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On the Equitable Choosability of the Disjoint Union of Stars

Hemanshu Kaul1, Jeffrey A. Mudrock2, and Tim Wagstrom3

Abstract

Equitable k-choosability is a list analogue of equitable k-coloring that was introduced
by Kostochka, Pelsmajer, and West in 2003. It is known that if vertex disjoint graphs G1

and G2 are equitably k-choosable, the disjoint union of G1 and G2 may not be equitably
k-choosable. Given any m ∈ N the values of k for which K1,m is equitably k-choosable are
known. Also, a complete characterization of equitably 2-choosable graphs is not known.
With these facts in mind, we study the equitable choosability of

∑n

i=1
K1,mi

, the disjoint
union of n stars. We show that determining whether

∑n

i=1
K1,mi

is equitably choosable is
NP-complete when the same list of two colors is assigned to every vertex. We completely
determine when the disjoint union of two stars (or n ≥ 2 identical stars) is equitably
2-choosable, and we present results on the equitable k-choosability of the disjoint union
two stars for arbitrary k.

Keywords. graph coloring, equitable coloring, list coloring, equitable choosability.
Mathematics Subject Classification. 05C15, 68R10.

1 Introduction

In this paper all graphs are nonempty, finite, simple graphs unless otherwise noted. Gener-
ally speaking we follow [4] and [18] for terminology and notation. The set of natural numbers
is N = {1, 2, 3, . . .}. For m ∈ N, we write [m] for the set {1, . . . ,m}. If G is a graph and
S ⊆ V (G), we use G[S] for the subgraph of G induced by S. We write ∆(G) for the maximum
degree of a vertex in G. We write Kn,m for complete bipartite graphs with partite sets of size
n and m. When G1 and G2 are vertex disjoint graphs, we write G1 +G2 or

∑2
i=1 Gi for the

disjoint union of G1 and G2. When f is a function, we use Ran(f) to denote the range of f .
In this paper we study a list analogue of equitable coloring known as equitable choosability

which was introduced in 2003 by Kostochka, Pelsmajer, and West [11]. More specifically, we
study the equitable choosability of the disjoint union of stars. A star is a complete bipartite
graph with partite sets of size 1 andm wherem ∈ N (i.e., a copy ofK1,m). We will occasionally
need to consider complete bipartite graphs that are copies of K1,0. In such cases, we assume
K1,0 = K1 (i.e., a complete bipartite graph with partite sets of size 1 and 0 is a complete
graph on one vertex). We will now briefly review equitable coloring and list coloring.
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1.1 Equitable Coloring and List Coloring

1.1.1 Equitable Coloring

Equitable coloring is a variation on the classical vertex coloring problem that began with
a conjecture of Erdős [2] in 1964 which was proved in 1970 by Hajnál and Szemerédi [5].
In 1973 the notion of equitable coloring was formally introduced by Meyer [13]. A proper
k-coloring f of a graph G is said to be an equitable k-coloring if the k color classes associated
with f differ in size by at most 1. It is easy to see that for an equitable k-coloring, the
color classes associated with the coloring are each of size ⌈|V (G)|/k⌉ or ⌊|V (G)|/k⌋. We say
that a graph G is equitably k-colorable if there exists an equitable k-coloring of G. Equitable
colorings are useful when it is preferable to form a proper coloring without under-using or
over-using any color (see [6, 7, 15, 16] for applications).

Unlike the typical vertex coloring problem, if a graph is equitably k-colorable, it need not
be equitably (k + 1)-colorable. Indeed, K2m+1,2m+1 is equitably k-colorable for each even
k less than 2m + 1, it is not equitably (2m + 1)-colorable, and it is equitably k-colorable
for each k ≥ 2m + 2 = ∆(K2m+1,2m+1) + 1 (see [12] for further details). In 1970, Hajnál
and Szemerédi [5] proved: Every graph G has an equitable k-coloring when k ≥ ∆(G) + 1.
In 1994, Chen, Lih, and Wu [1] conjectured that this result can be improved by 1 for most
connected graphs by characterizing the extremal graphs as: Km, C2m+1, and K2m+1,2m+1.
Their conjecture is still open and is known as the ∆-Equitable Coloring Conjecture (∆-ECC
for short).

Importantly, when it comes to the disjoint union of graphs, equitable k-colorings on
components can be merged after appropriately permuting color classes within each component
to obtain an equitable k-coloring of the whole graph.

Theorem 1 ([19]). Suppose G1, G2, . . . , and Gt are pairwise vertex disjoint graphs and
G =

∑t
i=1Gi. If Gi is equitably k-colorable for all i ∈ [t], then G is equitably k-colorable.

On the other hand, an equitably k-colorable graph may have components that are not
equitably k-colorable; for example, the disjoint union G = K3,3 +K3,3 with k = 3. With this
in mind, Kierstead and Kostochka [10] proposed an extension of the ∆-ECC to the disjoint
union of graphs.

1.1.2 List Coloring

List coloring is another variation on the classical vertex coloring problem introduced
independently by Vizing [17] and Erdős, Rubin, and Taylor [3] in the 1970s. For list coloring,
we associate a list assignment L with a graph G such that each vertex v ∈ V (G) is assigned
a list of colors L(v) (we say L is a list assignment for G). The graph G is L-colorable if there
exists a proper coloring f of G such that f(v) ∈ L(v) for each v ∈ V (G) (we refer to f as a
proper L-coloring of G). A list assignment L is called a k-assignment for G if |L(v)| = k for
each v ∈ V (G). We say G is k-choosable if G is L-colorable whenever L is a k-assignment for
G.

Suppose that L is a list assignment for a graph G. A partial L-coloring of G is a function
f : D → ∪v∈V (G)L(v) such that D ⊆ V (G), f(v) ∈ L(v) for each v ∈ D, and f(u) 6= f(v)
whenever u and v are adjacent in G[D]. Also, the palette of colors associated with L is
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∪v∈V (G)L(v). From this point forward, we use L to denote the palette of colors associated
with L whenever L is a list assignment. We say that L is a constant k-assignment for G
when L is a k-assignment for G and |L| = k (i.e., L assigns the same list of k colors to every
vertex in V (G)).

1.2 Equitable Choosability

In 2003 Kostochka, Pelsmajer, and West [11] introduced a list analogue of equitable
coloring called equitable choosability. They used the word equitable to capture the idea that
no color may be used excessively often. If L is a k-assignment for a graph G, a proper L-
coloring of G is an equitable L-coloring of G if each color in L appears on at most ⌈|V (G)|/k⌉
vertices. We call G equitably L-colorable when an equitable L-coloring of G exists, and we
say G is equitably k-choosable if an equitable L-coloring of G exists for every L that is a
k-assignment for G. It is conjectured in [11] that the Hajnál-Szemerédi Theorem and the
∆-ECC hold in the context of equitable choosability.

Much of the research on equitable choosability has been focused on these conjectures.
There is not much research that considers the equitable k-choosability of a graph G when
k < ∆(G). In [11] it is shown that if G is a forest and k ≥ 1 + ∆(G)/2, then G is equitably
k-choosable. It is also shown that this bound is tight for forests. Also, in [8], it is conjectured
that if T is a total graph, then T is equitably k-choosable for each k ≥ max{χℓ(T ),∆(T )/2+2}
where χℓ(T ), the list chromatic number of T , is the smallestm such that T ism-choosable. Fi-
nally, in [9], it is remarked that determining precisely which graphs are equitably 2-choosable
is open.

Furthermore, most results about equitable choosability state that some family of graphs is
equitably k-choosable for all k above some constant; even though, as with equitable coloring,
if G is equitably k-choosable, it need not be equitably (k + 1)-choosable. It is rare to have
a result that determines whether a family of graphs is equitably k-choosable for each k ∈ N.
Two examples of results of this form are: K1,m is equitably k-choosable if and only if m ≤
⌈(m+ 1)/k⌉ (k−1), and K2,m is equitably k-choosable if and only if m ≤ ⌈(m+ 2)/k⌉ (k−1)
(see [14]).

It is important to note that the analogue of Theorem 1 does not hold in the setting of
equitable choosability. For example, we know K1,6 and K1,1 are equitably 3-choosable, but
K1,6 + K1,1 is not equitably 3-choosable.1 This fact along with the fact that the equitable
choosability of K1,m has been completely characterized motivated us to study the following
question which is the focus of this paper.

Question 2. Suppose n ≥ 2. For which k,m1, . . . ,mn ∈ N is
∑n

i=1K1,mi
equitably k-

choosable?

Since
∑n

i=1K1,mi
is a forest, we know that it is equitably k-choosable whenever k ≥

1 + ∆(
∑n

i=1 K1,mi
)/2 = 1 + maxi∈[n]mi/2. Even for this simple class of graphs, we do not

know what happens when k is smaller than 1 + maxi∈[n]mi/2. In this paper, we make some
further progress on Question 2 in the case when k = 2 and in the case when n = 2. We
completely answer Question 2 in the case when n = k = 2. This can be seen as progress
towards understanding which graphs are equitably 2-choosable.

1One need only consider a constant 3-assignment to see this.
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1.3 Outline of the Paper and Open Questions

We begin by studying Question 2 in the case of equitable 2-choosability. In Section 2 we
study the complexity of the decision problem STARS EQUITABLE 2-COLORING which is
defined as follows.

Instance: An n-tuple (m1, . . . ,mn) such that mi ∈ N for each i ∈ [n].

Question: Is
∑n

i=1K1,mi
equitably 2-colorable?

Perhaps surprisingly, since most coloring problems with 2 colors tend to be easy, we show
that STARS EQUITABLE 2-COLORING is NP-complete. In studying when

∑n
i=1K1,mi

is equitably 2-choosable, a possible natural starting point is to try to determine: for which
n-tuples (m1, . . . ,mn) is

∑n
i=1 K1,mi

not equitably 2-colorable and hence not equitably 2-
choosable? The fact that STARS EQUITABLE 2-COLORING is NP-complete tells us that
this “natural starting point” should not be pursued unless P = NP.

STARS EQUITABLE 2-CHOOSABLITY is the decision problem whose instances are
the same as STARS EQUITABLE 2-COLORING, but it asks the question: Is

∑n
i=1K1,mi

equitably 2-choosable? Clearly, this decision problem is closely related to Question 2 in the
case when k = 2. The following question is open.

Question 3. Is STARS EQUITABLE 2-CHOOSABLITY NP-hard?

In Section 3 we completely characterize when the disjoint union of 2 stars is equitably
2-choosable by proving the following.

Theorem 4. Let G = K1,m1
+K1,m2

where 1 ≤ m1 ≤ m2. G is equitably 2-choosable if and
only if m2 −m1 ≤ 1 and m1 +m2 ≤ 15.

Theorem 4 makes progress on the task of identifying which graphs are equitably 2-
choosable which in general is open (see [9]). It is also worth noting that K1,m1

+ K1,m2

is equitably 2-colorable if and only if |m2 −m1| ≤ 1. So, there are infinitely many equitably
2-colorable graphs that are the disjoint union of two stars, but there are only 14 equitably
2-choosable graphs (up to isomorphism) that are the disjoint union of two stars. We end
Section 3 by completely determining when the disjoint union of n identical stars is equitably
2-choosable.

Theorem 5. Suppose n,m ∈ N, n ≥ 2, and G =
∑n

i=1 K1,m. When n is odd, G is equitably
2-choosable if and only if m ≤ 2. When n is even, G is equitably 2-choosable if and only if
m ≤ 7.

With these results in mind, the following open question is natural to ask.

Question 6. Suppose that n is a fixed integer such that n ≥ 2. Are there only finitely many
equitably 2-choosable graphs (up to isomorphism) that are the disjoint union of n stars?

For a fixed integer N , N -STARS EQUITABLE 2-CHOOSABLITY is the decision problem
whose instances are N -tuples of natural numbers of the form (m1, . . . ,mN ), and asks the
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question: Is
∑N

i=1 K1,mi
equitably 2-choosable? If the answer to Question 6 is yes for a

n ≥ 2, then N -STARS EQUITABLE 2-CHOOSABLITY is not NP-hard for N = n unless
P=NP. Note that Theorem 4 shows that this is true for N = 2.

Finally, in Section 4 we study the equitable k-choosability of the disjoint union of two
stars for arbitrary k. We use an extremal choice of a partial list coloring that minimizes the
difference of the cardinalities of the sets of uncolored vertices in the two stars along with a
greedy partial list coloring process to show the following.

Theorem 7. Let k ∈ N, 1 ≤ m1 ≤ m2, and ρ = ⌈(m1 +m2 + 2)/k⌉. If m2 ≤ ρ(k − 1) − 1
and m1 +m2 ≤ 15 + ρ(k − 2), then K1,m1

+K1,m2
is equitably k-choosable.

We also show that the converse of Theorem 7 does not hold. However, Theorem 7 is sharp
in a sense. Lemma 12 in Section 3 demonstrates that the first inequality in Theorem 7 is
necessary for K1,m1

+K1,m2
to be equitably k-choosable. However, this necessary condition

alone is not sufficient for K1,m1
+K1,m2

to be equitably k-choosable. Indeed Proposition 22 in
Section 4 implies that K1,(k−1)(k3−k+2)+K1,k3 , which satisfies the first inequality but not the
second inequality, is not equitably k-choosable whenever k ≥ 2. So, if one wishes to determine
precisely when K1,m1

+K1,m2
is equitably k-choosable for k ≥ 3, the characterization needs

to be stronger than m2 ≤ ρ(k − 1) − 1. We suspect however that the second inequality in
Theorem 7 can be relaxed quite a bit for k ≥ 3. This leads us to ask the following question
which is a special case of Question 2.

Question 8. For which k,m1,m2 ∈ N, is K1,m1
+K1,m2

equitably k-choosable?

2 A Complexity Result

To prove STARS EQUITABLE 2-COLORING is NP-complete, we will use the following
well-known NP-complete problem [4]: PARTITION which is defined as follows.

Instance: An n-tuple (m1, . . . ,mn) such that mi ∈ N for each i ∈ [n].

Question: Is there a partition {A,B} of the set [n] such that
∑

i∈Ami =
∑

j∈B mj?

The following lemma captures the essence of why STARS EQUITABLE 2-COLORING
is NP-complete.

Lemma 9. Suppose that n ∈ N and (m1, . . . ,mn) is an n-tuple such that mi ∈ N for each
i ∈ [n] and

∑n
i=1 mi is even. There is a partition {A,B} of the set [n] such that

∑

i∈Ami =
∑

j∈B mj if and only if G =
∑n

i=1 K1,mi+1 is equitably 2-colorable.

Proof. Throughout this proof, we assume that for each i ∈ [n] the bipartition of the copy of
K1,mi+1 used to form G is Ai, Bi where Ai is the partite set of size 1, and we suppose s ∈ N

satisfies 2s =
∑n

i=1 mi. Suppose that there is a partition {A,B} of the set [n] such that
∑

i∈Ami =
∑

j∈B mj = s. Now, consider the proper 2-coloring f of G defined as follows. For
each l ∈ A color each vertex in Al with 1, and color each vertex in Bl with 2. Similarly, for
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each j ∈ B color each vertex in Aj with 2, and color each vertex in Bj with 1. Now, it is
easy to see

|f−1(1)| = |A|+
∑

j∈B

(mj + 1) = |A|+ |B|+ s = n+ s.

Similarly, |f−1(2)| = n+ s. So, f is an equitable 2-coloring of G.
Conversely, suppose that g : V (G) → [2] is an equitable 2-coloring of G. Since |V (G)| =

2n+ 2s, we know that |g−1(1)| = |g−1(2)| = n+ s. We also have that for each i ∈ [n], f(Bi)
is either {1} or {2}. Now, let

A = {i ∈ [n] : f(Bi) = {1}}

and B = [n]−A. Clearly, {A,B} is a partition of the set [n]. Notice

n+ s = |g−1(1)| =
∑

i∈A

|Bi|+
∑

j∈B

|Aj | = |B|+
∑

i∈A

(mi + 1) = n+
∑

i∈A

mi.

This implies that
∑

i∈Ami = s. A similar argument shows
∑

j∈B mj = s as desired.

Theorem 10. STARS EQUITABLE 2-COLORING is NP-complete.

Proof. We first show that STARS EQUITABLE 2-COLORING is in NP. Suppose x =
(m1, . . . ,mn) such that mi ∈ N for each i ∈ [n] is an input that STARS EQUTIABLE
2-COLORING accepts. Notice a proper 2-coloring of

∑n
i=1 K1,mi

can be represented by a
binary string of length n where the ith bit indicates which of two possible proper 2-colorings
is used to color K1,mi

. Let y be a certificate that represents an equitable 2-coloring of
∑n

i=1 K1,mi
. Clearly, the certificate is of size n and x is of size O(

∑n
i=1(⌊log2(mi)⌋ + 1)).

Finally, it is easy to verify y represents an equitable 2-coloring in polynomial time.
Now, we will show that STARS EQUITABLE 2-COLORING is NP-Hard by showing

there is a polynomial reduction from PARTITION to STARS EQUITABLE 2-COLORING.
Suppose x = (m1, . . . ,mn) is an arbitrary n-tuple such that mi ∈ N for each i ∈ [n]. We view
x as an input into PARTITION. If

∑n
i=1 mi is odd input y = (3) into STARS EQUITABLE

2-COLORING; otherwise, input y = (m1 + 1, . . . ,mn + 1) into STARS EQUITABLE 2-
COLORING. Then, accept if and only if STARS EQUITABLE 2-COLORING accepts. It is
obvious that this reduction runs in polynomial time.

We must show that there is a partition {A,B} of the set [n] such that
∑

i∈Ami =
∑

j∈B mj

if and only if there is an equitable 2-coloring of: G = K1,3 in the case
∑n

i=1mi is odd and
G =

∑n
i=1 K1,mi+1 in the case

∑n
i=1 mi is even. This statement clearly holds when

∑n
i=1mi

is odd, and the statement follows from Lemma 9 when
∑n

i=1mi is even.

3 Equitable 2-Choosability of the Disjoint Union of Stars

From this point forward, for any graph G and k ∈ N, we let ρ(G, k) = ⌈|V (G)|/k⌉.
Additionally, when G and k are clear from context, we use ρ to denote ρ(G, k). We begin
this section with a lemma that gives us a simple necessary condition for the disjoint union of
two stars to be equitably k-choosable. In this section, our primary use of this result will be
in the case of equitable 2-choosability.
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Lemma 11. Let k ∈ N and G = K1,m1
+K1,m2

where 1 ≤ m1 ≤ m2. If m2 > ρ(G, k)(k −
1)− 1−max{0,m1 − ρ(G, k) + 1} then G is not equitably k-choosable.

Proof. Note that the result clearly holds when k = 1. So, we may assume that k ≥ 2. Also
note that ρ ≥ 1, and the result clearly holds when ρ = 1. So, we may assume that ρ ≥ 2 (i.e.,
k < m1 +m2 + 2). Consider the k-assignment L for G given by L(v) = [k] for all v ∈ V (G).
Let the bipartition of the copy of K1,m1

used to form G be {w0}, A and the bipartition of
the copy of K1,m2

used to form G be {u0}, B. To prove the desired result, we will show that
G is not equitably L-colorable.

Suppose for the sake of contradiction that f is an equitable L-coloring of G. Suppose
that f(w0) = cw0

and f(u0) = cu0
. We will derive a contradiction in the following two cases:

(1) cw0
= cu0

and (2) cw0
6= cu0

. For the first case, since f is proper, the vertices of A ∪ B
are colored with colors from [k]− {cw0

}. Note that

m1 +m2 =
∑

i∈[k]−{cw0
}

|f−1(i)| ≤ ρ(k − 1)

which implies that m2 ≤ ρ(k−1)−m1. Since ρ ≥ 2, m1 ≥ m1+(2−ρ) = 1+m1−ρ+1. So,
−m1 ≤ −1−max{0,m1−ρ+1}. Therefore we know thatm2 ≤ ρ(k−1)−1−max{0,m1−ρ+1}
which is a contradiction.

In the second case, we know that the vertices of A are colored with colors from [k]−{cw0
},

and the vertices of B are colored with colors from [k] − {cu0
}. Since f is an equitable

L-coloring it is clear that |f−1(cu0
) ∩ A| ≤ ρ − 1 and |f−1(cw0

) ∩ B| ≤ ρ − 1. Suppose
max{0,m1 − ρ+ 1} = m1 − ρ+ 1. We have that

m1 +m2 = |f−1(cw0
) ∩B|+ |f−1(cu0

) ∩A|+
∑

i∈[k]−{cw0
,cu0}

|f−1(i)| ≤ 2(ρ− 1) + ρ(k − 2).

So, it follows that m2 ≤ ρ(k−1)−1−(m1−ρ+1) = ρ(k−1)−1−max{0,m1−ρ+1} which is a
contradiction. Now, suppose max{0,m1−ρ+1} = 0. Notice that |f−1(cw0

)∩A| ≤ |A| = m1,
which implies that

m1 +m2 = |f−1(cw0
)∩B|+ |f−1(cu0

)∩A|+
∑

i∈[k]−{cw0
,cu0}

|f−1(i)| ≤ (ρ− 1) +m1 + ρ(k− 2).

Thus, we have that m2 ≤ ρ(k − 1) − 1 = ρ(k − 1) − 1 − max{0,m1 − ρ + 1} which is a
contradiction.

Lemma 11 gives us a necessary condition for the disjoint union of two stars to be equitably
k-choosable: if G = K1,m1

+ K1,m2
is equitably k-choosable, then m2 ≤ ρ(G, k)(k − 1) −

1 − max{0,m1 − ρ(G, k) + 1}. Interestingly, m2 ≤ ρ(G, k)(k − 1) − 1 implies that m2 ≤
ρ(G, k)(k − 1) − 1 − max{0,m1 − ρ(G, k) + 1}. So, we immediately have an equivalent
necessary condition that is a bit easier to state.

Lemma 12. Suppose G = K1,m1
+K1,m2

where 1 ≤ m1 ≤ m2. If m2 ≤ ρ(G, k)(k − 1) − 1,
then m2 ≤ ρ(G, k)(k − 1) − 1 −max{0,m1 − ρ(G, k) + 1}. Consequently, the following two
statements hold and are equivalent.
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(i) If G is equitably k-choosable, then m2 ≤ ρ(G, k)(k − 1)− 1−max{0,m1 − ρ(G, k) + 1}.
(ii) If G is equitably k-choosable, then m2 ≤ ρ(G, k)(k − 1)− 1. 2

Proof. Suppose for the sake of contradiction that m2 > ρ(k − 1) − 1 −max{0,m1 − ρ + 1}.
We clearly get a contradiction when 0 ≥ m1 − ρ + 1. So, we suppose that 0 < m1 − ρ + 1.
Then, we have that m2 > ρ(k − 1) − 1 −m1 + ρ − 1 which implies that m1 +m2 + 2 > ρk
which is clearly a contradiction since ρ = ⌈(m1 +m2 + 2)/k⌉.

When we apply Lemma 12 in this paper, we will always be using the Statement (ii). In
the case of equitable 2-choosability, we may immediately deduce the following.

Corollary 13. Let G = K1,m1
+K1,m2

where 1 ≤ m1 ≤ m2. If m2 −m1 ≥ 2, then G is not
equitably 2-choosable.

Proof. Note that ρ(G, 2) ≤ ⌈(m2 + m2 − 2 + 2)/2⌉ = m2. So, m2 ≥ ρ > ρ − 1. Lemma 12
implies G is not equitably 2-choosable.

We now present three lemmas that we will use to prove Theorem 4.

Lemma 14. Let G = K1,m1
+K1,m2

where 1 ≤ m1 ≤ m2. If m1 +m2 ≥ 16, then G is not
equitably 2-choosable.

Proof. Note that by Corollary 13 we may assume that m2 − m1 ≤ 1. Let G = G1 + G2

where G1 is a copy of K1,m1
and G2 is a copy of K1,m2

. It must be the case that 8 ≤ m1 ≤
m2 ≤ m1 + 1. Now, suppose the bipartition of G1 is A′ = {w0}, A = {w1, . . . , wm1

} and the
bipartition of G2 is B′ = {u0}, B = {u1, . . . , um2

}.
We will now construct a 2-assignment L for G for which there is no equitable L-coloring.

Let L(v) = [2] for v ∈ B′ ∪ B, L(w0) = {3, 4}, L(w1) = L(w2) = {1, 3}, L(w3) = L(w4) =
{1, 4}, L(w5) = L(w6) = {2, 3}, L(w7) = L(w8) = {2, 4}, and L(wi) = {3, 4} for all i ∈
[m2]− [8]. For the sake of contradiction, suppose that G is equitably L-colorable. Let f be
an equitable L-coloring of G. Note ρ(G, 2) = ⌈(m1 +m2 + 2)/2⌉ = m2 + 1. Clearly, f(u0)
is either 1 or 2. Suppose f(u0) = 2. Then it is clear that f(ui) = 1 for all i ∈ [m2]. Now,
it is either the case that f(w0) = 3 or f(w0) = 4. In the case that f(w0) = 3 it must be
that f(w1) = f(w2) = 1. However, this would imply that |f−1(1)| ≥ m2 + 2 which is a
contradiction. In the case that f(w0) = 4 it must be that f(w3) = f(w4) = 1. However, this
would also imply that |f−1(1)| ≥ m2 + 2 which is a contradiction.

Suppose f(u0) = 1. Then it is clear that f(ui) = 2 for all i ∈ [m2]. Then we know that
it is either the case that f(w0) = 3 or f(w0) = 4. In the case that f(w0) = 3 it must be that
f(w5) = f(w6) = 2 which would imply that |f−1(2)| ≥ m2 + 2 a contradiction. Then in the
case that f(w0) = 4 it must be that f(w7) = f(w8) = 2 which implies that |f−1(2)| ≥ m2+2
which is a contradiction.

Lemma 15. Let G = G1 +G2 where both G1 and G2 are copies of K1,m such that m ∈ [7].
Suppose the bipartition of G1 is {w0}, A = {w1, . . . , wm}, and the bipartition of G2 is {u0},
B = {u1, . . . , um}. If L is a 2-assignment for G such that L(w0) ∩ L(u0) = ∅, then G is
equitably L-colorable.

2It should be noted that while these statements are equivalent, the inequality in Statement (i) holds with
equality more often than the inequality in Statement (ii).
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Proof. For the sake of contradiction, suppose there is a 2-assignment K for G such that
K(w0) ∩ K(u0) = ∅ and G is not equitably K-colorable. Among all such 2-assignments,
choose a 2-assignment, L, with the smallest possible palette size. Let L(w0) = {k, c} and
L(u0) = {t, d}. Clearly, |L| ≥ 4. We will first show that |L| > 4.

Assume |L| = 4; that is, L = {t, k, c, d}. For each {c1, c2} such that |{c1, c2}| = 2 and
{c1, c2} ⊆ {t, k, c, d} let a{c1,c2} = |L−1({c1, c2}) ∩ A| and b{c1,c2} = |L−1({c1, c2}) ∩ B|. We

now consider all possible colorings of w0 and u0. For all v ∈ A let L(1)(v) = L(v)− {k}, and
for all v ∈ B let L(1)(v) = L(v) − {t}. Since G is not equitably L-colorable, it must be that
among the lists L(1)(u1), . . . , L

(1)(um), L(1)(w1), . . . , L
(1)(wm) there are m + 2 lists that are

{d} or there are m + 2 that are {c}. Suppose that m + 2 of them are {d} (the case where
m+ 2 of them are {c} is similar). Then, a{k,d} + b{t,d} ≥ m+ 2 which implies a{k,d} ≥ 2.

Let L(2)(v) = L(v) − {c} for all v ∈ A, and let L(2)(v) = L(v) − {t} for all v ∈ B. It
must be that among the lists L(2)(u1), . . . , L

(2)(um), L(2)(w1), . . . , L
(2)(wm) there are m + 2

that are {d} or there are m + 2 that are {k}. Notice that if m + 2 of these lists are {k},
a{c,k} + b{t,k} ≥ m + 2 which implies a{c,k} + b{t,k} + a{k,d} + b{t,d} ≥ 2m + 4 > |V (G)|
which is a contradiction. So it must be that m+ 2 of these lists are {d}, and we have that
a{c,d} + b{t,d} ≥ m+ 2 which means a{c,d} ≥ 2.

Let L(3)(v) = L(v) − {k} for all v ∈ A, and let L(3)(v) = L(v) − {d} for all v ∈ B. It
must be that among the lists L(3)(u1), . . . , L

(3)(um), L(3)(w1), . . . , L
(3)(wm) there are m + 2

that are {c} or there are m + 2 that are {t}. Notice that if m + 2 of these lists are {c},
a{c,k} + b{c,d} ≥ m + 2 which implies a{c,k} + b{c,d} + a{k,d} + b{t,d} ≥ 2m + 4 > |V (G)|
which is a contradiction. So it must be that m + 2 of these lists are {t}, and we have that
a{t,k} + b{t,d} ≥ m+ 2 which means a{t,k} ≥ 2.

Let L(4)(v) = L(v) − {c} for all v ∈ A, and let L(4)(v) = L(v) − {d} for all v ∈ B. It
must be that among the lists L(4)(u1), . . . , L

(4)(um), L(4)(w1), . . . , L
(4)(wm) there are m + 2

that are {t} or there are m + 2 that are {k}. Notice that if m + 2 of these lists are {k},
a{c,k} + b{d,k} ≥ m + 2 which implies a{c,k} + b{k,d} + a{k,d} + b{t,d} ≥ 2m + 4 > |V (G)|
which is a contradiction. So it must be that m + 2 of these lists are {t}, and we have that
a{t,c} + b{t,d} ≥ m+ 2 which means a{c,t} ≥ 2.

So, a{c,t} + a{t,k} + a{c,d} + a{k,d} ≥ 8. However this implies that 8 ≤ |A| = m which is a
contradiction.

Now, we have that |L| ≥ 5. For every q ∈ L − {t, k, c, d}, let η(q) = |{v : q ∈ L(v)}|. In
the case there is an r ∈ L− {k, t, c, d} satisfying η(r) ≤ m+ 1, let L′ be a new 2-assignment
for G given by

L′(v) =











{x, k} if L(v) = {x, r} for some x 6= k

{k, c} if L(v) = {k, r}

L(v) if r /∈ L(v)

.

By the extremal choice of L, we know that G is equitably L′-colorable, and we call such a
coloring f . We then recolor all v such that f(v) /∈ L(v) with r. Note that since r /∈ {t, k, c, d},
this coloring is proper, and it is easy to see that it is also an equitable L-coloring of G.

Now, suppose that for every q ∈ L−{t, k, c, d} that η(q) > m+1. Since L−{t, k, c, d} is
nonempty, we may suppose that s ∈ L−{t, k, c, d}. Note that |L−1({s, t})∩B|+|L−1({s, d})∩
B| ≤ m and |L−1({s, k}) ∩ A| + |L−1({s, c}) ∩ A| ≤ m. Without loss of generality assume
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|L−1({s, t}) ∩ B| ≤ m/2 and |L−1({s, k}) ∩ A| ≤ m/2. Color all v ∈ L−1({s, t}) ∩ B and
v ∈ L−1({s, k}) ∩A with s. In doing this s is used at most m times. Then, arbitrarily color
uncolored vertices that have s in their lists with s until exactly m + 1 vertices are colored
with s. Then, color w0 with k and u0 with t. Now, let U be the set of all uncolored vertices
in A ∪ B. Let L′(v) = L(v) − {s, k} for all v ∈ U ∩ A, and let L′(v) = L(v) − {s, t} for all
v ∈ U ∩ B. Clearly, |U | = m− 1 and |L′(v)| ≥ 1 for all v ∈ U . So, we can color each v ∈ U
with a color in L′(v) to complete an equitable L-coloring of G. This contradiction completes
the proof.

Lemma 16. Let G = K1,m +K1,m where m ∈ [7]. Then G is equitably 2-choosable.

Proof. Suppose that the two components that make up G are G1 and G2. We will show that
G is equitably 2-choosable by induction on m. The result holds when m = 1 and when m = 2
since ∆(G) ≤ 2 in these cases. So, suppose that 2 < m ≤ 7 and the desired result holds for
all natural numbers less than m.

Now, suppose the bipartition of G1 is {w0}, A = {w1, . . . , wm} and the bipartition of G2

is {u0}, B = {u1, . . . , um}. For the sake of contradiction, suppose there is a 2-assignment L
for G such that G is not equitably L-colorable. Let G′ = G − {um, wm} and K(v) = L(v)
for all v ∈ V (G′). By the inductive hypotheses there is an equitable K-coloring f of G′

which uses no color more than m times. The strategy of the proof is to now determine
characteristics of L and to then show that an equitable L-coloring of G must exist. Let
L′(um) = L(um)− {f(u0)} and L′(wm) = L(wm)− {f(w0)}.

Observation 1 : L′(um) = L′(wm) and |L′(um)| = 1. Suppose that L′(um) 6= L′(wm) or
|L′(um)| > 1. Notice it is possible to color um and wm with two distinct colors from L′(um)
and L′(wm) respectively. Combining this with f completes an equitable L-coloring of G which
is a contradiction.

So, we can assume L′(um) = L′(wm) = {c}.
Observation 2 : |f−1(c)| = m. Suppose that |f−1(c)| < m. Coloring um and wm with c

and the other vertices in G according to f completes an equitable L-coloring of G which is a
contradiction.

Let A′ = A ∩ f−1(c) and B′ = B ∩ f−1(c). Without loss of generality assume that
A′ = {w1, w2, . . . , wa} and B′ = {u1, u2, . . . , ub}. Since f(w0) 6= c and f(u0) 6= c, a+ b = m.
Without loss of generality assume b ≤ a. This implies 1 ≤ b ≤ a ≤ m− 1 and m/2 ≤ a.

Observation 3 : For all v ∈ A′ ∪ {wm}, L(v) = {c, f(w0)}, and for all v ∈ B′ ∪ {um},
L(v) = {c, f(u0)}. Suppose that there is a uk ∈ B′ such that L(uk) = {x, c} where x 6= f(u0).
Since |f−1(f(u0))| ≥ 1, |f−1(c)| = m, and |V (G′)| = 2m, we have that |f−1(x)| < m. Now,
color all the vertices in V (G′)− {uk} according to f , and color uk with x. Coloring um and
wm with c completes an equitable L-coloring which is a contradiction. A similar argument
can be used to show that for all v ∈ A′ ∪ {wm}, L(v) = {c, f(w0)}.

Now suppose that L(u0) = {f(u0), d} and L(w0) = {f(w0), l}.
Observation 4 : d 6= c. Suppose that d = c. Color all the vertices in V (G′) according to

f . Then, recolor u0 with c and each vertex in B′ with f(u0). Finally, color um with f(u0)
and wm with c. Note that the number of times c is used is exactly a+ 1 + 1 ≤ m+ 1. Also
note that the number of times f(u0) is used is at most b+1+max{1,m− (a+1)} ≤ m+1.
So, we have constructed an equitable L-coloring of G which is a contradiction.
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Observation 5 : l = c. Suppose that l 6= c. Color all the vertices in V (G′) according
to f . Then, recolor w0 with l. Also, color wm with f(w0) and um with c. For each v ∈
(A − (A′ ∪ {wm})) such that f(v) = l, we recolor v with the element in L(v) − {l}. Let
r = |{v ∈ A− (A′∪{wm}) : f(v) = l}|, and note that 0 ≤ r ≤ m− (a+1) ≤ m/2 ≤ a. At this
stage, we know that c is used m+1+ z times where z is an integer satisfying 0 ≤ z ≤ r ≤ a.
If z ≥ 1, recolor w1, . . . , wz with f(w0). Note that the resulting coloring is proper. Moreover,
the resulting coloring uses c exactly m + 1 times. So, it must be an equitable L-coloring of
G since |V (G)| = 2m+ 2. This is a contradiction.

We now have that L(u0) = {f(u0), d}, L(w0) = {f(w0), c}, and c 6= d.
Observation 6 : f(u0) 6= f(w0). Suppose that f(u0) = f(w0). Color all the vertices in

V (G′) according to f . Then, recolor w0 with c, and for each v ∈ A′, recolor v with f(w0).
Finally, color wm with f(w0) and um with c. Note that since no vertices in B are colored
with f(w0), it must be that f(w0) is used at most m + 1 times. Also note that c is used at
most b + 1 + 1 ≤ m + 1 times. So, we have constructed an equitable L-coloring of G which
is a contradiction.

Observation 7 : f(w0) 6= d. Suppose that f(w0) = d. Color all the vertices in V (G′)
according to f . Then, recolor w0 with c and u0 with d. For all v ∈ A′, recolor v with d.
Also, recolor all v ∈ B − (B′ ∪ {um}) satisfying f(v) = d with the element in L(v) − {d}.
Also, color wm with d and um with c. Our resulting coloring is clearly proper. Note that
d is used exactly a + 2 times which means it is used at most m + 1 times. Also note that
c is used at most m + 1 times and at least b + 2 times. Thus c and d are used at least
a + b + 4 = m + 4 > m + 1 = |V (G)|/2 times. Thus, we have constructed an equitable
L-coloring of G which is a contradiction.

Observations 6 and 7 allow us to conclude L(w0)∩L(u0) = ∅ by which Lemma 15 implies
there exists an equitable L-coloring of G which is a contradiction.

We are now ready to prove Theorem 4 which we restate.

Theorem 4. Let G = K1,m1
+K1,m2

where 1 ≤ m1 ≤ m2. G is equitably 2-choosable if and
only if m2 −m1 ≤ 1 and m1 +m2 ≤ 15.

Proof. We begin by assuming that m2 − m1 ≥ 2 or m1 + m2 ≥ 16. By Corollary 13 and
Lemma 14 we know that in both cases G is not equitably 2-choosable.

Conversely, suppose that m1 + m2 ≤ 15 and m2 − m1 ≤ 1. In the case that m1 = m2

we know that the desired result holds by Lemma 16. So we may assume that m2 = m1 + 1.
Suppose that L is an arbitrary 2-assignment for G, and let m = m1. Let the copies of
K1,m and K1,m+1 that make up G be G1 and G2 respectively. Suppose the bipartition of
G1 is {w0}, A = {w1, . . . , wm} and the bipartition of G2 is {u0}, B = {u1, . . . , um+1}. Let
G′ = G−{um+1}, and let L′(v) = L(v) for all v ∈ V (G′). We know by Lemma 16 that there
exists an equitable L′-coloring f of G′. Suppose the vertices in V (G′) are colored according
to f . Note that ρ(G′, 2) < ρ(G, 2). Thus, we can complete an equitable L-coloring of G by
coloring um+1 with a color in L(um+1)− {f(u0)}.

We end this section by proving Theorem 5 which we restate. It should be noted that
when G =

∑n
i=1 K1,m, G is a forest of maximum degree m, and we know that G is equitably

2-choosable when m ∈ [2] (see Section 1).
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Theorem 5. Suppose n,m ∈ N, n ≥ 2, and G =
∑n

i=1 K1,m. When n is odd, G is equitably
2-choosable if and only if m ≤ 2. When n is even, G is equitably 2-choosable if and only if
m ≤ 7.

Proof. Throughout this argument, let G1, G2, . . . , Gn be the components of G. Let A′
i =

{wi,0} and Ai = {wi,1, . . . , wi,m} be the bipartition of Gi for each i ∈ [n].
First, suppose that n is odd. We know that G is equitably 2-choosable when m ≤ 2.

For the converse, we suppose that m ≥ 3, and we will construct a 2-assignment L for G for
which there is no equitable L-coloring. Let L(v) = [2] for all v ∈ V (G). For the sake of
contradiction, suppose that G is equitably L-colorable. Let f be an equitable L-coloring of
G. Note that

max{|f−1(1)|, |f−1(2)|} ≥ m
⌈n

2

⌉

+
⌊n

2

⌋

=
nm+m+ n− 1

2
.

Also note that ρ(G, 2) = ⌈(n(m+1))/2⌉ ≤ (n(m+1) + 1)/2 = (nm+ n+1)/2. Since m ≥ 3
we know that m − 1 > 1. Therefore, we see that max{|f−1(1)|, |f−1(2)|} > ρ which is a
contradiction.

Now, suppose that n is even. We begin by assuming that m ≥ 8. We will now construct
a 2-assignment L for G for which there is no equitable L-coloring. Let L(v) = [2] for all
v ∈

⋃n
i=2(A

′
i ∪Ai), L(w1,0) = {3, 4}, L(w1,1) = L(w1,2) = {1, 3}, L(w1,3) = L(w1,4) = {1, 4},

L(w1,5) = L(w1,6) = {2, 3}, L(w1,7) = L(w1,8) = {2, 4}, and L(v) = {3, 4} for all v ∈
A1−{w1,1, w1,2, . . . , w1,8}. For the sake of contradiction, suppose G is equitably L-colorable,
and suppose f is an equitable L-coloring ofG. Note that ρ(G, 2) = ⌈n(m+1)/2⌉ = n(m+1)/2.
We calculate

max{|f−1(1)|, |f−1(2)|} ≥ m

⌈

n− 1

2

⌉

+

⌊

n− 1

2

⌋

+ 2 =
mn

2
+

n− 2

2
+ 2 =

mn+ n+ 2

2
.

It is easy to see that max{|f−1(1)|, |f−1(2)|} > ρ which is a contradiction. Thus, G is not
equitably 2-choosable. Conversely, suppose that m ≤ 7. Let G(i) = G2i + G2i−1 for all
i ∈ [n/2]. Suppose that L is an arbitrary 2-assignment for G. Let L(i) be L restricted to the
vertices of G(i). By Theorem 4 we know that there is a proper L(i)-coloring fi of G

(i) that
uses no color more than m+ 1 times for each i ∈ [n/2]. Coloring the vertices of G according
to f1, . . . , fn/2 achieves an equitable L-coloring of G since no color could possibly be used
more than (m+ 1)n/2 = ρ times.

4 Equitable Choosability of the Disjoint Union of Two Stars

We begin by stating an inductive process that will be used throughout the remainder of
the paper. Note here ǫ is used to indicate ‘equitable’.

Process 17. ǫ-greedy process: The ǫ-greedy process takes as input: a graph G = G1 +G2

where Gi is a copy of K1,mi
for i ∈ [2], and a k-assignment L where k ≥ 3. It outputs Gǫ

where Gǫ is an induced subgraph of G, a list assignment Lǫ for Gǫ, and a partial L-coloring
gǫ of G that colors the vertices in V (G) − V (Gǫ).

Suppose the bipartition of G1 is {w0}, A = {w1, . . . , wm1
} and the bipartition of G2 is

{u0}, B = {u1, . . . , um2
}. To begin we determine whether there is a color that appears in
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at least ρ(G, k) of the lists associated with the vertices in A ∪ B. If no such color exists let
Gǫ = G, Lǫ = L, and gǫ be a function with an empty domain, then the process terminates.
Otherwise there exists a color c1 that is in at least ρ of the lists associated with the vertices
in A ∪ B, and we arbitrarily put ρ of these vertices in a set C1. We consider this the first
step of the ǫ-greedy process.

If k = 3 let Gǫ = G− C1, Lǫ be the list assignment for Gǫ given by: Lǫ(v) = L(v)− {c1}
for all v ∈ V (Gǫ), and gǫ : C1 → {c1} be the partial L-coloring of G given by gǫ(v) = c1
whenever v ∈ C1, then the process terminates.

If k ≥ 4, we proceed inductively. For each t = 2, . . . , k−2 if the process has not terminated
in the (t−1)th step we determine whether there is a color in L−{c1, . . . , ct−1} that appears in
at least ρ of the lists associated with the vertices in (A∪B)−

⋃t−1
i=1 Ci. If no such color exists let

Gǫ = G−
⋃t−1

i=1 Ci, Lǫ be the list assignment for Gǫ given by: Lǫ(v) = L(v)−{ci : i ∈ [t− 1]}
for all v ∈ V (Gǫ), and gǫ :

⋃t−1
i=1 Ci → {ci : i ∈ [t − 1]} be the partial L-coloring of G

given by gǫ(v) = ci whenever v ∈ Ci, then the process terminates. Otherwise there exists a
color ct ∈ L − {c1, . . . , ct−1} that is in at least ρ of the lists associated with the vertices in
(A ∪B)−

⋃t−1
i=1 Ci, and we arbitrarily put ρ of these vertices in a set Ct.

If the process does not terminate when t = k − 2 let Gǫ = G −
⋃k−2

i=1 Ci, Lǫ be the list
assignment for Gǫ given by: Lǫ(v) = L(v) − {ci : i ∈ [k − 2]} for all v ∈ V (Gǫ), and
gǫ :

⋃k−2
i=1 Ci → {ci : i ∈ [k − 2]} be the partial L-coloring of G given by gǫ(v) = ci whenever

v ∈ Ci, then the process terminates.

By the definition of the ǫ-greedy process we easily obtain the following observation and
two lemmas.

Observation 18. Suppose that the ǫ-greedy process is run on G = K1,m1
+ K1,m2

with a
k-assignment L where k ≥ 3. Then |Lǫ(v)| ≥ 2 for all v ∈ V (Gǫ).

Lemma 19. Suppose that the ǫ-greedy process is run on G = K1,m1
+ K1,m2

with a k-
assignment L. Let {w0} (resp., {u0}) denote the partite set of size one for the copy of K1,m1

(resp., K1,m2
) used to form G. If no color appears in at least ρ(G, k) of the lists associated

with the vertices in V (Gǫ)− {w0, u0} by Lǫ, then G is equitably L-colorable.

Proof. Note that since no color appears in at least ρ(G, k) of the lists associated with the
vertices in V (Gǫ)− {w0, u0} by Lǫ, any proper Lǫ-coloring cannot possibly use a color more
than ρ(G, k) times. By Observation 18 and the fact that Gǫ is 2-choosable there must exist
a proper Lǫ-coloring of Gǫ. Such a coloring combined with gǫ yields an equitable L-coloring
of G.

Lemma 20. Suppose that the ǫ-greedy process is run on G = K1,m1
+ K1,m2

with a k-
assignment L. Let {w0} (resp., {u0}) denote the partite set of size one for the copy of K1,m1

(resp., K1,m2
) used to form G. If there is a color that appears in at least ρ(G, k) of the lists

associated with the vertices in V (Gǫ)− {w0, u0} by Lǫ, then |Ran(gǫ)| = k − 2.

Proof. We prove the contrapositive. Suppose that |Ran(gǫ)| 6= k− 2. It is easy to verify that
|Ran(gǫ)| < k−2. For the sake of contradiction, suppose that there exists a color that appears
in at least ρ(G, k) of the lists associated with the vertices V (Gǫ)−{w0, u0} by Lǫ. This implies
that the ǫ-greedy process would have been able to continue to the (|Ran(gǫ)| + 1)th step, a
contradiction.

13



Before proving Theorem 7 we prove the following Lemma.

Lemma 21. Suppose that 0 ≤ m1 and m2 ≥ max{2,m1}. Let G = K1,m1
+ K1,m2

with
A (resp., B) denoting the partite set of size m1 (resp., m2) in the copy of K1,m1

(resp.,
K1,m2

) used to form G. Suppose L is a list assignment for G such that: |L(b)| ≥ 3 for all
b ∈ B, |L(a)| ≥ 2 for all a ∈ V (G) − B, and there is a color c that appears in at least
⌊(m1 + m2 + 2)/2⌋ of the lists associated with the vertices in A ∪ B. Then, there exists a
proper L-coloring of G that uses no color more than ⌊(m1 +m2 + 2)/2⌋ times.

Proof. Let σ = ⌊(m1 +m2 +2)/2⌋ and C = {v ∈ A∪B : c ∈ L(v)}. We begin by coloring all
the vertices in C ∩A with c, and note that less than σ vertices are colored in doing this since
|A| = m1 < σ(G, k). We arbitrarily color σ− |C ∩A| vertices in B ∩C with c. Let C1 be the
set of vertices colored with c, and let G′ = G−C1. Let L

′(v) = L(v)−{c} for all v ∈ V (G′).
Let {w0} (resp., {u0}) be the partite set of size 1 in the copy of K1,m1

(resp., K1,m2
) used to

form G. Note that |L′(w0)| ≥ 1, |L′(u0)| ≥ 1, and |L′(v)| ≥ 2 for all v ∈ V (G′) − {w0, u0}.
Now, order the vertices of G′ in such a way that u0 and w0 are the first two. Then, greedily
color the vertices so that a proper L′-coloring of G′ is achieved. Note that the resulting
proper L′-coloring either uses at least 2 colors or |V (G′)| = 2. Consequently, the resulting
proper L′-coloring uses no color more than σ times (note that m2 ≥ 2 implies that σ ≥ 2
for the case in which |V (G′)| = 2). It follows that this proper L′-coloring of G′ completes a
proper L-coloring of G with the desired property.

We are now ready to prove Theorem 7 which we will restate.

Theorem 7. Let k ∈ N, 1 ≤ m1 ≤ m2, and ρ = ⌈(m1 +m2 + 2)/k⌉. If m2 ≤ ρ(k − 1) − 1
and m1 +m2 ≤ 15 + ρ(k − 2) then K1,m1

+K1,m2
is equitably k-choosable.

Proof. Let G = K1,m1
+K1,m2

. Suppose the bipartition of the copy of K1,m1
used to form G

is {w0}, A = {w1, . . . , wm1
}, and suppose the bipartition of the copy of K1,m2

used to form G
is {u0}, B = {u1, . . . , um2

}. The result is obvious when k = 1, and it follows from Theorem 4
when k = 2. The result is also obvious when ρ = 1. So, we suppose that k ≥ 3 and ρ ≥ 2.

Suppose L is an arbitrary k-assignment of G. We must show an equitable L-coloring of G
exists. Let C denote the set of all partial L-colorings f : D → L of G such that D ⊂ A ∪ B,
|D| = ρ(k−2), |f(D)| = k−2, and each color class associated with f is of size ρ. Notice that
elements of C need not have the same domain. Suppose that we run the ǫ-greedy process
on G and L. If there is no color that appears in at least ρ of the lists associated with the
vertices in V (Gǫ) − {w0, u0} by Lǫ, we know by Lemma 19 that G is equitably L-colorable.
So we may assume that there exists a color that appears in at least ρ of the lists associated
with the vertices in Vǫ − {w0, u0} by Lǫ. By Lemma 20 we know that |Ran(gǫ)| = k − 2. It

is then easy to verify that gǫ ∈ C. For each f ∈ C let Uf
A (resp., Uf

B) be the set of vertices in
A (resp., B) not colored by f .

Among all elements of C we choose a function g : D′ → L such that ||Ug
A| − |Ug

B || is as
small as possible. Let µA = |Ug

A|, µB = |Ug
B |, and G′ = G − D′. Note that it is possible

that either µA = 0 or µB = 0. Also note that G′ is a copy of K1,µA
+ K1,µB

. If µA = 0
(resp., µB = 0) then G′ would be a copy K1 + K1,µB

(resp., K1 + K1,µA
). Let L′ be the

list assignment for G′ defined as follows: L′(v) = L(v) − g(D′) for all v ∈ V (G′). Note that
|L′(v)| ≥ 2 for all v ∈ V (G′). Suppose that Ug

A = {a1, . . . , aµA
} and Ug

B = {b1, . . . , bµB
}.
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Note that there must be a color that appears in at least ρ of the lists assigned by L′ to the
vertices in Ug

A ∪ Ug
B, for if this was not so we could complete an equitable L-coloring of G

through a similar approach to that of the proof of Lemma 19.
We now show that an equitable L-coloring of G exists in each of the following three cases:

1. |µA − µB | ≤ 1;

2. µB − µA ≥ 2 and Ug
A 6= A, or µA − µB ≥ 2;

3. µB − µA ≥ 2 and Ug
A = A.

For case one notice that µA and µB are positive since ρ ≥ 2. Now, for each v ∈ V (G′)
such that |L′(v)| > 2 we arbitrarily delete colors from L′(v) until it is of size 2. After this
is complete, L′ is a 2-assignment for G′. Note that µA + µB = m1 + m2 − ρ(k − 2) ≤ 15.
Theorem 4 implies that an equitable L′-coloring h of G′ exists. Since |V (G)| ≤ kρ, we know
that |V (G′)| ≤ 2ρ. So h uses no color more than ρ times. Combining h and g completes an
equitable L-coloring of G.

For the second case first suppose that µB−µA ≥ 2 and Ug
A 6= A. Clearly µB ≥ max{2, µA}.

We claim that for each bi ∈ Ug
B , |L

′(bi)| ≥ 3. To see why this is so, suppose there is some
bj ∈ Ug

B such that |L′(bj)| = 2. Then, g(D′) ⊂ L(bj). Since Ug
A 6= A, there is a w ∈ A− Ug

A.
Now, we can construct an element h of C from g by removing the color g(w) from vertex w and
coloring bj with g(w). Then, |Uh

B |−|Uh
A| < µB−µA which is a contradiction to the minimality

of |µB − µA|. So, for each bi ∈ Ug
B , |L

′(bi)| ≥ 3. Since (µA + µB + 2)/2 = |V (G′)|/2 ≤ ρ
and there is a color in at least ρ of the lists assigned by L′ to the vertices in Ug

A ∪ Ug
B ,

Lemma 21 implies that there is a proper L′-coloring of G′ that uses no color more than ρ
times. Combining such a coloring with g completes an equitable L-coloring of G.

If instead we have that µA − µB ≥ 2, we claim that Ug
B 6= B. To see why this is so,

note that if Ug
B = B, then we have that m2 = |B| = µB ≤ µA − 2 < |A| = m1 which is a

contradiction. Since Ug
B 6= B an argument similar to the argument employed at the start of

the second case can be used to show that there is an equitable L-coloring of G.
Finally, we turn our attention to case three, and we suppose that µB − µA ≥ 2 and

Ug
A = A. Note that clearly µB ≥ µA > 0. In this case we let d = µB − µA. Also, as in case

one, for each v ∈ V (G′) such that |L′(v)| > 2 we arbitrarily delete colors from L′(v) until it
is of size 2 so that L′ becomes a 2-assignment for G′. By the given bound on m2 and the fact
that Ug

A = A, we know that:

µB = m2 − ρ(k − 2) ≤ ρ(k − 1)− 1− ρ(k − 2) = ρ− 1.

Now, let G′′ = G′−{b1, . . . , bd}, and let L′′ be the 2-assignment for G′′ obtained by restricting
the domain of L′ to V (G′′). Clearly, G′′ is a copy of K1,µA

+K1,µA
. Also, 2µA ≤ µA + µB =

m1 +m2 − ρ(k − 2) ≤ 15. Theorem 4 implies that there is an equitable L′′-coloring h of G′′;
that is, h is a proper L′′-coloring of G′′ that uses no color more than µA + 1 times. Now,
we extend h to a proper L′-coloring of G′ by coloring each bi ∈ {b1, . . . , bd} with an element
in L′(bi) − {h(u0)}. The proper L′-coloring that we obtain clearly uses no color more than
µA+1+d = µB +1 times which immediately implies that it uses no color more than ρ times.
Combining this proper L′-coloring with g completes an equitable L-coloring of G.
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Next, we demonstrate that for k ≥ 2, we can not drop the second inequality in the
statement of Theorem 7.

Proposition 22. Suppose k ≥ 2. Then, K1,(k−1)(k3−k+2)+K1,k3 is not equitably k-choosable.

Before we begin the proof, notice that if G = K1,(k−1)(k3−k+2) +K1,k3 , then

ρ(G, k) =

⌈

2 + (k − 1)(k3 − k + 2) + k3

k

⌉

= k3 − k + 3.

Also, (k − 1)(k3 − k + 2) = (k − 1)(ρ − 1) = ρ(k − 1) + 1 − k ≤ ρ(k − 1) − 1 which
means that G satisfies the first inequality in Theorem 7. But for the second inequality,
m1 +m2 − ρ(k − 2) = 2(k3 − k + 2) ≥ 16.

Proof. Let G = K1,(k−1)(k3−k+2) + K1,k3 . Suppose G1 and G2 are the components of G.
Moreover, suppose G1 has bipartition {u0}, A = {ui : i ∈ [(k− 1)(k3 − k+2)]}, and suppose
G2 has bipartition {w0}, B = {wi : i ∈ [k3]}. We will now construct a k-assignment L for G
with the property that there is no equitable L-coloring of G.

For each v ∈ V (G1), let L(v) = [k]. Also, let L(w0) = {k + 1, k + 2, . . . , 2k}. Now, let
O = {O1, . . . , Ok} be the set of all (k − 1)-element subsets of [k]. Then, let P = {{k +
i} ∪ Oj : i ∈ [k], j ∈ [k]}. Clearly, |P | = k2. So, we can name the elements of P so that
P = {P1, . . . , Pk2}. Finally, for each i ∈ [k2] and j ∈ [k], let L(w(i−1)k+j) = Pi.

Now, for the sake of contradiction, suppose that f is an equitable L-coloring of G. We
know that f uses no color more than ρ = k3 − k + 3 times. Without loss of generality,
suppose that f(u0) = 1. Then, for each i ∈ {2, . . . , k}, let ai = |f−1(i) ∩ A|. Clearly,
∑k

i=2 ai = (k − 1)(k3 − k + 2) = (k − 1)(ρ − 1). Now, suppose that f(w0) = d, and without
loss of generality assume that w1, . . . , wk are the k vertices in B that were assigned the list
{d} ∪ {2, . . . , k} by L. Then, for each i ∈ {2, . . . , k}, let bi = |f−1(i) ∩ {wj : j ∈ [k]}|. Since

f(wj) 6= d for each j ∈ [k], we have that
∑k

i=2 bi = k. We also have that ai+bi ≤ |f−1(i)| ≤ ρ
for each i ∈ {2, . . . , k}. So, we see that

(k − 1)ρ ≥
k

∑

i=2

(ai + bi) =

k
∑

i=2

ai +

k
∑

i=2

bi = (k − 1)(ρ− 1) + k = (k − 1)ρ+ 1

which is a contradiction.

Finally, we will show that the converse of Theorem 7 does not hold.

Proposition 23. K1,8 +K1,9(k−1)−1 is equitably k-choosable for all k ≥ 3.

Notice that 8 + 9(k − 1) − 1 > 15 + 9(k − 2). So, this graph does not satisfy the second
inequality in Theorem 7. The proof illustrates how ideas from the proof of Theorem 7 can
be applied even in this situation.

Proof. Let G = K1,8 + K1,9(k−1)−1, and let the components of G be G1 and G2. Suppose
the bipartition of G1 is {w0}, A = {w1, . . . , w8} and the bipartition of G2 is {u0}, B =
{u1, . . . , u9(k−1)−1}. Let L be an arbitrary k-assignment for G. Note that ρ(G, k) = 9. For
the sake of contradiction, suppose that G is not equitably L-colorable. Let S be the set
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containing all colors that appear in at least 9 of the lists associated with the vertices in
A ∪B. Suppose we run the ǫ-greedy process on G and L.

Observation 1 : |S| ≥ k − 2. Suppose that |S| < k − 2. Note that |Ran(gǫ)| < k − 2. By
Lemma 20 we know that there is no color that appears in at least 9 of the lists assigned by
Lǫ to the vertices in V (Gǫ)−{u0, w0}. Therefore, by Lemma 19 we know that G is equitably
L-colorable which is a contradiction.

For each (k − 2)-element subset P of S let CP denote the set of all partial L-colorings
f : D → L of G such that D ⊂ A ∪ B, |D| = 9(k − 2), f(D) = P , and each color class

associated with f is of size 9. For each f ∈ CP let Uf
A (resp., Uf

B) be the set of vertices in A

(resp., B) not colored by f . Note that Uf
A and Uf

B are dependent on the choice of P .
Observation 2 : |Ran(gǫ)| = k − 2 and CRan(gǫ) 6= ∅. This is easy to verify by assuming

that |Ran(gǫ)| < k − 2 and proceeding as we did in the proof of Observation 1.
Let S be the set containing all sets P that are (k − 2)-element subsets of S and satisfy

CP 6= ∅. Observation 2 implies that S is nonempty. Also, let S′ =
⋃

P∈S P . For each P ∈ S,
let gP : DP → L be a function chosen from the elements of CP so that ||UgP

A |−|UgP
B || is as small

as possible. We will write g instead of gP when P is clear from context. Let GP = G−DP .
Note that it is possible for |Ug

A| = 0. Also note that GP is a copy of K1,|Ug
A
| +K1,|Ug

B
|. Let

LP (v) = L(v)− P for all v ∈ V (GP ).
Observation 3 : If c /∈ S′ then c is not in 9 of the lists associated with the vertices in

UgP
A ∪ UgP

B by LP for each P ∈ S. Suppose that c /∈ S′ and c is in 9 of the lists associated
with the vertices in UgT

A ∪UgT
B by LT for some T ∈ S. Also suppose that t1 ∈ T . We modify

gT as follows: we uncolor the vertices that are colored with t1 and color 9 of the vertices in
UgT
A ∪ UgT

B that have c in their original lists with c. Let T ′ = (T ∪ {c}) − {t1}. Clearly we
see that this new partial coloring of G is in CT ′ . Therefore it must be that c ∈ S′ which is a
contradiction.

Observation 4 : |S′| ≥ k − 1. Suppose that |S′| < k − 1. This implies |S′| = k − 2 which
implies that |S| = 1, and let P be the element in S. By Observation 3, there is no color that
appears in at least 9 of lists associated with the vertices in Ug

A ∪ Ug
B by LP . Also note that

|LP (v)| ≥ 2 for all v ∈ V (GP ), and GP is 2-choosable. So, we know that GP is equitably
LP -colorable. Such a coloring of GP combined with gP completes an equitable L-coloring of
G which is a contradiction.

Observation 5 : For all P ∈ S, GP = K1,8 + K1,8. Suppose that there exists a P ∈ S
such that GP 6= K1,8 + K1,8. Since ||Ug

A| − |Ug
B || is as small as possible, we know that

|LP (v)| ≥ 3 for all v ∈ Ug
B (by an argument similar to that of case two in Theorem 7). Note

that |Ug
B | − |Ug

A| ≥ 2. In the case that there is no color that appears in at least 9 of lists
associated by LP with the vertices in Ug

A ∪ Ug
B we can complete an equitable L-coloring of

G as we did in Observation 4. Otherwise by Lemma 21 we know that there exists a proper
LP -coloring of GP that uses a color no more than 9 times. Such a coloring of GP combined
with gP completes an equitable L-coloring of G which is a contradiction.

Observation 6 : For all P ∈ S, |LP (v)| = 2 for all v ∈ Ug
A ∪ Ug

B. Consequently, P ⊆ L(v)
for all v ∈ Ug

A ∪ Ug
B. Suppose that for some P ∈ S there exists a v′ ∈ Ug

A ∪ Ug
B such that

|LP (v
′)| ≥ 3. Without loss of generality we suppose that v′ ∈ Ug

A (this is permissible by
Observation 5). Let G′

P = GP − {v′}, and note that G′
P is a copy of K1,7 + K1,8. Also let

L′
P (v) = LP (v) for all v ∈ V (G′

P ). We arbitrarily remove colors from L′
P (v) until |L

′
P (v)| = 2
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for all v ∈ V (G′
P ). We know by Theorem 4 that G′

P is equitably 2-choosable which implies
that there exists an equitable L′

P -coloring h of G′
P . Note that there can exist at most one

color c ∈ h(V (G′
P )) such that |h−1(c)| = 9. If there is such a color remove it from LP (v

′),
and also remove h(w0) from LP (v

′) if h(w0) ∈ LP (v
′). Coloring v′ with a color still in LP (v

′)
completes an equitable L-coloring of G.

Observation 7 : For all P ∈ S, P ⊆ L(v) for each v ∈ A∪B. Consequently, S′ ⊆ L(v) for
each v ∈ A ∪ B. Suppose P ∈ S. If v ∈ A, it is clear that P ⊆ L(v) by Observation 6 since
Observation 5 implies A = Ug

A. So, suppose for the sake of contradiction that v′ ∈ A ∪ B
has the property that P is not a subset of L(v′). We know that v′ ∈ B, and Observation 6
implies that v′ ∈ B − Ug

B. So, v′ ∈ DP , and g(v′) ∈ P . Now, modify g as follows. Color
an element w ∈ Ug

B with g(v′), and remove the color g(v′) from v′. We know the resulting
coloring is still a partial L-coloring of G by Observation 6. Let G′ be the subgraph of G
induced by the vertices of G not colored by this partial L-coloring. Notice G′ = K1,8 +K1,8.
Let L′(v) = L(v) − P for each v ∈ V (G′). Clearly, |L′(v′)| ≥ 3. So, we can complete an
equitable L-coloring of G by following the argument in Observation 6. This however is a
contradiction.

We note that Observation 7 implies that |S′| ≤ k.
Observation 8 : |S′| 6= k. Consequently, |S′| = k − 1. Suppose that |S′| = k, and

S′ = {c1, c2, c3, . . . , ck}. By Observation 7 we know that L(v) = {c1, c2, c3, . . . , ck} for all
v ∈ A ∪B. Color G as follows:

h(v) =































ci if v ∈ {uj : 1 + 9(i − 1) ≤ j ≤ 9i} where i ∈ [k − 2]

ck−1 if v ∈ A

ck if v ∈ {uj : 1 + 9(k − 2) ≤ j ≤ 9(k − 1)− 1}

c′ if v = w0

c′′ if v = u0

where c′ ∈ L(w0) − {c1, . . . , ck−1} and c′′ ∈ L(u0) − {c1, . . . , ck−2, ck}. Notice that h is an
equitable L-coloring of G which is a contradiction.

Now we will complete the proof. By Observation 8 we may suppose that S′ = {c1, c2, . . . , ck−1}.
We know that either: (1) (L(u0)∪L(w0))∩S′ 6= ∅ or (2) (L(u0)∪L(w0))∩S′ = ∅. We handle
the first case by considering sub-cases where L(u0) contains an element of S′ and where L(w0)
contains an element of S′. First, without loss of generality suppose ck−1 ∈ L(u0), and color
G according to the function h defined as follows:

h(v) =























ci if v ∈ {uj : 1 + 9(i − 1) ≤ j ≤ 9i} where i ∈ [k − 2]

ck−1 if v ∈ A ∪ {u0}

dj if v ∈ {uj : 9(k − 2) + 1 ≤ j ≤ 9(k − 1)− 1}

c′ if v = w0

where c′ ∈ L(w0) − {c1, . . . , ck−1} and dj ∈ L(uj) − {c1, . . . , ck−1} for each 9(k − 2) + 1 ≤
j ≤ 9(k− 1)− 1. Clearly, h is an equitable L-coloring of G which is a contradiction. Second,
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without loss of generality suppose ck−1 ∈ L(w0), and color G according to h defined as follows:

h(v) =























ci if v ∈ {uj : 1 + 9(i− 1) ≤ j ≤ 9i} where i ∈ [k − 2]

ck−1 if v ∈ {uj : 9(k − 2) + 1 ≤ j ≤ 9(k − 1)− 1} ∪ {w0}

dj if v ∈ A

c′ if v = u0

where c′ ∈ L(u0)− {c1, . . . , ck−1} and dj ∈ L(wj)− {c1, . . . , ck−1} for each j ∈ [8]. Clearly h
is an equitable L-coloring of G which is a contradiction.

In the second case, suppose that L(u0) = {c′1, c
′
2, c

′
3, . . . , c

′
k} and L(w0) = {c′′1 , c

′′
2 , c

′′
3 , . . . , c

′′
k}.

Without loss of generality assume P = {c2, c3, . . . , ck−1} ∈ S. We begin by coloring vertices
in A ∪B according to gP . By Observation 5, we know that Ug

A = A. Note that

∑

i∈[k]

|L−1
P ({c1, c

′
i}) ∩ Ug

B| ≤ 8 and
∑

i∈[k]

|L−1
P ({c1, c

′′
i }) ∩A| ≤ 8.

So without loss of generality assume |L−1
P ({c1, c

′
1}) ∩ Ug

B | ≤ ⌊8/k⌋ and |L−1
P ({c1, c

′′
1}) ∩ A| ≤

⌊8/k⌋. Color all vertices in (L−1
P ({c1, c

′
1}) ∩ Ug

B) ∪ (L−1
P ({c1, c

′′
1}) ∩A) with c1, color u0 with

c′1, and color w0 with c′′1 . Note that we used c1 at most 2⌊8/k⌋ times which is clearly less
than 9. So we arbitrarily color uncolored vertices with c1 until exactly 9 vertices are colored
with c1 (this is possible by Observation 7). Let U be the set containing all uncolored vertices
in A ∪ Ug

B . Let

L′
P (v) =

{

LP (v)− {c1, c
′
1} if v ∈ (Ug

B ∩ U)

LP (v)− {c1, c
′′
1} if v ∈ (A ∩ U)

.

Note that |U | = 7, and |L′
P (v)| ≥ 1 for each v ∈ U . So, we can color each v ∈ U with a color

in L′
P (v). This completes an equitable L-coloring of G which is a contradiction.
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[3] P. Erdős, A. L. Rubin, H. Taylor, Choosability in graphs, Congressus Numerantium 26 (1979),
125-127.

[4] M. R. Garey, D. S. Johnson, Comupters and Intractability: A Guide to the Theory of NP-
Completeness, 1979, New York: W. H. Freeman & Company.
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