the two games, then
the payoff to each player equals the sum of the payoffs in the two separate games.
The inessential game property is a well-known axiom requiring that players earn
their stand-alone payoff in an inessential game. First, we show that these two axioms
characterize the PD value on the class of two-player games with rational worths.

Proposition 3 The PD value is the unique value on gﬁza that satisfies grand worth
additivity and the inessential game property.

Proof 1t is obvious that the PD value satisfies grand worth additivity and the inessen-
tial game property. To show uniqueness, let y be a value on g o satisfying the two
axioms. Let (N,v) € g be an arbitrary game with N = {i, ]} For any @ € Q, let
(N, v*) be the game deﬁned by v*({i}) = v({i}), v*({j}) = v({j}) and v*(N) = av(N).
Clearly, (N,v*) € g2
If a =0, then grand worth add1t1v1ty implies that y(N,v*) = 0. For any a € Z
since (N,v*) = (N @v) = - = (N,v @ -~ @ v), grand worth additivity 1mphes
——

w(N,v*) = ayw(N,v). For any @ € Z_, since a(N, VDV - ®v) =N, W), grand
——

o]

14 This axiom is similar to additivity in Moulin (1987) and Chun (1988) for bankruptcy problems.
57z +and Z_ denote the sets of integers, positive integers and negative integers, respectively.
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worth additivity and w(NHV) =0 imply

w(N,v) = —|a|lw(V,v) + l[l/(N, W) = (111//(N, v). Similarly, considering SN, v), for

any a € Z,, (N,v) = (N,vz @ --- @ v=) implies that w(N,v) = aw(N,v=); for any
———

a€Z_,(N,v@ve @ - @ ve) = (N, ) implies that w(N, v) = ap(N, ve).
— ——

la]
Next, take any a € Q and consider the game (N, v*). Since any rational number
can be written as a fraction, we suppose that a =L withkeZandme Z\{0}.
Therefore, w(N,v*) = w(N, Vm) = ky (N, Vm) = —u/(N v) = ay(N,v).

Take any game (N,v) € QMQ. Taking a = %, v* is an inessential game,

and thus by the inessential game property, v, (N, v*) =v*({i}) = v({i}). Since
w(N,v*) = ay(N,v), we have y;(N,v) = —1//l(N V) = % =PD,N,v). 0O

Next, adding continuity, which states that if two games are almost the same then
their payoffs are almost the same, we can extend this result from rational numbers to
real numbers.

e Continuity For all sequences of games {(N, w;)} and game (¥, v) in Qﬁz such that

N,w,) = (N,v), lim N,w,) = w(N,v).
Now) = Nw), | Tim (N, w) = y(N.v)

Theorem 7 The PD value is the unique value on gf;z that satisfies grand worth addi-
tivity, the inessential game property, and continuity.

Proof 1t is clear that the PD value satisfies the three axioms. To show uniqueness, let
w be a value on g satisfying the three axioms. From Proposition 3, we already
know w(N,v) = PD(N v) for all (V,v) € g2 . Now, take any game (N, v) € 92 and
let {(V,v,,)} be a sequence of games in the class 92 such that hrrolo N,v,) = (N V).

Using continuity we have (N, v) = 1% ' )W(N, V) = 1§m(N PD(N,v,,) = PD(N, v),

where the last equality holds since PD(N, v) is a continuous function with respect to
(N.v)EG,. O

By Theorems 6 and 7 , we immediately obtain the following corollary.

Corollary 3 The PD value is the unique value on an that satisfies grand worth addi-
tivity, the inessential game property, continuity, and projection consistency.

This corollary is valid on G, if we require the inessential game property for all
games in G,_, i.e., for every game (N, v) € G,_ such that v(S) = Y, v({i}), it holds
that y,(N,v) = v({i}) for alli € N.

Remark 5 Ortmann (2000) introduced his proportional value that can be characterized
by proportional standardness and consistency due to Hart and Mas-Colell (1989). As a
consequence, a characterization of this proportional value can be obtained by replacing
proportional standardness by the axioms in Theorem 7. Notice that we cannot use the
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axiomatization as given by Proposition 1, since proportional-balanced treatment is not
satisfied by this proportional value for games with more than two players.

7 Conclusion

In this paper, we have provided characterizations of the PD value for TU-games using
axioms, such as proportional-balanced treatment, monotonicity, and consistency. It
is worth noticing that proportional-balanced treatment, one of our main axioms, in
some sense reflects not only equal treatment of equals but also unequal treatment of
unequals. This axiom captures this feature of the PD value. For games with at least
three players, our axiomatic characterizations are similar to the characterizations of
the equal division value due to van den Brink (2007) and van den Brink and Funaki
(2009), and the characterizations of the equal surplus division value due to Casajus
and Huettner (2014). That is, most of them are obtained by weakening one axiom
while strengthening the other axiom. This shows that the proportional division value
is axiomatically closely related to these two equal surplus sharing values.
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Appendix

This ‘appendix’ contains the lengthy proof of Theorem 1 (Appendix 1) and the logi-
cal independence of the axioms used in characterization results (Appendix 2).

Appendix 1: Proof of Theorem 1

Existence It is straightforward to show that any value defined by (2) satisfies effi-
ciency and weak linearity. Next, we show that it also satisfies proportional-bal-
anced treatment. Let i, kK € N be two players such that v(S U {i}) = v(S U {k}) for all
S C N\{i,k},S # (3. We have
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= O’
where the fifth equality follows by (3). Thus, (2) satisfies proportional-balanced
treatment.
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Uniqueness Let y be a value satisfying efficiency, weak linearity, and propor-
tional-balanced treatment. For |[N| = 1 and |N| = 2, uniqueness follows from effi-
ciency and Proposition 1 respectively. Now let (N, v) € Qflvz be an arbitrary game with
|N| > 3. In order to use the property of weak linearity, we decompose (N, v) into the
unique combination of the following two kinds of games (N, w’) and (N, w)'®. For
any coalition § C N with |S| > 2, the game (N, w¥) is defined as follows:

v({i}), if T = {i} foralli € N,
wi(T)=31  ifT=S§,
0, otherwise.

The game (N, w) is defined as follows:

_Jv{{i}), if T = {i} foralli € N,
w(T) = { 0, otherwise.

One can easily check that (N, v) can be writtenasv =I(v)w+ Y. w(S)w>, where
SCN,|S|>2
1) =1 = Yocn 5122 V(S)- By using weak linearity'” of y, we have

v, (N,v) = Iv)y,(N,w) + 2 v(S)y; (N, wS), foralli € N.
SCN,|S|>2

Now, by proportional-balanced treatment, for each S C N with |S| > 2, since all
players in S are weak symmetric in (N,w"), and the same for all players in N \ S,
there must exist some Ag and pg such that

) s dg ifiEs,

Yies v}
Wi (N w') = fes ; 19
By efficiency, it must be )., EV({V(}{] sAs + Diems ##s = 0, which shows
Ag = —pg. Similarly, y,(N,w") = % for all i € N. Meanwhile, we have

w(N,w) = 0. Putting all together we have the expression of y as given by (2).

We prove that A¢ only depends on the size of S (S # N) and the worths of all sin-
gleton coalitions {i}, i € N. Let SC N, S # @ with i,j ¢ S, and consider the game
(N, WSV 4+ wSUUh) In this game, since i and j are weak symmetric, by

16 For any (N,v) € QN_, the collection of games {(N, w), (N, wS)QCN \S‘I>2} is a basis of the class of games

. Th
= (V7)€ G | 3c € R such that V/({i}) = ev({i}) for all i€ N} U{V.v) € G [v({i}) =0 for all i €N} ©

dlmenslon of g is 2" — n. Another interesting basis can be found in the proof of Proposition 5 in Béal
etal. (2018) or in van den Brink et al. (2020).

17 To ensure that we stay in the class QHAC , we should consider the games in which their coefficients are
nonzero in a suitable ordering, just like the technical approach as given by Lemma 5 in Béal et al. (2018).
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proportional-balanced treatment, it must be that
ﬁwi(N,WSU‘” + wSulily = ﬁl{lj(N,WSU(i) +wSulih). With (19) and weak linearity, we
v({i vy
have that
1 1
s o Asul) Asutj)
Dkesutiy V(LKD) Zkemysupy YAKD
1 1

= — Asuijy — Asorits
Dresorj) VUKD ou) Ziremesuip YAED v
from which it immediately follows that

ASU{i} _ ’ISUU}
ZkeSU{i} v({k}) ZkeN\(SU{i}) v({k}) ZkeSu{j} v({k}) ZkeN\(SU{j}) v({k})

Therefore, whenever S and T are of the same size, replacing player by player, we can
form a sequence with at most s + 1 coalitions, such that the first one is S, and any of
them is the result of replacing a player of S by a player of N\S. In this way, we con-
clude the relationship between Ag and A given by (3). O

Appendix 2: Logical independence of the axioms

Logical independence of the axioms in Theorem 3 can be shown by the following
alternative values:

(i) The value y on gsz defined for all (NV,v) € g;vz and alli € N, by
wi(N,v) =v({i}) (20)

satisfies all axioms, but not efficiency.
(i) Let D, be the set of all dummy players and all dummifying players in (N, v).
The value y on gﬁzvz defined for all (V,v) € gﬁz and alli € N, by

v({i}), ifti €D,,

w,(N,v) = v({i}) _ . .

ST [v(N )= Yie D, v({]})] , otherwise.
satisfies all axioms, but not weak linearity.

(iii) The ESD value (see Footnote 4) satisfies all axioms, but not proportional-

balanced treatment.
(iv) The value defined for all (N, v) € gsz and alli € N, by

ll/i(Nv V) =

h h
o) =\ (i + 3 SEAED

heN Zien VUKD

satisfies all axioms, but not the dumgﬁfying ‘player, roperty. Clearly, (21)
coincides with (2) by taking Ag = "ES(V;” (f;j]\;)f“’g for all SC N with
keN Y

[S| = n — 1, and Ag = O otherwise. Notice that (21) also coincides with (6) by

v({i})
Zien VUKD
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taking the EANC value (Moulin 1985) given by
w/(N,v) = EANC(N,v) = SC; + i[v(N) - ZjeN SCl, where
SC; = v(N) — v(N\{i}).
Logical independence of the axioms in Theorem 4 can be shown by the following
alternative values:

(i) The value defined by (20) satisfies all axioms, but not efficiency.
(ii)) The ESD value on Qﬁ:’z satisfies all axioms, but not proportional-balanced treat-
ment.
(iii) The value defined by (21) satisfies all axioms, but neither weak coalitional
surplus equivalence nor weak coalitional surplus monotonicity.

Logical independence of the axioms in Theorem 5 can be shown by the following
alternative values:

(i) The value defined by (20) satisfies all axioms, but not efficiency.
(i1)) The ED value on gﬁ’z satisfies all axioms, but not weak proportional-balanced
treatment.
(iii)) The value defined by (21) satisfies all axioms, but not weak coalitional mono-
tonicity.

Logical independence of the axioms in Theorem 7 can be shown by the following
alternative values:

(i) The value defined by (20) satisfies all axioms, but not grand worth additivity.
(i) The ED value on gﬁz satisfies all axioms, but not the inessential game property.
(iii) The value y defined for all (NV,v) € QZ and alli € N, by

_ [ PD,N,v), ifv(N) € Q,
Wi, v) = { ESD,(N,v), if v(N) ¢ Q.

satisfies all axioms, but not continuity.
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