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Abstract

Let G be a connected graph. The notion the rainbow connection number rc(G)
of a graph GG was introduced recently by Chartrand et al. Basavaraju et al. showed
that for every bridgeless graph G with radius r, 7¢(G) < r(r +2), and the bound is
tight. In this paper, we prove that if G is a connected graph, and D¥ is a connected
k-step dominating set of GG, then G has a connected (k — 1)-step dominating set
DF=1 5 D such that re(G[D*71]) < re(G[D*]) + max{2k + 1, by}, where by, is the
number of bridges in E(D*, N(D¥)). Furthermore, for a connected graph G with
radius r, let u be the center of G, and D" = {u}. Then G has r — 1 connected
dominating sets D"1, D"=2 ... D! satisfying D" ¢ D"~! ¢ D"2... ¢ D' C
DY = V(G), and re(G) < Y.I_ max{2i + 1,b;}, where b; is the number of bridges
in E(D*, N(D%)),1 < i < r. From the result, we can get that if for all 1 < i <
r,b; < 2i+1, then re(G) <> (2i+1) =r(r+2);ifforall 1 <i<rb; >2i+1,
then re(G) = Y ;_, b;, the number of bridges of G. This generalizes the result of

Basavaraju et al.
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1 Introduction

All graphs considered in this paper are simple, finite and undirected. Undefined
terminology and notations can be found in [2]. Let G be a graph, and ¢ : E(G) —
{1,2,--+ ,k}, k € N be an edge-coloring, where adjacent edges may be colored the same.
A graph G is rainbow connected if for any pair of distinct vertices v and v of G, G has a
u — v path whose edges are colored with distinct colors. The minimum number of colors

required to make G rainbow connected is called its rainbow connection number, denoted by
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rc(G). These concepts were introduced by Chartrand et al. in [4], where they determined
the rainbow connection numbers of wheels, complete graphs and all complete multipartite
graphs. Many results involving some graph parameters were obtained. Results involving
the minimum degree were obtained in 3], 8, [7, [5]. Results involving the parameters o5 and
01(G) were obtained in [9, [6]. In [1], Basavaraju et al. showed that for every bridgeless
graph G with radius r, r¢(G) < r(r + 2), and the bound is tight. As one can see, they
did not consider graphs with bridges. In this paper, we will consider graphs with bridges,
and r¢(G) is bounded by the number of bridges and radius of the graphs. The following

are our main results.

Theorem 1 IfG is a connected graph, and D* is a connected k-step dominating set of G,
then G has a connected (k — 1)-step dominating set D*=1 > D* such that re(G[D*71]) <
rc(G[D*]) + max{2k + 1,by.}, where by, is the number of bridges of G in E(D* N(D¥)).

Theorem 2 For a connected graph G with radius r, let u be the center of G, and D" =
{u}. Then G has r — 1 connected dominating sets D"~ D"=2 ... D! satisfying D" C
DrtcD2...c D'c D" =V(G), and re(G) < >.._  max{2i + 1,b;}, where b; is the
number of bridges in E(D', N(D%)),1 <i <r.

Note that if for all 1 <7 < r,b; < 2i+ 1, then re(G) < >0 (2t + 1) = r(r + 2); if
for all 1 < < r.b; > 2i+ 1, then r¢(G) = > __, b;, the number of bridges of G. This

generalizes the result of Basavaraju et al.

2 Preliminaries

For two subsets X and Y of V, an (X,Y)-path is a path which connects a vertex of
X and a vertex of Y, and whose internal vertices belong to neither X nor Y. We use
E[X,Y] to denote the set of edges of G with one end in X and the other end in Y, and
e(X,Y) = |E[X,Y]|

Let G be a connected graph. The eccentricity of a vertex v is ecc(v) = max,cv () da(v, ).
The radius of G is rad(G) = mingey (e ecc(x). The diameter of G is diam(G) =
max,ey(q) ecc(z). Let S C V(G). The k-step open neighborhood of S is N*(S) =
{v e V(G)|d(v,S) = k,k € Z,k > 0}. Generally speaking, N'(S) = N(S), N°(S) =
S, N*[S] = N*¥(S)US. If every vertex in G is at a distance at most k from S, we say that
S is a k-step dominating set. If S is connected, then S is a connected k-step dominating

set.

The following definitions are needed in our proof. Let DF be a connected k-step
dominating set. A D*-ear is a path P = vyv; - - - v, in G such that PND* = {vg, v,}. When
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vy = vy, P is a closed D¥-ear. Moreover, we say that P is an eager D*-ear, if P is a shortest
DF-ear containing vyv,. Given 2k + 1 distinct colors, for convenience, we denote them by
1,2,3,---,2k + 1. We say that P is evenly colored, if either the edges of P are colored
in this way: c(vov1) = 1, c(v1v2) = 2, c(v2v3) = 3, -+, c(vrzyyvpey) = [5], c(vreyorey ) =
2k +2 — [B], c(vreyavreye) = 26+ 3 — [B], - c(vp-2vp1) = 2k, c(vp-1vp) = 2k + 1,
or the edges of P are colored in another way: c(vovy) = 2k + 1, c(vivg) = 2k, c(vovs) =
2k =1, c(vp_rp1oUp_r21-1) = 2k+2— [ 5], c(vp—r211vp127) = [E], -+, c(vp2vp-1) =
2, ¢(vp—1vp) = 1. In the proofs later, for convenience, we say that P is evenly colored, if
either the edges of P are colored 1,2,---,[8],2k+2—|5],2k+1—|5],--- ,2k,2k+1in
this order, or the edges of P are colored 2k+1,2k,--- ,2k+2— 2], [£],[5]—1,---,3,2,1

2
in this order.

3 The proofs of our theorems

The proof of Theorem 1:

If G is a tree, then each edge of GG is bridge, The result is obvious. Hence we may assume
that G is not a tree.

The following, we let D* be a connected k-step dominating set of G. Then G has k
mutually disjoint subsets N'(D¥), N*(D¥),--- , N¥(D*) and V(G) = UL, N*(D").

Claim 1: If 3z € N(D*),y € D* such that xy is bridge, then we have dgpypr(z) = 1.

If 3y € Dk yf # y, such that 2y’ € E(G). As G[D*] is connected, G[D*] has a path
connecting y,y’. Hence zy is in a cycle, a contradiction to xy being a bridge. If Jz; €
N(DF¥) such that zz; € E(G), as there exists some vertex y; € D* satisfying 71y, € F(G)
(y, may be ), then yzx,y; is a path, and G[D*] has a path connecting y, y;, that is, zy
is in some cycle, a contradiction. Hence dgiyipr(z) = 1.

Let x1y1, Xay2, - -+, 2y, 4, be all the bridges in E(N (D), D¥), where x; € N(D¥),y; €
D* 1 <i<b,. Set B={x1,29,--+, 2}, Bg = {x191, Toy2,* , Ty U, }, D1 = D U B.

Let D* be a connected k-step dominating set, we rainbow color G[D*] with rc(G[D*])
colors. If N(D*) = B, then D is a connected (k — 1)- step dominating set. Set D*~! =
Dy, we use b, fresh colors to color these b, bridges, respectively. Hence rc(G[DF1]) <
rc(G[D*]) + b,, and the theorem follows.

So we may assume N(D*)\ B # (). For any vertex v; € N(D*)\ B, and any edge
vov1 € E(vy, D¥), vy € D*  as vov; is not a bridge, vgv; is in some cycle. Hence we may

let P = vgv1vg =+ - VgV 1Ve42 * * - Ve Vtym+1  * - Up—1Up bE an eager DF_ear.



Claim 2: |P| <2k + 1.
It mainly depends on the following Claim 2.1 and Claim 2.2.

Claim 2.1: If v, v,y € NY(D¥),v; € N(DF),0 <4 <t—1,t > 1, then vy, € N'"1(D¥),

and P does not have two vertices vy, Vs rmi1 iN SOMeE Nj(Dk), wherem > 2,1 <7 <t—1.

If v, v € N(DF),vv; € E(G), then there exists v3 € D¥ (v3 can be vg) such that vovivovs

is an eager DF-ear.

So we may assume t > 2. Suppose that, to the contrary, v,,» € NY(DF) or v,p €
N DR, If vy € E(G), then we replace P by a shorter path P/ = vgv v - - - Uy_oUs_1Vys1Vgy2 - - -
ViUt tme1 - Vp_1Vp. Hvgpvp € B(G),b € NTYD*)N(P\{v;_1}), then we replace P by
a shorter path P’ = vgv1va « - - V4101Vt 41UVp+1 * * * VtpmUtmt1 - - - Up—1Up, & contradiction to

P being an eager D*-ear. Hence v;,o € N'"1(DF).

Suppose that P has two vertices vy m, Uspm1 in some N7 (DF) wherem > 2,1 < j <t—1.
If j = 1, that is Vrpm, Vigme1r € N(DF), VpymVisms1 € E(G), because there is some
vertex v,, € D¥(v,, may be vg) such that vy ,,v,, € FE(G), then we replace P by a
shorter path P’ = vgv10s -+ - V4 10Vs41 - * * Vtrm—1V4mUp,, & contradiction. So we may
assume 2 < j <t —1. If v, 0,01 € E(G), then we replace P by a shorter path P’ =
VYUIV * * Vi1Vt tmVpsmi1 " - Up—1Vp. I Ui € E(G), where a € N771(D*F)N(P\{v;_1}),
then we replace P by a shorter path P’ = vgu1vg - - - U104V 1 -+ * UppmUaVag1 - * * Up—1Up, &
contradiction to P being an eager D*-ear. Hence P does not have two vertices vyym, Vssmai1
in some N7 (DF) where m > 2,1 < j <t — 1. Claim 2.1 is true. |

Claim 2.2: If v; € NY(D*),0 <i < t,t > 2 and v, € N7Y(DF), then P does not have

two vertices Vyym, Vpymi1 in some N7 (DF) where m > 1,1 < j <t — 1.

Suppose that, to the contrary, P has two vertices v;im, Vrpmi1 in some N7(D¥) where
m > 1,1 <j <t—1. The proof of Claim 2.2 is similar to the proof in the latter part of

Claim 2.1, and so Claim 2.2 is also true. |

By Claim 2.1 and Claim 2.2, we can get |P| < 2k + 1, in which equality holds if and only
if t =k and vpvpy € N¥(DF), vp42 € N¥71(DF), and so Claim 2 is true. |

In the following we will construct a connected (k — 1)-step dominating set D*~! such that
G[D*~1 is rainbow connected. Since E(D* N(D*)\ B) has no bridges, for each edge e
of E(D¥,N(D¥)\ B), e must be in some cycle, and so there exists an eager D*-ear P
containing e. Thus we may construct a sequence of sets Dy C Dy C D3 C --- C D, =
DF' where Dy = DyUP,, Dy = Dy UPs,--- ., D, =D, yUP,_q, P,,P,,---, P, are all
eager DF-ears. We color the new edges in every induced graph G[D;] such that every
x € D; \ Dy lies in an evenly colored eager D*-ear in G[D;] for all 1 < i < ¢.



For i = 1, it is obvious. If for some D;, N(D¥) C D;, note that for 1 < j < i — 1,
N(D*) ¢ D;, then D; is a connected (k — 1)-step dominating set. We stop the procedure
and set D*~! = D,, and evenly color the edges of P,_1, and color the remaining uncolored

new edges of G[D;] with the used colors. Otherwise, we will construct D;,; as follows:

We choose any edge ror; € E(D*, N(D¥)\ D;), o € D*,x; € NY(D¥)\ D;. If P is an
eager DF-ear containing xox;, and P N (D; \ D) = 0, then we set D;;; = D; U P, and
evenly color P, for the uncolored new edges of G[D;,1], we color them randomly with the
used colors. Otherwise, the eager D*-ear P containing zoz; must satisfy PN (D;\ Dy) # 0.
Assume P; C P, and let P, = xoxy - - 2, PN (D;\ Dy) = {x;}. As ;€ D;\ Dy, x; is in
an evenly colored eager D¥-ear Q). Let Q; be the shorter segment of Q respect to ;. Then
P = P,UQ), is the eager D*-ear containing xoz;. We know that @ is evenly colored. If @,
is colored by the colors from {2k + 1,2k,2k —1,--- 2k + 2 — L%J}, then we will evenly
color P by 1,2,3,--- (@},Qk +2— L@J, -+, 2k, 2k + 1 in that order, here c¢(zoz;) = 1.
If @, is colored by the colors from {1,2,3,---, [%}}, then we will evenly color P by
2%+ 1,2k, 2k —1,- -+, 2k +2— L1 1217 ... [3/2,1 in that order, here c(zoz) = 2k + 1.
Hence P is evenly colored. Set D;.; = D; U P. For the uncolored new edges of G[D;,1],
we color them randomly with the used colors. Clearly, every x € D;yq \ D; lies in an

evenly colored eager D*-ear in G[D;4].

Thus, we have constructed a connected (k — 1)-step dominating set D*~1, and every edge

of G[D*~*\ B] is colored.
Claim 3: G[D*1\ D¥] has no bridges.
Suppose that zy € G[DF1\ D] is a bridge.

By Claim 1, we know that if x € B, then y ¢ B, and if y € B, then © ¢ B. Hence we
will consider the following two cases: If x is in some eager D*-ear P, y is in some eager
D*-ear Q (P can be Q), then besides zy, there is still another path connecting z and v,
so xy is in a cycle. If x € B, y is in some eager D*-ear (), then zy is also in some cycle,

a contradiction. [ |

Now, we are ready for coloring Bg: If b, < 2k + 1, then we use b, different colors from
{1,2,---,2k + 1} to color each edge of Bg, respectively. If b, > 2k + 1, then we first use
colors 1,2, -+, 2k+1 to color any 2k+1 edges of B, respectively, then we use by —(2k+1)

fresh colors to color the remaining uncolored edges, respectively.

In the following we claim that G[D*~1] is rainbow connected. For any two vertices z,y €
D, we know that z,y is rainbow connected. For z € D*1\ D,y € D¥, as x is in an
eager DF-ear P, let PN D* = y;. In D*, there exists a rainbow path connecting v, y;.
For # € D*'\ Dy,y € B, we know that x is in an evenly eager D* ear P. If the bridge
yy1 € Br(y1 € D¥) is colored by ¢, which is also in P, then we choose the segment (which



does not contain the color ¢,) connecting = to D¥. If the bridge yy; € Bg, (y1 € D*) is
colored by ¢, which is not in P, then we arbitrarily choose a segment of P connecting x

to D¥, we can also find a & — y rainbow path.

For x € D* '\ Dy,y € D*'\ Dy, since x and y are both in evenly colored eager DF-
ears, let * € P,y € Q, P,Q are evenly colored eager D*-ears. If P = @, then z,y is
rainbow connected. Hence we may assume P # Q). Let P = xoxy -+ 2(2)Tip1 - - Tp, Q =

You1 - - Yj(yY)Yjs1 - - - yg- We distinguish two cases to show that x,y is rainbow connected.
Case 1: P and @ are internally disjoint.

We assume that zozq, - - - ) L1 and yoy, - - - »Yrg) are colored by the colors from {1,2,3, - -
k + 1}, respectively. The other three coloring cases can be discussed in a similar way. We

distinguish four subcases to demonstrate that there is an z — y rainbow path.
Subcase 1.1: i < 5], j > [2].

We join z = x;x;_1 - - - Tg to the zo—y, rainbow path in G[D*] followed by y,y,—1 - - y; = y.
As the edges of © = x;z;_ - - - ¥y are colored by the colors from {1,2, .-, k+1}, the edges
of YgYq—1---y; = y are colored by the colors from {2k + 1,2k, -,k + 2}. Hence it is an

x — y rainbow path.
Subcase 1.2: i > 2], j < [2].

We join y = y;y;-1 - - Yo to the yo—x, rainbow path in G[D¥] followed by z,z,,_1 - - - x; = x.

It is also an # — y rainbow path.
Subcase 1.3: i < [£], 7 < [2].

If i < j, we join x = x;w;, -2 to the zy — y, rainbow path in G[DF] followed by
YgYg—1--Y; = y. As the edges of v = z;x;_1 -2 are colored by ¢,¢ —1,---,1, the
edges of y,y,—1---y; = y are colored by the colors 2k + 1,2k,---,j. It isan z —y
rainbow path. If i > j, we join y = y;y;_1- Yo to the yo — x, rainbow path in G[D*]
followed by z,2,_1---x; = x. As the edges of y = y;y;_1---yo are colored by the colors
{j,7—1,---,1}, the edges of x,x,_1 - - - ; = x are colored by the colors {2k+1, 2k, - - - , i},

it is also an « — y rainbow path.
Subcase 1.4: i > [£], j > [1].

If p—i < q—j, then we join z = x;x;4; -1, to the z, — yo rainbow path in G[D¥]
followed by yoy1,---,y; = y. lf p—1i > g —j, we join y = y;y;41---yq to the y, — x9
rainbow path in G[D*] followed by xx - - -2; = x. So we find an x — y rainbow path.

Case 2: P and (@) are internally joint.

According to the construction and the coloring of D*~!, we may assume that P C D;,,



Q C D,,, and i3 > iy, x; is the first internal vertex of P in Q. If x,x,_1 - 2112 =

YqYq—1 - * * Y1y, then the case is similar to Case 1 in essence. So we may assume ,T,_1 - - - L4120 =

YoY1, -+, Yp—1- We also distinguish four subcases to show that there is an  — y rainbow
path.
Without loss of generality, assume that the edges of yoy; - - -yg1 are colored by 1,2, - - -, [4].

According to the coloring of D¥~1 the edges of z,x, 1 - - -x|z| are also colored by the col-
ors from {1,2,---,k + 1}, and the edges of zoz; - -x[p) are colored by the colors from
{2k + 1,2k, -+ |k + 2}.

Subcase 2.1: i < 5], j > [1].

If i < q— j, then we join x = z;x;_; - - - 29 to the 2y — yo rainbow path in G[D*] followed
by yoyi---y; =y. If i > ¢ — 7, then we join y = y;y;41 - - -y, to the y, — z, rainbow path
in G[D*] followed by x,x, ;- x; = . We find the required x — y rainbow path.

Subcase 2.2: i > |£], j < [1].

If p—i < j, then we join z = x;w;, -+ -1, to the x, — y, rainbow path in G[D¥] with
Yg¥g—1---Y; = y. lfp—1> 7, we join y = y;y;—1---yo to the yp — x¢ rainbow path in
G|[D¥] followed by oy - - -x; = x. We also find the required 2 — y rainbow path.

Subcase 2.3: i < [£], 7 < [2].
we join © = x;x;_1 - - - xg to the xy — yg rainbow path in G[Dk] followed by yoy1 - --y; = y.
Subcase 2.4: i > |L], j > |1].
We join x = x;x;41 - - - T, to the z,—y, rainbow path in G[D¥] followed by y,y,—1- - y; = y.

Hence, for any two vertices z,y € D*~1\ Dy, there is rainbow path connecting x and y.
Thus, we have constructed a connected D*~! from D* and rc(G[D*']) < rce(G[D*]) +
max{2k + 1, by }.

Hitherto, the proof of Theorem 1 has been completed. |
The proof of Theorem 2:

Let u be the center of G, and set D" = {u}. Then D" is an r-step dominating set of G, and
rc(G[D"]) = 0. By making use of Theorem 1, we may construct D"~!, D"=2 ... D? D!
such that D" c D' c D"2...c D' C D° = V(@), and we have

re(G[D"Y) < re(G[D"]) + max{2r + 1,b,}

re(G[D"?)) < re(G[D™ 1) + max{2(r — 1)+ 1,b,_1}

re(G[D]) < re(G[DY) + max{2 + 1,b;}
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where r¢(G[D]) = re(G), for 1 < i < r, b; is the number of bridges in E(D’, N(D")).
Thus we get that r¢(G) < re(G[D"]) + >i_  max{2i + 1,b;} = >_;_ max{2i + 1,b;}.

This completes the proof of Theorem 2. |

By Claim 3, the subgraph G[D*~!\ D?]] has no bridges. Hence we immediately obtain
the following corollary.

Corollary 1 The number of bridges of G is equal to >, b;.
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