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QUOTIENT-COMPLETE ARC-TRANSITIVE LATIN SQUARE GRAPHS
FROM GROUPS

CARMEN AMARRA

ABSTRACT. We consider latin square graphs I' = LSG(H) of the Cayley table of a given finite
group H. We characterize all pairs (I', G), where G is a subgroup of autoparatopisms of the
Cayley table of H such that G acts arc-transitively on I and all nontrivial G-normal quotient
graphs of I' are complete. We show that H must be elementary abelian and determine the number
k of complete normal quotients. This yields new infinite families of diameter two arc-transitive
graphs with k =1 or k = 2.

1. INTRODUCTION

A graph I" with automorphism group G' < Aut(I") is said to be quotient-complete if each proper
G-normal quotient of I' is either complete or empty, and I" has at least one nontrivial complete
G-normal quotient. In this paper we classify all pairs (T',G), where I' is a latin square graph of
a finite group and G is a subgroup of autoparatopisms of I', such that I' is G-arc-transitive and
G-quotient-complete.

This paper is part of a general study of arc-transitive, diameter 2 graphs carried out in [11 2] [3].
The family F of all such graphs is analyzed using normal quotient reduction, and it is shown in [T}
Theorem 2.2] that any graph in F has a normal quotient graph I with automorphism group G such
that T' is either G-vertex-quasiprimitive (i.e., all nontrivial normal subgroups of G are transitive
on vertices) or G-quotient-complete. A subclass of vertex-quasiprimitive graphs were studied in
[2] and [3]. Quotient-complete graphs were studied in [I], in which it was shown that a significant
parameter of quotient-complete graphs is the number & of distinct nontrivial, complete normal
quotients. The graphs for which k > 3 were classified in [I] (except for graphs corresponding to
subgroups of the one-dimensional affine group). For £ = 1 and k£ = 2 some infinite families are
known, but a classification was not achieved. These infinite families involve products of graphs,
and are described in Examples 2.1] and In addition, another family of arc-transitive, quotient-
complete graphs with & = 2 was communicated to the author by P. Spiga. These graphs are
strongly regular and are described in Example

Our goal is to further examine the cases where £k = 1 and k = 2, and in particular to find
other infinite families of examples satisfying these. It is known that the graphs in Example
are graphs of Bruck nets [5], all of which are strongly regular and thus have diameter 2. Hence
a natural problem is to determine which Bruck nets give rise to quotient-complete graphs. The
graph in Example corresponding to the parameter ¢ = 7 is a latin square graph of the Cayley
table of the cyclic group Cv; it is known that all latin squares are Bruck nets. It was shown in [5]
that for latin squares of size at least 5, any automorphism of the latin square graph is induced by
an autoparatopism of the underlying latin square. In particular, the Cayley tables of finite groups
form a family of latin square graphs whose autoparatopism groups are known [7].

Our main results are Theorems [[.T] and

Theorem 1.1. Let H be a finite group and I' = LSG(H). The graph I' is G-arc-transitive and
G-quotient-complete, for some subgroup G of autoparatopisms of the Cayley table of H, only if H
is elementary abelian, say H = Cg for some prime p and positive integer d, satisfying one of the
following: p # 2 (mod 3), d is even, or d = 0 (mod 3). Otherwise, T is G-vertez-quasiprimitive.
Conversely, for any H = C’g satisfying the above conditions, there exists a subgroup G of au-
toparatopisms such that I' is G-arc-transitive and G-quotient-complete.

Theorem 1.2. Let I' = LSG(H) and G < Aut(T), where H = CZ for some prime p and positive
integer d, and G is a subgroup of autoparatopisms of the Cayley table of H. If T is G-arc-transitive
and G-quotient-complete then any nontrivial complete G-normal quotient of I' has p® vertices.
Furthermore, T' has exactly k nontrivial complete G-normal quotients, where k = 1 or k > 3 if

p=3,and k> 2 ifp#3.
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The possible pairs (T', G) such that T" is G-arc-transitive and G-quotient-complete are described
in Theorem [3.4] and Theorem

The rest of this paper is organized as follows. In Section 2] we present some background on
quotient-complete graphs and latin square graphs, as well as some technical results on divisibility
and finite fields that will be useful in the next section. In Section [l we establish general facts about
arc-transitive latin square graphs from finite groups; in particular we show that the underlying
group must be elementary abelian. In Section ] we determine which elementary abelian groups
and their corresponding automorphism groups yield quotient-complete arc-transitive graphs, and
prove Theorems 4.3 [Tl and

2. PRELIMINARIES

Notation. If S is a group, vector space, or finite field, S# denotes the set of non-identity or
nonzero elements of S. If n is a positive integer, Sym(Q2) and Sym(n) denote, respectively, the
symmetric group on a set €2 and the symmetric group on n letters.

2.1. Quotient-complete graphs. Given a graph I', a group G < Aut(T'), and N < G, the G-
normal quotient Ty of T is the graph whose vertices are the N-orbits in V(I') and with adjacency
defined as follows: two N-orbits O; and O3 are adjacent in I'y exactly when there are vertices
v1 € O and vy € Og such that v; and vy are adjacent in I'. The quotient group G/N is a subgroup
of Aut(T'y). A normal quotient graph inherits some of the properties of the original graph, such
as connectedness, vertex-transitivity, and arc-transitivity. In the case where I' is connected, the
normal quotient T'y has diameter not exceeding that of I'. Thus, if diam(T") = 2, then either T'y is
a complete graph or diam(I'y) = 2. It is proved in [I, Theorem 2.2] that quotient-complete graphs
arise naturally as normal quotients of vertex-transitive graphs.

Let k& be the number of distinct nontrivial complete G-normal quotients of I'. It was shown in
[T that if T is G-arc-transitive and G-quotient-complete with k > 3, then |V(I')| = ¢? for some
prime power ¢ and |V(I'y)| = ¢ for any nontrivial G-normal-quotient I'y. Furthermore either T" is
isomorphic to ¢ copies of the complete graph K. on ¢ vertices (in which case k =¢), or k =¢ + 1
for some divisor ¢’ of ¢. For the cases k = 1 and k = 2 infinite families of examples are obtained
via the following two constructions.

Example 2.1. [I, Example 3.1] Let I' = K, [K,,] and G = Sym(n)Sym(m) for positive integers
m and n. The graph I is the lezicographic product of K, and the empty graph K,, on n vertices; the
vertex set is {1,...,m} x{1,...,n} and the edges are the pairs {(7, j), (', j/)} where i # ¢’. Then T’
is a connected graph with G = Aut(T"). The graph T" is G-arc-transitive and G-quotient-complete
with &k = 1, and the unique G-normal quotient is K,,, which corresponds to N = Sym(n)™.

Example 2.2. [Tl Example 3.2] Let I' = K, x K,, and G = Sym(m) x Sym(n) for positive integers
m and n. The graph I' is the direct product of the complete graphs K,,, and K, ; the vertex set is
{1,...,m} x{1,...,n} and the edges are the pairs {(7, j), (¢, 5/)} where i # i’ and j # j'. Then T
is a connected graph with G < Aut(I"). The graph T' is G-arc-transitive and G-quotient-complete
with & = 2. The two G-normal quotients are K,, and K,,, which correspond to M = Sym(n) and
N = Sym(m), respectively.

Observe that in Example2.2 the quotient graphs I'j; and I'y could have any number of vertices,
possibly distinct; in this respect the case where k = 2 differs from the case where k > 3, since in
the latter all nontrivial normal quotients have the same order.

In addition to Example[2.2] another infinite family of quotient-complete graphs with k& = 2 was
introduced to the author by P. Spiga; we describe these in Example

Example 2.3. Let I' = Cay(V, S) and G =V x Gy < AGL(V), where V =F,®F, (with elements
written as ordered pairs), ¢ > 5 is a power of an odd prime, F, is the finite field of order ¢,

Go—{(% 2) CLbGFqD},

where IFqD = {02 ‘ 0+#ce Fq}, and S = (1,1)%. For ¢ > 5 the graph I is connected with
G < Aut(I"). The graph I" is connected, G-arc-transitive, and G-quotient-complete with k = 2 if

g > 5. Each G-normal quotient is isomorphic to K, and corresponds to the subgroup of translations
by elements of F, & {0} and of {0} & F,.
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If ¢ =7 then I' = I := Cay(V,5’) where S’ = {(a,0),(0,a),(a,—a) | a € Ff} Indeed,
f= ( b3 ) € GLo(7) induces an automorphism from I’ to IT; the group

2 4
F1Gof = <Z(GL2(7))’ < Lo >>

stabilizes the vertex (0,0) in IV. We can generalize this to obtain another infinite family of examples
with k& < 2, which we describe in Example 2.4l It is easy to see, by comparing valencies, that in
general these graphs are distinct from those described above.

Example 2.4. Let I' = Cay(V,S) and G =V x Gy < AGL(V), where V =F, ® F,, ¢ a prime

power, Go= <Z(GL2(Q))= ( 1 _01 )>7

and S = (1,00 = {(a,0),(0,a),(a,—a) | a € F#}. Then T is connected G-arc-transitive,
and G has an intransitive minimal normal subgroup exactly when ¢ # 2 (mod 3). In particular,
the intransitive minimal normal subgroups of G are subgroups of translations Ty, by elements
of a subspace W < V', where W = {(a,ca) ‘ a € F#} with ¢2 +¢c+1 = 0. Hence I is G-
quotient-complete with £ = 1 if ¢ = 0 (mod 3) and k = 2 if ¢ = 1 (mod 3). All quotient graphs
corresponding to these subgroups Ty are complete graphs K.

All graphs in Example 2.4 are latin square graphs, which we discuss in the next subsection.

2.2. Latin square graphs from groups. Let n be a positive integer. A latin square L of order
n is an n x n array of n symbols, such that no symbol occurs twice in the same row or in the
same column. If H denotes the set of n symbols, then, by labelling the rows and columns by
elements of H, each cell in L can be represented by an ordered triple (hq,ha, h3) of elements of
H, where hi denotes the row label, hy the column label, and hs the symbol contained in the cell.
An autoparatopism of L is an element of Sym(H) ! Sym(3), in its product action on H?3, which
preserves L setwise; an autotopism of L is an autoparatopism which belongs in Sym(H)3. Thus
an autotopism is an ordered triple of permutations acting on the set of row labels, the set of
column labels, and the set of symbols, while an autoparatopism consists of an autotopism followed
by a permutation of the three coordinates. In particular, we denote any autoparatopism of L by
[(01,02,03),7], where (01, 02,03) € Sym(H)? and v € Sym(3), with action given by

(B, o, hg) 102090 = (BT RZZ RS), i =0 Vie {1,2,3} (1)

for any (hy, ha, h3) € L. The set of all autoparatopisms of L forms a subgroup of Sym(H )!Sym(3),
having as normal subgroup the group of all autotopisms.

A latin square graph is a graph I' whose vertices are the cells of a latin square L, and whose
edges are those pairs of cells which lie in the same row, in the same column, or contain the same
symbol. In other words, if L is viewed as a subset of H?, then the edges of I' are those pairs of
triples that agree in exactly one coordinate. If H is the set of symbols, we denote T" by LSG(H).
Each autoparatopism of L induces an automorphism of its latin square graph. It was shown in [5]
that Aut(T") coincides with the group of autoparatopisms of L whenever |H| > 5.

From now on we assume that H is a group and that LSG(H) is the latin square graph of the
Cayley table of H. Then the vertices of LSG(H) are triples (hy, ho, h1hs) for all hy, he € H, and
hence can be associated with H?. The neighbors of any vertex (a, b, ab) are the vertices (a, h, ah)
for all b £ h € H, (h,b,hb) for all a # h € H, and (ah, h='b, ab) for all 1z # h € H. In addition,
it can be shown that LSG(H) is isomorphic to the Cayley graph Cay(H?,S) on H? with

S={Qu,h),(h,1m),(h,h) | 1z #h e H},

which is the graph with vertex set H? and edges {s,t} where st=! € S, via the map which sends
any (a,b,ab) € V(I') to (a,b~') € H?. The autotopism group of LSG(H) is generated by the
triples (Aq, pp, Aapp) for any a,b € H, where

Ma:h—=a'h and p,:h+ hb forallhe H, (2)

and (o,0,0) for any o € Aut(H). The elements (Aq, pp, Aapp) generate a group T isomorphic to
H?, and the elements (o, 0, o) generate a group Aut(H) that normalizes T. Hence the autotopism
group of LSG(H) is isomorphic to H? x Aut(H), where Aut(H) acts on H? componentwise (4,
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Autoparatopism Image of (a, b, ab)
x (e, 0,0),(123)] (b ta=t a,b~ 1)
2  [(¢,0,9),(132)] (bb” i *1, N
y o (6,0),(13)] (ab7b 'a)
zy : 1(6,6,6),(12)] (NN
2y ¢ (6 23] (aLabb)

TABLE 1. Some autoparatopisms of the latin square of H

Proposition 2]). The elements x and y given in Table [I, where ¢ is the identity in Sym(H) and
¢ € Sym(H) is defined by

¢:hsh~' forall he H, (3)
are autoparatopisms of LSG(H) which generate a subgroup isomorphic to Sym(3). The au-
toparatopism group of LSG(H) is the group G generated by T, Aut(H), and the elements x
and y. Thus G = (H? x Aut(H)) Sym(3) < Aut(LSG(H)), and it follows from the above that
G = Aut(LSG(H)) if and only if |H| > 5.

2.3. Some technical results on finite fields. In this subsection we present some technical
results on roots of certain polynomials in finite fields, which will be used in Section @l

We begin with some elementary divisibility results. For nonzero integers r and s, the symbol
(r, s) denotes the greatest common divisor of r and s.

Lemma 2.5. Let a, v, and s be positive integers with a > 2. Then
al™) +1 ifr/(r,s) is even

1. (a" =1, a*+1)=1¢ 2 if r/(r,s) and a are odd
1 if r/(r,s) is odd and a is even
a®™®) 6™ 11 if 3| r/(r,s) and s/(r,s) is even;

3 if 3tr/(r,s), and either a =1 (mod 3), or

T __ 2s s —
2 (a7 =1, a* +a*+1) a =2 (mod 3) and r and s are even;

1 otherwise.
a?ms) — g9 41 if3 | 7/(r,s) and s/(r,s) is even,
3 if 3tr/(r,s), s/(r,s) is even, r is odd
: T 1 2s s 1) = a ! ’ ’
3 (a—l— , @ —|—a—|—) and a = 2 (mod 3);
1 otherwise.

Proof. For part[Illet D = (aT -1, a® + 1). Then D ‘ (aT -1, a® — 1), where (ar -1, a® — 1) =
a(™2%) — 1 by an easy exercise in elementary number theory (see, for instance, [I1, Exercise 2.2
(6.)]). If r/(r,s) is odd then (r,2s) = (r,s), so that D |a{™*) — 1. Hence a* + 1 = 2 (mod D)
and thus D | 2. In particular, D = 1 if a is even and D = 2 if a is odd. If r/(r,s) is even then
s/(r,s) is odd, and it follows that a(™*) + 1 | D. Also (r,2s) = 2(r, s) so that a?(%) =1 (mod d).
Slnce a® = —1 (mod D) this implies that a(*) = —1 (mod D). Therefore D ’ a™*) 41, and hence

= a(r’s) + 1.

For the remainder we will use the easily verified facts that a4+ a+ 1 ‘ a® +a" + 1 exactly when
3tr,and a® —a+1 | a®" +a" + 1 exactly when r is even and 3 { 7.

For part@let D = (a” —1, a** +a*+1). Then D | (a" — 1, a®* — 1) = al™3s) — 1. 1f 3| r/(r, s)
then 3 1 s/(r, s), so that a®"*) +a(™*) + 1| D. Also (r,3s) = 3(r, s), so that a>"* =1 (mod D)
and a® = a®™*) (mod D), t € {1,2}. Tt follows that a®* +a* +1 = a®>"*) +a("*) +-1 (mod D), and
hence D |a2(T’S) +a"®) 4 1. Therefore D = a*™) 4 (™) 4 1. If 3§ r/(r,s) then (r,3s) = (r, s)
so that a(™*) = 1 (mod D) and a®* + a®* + 1 = 3 (mod D). Hence D | 3. In particular, D = 3 if
and only either if a =1 (mod 3), or a = 2 (mod 3) and both r and s are even.

For part Bllet D = (a” +1, a* +a®*+1). Then D | (a” +1, a® —1). If 5/(r,s) is odd then so
is 3s/(r, 3s), and it follows from part [ that D | 2. But a®* +a® + 1 is odd, hence D = 1. Suppose
that s/(r, s) is even. Then so is 3s/(r, 3s), and by part [l we have (a” + 1, @ — 1) = a("3%) 4 1.
Also r/(r,s) is odd. If 3 | r/(r,s) then 3 { s/(r,s), so a*™*) — a(™*) 4+ 1| D. Furthermore
(r,3s5) = 3(r,s), so that a*"%) = —1 (mod D) and a®* = a’™* (mod D), t € {2,4}. Hence
a* +a*+1=a2") — a9 £ 1 and so D ‘ a?2(ms) — q(ms) 41, Thus D = a2(™%) — (%) 4 1. If
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31r/(r,s) then (r,3s) = (r,s), so that a** +a*+1 =3 (mod D). Hence D | 3, and since s is even,
we have D = 3 if and only if a = 2 (mod 3) and r is odd. O

Let w be a primitive element in the finite field I, with order ¢ = p%, p prime, and let Tp be the
Frobenius automorphism on F,. Then ’Tg’ = d/(d,7) and |Fix((7}))| = p(®9). Define the sets

Ci(p,d,i) = {c € Fq# ‘ = = —c He+ 1)} . (4)

and » »
Co(p,d, i) == {cqu# ‘c”l = = —c(c+ 1)_1}. (5)
Note that any ¢ € C1(p,d, i) satisfies P = = —(c+1)~" and ¢ =c, and any ¢ € Ca(p,d, i)
satisfies ¢ = c.
For any subfields E and K of F, with K <E, let Trg,x denote the trace map from E to K.

Lemma 2.6. Let p be a prime, d and i positive integers, and q = p®. Let Tp be the Frobenius map

on Fy and let Ci(p,d,i) and Ca(p,d,i) be as in (4) and [{E), respectively.

1. If |7i| #0 (mod 3), then Ci(p,d,i) = {c € F# | || =3} if p'*) =1 (mod 3), Ci(p,d, i) = {1}
if p=3, and C1(p,d, i) = @ otherwise. _ _

2. If |7f] = 0 (mod 3) then Ci(p,d,i) = {b" "1 | b #0, b+ +0" =0} and |Ci(p,d,i)| =
P+ 1.

3. If ‘T;)’ is odd then Ca(p,d,i) = @ if p=2 and Cy(p,d,i) = {2} if p > 3.

4. 1If ‘7';| is even then Ca(p,d, i) = {b— 1 | b#1, ppi L = 1} and |Cy(p, d, )| = pléD.

24

Proof. Assume that |Tg‘ # 0 (mod 3). Then ¢ € Ci(p,d, ) if and only if either r=corch = ¢
both are equivalent to ¢* = c and ¢ + ¢+ 1 = 0. Statement 1 follows. v
Assume now that 3 | |7'£|. It is easy to verify that {bpl’l | be F#, b+bP' b = 0} C Ci(p,d,1).
Let ¢ = w" € Cy(p,d, 7). Then
AP = (—cMe+1) (= (c+1)7h) =1,
sor(1+p'+p*) =0 (mod p? —1). Thusr =0 (mod (p? —1)/(p? — 1, p*' + p" +1)). By Lemma
part 2] we have (pd —1, pP4pi+ 1) = p2(d) 4 p(dD) L1, Also p?(@9) — 1 4 p2() 4 p(dd) 41 but
p3di) 1 |pd —1,s0 pldd) —1 ‘ (pd — 1)/(p2(d’i) +pldd) 4 1). It follows that » = 0 (mod pldi) — 1),
so c € <wp(d’1)_1> = <oﬂ’1_1>. Thus ¢ = b? ~! for some b € Fq#. Since ¢ € C1(p,d, i), we have
pr* =t (bpifl)pi - _b*(Pifl)(prl +1),
which yields b + b + b#" = 0. Therefore Cy(p,d,i) = {0 " | b # 0, b+? + b =0}. To
compute |Cy(p, d, )| let E = Fix((75")) and K = Fix((r})). Observe that b* = € C1(p, d, i) implies
i 27 (3 i 2 i
that 1 = (bp 71)17 L _ ! so b €E, and in this case b + bP" + W= Trg/x(b). Note also
that for any b, by € E, we have b?' ~! = bgl_l if and only if bby ' € K. Thus
|{b € E# | Trgx(b) = 0} p2dd) —1 _
y — — — (d,'L)
|Cl(p7dvl)| - |K#| - p(d’i) 1 =p +17
which completes the proof of statement 2. v
Assume that ‘7’;‘ is odd. Then (d,2i) = (d,i). Hence ¢ € Cy(p,d,i) if and only if ¢» =
—c(c+1)7" and ¢ € Fix((r}")) = Fix((r})). Equivalently ¢ = —¢(c+1)~" # 0, which holds if and
only if ¢ = —2 and p # 2. This proves statement 3.

Finally, assume that |Tg| is even. It is easy to check that {b—1 ‘ b£1, bPHl = 1} C Ca(p,d,i).
Let ¢ € Cay(p,d, i) and b := ¢+ 1. Then b # 1 and

P = (P +1)(e+1) = 1.

Thus Cy(p,d,i) = {b—1 ‘ b1, P+l = 1}. Applying Lemma 27 part [l we obtain
Ca(p, d,i)| = ged (p* — 1, p' +1) =1 =pl) 41— 1=pl®D,
which completes the proof of statement 4. O

Lemma 2.7. Let p be a prime, d, i, and j be positive integers, and g = p®. Let Tp be the Frobenius
map on Fq and let C1(p,d, i) and Ca(p,d,3) be as in ([{) and (3), respectively.
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1. If |7k # 0 (mod 3), or |7| =0 (mod 3) and j/(i,j) # 0 (mod 3), then

felle =3} ifp ) = pD =1 (mod 3);
Ci(p,d,i) NFix({r))) = { {1} ifp=3;
(%) otherwise.

2. If |7}] = 0 (mod 3) and j/(i,j) =0 (mod 3) then

. . j Ol(pa a(i j)) Zfl/(lv.]) =1 (mOd 3)7
Cl(p,d, Z) mFlX(<Tp>) { {C| E Cl p7 (7]))} Zfl/(l,j) —9 (mod 3)

{c|lel =3} ifp=2(mod 3), |7]| and i are even, and j is odd;

8. Ci(p,d,i)N Ca(p,d,j) = {1} ifp=3;
%) otherwise.

Proof. We first show part 1. If ‘7’;‘ # 0 (mod 3) then the result follows easily from part 1 of Lemma
Assume that |7}| = 0 (mod 3) and j/(i,5) # 0 (mod 3). Then ¢ € Ci(p,d,i) N Fix({r]))
implies that PP = P -1 o 1, so that |c| divides (pj -1, p* +p' + 1). If p = 3 then
(pj -1, p2i+pi—|—1) = 1 by Lemma R3] part Bl implying that ¢ = 1, which is indeed in C4 (p, d, ). If
p =2 (mod 3) and either 7 or j is odd then also (pj—l, p2i—|—pi—|—1) =landc=1,but 1 ¢ Cy(p,d,1).
If p=1 (mod 3), or p =2 (mod 3) and both ¢ and j are even then (pj —1, p?+p'+ 1) = 3; since
1 ¢ Ci(p,d,i) this implies that |¢| = 3. Clearly ¢ € Cy(p,d,i) if and only if p(** = 1 (mod 3).
This proves statement 1.
Assume that ‘ ‘

1. Suppose that z/(z

c e Ci(p,d,i) NFix((7]

(mod 3) and j/(i,7) = 0 (mod 3). Then i/(i,j) # 0 (mod 3). Case
= (mod 3). Recall that any ¢ € Ci(p,d,i) is fixed by 73°. Then
implies that |c[ | (p* — 1, p/ — 1) = p3(:9) — 1. Hence

0
7)
)

=t = —c He+1),

and thus ¢ € Cy(p,d, (i,7)). Conversely, any ¢ € C1(p,d, (4, 7)) is fixed by 7, 3009 g0

» =" = —c e +1).
Also ¢ is fixed by 77 since 3(4,j) | j. Thus ¢ € Ci(p,d,i) N Fix({r])), which proves the first
part of statement 2. Case 2. Suppose that i/(i,7) = 2 (mod 3). As in Case 1, ¢ € C1(p,d,j) N
Fix((r])) implies that |7t = ] ‘p?’(i’j) — 1. It is easy to show that ¢=! € Ci(p,d,2i). So
¢! € Cilp,d,2i) N Fix((rp")), where 2i/(2i,3(i,5)) = 2i/(i,5) = 1 (mod 3). Tt follows from
Case 1 that ¢! € C1(p,d, (2i,3(i, j))) Ci(p,d, (i,j)). Conversely, if c=1 € Ci(p,d, (i,7)) then
c e Cy(p,d,2(i, j)). Furthermore ¢! is fixed by Tp( 7 and hence so is c. Thus

g p2(i,j)

&’ =c = —cHc+1),

so ¢ € C1(p,d,i); also ¢® = c. Therefore ¢ € Cy(p,d,i) N Fix((r])), which proves the second part
of statement 2.

For statement 3 we need the following result: Claim. If ’Tg’ is even, then Cs(p,d,j) has an
element of order 3 if and only if p = 2 (mod 3) and j is odd. Indeed, if ¢ € Ca(p,d, ) with |¢| =3
then p # 3, c=b—1 for somebelﬁ‘jfE with o' t1 =1, and ¢®> + ¢+ 1 = 0. Hence b> —b+1 =0,
so that b* = —1 and [b] | (p" + 1, 6). Now if p = 1 (mod 3) or i is even then (p' + 1, 6) = 2
yielding b = —1 and p = 3, contradiction. Thus p = 2 (mod 3) and i is odd. Conversely assume
that p =2 (mod 3) and i is odd. If p = 2 take ¢ = b — 1 where |b| =3, and if p > 2 take c =0 — 1
where |b| = 6. In each case it is easy to verify that b # 1, b*"t1 =1, and ¢® = 1. This proves part
3.

We now prove statement 3. For brevity let C = Cy(p,d,i) N Ca(p,d,j). Case 1. Suppose that
‘Tg‘ is odd. Then by Lemma 28 (3.) we get C = @ if p = 2, and C' = C1(p,d,i) N {-2} if p > 3;
in the latter case C = {—2} = {1} if p = 3 and C = & otherwise. Case 2. Suppose that ‘Tg‘ is
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even and ‘Tzﬂ # 0 (mod 3). Then by Lemma 26 (1.) and the claim above,

{c|lcl =3}NCalp,d,j) if p™) =1 (mod 3);

C =1 {1} ifp=3;
%] otherwise
{c| e =3} if p¥D =1 (mod 3), p=2 (mod 3), and j is odd;
=9 {1} if p = 3;
[ otherwise

Case 3. Suppose that || is even and |77| = 0 (mod 3). Then ¢ € C implies that |c| | (p* +
P+ 1, pP -1, p —i—p]) Subcase 3.1. Assume that either ¢ is odd, or ¢ and j are even and
i/(i,j) is odd. Then i/(i, |i — j|) = i/(i,j) is odd, and applying Lemma 2T @) we get (p" +
P, pP+pi+1) = (piIl+1, p¥ +p' +1) = 1. Hence C = {1} if p = 3 and C = @ otherwise.
Subcase 3.2. Assume that 7 is even, and either j is odd or i/(4,j) is even. Then j/(i,7) is odd,
implying that | — j|/(j, |¢ — j|) is odd and (27, |i — j|) = (4,4). By Lemma 23 (Il) we have
(pzj -1, pt +pj) = (pzj —1, pli—il 4 1) = p(»9) + 1. Hence || ’ (p(i"j) +1, pP +p' + 1). Since
(1,7)/((4,7), i) =1 £ 0 (mod 3) it follows from Lemma 23 @) that |¢| = 3 if p = 2 (mod 3) and
7 is odd, and ¢ = 1 otherwise. Thus, from the claim, we have
{c||e| =3} if p=2 (mod 3) and j is odd;
C =< {1} if p=3;

%] otherwise.

Statement 3 follows. O

3. ARC-TRANSITIVE LATIN SQUARE GRAPHS FROM GROUPS

Throughout this section we assume that H is a finite group, I' = LSG(H) is the latin square
graph of H, and G is the autoparatopism group of the Cayley table of H. Recall from Subsection
that G = (H? x Aut(H)) Sym(3). Let A, and p, be as in (@), and let T’ be the autotopism
subgroup of I', that is, T = {(Aa, pv, Aapp) | a,b € H}. For each o € Aut(H) and A < Aut(H),
identify o with (0,0,0) € Sym(H)? and A with {(0,0,0) | 0 € A}. For any G < G, denote the
point stabilizer in G of any v € V(T') by G,,.

We begin by finding necessary conditions in order for the group G to be arc-transitive on I'. Let
x and y be as in Table Tt is easy to see that G; = (z, y, Aut(H)) = Aut(H) x Sym(3). Hence:

Theorem 3.1. Let H be a finite group, T = LSG(H), and G the autoparatopism group of the
Cayley table of H. Then I' is G-arc-transitive if and only if H is elementary abelian.

Proof. Let I'(1) denote the set of all neighbors in I of the vertex 1. Then I'(1) = {(1,, k), (h,1,h),
(h,h=1,1) ‘ h € H#}. Since I' is G-vertex-transitive, it is G-arc-transitive if and only if Gy is
transitive on I'(1). Let a € H# and v = (1,a,a). Then v € I'(1) and v9* = {(1,b,b), (b=*,1,b71),
(b, b1, 1) ‘ b e ghutt) } If H is elementary abelian then Aut(H) is transitive on H#, and thus
v9t = T'(1). Conversely, suppose that v9* = T'(1). Then for any ¢ € H# and w = (1,¢,c) there
exists 0 € Aut(H) and z € (z,y) such that w = v7%. Now v7% € {(1, b, b), (b_l, 1, b_l) , (b, b1, 1) ’
b= a"}, sow = (1,b,b) and ¢ = b = a”. Thus Aut(H) is transitive on H# and H is elementary
abelian. Therefore Gy is transitive on I'(1) if and only if H is elementary abelian, and the result
follows. 0

In view of Theorem B.1] assume for the remainder of this paper that H is elementary abelian,
and shift to additive notation as follows:

Notation. Let H = C’g for some prime p and positive integer d. Denote the inverse of h € H by

—h, the identity element of H by Og, and the vertex (OH, Og, OH) by 0. Then for any a,b € H we
have \;, = p—_, and A\gpp = p—q+tb, S0 that

T:{(Pa,Pb,pa+b)|a,b€H}- (6)

Furthermore we can identify H with a vector space U of dimension n over IF;, where n is a divisor
of d and ¢ = p%™, and H? as V. = U & U whose elements are written as ordered pairs in U.
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P d X

5.7,11,23 2 X < Nap,)(Qs)
11,19, 29,59 2 X > SLa(5)

3 4 SLy(5) 9 X < TLy(9)
3 4 X < Ngr,3)(Ds 0 Qs)
2 4 Al(6)

2 4 Al(7)

3 6 SLy(13)

TABLE 2. Sporadic transitive finite linear groups

Following [I] we denote some special subsets of V' as follows:

Voo ={(0v,u) |ueU} ={0v} & U, (7)
Ve ={(u,cu) | ue U} for any c € Fy, (8)
Vg-ina = {(u,v) | {u, v} linearly independent in U } (provided n > 2) (9)

Note that Vy = U @ {0y} and diag(U @ U) = V4.

We shall also frequently identify the elements of the group (x,y) with the induced permutation
on coordinates. Hence z is identified with (123) and y with (1 3).

With the notation above, I' = Cay(V,S) where S = T'(0) = VZ U VO# UV#. Also T is the
translation group on V and Go = GL4(p) x Sym(3). Any arc-transitive group G < G is of the form
G = TG where Gy is transitive on I'(0). For the rest of this chapter we determine all transitive
groups Go, beginning with some necessary conditions for transitivity on I'(0), which are given in
Lemma 3.2

Lemma 3.2. Let H be an elementary abelian group, T' = LSG(H), G < G < Aut(T'), and
m: Go = Aut(H) and 0 : Go — (x,y) be the natural projections. If T' is G-arc-transitive then
G = TGy, where ©(Gy) is transitive on H* and 0(Go) is transitive on {1,2,3}.

Proof. Assume that I" is G-arc-transitive. By the remarks above G = T'Gg where Gq is transitive
on I'(0). Let h € H# and consider the vertex v = (0,h,h). Let hy € H#. Then there exists
g € G such that (0, hy, h) = v9. Write g as 7(g)0(g). If h™9) = hy then

v = (Oa h?a hQ)e(g) € {(07 h’27 h’2)7 (_hQa 07 _h2)7 (h’27 _hQa O)} )

which implies that (0, k1, h1) = (0, ha, he). Thus hy = hy = h™(9) and 7(Go) is transitive on H?.
Also (h,0,h) = v9' for some g; € Go. In this case h™91) = h so that v9* = v?) and hence
19091) = 2. Similarly, (h, —h,0) = v9 for some g € Go, which yields 19(92) = 3. Therefore 6(Gy)
is transitive on {1,2,3}. O

It follows from Lemma that the projections m(Gp) are finite linear groups. The transitive
finite linear groups were classified by C. Hering in [8]; we state this result in Theorem B3

Theorem 3.3. [§] Let U be a vector space of dimension d over the prime field of order p, and let
X < GLq4(p) be transitive on U#. Then X is one of the types given in Table[d, or, setting g = p®/™
for some divisor n. of d, the group X belongs to one of the following classes:

1. X <TLi(q), n=1;

2. X > SL,(q), n>2;

3. X ©>Sp,(q), d and n even;

4. X>Ga(q), n="06 and p = 2.

By Lemma B2] 6(Go) is necessarily either (x) or (x,y). The subgroups of GL4(p) x Sym(3)
are determined by applying Goursat’s Lemma (see, for instance, [9, Exercise 5, p. 75]), which
describes the subgroups of a direct product of two groups. From this and Theorem B3] we deduce
the following:

Theorem 3.4. Let H be an elementary abelian group, T = LSG(H), G < G < Aut(T'), and
7 : Go = Aut(H) be the natural projection. If T is G-arc-transitive, then G = TGy where m(Go)
is one of the groups in Theorem [T 3. Furthermore, for suitable K I7(Go) and g,h € Aut(H)\ K,
the group Gy is one of the types described in Table[3
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Go 7(Go) Conditions on cosets of K Transitive on H7#
1 (K,z) K K
2 (K, gz) (K, g) Kg*=K K
3 (K,z,y) K K
4 (Ko, hy) (K.h) K=K (K, h)
5 (K,gx,hy) (K,g,h) Kg*>=Kh?=K, Kgh=Khg*> (K,h)

TABLE 3. Possible groups Gg

Proof. The first three columns of Table [ follow immediately from Goursat’s Lemma [9, Exercise

5, p. 75]. Clearly Lemma B2 implies that for G in lines 1 or 3 the group K must be transitive on

H#. Let a € H#. For Gy in line 2 we have (a,0y)% = (a,00)% U (—a%,a9)% U (0v, —ag2)K, S0

(a,0p)% =T(0) if and only if (a,0y)% = V¥ and equivalently K is transitive on U#. For Gy in
line 4 we have (a, 0y)%° = (a,0p) M U (—a,a) M U (0y, —a) %M, and for Gy in line 5 we have
(a,0p)% = (a,0p)EM U (- ah97ah9)<K’h> U (Ou, —ah92)<K’h>. In both cases (a, 0y )% = I'(0) if
and only if (K, h) is transitive on U7. O

The groups in lines 4 and 5 of Table B correspond to subgroups of index 2 of transitive finite
linear groups. In view of this, we list in Theorem the transitive finite linear groups which
contain an intransitive subgroup of index 2.

Theorem 3.5. Let U be a vector space of dimension d over the prime field of order p and let
X < GLy(p) be transitive on U#. Suppose that X has a normal subgroup of index 2 which is
intransitive on U%. Then either X <T'Ly(q) where ¢ = p?, or X is a group belonging to Table [3
and in particular, using the notation of [1, Table 2], X is one of the following groups: H(2), H(5),
H(6)7 H(7)) H(10)7 A(2)7 A(3)7 A(4); NFL2(9)(8L2(5))) and B(l)

Proof. Let ¢ = p®™ for some divisor n of d with n > 2, and suppose that X has a normal subgroup
K of index 2 which is intransitive on U#. If G2(¢) <X (p = 2 and n = 6) then K > G2(q), so K is
transitive, contradiction. Assume that L <X and L £ K, where L = SL,(¢) (n > 2 or ¢ > 3) or
L =Sp,(q) (n>4orq>2). It can be deduced from Iwasawa’s criterion [I2, Theorem 1.2] that
KNL<Z(L)or L QK. Since K is intransitive it must be that K N L < Z(L). Also KL = X,
sothat |[X : K| =|KL:K|=|L: KNL|>|L:Z(L)| > 2, contradiction. If X is one of SLy(2),
SL2(3), and Sp,(2), it is easily verified that X has no subgroup K satisfying the above conditions.
Thus X is one of the groups in Table Bl and in this case the specific groups X are found using
MacMma [10]. O

4. MAIN RESULTS
We collect in Hypothesis 1] the conditions that we assume for the remainder of this paper.

Hypothesis 4.1. For a prime p and positive integer d, the group H = C’g is viewed as a vector

space U of dimension n over the finite field IF;, where n is a divisor of d and ¢ = p¥/™. The group
H? is viewed as V = U @ U with elements written as ordered pairs. The group 7 is as in () and
G =T x Go where Gg is one of the types described in Table 3

In addition to the notation defined in (@) — (), for any subspace W of V' we denote by Ty the
group of translations of V' by elements of W, that is,
Tw = {(paupbapa-l-b) | (aub) € W} . (10)
Also for any ¢ € F# we denote by |c| the multiplicative order of ¢ in F#. Recall that I'Ly(q) <
GL4(p) and T'L,,(q) = GLy(q) » Aut(Fy); let
a:TL,(q¢) = Aut(F,) (11)

be the natural projection map.
Since H is abelian, it can be shown that for any z € (z,y) and a,b € H,

27 (Pas Pos Pat5)Z = (Pars Py Par+ty)
where (a/,b',a’ + ') = (a,b,a + b)?. Also the correspondence (a,b) — (a,b)* := (a/,V’) defines
an action of (x,y) on V induced by the action on V(T'), which together with the componentwise
action of GL(U) yields an action of Gg on V. It follows that a normal subgroup of G corresponds
to a subspace of V' generated by a union of orbits of Go under this action. We are interested in
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r  Conditions {(a,ca)) =V, iff
1 p=3 c=1
p=1(mod 3),orp=2 (mod 3),2|d,and 2 | £ |¢|]=3
2 p=3, and either 31|} or 31¢/m c=1
p=1 (mod 3), and either 3 {|7;| or 31 £/m le] =3
p=2(mod 3),2|d,2|i, 2]/ and either 3{|r)| [c|]=3
or 314/m
31|7i], 3] £/m,and i/m =1 (mod 3) c=b""1be F#, bbb =0
3||ril, 31 4/m, and i/m = 2 (mod 3) c=0b"7" beF¥, bbb =0
3 p=3 c=1
4 p=3 c=1
p=2(mod3),2|d, 2fj,and 2|/ le] =3
5 p=3 c=1
p=2(mod3),2]||r)|,2]i,2tj,and 2|/ le] =3

TABLE 4. (S) for Go-orbits S C V. gep, with G as in Table Bl line r

finding minimal normal subgroups of G which are intransitive on V; these correspond to Gg-orbits
in V# which generate proper subspaces of V.

In Lemma we give some small results about subspaces generated by Gg-orbits. These will
be used in the proof of Lemma [£.4

Lemma 4.2. Let U be a vector space of dimension n over Fy, V=U & U, and K <TL,(q).

1. Suppose that K is transitive on U# and let (a1,b1), (az,b2) € V#. If (a1,b1)% # (az,b2)%, then
<(a1,b1)K, (ag,bQ)K> =V.

2. Suppose that K < X < T'L,(q), with X transitive on U# and |X : K| < 2. Ifa € U¥ and
c € F#\ {—1}, then ((a,ca)*) = Uy cpato Vf

Proof. Suppose that K is transitive and (ay,b1) ¢ (a2,b2)¥. Then there exists b} # by such
that (a1,b}) € (ag,b2)’, so that (0, by — b,)X = V# C W. Similarly V;* € W. Therefore
W = <V0#, V£> = V. This proves statement 2.

Let a € U# and ¢ € F# \{—1}. If K is transitive on U# then clearly ((a, ca)*) = U, ¢ o0 Vf
If K is an intransitive subgroup of X with |X : K| = 2 then X is one of the groups listed in Lemma
B3 a case-by-case examination using MAGMA [I0] confirms that also ((a,ca)™) =, ¢ w0 Vf
This proves statement 3. O

We now describe the subspaces generated by each Gg-orbit in V#.
Lemma 4.3. Assume Hypothesis [{-1] with n > 2. Then (S) =V for any Go-orbit S in Vyind-

Proof. Let (a,b) € Vgina and K I7(Go) as in Theorem B4l If K is one of the groups in Theorem
(2.-4.) then ((a,b)) = V by [1, Propositions 4.2 (1), 4.4 (2), and 4.8 (1-3)], and it follows
that ((a,b)9°) =V for any Go in Theorem Bl If K is one of the groups in Table [ then with
d = 2 then ((a,b))) = V by [I, Lemma 4.9]. For the remaining K, the result is verified using
MacMA [10]. O

Lemma 4.4. Assume Hypothesis[[1. Let c € F#\ {—1} and S be a Go-orbit in Vyaep. Also let
a(g) =7, a(h) =75, and o(K) = (7}), with i,j,0 € {1,...,d} and m = ged(i,€). Then (S) = V.
if S = (a,ca) for some a € U#, ¢c € F# \ {1}, and the conditions in Table [f| are satisfied;

otherwise, (S) =V.

Proof. Assume throughout that a € U# and ¢ € Ff \ {—1}. For each G¢ in Table B let R be
a complete set of coset representatives for K in Go and let 2 = {01_102 ‘ (c1a,ca) € (a,ca)f}.

Hence in all cases
((0,c0)%) = < U vt|a=U <c~>a<f<>> ,

[SASYAN c’eN
so it follows Lemma L2 (2.) that ((a,ca)®) = V. if and only if Q = {c} and ¢ € Fix(a(K)).
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For Go as in line 1, take R = {1,z,2%}. Then Q = {¢, —=(c+ 1)7}, —c"He+ 1)} = {c} if
and only if ¢ + ¢+ 1 = 0. So <(a,ca)G°> = V. exactly when ¢ = 1 and p = 3, or | 3
peed(d6) =1 (mod 3), which are precisely the conditions in row 1 of Table Al

For Go asin line 2, take R = {1, gz, g?2?}. Then Q = {c, (—(c+1)71)*@), (—c’l(c—l—l))o‘(gz)} =
{c} if and only if ¢ € Cy(p,d, i), where Cy(p,d, i) is as in @). So ((a,ca)9°) = V. exactly when
c € Ci(p,d,i)NFix(a(K)). Applying Lemma[2.0 (1.) and (2.) and Lemma 27 (1.) and (2.) yields
the conditions in row 2 of Table @l

For Gg as in line 3, take R = {1,x,x2,y, Ty, :CQy}. Then Q) = {c, —(c+1)7, —c7(e+1), —c(c+
7Y ¢l —(c+1)} ={c} if and only if 2+ c+ 1 =0 and ¢® = 1. Equivalently, c = 1 and p = 3,
which are the conditions in row 3 of Table @l

For Go as in line 4, take R = {1,x,2% hy, hay, ha*y}. Then Q = {¢, —(c+ 1), —c7*(c+
1), (=clc+ 1)~He® (=) (—(c+ 1))0‘(h)} ={c}ifandonly if 2 +c+1=0and c? =c.
Hence ((a,ca)) = V, exactly when either ¢ = 1 and p = 3, or |¢| = 3 and p~7 = peed(d) =
1 (mod 3). These are equivalent to the conditions in row 4 of Table [

For Gg as in line 5, take R = {1, gz, g%z, hy, ghzy, g*ha?y}. Then Q = {c, (—(c+ 1)),
(—c e + 1)), (—c(e + 1) 1M (eHoh) | (—(c + 1))0‘(92h)} = {c} if and only if ¢ €
Ci(p,d,i) N Cy(p,d,j), where Cy(p,d,i) and Ca(p,d,j) are as in @) and (@), respectively. Ap-
plying Lemma [Z7] (3.) yields the conditions in row 5 of Table [l

That ((a,ca)?0) = V for all cases not described in Table Hl follows from [I, Lemmas 2.6 and
2.7]. This completes the proof. ([

The main result in this section is Theorem 5]

Theorem 4.5. Let ' = LSG(H) and G < Aut(T"), where H is a finite group and G is a subgroup
of autoparatopisms of I'. Then I' is G-arc-transitive if and only if H is elementary abelian with
additive identity 0, and the point stabilizer Go is one of the groups in Table[d. Furthermore, with
the notation of Hypothesis[{.1] and Lemma[{.4 and with Tyw as in (I0), one of the following holds:

1. The graph T is G-quotient-complete with exactly one nontrivial complete G-normal quotient if
and only if p = 3 and either
a. Go is as in Table[d lines 1, 3, 4, or 5; or
b. Go is as in Table[d line 2, and either 31 |7}| or 31 ¢/m.
The unique nontrivial complete normal quotient corresponds to the normal subgroup Ty, .
2. The graph T is G-quotient-complete with exactly two nontrivial complete G-normal quotients if
and only if one of the following holds:
a. Go as in Table[d line 1, and either p =1 (mod 3), or p = 2 (mod 3) and both d and ¢ are
even;
b. Go as in Table[3 line 3; either p =1 (mod 3), or p = 2 (mod 3) with d, i, and £ even; and
either 31 |7i| or 34 4/m;
c. Go as in Table[3d line 4, p =2 (mod 3), j odd, and both d and { even;
d. Go as in Table[d line 5, p =2 (mod 3), |a(h)| even, i even, and j odd.
The two nontrivial complete normal quotients correspond to the normal subgroups Ty, and Ty _,
where |c| = 3.
3. The graph T is G-arc-transitive and G-quotient-complete with exactly p&3&™) 4+ 1 nontrivial
complete G-normal quotients if and only if Go is as in Table [3 line 2, 3 | |a(g)|, and 3 | £/m.
The nontrivial complete normal quotients correspond to the normal subgroups Ty, where

W'l ifi/m =1 (mod 3)
b'P" ifi/m =2 (mod 3)

for some b € F# satisfying b+ bP" + W' = 0.
4. For all other cases, I is G-vertex-quasiprimitive, i.e., all nontrivial normal subgroups of G act
transitively on the vertices of I'.

Proof. That Gy is as in Table B follows from Theorem [34 Suppose that the conditions in the
second column of Tabled are satisfied for each respective Gg. It follows immediately from Lemmas
and [44] that the minimal normal subgroups of G are Ty, with ¢ as given in Table @ Since
¢ # 0, the elements in Ty, form a complete set of coset representatives for Ty, in G. Hence
I' 2 K,, and statements 1-3 follow. Otherwise the minimal normal subgroup of G is 7', so that I
is G-vertex-quasiprimitive. This completes the proof. 0
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Observe that if ' has & > 3 nontrivial complete G-normal quotients then I" is as in Theorem [£.5]
and in particular I" has order p??, k = p" + 1 < p? + 1 for some divisor 7 of d, and each nontrivial
complete quotient graph has order p?. That is, I' satisfies [I, Theorems 1.2 and 1.3] and thus is
one of the graphs in [I, Tables 1 and 2].

We now prove Theorems [[.1] and

Proof of Theorem [l Suppose that p = 2 (mod 3), d is odd, and d Z 0 (mod 3). It follows from
Theorem that T' is G-vertex-quasiprimitive. Conversely, if p = 3 or p = 1 (mod 3) then T is
G-quotient-complete for G as in line 1 of Table Bl Suppose that p =2 (mod 3). If d is even take
Go to be as in line 1 of Table Blwith £ = d (so that K < GL(U)), and if d = 0 (mod 3) take Gg to
be as in line 2 with ¢ = 1 and £ = d. In both cases I" is G-quotient-complete. Hence Theorem [I1]
holds. 0

Proof of Theorem[L.2 This follows immediately from Theorem O

Example 4.6. Assume Hypothesis 1] with n = 1 and 7(Go) = GL1(gq), and let ' = LSG(H).

Identify GLi(q) with Fq#, and let IFqD = {02 | c € Ff} Then T' is G-arc-transitive only if Gg is

one of <IF§E, :v>, <IF§E, x, y>, and <FqD, x, hy> for some h € Fq# \FqD (Indeed, if Go is as in line 2 or 5

of Table Bl then |7(Go)| = (¢ —1)/3, so m(Gyp) is intransitive on H*.) Applying Theorem E5 and

noting that d = ¢ for all possible Gg, we get the following:

1. The graph I' is G-arc-transitive and G-quotient-complete with exactly one nontrivial complete
G-normal quotient, corresponding to the normal subgroup Ty, , if and only if p = 3 and Gy is
one of the groups <IF#,3:>, <Fq#, x, y>, and <IFE,3;, hy> with h € Fq# \ FqD.

2. The graph I' is G-arc-transitive and G-quotient-complete with exactly two nontrivial complete
G-normal quotients, corresponding to the minimal normal subgroups Tv, and Ty, with le] =3,
if and only if one of the following holds:

a. Go = (F#,z) and either p =1 (mod 3), or p = 2 (mod 3) with d even; or
b. Go = <IF‘qD,3:,hy>, h € Fq#\FqD, p =2 (mod 3), j odd, and d even.
3. For all other cases, I' is G-vertex-quasiprimitive.

—1

The graphs and groups Gg in item 2.a. are precisely those in Example [2.4]
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