arXiv:2110.04818v1 [math.CO] 10 Oct 2021

a; < b;, 1 <i<n, written as 4, < B,. A nonnegative integer sequence m = (dj, da, . ..
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Abstract

Let A, = (a1,a2,...,a,) and B, = (b1,ba,...,b,) be nonnegative integer sequences
with A, < B,,. The purpose of this note is to give a good characterization such that every
integer sequence ™ = (d1, da, . .. d,) with even sum and A4,, < 7 < B, is graphic. This solves
a forcible version of problem posed by Niessen and generalizes the Erdés—Gallai theorem.
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First let us introduce some terminology and notations.

Let A, = (a1,a2,...,a,) and B, = (b1,be,...,b,) be nonnegative integer sequences with
,dp) is
called graphic if there is some simple graph having degree sequence .
For simplicity, let S[A,,, B,| denote the set of integer sequences m = (dy,ds, ..., d,) with even
sum and A4,, <7 < B,.
The following Erdés—Gallai theorem gave a good characterization for a nonnegative integer

sequence to be graphic.
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Theorem 1 (Erdés—Gallai [3]). Let 7 = (dy,dg,--- ,dy) be a nonnegative integer sequence in

non-increasing order. Then w is graphic if and only if the sum of 7 is even and

n

t
Zdi <tlt-1)+ Z min{t, d;} for every t, 1 <t <mn. (1)
i=1 i=t+1

Motivated by this theorem, Niessen posed the following

Problem 1. ([5]) Let A,, and B,, be integer sequences with 0 < A,, < B,,. Give a simple charac-
terization (like the above theorem) for the existence of a graphic sequence m = (dy,ds, ..., d,) €
S[An, By].

The problem is regarded as the potential version. A forcible version of the problem is the

following

Problem 2. ([4]) Let A, and By, be integer sequences with 0 < A,, < B,,. Give a simple char-
acterization (like the above theorem) such that every sequence m = (dyi,da,...,d,) € S[An, By]

s graphic.

For convenience, we say that A, and B, are in good order A (respectively, B) if a; > a;11 or

a; = a;4+1 and b; > by (respectively, a; > a;41 and a; +b; > aj41+bi1) fori=1,2,...,n—1.

Given A, and B, in good order A, define for t =0,1,...,n

Jt)={i|i>t+1,b >t+1},

1 ifa;,=bVie J(t) and Z b; —|—t|J(t)| =1 (mod 2),
at) = ieJ(t)

0 otherwise.

Cai et al. [2] gave a solution to Problem [I], very similar in form to Theorem [II

Theorem 2. ([2]) Let A, and By, be in good order A. Then there exists a graphic sequence
m € S[An, By if and only if

n

t
Z a; <tlt—1)+ Z min{t, b;} — a(t) for every t, 0 <t < n. (2)
i=1 i=t+1

Possibly inspired by a result of Niessen [6] , Guo and Yin [4] posed and studied Problem [2]

obtained imperfect results for the case A, and B,, in good order B.



Given A, and B, in good order B, define for t =0,1,...,n

J)y={i|i>t+1,b;>t+1},
1 if a; < b; for some i € J(t) or > b;+t[J(t)]=1 (mod 2),
£(t) = ieJ(¢)

0 otherwise.

Theorem 3. ([4]) Let A, and B, be in good order B. If every sequence m € S[A,, Byl is
graphic, then fort=0,1,...,n,
n
tt—1)+ >, min{t, a;} —&(t)+2  if a; < b; for some 1,

¢
i=1 tt—1)+ > min{t, a;} —&(t) if a; = b; for each i.
i=t+1

Theorem 4. ([4]) Let A,, and B, be in good order B. If fort =0,1,...,n,

b < t(t —1) 4+ >0, min{t, a;} —&(t) + 1 if a; < b; for some i, )

tt—1)+ >, min{t, a;} —£(¢) if a; = b; for each i,

.
Il MH_
—_

then every sequence m € S[A,, By] is graphic.

Clearly, there is a gap between the necessary and sufficient conditions given above.

In [I] we eliminated the gap and characterized the case A, and B, in good order B by
Theorem [B1

Given A, and B, in good order B, define for t =1,2,...,n
J(t)={i>t]a; >t}
t n
1 ifA, #Bp,a;=bVieJ(t)and > b;+ >, a;=1 (mod2),

B(t) = i=1 i=t+1
0 otherwise.

Theorem 5. ([1]) Let A,, and By, be in good order B. Every sequence m € S[Ay,, By is graphic
if and only if

t n
Z b <t(t—1)+ Z min{t, a;} + B'(t) for everyt, 1 <t <n. (5)
i=1 i=t+1
Now it should be pointed out that in good order A and in good order B are essentially
different. Given nonnegative integer sequences A,, and B, with A, < B,, it is always possible

to arrange them in good order A. But it is less likely to arrange them in good order B because,



generally speaking, the conditions by > by > --- > b, and a1 + b1 > ao+by > --- > a, + b, are

not necessarily compatible.

Therefore, Problem [Il was solved completely, but Problem [2]is not, solved only for the special
case A, and B, in good order B by Theorem [5l However, the approach used in [I] can be

modified to deal with the general case.
The purpose of this note is to give a solution to Problem [2, similar in form to Theorem [I1
Let ¢ be an integer with 1 <t < n. We say that A,, and B, are in good order O(t) if
e b, + min{t,a;} > bjy1 + min{t,a;41} or
e b; > biy1 when b; + min{t,a;} = b1 + min{t,a;41} or
e b+ a; > biy1+ aj+q1 when b; + min{t,a;} = b;y1 + min{¢,a;41} and b; = b1

fori=1,2,...,n—1.

Obviously, for each t = 1,2,...,n, A,, and B,, can be arranged as Ay, = (a1, a2, .., 0m)
and By, = (be1,bi2, - - ., by ) such that Ay, and By, are in good order O(t). We define

p(t) = by + min{t,ay}, J*(t) ={i| by +min{t,ay} = p(t)},
L(t)={1,2,...,t}, L{t)={i>t|ay >t}, I3(t)={i>t|ay <t}

t n
1 if A, # By, ay; = by Vi € Ix(t), b+ > ay=1 (mod 2)
i=1 i=t+1
pt) = and by +ay; =0 (mod 2) Vi € I1(t) N J*(t) when Iy(t) N J*(t) # 0,
0 otherwise.
Now let us show
. b Lbyt > ay ifi< g
by > min{ag; + 1,bi} > a;  if i < j (©)

ai if i,7 € J*(t).

Indeed, assuming by; < min{a;; + 1,bs;}, then by > by, arj > by > agg, by + min{t, ag;} > by +
min{t, ay; }, thus j < i, a contradiction. Similarly, assuming by; < aj, then by + min{t, a;;} >
by +min{t, ar; } but by + min{t, ar;} = by + min{t, ar; } because 4,5 € J*(T).

Theorem 6. Let A, and B, be integer sequences with 0 < A, < B,. FEvery sequence m €
S[An, By] is graphic if and only if

n

t
Z by < t(t—1)+ Z min{t, ay; } + B(t)  for everyt, 1 <t <mn. (7)
i=1 i=t+1



Proof. We may first assume that S[A,, B,] # (), for otherwise the theorem holds trivially. We
may further assume that A,, # By, for otherwise 5(t) = 0,¢ =1,2...,n, so that (7)) becomes

.

Necessity. For each fixed t with 1 < ¢ < n, consider an integer sequence 7* = (dj,d5, ..., d})
satisfying
d;k = by ifz‘e[l(t),
ag < df <min{ay +1,by}  if i € I(t), (8)
d;k = Qy; ifi e I3(7f).

Then it follows from () that
d;-kZd; for1<i<t<j<n. (9)

Now we distinguish two cases.

Case 1: There is a graphic sequence 7* = (dj,ds, ..., d}) € S[Ay, By] satistying (8.

If necessary, we order dj,ds,...,d; such that dj, > di, > --- > df with the result that
{i1,i2,... 4t} = I1(t) in view of [@)). Since 7™ is graphic, applying Theorem[lto (d} , d},,- - ,d; ),
we have

t t n
» b= di <t(t—1)+ Y min{t,d}
i=1 j=1 j=t+1
n
=t(t—1)+ L)+ Y ay=tt—1)+ > min{t,ay}.
i€l3(t) 1=t+1

t n n
Moreover, §(t) = 0 in that if ay; = by; for all i € Ir(t), then Y by + > ay = > df =0
i=1 =1

i=t+1 i=
(mod 2).

Case 2: There is no such sequence 7* = (di,d5, ..., d}) € S[A,, By).

t n
YDobi+ D> aj =1 (mod 2), or else Case 1 would

Then ay = by Vi € Ix(t) and ) df =
i=1 i=1 i=t+1

occur. There are two subcases.
Subcase 2.1: There are j' € I(t)NJ*(t) and ¢ € I, (t)NJ*(¢) such that by +ayr =1 (mod 2).
Then S(t) = 0.

Clearly byr > ayr, by = ayyy > t as j' € Ix(t). Thus by +t = by + min{t, a} =
by + min{t, ay } since @/, j' € J*(t). Then ay < t otherwise ayr > ¢, by = byjr, by + apr <

2byr = byjr + ayjr, yielding j' < i, a contradiction. Hence

bjr + 1t = byjr + min{t, atj/} = by + min{t, arr } = by + agy. (10)



Replace d; and d;, in " with d;, and a4y, respectively, and denote the new sequence by
7 = (di,d5,...,d"). Let us show that

di >di for1<i<t<j<n. (11)

By (@), (II) holds if ¢ # ¢ and j # j'. As 4,5’ € J*(t), then k € J*(t) for every k with
i' <k <j. Thus for i =14 or j = j', () drives easily from ().
Moreover, S df = > df — by +a = >, df +1 =0 (mod 2), thus 7* is graphic. Applying

=1 =1 =1
a similar argument used in Case 1 to ¥, we obtain

Z t(t—1)+ f: min{t, d} }. (12)

i=t+1
On the other hand,
t t n n
Z c = Z by; — byyr + btj/ and Z min{t, d;; } = Z min{t, ay; } —t + agy,
i=1 i=1 i=t+1 i=t+1
combined with (I0) and (I2), we have
t n
Z by <t(t—1)+ Z min{¢, az; }.
i=1 i=t+1

Subcase 2.2: by;+ay; =0 (mod 2) Vi € I (t)NJ*(t) provided Io(t)NJ*(t) # 0. Then S(t) =

Since S[A,, By] # 0, there exists i* € I3(t) or i* € I1(t) such that ay+ < by+. Replace df. in
m with d% +1 or d’. — 1 according to whether or not there exists an i* € I3(t) with as= < by,
and denote the new sequence by 7* = (d’{, d;, ..., d*). Clearly #* € S[A,, B, as the sum of #*
is even, hence is graphic. Let us show that

A; >dh for every j < tif i* € I3(t),
T
¥

(13)
Zd for every j > tif i* € I1(t).

In the case i* € I3(t) and j < t, then CZ; = by; > min{ay+1, by} = dA;‘* by (6). And in the other
case, i* € I1(t) and ayj = by for every j > t, then by« > by, for otherwise ay« < byx < by = ayy,
implying j < i*, a contradiction. Hence d: =di. —1>d; = CZ;

Similarly, we order CZ”{,J’Q‘,,CZ; such that CZZ > J;‘z > e > d* , with the result that
{i1,12,...,1} = I1(t) due to ([I3)). Since 7 is graphic, applying Theorem [I] to ( ds - ,an),

319 Vi)



we have in the case i* € I3(t)

t t n
S b= di <t(t—1)+ Y minft,d;}
i=1 j=1 j=t+1
n n
=t(t—1)+ > min{t,dj} +1=¢t—1)+ > min{t,ay}+1
i=t+1 i=t+1
and in the other case
t t R n R
D bi—1=) di <t(t—1)+ Y min{t,d;}
i=1 j=1 j=t+1
n n
=t(t—1)+ Y min{t,d} =t(t—1)+ Y  min{t,ay}.
i=t+1 i=t+1

Therefore (@) holds in both cases.

Sufficiency. Taking any sequence S, = (di,da,...,d,) € S[A,, By], we order S,, as d;; >
diy > ... >d;, .

According to Theorem [I, we need to show that

n t
tt—1)+ > min{t,di;} =Y di; >0 (14)
Jj=t+1 Jj=1

for every t, 1 <t <mn.
For simplicity, let §(S),) stand for the left-hand side of (I4)) and set I} = {iy,i2,...,4:}.

For a t-set I; = {j1,72,---,7¢} € {1,2,...,n} we define a set function

fy) =tt—1)+> min{t,ay} — > by

ian JEL:
Obviously,
§(Sn) > f(I)). (15)
Recall that I (t) = {1,2,...,t}. Let us show that
) > (L), (16)

or equivalently,

> [bitmin{tan}] > Y [by + min{t,ay}].

i€l (H\IF JELF\IL (D)



Indeed, if i € I1(¢) \ I and j € I\ I1(t), then ¢ <t < j. As Ay, and By, are in good order
o(t),

byi + min{t, a; } > p(t) > by + min{t, a;}. (17)

Using (7)), we have
6(5n) = f(If) = f(1(t)) = —B(1).
Consequently, ([I4]) holds if 5(t) = 0 or one of (IH]) and (I6) is strict.

To complete the proof, it suffices to show that (I3 is strict if 5(¢t) = 1 and (I8) holds with
equality.

For the case B(t) = 1, by definition, we have

ay = by; foralli e Ig(t), (18)
t n

thi + Z a; =1 (mod 2), (19)

i=1 i=t+1

by +a;; =0 (mod 2) for all i € I1(t) N J*(t) when Iy(t) N J*(t) # 0. (20)

And for the case (0] being equality, we have equality in (I7)). Clearly, the symmetric difference
L (t)AIf C J*(t). Our next aim is to show that

t n
an’j + Z ai; = 1 (mod 2), (21)
j=1 j=t+1
equivalently by (19)
> {bi+ax} =0 (mod 2). (22)
el (t) AL

If there is an i’ € I1(t) \ I} such that ayy > t, then
byt = agyr = btj = Qg Vj S Iz( \[1(t). (23)

In fact, for every j € I\ I1(t), we have byr > by as i’ < jand i/, j € J*(t), implying a;; > t and
by = btj as by + min{t,at;} = btj + min{t,atj}. Thus j € Ig(t), by (DED btj = Qyj < agr < by,
([23) holds. Then ([22]) follows from (20) and (23)).

So we may assume that ay; < t for every i € I (¢) \ I}. If Iy(¢t) N J*(t) # 0, then by + ay; =
p(t) = 0 (mod 2) for every i € I1(t) \ I} by 20). Moreover, by + ay; = p(t) = 0 (mod 2) for
every i € I3(t)NI} and therefore for every i € I\ I1(t), thus ([22)) holds. And if I(t)NJ*(t) = 0,
then by + ay; = p(t) for every i € I (t)AI}, hence (22) holds.



We are now ready to show that (I5]) holds strictly. Note that > ; d; =0 (mod 2), it follows
from (21 that either )", I; di <> e I by; or there is an i’ € I} such that a;y < dy < byr. And
for the latter case we claim further a; < t for otherwise i’ € I1(t) \ I} as i’ ¢ Ix(t) U I3(¢),
contradicting (23]). Therefore (15 is strict, as required. This completes the proof. O

Remark 1. Theorem [l gives a simple algorithm that decides whether every m € S[Ay, By] is
graphic in O(n%logn) time.

Remark 2. As we have shown, Theorem[@l derives from Theorem [d. Conversely, the latter is

just a special case of the former when A, = B,.
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