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Abstract

Let T, be an arc-colored tournament of order n. The maximum monochromatic
indegree A~"°"(T,) (resp. outdegree AT™°"(T,)) of T, is the maximum number of
in-arcs (resp. out-arcs) of a same color incident to a vertex of T,,. The irregularity
i(T,) of Ty, is the maximum difference between the indegree and outdegree of a vertex
of T,,. A subdigraph H of an arc-colored digraph D is called rainbow if each pair
of arcs in H have distinct colors. In this paper, we show that each vertex v in an
arc-colored tournament T, with A=™o"(T,) < AT™M"(T, ) is contained in at least
w — [A=mo(T,)(n — 1) + AT™"(T,,)d™ (v)] rainbow triangles, where
§(v) = min{d*(v),d™(v)}. We also give some maximum monochromatic degree con-
ditions for T, to contain rainbow triangles, and to contain rainbow triangles passing
through a given vertex. Finally, we present some examples showing that some of the

conditions in our results are best possible.
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1 Introduction

In this paper we only consider finite and simple graphs and digraphs, i.e. without loops
or multiple edges (arcs). A cycle in a digraph always means a directed cycle. We use [6]
and [8] for terminology and notations not defined here.

Let G = (V(G), E(G)) be a graph. An edge-coloring of G is a mapping C : E(G) — N,
where N is the set of natural numbers. We call G an edge-colored graph, if it has an
edge-coloring. We use C'(G) to denote the set of colors appearing on the edges of G. The
mazimum monochromatic degree A™°"(G) of G is the maximum number of edges of a
same color incident to a vertex of G. For a vertex v of G, the color degree d,(v) of v is the
number of colors assigned on the edges incident to v. The minimum color degree 6(G) is
the minimum dg,(v) over all vertices v of G. A subgraph H of G is called rainbow if all
edges of H have distinct colors.

The existence of rainbow subgraphs has been widely studied, readers can see the survey
papers [14} 20]. In particular, the existence of rainbow triangles attracts much attention
during the past decades. For an edge-colored complete graph K,, Gallai [16] and Fox
et al. [I1] characterized the coloring structure of K, without containing rainbow trian-
gles. Balogh et al. [5] obtained the maximum number of rainbow triangles in 3-edge-
colored complete graphs. Gyarfas and Simonyi [I7] proved that each edge-colored K,
with A™"(K,) < 2?" contains a rainbow triangle and this bound is tight. Fujita et al.
[13] proved that each edge-colored K, with §°(K,,) > logyn contains a rainbow triangle
and this bound is tight. For a general edge-colored graph G of order n, Li and Wang
[23] proved that if 6¢(G) > @n, then G has a rainbow triangle. Li [22] and Li et al.
[21] improved the condition to 6°(G) > % independently, and showed that this bound
is tight. Li et al. [24] proved that if G is an edge-colored graph of order n satisfying
d(u) +d(v) > n+1 for every edge uv € E(G), then it contains a rainbow triangle. Li et
al. [2I] proved that if G is an edge-colored graph of order n with |E(G)|+|C(G)| > %’
then it contains a rainbow triangle. Fujita et al. [15] characterized all graphs G satisfying
|E(GQ)|+1C(G)] > % — 1 but containing no rainbow triangles. Ehard et al. [9] proved
that if G is an edge-colored graph of order n with |E(G)| + |C(G)| > @ + k-1,
then it contains at least k rainbow triangles. Hoppen et al. [I9] characterized the graphs
with the largest number of edge-colorings avoiding a rainbow triangle. Aharoni et al. [I]
determined the maximum number of edges in an n-vertex edge-colored graph where all
color classes have size at most k and there is no rainbow triangle. Jin et al. [25] studied

rainbow triangles in edge-colored Kneser graphs. For more results on rainbow cycles, we



recommend [2] [10] 12} [1§] .

Motivated by the fruitful results on the existence of rainbow triangles in undirected
graphs, we propose the problem on the existence of rainbow triangles in digraphs. Before
proceeding, we first give some terminology and notations in digraphs.

Let D = (V(D), A(D)) be a digraph. If uv € A(D), then we say that u dominates
v (or v is dominated by u). For a vertex v of D, the in-neighborhood Np(v) of v is the
set of vertices dominating v, and the out-neighborhood N}, (v) of v is the set of vertices
dominated by v. The indegree d,,(v) and outdegree d,(v) of v are the cardinality of Np, (v)
and N}, (v), respectively. Let 6p(v) = min{d,,(v),d},(v)}. The mazimum indegree A~(D)
(resp. mazimum outdegree AT (D)) and the minimum indegree 5~ (D) (resp. minimum
outdegree 57(D)) of D, is the maximum dp,(v) (resp. dj,(v)) and the minimum d,(v)
(resp. leS(v)) over all vertices v of D, respectively. The digraph D is strongly connected
if for every pair of distinct vertices u, v in D, there exists a (u,v)-path. The subdigraph
of D induced by S C V(D) is denoted by D[S]. For two disjoint subsets X and Y of
V(D), we use Ap(X,Y’) to denote the set of arcs from X to Y. An arc-coloring of D is
a mapping C: A(D) — N, where N is the natural number set. We call D an arc-colored
digraph if it has an arc-coloring. We use C'(D) and ¢(D) to denote the set and the number
of colors appearing on the arcs of D, respectively. For a nonempty subset S of V (D),
the mazimum monochromatic indegree (resp. mazimum monochromatic outdegree) of S,
denoted by AL™"(S) (resp. AL™"(S9)), is the maximum number of in-arcs (resp. out-
arcs) of a same color incident to a vertex v € S. We write A™""(D) for A;""(V(D))
and AT™n(D) for AL™"(V(D)), respectively. If there is no ambiguity, we often omit
the subscript D in the above notations. When a set contains only one element s, we often
write s instead of {s}. A digraph is called rainbow if all of its arcs have distinct colors.
A digraph, which is not rainbow, is called non-rainbow.

A tournament is a digraph such that each pair of vertices are joined by precisely
one arc. We use T, to denote a tournament of order n. The irregularity i(T,) of T, is
the maximum difference between the indegree and outdegree of a vertex. A tournament
T, is said to be regular if i(T,) = 0, and almost regular if i(T,,) = 1. Since d*(v) +
d~(v) = n—1 for each vertex v € V(T},), we have max{A~(T},), AT (T,,)} < % and
min{6~(T,,), 6T (T,,)} > 2=t

For research on arc-colored tournaments, see [3, 4], [7]. In this paper we focus on the exis-
tence and enumeration of rainbow triangles in strongly connected arc-colored tournaments.

By symmetry, throughout this paper we can assume that A~"°%(T,,) < AT™o"(T,).



We first consider the number of rainbow triangles passing through a given vertex in

an arc-colored tournament.

Theorem 1. Let T,, be a strongly connected arc-colored tournament with A~""(T,,) <
ATmOn(T . Then for each vertex v of Ty, the number of rainbow triangles containing v

is at least

5(v) (n = d(v) = i(Tn))
2

— [ATUT) (0 — 1) + ATNT)d T (v)] -

Remark 1. The bound in Theorem [ is tight. Let T}, be an arc-colored tournament
of order n = 4k — 1 + 2i(T},), where k is a positive integer. Let v be a vertex of T,
with d¥(v) = d~(v) = 2k — 14+ i(T,), W = N (v) = {wi,w2,...,wop_1441,)} and
U= N"(v) = {u1,uz, ..., usp_14im,)} Let T,[W]and T,[U] be two regular tournaments
of order 2k — 1 + i(Ty,). For each vertex w; € W, let N*(w;) NU = {uj,...,ujq4k1}
Then T, is strongly connected. For each wj, 1 < j < 2k — 1 +i(T},), let C(vw;) = j,
C(ujv) = j, C(wjujt1) = j and C(wjuji2) = j+ 2. Finally, color the remaining arcs
with distinct new colors. Then AT™"(T, ) = A~™°"(T,,) = 1, and the number of rainbow

triangles containing v is

(v) (n = 6(v) = i(Tn))

(k—3) (2k — 1 +i(T},)) = >

—[ATNT) (n = 1) + ATTN(T)d T (v)]

Based on Theorem [I we give some maximum monochromatic degree conditions so

that every vertex in 7T, is contained in a rainbow triangle.

Theorem 2. Let T, be a strongly connected arc-colored tournament with A~"°"(T,,) <

AT and

—1—4T, 1— (T,
(n - i( ni)(n‘—i-T i( n)), | <i(T,) < n—3}—3;
QAfmon(Tn) + Aeron(Tn) < (n -1+ Z( n))
n — 2i(T,) ,
— otherwise.

Then every vertex of T, is contained in a rainbow triangle

Remark 2. When i(7,,) = 0 or %2 < §(T},) < n — 3, the bounds in Theorem [ are tight.
When 1 < i(T;,) < “+2, the gap between the bound in Theorem 2 and the best possible

bound is at most 1 (See Section [3 for examples).
We also investigate the existence of rainbow triangles in T,,.

Theorem 3. Let T, be a strongly connected arc-colored tournament with A~"°"(T,,) <

AT (T, If nis odd and A~™"(T,) < %:Z(T”)Q, or n is even and AT™"(T,) <

n?—1-3i(Ty)?

h=1) then there exists a rainbow triangle in T,,.



Remark 3. The bounds in Theorem [3may not be tight. However, for regular tournaments

n

the best possible bound can not be larger than {7 (See Section [3] for examples).

We prove Theorems [I], 2] and [ in Section 2. In Section 3, we give some examples to
analyze the tightness of the bounds in Theorems 2] and Bl In Section 4, we propose some

further research problems.

2 The proofs

H
Let v be a vertex in an arc-colored tournament 7;,. We use n(C3,v) to denote the number
— —
of triangles containing v, and n(RC35,v) and n(NRCj5,v) to denote the number of rainbow

and non-rainbow triangles containing v, respectively. Then
—> — —
n(RC3,v) = n(Cs,v) — n(NRCs,v).

So by estimating the minimum number of triangles and the maximum number of non-

%
rainbow triangles passing through the vertex v, we will get a lower bound for n(C3,v).

Lemma 1. Let T, be a strongly connected tournament of order n and irregularity i(T),).
Then for each vertex v of T,,, we have

3(v)(n —8(v) — i(Tw))

n(Ch,v) > -

Proof. Let v be a vertex of T,. Let W = N (v) and U = N~ (v). Then V(T,) =
WuUUU{v} and n(C—g, v) = |A(W,U)|. By the definition of irregularity, we have
SIWI(T) < 3 dF(w) = 3 d”(w) = [AW,U)| = |AUW)| = W] < [WIi(T,).
weWw wew
Note that
AW, U)| + AU, W)| = [W[|U| = [W](n =1 — [W]).

We have

a0 = 0= |V2V| —iTw) _ d¥(0)(n = d;(v) —i(Tn) O

Similarly, since

—|U[i(T,) <> d™(u) =D d™(u) = [AU,W)| + U] = |[AW,U)| < |U}i(T),
uelU uelU

we have

AW.U)| > (n—1- |W|)(|;/V| +1-i(T) _ d”(v)(n— d;(v) - z’(Tn)). @)




Combining Inequalities (Il) and (2]), we get
AW.0)] > L {a* (0)n — d¥(0) — (). d=(0)(m — d~(0) — i(T))}

By easy calculation, we can get

3(v)(n = d(v) — iTn))

%
n(Ch0) = [AW.U)| > >

This completes the proof of Lemma [l O

Next we will estimate the maximum number of non-rainbow triangles passing through
a given vertex v. A triangle with vertex set {v,w,u} and arc set {vw,wu,uv} is denoted

by TUUJU .

Lemma 2. Let T, be a strongly connected arc-colored tournament of order n. Then for

each vertex v of T,,, we have
H _
n(NRC3,v) < A™™"(T,)(n — 1) + AT™™(T,)d" (v).

Proof. Let v be a vertex of T, and set W = NT(v) and U = N~ (v). Define W; =
{w € W[C(vw) = i} and U; = {u € U|C(uv) = j}. Then } ccp,) Wil = d*(v) and
> jec(ry Uil = d™(v). For a triangle Ty, if it is not rainbow, then it must belong to
at least one of the sets S1(v) = {Tyyu|C(vw) = C(wu)}, S2(v) = {Tpwu|C(wu) = C(uv)}
and S3(v) = {Tywu|C(uv) = C(vw)}. Denote the cardinality of S;(v) by t;(v), i = 1,2,3.
Then
H
’I’L(NRCg,U) < tl(v) + t2(’0) + tg(v).

Let X; = {wu € A(W;,U) : C(wu) = i}. Then we have
)= Y X< Y [WIATN(T,) = ATTNT,)d (v).
1€C(Tn) 1€C(Thn)
Let Y; = {wu € A(W,Uj) : C(wu) = j}. Then we have
)= Y 1< Y UHIATNT,) = AT (T)d (v).
JEC(Tn) JEC(Tn)
It is not hard to see that

ta(v) < > |WillUl.

keC(Ty)
Note that |Ug| < A=™™(T,,) for all k € C(T,). We have

S WU < ATTNT) > (Wi = ATN(T,)d  (v).
keC(Ty) keC(Ty)

6



Then
n(NRCs,v) <t (v) + ta(v) + t3(v)
SAFTOT AT (0) + AT )d (v) + AN (T (v)
AT, ) (n — 1) + AT, )d (v),

This completes the proof of Lemma 2 O

— — —
Proof of Theorem [I. Since n(RC3,v) = n(Cs,v) —n(NRCs,v), Theorem [ follows im-

mediately from Lemmas [l and 21 O

%
Note that if n(RC3,v) > 0, then v is contained in a rainbow triangle.
%
Proof of Theorem 21 Let v be a vertex of T;,. The lower bound of n(Cs,v) in Lemma

[ is related to 6(v). Now, we will give a new lower bound of n(C—>'3, v) without using 6(v).
Claim 1.
n(n — 2)
- 8 ’
C3,v) >
) 20 0 41— 20(T3)
8 )
Proof. Let f(6(v)) = 5(U)("75(27})7i(T")). Since f'(6(v)) = w, we can see that

f(0(v)) increases when 6(v) < %(T”) and decreases when 6(v) > %(T”) Note that

if i(T),) = 1;

otherwise.

%“T”) < §(v) < 251 So the minimum value of f(§(v)) can only be obtained when

o(v) = %Z(T") or 251, Comparing f(%w")) and f(271), we can prove Claim[Il O
We divide the rest of the proof into three cases according to the irregularity of 75,.
Case 1. i(T,,) = 0.

In this case, T, is a regular tournament. Since 2A~™°"(T,) + AT™"(T,) < &, by

Lemma 2] and Claim [ we have

nn—1) n?-1 —
<
8 8

n(NRC_g,v) < AT (0 — 1) + AT™ON(T,)d T (v) <
Thus, n(RCs,v) > 0, namely, v is contained in a rainbow triangle.
Case 2. 22 < {(T,) <n-3.
If d*(v) < 251, then by Lemma 2l we have

n(NRCy,v) < A~ (T)(n — 1) + AT (T,)d* (v)
SUESIOEL )
_ (=D +81 —2%(T))

< n(Cs,v).

7



So v is contained in a rainbow triangle.

If d*(v) > %51, then d*(v) =n — 1 — §(v). By Lemma 2 we have

n(NRCy,v) < A~ (T,)(n — 1) + AT (T,)d* (v)

< dT(v)(2AT™M(T,) + ATTON(T)).

Now we will show

8(v)(n = 8(v) — i(Tw))

dt(v)(2AT"(T,) + ATTMNT,)) < 5

It suffices to prove that

6(2})(71 - 5(’0) - Z(Tn)) > 4Afm0n(Tn) + 2A+mon(Tn).

n—1—0(v)
Define
ooy = E =) )
Since
g (6(w) = -2 DD

(n—1—5(0))

we can see that g(d(v)) is convex when %Z(T") < §(v) < 1. So the minimum value of

2

or "5=. Comparing g(%ﬂn))

g(0(v)) can only be obtained when 6(v) = and

9(%51), we have

-1 1 — 2i(T,
min 9(8(v)) = g(* =* Z(“,
—1—-i(Tn) 2 2
i) <)< 2ot

and thus

—mon mon n- 2Z(Tn) n+1- QZ(Tn) 5(”)(” _ 6(2}) _ Z(Tn))
2A (T,,) + AT™m(T,) < 1 < 1 < 2 —1-0@)

Therefore,

o(v)(n —d(v) —i(Ty)) —

n(NRCh,v) < d*(0)(2A~(T,,) + AT (T,)) < ) < n(Ch,v).

This implies that v is contained in a rainbow triangle.

Case 3. 1 < i(T),) < 2.

The proof of Case 3 is similar to that of Case 2. Note that in this case we have

(n—1—i(T,))(n+1—4i(Ty) n+1—2i(T,)
2(n — 1 +i(T,)) 2 '




If d*(v) < 251, then we have

n—1

n(NRC_g,, v) < (2A7™™(T,,) + AT™™(T,))

2
_n— 1= 1= i(T) 0+ 1~ i(T,)
<73 M0 — 1 +i(Ty))
=Dt 1=2T) @ 0 (for 1 < i(T,) < ™ : 3

8

and
n(NRCy,v) < "= Laa-mon(r,) 4 Atmon(T;.y)
o n= 1(n—1—4i(Ty)(n+1—14(Ty))
4(n —1+14(Ty))
_ (- 1)8(“ —2 "("8_ 2) < (@) (for i(T,) = 1).
This implies that v is contained in a rainbow triangle.

\V)

|
DO

If d*(v) > 251, then we have

n(NRCs,v) < d* (0)(2A7™"(T;,) + AT™on(T)).

Since i(T,) < 23, we have
. n—1—q(1, n—1—4T1,))(n+1—1T,
i) s 90W) = 9 ) - 2 (—i)( (T, —
no1oilTn) < g(y) < 251 (n —1+i(T))

and

2Afmon(Tn) + Aeron(Tn) S

Thus,

n(NRCs,v) < d* (v)(2A~™"(T,,) + A+ (T,)) <

This implies that v is contained in a rainbow triangle, completing the proof of Theorem

2l

To prove Theorem Bl we will estimate the minimum number of triangles and the

— —
maximum number of non-rainbow triangles in T,,, respectively. We use n(Cs3), n(RC3) and

%
n(NRC3) to denote the number of triangles, rainbow triangles and non-rainbow triangles

in T,,, respectively. Here we give Lemmas [3] and [l

Lemma 3. Let T, be a strongly connected tournament of order n and irreqularity i(T},).

If n is odd, then

— (n — 1) (n? +n —3i(T,)?)

If n is even, then




Proof. Let v be a vertex of T, and set W = N*(v) and U = N~ (v). Then n(C_g,v) =
|A(W,U)|. We can partition the out-neighborhood of a vertex w € W into two parts. Let
Pi(w) = Nt (w) N W and P2(w) = N*(w)NU. Then d*(w) = | Py (w)| + |P2(w)|. Thus,

AW, U)| = Y [P(w)| = Y d(w) = Y [Pi(w)

weW weW weW
oV (dT (o) —
= Z d+(u))—d (v)(d2(v) 1)_
wENT(v)

Since a triangle contains three vertices, we have

n(C_g):% > n(aﬁ,v):% > ) d+(w)_d+(v)(d+(v)—1)

veV (Ty) veV (Tn) \weNT(v) 2

For each vertex w, we can see that w is an out-neighbor of exactly d~(w) vertices. So

Z Z d+(w) _ d+(1))(d+ (U) — 1)

2
veV (Tn) \weNT(v)

- > (e w - R E)

2 2
UEV(Tn)
nn—1)2n—-1) 3 TP
“rnm D 0 @)y
UEV(Tn)
It suffices to calculate
max Z(d+(vi))2
i=1
—1— (T, — 1+ (T,
n i(Ty) < dHw) < n—1+i( n);
2 2
s.t.

= n(n —1)
;d+(v,~) = 72 .

We claim that if >  (d¥(v;))? attains the maximum value then the number of vertices

n—1+i(Ty)
2

with outdegree is maximum, and subject to this, the number of vertices with

outdegree

—1—i(T,) . . . . .
nfl(") is maximum. In other words, there exist no two vertices z, y with

%ﬂn) <dt(z) <d'(y) < %Z(T") Otherwise, we can get a larger > ", (d* (v;))? by

changing d* (), d*(y) to d*(z) — 1, d*(y) + 1. If n is odd, then

max S (dF(v)? :n; <n—1—2i-i(Tn)>2+ <ng1>2+n;1 <n—1gz’(Tn)>2

(n—1)[(n—1)2+i(T,)* +n — 1]
T .

So we have

— (n —1)(n? +n —3i(T,)?)

10



If n is even, then

So we have

completing the proof. O

Lemma 4. Let T}, be a strongly connected arc-colored tournament of order n. Then

n(n — 1)A~""(T,,) .
2

Proof. Let P be the set of all monochromatic directed path of length 2 in T,,. For each

n(NRC3) <

non-rainbow triangle, there must be a monochromatic directed path of length 2 in it.
For each two distinct non-rainbow triangles, the corresponding monochromatic directed
paths of length 2 are also distinct. So we have n(NRC_>'3) < |P|. Let v be a vertex
of T,,. Let W = Nt(v) and U = N~ (v). Define W; = {w € W|C(vw) = i} and
Uj = {u € U|C(w) = j}. Then Y ;cor,) Wil = d*(v) and 3}°;ccr,) [Uj| = d™(v). The
number of monochromatic directed paths of length 2 which contain v as the center is

D WU

k‘EC(Tn)

By the proof of Lemma [2] we know that

ST WU < AT )d (v).

keC(Ty)
Thus,
_ 1 Afmon T
n(NRTH <|Pl< Y ATmen(pat () = D)
UEV(Tn)
The proof is complete. O

— —
Proof of Theorem Bl If n(NRC3) < n(C3), then there must be a rainbow triangle in

T,,. So Theorem [3 follows from Lemmas [3] and @l immediately. O

3 Tightness analysis of the bounds in Theorems [2] and

In this section, we will give some examples to analyze the tightness of the bounds in
Theorems 2] and B Examples 1, 2 and 3 are for Theorem 2l Examples 4 and 5 are for
Theorem Bl

Before we give the examples, we will prove an easy but useful result first.

11



Theorem 4. If T, is a reqular tournament, then T,, must be strongly connected.

Proof. Let T, be a regular tournament. Then for every vertex v of T},, we have d*(v) =
d~(v). By contradiction, assume that 7T), is not strongly connected. Then the vertex
set of T, can be partitioned into two nonempty subsets V; and V5, such that all arcs
between V) and Vs have the same direction. Without loss of generality, we can assume

that |A(Vy, Va)| = |V1||Va| and |A(Va, V1)| = 0. Since T, is regular, we have

DAt =) d (v)

veW, veW,
Note that
Do dTw) =D df ) + AL V)],
veV] veVy
ddw) =D dy ) (V) + [A(V2, V1)
veW, veW,
and
D A @) = D dp iy ).
veEV] veVy
So we have |A(Vy, Va)| = |A(Va, V1)]|, a contradiction. O

% in Theorem [2]is tight,

Example 1. This example shows that the upper bound
for i(T,,) = 0 or "T‘H)’ <i(T,) < 32

We construct a tournament 7,, with n = 4m — 1 vertices. Let v be a vertex of T,
with dT(v) =d (v) =2m — 1, W = N (v) = {wy,we,...,wom_1} and U = N~ (v) =
{uy,ug,...,ugm—1}. Let T,,[W] and T,[U] be two regular tournaments. For each vertex
wj € W, let Nt (w;) NU = {uj,...,ujr—1} (indices are taken modulo 2m — 1), where
1<k<m= "TH. By Theorem [, we can see that T;, is strongly connected.

Now let us see the irregularity of T,,. For vertex v, we have |d*(v) — d~ (v)| = 0. For
every vertex w € W, we have d*(w)=m —1+kandd (w)=m—1+1+2m—1—k=
m—1+2m—k. Since k < m, we have |d* (w)—d~ (w)| = 2m—2k. Similarly, for every vertex
w e U, wehave d"(u) =m—1+2m—k,d (u) =m—1+k and |[d* (u) —d~ (u)| = 2m —2k.
So, i(T,,) = 2m — 2k. Since 1 < k <m = 2 we have 0 < i(T},) < 253

Next, we will assign colors to the arcs of T;,. For 1 < j < 2m — 1, let C(vw;) = j,
C(ujv) = j, C(wjujq1) = j+1 and C(wjup) = j for j+2 < p < j+k—1. Finally, color the
remaining arcs with distinct new colors. Then AT"(T,) = k — 2 and A~"™°"(T,) = 1.
Thus,

om —i(T,) n+1—2i(T,)

2A—mon T A—f—mon T ) = — _




but there is no rainbow triangle containing v.

Example 2.  This example shows that if i(7,,) > 251, then even the condition A+t (T,,)

= A7™"(T,) = 1 can not guarantee every vertex in T, is contained in a rainbow triangle.
We construct a tournament 7T,, with n vertices. Let v be a vertex of T;, with d* (v) = z

and d~(v) = n — 1 — z, where 2

Let W = Nt (v) = {wy,ws,...,w;} and U = N~ (v) = {ug,uz,...,up_1-z}. Let T,[W]

<z <n-2 zand n—1— x are odd integers.

and T,[U] be two regular tournaments. For a vertex w; € W, 1 < j <n—1—uz, let
Nt(w;) NU = {u;}. For a vertex w; € W, n—xz < i <z, let NT"(w;) "NU = 0. By
Theorem M, we can see that T, is strongly connected.

Now let us see the irregularity of 7,,. For vertex v, since "TH < z, we have |d*(v) —

d=(v)| =2z —n+ 1. For vertex w; € W, 1< j <n—1—2a, we have d*(w;) = &1 +1

and d (wj) = % +1+n—-1-2-1=21 +n—2—1 Since z < n— 2, we have
|dt (w;) — ( wj)| = n — 2 — z. Similarly, for vertex w; € W, n —x < i < z, we have
d* (w;) = ,d™(w;) = %2 +n — 2 and |dF(w;) — d~(w;)] = n — 2. For every vertex

u € U, we have d*(u) = z + 2=2=2 d~(u) = 1 + =22 and |d*(u) — d" (u)| = 2 — 1.
So, i(T,) = max{2x —n+ 1,n —2 — x,n — z,x — 1}. Since 2 <z < n — 2, we have
2x—n—|—1§x—1andn—x§”771§x—1. So, i(T,)=z—1> %

Next, we will assign colors to the arcs of T;,. For 1 < j<zand 1 <i<n—1-—uz, let
C(vw;) = j and C(u;v) = i. Finally, color the remaining arcs with distinct new colors.

Then AT™o"(T,,) = A~™°"(T,) = 1, but there is no rainbow triangle containing v.

Example 3. For 1 < i(T,) < 3, denote L(n_lj((gfﬂg&i iTn) )J = m. Let T, be a
tournament of order n = 4k—1+i(T},), where k is a positive integer, v be a vertex of T, with
dt(v) =2k =14 i(T,) and d~(v) = 2k — 1, W = NT(v) = {wi,wy, ..., Wo_141,)} and
U=N"(v) ={uy,ug,...,ugp—1}. Ifi(7T),) is even, then let T,,[W] be a regular tournament,
otherwise let T,,[W] be an almost regular tournament. Let T,,[U] be a regular tournament.
Since i(T,) < 23, we have 3i(T,,) < n+ 3 = 4k + 2 +i(T,,), namely, i(T},) < 2k.
Case 1. i(T),) <2k —1and (2k — 1)(m + 1) +i(T,,)m > k(2k — 1).

We can construct a tournament with 2A~"°"(T, ) + AT™"(T,)) = m + 1 to show
the bound is tight. For wj, 1 < j <2k —1, let N*(w;) NU = {u;,...,ujtm}, and for

wop—144, 1 < j <i(Ty), let NT(wop—14;) VU = {uj, Ujtm+1,-- -, Uj4am—1}. Since k > 1

13



Figure 1: A digraph described in case 1 of Example 3.

and i(T,,) > 1, we have

(n —1- Z(Tn))(n +1- Z(Tn))

2m—1—(2k—1) =2m — 2k < — 2k
" ( )=2m =2k < 2(n — 1+ (1))

_ 2k(4k —2) — 2k(4k — 2+ 2i(T},))
B 4k — 2+ 2i(T5,)
B —4ki(T),)
4k -2+ 2i(T,)
< 0.

Namely, 2m — 1 < 2k — 1. So

(N (wj) NU) N (N (wap—145) NU) = {u;},
and elements in {u;, Ujym41,-..,Uj12m—1} are pairwise distinct. We can see that T;, is

strongly connected. Let C(vw;) = j, C(ujv) = j, C(wjujr1) = j + 1 and Clwjuy) = j
for1<j<2k—1andj+2<p<j+m. Let Clowa_14;) = J, and C(wop—14;uq) = J
for 1 <j<i(T,) and j+m+1<gq<j+2m — 1. Finally, color the remaining arcs with
distinct new colors (See Figure[). Then AT"(T,,) = m — 1 and A~™°"(T,,) = 1. Thus,

(n —1- Z(Tn))(n +1- Z(Tn))

2ATMONT,) 4 AT T ) = m +1 = [ 4(n —1+1i(Ty))

1,

but there is no rainbow triangle containing v (indices are taken modulo 2k — 1). So the
bound is tight in this case.
op - n—1—i(Th))(n+1—i(Th n— _ _
Note that if i(7,,) = 1, then ( 4((”_21&.(%))( D — n2 = 422 Thus, m = |72 ] =
kE—1land 2k—1)(m+1)+i(T,)m=k(2k—1)+k—1>k(2k—1).

Case 2. i(T),) =2k or 2k —1)(m+ 1) +i(T,,)m < k(2k — 1).

By the above argument, in this case we have i(7},,) > 2. We can construct a tournament

with 2A7™"(T,) + AT™"(T,)) = m + 2 and a vertex not contained in any rainbow

14



triangles. Since
(n —-1- Z(Tn))(n +1- Z(Tn))
4(n —1+14(T3))

<m-+1

and
(=1 —i(T))(n+ 1 —i(Ty))  k(4k — 2)(2k — 1 +4(T;,)) (4k — 2)
(2k — 1 4i(T5)) 4n—1+i(Tp)) B 4k — 2 4 2i(T,,)

= k(2k — 1),

we have k(2k — 1) < (2k — 1 4+ i(T,)))(m + 1). Namely, (2k — 1 +i(T,)))(m + 1) — 1 >
k(2k —1). For wj, 1 < j <2k —1, let N*(w;) NU = {uj,...,ujtm}, and for wop_14;,
1 <j <min{i(T},),2k—1}, let NT(wop—145)NU = {uj, Wjpmi1, - - ujrom}. Hi(Ty) = 2k,
let NT(wg_1) NU = {uy,...,upn}. Since k > 1 and i(T},) > 2, we have

(n—1—14i(T,))(n+1—i(T,))
2(n —1+41i(Ty))
 2k(4k — 2) — 2k(4k — 2+ 2i(T,)) + 4k — 2+ 2i(T,,)
N 4k — 2 + 2i(T),)

Ak — 24 2i(T,,) — 4ki(T),)
N 4k — 2 + 2i(T},)
(4 —2)(1 = i(Ty))

4k — 2+ 2i(T5,)

o9m — (2k —1) =2m — 2k +1 < — 2%k +1

< 0.

Namely, 2m < 2k — 1. So
(N (w;) NU) N (N T (wap—145) NU) = {uy}.

and elements in {u;,Ujym41,---,Uj42m} are pairwise distinct. We can see that T, is
strongly connected. Let C(vw;) = j, C(u;v) = j, C(wjujq1) = j+1 and C(w;uy) = j, for
1<j<2k—-1landj+2<p<j+m. Let Clvwar—14;) = J, and C(wag—_14juq) = j, for
1 <7 <min{i(T,),2k—1} and j+m+1 < q < j+2m. If i(T},) = 2k, let C(vwy,_1) = 2k
and C(wyr_1us) = 2k, for 1 < s < m. Finally, color the remaining arcs with distinct new

colors (See Figure 2). Then AT™°"(T,) = m and A~"°"(T,,) = 1. Thus,
QAfmon(Tn) + Aeron(Tn) = m+ 2’

but there is no rainbow triangle containing v (indices are taken modulo 2k — 1).

From this example we can see that the best bound of 2A~™°"(T,,) + AT™"(T,)) is at
most m + 1. Namely, the gap between the bound in Theorem [2] in this case and the best
possible bound is at most 1.

Example 4. This example shows that there is an arc-colored tournament 7;,, in which

2 — ) 2 . . . .
n is odd and A=""(T,,) = %, but there is no rainbow triangle in 7,,.

15



Figure 2: Two digraphs described in case 2 of Example 3.

Let T, be a regular tournament of order 11 and V(T,) = {vo,...,v19}. For each
vertex v; € V(Ty), let NT(v;) = {vit1,vit+3,Vita, Vits, it} (indices are taken modulo
11). Let C(vjviy1) = 1, C(vivi3) = 2, C(vivirq) = 3, C(viviys) = 4 and C(vivi49) = 5
for 0 <4 < 10. Then A=™°"(T},) = 1 = %t "and there is no rainbow triangle in 7.

But this example is too special. So we give the next example to show that for regular
tournaments the best possible upper bound of A™™"(T},) can not be larger than 7.
Example 5. Replace each vertex v; of the tournament in Example 4 by a set V; of k
vertices. Let all arcs between V; and V; have the same directions and colors as the arc
between v; and v;. Add arcs to each V; to form a regular tournament H; of order £ and
color all arcs in H; with a same new color. Denote the resulting graph by D. Then D is a

strongly connected regular tournament with A=™""(D) = k = {; and there is no rainbow

triangle in D.

16



4 Concluding remarks

In Section [3, we show the gap between the bound (n_lziglilf?&i)_)i(ip")) in Theorem 2] and

the best possible bound is at most 1. We wonder whether this bound can be improved or
there exists some examples showing the tightness of this bound.

For the existence of rainbow triangles in arc-colored regular tournaments, we conjecture
that A™""(T,) < 7 is the best possible bound.

We also hope to make an improvement of the bound in Theorem Bl for the existence of

rainbow triangles in arc-colored tournaments with i(7,,) # 0.
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