arXiv:1310.7085v1 [math.CO] 26 Oct 2013

GENERALIZED WREATH PRODUCTS OF GRAPHS AND GROUPS

ALFREDO DONNO

ABSTRACT. Inspired by the definition of generalized wreath product of permutation
groups, we define the generalized wreath product of graphs, containing the classical
Cartesian and wreath product of graphs as particular cases. We prove that the gen-
eralized wreath product of Cayley graphs of finite groups is the Cayley graph of the
generalized wreath product of the corresponding groups.

Mathematics Subject Classification (2010): 05C76, 20B25, 20E22.

1. INTRODUCTION

The idea of constructing new graphs starting from smaller component graphs is very
natural. Products of graphs were widely studied in the literature for their theoretical
interest in Combinatorics, Probability, Harmonic Analysis, but also for their practical
applications. Standard products include the Cartesian product, direct product, strong
product, lexicographic product [12} 16 7] (see also the beautiful handbook [10]). In
[15], the zig-zag product was introduced in order to produce constant-degree expanders
of arbitrary size (see the surveys [I1], [14] for definition, properties and further references
on expander graphs). The zig-zag product and the simpler replacement product play also
an important role in Geometric Group Theory, since it turns out that, when applied to
Cayley graphs of two finite groups, they provide the Cayley graph of the semidirect prod-
uct of these groups [1I, 8 [Tl 3], with a suitable choice of the corresponding generating
sets. An analogous result holds for the classical wreath product of graphs (Theorem 2]
Section [2).

Inspired by the paper [2], where the definition of generalized wreath product of permu-
tation groups is given as a generalization of the classical direct and wreath product of
permutation groups, we define the generalized wreath product of graphs (note that in [9]
a different notion of generalized wreath product of graphs is presented). It is remarkable
that, with a particular choice of the generating sets, our construction of the generalized
wreath product applied to Cayley graphs of finite groups gives the Cayley graph of the
generalized wreath product of the groups (Theorem B4l Section [J), providing a strong
generalization of Theorem 2.6l

Key words and phrases. Wreath and generalized wreath product, Cayley graph, Poset block structure,
Ancestral set.
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2. PRELIMINARIES

Let us start by recalling the definition of Cayley graph of a finitely generated group
with respect to some symmetric generating set. We denote by 14 the identity element of
a group G.

Definition 2.1. Let G be a group generated by a finite set S, and suppose that S is
symmetric, i.e., if s € S, then also s7' € S, and that 1¢ € S. The Cayley graph
Cay(G,S) of G with respect to S is the graph whose vertexr set is G, and where two
vertices g and g' are adjacent (we will use the notation g ~ ¢') if there exists a generator
s € S such that gs = ¢g'. The graph Cay(G,S) is clearly a connected reqular graph of
degree |S|.

Note that we assume 15 € S in order to avoid loops in the graph Cay(G, S).

Let us recall the definition of Cartesian product (see, for instance, [I7], or [10, 12], where
a more general construction containing it as a particular case is introduced) and wreath
product of graphs [9].

Definition 2.2. Let G = (Vi, Ey) and Gy = (Va, Es) be two finite graphs. The Cartesian
product Gi[1G, is the graph with vertex set Vi X Vs, where two vertices (vq, ve) and (wy, ws)
are adjacent if:

(1) either vi = wy and vy ~ wy i Ga;
(2) or vy = wy and vy ~ wy in G.

It follows from the definition that if G; is a d;-regular graph on n; vertices and G, is
a dy-regular graph on ny vertices, then the graph GG, is a (dy + ds)-regular graph on
ning vertices. Notice also that the graphs G,[1G, and G,[1G; are isomorphic.

Definition 2.3. Let G, = (V4, E1) and Gy = (Va, Ey) be two finite graphs. The wreath
product Gy 2 Gy is the graph with vertex set Vo' x Vi = {(f,)|f: Vi = Vi, v eV}, where
two vertices (f,v) and (f',v") are connected by an edge if:

(1) (edges of the first type) either v =1v"=:7 and f(w) = f'(w) for every w # v, and
f(@) ~ f'(V) in Gy
(2) (edges of the second type) or f(w) = f'(w), for every w € Vi, and v ~v" in G;.

It follows from the definition that, if G; is a regular graph on n; vertices with degree
dy; and G, is regular graph on ny vertices with degree ds, then the graph G; 1 Gs is a
(dy + dy)-regular graph on n; - ny* vertices.

The wreath product of graphs represents a graph-analogue of the classical wreath prod-
uct of groups (Theorem 2.6]). To show that, we need to recall the basic definition of
semidirect product of groups. Let A and B be two finite groups, and suppose that an
action by automorphisms of B on A is defined, i.e., there exists a group homomorphism
¢ : B — Aut(A). For every a € A and b € B, we denote by a” the image of a under the
action of ¢(b) and, similarly, we denote by a® = {a® | b € B} the orbit of a under the
action of the group B.
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Definition 2.4. The semidirect product Ax B is the group whose underlying set is AxX B =
{(a,b) | a € A,b € B}, and whose group operation is defined by

(CLl, b1)<CL2, bg) = (alagl, ble), fOT all ay, 0o € A, bl, b2 € B.

It is easy to check that the identity of Ax B is given by (14, 15), where 14 and 15 are the
identity in A and B, respectively, and that (a,b)"' = ((a™})"",b1), foralla € A4,b € B.
Note that the subgroup A x {l1g} of A x B is isomorphic to A, it is normal in A x B
and the action of B on A by conjugation coincides with the original action of B on A. In
formulas, we have (14,b)(a,1p)(14,b)~! = (a’ 1), for alla € A,b € B.

Definition 2.5. Let A and B be two finite groups. The set B = {f : A — B} can be
endowed with a group structure with respect to the pointwise multiplication: (f1f2)(a) =
fi(a) f2(a). The wreath product Al B is the semidirect product B* x A, where A acts on
B4 by shifts, i.c., if f € BA, one has

fz) = f(a™'2), foralla,r € A.

We introduce some notation. If f € B4 and A = {ay,as,...,0a,,}, then we write
f=C(f1,fe, .-, fu,), where we denote by f; the element f(a;) € B, foreach i =1,... ,n4.
In particular, an element of B4 x A will be written as ((f1,..., fn,), @)

Theorem 2.6. Let A and B be two finite groups and let S, and Sg be symmetric gener-
ating sets for A and B, respectively. Then

Ca'y(Aa SA) ! C(ly(B, SB) = C(ly(A ! B, S)a
where S is the generating set of AU B given by
S = {((Sb, 13, ey 13), 1A), ((].B, Cee ].B), Sa) | Sa - SA, Sp - SB}

Proof. Tt is easy to check that S is a symmetric generating set of A1 B = B4 x A. More
precisely, any element (f,a) = ((f1,..., fa,),a) € BA x A, with f; € B and a € A, can
be decomposed as

((fr, 1By 1), La) (I, f2, 1B, -+, 1), 1a) -+ (1B, .-+, 1B, fua), La) (LB, - .., 1), @).

Now if a = [[,_, sp'*, with s, € S4 and my, € N, then one has

s

((Lg, .- 1p),a) = [[((s, ... 1p), s)™

k=1

Similarly, if f; = [[,_, s™, with s, € Sp and m;, € N, it holds:

l
<<f17137"'7 1A :H ShulB7"'7 )71A)mh
h=1

Finally, we have
((Ig,.. 1, fis 1,y 1B),14) = (I, ..., 18), asa; ) ((fi, 1B, - -, 1), ara; )

and so we conclude that S generates Al B.
What we have to prove now is that an edge in the graph product Cay(A, Sa)Cay(B, Sg)
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corresponds exactly to the multiplication by an element of S in A B.

Consider an edge of the first type in Cay(A, Sx)1Cay(B, Sg): such an edge connects the
vertices ((fi, ..., fuy -y faa)yar) and ((g1, .-, Gk, -+, Gny ), ax). By definition, it must be
fi = g; for every i # k, whereas f; and g are vertices adjacent in Cay(B, Sg). It follows
that there exists sy € Sp such that fysy = gx. Then one gets ((g1,- -, Gks- -+ Gns), Ok)
from ((f1,.--, fk,-- -, fua)s ax) by multiplying by ((sg, 1g,...,15),14). In fact:

((fl;- . .,fk,. . .,an),CLk) . <<5k7137- . .,13),1A)I((f1,. . .,fk,. . .,an) . <3k7137- . .,1B)a’“,ak . 1A)
= ((fl,...,fk,...,an)'(13,...,13, \Slj-/ ,13,...,13),ak):((g1,g2,...,gk,...,gnA),ak).

k-th place
This implies that edges of the first type correspond to multiplication by elements of the
form ((sp, 1p,...,15),14), with s, € Sp.

Consider now an edge of the second type in Cay(A, Sa) ! Cay(B,Sg): such an edge
connects the vertices ((f1,..., fu.),ax) and ((g1,- -, gn,),an). By definition, it must be
fi = g; for every i = 1,...,na, whereas a; and a; are vertices adjacent in Cay(A, S4). It
follows that there exists s, € S4 such that axs, = a;. Then one gets ((g1, ..., gn,); an)
from ((f1,..., fua), ax) by multiplying by ((1p,...,15),S.). In fact:

((fla . --aan)aak) : ((13’ . "713)7511) = ((fla . ~'>an) : (137"'713)%7@19 : Sa) =
<<f17 . '7an> ' (137 R 13)7ah) = ((917 s 7gnA>7ah>'

This ensures that edges of the second type correspond to multiplication by elements of
the form ((1p,...,1p5),5,), with s, € S4. O

Example 2.7. Consider the graphs G; and G, in Fig. [1

U1 U1 U9 (%)
—— o o o
G Go
FIGURE 1.

Then the wreath product G; { G5 is the octagonal graph in Fig.

((u2,u2),u1)

((v2,u2),u1) ((u2,us2),v1)
((ve,u2),v1)

((u2,v2),v1) G11Go

((v2,v2),v1) ((u2,v2),u1)

((v2,v2),u1)

FIGURE 2.
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If we regard the graphs G; and G, as the Cayley graphs of two cyclic groups of two elements,
then the generators given by Theorem have order 2, but they do not commute: the
wreath product G; 1 G, is the Cayley graph of the wreath product of these groups, which
is isomorphic to the dihedral group of 8 elements.

Now let G3 be a triangular graph. In Fig. [8] the wreath product G3 G; is represented.

.
/|

G516,

o /\

-
N,

FiGuRreg 3.

Note that the graph Gs ! G; is obtained in [8] as the replacement product of the 3-
dimensional Hamming cube with a triangular graph.

Remark 2.8. Let G, = (V4, Ey) and Gy = (V3, E») be two finite graphs. The lexicographic
product Gy 0Gs is the graph with vertex set V; x V,, where two vertices (vq, v2) and (wq, ws)
are adjacent if:

(1) either vy ~ wy in Gy;
(2) or v1 = wy and vy ~ wy in Gy.

It follows from the definition that if G; is a d;-regular graph on n; vertices and G; is a
dy-regular graph on ny vertices, then the graph G; o G, is a (dins + dy)-regular graph on
ning vertices.

Sometimes the lexicographic product of graphs, whose automorphism group contains
the wreath product of the automorphism groups of the factors, is called wreath product.
It has nothing to do with the wreath product of Definition 23]

3. GENERALIZED WREATH PRODUCT OF GRAPHS

Before introducing the notion of generalized wreath product of graphs (Definition B.9)),
we recall the definition of poset block structure and generalized wreath product of per-
mutation groups introduced in [2]. We will follow the same notation for the action to
the right presented there. See also [3] [5, [7], where the Gelfand pairs associated with the
action of a generalized wreath product of groups on a poset block structure are studied,
in connection with Markov chain Theory.
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Let (I, =) be a finite poset, with |I| = n. For every i € I, the following subsets of I can
be defined:

e A(i)={j€1:j»i}and Afi] = A(i) U {i};
e H(i)={jeIl:j=<i}and Hi] = H(i) U{i}.

A subset J C [ is said ancestral if, whenever ¢ > j and j € J, then ¢ € J. Note that by
definition A(7) and A[i] are ancestral, for each i € I. The set A(i) is called the ancestral
set of 7, whereas the set H(7) is called the hereditary set of i.

For each i € I, let X; be a finite set, with |X;| > 2. For J C I, put X; = [[,.,; X;. In
particular, we put X = X;. If K C J C I, let 7} denote the natural projection from X
onto Xg. In particular, we set 7; = 7T§ and x; = xmy, for every x € X. Moreover, we
will use X* for X, = HjeA(i) X; and 7' for ma).

Let A be the set of ancestral subsets of I. If J € A, then the equivalence relation ~;
on X is defined as

T~y = Ty =1y, for z,y € X.

Definition 3.1. A poset block structure is a pair (X, ~_4), where
(1) X =1 <) Xi, with (I, =) a finite poset and |X;| > 2, for eachi € I;

(2) ~ 4 denotes the set of equivalence relations on X defined by all the ancestral subsets
of I.

For each i € I, let GG; be a permutation group on X; and let F; be the set of all functions
from X% into Gy. For J C I, we put Fy = [[.., F; and set F' = Fy. An element of F will
be denoted f = (f;)icr, with f; € F;.

Definition 3.2. For each f € F, the action of f on X is defined as follows: if x =
(xi)ier € X, then

vf =y, wherey = (yi)ic;s € X and y; = x;(x7'fi), for eachi € I.

e

It is easy to verify that this is a faithful action of F' on X, i.e, if zf = xg for every
x € X, then f = g. Therefore (F, X) is a permutation group, called the generalized wreath
product of the permutation groups (G, X;)ier and denoted H(Lj)(Gi,Xi).

Definition 3.3. An automorphism of a poset block structure (X, ~4) is a permutation o
of X such that, for every equivalence relation ~j in ~ 4,
T gy = (xo) ~; (yo), forall z,y € X.
The following fundamental results are proven in [2]. We denote by Sym(X;) the sym-
metric group acting on Xj;.

Theorem 3.4. The generalized wreath product of the permutation groups (G, X;)ier is
transitive on X if and only if (G;, X;) is transitive for each i € 1.

Theorem 3.5. Let (X, ~4) be the poset block structure associated with the poset (I, =<).
Let F' be the generalized wreath product [ 2y Sym(X;). Then F is the automorphism

group of (X, ~a).
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Given f € F and J C I ancestral, amap f;: X; — X is defined such that fr; = 7w, f;.
The following lemma holds.

Lemma 3.6 ([2]). Let f,h € F. Then fh =t, with
ti = fi+ fawhi, for every i € 1,
where the product of fi and fau h; is pointwise.

Proof. Let x € X. We have:

(xfh)i = (af)i(zfr'h)
= xi(a7'fi) (.T?TifA(i)hi)
= z;(2m'(fi - fayhi))
= xi(am'ty).
L]

Remark 3.7. If (/, =) is a finite poset, with < the identity relation (Fig. @), then the
generalized wreath product is the permutation direct product. In this case, we have
A(i) = (), for each 7 € I, so that an element f of F is given by f = (/f;)ies, where the
function f; is identified with an element of (;, so that its action on x; does not depend
on any other coordinate of x.

[ ) ®- - - - - . . )
1 2 3 n
FIGURE 4.

Remark 3.8. If (7, <) is a finite chain (Fig. [l), then the generalized wreath product is
the classical permutation wreath product (G, X1) 1 (G, X2) 0+ 01 (G,, X,,). In this case,
we have A(i) = {1,2,...,i — 1}, for each ¢ € I, so that an element f € F' is given by
f = (fi)ier, with

fi: Xy x - x X1 — Gy

In other words, the action of f on z; depends on its “ancestral”coordinates x1,..., ;1.
ol
e
I
:on -1

bn

FIiGURE 5.
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Inspired by the definition of generalized wreath product of permutation groups, we
introduce here the notion of generalized wreath product of graphs.

Let S, T be two sets. Given two functions f,g: S — T, we will use the notation f = g
to say that f(z) = g(x) for every x € §. Similarly, we will write f = g in A C S to say
that f(z) = g(z) for every z € A.

Definition 3.9. Let (I, =) be a finite poset, with |I| =n, and let G; = (V;, E;) be a finite

graph, for every i € 1. The generalized wreath product of the graphs {G;}icr is the graph
G with vertex set

Vo={(fi.for .. f) | fi: T Vi = Vi, for eachi € I}
JEA()
and where two vertices f = (f1, fa,..., fn) and h = (hy, hs, ..., h,) are adjacent if there
exists i € I, with A(i) = {i1,...,4,}, such that:
(1) f; = hj, for every j #i;
(2) fi = hi in HjeA(i) V; \ A{(firs - -,fip)}; and fi(fi, - - -,fip) ~ hi(fi,, - -,fz‘p) in Vi
The elements f;,, for |l = 1,...,p, are defined recursively, starting from indices whose

ancestral set in (I, =) is empty; more precisely, they represent vertices of V;, obtained by
evaluating the functions fi, on (f;,, ..., f;.), where A(i;) = {j1,...,jm}, and so on.

In other words, f = (fi,..., f,) and h = (hy,..., h,) are adjacent if there exists i €
such that f; = h; for each j # ¢ and f; coincides with h;, except when evaluated on the
p-tuple (fi,,..., fi,), where A(i) = {i1,...,4p}. Note also that, if A(7) =0, the condition
(2) means that it must be f; ~ h; in G;.

We have |Vg| = [T, |Vi|"ea@ Vil where we put ILjcaq)|V;| = 1 if A(i) = 0. Moreover,
if G; is a d;-regular graph for every i € I, then G is a regular graph of degree »_._, d;.

Example 3.10. Consider the case where |I| = 4, with the poset (/, <) and the graphs
G; represented in Fig. [

2 G=0G=0 .
[ ]

1
(I,j) 3 ® ° G4
NS

FIGURE 6.

In this case, A(1) = A(2) =0, A(3) = {1,2} and A(4) = {1, 2,3}, so that
Vg = {(f17f27f37f4) | fl eV, f2 € Vs, f3 : {a’7 b}2 - {a’7 b}v f4 : {a’7 b}3 - {C7 d? 6}} :

The function f3 will be represented as a 4-tuple of elements in {a, b}, whereas f; will be an
8-tuple of elements in {c, d, e} (coordinates are ordered lexicographically). We have |Vg| =
2.2.2%.3% Consider, for instance, the vertex f = (a, b, (b,b,a,a), (¢c,e,d, c,e,d, e, e)) € Vg.
Its 5 neighbors in G are the vertices:

(1) (b,b,(b,b,a,a),(c,e d,c e d e e)),since fi =a~bin Gy;
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(2) (a,a, (b, b,a,a),(c,ed,c, e d e e)),since fo =b~ ain Gy;

(3) (a,b,(b,a,a,a),(c,e,d, c e de,e)),since f3(fi, f2) = f3(a,b) =b~ ain Gs;

(4) (a,b, (b,b,a,a),(c,e, ,d,e,d,e,e ) and (a,b, (b,b,a,a),(c,e,d, e e d, e, e)), since
f4(f1, f2, fs(fh f2)) = fa(a,b,b) = c ~d, e in G,.

Remark 3.11. If (1, <) is the poset (I, =) (resp. (I, <s)) in Fig. [ one obtains the clas-
sical Cartesian product of Definition 2.2 (resp. the classical wreath product of Definition

23).

ol
(1,=9)

ol

2

FiGURrE 7.

Remark 3.12. In [6], finite posets are used to define products of finite Markov chains,
called generalized crested products, and to develop their spectral analysis. Notice that
this construction generalizes the crested products of Markov chains introduced in [4].

We are going to prove that the generalized wreath product of Cayley graphs of finite
groups is the Cayley graph of the generalized wreath product of the groups.

Let (I, =) be a finite poset, with |/| = n, and let G; be a finite group, for each i € I. Let
S; be a symmetric generating set for G; and consider the Cayley graph G; = Cay(G;, S;).
In order to see the correspondence, we regard the group G; as a permutation group on
itself, acting on its elements by right multiplication (according with the notation of [2]).
Definition can be reformulated as follows.

Definition 3.13. Let (I,=X) be a finite poset, with |I| = n, and let G; = Cay(G;,S;),
where G; is a finite group and S; is a symmetric generating set of G;, for all 1 € I. We
construct the graph G with vertex set

Vo ={(f1, fo- -, fu) | fi H Gj — G, foreachi e I}

JEA()

and where the vertices (f1, fa, ..., fn) and (hy, he, ..., hy,) are adjacent if there existsi € I,
with A(i) = {i1,...,i,}, such that:

(1) f; = hj, for every j #i;
(2) fi = h in [Lieaw Gi \ Al PRI )} and the vertices f;(f;, ,...,fl-;l) and
hi(fi ,fz;l) are adjacent in G;.

217

Also in this case, the elements f;,, forl =1,...,p, are defined recursively, so that they rep-
resent elements of the group G;, obtained by evaluating the functions f;, on ( ]:1, e f]:nl),
where A(i;) = {J1,- - Jm}-

The following theorem is a strong generalization of Theorem 2.6l
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Theorem 3.14. The generalized wreath product G of the graphs {G; = Cay(G;, S;) Yier is
the Cayley graph of the generalized wreath product G of the groups {G;}icr, with respect
to the generating set

S:{E:(117"'71i—17$_i>1i+17"'71n)7 Ze]})

where 3 is a function taking the value s; € S; on (1., 1, ), with A(i) = {i1, ... iy},
and the value 1g, elsewhere, whereas 1, is the constant function taking the value 1g, on

HueA(q) Gu7 f07" each q 7é i.

Proof. Generalizing the argument developed in the proof of Theorem [2.6] one can check
that S is a generating set of the group GG. Hence, we have to show that an adjacency in
the generalized wreath product of the Cayley graphs can be obtained by multiplication
by an element of S.

Suppose that the vertices f = (fi, fao,..., fn) and h = (hq, ho, ..., h,) are adjacent, i.e.,
there exists i € I satisfying the conditions of Definition B.I3 Without loss of generality,
we can suppose that

Ay ={li < - <l <ky <--- <k}, with r 4+ s = p,

with A(l;) = 0, A(k;) = {mj1,...,m;,} and A(k;) C A(kj41). In particular, observe
that it must be t; < p and A(k;) C A(:). By definition, it must be f; = h;, for j # i
moreover, we have f; = h; in [T, 4, G5\ {( PRI f;l)}, and there exists s; € S; such

that f;(f; ..., fY) = g and hi(f ", ..., f;') = gis;. We have to show the following

i1 ) ip i1 ) ip

identity:

(1) <f17f27---7fi7---7fn)ﬁ:<h17h27---7hi7---7hn)-

The identity () is clearly true for every coordinate j # i. We use Lemma in order
to verify it for the coordinate i. Let x = (x1,...,2,) € [[,.; Gi. Observe that, for every
c=1,...,r, we can put f;, = g, for some g;, € Gy, since A(l.) = .

The action of (f1, fa, ..., fi,--., [n)fi on z; is given by

i (fily, T, Thyy oo T )
(g, TG Ty (fr (T s Ty ) T (g (T g+ T, )))50)-
Now if
(@15 Tty Ty ) = (G s G (P oy e o2 Frd o D) e o (e (et e+ o, )70
then the argument of 5; is (1G11’ S R NE AR lg,,), so that one gets

%‘(fl, Jos ooy fir oo, fn)ﬁ = T;0iSq

and so (ff;); = hs.
Otherwise, the argument of 5; is different from (1¢, ,...,16,,16,,,---, lg,,), so that

one gets %‘(fl, forooos firo ot fn)ﬁ = ri9:lg, = 1;9; and so (fﬁ)z = fi = h,. O
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