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GENERALIZED WREATH PRODUCTS OF GRAPHS AND GROUPS

ALFREDO DONNO

Abstract. Inspired by the definition of generalized wreath product of permutation
groups, we define the generalized wreath product of graphs, containing the classical
Cartesian and wreath product of graphs as particular cases. We prove that the gen-
eralized wreath product of Cayley graphs of finite groups is the Cayley graph of the
generalized wreath product of the corresponding groups.

Mathematics Subject Classification (2010): 05C76, 20B25, 20E22.

1. Introduction

The idea of constructing new graphs starting from smaller component graphs is very
natural. Products of graphs were widely studied in the literature for their theoretical
interest in Combinatorics, Probability, Harmonic Analysis, but also for their practical
applications. Standard products include the Cartesian product, direct product, strong
product, lexicographic product [12, 16, 17] (see also the beautiful handbook [10]). In
[15], the zig-zag product was introduced in order to produce constant-degree expanders
of arbitrary size (see the surveys [11, 14] for definition, properties and further references
on expander graphs). The zig-zag product and the simpler replacement product play also
an important role in Geometric Group Theory, since it turns out that, when applied to
Cayley graphs of two finite groups, they provide the Cayley graph of the semidirect prod-
uct of these groups [1, 8, 11, 13], with a suitable choice of the corresponding generating
sets. An analogous result holds for the classical wreath product of graphs (Theorem 2.6,
Section 2).
Inspired by the paper [2], where the definition of generalized wreath product of permu-

tation groups is given as a generalization of the classical direct and wreath product of
permutation groups, we define the generalized wreath product of graphs (note that in [9]
a different notion of generalized wreath product of graphs is presented). It is remarkable
that, with a particular choice of the generating sets, our construction of the generalized
wreath product applied to Cayley graphs of finite groups gives the Cayley graph of the
generalized wreath product of the groups (Theorem 3.14, Section 3), providing a strong
generalization of Theorem 2.6.

Key words and phrases. Wreath and generalized wreath product, Cayley graph, Poset block structure,
Ancestral set.
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2. Preliminaries

Let us start by recalling the definition of Cayley graph of a finitely generated group
with respect to some symmetric generating set. We denote by 1G the identity element of
a group G.

Definition 2.1. Let G be a group generated by a finite set S, and suppose that S is
symmetric, i.e., if s ∈ S, then also s−1 ∈ S, and that 1G 6∈ S. The Cayley graph
Cay(G, S) of G with respect to S is the graph whose vertex set is G, and where two
vertices g and g′ are adjacent (we will use the notation g ∼ g′) if there exists a generator
s ∈ S such that gs = g′. The graph Cay(G, S) is clearly a connected regular graph of
degree |S|.

Note that we assume 1G 6∈ S in order to avoid loops in the graph Cay(G, S).

Let us recall the definition of Cartesian product (see, for instance, [17], or [10, 12], where
a more general construction containing it as a particular case is introduced) and wreath
product of graphs [9].

Definition 2.2. Let G1 = (V1, E1) and G2 = (V2, E2) be two finite graphs. The Cartesian
product G1�G2 is the graph with vertex set V1×V2, where two vertices (v1, v2) and (w1, w2)
are adjacent if:

(1) either v1 = w1 and v2 ∼ w2 in G2;
(2) or v2 = w2 and v1 ∼ w1 in G1.

It follows from the definition that if G1 is a d1-regular graph on n1 vertices and G2 is
a d2-regular graph on n2 vertices, then the graph G1�G2 is a (d1 + d2)-regular graph on
n1n2 vertices. Notice also that the graphs G1�G2 and G2�G1 are isomorphic.

Definition 2.3. Let G1 = (V1, E1) and G2 = (V2, E2) be two finite graphs. The wreath
product G1 ≀ G2 is the graph with vertex set V V1

2 ×V1 = {(f, v)|f : V1 → V2, v ∈ V1}, where
two vertices (f, v) and (f ′, v′) are connected by an edge if:

(1) (edges of the first type) either v = v′ =: v and f(w) = f ′(w) for every w 6= v, and
f(v) ∼ f ′(v) in G2;

(2) (edges of the second type) or f(w) = f ′(w), for every w ∈ V1, and v ∼ v′ in G1.

It follows from the definition that, if G1 is a regular graph on n1 vertices with degree
d1 and G2 is regular graph on n2 vertices with degree d2, then the graph G1 ≀ G2 is a
(d1 + d2)-regular graph on n1 · n

n1
2 vertices.

The wreath product of graphs represents a graph-analogue of the classical wreath prod-
uct of groups (Theorem 2.6). To show that, we need to recall the basic definition of
semidirect product of groups. Let A and B be two finite groups, and suppose that an
action by automorphisms of B on A is defined, i.e., there exists a group homomorphism
φ : B → Aut(A). For every a ∈ A and b ∈ B, we denote by ab the image of a under the
action of φ(b) and, similarly, we denote by aB = {ab | b ∈ B} the orbit of a under the
action of the group B.
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Definition 2.4. The semidirect product A⋊B is the group whose underlying set is A×B =
{(a, b) | a ∈ A, b ∈ B}, and whose group operation is defined by

(a1, b1)(a2, b2) = (a1a
b1
2 , b1b2), for all a1, a2 ∈ A, b1, b2 ∈ B.

It is easy to check that the identity of A⋊B is given by (1A, 1B), where 1A and 1B are the

identity in A and B, respectively, and that (a, b)−1 = ((a−1)b
−1
, b−1), for all a ∈ A, b ∈ B.

Note that the subgroup A × {1B} of A ⋊ B is isomorphic to A, it is normal in A ⋊ B

and the action of B on A by conjugation coincides with the original action of B on A. In
formulas, we have (1A, b)(a, 1B)(1A, b)

−1 = (ab, 1B), for all a ∈ A, b ∈ B.

Definition 2.5. Let A and B be two finite groups. The set BA = {f : A → B} can be
endowed with a group structure with respect to the pointwise multiplication: (f1f2)(a) =
f1(a)f2(a). The wreath product A ≀ B is the semidirect product BA

⋊ A, where A acts on
BA by shifts, i.e., if f ∈ BA, one has

fa(x) = f(a−1x), for all a, x ∈ A.

We introduce some notation. If f ∈ BA and A = {a1, a2, . . . , anA
}, then we write

f = (f1, f2, . . . , fnA
), where we denote by fi the element f(ai) ∈ B, for each i = 1, . . . , nA.

In particular, an element of BA × A will be written as ((f1, . . . , fnA
), a).

Theorem 2.6. Let A and B be two finite groups and let SA and SB be symmetric gener-
ating sets for A and B, respectively. Then

Cay(A, SA) ≀ Cay(B, SB) = Cay(A ≀B, S),

where S is the generating set of A ≀ B given by

S = {((sb, 1B, . . . , 1B), 1A), ((1B, . . . , 1B), sa) | sa ∈ SA, sb ∈ SB}.

Proof. It is easy to check that S is a symmetric generating set of A ≀ B = BA
⋊A. More

precisely, any element (f, a) = ((f1, . . . , fnA
), a) ∈ BA

⋊ A, with fi ∈ B and a ∈ A, can
be decomposed as

((f1, 1B, . . . , 1B), 1A)((1B, f2, 1B, . . . , 1B), 1A) · · · ((1B, . . . , 1B, fnA
), 1A)((1B, . . . , 1B), a).

Now if a =
∏r

k=1 s
mk

k , with sk ∈ SA and mk ∈ N, then one has

((1B, . . . , 1B), a) =

r∏

k=1

((1B, . . . , 1B), sk)
mk .

Similarly, if f1 =
∏l

h=1 s
mh

h , with sh ∈ SB and mh ∈ N, it holds:

((f1, 1B, . . . , 1B), 1A) =

l∏

h=1

((sh, 1B, . . . , 1B), 1A)
mh .

Finally, we have

((1B, . . . , 1B, fi, 1B, . . . , 1B), 1A) = ((1B, . . . , 1B), aia
−1
1 )((fi, 1B, . . . , 1B), a1a

−1
i )

and so we conclude that S generates A ≀ B.
What we have to prove now is that an edge in the graph product Cay(A, SA)≀Cay(B, SB)
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corresponds exactly to the multiplication by an element of S in A ≀ B.
Consider an edge of the first type in Cay(A, SA) ≀Cay(B, SB): such an edge connects the

vertices ((f1, . . . , fk, . . . , fnA
), ak) and ((g1, . . . , gk, . . . , gnA

), ak). By definition, it must be
fi = gi for every i 6= k, whereas fk and gk are vertices adjacent in Cay(B, SB). It follows
that there exists sk ∈ SB such that fksk = gk. Then one gets ((g1, . . . , gk, . . . , gnA

), ak)
from ((f1, . . . , fk, . . . , fnA

), ak) by multiplying by ((sk, 1B, . . . , 1B), 1A). In fact:

((f1,. . .,fk,. . .,fnA
),ak) · ((sk,1B,. . .,1B),1A)=((f1,. . .,fk,. . .,fnA

) · (sk,1B,. . .,1B)
ak,ak · 1A)

= ((f1,. . .,fk,. . ., fnA
) · (1B,. . .,1B, sk

︸︷︷︸

k-th place

,1B,. . .,1B), ak)=((g1, g2,. . ., gk,. . ., gnA
), ak).

This implies that edges of the first type correspond to multiplication by elements of the
form ((sb, 1B, . . . , 1B), 1A), with sb ∈ SB.
Consider now an edge of the second type in Cay(A, SA) ≀ Cay(B, SB): such an edge

connects the vertices ((f1, . . . , fnA
), ak) and ((g1, . . . , gnA

), ah). By definition, it must be
fi = gi for every i = 1, . . . , nA, whereas ak and ah are vertices adjacent in Cay(A, SA). It
follows that there exists sa ∈ SA such that aksa = ah. Then one gets ((g1, . . . , gnA

), ah)
from ((f1, . . . , fnA

), ak) by multiplying by ((1B, . . . , 1B), sa). In fact:

((f1, . . . , fnA
), ak) · ((1B, . . . , 1B), sa) = ((f1, . . . , fnA

) · (1B, . . . , 1B)
ak , ak · sa) =

((f1, . . . , fnA
) · (1B, . . . , 1B), ah) = ((g1, . . . , gnA

), ah).

This ensures that edges of the second type correspond to multiplication by elements of
the form ((1B, . . . , 1B), sa), with sa ∈ SA. �

Example 2.7. Consider the graphs G1 and G2 in Fig. 1.

• • • •
u1 v1 u2 v2

G1 G2

Figure 1.

Then the wreath product G1 ≀ G2 is the octagonal graph in Fig. 2.

•

•

•

•

•

•

•

•

❛❛❛❛❛
▲
▲
▲
▲
▲
☞
☞
☞
☞
☞✦✦✦✦✦❛❛❛❛❛▲

▲
▲
▲
▲
☞
☞
☞
☞
☞
✦✦✦✦✦

G1 ≀ G2

((u2, u2), u1)

((v2, u2), u1)

((v2, u2), v1)

((v2, v2), v1)

((v2, v2), u1)

((u2, v2), u1)

((u2, v2), v1)

((u2, u2), v1)

Figure 2.
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If we regard the graphs G1 and G2 as the Cayley graphs of two cyclic groups of two elements,
then the generators given by Theorem 2.6 have order 2, but they do not commute: the
wreath product G1 ≀ G2 is the Cayley graph of the wreath product of these groups, which
is isomorphic to the dihedral group of 8 elements.

Now let G3 be a triangular graph. In Fig. 3 the wreath product G3 ≀ G1 is represented.

• •

•

❚
❚
❚✔

✔
✔

G3 G3 ≀ G1

•

•

• •

•

•

•

•

•

•

•

•

•

•

•

•

• •

•

•

•

•

•

••

��

❅❅ ��

❅❅

❅
❅

❅❅
�

�

��

❅
❅

❅❅

�
�

��

Figure 3.

Note that the graph G3 ≀ G1 is obtained in [8] as the replacement product of the 3-
dimensional Hamming cube with a triangular graph.

Remark 2.8. Let G1 = (V1, E1) and G2 = (V2, E2) be two finite graphs. The lexicographic
product G1◦G2 is the graph with vertex set V1×V2, where two vertices (v1, v2) and (w1, w2)
are adjacent if:

(1) either v1 ∼ w1 in G1;
(2) or v1 = w1 and v2 ∼ w2 in G2.

It follows from the definition that if G1 is a d1-regular graph on n1 vertices and G2 is a
d2-regular graph on n2 vertices, then the graph G1 ◦ G2 is a (d1n2 + d2)-regular graph on
n1n2 vertices.
Sometimes the lexicographic product of graphs, whose automorphism group contains

the wreath product of the automorphism groups of the factors, is called wreath product.
It has nothing to do with the wreath product of Definition 2.3.

3. Generalized wreath product of graphs

Before introducing the notion of generalized wreath product of graphs (Definition 3.9),
we recall the definition of poset block structure and generalized wreath product of per-
mutation groups introduced in [2]. We will follow the same notation for the action to
the right presented there. See also [3, 5, 7], where the Gelfand pairs associated with the
action of a generalized wreath product of groups on a poset block structure are studied,
in connection with Markov chain Theory.
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Let (I,�) be a finite poset, with |I| = n. For every i ∈ I, the following subsets of I can
be defined:

• A(i) = {j ∈ I : j ≻ i} and A[i] = A(i) ⊔ {i};
• H(i) = {j ∈ I : j ≺ i} and H [i] = H(i) ⊔ {i}.

A subset J ⊆ I is said ancestral if, whenever i ≻ j and j ∈ J , then i ∈ J . Note that by
definition A(i) and A[i] are ancestral, for each i ∈ I. The set A(i) is called the ancestral
set of i, whereas the set H(i) is called the hereditary set of i.
For each i ∈ I, let Xi be a finite set, with |Xi| ≥ 2. For J ⊆ I, put XJ =

∏

i∈J Xi. In
particular, we put X = XI . If K ⊆ J ⊆ I, let πJ

K denote the natural projection from XJ

onto XK . In particular, we set πJ = πI
J and xJ = xπJ , for every x ∈ X . Moreover, we

will use X i for XA(i) =
∏

j∈A(i)Xj and πi for πA(i).
Let A be the set of ancestral subsets of I. If J ∈ A, then the equivalence relation ∼J

on X is defined as
x ∼J y ⇐⇒ xJ = yJ , for x, y ∈ X.

Definition 3.1. A poset block structure is a pair (X,∼A), where

(1) X =
∏

(I,�)Xi, with (I,�) a finite poset and |Xi| ≥ 2, for each i ∈ I;

(2) ∼A denotes the set of equivalence relations on X defined by all the ancestral subsets
of I.

For each i ∈ I, let Gi be a permutation group on Xi and let Fi be the set of all functions
from X i into Gi. For J ⊆ I, we put FJ =

∏

i∈J Fi and set F = FI . An element of F will
be denoted f = (fi)i∈I , with fi ∈ Fi.

Definition 3.2. For each f ∈ F , the action of f on X is defined as follows: if x =
(xi)i∈I ∈ X, then

xf = y, where y = (yi)i∈I ∈ X and yi = xi(xπ
ifi), for each i ∈ I.

It is easy to verify that this is a faithful action of F on X , i.e, if xf = xg for every
x ∈ X , then f = g. Therefore (F,X) is a permutation group, called the generalized wreath
product of the permutation groups (Gi, Xi)i∈I and denoted

∏

(I,�)(Gi, Xi).

Definition 3.3. An automorphism of a poset block structure (X,∼A) is a permutation σ

of X such that, for every equivalence relation ∼J in ∼A,

x ∼J y ⇐⇒ (xσ) ∼J (yσ), for all x, y ∈ X.

The following fundamental results are proven in [2]. We denote by Sym(Xi) the sym-
metric group acting on Xi.

Theorem 3.4. The generalized wreath product of the permutation groups (Gi, Xi)i∈I is
transitive on X if and only if (Gi, Xi) is transitive for each i ∈ I.

Theorem 3.5. Let (X,∼A) be the poset block structure associated with the poset (I,�).
Let F be the generalized wreath product

∏

(I,�) Sym(Xi). Then F is the automorphism

group of (X,∼A).
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Given f ∈ F and J ⊂ I ancestral, a map fJ : XJ → XJ is defined such that fπJ = πJfJ .
The following lemma holds.

Lemma 3.6 ([2]). Let f, h ∈ F . Then fh = t, with

ti = fi · fA(i)hi, for every i ∈ I,

where the product of fi and fA(i)hi is pointwise.

Proof. Let x ∈ X . We have:

(xfh)i = (xf)i(xfπ
ihi)

= xi(xπ
ifi)(xπ

ifA(i)hi)

= xi(xπ
i(fi · fA(i)hi))

= xi(xπ
iti).

�

Remark 3.7. If (I,�) is a finite poset, with � the identity relation (Fig. 4), then the
generalized wreath product is the permutation direct product. In this case, we have
A(i) = ∅, for each i ∈ I, so that an element f of F is given by f = (fi)i∈I , where the
function fi is identified with an element of Gi, so that its action on xi does not depend
on any other coordinate of x.

• • • ♣ ♣ ♣ ♣ ♣ ♣ ♣ •
1 2 3 n

Figure 4.

Remark 3.8. If (I,�) is a finite chain (Fig. 5), then the generalized wreath product is
the classical permutation wreath product (G1, X1) ≀ (G2, X2) ≀ · · · ≀ (Gn, Xn). In this case,
we have A(i) = {1, 2, . . . , i − 1}, for each i ∈ I, so that an element f ∈ F is given by
f = (fi)i∈I , with

fi : X1 × · · · ×Xi−1 −→ Gi

In other words, the action of f on xi depends on its “ancestral”coordinates x1, . . . , xi−1.

•

•

•

•

•

♣

♣

♣

♣

1

2

3

n− 1

n

Figure 5.
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Inspired by the definition of generalized wreath product of permutation groups, we
introduce here the notion of generalized wreath product of graphs.
Let S, T be two sets. Given two functions f, g : S −→ T , we will use the notation f ≡ g

to say that f(x) = g(x) for every x ∈ S. Similarly, we will write f ≡ g in A ⊂ S to say
that f(x) = g(x) for every x ∈ A.

Definition 3.9. Let (I,�) be a finite poset, with |I| = n, and let Gi = (Vi, Ei) be a finite
graph, for every i ∈ I. The generalized wreath product of the graphs {Gi}i∈I is the graph
G with vertex set

VG = {(f1, f2, . . . , fn) | fi :
∏

j∈A(i)

Vj → Vi, for each i ∈ I}

and where two vertices f = (f1, f2, . . . , fn) and h = (h1, h2, . . . , hn) are adjacent if there
exists i ∈ I, with A(i) = {i1, . . . , ip}, such that:

(1) fj ≡ hj, for every j 6= i;
(2) fi ≡ hi in

∏

j∈A(i) Vj \ {(fi1 , . . . , fip)}, and fi(fi1, . . . , fip) ∼ hi(fi1 , . . . , fip) in Vi.

The elements fil , for l = 1, . . . , p, are defined recursively, starting from indices whose
ancestral set in (I,�) is empty; more precisely, they represent vertices of Vil obtained by
evaluating the functions fil on (fj1 , . . . , fjm), where A(il) = {j1, . . . , jm}, and so on.

In other words, f = (f1, . . . , fn) and h = (h1, . . . , hn) are adjacent if there exists i ∈ I

such that fj ≡ hj for each j 6= i and fi coincides with hi, except when evaluated on the
p-tuple (fi1 , . . . , fip), where A(i) = {i1, . . . , ip}. Note also that, if A(i) = ∅, the condition
(2) means that it must be fi ∼ hi in Gi.

We have |VG| =
∏n

i=1 |Vi|
Πj∈A(i)|Vj |, where we put Πj∈A(i)|Vj| = 1 if A(i) = ∅. Moreover,

if Gi is a di-regular graph for every i ∈ I, then G is a regular graph of degree
∑

i∈I di.

Example 3.10. Consider the case where |I| = 4, with the poset (I,�) and the graphs
Gi represented in Fig. 6.

•

•

•

•

• •
•

• •

(I,�)

G1 = G2 = G3

G4
❅❅ ��

✔
✔ ❚

❚

1 2

3

4

a b

c

d e

Figure 6.

In this case, A(1) = A(2) = ∅, A(3) = {1, 2} and A(4) = {1, 2, 3}, so that

VG =
{
(f1, f2, f3, f4) | f1 ∈ V1, f2 ∈ V2, f3 : {a, b}

2 → {a, b}, f4 : {a, b}
3 → {c, d, e}

}
.

The function f3 will be represented as a 4-tuple of elements in {a, b}, whereas f4 will be an
8-tuple of elements in {c, d, e} (coordinates are ordered lexicographically). We have |VG| =
2 ·2 ·24 ·38. Consider, for instance, the vertex f = (a, b, (b, b, a, a), (c, e, d, c, e, d, e, e)) ∈ VG.
Its 5 neighbors in G are the vertices:

(1) (b, b, (b, b, a, a), (c, e, d, c, e, d, e, e)), since f1 = a ∼ b in G1;
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(2) (a, a, (b, b, a, a), (c, e, d, c, e, d, e, e)), since f2 = b ∼ a in G2;
(3) (a, b, (b, a, a, a), (c, e, d, c, e, d, e, e)), since f3(f1, f2) = f3(a, b) = b ∼ a in G3;
(4) (a, b, (b, b, a, a), (c, e, d, d, e, d, e, e)) and (a, b, (b, b, a, a), (c, e, d, e, e, d, e, e)), since

f4(f1, f2, f3(f1, f2)) = f4(a, b, b) = c ∼ d, e in G4.

Remark 3.11. If (I,�) is the poset (I,�1) (resp. (I,�2)) in Fig. 7, one obtains the clas-
sical Cartesian product of Definition 2.2 (resp. the classical wreath product of Definition
2.3).

• •
•

•
(I,�1) (I,�2)1 2

1

2

Figure 7.

Remark 3.12. In [6], finite posets are used to define products of finite Markov chains,
called generalized crested products, and to develop their spectral analysis. Notice that
this construction generalizes the crested products of Markov chains introduced in [4].

We are going to prove that the generalized wreath product of Cayley graphs of finite
groups is the Cayley graph of the generalized wreath product of the groups.

Let (I,�) be a finite poset, with |I| = n, and let Gi be a finite group, for each i ∈ I. Let
Si be a symmetric generating set for Gi and consider the Cayley graph Gi = Cay(Gi, Si).
In order to see the correspondence, we regard the group Gi as a permutation group on
itself, acting on its elements by right multiplication (according with the notation of [2]).
Definition 3.9 can be reformulated as follows.

Definition 3.13. Let (I,�) be a finite poset, with |I| = n, and let Gi = Cay(Gi, Si),
where Gi is a finite group and Si is a symmetric generating set of Gi, for all i ∈ I. We
construct the graph G with vertex set

VG = {(f1, f2, . . . , fn) | fi :
∏

j∈A(i)

Gj → Gi, for each i ∈ I}

and where the vertices (f1, f2, . . . , fn) and (h1, h2, . . . , hn) are adjacent if there exists i ∈ I,
with A(i) = {i1, . . . , ip}, such that:

(1) fj ≡ hj, for every j 6= i;
(2) fi ≡ hi in

∏

j∈A(i)Gj \ {(f−1
i1

, . . . , f−1
ip

)}, and the vertices fi(f
−1
i1

, . . . , f−1
ip

) and

hi(f
−1
i1

, . . . , f−1
ip

) are adjacent in Gi.

Also in this case, the elements fil , for l = 1, . . . , p, are defined recursively, so that they rep-
resent elements of the group Gil obtained by evaluating the functions fil on (f−1

j1
, . . . , f−1

jm
),

where A(il) = {j1, . . . , jm}.

The following theorem is a strong generalization of Theorem 2.6.
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Theorem 3.14. The generalized wreath product G of the graphs {Gi = Cay(Gi, Si)}i∈I is
the Cayley graph of the generalized wreath product G of the groups {Gi}i∈I , with respect
to the generating set

S = {fi = (11, . . . , 1i−1, si, 1i+1, . . . , 1n), i ∈ I},

where si is a function taking the value si ∈ Si on (1G11
, . . . , 1Gip

), with A(i) = {i1, . . . , ip},
and the value 1Gi

elsewhere, whereas 1q is the constant function taking the value 1Gq
on

∏

u∈A(q)Gu, for each q 6= i.

Proof. Generalizing the argument developed in the proof of Theorem 2.6, one can check
that S is a generating set of the group G. Hence, we have to show that an adjacency in
the generalized wreath product of the Cayley graphs can be obtained by multiplication
by an element of S.
Suppose that the vertices f = (f1, f2, . . . , fn) and h = (h1, h2, . . . , hn) are adjacent, i.e.,

there exists i ∈ I satisfying the conditions of Definition 3.13. Without loss of generality,
we can suppose that

A(i) = {l1 < · · · < lr < k1 < · · · < ks}, with r + s = p,

with A(li) = ∅, A(kj) = {mj,1, . . . , mj,tj} and A(kj) ⊂ A(kj+1). In particular, observe
that it must be tj ≤ p and A(kj) ⊂ A(i). By definition, it must be fj ≡ hj , for j 6= i;
moreover, we have fi ≡ hi in

∏

j∈A(i)Gj \ {(f−1
i1

, . . . , f−1
ip

)}, and there exists si ∈ Si such

that fi(f
−1
i1

, . . . , f−1
ip

) = gi and hi(f
−1
i1

, . . . , f−1
ip

) = gisi. We have to show the following
identity:

(f1, f2, . . . , fi, . . . , fn)fi = (h1, h2, . . . , hi, . . . , hn).(1)

The identity (1) is clearly true for every coordinate j 6= i. We use Lemma 3.6 in order
to verify it for the coordinate i. Let x = (x1, . . . , xn) ∈

∏

i∈I Gi. Observe that, for every
c = 1, . . . , r, we can put flc = glc , for some glc ∈ Glc , since A(lc) = ∅.
The action of (f1, f2, . . . , fi, . . . , fn)fi on xi is given by

xi · (fi(xl1 , . . . , xlr , xk1 , . . . , xks))·

·((xl1gl1, . . . , xlrglr , xk1(fk1(xm1,1 , . . . , xm1,t1
)), . . . , xks(fks(xms,1 , . . . , xms,ts

)))si).

Now if

(xl1 ,. . ., xlr , xk1 ,. . ., xks)=(g−1
l1
,. . ., g−1

lr
, (fk1(f

−1
m1,1

,. . ., f−1
m1,t1

))−1,. . ., (fks(f
−1
ms,1

,. . ., f−1
ms,ts

))−1),

then the argument of si is (1Gl1
, . . . , 1Glr

, 1Gk1
, . . . , 1Gks

), so that one gets

xi(f1, f2, . . . , fi, . . . , fn)fi = xigisi

and so (ffi)i = hi.
Otherwise, the argument of si is different from (1Gl1

, . . . , 1Glr
, 1Gk1

, . . . , 1Gks
), so that

one gets xi(f1, f2, . . . , fi, . . . , fn)fi = xigi1Gi
= xigi and so (ffi)i = fi = hi. �



GENERALIZED WREATH PRODUCTS OF GRAPHS AND GROUPS 11

Acknowledgement

I would like to express my deepest gratitude to Fabio Scarabotti and Tullio Ceccherini-
Silberstein for their continuous encouragement. A part of this work was developed during
my stay at the Technische Universität of Graz, and I want to thank Wolfgang Woess and
Franz Lehner for several useful discussions. This research was partially supported by the
European Science Foundation (Research Project RGLIS 4915).
I would like to thank the anonymous reviewers for their valuable comments and sugges-

tions to improve the quality of the paper.

References

[1] Alon, N., Lubotzky, A., Wigderson, A.: Semi-direct product in groups and zig-zag product in graphs:
connections and applications (extended abstract). In: 42-nd IEEE Symposium on Foundations of
Computer Science, Las Vegas, NV, 2001, pp. 630–637. IEEE Computer Society, Los Alamitos, CA
(2001).

[2] Bailey, R.A., Praeger, C.E., Rowley, C.A., Speed, T.P.: Generalized wreath products of permutation
groups. Proc. London Math. Soc. (3) 47, 69–82 (1983), no. 1.

[3] Ceccherini-Silberstein, T., D’Angeli, D., Donno, A., Scarabotti, F., Tolli, F.: Finite Gelfand pairs:
Examples and Applications. In: Bianchi, M., Longobardi, P., Maj M., Scoppola, C.M. (eds.) Ischia
Group Theory 2008 (Proceedings of the Conference), pp. 7–41. World Scientific (2009).

[4] D’Angeli D., Donno, A.: Crested products of Markov chains. Ann. Appl. Probab. 19, 414–453 (2009),
no. 1.

[5] D’Angeli, D., Donno, A.: Markov chains on orthogonal block structures. European J. Combin. 31,
34–46 (2010), no. 1.

[6] D’Angeli, D., Donno, A.: Generalized crested products of Markov chains. European J. Combin. 32,
243–257 (2011), no. 2.

[7] D’Angeli, D., Donno, A.: The lumpability property for a family of Markov chains on poset block
structures. Adv. in Appl. Math. 51, 367–391 (2013), Issue 3.

[8] Donno, A.: Replacement and zig-zag products, Cayley graphs and Lamplighter random walk. Int.
J. Group Theory 2, 11–35 (2013), no. 1.

[9] Erschler, A.: Generalized wreath products. IMRN Int. Math. Res. Notices, Article ID 57835, 1–14
(2006).
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