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9 Ramsey and Gallai-Ramsey number for

wheels∗

Yaping Mao†‡, Zhao Wang§,

Colton Magnant¶‡, Ingo Schiermeyer‖.

Abstract

Given a graph G and a positive integer k, define the Gallai-Ramsey
number to be the minimum number of vertices n such that any k-edge
coloring of Kn contains either a rainbow (all different colored) triangle
or a monochromatic copy of G. Much like graph Ramsey numbers,
Gallai-Ramsey numbers have gained a reputation as being very difficult
to compute in general. As yet, still only precious few sharp results are
known. In this paper, we obtain bounds on the Gallai-Ramsey number
for wheels and the exact value for the wheel on 5 vertices.

1 Introduction

In this work, we consider only edge-colorings of graphs. A coloring of a
graph is called rainbow if no two edges have the same color.

Colorings of complete graphs that contain no rainbow triangle have inter-
esting and somewhat surprising structure. In 1967, Gallai [5] first examined
this structure under the guise of transitive orientations of graphs. His sem-
inal result in the area was reproven in [6] in the terminology of graphs and
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can also be traced to [1]. For the following statement, a trivial partition is
a partition into only one part.

Theorem 1 ([1, 5, 6]). In any coloring of a complete graph containing no
rainbow triangle, there exists a nontrivial partition of the vertices (that is,
with at least two parts) such that there are at most two colors on the edges
between the parts and only one color on the edges between each pair of parts.

We refer to a colored complete graph with no rainbow triangle as a
Gallai-coloring and the partition provided by Theorem 1 as aGallai-partition.
The induced subgraph of a Gallai colored complete graph constructed by
selecting a single vertex from each part of a Gallai partition is called the
reduced graph of that partition. By Theorem 1, the reduced graph is a
2-colored complete graph.

Given two graphs G and H, let R(G,H) denote the 2-color Ramsey
number for finding a monochromatic G or H, that is, the minimum number
of vertices n needed so that every red-blue coloring of Kn contains either a
red copy of G or a blue copy of H. Similarly let Rk(H) denote the k-color
Ramsey number for finding a monochromatic copy of H (in any color), that
is the minimum number of vertices n needed so that every k-coloring of
Kn contains a monochromatic copy of H. Although the reduced graph of
a Gallai partition uses only two colors, the original Gallai-colored complete
graph could certainly use more colors. With this in mind, we consider the
following generalization of the Ramsey numbers. Given two graphs G and
H, the general k-colored Gallai-Ramsey number grk(G : H) is defined to be
the minimum integer m such that every k-coloring of the complete graph on
m vertices contains either a rainbow copy of G or a monochromatic copy of
H. With the additional restriction of forbidding the rainbow copy of G, it
is clear that grk(G : H) ≤ Rk(H) for any graph G.

Recently, there has been a flurry of activity in the area with an influx of
new results and approaches. In particular, the following results were recently
obtained for fans.

Theorem 2 ([9]).

grk(K3;F2) =



















9, if k = 2;

83
2 · 5

k−4

2 + 1
2 , if k is even, k ≥ 4;

4 · 5
k−1

2 + 1, if k is odd.
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Theorem 3 ([9]). For k ≥ 2,







4n · 5
k−2

2 + 1 ≤ grk(K3;Fn) ≤ 10n · 5
k−2

2 − 5
2n+ 1, if k is even;

2n · 5
k−1

2 + 1 ≤ grk(K3;Fn) ≤
9
2n · 5

k−1

2 − 5
2n+ 1, if k is odd.

Odd cycles were also recently settled completely.

Theorem 4 ([12]). For integers ℓ ≥ 3 and k ≥ 1, we have

grk(K3 : C2ℓ+1) = ℓ · 2k + 1.

In this work, we consider the Gallai-Ramsey numbers for finding either
a rainbow triangle or monochromatic wheel. Let Wn be a wheel of order n,
that is, Wn = K1 ∨ Cn−1 where Cn−1 is the cycle on n− 1 vertices.

Theorem 5. [10]
(1) R(W5,W5) = 15;
(2) R(W6,W6) = 17.

As far as we are aware, for n ≥ 7, the classical diagonal Ramsey number
for the wheel is yet unknown. We give upper and lower bounds for classical
Ramsey number of the general wheel Wn in Section 2.

Theorem 6. For k ≥ 1 and n ≥ 7,

{

3n− 3 ≤ R(Wn,Wn) ≤ 8n − 10, if n is even;

2n− 2 ≤ R(Wn,Wn) ≤ 6n − 8 if n is odd.

In Section 3, we obtain the exact value of the Gallai Ramsey number for
W5.

Theorem 7. For k ≥ 1,

grk(K3 : W5) =











5 if k = 1,

14 · 5
k−2

2 + 1 if k is even,

28 · 5
k−3

2 + 1 if k ≥ 3 is odd.

Finally in Section 4, we provide general upper and lower bounds on the
Gallai-Ramsey numbers for all wheels.

We refer the interested reader to [10] for a dynamic survey of small
Ramsey numbers and [4] for a dynamic survey of rainbow generalizations of
Ramsey theory, including topics like Gallai-Ramsey numbers.
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2 Bounds on the Ramsey numbers

First some additional definitions. A cycle Ck of length k is also called a
k-cycle. A path of a graph G is a Hamiltonian path if it contains all the
vertices of G. A graph G is said to be pancyclic if it has k-cycles for every
k between 3 and n. A vertex of a graph G is r-pancyclic if it is contained in
a k-cycle for every k between r and n, and G is vertex r-pancyclic if every
vertex is r-pancyclic.

Hendry [7] derived the following result.

Lemma 1 ([7]). Let G be a graph of order n ≥ 3 with δ(G) ≥ (n + 1)/2.
Then G is vertex pancyclic.

Lemma 2 ([3, 8, 11]). For k ≥ 1,

R(Cm, Cn) =











































2n − 1, if 3 ≤ m ≤ n, m odd,

(m,n) 6= (3, 3);

n− 1 +m/2, if 4 ≤ m ≤ n, m and n even,

(m,n) 6= (3, 3);

max{n− 1 +m/2, 2m − 1}, if 4 ≤ m ≤ n,

m even and n odd.

By the above results, we derive the upper and lower bounds for the
Ramsey number of general wheels.

Lemma 3. For k ≥ 1 and t ≥ 3,

6t+ 4 ≤ R(W2t+2,W2t+2) ≤ 16t+ 6,

and

4t+ 1 ≤ R(W2t+1,W2t+1) ≤ 12t− 2.

Proof. First the even case. For the lower bound, let G be a 2-edge colored
graph obtained from three blue copies of K2t+1 by adding all red edges in
between them. Clearly, there is neither a red copy of W2t+2 nor a blue copy
of W2t+2 in G. Since |G| = 6t+3, this means that R(W2t+2,W2t+2) ≥ 6t+4.

Let G be a 2-edge colored copy of K16t+6 with colors red and blue. For
each v ∈ V (G), let Av and Bv be the set of vertices incident to v be red
and blue edges, respectively. Then for every vertex v ∈ V (G) such that
|Av | ≥ 8t + 3 or |Bv| ≥ 8t + 3. Without loss of generality, we suppose
|Av | ≥ 8t + 3. For each vertex u ∈ Av, let Du be the set of vertices in Av
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with blue edges to u. If there is a vertex u ∈ Av with |Du| ≥ 4t + 1, then
since R(C2t+1, C2t+1) = 4t+1 (by Lemma 2), there exists either a red cycle
C2t+1 or a blue cycle C2t+1 within Du. If it is a red cycle C2t+1, then the
subgraph induced by V (C2t+1) ∪ {v} is a red copy of W2t+2. If it is a blue
cycle C2t+1, then the subgraph induced by V (C2t+1)∪ {u} is a blue copy of
W2t+2. Thus, we may assume that for any u ∈ Av, |Du| ≤ 4t. Then the

number of incident red edges to u in Av is at least |Av | − 4t − 1 ≥ |Av|+1
2 .

From Lemma 1, there is red cycle C2t+1 in Av. This cycle together with v
is a red copy of W2t+2. Thus, we have R(W2t+2,W2t+2) ≤ 16t+ 6.

Now the odd case. Let G be a 2-edge colored graph obtained from
two blue copies of K2t by adding all red edges in between them. Clearly,
there is neither a red copy of W2t+1 nor a blue copy of W2t+1 in G. Since
|G| = 2(2t) = 4t, we have R(W2t+2,W2t+2) ≥ 4t+ 1.

Much like the proof of the even case, let G be a 2-edge colored copy of
K16t+6 with colors red and blue. For each v ∈ V (G), let Av and Bv be the
set of vertices incident to v be red and blue edges, respectively. Then for
every vertex v ∈ V (G) such that |Av | ≥ 6t − 1 or |Bv| ≥ 6t − 1. Without
loss of generality, we suppose |Av | ≥ 6t− 1. For each vertex u ∈ Av, let Du

be the set of vertices in Av with blue edges to u. If there is a vertex u ∈ Av

with |Du| ≥ 3t − 1, then since R(C2t, C2t) = 3t − 1 (by Lemma 2), there
exists either a red cycle C2t or a blue cycle C2t within Du. If it is a red cycle
C2t, then the subgraph induced by V (C2t)∪{v} is a red copy of W2t+1. If it
is a blue cycle C2t, then the subgraph induced by V (C2t)∪{u} is a blue copy
of W2t+1. Thus, we may assume that for any u ∈ Av, |Du| ≤ 3t − 2. Then

the number of incident red edges to u in Av is at least |Av|−3t−3 ≥ |Av|+1
2 .

From Lemma 1, there is red cycle C2t in Av. This cycle together with v is
a red copy of W2t+1. Thus, we have R(W2t+1,W2t+1) ≤ 12t− 2.

3 The Gallai-Ramsey number for W5

In this section, we give the results for the Gallai Ramsey number of W5 and
general wheel Wn for n ≥ 6.

We first give the lower bound on the Gallai-Ramsey number for W5.

Lemma 4. For k ≥ 2,

grk(K3 : W5) ≥

{

14 · 5(k−2)/2 + 1 if k is even,

28 · 5(k−3)/2 + 1 if k is odd.
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Proof. We prove this result by inductively constructing a coloring of Kn

where

n =

{

14 · 5(k−2)/2 if k is even,

28 · 5(k−3)/2 if k is odd,

which contains no rainbow triangle and no monochromatic copy of W5.
For the base of this induction, let G2 be a 2-colored complete graph on
R(W5,W5) − 1 = 14 vertices containing no monochromatic copy of W5.
Suppose this coloring uses colors 1 and 2.

Suppose we have constructed a coloring ofG2i where i is a positive integer
and 2i < k, using the 2i colors in the set [2i] and having order n2i = 14 ·5i−1

such that G2i contains no rainbow triangle and no monochromatic copy of
W5.

If k = 2i + 1, we construct G2i+1 by making two copies of G2i and
inserting all edges between the copies in color k. Then Gk certainly contains
no rainbow triangle, no monochromatic copy of W5, and has order n =
2 · 14 · 5(k−3)/2 = 28 · 5(k−3)/2.

Otherwise suppose k ≥ 2i+2. We construct G2i+2 by making five copies
of G2i and inserting edges of colors 2i+ 1 and 2i+ 2 between the copies to
form a blow-up of the unique 2-colored K5 which contains no monochromatic
triangle. This coloring clearly contains no rainbow triangle and, since there
is no monochromatic triangle in either of the two new colors, there can be
no monochromatic copy of W5, completing the construction.

We are now in a position to prove Theorem 7, that is, for k ≥ 1,

grk(K3 : W5) =











5 if k = 1,

14 · 5
k−2

2 + 1 if k is even,

28 · 5
k−3

2 + 1 if k ≥ 3 is odd.

Proof. The lower bound follows from Lemma 4. Call a color wasted if it
induces only a matching and useful if there are adjacent edges in the color.
Note that in a colored complete graph, in order to avoid a rainbow triangle,
all wasted colors must together induce a matching. Let G be a k-coloring of
a complete graph in which there are only k′ colors which induce a subgraph
containing adjacent edges. If k′ = 0, then every color is wasted and so every
set of three vertices induces a rainbow triangle, clearly a contradiction. For
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k′ ≥ 1, let n be the order of G where

n = nk′ =















5 if k′ = 1,

14 · 5
k′−2

2 + 1 if k′ is even,

28 · 5
k′−3

2 + 1 if k′ ≥ 3 is odd.

We now prove the upper bound by induction on k′ since k ≤ k′. If k′ = 1,
then G is a coloring of K5 in which each color is wasted except one, say
color 1. This means that the subgraph induced by color 1 is a K5 minus a
matching, which is a copy of W5, a contradiction.

Next suppose k′ = 2, so n = 15. If G uses exactly 2 colors, then it
follows from the fact that R(W5,W5) = 15 that there is a monochromatic
copy of W5 in G, a contradiction. Suppose, therefore, that G uses at least 3
colors. Let red and blue be two useful colors. Since all wasted colors induce
a single matching, we may assume all wasted edges are green and let uv be
a green edge. To avoid a rainbow triangle, every vertex in G other than u
and v have a single color (red or blue) to both u and v. This being the case
with all green edges, there is a Gallai partition of G with all parts of order
at most 2 consisting of the green edges. Let A be the set of parts with red
edges to {u, v}, and B be the set of parts with blue edges to {u, v}. In order
to avoid a red copy of W5, there is no vertex in A with two incident red
edges within A. This means that the red edges within A form a matching,
along with any green edges. If |A| ≥ 5, then since A contains all blue edges
except for possibly a matching of red or green edges, there is a blue copy of
W5 within A. Thus, we may assume |A| ≤ 4 and similarly |B| ≤ 4. Hence
|G| = |A|+ |B|+ 2 ≤ 10 < 15, a contradiction.

Suppose k′ ≥ 3. Inductively we suppose the statement is true for all
k′ < k and consider k′

.
= k.

By Theorem 1, there exists a partition of V (G) into parts such that
between each pair of parts there is exactly one color and between the parts in
general, there are at most two colors (say color c1 and c2). Consider such aG-
partition with the smallest number of parts, say t1. Since R(W5,W5) = 15,
it follows that t1 ≤ 14. Let H1

1 ,H
1
2 , · · · ,H

1
t1 be parts of the G-partition.

Suppose 2 ≤ t1 ≤ 3. By the minimality of t1, we may assume t1 = 2. If
|H1

1 | = 1, then |H1
2 | ≥ 14 since n ≥ 15. Without loss of generality, suppose

that all edges between H1
1 and H1

2 are color c1. If there is no edge with color
c1 in H1

2 , then

|G| = |H1
1 |+ |H1

2 | ≤ 1 + [grk′−1(K3 : W5)− 1] < n,

a contradiction.

7



We now suppose there are some edges with color c1 in H1
2 . Because there

is no rainbow triangle or monochromatic copy of W5 in H1
2 , by Theorem 1,

there exists a partition of V (H1
2 ) into parts such that between each pair of

parts there is exactly one color and between the parts in general, there are
at most two colors. Consider such a H1

2 -partition with the smallest number
of parts, say t2, clearly, 2 ≤ t2 ≤ 14. Let H2

1 ,H
2
2 , · · · ,H

2
t2 be parts of the

H1
2 -partition.

Suppose 2 ≤ t2 ≤ 3. By the minimality of t2, we may assume t2 = 2. If
H2

1 = 1, then |H2
2 | ≥ 13. We suppose that all edges between H2

1 and H2
2 are

color c1. To avoid a W5 with color c1, there is no P3 with color c1 within
H2

2 , and hence the subgraph induced by color c1 is a matching of H2
2 . Then

|H2
2 | ≤ grk′−1(K3 : W5)− 1, and so

|G| = |H2
1 |+ |H2

2 | ≤ 2 + [grk′−1(K3 : W5)− 1] < n,

a contradiction. We now suppose that all edges between H2
1 and H2

2 are not
color c1, say c2.

Continue this above process. Then there exists a sequence of vertices
v1, v2, · · · , vs in G such that

• H1
1 = {v1},H

2
1 = {v2}, · · · ,H

s
1 = {vs};

• Let H i
1,H

i
2, · · · ,H

i
ti be parts of the H i−1

2 -partition for each i (1 ≤ i ≤
s);

• t1 = t2 = · · · = ts = 2;

• The edges from H i
1 = {vi} to H i

2 are colored by ci for each i with
1 ≤ i ≤ s.

Claim 1. 2 ≤ s ≤ 3k′.

Proof. Assume, to the contrary, that s ≥ 3k′+1. Then there exist 4 vertices
of v1, v2, . . . , vs, say vi1 , vi2 , vi3 , vi4 (i1 ≤ i2 ≤ i3 ≤ i4), such that the edges
from vip to viq (1 ≤ p 6= q ≤ 4) receives color ci1 , the edges from each
vip (1 ≤ p ≤ 4) to Hs

2 receives color ci1 . It is clear that there is a W5 with
color ci1 , a contradiction.

Furthermore, we have the following claim by Claim 1.

Claim 2. 2 ≤ s ≤ k′.
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Proof. Assume, to the contrary, that s ≥ k′ + 1. Then there exist at least
2 vertices of v1, v2, . . . , vs, say vi1 , vi2 , such that the edges from vi1 to vi2
receives color ci1 , the edges from each vi1 to Hs

2 receives color ci1 , and the
edges from each vi2 to Hs

2 receives color ci1 . Then Hs
2 contains at least

a matching with color ci1 , and hence |Hs
2 | ≤ grk′−1(K3;W5) − 1. From

Claim 1, we have

|G| = (s−1)+ [grk′−1(K3 : W5)−1] ≤ (3k′−1)+ [grk′−1(K3 : W5)−1] < n,

a contradiction.

If Hs
1 = 1, then |Hs

2 | ≥ 15 − s. We suppose that all edges between Hs
1

and Hs
2 are color cj (1 ≤ j ≤ s − 1). To avoid a W5 with color cj , there is

no P3 with color cj within Hs
2 , and hence the subgraph induced by color cj

is a matching of Hs
2 . Then |Hs

2 | ≤ grk′−1(K3 : W5)− 1, and so

|G| = (s− 1) + |Hs
1 |+ |Hs

2 | ≤ s+ [grk′−1(K3 : W5)− 1] < n,

a contradiction. We now suppose that all edges between Hs
1 and Hs

2 are not
color cj (1 ≤ j ≤ s− 1), say cs.

Note that Hs
2 = G − {v1, v2, · · · , vs}. Then, by Theorem 1, we see that

Hs
2 can be partitioned into I1, I2, · · · , Iq and 2 ≤ q ≤ 14. If 2 ≤ q ≤ 3, then

by the minimality of q, we may assume q = 2. From the above argument,
we suppose |Ii| ≥ 2, i = 1, 2. If the edges from I1 to I2 are color ci where
1 ≤ i ≤ s, then there is a monochromatic W5, a contradiction. Suppose that
the edges from I1 to I2 are color c′ such that c′ 6= ci where 1 ≤ i ≤ s. For
each Ii with i = 1, 2, the subgraph induced by the edges in Ii with color c′

is a matching. Then

|G| = |{v1, v2, · · · , vs}|+ |I1|+ |I2|

= |{v1, v2, · · · , vs} ∪ I1|+ |I2|

≤ 2[grk′−1(K3 : W5)− 1]

< n,

a contradiction.
Suppose 4 ≤ q ≤ 14. Let I1, I2, · · · , Ir be the parts such that |Ii| ≥ 2 for

each i with 1 ≤ i ≤ r, and |Ij | = 1 for each j with r + 1 ≤ j ≤ q.

Fact 1. r ≤ 5.

If r = 5, then q = 5 and the reduced graph on the parts I1, I2, I3, I4, I5
must be the unique 2-coloring of K5 with no monochromatic triangle, say

9



with I1I2I3I4I5I1 and I1I3I5I2I4I1 making two monochromatic cycles in red
and blue respectively. Note that red and blue is not same as ci (1 ≤ i ≤ s).
For each Ii (1 ≤ i ≤ 5), the subgraph induced by red or blue edges is a
matching. For each Ii (1 ≤ i ≤ 5), |{v1, v2, · · · , vs} ∪ Ii| ≤ grk′−2(K3 :
W5)− 1, and hence

|G| = |{v1, v2, · · · , vs}|+

5
∑

i=1

|Ii| ≤ 5[grk′−2(K3 : W5)− 1] < n,

a contradiction.
Suppose r = 4. If q = 4, then |{v1, v2, · · · , vs}∪Ii| ≤ grk′−2(K3 : W5)−1

for each Ii (1 ≤ i ≤ 4), and hence |G| = |{v1, v2, · · · , vs}| +
∑4

i=1 |Ii| ≤
4[grk′−2(K3 : W5) − 1] < n, a contradiction. If q = 5, then |I5| = 1 and
|{v1, v2, · · · , vs}∪Ii| ≤ grk′−2(K3 : W5)−1 for each Ii (1 ≤ i ≤ 4), and hence
|G| = |{v1, v2, · · · , vs}| + 1 +

∑4
i=1 |Ii| ≤ 1 + 4[grk′−2(K3 : W5) − 1] < n, a

contradiction.
Suppose r = 3. The triangle in the reduced graph cannot be monochro-

matic so without loss of generality, suppose all edges from I1 to I2 ∪ I3 are
red, and I2I3 is blue. For each Ii (4 ≤ i ≤ q), the edges from I1 to Ii is blue.

Claim 3. q ≤ 7.

Proof. Assume, to the contrary, that q ≥ 8. Then there are at least five
isolated vertices outside I1∪ I2∪ I3. Then the subgraph induced by the blue
edges in I4 ∪ I5 ∪ . . .∪ Iq is a matching, and hence I4 ∪ I5 ∪ . . .∪ Iq contains
a red W5, a contradiction.

From Claim 3, q ≤ 7. If 5 ≤ q ≤ 7, then |G| = |{v1, v2, · · · , vs}| + 4 +
∑3

i=1 |Ii| ≤ 4 + 3[grk′−2(K3 : W5) − 1] < n, a contradiction. If q = 4, then
|G| = |{v1, v2, · · · , vs} ∪ I1| + 1 + |I2| + |I3| ≤ 1 + [grk′−1(K3 : W5) − 1] +
2[grk′−2(K3 : W5)− 1] < n, a contradiction.

Suppose r = 2. Suppose all edges from I1 to I2 are red. Let A be the
set of parts with red edges to I1 and blue edges to I2, and B be the set of
parts with blue edges to I1 ∪ I2, and C be the set of parts with blue edges
to I1 and red edges to I2.

Claim 4. |A| ≤ 2 and |C| ≤ 2.

Proof. Assume, to the contrary, that |A| ≥ 3. Note that all parts in A are
small parts and they are isolated vertices, and hence the edges in A are red
or blue. Since |A| ≥ 3, it follows that there is a vertex of red degree 2 or a
vertex of blue degree 2, that is, there is a red P3 or blue P3 in A. If there

10



is a red P3, then we have a red W5 from P3 and the edges from A to I1, a
contradiction. If there is a blue P3, then we have a blue W5 from P3 and
the edges from A to I2, also a contradiction.

From Claim 4, we have |A| ≤ 2 and |C| ≤ 2. To avoid a red W5, there
is at most a red matching in I1 or I2, and hence |I1| ≤ grk′−1(K3 : W5)− 1.
Since |C| ≤ 2, it follows that C contains at most one red edge, and hence
C∪ I1 contains at most a red matching. Clearly, |{v1, v2, · · · , vs}∪C ∪ I1| ≤
grk′−1(K3 : W5)− 1.

Suppose |A∪B| ≤ 2. Note that there is at most a red matching in I2. If
A∪B contains at most a red matching, then A∪B ∪ T2 contains at most a
red matching since the edges from A∪B to I2 are all blue. If A∪B contains
a vertex of red degree 2, then the we change all red edges to green (a color
different to c1, c2, . . . , cs and red and blue) and A∪B ∪ I2 contains at most
a red matching, and hence

|G| = |{v1, v2, · · · , vs} ∪ C ∪H1|+ |A ∪B ∪ I2| ≤ 2[grk′−1(K3 : W5)− 1],

a contradiction. If |A∪B| ≥ 5, then A∪B contains a redW5, a contradiction.
If |A ∪B| = 3, 4, then |I2| ≤ grk′−2(K3 : W5)− 1 and hence

|G| = |{v1, v2, · · · , vs} ∪ C ∪ I1|+ |A ∪B ∪ I2|

≤ [grk′−1(K3 : W5)− 1] + 4 + [grk′−2(K3 : W5)− 1]

< n,

a contradiction.
Suppose r = 1. Let A be the set of parts with red edges to I1, and B be

the set of parts with blue edges to I1.

Claim 5. |A| ≤ 4 and |B| ≤ 4.

Proof. Assume, to the contrary, that |A| ≥ 5. Note that all parts in A are
small parts and they are isolated vertices, and hence the edges in A are red
or blue. If there is a red P3 in A, then there is a red W5 by this P3 and
edges from P3 to I1, a contradiction. So A contains at most a red matching
and hence there is a blue W5 in A, a contradiction.

From Claim 5, we have |A| ≤ 4 and |B| ≤ 4. Since q ≥ 4, it follows that
|A| ≥ 2 or |B| ≥ 2. If |A| ≥ 2 and |B| ≥ 2, then |{v1, v2, · · · , vs} ∪ I1| ≤
grk′−2(K3 : W5)− 1, and hence

|G| = |{v1, v2, · · · , vs} ∪ I1|+ |A ∪B| ≤ 8 + [grk′−2(K3 : W5)− 1] < n,
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a contradiction. We assume |A| ≥ 2 and |B| = 1. Then |{v1, v2, · · · , vs} ∪
I1| ≤ grk′−1(K3 : W5)− 1, and hence

|G| = |{v1, v2, · · · , vs} ∪ I1|+ |A|+ |B| ≤ [grk′−1(K3 : W5)− 1] + 4 + 1 < n,

a contradiction.

Suppose r = 0. If k′ ≥ 3, then q ≤ 14. Then |G| = |{v1, v2, · · · , vs}|+q ≤
s+ q < n, a contradiction.

Suppose that v1, v2, . . . , vs does not exist. We assume that t1 = 2, |H1
1 | ≥

2 and |H1
2 | ≥ 2. Then |H1

i | ≤ grk′−1(K3 : W5)− 1 for i = 1, 2, and hence

|G| = |H1
1 |+ |H1

2 | ≤ 2[grk′−1(K3 : W5)− 1] < n,

a contradiction.

Suppose 4 ≤ t1 ≤ 14. Note that H1
1 ,H

1
2 , · · · ,H

1
r be the parts such that

|H1
i | ≥ 2 for each i (1 ≤ i ≤ r), and |H1

j | = 1 for each j (r + 1 ≤ j ≤ t1).

Fact 2. r ≤ 5.

If r = 5, then t1 = 5 and the reduced graph on the partsH1
1 ,H

1
2 ,H

1
3 ,H

1
4 ,H

1
5

must be the unique 2-coloring of K5 with no monochromatic triangle, say
with H1

1H
1
2H

1
3H

1
4H

1
5H

1
1 and H1

1H
1
3H

1
5H

1
2H

1
4H

1
1 making two monochromatic

cycles in red and blue respectively. For each H1
i (1 ≤ i ≤ 5), |H1

i | ≤
grk′−2(K3 : W5)− 1, and hence |G| =

∑5
i=1 |H

1
i | ≤ 5[grk′−2(K3 : W5)− 1] <

n, a contradiction.

Suppose r = 4. If t1 = 4, then |H1
i | ≤ grk′−2(K3 : W5) − 1 for each

H1
i (1 ≤ i ≤ 4), and hence |G| =

∑4
i=1 |H

1
i | ≤ 4[grk′−2(K3 : W5) − 1] < n,

a contradiction. If t1 = 5, then |H1
5 | = 1 and |H1

i | ≤ grk′−2(K3 : W5) − 1
for each H1

i (1 ≤ i ≤ 4), and hence |G| = 1+
∑4

i=1 |H
1
i | ≤ 1+ 4[grk′−2(K3 :

W5)− 1] < n, a contradiction.

Suppose r = 3. The triangle in the reduced graph cannot be monochro-
matic so without loss of generality, suppose all edges from H1

1 to H1
2 ∪H1

3

are red, and H1
2H

1
3 is blue. For each H1

i (4 ≤ i ≤ q), the edges from H1
1 to

H1
i is blue.

Claim 6. t1 ≤ 7.

Proof. Assume, to the contrary, that t1 ≥ 8. Then there are at least five
isolated vertices outside H1

1 ∪H1
2 ∪H1

3 . Then the subgraph induced by the
blue edges in H1

4 ∪H1
5 ∪ . . .∪H1

t1 is a matching, and hence H4∪H1
5 ∪ . . .∪H1

t1
contains a red W5, a contradiction.

12



From Claim 6, t1 ≤ 7. Then |G| = 4 +
∑3

i=1 |H
1
i | ≤ 4 + 3[grk′−2(K3 :

W5)− 1] < n, a contradiction.
Suppose r = 2. Suppose all edges from H1

1 to H1
2 are red. Let A be the

set of parts with red edges to H1
1 and blue edges to H1

2 , and B be the set of
parts with blue edges to H1

1 ∪H1
2 , and C be the set of parts with blue edges

to H1
1 and red edges to H1

2 .

Fact 3. |A| ≤ 2 and |C| ≤ 2.

Clearly, |C ∪H1
1 | ≤ grk′−1(K3 : W5)− 1. If |A ∪B| ≤ 2, then

|G| = |C ∪H1
1 |+ |A ∪B ∪H1

2 | ≤ 2[grk′−1(K3 : W5)− 1],

a contradiction. If |A∪B| ≥ 5, then A∪B contains a redW5, a contradiction.
If |A ∪B| = 3, 4, then |H1

2 | ≤ grk′−2(K3 : W5)− 1 and hence

|G| = |C ∪H1|+ |A ∪B ∪H1
2 |

≤ [grk′−1(K3 : W5)− 1] + 4 + [grk′−2(K3 : W5)− 1]

< n,

a contradiction.
Suppose r = 1. Let A be the set of parts with red edges to H1

1 , and B
be the set of parts with blue edges to H1

1 . Then |A| ≤ 4 and |B| ≤ 4. Then
|A| ≥ 2 or |B| ≥ 2. If |A| ≥ 2 and |B| ≥ 2, then |H1

1 | ≤ grk′−2(K3 : W5)−1,
and hence

|G| = |H1
1 |+ |A ∪B| ≤ 8 + [grk′−2(K3 : W5)− 1] < n,

a contradiction. We assume |A| ≥ 2 and |B| = 1. Then |H1
1 | ≤ grk′−1(K3 :

W5)− 1, and hence

|G| = |H1
1 |+ |A|+ |B| ≤ [grk′−1(K3 : W5)− 1] + 4 + 1 < n,

a contradiction.
Suppose r = 0. If k′ ≥ 3, then t1 ≤ 14. Then |G| = t1 < n, a

contradiction.

4 Bounds on the Gallai-Ramsey number For gen-

eral n

For the lower bound, we have the following easy result. We state this re-
sult without proof since it follows from the same argument as the proof of
Lemma 4, in which the value of R(W5,W5) is replaced by the lower bounds
on R(Wn,Wn) from Lemma 3.

13



Theorem 8. For k ≥ 2 and n ≥ 6, we have

grk(K3 : Wn) ≥























(3n − 4)5
k−2

2 + 1 if n is even and k is even;

(6n − 8)5
k−3

2 + 1 if n is even and k is odd;

(2n − 3)5
k−2

2 + 1 if n is odd and k is even;

(4n − 6)5
k−3

2 + 1 if n is odd and k is odd.

We also obtain a general upper bound.

Theorem 9. For k ≥ 3 and n ≥ 6, we have

grk(K3 : Wn) ≤ (n− 4)2 · 30k + k(n − 1).

Given nonnegative integers k, n, r, s, t with k ≥ 1, n ≥ 6 and r+s+t = k,
define the number

grk(K3 : rWn, sCn−1, tPn−2)

to be the minimum integer N such that every k-coloring of KN contains
one of: a rainbow triangle, a monochromatic copy of Wn in one of the first
r colors, a monochromatic copy of Cn−1 in one of the next s colors, or a
monochromatic copy of Pn−2 in one of the remaining t colors. In order to
prove Theorem 9, we prove the following bound.

Theorem 10. Given nonnegative integers k, n, r, s, t with k ≥ 1, n ≥ 6 and
r + s+ t = k, we have

grk(K3 : rWn, sCn−1, tPn−2) ≤ (n− 4)2 · 30r · 10s · 2t + k(n− 1).

Proof. Let G be a k-coloring of a complete graph of order

N = N(n, r, s, t) = (n − 4)2 · 30r · 10s · 2t + k(n + 1)

and suppose that G contains no rainbow triangle, no monochromatic copy
of Wn in one of the first r colors, no monochromatic copy of Cn−1 in one of
the remaining k − r colors.

For a colored complete graph G′, let TG′ be a maximal set of vertices in
G′ each of which has all one color on its edges to G′\TG′ and let T i

G′ ⊆ TG′ be
the subset of vertices with all edges of color i to G′ \TG′ with the additional
restriction that |T i

G′ | ≤ n + 1 for all i. This set of vertices will be called
the garbage set and vertices will be added to the garbage set only in the
process of looking for a monochromatic cycle. In order to avoid creating a
monochromatic copy of Cn−1 in G′, if there is a set T i

G′ with |T i
G′ | ≥ n′

2 ,

14



then there are no edges of color i within G′ \TG′ and furthermore, if n−1 is
even, there is already a monochromatic copy of Cn−1 in color i in G′. Since
the garbage set always contains at most n+1 vertices corresponding to each
color, there will never be more than k(n + 1) vertices in the garbage set,
hence the last term in the definition of N above.

Consider a Gallai partition of G with the smallest number of parts q and
suppose red is one of the colors that appears on edges in between the parts
and blue is the other (if there is a second color). Let H1,H2, . . . ,Hq be the
parts of this partition in decreasing order by their number of vertices. Note
that q ≤ R(Wn,Wn)− 1. The proof is broken into two main cases based on
the parity of n.

Case 1. n is odd.

Call a part Hi of the Gallai partition “large” if it has order at least n−1
2 .

We consider subcases based on the desired red and blue structures.

Subcase 1.1. Both red and blue appear in the first r colors.

In this case, we are looking for a red or blue copy of Wn in G.
First suppose q ≤ 3 so by the minimality of q, we have q = 2. Then only

red appears in this partition on all edges between H1 and H2. Then each
part Hi contains no red copy of Cn−1 so

|G| ≤ 2[N(n, r − 1, s + 1, t)− 1] < N(n, r, s, t),

a contradiction.
Next suppose q ≥ 4 so by the minimality of q, every part has edges

to other parts of the partition in both red and blue. There are at most 5
large parts of the partition since there can be no monochromatic triangle
in the reduced graph among these large parts. In fact, if there are 5 such
parts, then q = 5 since any 6 parts containing 5 large parts would contain a
monochromatic triangle using at least two large parts, yielding a monochro-
matic copy of Wn. Thus, there are either at most 5 parts total or at most 4
large parts. Since q ≤ R(Wn,Wn), we get

|G| =

q
∑

i=1

|Hi|

≤ max

{

5[N(n, r − 2, s + 2, t)− 1]

4[N(n, r − 2, s + 2, t)− 1] + [R(Wn,Wn)− 5]n−2
2

< N(n, r, s, t),

for a contradiction.
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Subcase 1.2. Both red and blue appear in the latter s+ t = k − r colors.

In this case, we are looking for a red or blue copy of the even cycle
Cn−1 or path Pn−2 in G. Since a monochromatic copy of Cn−1 contains a
monochromatic copy of Pn−2, it suffices to find only a monochromatic copy
of Cn−1.

First suppose q ≤ 3 so by the minimality of q, we have q = 2. Then only
red appears in this partition on all edges between H1 and H2. If |H2| <

n−1
2 ,

then H2 can be added to the garbage set TG, contradicting the maximality
of TG. If |H2| ≥

n−1
2 , then there is a red copy of Cn−1 on the edges between

H1 and H2, for a contradiction.

Next suppose q ≥ 4 and by minimality of q, every part has edges to
other parts of the partition in both red and blue. There is at most one large
part of the partition to avoid creating a monochromatic copy of Cn−1. If
|H1| ≥

n−1
2 , then there are at most n−3

2 vertices in G \ H1 with red (or
similarly blue) edges to H1 for a total of at most n − 3 vertices in G \H1.
All of these vertices can be added to TG, contradicting the maximality of
TG. This means that all parts must have order at most n−3

2 . With at most
R(Cn−1, Cn−1) = n− 2 + n−1

2 parts, this means that

|G| ≤
n− 3

2

[

n− 2 +
n− 1

2

]

,

a contradiction.

Subcase 1.3. One of red or blue (say red) appears in the first r colors while
the other appears among the latter s+ t = k − r colors.

In this case, we are looking for a red copy of Wn or a blue copy of Cn−1

or Pn−2 in G. Since a blue copy of Cn−1 contains a blue copy of Pn−2, it
suffices to find only a blue copy of Cn−1.

First suppose q ≤ 3 so by the minimality of q, we have q = 2. Then only
one color appears on edges between the two parts H1 and H2 and we may
apply one of the previous two subcases.

Next suppose q ≥ 4 and by minimality of q, every part has edges to
other parts of the partition in both red and blue. There are at most 2 large
parts of the partition since there can be no red triangle in the reduced graph
among the large parts and no blue edge in the reduced graph among the
large parts.

If |H1| ≥
n−1
2 , then there are at most n−3

2 vertices with blue edges to
H1, call that set B and the set of vertices remaining in G\(H1∪B) is called
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A. Then H1 and A each contain no red copy of Cn−1 so

|G| ≤
n− 3

2
+ 2[N(n, r − 1, s+ 1, t)− 1] < N(n, r, s, t),

a contradiction.

Case 2. n is even.

In this case, we call a part Hi of the Gallai partition “large” if it has
order at least n−2

2 .

Subcase 2.1. Both red and blue appear in the first r colors.

This subcase follows exactly the same argument as Subcase 1.1.

Subcase 2.2. Both red and blue appear in the middle s colors.

In order to avoid a red or blue copy of Cn−1, we must have q ≤ [2(n −
1)− 1]− 1 = 2n− 6.

If q ≤ 3, then by minimality of q, we may assume q = 2, say with red
edges appearing in between the two parts. Then if either part is large, it
contains no red copy of Pn−2, so we have

|G| = |H1|+ |H2|

≤ 2[N(n, r, s − 1, t+ 1)− 1]

< N(n, r, s, t),

a contradiction.
Thus, suppose q ≥ 4 and by minimality of q, each part has edges to other

parts in both red and blue. Since a monochromatic triangle in the reduced
graph restricted to large parts would contain a monochromatic copy of Cn−1,
there can be at most 5 large parts. Each of these large parts contains no
red or blue path Pn−2 so we have

|G| =

q
∑

i=1

|Hi|

≤ 5[N(n, r, s − 1, t+ 1)− 1] + [(2n − 6) − 5]

[

n− 4

2

]

< N(n, r, s, t),

a contradiction.

Subcase 2.3. Both red and blue appear in the last t colors.
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This subcase follows exactly the same argument as Subcase 1.2.

Note that for the remaining subcases, we may assume q ≥ 4 since other-
wise the proof reduces to one of the first three subcases. By minimality of
q, each part has edges to some other parts in red and some others in blue.

Subcase 2.4. Red appears in the first r colors and blue appears in the next
s colors.

In this case, we have 4 ≤ q ≤ R(Wn, Cn−1) − 1 ≤ 3n − 2 (see [2] for
example). In order to avoid a red copy of Wn or a blue copy of Cn−1, there
can be at most R(K4,K3) − 1 = 8 large parts. Each of these large parts
contains no red copy of Cn−1 and no blue copy of Pn−2. This means that

|G| =

q
∑

i=1

|Hi|

≤ 8[N(n, r − 1, s, t+ 1)− 1] + [(3n − 2)− 8]

[

n− 4

2

]

< N(n, r, s, t),

a contradiction.

Subcase 2.5. Red appears in the first r colors and blue appears in the last
t colors.

In this case, we have 4 ≤ q ≤ R(Wn, Pn−2)− 1 ≤ 3n− 2 (using the same
results as cited above loosely). In order to avoid a red copy of Wn or a blue
copy of Pn−2, there can be at most 3 large parts and in between these large
parts must only be red edges. Each of these large parts contains no red copy
of Cn−1 and no blue copy of Pn−2. This means that

|G| =

q
∑

i=1

|Hi|

≤ 3[N(n, r − 1, s + 1, t)− 1] + [(3n − 2)− 3]

[

n− 4

2

]

< N(n, r, s, t),

a contradiction.

Subcase 2.6. Red appears in the middle s colors and blue appears in the
last t colors.
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In this case, we have 4 ≤ q ≤ R(Cn−1, Pn−2)− 1 ≤ 3(n−2)
2 − 1. In order

to avoid a red copy of Cn−1 or a blue copy of Pn−2, there can be at most 2
large parts and in between these large parts must only be red edges. Each
of these large parts contains no red or blue copy of Pn−2. This means that

|G| =

q
∑

i=1

|Hi|

≤ 2[N(n, r − 1, s+ 1, t) − 1] +

[

3(n − 2)

2
− 1− 2

] [

n− 4

2

]

< N(n, r, s, t),

a contradiction.
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