arXiv:1201.5707v2 [math.CO] 13 Nov 2013

Hamiltonicity of 3-arc graphs
Guangjun Xu and Sanming Zhou

Department of Mathematics and Statistics
The University of Melbourne
Parkville, VIC 3010, Australia

E-mail: {gz, smzhou} @ms.unimelb.edu.au

November 18, 2018

Abstract

An arc of a graph is an oriented edge and a 3-arc is a 4-tuple (v,u,z,y) of vertices
such that both (v,u,z) and (u,x,y) are paths of length two. The 3-arc graph of a graph
G is defined to have vertices the arcs of G such that two arcs wv,zy are adjacent if and
only if (v,u,x,y) is a 3-arc of G. We prove that any connected 3-arc graph is hamiltonian,
and all iterative 3-arc graphs of any connected graph of minimum degree at least three are
hamiltonian. As a corollary we obtain that any vertex-transitive graph which is isomorphic
to the 3-arc graph of a connected arc-transitive graph of degree at least three must be
hamiltonian. This confirms the conjecture, for this family of vertex-transitive graphs, that
all vertex-transitive graphs with finitely many exceptions are hamiltonian. We also prove
that if a graph with at least four vertices is Hamilton-connected, then so are its iterative
3-arc graphs.

Key words: 3-Arc graph, Hamilton cycle, Hamiltonian graph, Hamilton-connected graph,
Vertex-transitive graph

1 Introduction

A path or cycle which contains every vertex of a graph is called a Hamilton path or Hamilton
cycle of the graph. A graph is hamiltonian if it contains a Hamilton cycle, and is Hamilton-
connected if any two vertices are connected by a Hamilton path. The hamiltonian problem, that
of determining when a graph is hamiltonian, is a classical problem in graph theory with a long
history. The reader is referred to [3], [4, Chapter 18], [8, Chapter 10] and [I0] for results on
Hamiltonicity of graphs.

In this paper we present a large family of hamiltonian graphs. Such graphs are defined by
means of a graph operator, called the 3-arc graph construction, which bears some similarities
with the line graph operator. This construction was first introduced in [17},24] in studying a fam-
ily of arc-transitive graphs whose automorphism group contains a subgroup acting imprimitively
on the vertex set. (A graph is arc-transitive if its automorphism group is transitive on the set
of oriented edges.) It was used in classifying or characterizing certain families of arc-transitive
graphs [9, 12, (17, (T8, 23} [25].

All graphs in this paper are finite and undirected without loops. We use the term multigraph
when parallel edges are allowed. An arc of a graph G = (V(G), E(G)) is an ordered pair of
adjacent vertices, or equivalently an oriented edge. For adjacent vertices u,v of G, we use uv to
denote the arc from u to v, vu (# uwv) the arc from v to u, and {u, v} the edge between u and
v. A 3-arc of G is a 4-tuple of vertices (v, u,z,y), possibly with v = y, such that both (v,u,x)
and (u,z,y) are paths of G.

Notation: We follow [4] for graph-theoretic terminology and notation. The degree of a
vertex v in a graph G is denoted by d(v), and the minimum degree of G is denoted by 0(G).
The set of arcs of G with tail v is denoted by A(v), and the set of arcs of G is denoted by A(G).
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The general 3-arc construction [I7, 24] involves a self-paired subset of the set of 3-arcs of a
graph. The following definition is obtained by choosing this subset to be the set of all 3-arcs of
the graph.

Definition 1 Let G be a graph. The 3-arc graph of G, denoted by X (G), is defined to have
vertex set A(G) such that two vertices corresponding to two arcs uv and xy are adjacent if and
only if (v, u,z,y) is a 3-arc of G.

It is clear that X (G) is an undirected graph with 2[E(G)| vertices and 3 ¢, 1 ep(e(d(u) —
1)(d(v)—1) edges. We can obtain X (G) from the line graph L(G) of G by the following operations
[14]: split each vertex {u,v} of L(G) into two vertices, namely uv and vu; for any two vertices
{u,v}, {x,y} of L(G) that are distance two apart in L(G), say, u and x are adjacent in G, join uv
and xy by an edge. On the other hand, the quotient graph of X (G) with respect to the partition
P = {{uv,vu} : {u,v} € E(G)} of A(G) is isomorphic to the graph obtained from the square of
L(G) by deleting the edges of L(G). The reader is referred to [14, [I3], 2] respectively for results
on the diameter and connectivity, the independence, domination and chromatic numbers, and
the edge-connectivity and restricted edge-connectivity of 3-arc graphs.

The following is the first main result in this paper.

Theorem 1 Let G be a graph without isolated vertices. The 3-arc graph of G is hamiltonian if
and only if

(a) 6(G) = 2;
(b) no two degree-two vertices of G are adjacent; and

(c) the subgraph obtained from G by deleting all degree-two vertices is connected.

We remark that Theorem [l can not be obtained from known results on the hamiltonicity
of line graphs, though X(G) and L(G) are closely related as mentioned above. As a matter of
fact, even if L(G) is hamiltonian, X (G) is not necessarily hamiltonian, as witnessed by stars
Ky with t > 3.

We define the iterative 3-arc graphs of G by

XHG) =X(@), XTHG) = X(XY(@Q)), i>1.
Theorem [I] together with [14, Theorem 2] implies the following result.

Theorem 2 (a) A 3-arc graph is hamiltonian if and only if it is connected.

(b) If G is a connected graph with 6(G) > 3, then X(G) is hamiltonian for every integer
1> 1.

We will prove Theorems [ and Rlin Section Bl In Section @ we will prove the following result.

Theorem 3 Let G be a 2-edge connected graph with §(G) > 3. If G contains a path of odd
length between any two distinct vertices, then its 3-arc graph is Hamilton-connected.

A basic strategy in the proof of Theorems [Il and Bl is to find an Eulerian tour or an open
Eulerian trail in a properly defined multigraph that produces the required Hamilton cycle or
path. This is similar to the observation [5] that an Eulerian tour of a graph produces a Hamilton
cycle of its line graph.

Theorem [3] implies the following result.

Theorem 4 If a graph G with at least four vertices is Hamilton-connected, then so are its
iterative S-arc graphs X'(G), i > 1.



Given vertex-disjoint graphs G and H, the join G V H of them is the graph with vertex set
V(G)UV(H) and edge set E(G)U E(H) U {{u,v} :u € V(G),v € V(H)}. Theorem [ implies

the following result.

Corollary 5 Let G and H be graphs such that max{d6(G),0(H)} > 2. Then X(G V H) is
Hamilton-connected.

In the case when G has a large order but small maximum degree, X (G) has a large order but
relatively small maximum degree. In this case the Hamiltonicity of X (G) may not be derived
from known sufficient conditions for Hamilton cycles such as the degree conditions in the classical
Dirac’s or Ore’s Theorem (see [3], 4], 8, [10]).

In spirit, Theorems [I] and @] are parallel to the well-known conjecture of Thomassen [20]
which asserts that every 4-connected line graph is hamiltonian. This conjecture is still open;
see [0 [10], IT], 16l 22]. In contrast, Theorem [I] solves the hamiltonian problem for 3-arc graphs
completely.

A well-known conjecture due to Lovész, formulated by Thomassen [2I], asserts that all
connected vertex-transitive graphs, with finitely many exceptions, are hamiltonian. Since the 3-
arc graph of an arc-transitive graph is vertex-transitive, Theorem 2 implies the following result,
which confirms this conjecture for a large family of vertex-transitive graphs. (The family of
arc-transitive graphs is large from a group-theoretic point of view [19].)

Corollary 6 If a vertex-transitive graph is isomorphic to the 3-arc graph of a connected arc-
transitive graph of degree at least three, then it is hamiltonian.

The Lovész conjecture has been confirmed for several families of vertex-transitive graphs
[15], including connected vertex-transitive graphs of order kp, where k < 4, (except for the
Petersen graph and the Coxeter graph) of order p/, where j < 4, and of order 2p?, where p is
prime, and some families of Cayley graphs. Tools from group theory were used in the proof of
almost all these results. Corollary [0l has a different flavour and its proof does not rely on group
theory.

There has also been considerable interest on Hamilton-connectedness of vertex-transitive
graphs. Theorem M implies that if a vertex-transitive graph (with at least four vertices) is
Hamilton-connected, then so are its iterative 3-arc graphs. For example, it is known that
every connected non-bipartite Cayley graph of degree at least three on a finite abelian group
[7] or a Hamiltonian group [I] is Hamilton-connected. (A finite non-abelian group in which
every subgroup is normal is called a Hamiltonian group.) From this and Theorem Ml we know
immediately that all iterative 3-arc graphs of such a Cayley graph are also Hamilton-connected.

2 Preliminaries

Let G* be a multigraph. A walk in G* of length [ is a sequence vy, e1,v1, ...,v_1, €, v, whose
terms are alternately vertices and edges of G* (not necessarily distinct), such that v;_; and v; are
the end-vertices of e;, 1 <17 <1[. A walk is closed if its initial and terminal vertices are identical,
is a trail if all its edges are distinct, and is a path if all its vertices are distinct. Often we present
a trail by listing its sequence of vertices only, with the understanding that the edges used are
distinct. A trail that traverses every edge of G* is called an Eulerian trail of G*, and a closed
Eulerian trail is called an Fulerian tour. A multigraph is Fulerian if it admits an Eulerian tour.
It is well known that a multigraph is Eulerian if and only if all its vertices have even degrees.
A 2-trail of G* is a trail of length two (and so is a path or cycle of length two). We call a
2-trail (u,z,v) with mid-vertex z a visit to x (if w = v, then (u,x,u) is thought as entering and
leaving z on parallel edges). When there is no need to make distinction between (u,z,v) and
(v,x,u), or the orientation of the visit is unknown, we write [u,z,v]. Two visits (u,z,v) and
(u',x,v") are called twin wvisits if {u,v} = {u/,v'} and the four edges involved are distinct. In



particular, when v = v, two twin visits (u,z,u) and (u,z,u) use four parallel edges between u
and x.

Denote by E*(x) the set of edges of G* incident with x € V(G*), and d*(z) = |E*(x)| the
degree of x in G*. In the case when d*(x) is even, a decomposition of E*(z) into a set of visits to
x is called a wisit-decomposition of E*(x) (at z). In this definition the orientations of the visits
in the decomposition are not important in our subsequent discussion. So we may view each visit
(u,z,v) in such a visit-decomposition as a non-oriented path (if u # v) or cycle (if u = v) of
length two. As an example, if E*(x) = {{z,y},{z,y},{z, 2}, {z, 2}}, where {z,y} and {z,y}
are viewed as distinct edges between x and y, then both {[y, x,y], [z, z, 2]} and {[y, z, 2], [y, =, 2|}
are visit-decompositions of E*(x).

Definition 2 Given a visit-decomposition J(z) of E*(x), define H(x) to be the bipartite graph
with vertex bipartition {J(x), A(x)} such that p € J(x) and zy € A(x) are adjacent if and only
if y is not in p, where A(x) is the set of arcs of the underlying simple graph of G* with tail x.

We emphasize that H(x) relies on J(z). One can verify the following result by using Hall’s
marriage theorem.

Lemma 7 Suppose x is a vertex of G* such that d*(x) > 6 is even and either x is joined to every
neighbour of x by exactly two parallel edges, or x is joined to one of its neighbours by exactly
three parallel edges, another neighbour by a single edge, and each of the remaining neighbours by
exactly two parallel edges. Let J(x) be a wvisit-decomposition of E*(x). Then the bipartite graph
H(x) with respect to J(x) has no perfect matchings if and only if d*(x) = 6 and J(x) contains
two twin visits.

Proof We have |J(z)| = |A(x)| = d*(z)/2 and 6(H(x)) > (d*(z)/2) —2 > 1. One can show
that, if d*(z) > 8, then the neighbourhood Np(,)(S) in H(z) of each S C J(z) has size at least
|S|. Thus, by Hall’s marriage theorem, H(x) has a perfect matching when d*(x) > 8.

Suppose H(z) has no perfect matchings, so that d*(z) = 6 and |J(z)| = |A(z)| = 3. Then
there exists S C J(z) such that [N, (S)| < [S|. This implies |S| = 2 and so [Ng,)(S)| < 1.
Denote S = {(u,x,v), (y,z,2)}, where u,v,y,z € N(z) (the neighbourhood of z in G*). Then
Ny (S) = (A(x)—{zu, vo})U(A(x) —{zy, 22}) = A(x)—({2u, vv}n{ry,v2}). Since [N (z)| = 3
and [Ny, (S)] < 1, it follows that {u,v} = {y, 2}, and therefore (u,z,v) and (y,, z) are twin
visits.

Conversely, if d*(z) = 6 and J(z) contains twin visits, then H(z) consists of two paths of
length two and hence has no perfect matchings. O

Definition 3 Let C : vy, e1,v1,€2,V9,...,0_2,€1_1,V_1, €1, v be an Bulerian trail of G*, pos-
sibly with vy = vg. The visit (vi—1,v;,vi41) to v; is said to be induced by C, 1 <i <Il—1. In
addition, if C is an Eulerian tour, then (v;_1,vo,v1) is also a visit to vy induced by C.

Denote by C(z) the set of visits to v € V(G*) induced by C'.

Define Ho(x) to be the bipartite graph at x as defined in Definition [2 with respect to the
visit-decomposition C(x) of E*(x). (We leave Ho(vo) and He(vy) undefined if C' is an open
Eulerian trail.)

Note that a vertex may be visited several times by C' because the vertices on C' may be
repeated. Indeed, C(z) is a visit-decomposition of E*(z) for all vertices x, except vy and v;
when vg # ;.

Definition 4 Let C' be an Eulerian tour of G* and J(z) a visit-decomposition of E*(x). We
say that C is compatible with J(x), written C(x) < J(x), if for every (a,x,b) € J(x), either
(a,z,b) € C(x) or (b,x,a) € C(x).
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Figure 1: (a) Bow-tie operation; (b) Concatenation operation.

Definition 5 Let C be a trail of G* with length at least four. Let (z1,x,%2), (x3, z,24) € C(x)
be distinct visits, so that C' can be expressed as

R P Q
—— —_— e N
C:a,...,x1,€e1,x,69,%0,...,23,€3,X,€4,T4,...,b,
possibly with a = b.
Define
R P- Q
C L —— -1 m/m—"— -1 ﬁ
((z1, 2, 22), (x3,2,24)) 1 @, ..., 21, €1,%, €5 ,T3,...,22,€5 ,T,€4,T4,...,

where P~ is the trail obtained from P by reversing its direction, and 62_1 and egl are the same
edges as es and es but with reversed orientations, respectively. (See Figure[d (a).)

We call C — C((z1,x,22), (x3,2,24)) the bow-tie operation on C with respect to (x1,x,x2)
and (x3,x,14).

Definition 6 Let

P Q
— —
Cl r1,€1,T,62,T2,...,T1; C2 P L3,€63,T,€4,T4y...,L3.

be edge-disjoint closed trails of G* with x as a common vertex. Define

Q! P
1 -1 —/m"—— 1 —
C":xy,e1,m,e5 ,73,...,24,€5 ,T,€2,T2,...,27 -

We call (Cy1,Cy) — C* the concatenation operation with respect to (Cy, Cs, (z1, %, T2), (v3,2,14)).
(See Figure[d (b).)

Remark 1 Some of x1,x9, 23,24 or even all of them in Definitions[d and [l are allowed to be
the same vertex. Each of P,Q (and R in Definition[l) may visit some of x,x1,x9,x3, x4 several
times, and they may have common vertices.

In each operation above, the visits (x1,x,x2), (x3,x,x4) are replaced by (x1,x,x3), (x4, 2, T2),
respectively. All other visits induced by C (in Definition [A) or Cy U Cy (in Definition [@) are
retained or with orientation reversed.

In Definition [@, C' is a closed trail which covers every edge covered by Cy and Co. In
particular, if C1 and Cy collectively cover all edges of G*, then C' is an Eulerian tour of G*.

3 Proof of Theorems [ and

Proof of Theorem [ Denote by S; the set of vertices of G with degree i, for i > 1.



Suppose that G has no isolated vertices and X (G) is hamiltonian. We show that (a), (b)
and (c) hold. Note first that if G has a degree-one vertex, then the unique arc emanating
from it gives rise to an isolated vertex of X(G). Similarly, if x,y € Sy are adjacent, say,
N(z) ={u,y}, N(y) = {x,v}, then the edge of X(G) between zu and yv is an isolated edge no
matter whether u # v or not. Since X(G) is assumed to be hamiltonian, it follows that G is
connected with 6(G) > 2 and S is an independent set of G.

It remains to prove that G — S5 is connected. Suppose otherwise. Then we can choose a
minimal subset S of Sy such that G — S is disconnected. Note that S # () as G is connected.
Let H be a component of G — S. The minimality of S implies that each vertex of S has exactly
one neighbour in V(H), and each vertex of Sy with both neighours in H (if such a vertex exists)
is contained in V(H). Denote by A; the set of arcs of G with tails in S and heads outside of
V(H). Denote by Ay the set of arcs of G with tails in V(H) (and heads in V(H) or S). One
can verify that the subgraph of X(G) induced by A; U Aj is a connected component of X (G).
Since there are arcs of G not in A; U Ay, it follows that X (G) is disconnected, contradicting our
assumption. Hence G — Sy is connected.

Suppose that G satisfies (a), (b) and (c¢). We aim to prove that X (G) is hamiltonian. Note
that G is connected by (c). Let G* be the multigraph obtained from G by doubling each edge.
Then the degree d*(v) = 2d(v) of each v € V(G) in G* is even. Hence G* is Eulerian. We will
prove the existence of an Eulerian tour of G* such that the corresponding bipartite graph (see
Definition B]) at each vertex has a perfect matching. We will then exploit such an Eulerian tour
to construct a Hamilton cycle of X(G).

We claim first that there exists an Eulerian tour C' of G* such that

if v € Sy with N(v) = {u,w}, then C(v) < {(u,v,u), (w,v,w)}. (1)

To construct such an Eulerian tour, we can start from any vertex and travel as far as possible
without repeating any edge such that, whenever the tour reaches a vertex of So, it returns to
the previous vertex immediately. Since G — S9 is connected, an Eulerian tour C of G* satisfying
(1) can be constructed this way. Note that G* — Sy is Eulerian because it is connected and all
its vertices have even degrees.

For an Eulerian tour C' of G* satisfying (), let Z(C') denote the set of vertices = such that
Hc(z) has no perfect matchings. Since for every x € Sy, Ho(z) = 2K is a perfect matching,
by Lemma [7] we have Z(C) C Ss.

Now we choose an Eulerian tour C' of G* satisfying (Il) such that |Z(C)| is minimum. We
claim that Z(C') = (). Suppose otherwise. Then by Lemmal[ll C(x) contains twin visits for each
x € Z(C). Denote N(z) = {x1,x9, 23} for a fixed x € Z(C), and assume without loss of gen-
erality that C(z) = {(x1,2,22), (21,2,22), (x3,2,23)}. Denote C" = C((x1,x,x2), (x3,7,13)).
Then C’ is an Eulerian tour of G* and C'(x) = {(z1,x,x2), (x1, 2, 23), (x2,2,23)}. One can see
that Hee(x) is a perfect matching of three edges, and Her(y) is isomorphic to He(y) for each
y # x. Thus Z(C") is a proper subset of Z(C'), and moreover () is respected by C”" at every
v € Sy. Since this contradicts the choice of C', we conclude that Z(C) = 0; that is, Ho(v) has a
perfect matching for each v € V(G).

Let C be a fixed Eulerian tour of G* satisfying (Il) such that Z(C) = (). Let us fix a perfect
matching of Heo(v) for each v € V(G). Every traverse of C' to v corresponds to a visit to v,
say, (u,v,w), and in the chosen perfect matching of Ho(v), (u,v,w) is matched to an arc of
A(v) other than vu and vw. Denote this arc by ¢(u,v,w). Then for any two consecutive visits
(u,v,w), (v,w,z) induced by C (that is, (u,v,w,z) is a segment of C'), ¢(u, v, w) and ¢(v,w, x)
are adjacent in X (G). Since C'is an Eulerian tour of G* and a perfect matching of each H¢(v)
is used, every arc of G is of the form ¢(u,v,w) for some segment (u,v,w) of C. Therefore, if,
say, C = (u,v,w,2,y,...,a,b,c,u), then the sequence

qs(u? U, w)’ ¢(U’ w? x)’ ¢(w? x? y)? et ¢(a" b? C)? ¢(b? C’ u)? ¢(C? u? /U)’ ¢(u’ U, w)

of arcs of G gives rise to a Hamilton cycle of X (G). O



We illustrate the proof above by the following example.

Example 1 Since the Petersen graph PG (see Figure[d) satisfies the conditions in Theorem [,
its 3-arc graph X (PQ) is hamiltonian. Let

C :a1,a2,a3,a4,as5,a1,b1,b4,b2,b5,b3,01,a1,a2,bs,
bs, a5, a4, ba, ba, a2, a3,bs,b1,bs,a4,a3,b3,b5,a5,a;.

Then C' is an Eulerian tour of the multigraph PG obtained from PG by doubling each edge.
One can verify that at each a; or by, Ho(a;) or Ho(b;) has a perfect matching. In Hco(ag) the
‘ertex’ (a1, az,as) is matched to the ‘vertexr’ asby, and in Hc(ag), (ag,as,ay) is matched to
asbs, and so on. Continuing, one can verify that C gives rise to the following Hamilton cycle of

X(PG):

aoba, azbs, asbs, asbs, ajaz, b1bs, byay, baas, bsas, bsas, b1by, aras, azas, babs, bsbs,
asai, asa3, byby, babs, asay, azay, bsbs, biar, baba, asas, azas, bsby, bsba, asas, a1by, azbs.

start

Figure 2: An Eulerian tour of PG* which produces a Hamilton cycle of the 3-arc graph of the
Petersen graph PG.

Proof of Theorem [2] (a) Let G be a graph. Define G to be the graph obtained from G by
replacing each degree-two vertex v by a pair of nonadjacent vertices each joining to exactly one
neighbour of v in G. In [I4] Theorem 2] it is proved that, if §(G) > 2, then X (G) is connected
if and only if G is connected. One can verify that d(G) > 2 and G is connected if and only
if (a), (b) and (c) in Theorem [ hold. Thus, by Theorem [] if X (G) is connected, then it is
hamiltonian. The converse of this statement is obvious.

(b) If G is connected with §(G) > 3, then G = G and so X (G) is connected by [14, Theorem
2]. Hence, by (a), X(G) is hamiltonian. Since §(G) > 3, we have 6(X(G)) > 3. Thus, by
applying (a) to X(G), we see that X?(G) is hamiltonian. Continuing, by induction we can
prove that X?(G) is hamiltonian for every i > 1. O

4 Proof of Theorems 3 and M

Let us first introduce an operation that will be used in the proof of Theorem Bl Let G* be an
Eulerian multigraph and C' an Eulerian tour of G*. Let (z1,x, z2) be a visit of C' to x. Write

T

—
C: 21,€1,,€2,22,...,%21,

where e; is the oriented edge from 2z to x, ey the oriented edge from x to zo, and T' the segment
of C from 29 to 21 covering all edges of G* except e; and es. Add two new vertices t,t to G* and



join them to x by edges e, ey, respectively, with orientation towards x. Denote the resultant
multigraph by G¢ (21,2, 22). Set

T
X ,—/ﬁ 1 /
W =We(z1,2,22) 1 t, e, ,e2,%2,...,21,€1,2,€, ,t.

Since C' is an Eulerian tour of G*, W is an open Eulerian trail of Gf.(21, x, 22). Denote by W (x)
the set of visits to x induced by W. As the first and last visits induced by W, (¢, e, z, e2, 22)
and (z1,e1,7,e,",t') are members of W(z). Note that xt,zt' ¢ A(z).

Definition 7 Define K¢(z1,x,22) to be the bipartite graph with bipartition {W (z), A(x)} such
that an arc in A(x) is adjacent to a visit p € W{(x) if and only if its head does not appear
in p. Denote by Lc(z1,x,22) the graph obtained from Ko (z1,x,29) by deleting the vertices
(t, e,z e9,29), (zl,el,x,et_,l,t’), rz1 and xz9.

To prove Theorem B, we need to prove that, for any two distinct arcs zy,uv of G, there
exists a Hamilton path of X (G) between xy and uwv. We will prove the existence of such a path
by constructing a specific Eulerian trail in a certain auxiliary multigraph G*. We treat the cases
r = u and x # u separately in the next two lemmas.

Lemma 8 Under the condition of Theorem [3, for any distinct arcs xy,zv € A(G) with the
same tail, there exists a Hamilton path of X(G) between xy and zv.

Proof By our assumption there exists a path in G of odd length connecting y and v. Let
Piy=uxzo,x1,22,...,0-1,2, =0

be a path in G between y and v with minimum possible odd length [ > 1. Denote Ey(P) =
{{Cﬂj,ijrl} |] :0,2,... ,l - 1} and El(P) = {{xj,ijrl} |] = 1,3,...,l —2}.

Case 1. = ¢ V(P). In this case let G* be obtained from G by doubling each edge of
E(G) - (E(P)U{{z,y}, {x,v}}) and tripling each edge of Ey(P).

Case 2. z € V(P). In this case we have [ > 3 and z = x; for some 1 <j <[—-1. If2<j <
[ —2, then since [ is odd, one of the two paths y,z1,...,2j_1,2,v and y, 2,241, .., 2;—1,v would
be a path of odd length connecting y and v that is shorter than P, contradicting the choice of
P. Therefore, either x = x1 or x = x;_1. Assume without loss of generality that 2 = x1. Define
G* to be the multigraph obtained from G by doubling each edge of E(G) — [(E(P) — {{z,y}})U
{{z,v}}] and tripling each edge of Ey(P) — {{z,y}}.

In each case above, d*(x) = 2d(z) — 2 and d*(z) = 2d(z) for every z # z, and hence G* is
Fulerian.

Set a = y in Case 1 and a = x5 in Case 2. By extending the 2-path a,x,v to an Eulerian
tour, we see that there are Eulerian tours of G* which pass through (a,x,v). Choose C to be
an Eulerian tour of G* with (a,z,v) € C(z) such that |Z(C)| is minimum, where Z(C') is the
set of vertices w # x of G* such that Ho(w) has no perfect matching.

Claim 1. Z(C) = 0; that is, Ho(w) has a perfect matching for every w # x.

Proof of Claim 1. We prove this by way of contradiction. Suppose Hco(w) has no perfect
matching for some w # x. By Lemmal[7] d*(w) = 6 and C(w) contains twin visits. Since w # z,
we have d(w) = 3 by the construction of G*. Denote N(w) = {w;,ws,w3}. In the case when
each of wy,ws and ws is joined to w by two parallel edges, we apply the bow-tie operation at
w with respect to one of the twin visits and the third visit of C'(w). Similar to the proof of
Theorem [I] for the resultant Eulerian tour C’ of G*, Her(w) has a perfect matching, and the
visit-decomposition at any other vertex is unchanged. Thus (a,z,v) € C'(x) and Z(C') is a
proper subset of Z(C'), contradicting the choice of C'.

It remains to consider the case where exactly one vertex of N (w) is joined to w by one, two or
three (parallel) edges, respectively. Without loss of generality we may assume that there is one



edge between w3 and w, two parallel edges between w1 and w, and three parallel edges between
wy and w. Then C(w) = {[wy,w, we], [w1,w,ws], [ws, w,ws]}. Reversing the orientation of C'
when necessary, we may assume (wy,w,ws) € C(w). Denote by eq, e3 the oriented parallel edges
from wy to w, by es, e4, eg the oriented parallel edges from w to wsy, and by e5 the oriented edge
from w to ws.

Case (a): C(w) = {(w1,w,ws), (w1, w,ws), [ws, w, ws]}. We may assume
C:wy,er,w, ez, wa, f,...,g, w1, e3, w,eq,wa, h,... kw.
Let
. —1 —1 —1 —1
C Pwy,e,w,e3 W1, g ""af , W2, €y ,w,e4,w2,h,...,kz,w1.

Then C” is an Eulerian tour of G* and C'(w) = { (w1, w,wy), (wa, w, ws), [ws, w, wy]}. Moreover,
Her(w) has a perfect matching which matches (wy, w, wy), (wa, w,ws), [ws, w, ws] to wws, wws,
wwy respectively.

Case (b): C(w) = {(w1, w,w2), (w2, w,w), w3, w,ws]}. We may assume
C:wi,er,w,ex,ws, f,... ,g,wg,ell,w,egl,wl,h, o kowy.
Denote
Cy wl,el,w,egl,wl,h, e kowy; Cy: wQ,GZI,w,eg,wg,f, cey g, We.

Note that each of Cy and Cs is a closed trail, and [w3, w, ws] is a segment of exactly one of C
and Ch.

In the case when (w3, w,ws) € C(w) and it is in Co, we first rewrite Cy to highlight the
position of (w3, w,wsy) in Cy:

! —1
Cy t w3, es ,w,eq,Wa, ..., Wws.
Applying the concatenation operation to (Cy,CY, (w1, w,wy), (ws, w,ws)) yields:
! —1 —1
C" rwy,er,w,e5, w3, ..., W, €65 ,W,e5 ,wi,h,... kw.

We have C'(w) = {(w1,w,ws), (we, w,w), [we, w,ws]}. Hence Hev(w) has a perfect matching
which matches (wy,w,ws), (w2, w,wy), [we, w,ws] to wwy, wws, ww; respectively.

In the case when (w3, w,ws) € C(w) and it is in C}, we first rewrite Cy to highlight the
position of [ws, w,ws] in Ci:

/- —1
C tws,es ,w,e6,Wa, ..., Wws.
Applying the concatenation operation to (Ca, Cf, (w2, w, ws), (w3, w,ws)) yields:
/- —1 -1
C" twa, ey, w,e5,W3, ..., W, €65 W, e, W2, f,...,q,Wa.

Since C'(w) = {(wa, w,ws3), (wa, w,ws), [wy,w, w1}, Her(w) has a perfect matching which matches
(we, w,ws), (we, w,ws), [wy,w,w] to wwy, wws, wwy respectively.

The remaining case when (we,w,ws) € C(w) can be dealt with similarly.

In all possibilities above we obtain a new Eulerian tour C’ of G* such that Her(w) has
a perfect matching whilst the visit-decomposition at any other vertex is unchanged. Thus
(a,z,v) € C'(z) and Z(C") is a proper subset of Z(C), contradicting the choice of C'. This
completes the proof of Claim 1.

Claim 2. There exists an Eulerian tour C* of G* together with a visit (u1,z,u2) € C*(x)
such that (i) He=(z) has a perfect matching for every z # z, and (ii) the bipartite graph
Ke+(up,x,u9) (as defined in Definition [7) has a perfect matching under which the first and last
visits induced by We(ug, z,ug) are matched to xy and zv resepctively.



Note that, for z # x, Ho+(z) = Hw(z), where W = Wes (ur, x, ua).

Proof of Claim 2. We will prove the existence of C* and (uy,x,us) € C*(x) based on C as
in Claim 1.

Case (a): G* was constructed in Case 1. Then (a,z,v) = (y,z,v) € C(x) and all edges of G
incident with = except {z,y} and {x,v} were doubled.

In the case when d(z) = 3, let z; be the neighbour of z in G other than y and v. One can
see that K¢(z1,x,21) has a perfect matching which matches (¢,z,21), (y,z,v), (21,z,t) to zy,
xz1, xv, respectively.

In the case when d(x) = 4, let z; and 29 be the neighbours of x in G other than y and v. Since
(y,x,v) € C(x), without loss of generality we may assume C(x) < {(z1,x, 21), (22, , 22), (v, z,v)}
or {(z1,2,22),[21,2, 22], (y,z,0v)}. If C(x) < {(21,2,21),(22,2,292), (y,x,v)}, then Kc(y,z,v)
has a perfect matching which matches (t,z,v), (21,2,21), (22,2, 22), (y,z,t') to xy, xz9, x21,
xv, respectively. In the case when C(x) < {(z1, 2, 22), [21, %, 22|, (y, z,v) }, by applying the bow-
tie operation at x with respect to ((z1,z, 22), (y,x,v)) we obtain a new Eulerian tour C’ =
C((z1,, 22), (y, z,v)) for which C'(z) = {[21,, 22|, (25, %, ¥), (25, x,v)}, where {j,7'} = {1,2}.
Without loss of generality we may assume C'(z) = {(z1, 2, 22), (25, %,v), (25, z,v)}. One can
see that K¢ (21, x, 22) contains a perfect matching which matches (¢, z, 22), (zj,2,y), (25, 2,v),
(zl,x,t’) to xy, xzj, x25, TV, respectively.

Assume d(x) > 5. If Lo(y, z,v) has a perfect matching, then adding the edges {(¢, z,v), zy},
{(y,z,t"),zv} to it yields a perfect matching of K¢ (y, z,v) which matches the first and last visits
of We(y, z,v) to zy, zv, respectively. Suppose that Lo (y, x, v) has no perfect matchings. Similar
to Lemma [, by using Hall’s marriage theorem we can prove that d(z) = 5 and C(z) contains
twin visits, say, [z1, z, zo]; that is, C(x) < {[z1, 7, 22], [21, ©, 22], |23, ©, 23], (y, z,v) }. Without loss
of generality we may assume (z1,z,29) € C(x). It is not hard to see that Ko (z1,z,22) has
a perfect matching which matches (t,z, 29), (21,%, 22), [23, 2, 23], (y,2,v), (21,2,t') to xy, xz3,
xz9, Tz1, TV, respectively.

Case (b): G* was constructed in Case 2. Then (x2,z,v) € C(z) and all edges of G incident
with = except {z,z2} and {x,v} were doubled.

In the case when d(z) = 3, we have C(z) < {(x2,z,v), (y,z,y)} and Kc(x2,2z,v) has a
perfect matching which matches (¢, z,v), (y,x,y), (x2,x,t") to xy, xze, 2V, respectively.

In the case when d(z) = 4, we have C(z) < {(x2,z,v),[21,2,¥],[21,2,y]} or C(z) <
{(z2,z,v)(21,2,21), (y,z,y)}, where z; is the neighbour of z other than y,v,xs. If C(z) <
{(z9,x,v),[21,2,y], [21,2,9]}, let (z1,2,y) € C(x), say. Then Kc(y,x,21) has a perfect match-
ing, namely (¢, x, 21), (z2, 2,v), [21,2,y], (y,z,t’) are matched to xy, 21, xx9, 2V, Tespectively. If
C(z) < {(z2,z,v)(21,2, 21), (y,2,9)}, then Kc(z1,x,21) has a perfect matching which matches
(t,z,21), (x2,2,0), (y,2,y), (21, 2,t) to zy,x21, T2, TV, TESPectively.

Assume d(x) > 5 hereafter. In the case when Lo (9, z,v) has a perfect matching, say, M, let
xy be matched to (wy,z,wy) by M, where wy,wy € N(x)—{x2,v,y}. Deleting {(w1,z,ws), zy}
from M and then adding {(w1,z,ws), zas}, {(t,z,v),zy} and {(z2,x,t"), xzv} yields a perfect
matching of K¢ (x2,2,v) satisfying (ii) in Claim 2.

Suppose L¢(x2,x,v) has no perfect matchings. Similar to Lemma [7, we can prove that
d(xz) = 5 and C(x) contains twin visits. Denote by 21,29 # y,v,z2 the other two neigh-
bours of x. Let (wy,z,wy) be one of the twin visits in C(z), where wy,ws € {y, 21,22}
are distinct, and let w3 denote the unique vertex in {y, 21,29} — {wy,wa}. Then C(z) <
{(z2, z,v), (w1, z,w3), w1, z,ws], (w3, z, ws)}. Since wy and we are distinct, one of them, say,
way, is not equal to y. Thus Ke(wi,z,ws) has a perfect matching which matches (¢, x,ws),
(x2,x,v), (w1, z, wa|, (w3, x,ws), (w1,x,t') to xy, Tws, W3, X2, TV, respectively.

Since H¢(z) has a perfect matching for every z # x, one can see that in all possibilities
above, condition (i) in Claim 2 is satisfied by the underlying Eulerian tour (which is C' or C”).
This proves Claim 2.

Choose an Eulerian tour C* : wy, z, wy, wa, ws, . .., w; of G* together with a visit (wy, z,wy) €
C*(x) satisfying the conditions of Claim 2. Then W = Wes (wy, z,w1) : t, @, w1, we, w3, . .., wj_1,w, T, t.
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Denote by ¢(t,z,wy) (¢(wy, x,t"), respectively) the arc of G with tail = that is matched to
(t,z,w1) ((wy,x,t), respectively) by a perfect matching of K+ (wy, 2, wq) satisfying (ii) in Claim
2. Let ¢(z,wy,ws) denote the arc matched to (x,w;,wy) in a perfect matching of He«(wq)
(= Hy(w)), and let ¢(wy,wa,ws), ..., ¢(w;_1,w;,x) be interpreted similarly. Conditions (i)
and (ii) in Claim 2 ensure that

xy = ¢(t, x,w1), p(z, w1, ws), plwy, we,w3), ..., d(w_1,w,x), dp(w, z,t') = zv

is a Hamilton path of X(G) connecting xy and zv. O

Lemma 9 Under the condition of Theorem [3, for distinct xy,uv € A(G) with x # wu, there
exists a Hamilton path of X (G) between xy and uv.

Proof We have five possibilities to consider: © = v and y = u; x,y,u,v are pairwise distinct;
r=wvandy # u; y=vand v # u; y = u and x # v. The following treatment covers all of
them.

By our assumption there exists a path of odd length connecting z and v in G. Let

P:x=uwxy,21,29,...,0/_1,2] = U (2)

be such a path with shortest (odd) length [ > 1. (It may happen that y = z; and/or v = 2;_1.)
Define G* to be the multigraph obtained from G by doubling each edge of G outside of P and
tripling each edge {x;,z;11} for j =1,3,...,0 — 2. Then d*(z) = 2d(z) — 1, d*(u) = 2d(u) — 1
and d*(z) = 2d(z) for z # z,u.

Let G}, (t,t') be the multigraph obtained from G* by adding two new vertices ¢,t' and
joining them to x,u respectively by a single edge. Then all vertices of G7, ,,(t, t') except t and ¢’
have even degrees in G ,(t,t'). Hence G, ,(t,t') has Eulerian trails connecting ¢ and #'.

Since §(G) > 3, we can choose 2’ to be a neighbour of x other than y and z1, and «’ a
neighbour of u other than v and x;_;. In addition, if d(z) = d(u) = 3, y = 1 and v = x;_1, say,
N(z) ={y,2’,z} and N(u) = {v,v/,w}, then we can choose 2’ and u' in such a way that the
edges {z, z} and {u,w} do not form an edge cut of G. In fact, if {{z, 2z}, {u,w}} is an edge cut
of G in this case, then since G is assumed to be 2-edge connected, G — {{z, z}, {u,w}} has two
connected components, say, Gy and G with z,w € V(Gy) and P in G7. Since 2’ is in G and
removal of {x, 2’} does not disconnect G, one can see that {{z,2'}, {u,w}} is not an edge-cut
of G. Thus interchanging the roles of 2’ and z produces the desired ' and u/. (In general, at
most one of z’ and ’ lies on P since P is a path between z and v with minimum odd length.)

With 2/ and «’ as above, let

P
W'tz 2 " u,t!
LT, T, T, T2, ey BT, Uy U, Uy L,

where P is the path given in (). Then W’ is a trail of G} ,,(¢,'). Let W be an Eulerian trail of
G . (t, ") obtained by extending W' to cover all edges of G}, ,(¢,t') while maintaining (¢, z,2")
and (u/,u,t’) as its first and last visits respectively. Such a trail W exists because removing the
four edges in (t,z,2') and (u',u,t") from G} ,(t,t") results in a connected multigraph with 2’ and
u’ as the only odd-degree vertices. In addition, if d(z) = 3 and y = x4, say, N(x) = {y, 2/, 2},
since {{x,z},{u,w}} is not an edge cut of G by our choices of 2’ and ', we can choose W
in such a way that (2/,2,21) is a visit induced by W; similarly, we can choose W such that
(v u, ;1) is a visit induced by W, if d(u) = 3 and v = x;_1, say, N(u) = {v,v/,w}. (Such
a W can be constructed as follows: extend W’ to an Eulerian trail of the multigraph obtained
by deleting the parallel edges between x and z and/or that between u and w, and then insert
the visits (z,x,2) and/or (w,u,w) to this trail.) In this way we obtain an Eulerian trail W of
G 4 (t, ") such that

(A) (t,z,2') and (v, u,t") are its first and last visits, respectively; and
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(B) if d(z) = 3 and y = x4, say, N(z) = {y,2/, 2z}, then (2/,z,21) € W(z); and, if d(u) = 3
and v = x;_1, say, N(u) = {v,v,w}, then (v/,u,z;_1) € W(z).

Similar to Claim 1, one can show that there exists an Eulerian trail of G7; ,(t,t'), denoted
by W hereafter, satisfying (A), (B) and

(C) Hw(z) has a perfect matching for every z € V(G) — {z, u}.
Note that [W(z)| = |A(z)| = d(z) for every z € V(G).

Claim 3. There exists an Eulerian trail W* of G ,(¢,t) such that (i) (t,,2") and (', u,t")
are its first and last visits, respectively; (ii) Hyy+(x) has a perfect matching under which (¢, x, 2)
is matched to zy; (iii) Hy+(u) has a perfect matching under which (v, u,t") is matched to uv;
and (iv) Hy+(z) has a perfect matching for every z € V(G) — {z,u}.

Proof of Claim 3. Let p = (t,x,2’) denote the first visit of W, and let Ly (z) = Hy (x) —
{p, zy} be the subgraph of Hyy(z) obtained by deleting vertices p and xy. For S C W (x) — {p},
denote by Ny, (,)(S) the neighbourhood of S in Ly (z).

Case (a): y # 1. If d(w) > 5, then [Ny (,)(S)| > |S] for any S, and so Ly (z) contains a
perfect matching by Hall’s marriage theorem.

Suppose d(z) = 4. Then [Ny, (2)(S)| > |S] for every S with |S| =1 or 3. Suppose |S| = 2
and 8 = {(a,2,b), (&, )}. Then Ny, (0)(S) = [(A(x) — {zy}) — {wa, 2b}] U [(A(x) — {zy}) —
{zd',xb'}] = [(A(x) — {zy})] — {zd, 2b'} N {za,xb}). Thus, if [{zd’, 20’} N {za,zb}| <1, then
INLy @) (S)] > [S|. If {zd, 2t} N {za, zb}| = 2, then {a,b} = {a,V'} and {2, 21} N {a,b} =0,
which implies y € {a,b} and [Ny (,)(S)| = [(A(x) — {za,xb}| = 2. Hence Ly () contains a
perfect matching by Hall’s theorem.

Suppose d(z) = 3. Then W(x) = {p, («/, z,y), (y,z,21)} or W(z) = {p, (2', 2, 21), (y,2,9)}.
In the former case Ly (x) clearly has a perfect matching. In the latter case, apply the bow-tie
operation to W with respect to (2/,z,z1) and (y,z,y) to obtain a new Eulerian trail W} such
that Ly, (z) has a perfect matching.

Case (b): y = zy. Similar to Case (a), if d(x) > 5, then Ly (z) has a perfect matching. If
d(z) =4, let N(z) = {', 21,21, 22}. Then [Ny, (5)(S)| > |S| unless S = {(21, 7, 22), [21, 7, 22] }.
In this exceptional case, W(x) = {p, (¢/,z, 1), (21, %, 22), 21, %, 22|}, and we apply the bow-tie
operation to W with respect to (z/,z,x1) and (21, x, 22) to obtain a new Eulerian trail Wy. One
can show that Ly, (z) has a perfect matching.

If d(z) = 3, let N(x) = {a',21,2}. By (B), (2/,z,21) is a visit to x induced by W. Hence
W(z) = {p, (2’ ,x,21),(z,2,2)} and Ly (z) has a perfect matching.

So far we have proved that there exists an Eulerian trail Wy of G ,(¢,t') (which is either W
or Wp) satisfying (A) such that Ly, (z) has a perfect matching. This matching together with the
edge between (¢, x,2’) and xy is a perfect matching of Hyy, (x). Moreover, since W satisfies (C),
from the proof above one can see that W satisfies (C) as well. If Hyy, (u) has a perfect matching
which matches (u/,u,t’") to uv, then set W* = W; and we are done. Otherwise, beginning with
Wi and using similar arguments as above, we can construct an Eulerian trail W* of G} ,,(t,t)
satisfying all requirements in Claim 3. This completes the proof of Claim 3.

Similar to the proof of Lemma[8, we can show that the Eulerian trail W* in Claim 3 produces

a Hamilton path in X (G) connecting zy and wv. O
Proof of Theorem [3] This follows from Lemmas [} and @ immediately. O

In the proof of Theorem M we will use the following lemma which may be known in the
literature. We give its proof since we are unable to allocate a reference.

Lemma 10 In any Hamilton-connected graph with at least four vertices, there exists a path of
odd length connecting any two distinct vertices.
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Proof Let G be such a graph. Then for any distinct u,v € V(G) there exists a Hamilton path
P:u=ux,x1,22,...,Tn-1,%, = v, where n = |[V(G)| — 1. It suffices to consider the case when
n is even. Denote A = {xp,z2,...,2,} and B = {z1,x3,..., 251} Since {4, B} is a partition
of V(@) and any bipartite graph other than K5 is not Hamilton-connected, there exist adjacent
vertices x;, x; both in A or B, where j > i + 2. Thus xo,Z1,...,%Ti—1, %, Tj, Tjq1,..., Ty 1S
path of odd length between u and v. O

Proof of Theorem [ It can be verified that any Hamilton-connected graph with at least
four vertices is 2-edge connected and has minimum degree at least three. Hence Theorem [3] and
Lemma together imply that the 3-arc graph of such a graph is Hamilton-connected (with
more than four vertices). Applying this iteratively, we obtain Theorem @l O
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