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Abstract

A graph G is {-distance-balanced if for each pair of vertices x and y at distance
¢ in G, the number of vertices closer to x than to y is equal to the number of
vertices closer to y than to x. A complete characterization of ¢-distance-balanced
corona products is given and a characterization of lexicographic products for ¢ > 3,
thus complementing known results for ¢ € {1,2} and correcting an earlier re-
lated assertion. A sufficient condition on H which guarantees that K, H is
(-distance-balanced is given and it is proved that if K,, [ H is ¢-distance-balanced,
then H is an ¢-distance-balanced graph. A known characterization of 1-distance-
balanced graphs is extended to ¢-distance-balanced graphs, again correcting an
earlier claimed assertion.
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1 Introduction

The investigation of distance-balanced graphs was initiated over twenty years ago
in [12], an explicit definition of the concept was however given only a decade later in [14].
Distance-balanced graphs have since then been extensively studied by many authors
from various points of view. On one side they were considered from the pure graph
theoretical point of view [2 14 17, 20, 22]. On the other hand they found significant
applications in other areas, such as mathematical chemistry, communication networks,
game theory, strategic interaction models, and elsewhere, see [I}, 13| [14] 15, 16]. We
also refer to [0] for a nice description of some of these applications as well as for connec-
tions between distance-balanced graphs and wreath products. Among many appealing
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results on distance-balanced graphs we point out that the class of distance-balanced
graphs coincides with self-median graphs [2] and that they can also be characterized as
the graphs whose opportunity index is zero [I]. Moreover, in mathematical chemistry
the so-called Mostar index was introduced in [§] as a measure of how far a given graph
is from being distance-balanced, see also [T, 24].

Considerable effort has been devoted to explore different generalizations of distance-
balanced graphs, where one still focuses just on pairs of adjacent vertices [2, [5] 18] [19].
In addition, there is a very natural generalization of distance-balancedness to pairs of
nonadjacent vertices. This idea can be traced back to the thesis of Frelih [10], where ¢-
distance-balanced graphs are introduced such that 1-distance-balanced graphs coincide
with distance-balanced graphs.

Properties and general results on ¢-distance-balanced graphs have been discussed in
several recently published papers. In particular, connected 2-distance-balanced graphs
which are not 2-connected, and 2-distance-balanced graphs that can be represented as
the Cartesian or the lexicographic product of two graphs were characterized in [11].
In [2I] infinitely many examples of /-distance-balanced graphs were presented, and
{-distance-balanced graphs of diameter at most 3 investigated in detail. Moreover,
(-distance-balancedness of generalized Petersen graphs was analyzed. Now, the follow-
ing [2I Problem 6.4] intrigued our attention: study ¢-distance-balanced graphs with
respect to various graph products. In this paper we focus on the lexicographic, corona
and Cartesian product which were already in the center of earlier investigations of
(-distance-balanced graphs with respect to graph products.

Distance-balanced lexicographic product graphs were characterized in [14, Theorem
4.2], while one of the main objectives of [9] was to characterize ¢-distance-balanced
lexicographic products for every positive integer £. But [9l Theorem 3.4] is not correct
for £ > 2. For ¢ = 2, the result was corrected in [II, Theorem 5.4]. Here, in Section B]
we do the same for every ¢ > 3. Corona product graphs in association with distance-
balanced property have been (according to our knowledge) studied only in [23]. It
is known that the corona product of nontrivial, connected graphs is never distance-
balanced. In Section [ we characterize ¢-distance-balanced corona product graphs for
every £ > 2. Next, l-distance-balanced and 2-distance-balanced Cartesian product
graphs were characterized in [14, Proposition 4.1] and [I1, Theorem 4.4], respectively.
The difficulty of going from the first to the second result indicates that it might be
very difficult to characterize ¢-distance-balanced Cartesian products for arbitrary £. In
Section [B] we hence restrict ourselves to the case when one factor is complete. We give
a sufficient condition on H which guarantees that K, (1 H is /-distance-balanced and
prove that if K, H is ¢-distance-balanced, then H is ¢-distance-balanced graph. In
Section [6] we give a characterization of ¢-distance-balanced graphs which extends the
case ¢ = 1 from [I4] Proposition 2.1] and corrects the general case from [9, Proposition
2.2]. Before giving our results, basic concepts used in this paper are introduced in the
next section.



2 Preliminaries

In this section we introduce our notation and basic definitions. Throughout this paper,
all graphs are simple, connected, undirected and finite. For a graph G, let V(G) denote
the set of vertices and E(G) the set of edges of G. If g1, g2 € V(G), then set

Wy, =19 € V(G) : da(g,91) < da(g,92)}
aWe, =19 € V(G) : da(g,91) = da(9,92)},

where dg (g1, g2) or simply d(g1, g2) denotes the geodesic distance in G. In other words,
Wy, g, is the set of vertices in G that are closer to g; than to go. The diameter diam(G)
of a connected graph G is the maximum distance between pairs of vertices of G. If £ is
a positive integer and diam(G) > ¢, then we say that G is (-distance-balanced if for any
pair of vertices g1, g2 € V(G) with dg(g1,92) = ¢ we have |[Wy, g,| = |[W,g, | If the last
equality holds for every 1 < ¢ < diam(G), we say that G is highly distance-balanced. For
instance, cycles and complete graphs are simple examples of such graphs. In addition,
every distance-regular graph is highly distance-balanced [3]. For more results on highly
distance-balanced graphs see [21].

Let GO H and G[H] respectively denote the Cartesian product and the lexicographic
product of graphs G and H. Both these graph products have the vertex set V(G)xV (H).
Vertices (g1, h1) and (g2, ho) are adjacent in GO H if either g3 = g2 and h1he € E(H),
or hy = hg and g192 € E(G). If h € V(H), then the subgraph of GO H induced by the
vertices (g, h), g € V(G), is a G-layer and is denoted by G". Analogously H-layers 9H
are defined. G-layers and H-layers are isomorphic to G and to H, respectively. Recall
that

daor((g1,h1), (92, h2)) = da(g1, g2) + du(hi, ho). (1)

Vertices (g1, h1) and (ge, he) are adjacent in G[H] if g1g2 € E(G) or if g = g, and
hihe € E(H). The distance between two different vertices (g1, h1) and (g2, he) in G[H]
for G # K is determined as follows:

da(g1,92); 91 7# 92,
deim (91, h1), (g2, h2)) = ¢ 1 g1=g2 and hihy € E(H), (2)
2; g1 =92 and hihy ¢ E(H).

The corona product G o H of graphs G and H is a graph obtained by taking one
copy of G and |V(G)| copies of H and joining each vertex of the i-th copy of H with
the i-th vertex of G. The vertex set of G o H can therefore be written as V(G o H) =
{(g,h) : g € V(G),h € V(H)U{0}}, where the vertices (g,0), g € V(G), correspond to
the vertices of a copy of G in G o H.

3 On /-distance-balanced lexicographic products

As already explained in the introduction, 1-distance-balanced lexicographic product
graphs and 2-distance-balanced lexicographic product graphs were characterized in [14]



Theorem 4.2] and in [I1, Theorem 5.4], respectively. In this section we give a char-
acterization of (-distance-balanced lexicographic products for ¢ > 3. This corrects [9]
Theorem 3.4] where a redundant condition of local regularity is required for the second
factor. We begin with the following lemma needed for the announced characterization.

Lemma 3.1 Let x = (g1,h1) and y = (g2, ha) be arbitrary vertices of I' = G[H] with
dg(g1,92) =€ > 3. Then
[Way| = [Worga! - [V (H)]

Proof. It follows from the assumption dg(g1,¢92) > 3 and from (2]) that for any h €
V(H) we have (g1,h) € Wy, and (g2, h) € Wy,. Furthermore, if g € V(G) \ {91, 92},
then dr(z, (g,h)) = da(g1,9) and dr(y, (9,h)) = da (g2, g). Hence, (g,h) € W, if and
only if g € Wy, g,. O

The announced characterization now reads as follows.

Theorem 3.2 Let ¢ > 3 and G # K. Then G[H] is {-distance-balanced if and only if
G is £-distance-balanced.

Proof. Suppose I' = G[H] is ¢-distance-balanced and let g1, g2 € V(G) be vertices with
dc(g1,g92) = ¢. For arbitrary chosen vertices hy, he € V(H) we denote x = (g1, h1) and
y = (g2, h2). Then we have

dr(x,y) = dr((g1,h1), (92, h2)) = da(g1,92) = ¢,

and consequently |Wy,| = |Wy.|. Since the vertices  and y meet the conditions of
Lemma B.1] we get
|Wg1gz| V(H)| = |Wg2g1| |V (H)|

which implies |Wg, g,| = [Wy,q,| and therefore confirms that G is ¢-distance-balanced.
Conversely, assume G is ¢-distance-balanced and examine any pair of vertices x =
(g1,h1) and y = (g2, h2) in I" with dp(z,y) = ¢ > 3. Then we have

g - dr(x7y) = dr((gla hl)7 (927 h2)) - dG(gl792)7
where the last equality holds by distance formula (2)). Lemma [B1] then implies
‘ny‘ = ‘nggz‘ ’ ’V(H)‘ = ’Wgzg1’ ’ ‘V(H)’ = ’Wyx’

Thus, I' = G[H] is (-distance-balanced. O



4 On /-distance-balanced corona products

The corona product of two arbitrary, nontrivial and connected graphs is not distance-
balanced [23, Theorem 3|. This implies that the corona product of graphs G and H
is distance-balanced if and only if G is trivial (G = K;) and H is a complete graph
(complete graphs are distance-balanced). In this section we give a characterization of
{-distance-balanced corona products for £ > 2. Note that if G is a connected graph
on at least two vertices, then diam(G o H) = diam(G) + 2. Hence we wish to know
whether G o H is {-distance-balanced for every ¢ € {2,...,diam(G) + 2}.

We first consider 2-distance-balanced corona products, for which the following con-
cept is useful. A graph G is locally regular if any non-adjacent vertices of G have the
same degree. Note that every regular graph is locally regular and that the converse
does not hold. For example, complete bipartite graphs K, ,, m # n, and wheel graphs
Wi, n > 5, are locally regular but not regular.

Proposition 4.1 Let G be a connected graph and let H be a graph with |V (H)| > 2.
Then G o H is 2-distance-balanced if and only if G = Ky and H is locally regular.

Proof. Let G = K; and let H be a locally regular graph. If x,y are vertices of Go H
with dgom (x,y) = 2, then z = (g,h1) and y = (g, he), where dg(h1,hs) > 2. Hence,
Way = {2} U{(9,h) :h e V(H),hh € E(H),hoh ¢ E(H)} and Wy, = {y} U{(g,h) :
h € V(H),hoh € E(H),hih ¢ E(H)}. The equality deg(h;) = deg(hg) then implies
(Way| = [Wyel.

Suppose now that G'o H is 2-distance-balanced and consider the vertices x = (g1,0)
and y = (g2, he) for g192 € E(GQ) and hy € V(H). Note that dgom(z,y) = 2. Then
{(g1,h) : h e V(H)U{0}} C Wy, and hence |Wy,| > |V (H)|+1. On the other hand we
have |Wy,| = [{(g92,h) : h € V(H),du(h,hy) < 1}| < |[V(H)|. As this is not possible,
we conclude that G = Kj.

In the sequel, let G = K; and V(G) = {g}. Consider now the vertices x = (g, h1)
and y = (g, he) of Go H for hy, he € V(H) with dg(h1, he) > 2. Note that dgom (z,y) =
2. Then W,y = {2} U{(g,h) : h € V(H),hhy € E(H),hhy ¢ E(H)} and similarly
Wye ={y} U{(g,h) : h € V(H),hhy € E(H),hh; ¢ E(H)}. Since |Wyy| = |Wy,|, we
conclude that H is locally regular. O

Proposition [4.1] immediately gives the following characterization of 2-distance bal-

anced graphs that contain a universal vertex, where a vertex u of a graph G is universal
if its degree is |V(G)| — 1.

Corollary 4.2 Let v be a universal vertex of a graph G. Then G is 2-distance-balanced
if and only if G — v is locally reqular.

Because of Proposition ] and since diam(K; o H) € {1,2}, we are next interested
only in corona products G o H, where G is a connected graph of order at least 2.



Lemma 4.3 Let G be a connected graph with at least two wvertices, H a graph, and
3 < (¢ < diam(G) 4+ 2. Then G o H is {-distance-balanced if and only if the following
conditions are fulfilled.

(i) G is £-distance-balanced,
(i) G is (£ — 2)-distance-balanced, and

(i) [{g € V(G) : da(g1,9) +2 < da(g2,9)} = [{g € V(G) : da(g2,9) < da(g1,9)}]
for every g1, g2 € V(G) with dg(g1,92) = £ — 1.

Proof. Suppose that G o H is (-distance-balanced. Consider vertices x = (g1, h1) and
y = (g2, ha) of Go H with dgop(z,y) = £. Then there are three cases to be considered.

Case 1. hy = hy = 0.

In this case we have dg(g1,92) = ¢. For z = (g3,h3) € Wy, we have dg(g1,93) <
dc(g2,93) and similarly z € Wy, implies dg(g1,93) > dg(g2,93). Since |Wyy| = |Wys|,
this means that |Wy,g,| = |[Wy,g, | and therefore G is ¢-distance-balanced.

Case 2. h; # 0 and hy # 0.

Now we have dg(g1,92) = £ —2. If z = (g3, h3) € Wy, then da(g1,93) < da(92,93)-
Similarly, if z € Wy,, then dg(g1,93) > da(g2,93). Since |[Wyy| = [Wy,|, this means
that Wy, 4,| = |[Wy,g,| and therefore G is (¢ — 2)-distance-balanced.

Case 3. h; # 0 and hy = 0.
In this case, dg(g1,92) = ¢ — 1. Again let z = (g3, h3) be a vertex of Go H. If
z € Wy, then da(g1,93) +1 < da(g2,93). On the other hand, z € W, implies that
dc(91,93) > dg(g2,93). Since [Wyy| = |Wy,/|, it follows that |[{g € V(G) : dg(g1,9)+2 <
dc(92,9)} = Hg € V(G) : da(g2, 9) < da(g1,9)}-

We have thus proved that if G o H is (-distance-balanced, then (i), (ii), and (iii)
hold. The reverse implication is clear. O

Theorem 4.4 If G is a connected graph with at least two vertices, and H is a graph,
then the following hold.

(1) G o H is (diam(G) + 2)-distance-balanced if and only if G is diam(G)-distance-
balanced.

(11) If ¢ € {3, ... ,diam(G) + 1}, then G o H is not £-distance-balanced.

Proof. (i) If x = (g1,h1) and y = (g2, ha) are vertices of G o H with dgom(z,y) =
(diam(G) + 2), then hy # 0 and hy # 0. Hence we only need to consider Case 2 of
Lemma [4.3] which implies the assertion (i).

(ii) Let £ € {3,...,diam(G) + 1}. To prove that G o H is not ¢-distance-balanced,
in view of Lemma [4.3] it suffices to prove the following:



Claim: If X is a connected graph and u,v € V(X) with dx (u,v) =k > 2, then
Hz e V(X) tdx(u,z) +2 <dx(v,2)}| # {z € V(X) : dx(v,z) < dx(u,z)}.

Consider the following sets:

Uy ={zx e V(X):dg(u,z) <dg(v,x) — 2},
Uy ={z e V(G) : dg(u,x) = dg(v,z) — 1},
E={zeV(G) :dg(u,x) = dg(v,z)},

Vi ={z € V(Q) : dg(u,z) = dg(v,z) + 1},
Vo ={z € V(Q) : dg(u,z) > dg(x,x) + 2}

Clearly, every vertex of X is contained in exactly one of the above sets. By way
of contradiction suppose that the equality holds in the displayed formula of the claim.
Then |Us| = |E| + |Vi| + |V2| and |Va| = |E| + |Ui| + |Us|. It follows that |E| = |U;| =
|[Vi| = 0. Consider a shortest u,v-path P. If k is even, then P contains a vertex x
such that dx (u,z) = dx(v,z). This means that x € E, and so |E| # 0. Consequently
k must be odd. But if k is odd, then there exist vertices z and y on P such that
dx(u,z) = dx(v,z) — 1 and similarly dx(u,y) = dx(v,y) + 1, which implies that
x € Uy and y € V;. This contradiction proves the claim which in turn yields (ii). O

5 On /-distance-balanced Cartesian products

As already explained, 1-distance-balanced and 2-distance-balanced Cartesian product
graphs were characterized in [I4] and [II], respectively. As the general case seems
difficult, we reduce here our attention to the case where one factor is complete. In
the following lemma we first analyze and present the conditions for z,y € V(K,, O H)
under which the vertices of K, [JH are contained in Wp,.

Lemma 5.1 Let © = (g1,h1) and y = (g2, h2) be arbitrary vertices of I' = K, O H,
n > 2. Then the following holds:

(i) If x and y are contained in the same H-layer (g1 = g2), then the set Wy, contains
exactly the vertices z = (g,h) € I' for which h € Wy, p,.

(ii) If x and y are not contained in the same H-layer (g1 # g2) and z = (g,h) is a
vertex of I' contained in
e 9H  then z € Wy <= h € (Wh1h2 @] h1Wh2)-
o H, then z € Wyy <= h € Wy, and dg(hi, h) # dg(he, h) — 1.
o (HUH), then z € Wyy <= h € Wi p,.



Proof. Note that for a complete graph G the distance formula () can be simplified
as daou((91,h1), (92, h2)) = dg,,90 + du(h1, h2), where g, 4, is 0 or 1 depending on
whether g1 = go or not, respectively.

For a vertex z = (g, h) of I' we have

z2€ Wy <= 0g49+da(hi,h) <04y 9+ du(he,h).

If x and y are contained in the same H-layer, we obtain z € Wy, if and only if h € W}, 3,.
Thus, (¢) follows.

Suppose now that = and y are not contained in the same H-layer. For z € (9*HU92H )¢
we have dg, o = 04,4 = 1 and therefore z € Wy, if and only if h € W}, 3,. For z € 9'H
we have g4, o = 0 and dg, , = 1 and hence z € Wy, if and only if h € (Wi, p, U pWh,).
Finally, let z € 92H. Then 04, 4 = 1 and d4, ¢ = 0 which implies z € W, if and only if
h € Wh,n, and dg(hi,h) # di(he, h) — 1. This completes the proof of (ii). O

Theorem 5.2 Letn > 2, (> 2, and let H be {-distance-balanced and (¢ —1)-distance-
balanced graph. Then K, H is (-distance-balanced if and only if

|{h c Wh1h2 : d(hl,h) = d(hg,h) — 1}| = |{h c Wh2h1 : d(hg,h) = d(hl,h) — 1}| (3)
for every hy, he € V(H) with dg(hy, hy) =€ — 1.

Proof. Assume first that H meets the condition (3] of the theorem and let = = (g1, h1)
and y = (g2, h2) be arbitrary vertices of I' = K, 0 H with dp(xz,y) = ¢. Note that
for g1 = go we have ¢ = dr(x,y) = dg(hi,hs). Moreover, Lemma [5.1] implies that
[Way| =1 |Whih,| and [Wy,| = n- [Wh,p,|. Considering that H is ¢-distance-balanced,
we can conclude, that |Wy,| = |W,;|. Suppose now that g; # g2. Then ¢ = dr(z,y) =
1+ dg(h1, he) and hence dg(hi, he) = ¢ — 1. Since H is (¢ — 1)-distance-balanced and
satisfies the condition (B]), Lemma [5.1] implies that

|Wry| = n- |Wh1h2| + |h1Wh2| - |{h € Wh1h2 : dH(hl’h) = dH(h27h) - 1}|
= n- |Wh2h1| + |h1Wh2| - |{h € Wh2h1 : dH(h%h) = dH(hlvh) - 1}|
= ’Wyx’

Therefore, I' is /-distance-balanced.

For the converse let hq, ho be any vertices of V(H) with dg(hy,he) = £—1. Consider
now the vertices * = (g1,h1) and y = (go,hs) of K, 0 H with g; # g2. Then by
Lemma [5.] the equality (3] holds. O

We next show a necessary condition for K, [1H to be ¢-distance-balanced.

Proposition 5.3 Let H be a graph of diameter at least £ > 2 and let n > 1. If the
Cartesian product K, [0 H is £-distance-balanced, then H is {-distance-balanced.



Proof. Suppose I' = K,,[1 H is {-distance-balanced. Let hy and hy be arbitrary ver-
tices of H with dg(hy,hs) = £ and let g be any vertex of K,,. Then ¢ = dg(hy,hs) =
dr((g,h1), (g, h2)). Since I is (-distance-balanced we have [W g 4.)(g.n2)| = IW(g,h2)(g,01) -
Using Lemma G511 we derive that n - [Wpn,| = n - [Whyp,| whence it follows that
[Whihol = |[Whyh, |- Therefore, H is ¢-distance-balanced graph. O

From Lemma [5.I] Theorem [5.2] and Proposition 5.3 we can deduce:

Corollary 5.4 Let H be a graph and let n > 2. Then K, O H is 2-distance-balanced
if and only if H is a 2-distance-balanced and 1-distance-balanced graph.

Proof. Assume first that H is 2-distance-balanced and 1-distance-balanced graph. Let
hi and hy be any adjacent vertices of H. Then the condition (3B)) of Theorem
coincides with 1-distance-balancedness of H which implies that K, [0 H is 2-distance-
balanced.

Suppose now that I' = K,, 0 H is 2-distance-balanced graph. According to Propo-
sition then also H is 2-distance-balanced. It remains to show that in addition H
is 1-distance-balanced. Let hy,hy € V(H) be adjacent vertices, and let g; and go be
different vertices of K,,. Consider now the vertices x = (g1, h1) and y = (g2, ha) of I".
By Lemma [5.1] we obtain

|Wwy| = (’I’L - 1)|Wh1h2| + |h1Wh2|

and
Wyl = (n = 1)[Whyny | + [nWh,| -

Since dr(z,y) = 2 and I' is 2-distance-balanced we have |Wp,| = |W,,| which completes
the proof. O

Corollary [5.4] can alternatively be deduced also from [I1, Theorem 4.4].

6 A characterization of /-distance-balanced graphs

If G is a graph and k a non-negative integer, then let Ni(z) = {y : d(x,y) = k} and
Nilz) = {y : d(z,y) < k}. (Recall that |N;i(z)| is the degree deg(z) of the vertex x.)
In [I4], Proposition 2.1] it was proved that a graph G of diameter d is distance-balanced
if and only if

d—1 d—1
IN1[a] \ N1[b]] + ) [Ne(a) \ Ne—1(b)] = [N1[b] \ Nifal| + > [Nk(b) \ Np—1(a)]
k=2 k=2

holds for every edge ab € E(G). An attempt to generalize this result to ¢-distance-
balanced graphs was given in [0, Proposition 2.2]. However, counterexamples were
presented in [2I Remark 4.3]. We now give an accordingly modified version of the
result.



Proposition 6.1 A graph G of diameter d is ¢-distance-balanced (1 < ¢ < d) if and
only if

U

-1

U

-1

|Nk(a) \ Ng—1[b]| = > | Ng(b) \ Ni—1[a]|
1

=

=1
holds for all a,b € V(G) with d(a,b) = £.

e
Il

Proof. Let a and b be arbitrary vertices of G with d(a,b) = ¢. Then W, and Wp, can
be written as

d—1 d—1

Wa = {a} U | (Ne(a) \ Nilt)) = {a} U | J <(Nk(a) \ No_a[B]) \ (Ve(a) Nk<b>>)
k=1 k=1
and
d—1 d—1
Wi = (53 U | (Ne(0) \ Nela)) = (53U | ((Nkw) \ Neos[al) \ (N9 me<a>>)
k=1 k=1

Since Ng(a) N Ni(b) is a subset of both Nj(a) and Ng(b), the result follows.

Corollary 6.2 If G is a graph of diameter 2, then the following statements are equiv-
alent.

(i) G is 2-distance-balanced.
(ii) degq(a) = degq(b) for every a,b € V(G) with d(a,b) = 2.
(iii) G is a regular graph, or a nonregular join of at least two reqular graphs.

Proof. The equivalence (i) < (i) easily follows from Proposition [6.1], while the equiv-
alence (i) < (i4i) was proved in [21I, Theorem 4.2]. O
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