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Abstract: A family F C 2" saturates the monotone decreasing property P if F
satisfies P and one cannot add any set to F such that property P is still satisfied by
the resulting family. We address the problem of finding the minimum size of a family
saturating the k-Sperner property and the minimum size of a family that saturates
the Sperner property and that consists only of I-sets and (I + 1)-sets.
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1 Introduction

One of the most basic and most studied problems of extremal combinatorics is that how many
edges a (hyper)graph can have if it possesses some prescribed property P. If this property P
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is monotone decreasing (i.e. if G possesses P, then F' C G implies F' possesses P), then there
exists a “dual” problem to the above one: we say that a (hyper)graph G saturates property
P if it possesses property P but adding any (hyper)edge E to G would result in a graph not
having property P. The problem is to determine the minimum size that such a saturating
(hyper)graph can have. Many researchers have dealt with this kind of problems both for graphs
[ 2, 3] 4 56l 13 14) 17, 211 22 28, 29) 30] and hypergraphs [12, 19, 20]. To our knowledge
all papers so far have considered Turdn-type properties (with the exception of [9]): properties
defined through some forbidden (hyper)graphs.

In the present paper we investigate the saturation of Sperner-type properties. To introduce
our main definitions let k& and n be positive integers and let F C 2[" be a family of sets such
that,

1. there do not exist k + 1 distinct sets Fi,..., Fx4+1 € F that form a (k + 1)-chain, i.e.
Fy C F> C ... C Fiy1 holds,

2. for every set S € 21" \ F there exist k distinct sets Fi, ..., Fy, € F such that S and the F;’s
form a (k + 1)-chain.

A family F is called k-Sperner if it satisfies Property 1, weakly saturating k-Sperner if it satisfies
2 and (strongly) saturating k-Sperner if it satisfies both. The maximum size of a k-Sperner family
F C 2" was determined by Sperner [26] in the special case k = 1 and by Erdés [10] for arbitrary
k.

In Section 2] we will derive bounds on sat(n, k) (wsat(n,k)) the minimum number of sets
that strongly saturating k-Sperner (weakly saturating k-Sperner) family F C 27l can contain.
By definition, we have wsat(n, k) < sat(n,k). The following product construction shows that
there is an upper bound on both of these numbers that is independent of n, namely wsat(n, k) <
sat(n, k) < 2871, Let F 2" be defined by

Fo=2F2 40, n] \ [k — 2]} = 2T U {F e 2. [n)\ [k -2 C F}.

It is easy to see that F is indeed strongly saturating k-Sperner. It is natural to formulate the
following conjecture.

Conjecture 1. For every positive integer k there exists an ng = ng(k) such that for any n > ng
we have sat(n, k) = 281,

It is trivial to verify that ng(k) = k for k = 1,2, 3. By giving constructions we will prove the
following two upper bounds.

Theorem 2. For integers 6 < k < n we have the following inequalities:
(i) sat(k, k) < 2281
.. log k
(i) wsat(n, k) = O(=5=2").

We will also obtain lower bounds on the size of saturating k-Sperner families. All our lower
bounds will apply both for wsat(n, k) and sat(n, k).

Theorem 3. For integers k,c and n we have the following inequalities:
(i) 2¢/2~1 < wsat(n, k) < sat(n, k) provided k < n,
(ii) (kikc% < wsat(k + ¢, k) < sat(k + c, k) provided 2 < k and 0 < c.
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1-Sperner families are also called antichains. Saturating antichains with the simplest struc-
ture are the families consisting of all [-element subsets of the underlying set for any fixed [.
Next, one would consider antichains with two possible set sizes. If the set sizes are consecutive
integers, then these families are called flat antichains. Griitmiiller, Hartmann, Kalinowski, Leck
and Roberts [16] proved the following theorem.

Theorem 4 (Griitmiiller, Hartmann, Kalinowski, Leck, Roberts [16]). If F C ([g]) u ([g]) is a
saturating antichain, then the following holds

ne(Q)- 5]

The authors of [16] also determined all antichains for which equality holds. In Section [3] we
obtain the stability version of Theorem [l Our proof is self-contained and is much shorter than
their proof of Theorem[l Some of its parts generalize to saturating flat antichains with larger set
sizes. Unfortunately the lower bounds that we obtain depend on the Turdn density of K ll 41, the
complete [-graph on [ + 1 vertices. We will also generalize the construction of [16], but the lower
bounds and the size of the construction are quite far apart even if we assume that some famous
longstanding conjectures about the above-mentioned Turdn densities are true. To state our
stability result for a family F C ([’Z]) let us write A(F) = {G € (l[ﬂ) : 3F € Fsuch that G C F}

and V(F) = {G € (1)) : 3F € F such that F C G}.

Theorem 5. Let F C ([g]) U ([g]) be a saturating antichain of minimum size. Then the following

holds: 5

Moreover, if |F| = (% +0(1))n?, then there is a partition [n] = AUBUC with |A| = |B| = |n/4]
and a matching M between A and B such that if G = Gy U Gs is defined by G3 = {G € ([g}) :
GNC #0 and Im € Mwith m C G} and Gy = ([g}) \ A(G3), then |G & F| = o(n?) holds and
G is a saturating antichain.

2 Bounds on sat(n, k) and wsat(n, k)

In this section, we prove Theorem Bl and Theorem Bl We start our investigations with an easy
lemma stating that we can always assume the empty set and [n] belong to the family F.

Lemma 6. If 2 < k < n, then there exists a weakly (strongly) saturating k-Sperner family
F C 2" of minimum size such that  and [n] belong to F.

Proof. Let F be of minimum size with () ¢ F and let F,,, denote the minimal sets in F. Then
F\ Fn U{0} is weakly (strongly) saturating k-Sperner and its size is at most the size of . The
case of [n] is completely analogous. O

Proof of Theorem[2. First we give a construction that shows that sat(6,6) < 30 = 1—226*1. We
enumerate the sets according to their size:

o0,



e four singletons: {3}, {4}, {5}, {6},

o six pairs: {1,2},{1,3}, {1,4},{2,3}, (2,4}, {5,6},

e cight triples: {1,2,5},{1,2,6},{3,4,5},{3,4,6},{1,3,5},{1,4,5},{2,3,6},{2,4,6},
o six d-tuples: {3,4,5,6),{2,3,4,5}, {1,3,4,6},{1,2,3,4}, {1,2,5,6}, {1,2,3,5},

e four 5-tuples: {1,2,3,4,6},{1,2,4,5,6},{1,3,4,5,6},{2,3,4,5,6}

e and {1,2,3,4,5,6}.

To see that these sets indeed form a strongly saturating 6-Sperner family, note that (3, the
singletons and {1,2} form a strongly saturating 2-Sperner family and so do {1,2,3,4,5,6}, the
5-tuples and {3,4,5,6}. The remaining pairs together with {1,3,5},{1,4,5},{2,3,6},{2,4,6}
form a saturating antichain as described in Section Bl Now the remaining sets form a family
isomorphic to the complements of the members of the previous family and is therefore saturating
antichain. As these four families are disjoint and lie “one below the other”, their union is
saturating 6-Sperner.
The following lemma finishes the proof of Theorem [ (i).

Lemma 7. For any integers k,n such that 3 < k <n we have
sat(n, k) < 2sat(n — 1,k — 1).

Proof. Let F C 21 be a strongly saturating (k — 1)-Sperner family of minimum size such
that (by Lemmal@)) 0, [n — 1] € F. Then the family 7/ = F x {0,{n}} = FU{FU{n}: F € F}
is a strongly saturating k-Sperner subfamily of 2", Indeed, if there exists a (k 4+ 1)-chain
F{ C .. C Fj,, in F', then at least k out of the sets Fj N [n — 1] would be distinct and form a
k-chain in F. This contradiction shows that F’ is k-Sperner. To prove the saturating property
of F' let us consider a set G € 2"\ F'. By definition, we know that G N [n — 1] ¢ F holds
and thus by the saturating property of F there exists k — 1 sets F1, ..., F_1 in F together with
which G N [n — 1] forms a k-chain. If n ¢ G, then the F;’s, G and [n] form a (k + 1)-chain in F’,
while if n € G, then 0, G and the {n} U F}’s form a (k + 1)-chain in F’ (not necessarily in this
order). O

To prove (ii) we first give a general construction. Let us write Fo = {0} and F;, = {[k]}.
Furthermore, for any 1 <[ < k —1 let F; C (U;]) be a family satisfying V(F;) = (l[ﬁl) and
A(FR) = (l[iﬂl) Then define the family F C 2" as follows:

k k k
.F:U]-“l><{(Z),[n]\[k]}:UEU{FU(W\W):FEU]:l}-
1=0 =0

=0

We claim that F is a weakly saturating k-Sperner family. Indeed, let us consider a set G € 20" \F
and define ¢ = |G N [k]|. Observe that, by the conditions on the F;’s, there exist sets F; € F; for
every 0 <1 < k, [ # i such that the F}’s together with G N [k] form a (k + 1)-chain. Then the
Fy’s for | < i, G and the sets F} U ([n] \ [k]) for [ > i form a (k + 1)-chain.

It is well known [8] that if I = ©(k), then there exists a family F] C ([’;}) such that A(F]) =

(l[f]l) and |F]| = @(logk (];)) holds. Thus the size of the family F; = F/ U F! | is of the same
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order of magnitude and satisfies A(F]) = (l[f]l),V(]:l’ ) = (l[ﬂ) Use the general construction

with F;’s as above provided k/4 <1 < 3k/4 and F; = (Ulﬂ) otherwise to obtain the family F.
Then the size of F is 2 Zf:o | Fi| = O(%Q"C). O

Proof of Theorem 3. Let F C 2[" be a weakly saturating k-Sperner family and consider any set
G e 2[n] \ F. By definition, there exist k distinct sets Fi, ..., Fy, € F such that Fy; C ... C F; C
S C Fiy1 C ... C F, holds. Thus G is a set from the interval Ix, g, = {S: F; €S C Fqy
which has size at most 2" *+2 as |Fj 1 \ F}| < n—k + 2 holds by the existence of the other F}’s.
We obtain that 2 can be covered by intervals of size at most 2 %+2 and thus we have

‘-7;!22n_k+2 > (’;:‘)271—19—}—2 > o,

Now (i) follows by rearranging.

To prove (ii) let us partition the intervals I, r,,, in the proof of (i) according to the Fj’s.
The intervals belonging to the same F; may cover at most the sets {S D F; : |S\ F;| < ¢+ 1}.
As the number of these sets is at most Zfié (k;rc) < (k + ¢)°tl, we obtain the inequality
| F|(k + c)¢t! > 2F+¢ and we are done by rearranging. O

Theorem B (ii) with ¢ = 0 shows wsat(k, k) = Q(2¥/k). It is one of the most important
questions of the theory of covering codes whether there exist families F; C ([’Z]) as in the general
construction with size O((?) /k). If the answer is positive, then one would obtain a weakly

saturating k-Sperner family with size O(2%/k) via the general construction thus wsat(k,k) =
0(2%/k) would follow.

Let us finish this section with some remarks on strongly saturating k-Sperner families in the
case when n is large compared to k. A family F C 2" is called non-separating if there exist
x,y € [n] such that for all F € F we have z € F' < y € F. The family F is separating if it is not
non-separating. Let us call a strongly saturating k-Sperner family F C 2" duplicable if there
exists & € [n] such that the family F’ C 2[**1 defined as F/:= {F € F :x ¢ F}U{FU{n+1}:
x € F} is strongly saturating k-Sperner. Finally, a family F is primitive strongly saturating
k-Sperner if it is separating and duplicable.

Clearly, if 21 < n, then F is non-separating. As, by the product construction defined in the
Introduction, we know that sat(n, k) < 2~!, we obtain that any strongly saturating k-Sperner
family of minimum size is non-separating provided 227" <. Let F C 2[" be such a family and
x,y € [n] be the elements showing the non-separating property of F. Then it is easy to verify
that the family F* C 2"} defined as F* = {F N ([n] \ {y}) : F € F} is strongly saturating
k-Sperner and we have |F| = |F*|.

Let F C 2" be a non-separating strongly saturating k-Sperner family. We would like to
prove that there is only one way to duplicate such a family. Formally, we claim that there do
not exist x,y,u,v € [n] and F’ € F such that x € F < y € F and u € F < v € F holds for
all F € F but exactly one of x and w is contained in F’. Indeed, if that is not the case, then
there would exist a set S C [n] \ {z,y,u,v} such that S; = SU{x,u} ¢ F but at least one of
SU{z,y} and SU{u,v} belongs to F which we denote by Sy. Therefore there would exist sets
Fi, ..., F, € F that together with Sy form a (k + 1)-chain. As the family F does not separate x



and y nor u and v, all the F;’s contain either all four of x,y, u, v or none of them. But then the
F;’s and Sy form a (k 4 1)-chain as well which contradicts the k-Sperner property of F.
The above two statements yield the following lemma.

Lemma 8. Let n and k be positive integers such that 227" < 1 holds. Then we have

sat(n,k) = min {].7—"’\ : F' € 2Mlis primitive strongly saturating k—Spemer} .

n/<22k—1

Moreover, for any extremal family F C 2", there exist integers x < n' < 22" and a primitive
family F' C 20"} such that F = {F' € F':x ¢ F'}U{F' U([n]\ [?]) : x € F' € F'}.

3 Saturating flat antichains

In this section we consider saturating flat antichains. Let us start with an easy lemma that gives
a necessary and sufficient condition for a family F to be a saturating flat antichain.

Lemma 9. A family F = F; U Fry1 with F; C ([7]),]:1+1 C (l[j:]l) is a saturating antichain if

and only if we have A(Fiy1) = ([7]) \ F; and V(([rﬂ) \F1) = Fiq1-

Proof. Assume first that F is a saturating antichain. The inclusions A(F;4q) C ([7]) \ F; and
V((W) \ F1) 2 Fiy1 follow trivially from F being an antichain. The other inclusions follow from

the saturating property of F. Indeed, if a G € ([7}) is not in F, then the only reason for this is
that there should be an F' € F;1; containing G, similarly if no l-subsets of a (I +1)-set G belong
to Fi, then G can be added to Fi41.

Now let us assume that A(Fj41) = ([7]) \ F; and V(([Tﬂ) \ F1) = Fi11 hold. These equations
clearly imply that F is an antichain. Also, F is saturating as any [-set is either in F or is
contained in a set in F;4q and any (I 4 1)-set is either in F or it is not in V((“ﬂ) \ F7) and
therefore contains an [-set from F. O

Before we start to prove Theorem [B we need to introduce our two main tools.

Theorem 10 (Ruzsa-Szemerédi, [24]). Let G,, be a graph on n wvertices such that the number
of triangles in Gy, is o(n3). Then there exists a subset E of E(G,) of size o(n?) such that if we
remove all the edges in E from Gy, then the resulting graph is triangle free.

Theorem 11 (Erdés-Simonovits, [11l 25]). Let Gy, be a triangle free graph on n wvertices with
|E(Gp)| = (3 — o(1))n?. Then there exists a bipartition V(G,) = X UY with || X| — Y| < 1
such that |E(Gy) & E(Kxy)| = o(n?) holds, where Kx y is the complete bipartite graph with
parts X and Y.

Proof of Theorem [l Lemma[Qshows that the construction of the theorem is indeed a saturating
antichain hence the upper bound of the theorem.

To prove the lower bound of the theorem let F = Fo U F3 with Fy C ([g]),fg C ([g}) be
a saturating antichain. Sets in F» and F3 will be called F-edges and F-triples, while sets in
([7;}) \ F2 and ([g}) \ F3 will be called F-non-edges and F-non-triples. Consider the graph H

of F-non-edges, i.e. V(H) = [n] and E(H) = ([g]) \ F2. By Lemma [0 we know that the



triangles in H are the F-triples. As the number of F-triples is O(n?) = o(n?) it follows by
Theorem [I0 that H can be made triangle free removing a set E’ of edges (i.e. F-non-edges
of F) with size o(n?). By Turén’s theorem [27] we have that |E(H)| < (3 + o(1))n? and thus
Bl = (2) — [BCH)| > (2) — (3 +0(1))n? = (2 — o(1))n2.

Let F§ C F3 a maximal subfamily of the F-triples such that for any Fy, F» € F4 we have
|F1 N Fy| < 1. As every F-non-edge in E’ is contained in at most one F-triple in F}, we obtain
|F5| = o(n?). By Lemmal[d we know that every F-non-edge is contained in at least one F-triple.
But an F-triple covers three F-non-edges, moreover, any F-triple in F3 \ Fj5 covers at most
two F-non-edges that are not covered by any F-triple in F}. Thus we obtain the inequality
() = ol < 3IFY) + 2 \ F| < 21Fs] + o(n?).

Let us define o = a(n) by writing || = ( + a)n?. By what we have so far, we know that
liminf o > 0. Using the inequality above we obtain

1
|F| = |Fa| + | F3| > <l + a) n? 4 an —o(n?) = <§ +2- 0(1)> n?.
4 2 8 2
As liminf o > 0, this completes the proof of the lower bound. Moreover, we obtain that if
F C ([Q])u([g]) is a saturating antichain with |F| = (2+0(1))n?, then we have |F,| = (3 —o(1))n?
and |F3| = (5 — o(1))n?.

All what remains is to prove the stability of the extremal family. Note that a saturating
antichain F is clearly determined by JF-non-edges. In the case of the conjectured extremal
family these are the edges of K4up,c and the matching M. Let F be a saturating antichain
of size (2 — o(1))n?. Then by what we have proved so far, we know that the graph H of the
F-non-edges is of size (1 — o(1))n? and is triangle free after removing o(n?) edges. Thus, by
Theorem [} after changing at most o(n?) edges in H we obtain the bipartite Turdn graph K XY
with || X|—]Y|| < 1. Let us put a maximal matching M into any of the two classes, say to X, and
define the tripartition of [n] as C to be the vertices not incident to M and A and B to contain
different vertices from all edges of M and G to be the extremal family built on this tripartition.
No matter how we chose M, the Gy part of the resulting family G will satisfy |Go A Fa| = o(n?).
Note that, as X C C or Y C C, the bipartition A U B, (' is already known up to one vertex
possibly moving from one part to the other and thus the graph K4up,c is known up to a change
of at most n — 1 edges.

Let H' be the graph with V(H') = [n] and E(H') = E(Kx,y)N (([g]) \ F2). By the above
we know that |[E(H')| = (3 — 0(1))n? and thus with an exception of o(n) vertices every vertex

1

has degree (5 —o(1))n.

Claim 12. Either X or Y contains a matching M that consists of (3 — o(1))n F-non-edges.

Proof. We only consider vertices with degree (% —o(1))n in H'. Note that any F-non-edge
between two such vertices in the same vertex class defines (% + o(1))n triangles in H and thus,
by Lemma [@ that many F-triples. Also, these F-triples are distinct, therefore there can be at
most (1 +0(1))n such F-non-edges as we have already proved that | 73| = (3 +o(1))n?. Observe
that all but o(n) vertices in either X or Y are contained in at least one F-non-edge with the
other vertex in the same vertex class of H'. Indeed, otherwise there would be an edge in H’
between such an x € X and such a y € Y (if not, then Q(n?) edges would be missing from H’).
And since any edge of H' is an F-non-edge, by Lemma [, it has to be contained in an F-triple
all three 2-subsets of which are F-non-edges.



Now the claim follows as (3 — o(1))n edges can cover at least one vertex class with the

exception of o(n) vertices if and only if those edges with o(n) exceptions form a matching in one
of the classes. O

We extend the matching M given by Claim to a maximal matching in X and define
the partition A, B, C accordingly. By the reasoning of Claim there are (% —o(1))n? F-
triples containing some F-non-edge from M and all these F-triples belong to G, too. As both

|73 = (3 — o(1))n? and G5 = (5 — o(1))n? hold, we obtain |F3 A G3| = o(n?). O

In the remainder of the section we show how to generalize Theorem [l to flat antichains with
set sizes [ and [ + 1. Let us start by defining the generalization of the construction of [16].

Construction 13. Let us consider the partition [n] = AU B U C with |A| = |B| and let M

be a complete matching between A and B. Let G = {G € (l[ﬁl) :dM e M with M C

G and G\ M C C} and G = ([7]) \ A(Gy). It is easy to see that the conditions of Lemma
hold and thus G = Gy U Gi11 is a saturating antichain.
The number of (I + 1)-tuples in Gi1q is |A[("] Q‘Al) and the number of l-tuples not in Gy is

|A|("] 2“4') + 2|A]("]. 2‘1‘4') thus we have G = ]A\("l_mlA‘) + (1) — (141("; 2“4') + 2|A]("]. 2“4'))
() 1A,

Observe that by replacing Theorem [I0] with the hypergraph removal lemma [15] 18, 23], we
can use the argument of Theorem [B]to get lower bounds for the size of a saturating flat antichain
consisting only of [ and (I+1)-sets. Also, Construction [I3] gives an upper bound on the minimum
size that such a family can have. In order to be able to state the theorem we define ¢; to be the
Turan-density of K /41 the complete [-uniform hypergraph on [ + 1 vertices, i.e. if ex(n, K| Jr1)
denotes the most number of edges that an [-uniform hypergraph on n vertices can have without
containing a copy of Kll+1a then ¢; = lim ex(n,Kll+1)/(7). Determining #; is one of the most
important open problems of extremal combinatorics and even the value of t3 is unknown. It is
vl

conjectured to be 5/9 and the current best upper bound is

Theorem 14.

(1 — Z_Tltl — 0(1)> (7) < sat(n,l,l+1) < <1 - % (1 _ %)ll + 0(1)> (7)

Proof. The upper bound follows from Construction [I3] by setting |A| = |B| = %n and |C] =
-1
T O

Note that Theorem [I4] would not give the correct asymptotics even in the case [ = 3 and
with the assumption that Turdn’s conjecture true.

4 Final remarks and open problems

In this section we enumerate the open problems in this topic that we find the most important
and interesting.

e What is the correct order of magnitude of wsat(k, k) and sat(k,k)? Do they coincide?
Can one find a sequence of families showing sat(k, k) = o(2¥)?



o We feel that there do not exist too many primitive strongly saturating k-Sperner families.
A better understanding of these families could help in proving Conjecture [I] via Lemma [8l

e Try to close the gap between the lower and upper bounds on the minimum size of a
saturating flat antichain for [ > 3. Give any general lower bound which does not use the
Turan density of hypergraphs.

References
[1] T. BoHMAN, M. FONOBEROVA, O. PIKHURKO The Saturation Function of Complete Par-
tite Graphs, Journal of Combinatorics, 1 (2010) 149-170.
[2] B. BOLLOBAS, Determination of extremal graphs by using weights, Wiss. Z. Hochsch.
Ilmenau, 13 (1967), 419-421.
[3] B. BoLLOBAS, On a conjecture of Erdés, Hajnal and Moon, Amer. Math. monthly, 74
(1967), 178-179.
[4] Y-C. CHEN, Minimum C5-Saturated Graphs, J. Graph Theory 61 (2009), 111-126.
[5] Y-C. CHEN, All Minimum Cjs-Saturated Graphs, to appear in J. Graph Theory
[6] Y-C. CHEN, Minimum K} 3-saturated Graphs, arXiv:1012.4152, 2010
[7] F. CHUNG, L. Lu, An upper bound for the Turdn number t3(n,4), J. of Combin. Theory
Ser. A, 87 (1999), 381-389.
[8] G. CoHEN, I. HONKALA, S. LITSYN, A. LOBSTEIN, Covering Codes, North-Holland Math-
ematical Library, 54. North-Holland Publishing Co., Amsterdam, 1997. xxii+542 pp.
9] A. DubDEK, O. PIKHURKO, A. THOMASON, On Minimum Saturated Matrices, submitted
[10] P. ErRDGs, On a lemma of Littlewood and Offord, Bull. Amer. Math. Soc., 51 (1945),
898-902.
[11] P. ErRDJs, On some new inequalities concerning extremal properties of graphs, in 1968
Theory of Graphs (Proc. Colloq., Tihany, 1966) 77-81, Academic Press, New York
[12] P. ERDOS, Z. FUREDI, Zs. TuzA, Saturated r-uniform hypergraphs. Discrete Math. 98
(1991), 957-104.
[13] P. ERDOS, A. HAINAL, J.W. MOON, A problem in graph theory, Amer. Math. monthly,
71 (1964), 1107-1110.
[14] Z. FUREDI, Y. KM, Cycle-saturated graphs with minimum number of edges, submitted
[15] W. T. GOWERS, Hypergraph regularity and the multidimensional Szemerédi theorem, Ann.
of Math. (2) 166 (2007), no. 3, 897-946.
[16] M. GRUTTMULLER, S. HARTMANN, T. KaLiINowskI, U. LECK, I.T. ROBERTS, Maximal

flat antichains of minimum weight, Electronic Journal of Combinatorics 19 (2009) R69


http://arxiv.org/abs/1012.4152

[17]

18]

[19]

[20]

[21]

22]

[23]

[24]

[25]

L. KAszoNYI, Zs. TuzA, Saturated graphs with minimal number of edges. J. Graph Theory,
10 (1986) 203-210.

B. NAGLE, V. RODL, AND M. SCHACHT, The counting lemma for regular k-uniform
hypergraphs, Random Structures Algorithms, 28 (2), 2006, 113-179.

O. PIKHURKO, The Minimum size of Saturated Hypergraphs, Comb, Prob & Comp., 8
(1999) 483-492.

O. PIKHURKO, Weakly Saturated Hypergraphs and Exterior Algebra, Comb, Prob &
Comp., 10 (2001) 435-451.

O. PIKHURKO, Results and open problems on minimum saturated graphs, Ars Combina-
torica 72 (2004) 111-127.

O. PIKHURKO AND J. SCHMITT, A note on minimum K> 3-saturated graphs, Australas. J.
Comb., 40 (2008) 211-215.

V. RODL AND J. SKOKAN, Applications of the regularity lemma for uniform hypergraphs,
Random Structures Algorithms, 28 (2), 2006, 180-194.

I. Ruzsa, E. SZEMEREDI, Triple systems with no six points carrying three triangles, in
Combinatorics (Keszthely, 1976), Coll. Math. Soc. J. Bolyai 18, Volume II, 939-945.

M. StMONOVITS, A method for solving extremal problems in graph theory, stability prob-
lems, in 1968 Theory of Graphs (Proc. Colloq., Tihany, 1966) 279-319, Academic Press,
New York.

E. SPERNER, Ein Satz tiber Untermenge einer endlichen Menge, Math Z., 27 (1928) 544—
048.

P. TURAN, Eine Extremalaufgabe aus der Graphentheorie. (Hungarian. German summary)
Mat. Fiz. Lapok 48, (1941). 436-452.

7s. TuzA. Cy-saturated graphs of minimum size. Acta Univ. Carolin. Math. Phys., 30
(1989) 161-167.

W. WESSEL. Uber eine Klasse paarer Graphen, I: Beweis einer Vermutung von Erdéos,
Hajnal and Moon. Wiss. Z. Hochsch. Ilmenau, 12 (1966), 253-256.

W. WEsSEL. Uber eine Klasse paarer Graphen, II: Bestimmung der Minimalgraphen. Wiss.
Z. Hochsch. Ilmenau, 13 (1967), 423-426.

10



	1 Introduction
	2 Bounds on sat(n,k) and wsat(n,k)
	3 Saturating flat antichains
	4 Final remarks and open problems

