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Abstract

DP-coloring (also called correspondence coloring) is a generalization of list coloring
that has been widely studied in recent years after its introduction by Dvotfak and Postle
in 2015. The chromatic polynomial of a graph is an extensively studied notion in combi-
natorics since its introduction by Birkhoff in 1912; denoted P(G, m), it equals the number
of proper m-colorings of graph G. Counting function analogues of the chromatic polyno-
mial have been introduced and studied for list colorings: Py, the list color function (1990);
DP colorings: Ppp, the DP color function (2019), and P}, p, the dual DP color function
(2021). For any graph G and m € N, Ppp(G,m) < P,(G,m) < P(G,m) < P} p(G,m).
A function f is chromatic-adherent if for every graph G, f(G,a) = P(G,a) for some
a > x(G) implies that f(G,m) = P(G,m) for all m > a. It is not known if the list
color function and the DP color function are chromatic-adherent. We show that the DP
color function is not chromatic-adherent by studying the DP color function of Generalized
Theta graphs. The tools we develop along with the Rearrangement Inequality give a new
method for determining the DP color function of all Theta graphs and the dual DP color
function of all Generalized Theta graphs.
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1 Introduction

In this paper all graphs are nonempty, finite, simple graphs unless otherwise noted. Gen-
erally speaking we follow West [36] for terminology and notation. The set of natural numbers
is N ={1,2,3,...}. For m € N, we write [m] for the set {1,...,m}. We write AM-GM
Inequality for the inequality of arithmetic and geometric means. Given a set A, P(A) is the
power set of A. If G is a graph and S,U C V(G), we use G[S] for the subgraph of G induced
by S, and we use Eg(S,U) to denote the subset of F(G[S U U]) with at least one endpoint
in S and at least one endpoint in U. If u and v are adjacent in G, uv or vu refers to the edge
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between u and v. If e € E(G), we write G - e for the graph obtained from G by contracting
the edge e.

In this paper, we will use the following version of the Rearrangement Inequality ([30])
several times.

Theorem 1 (Rearrangement Inequality). For k,n € N, suppose that for each (i, j) € [k]x[n],
T(;,5) 18 a nonnegative real number so that x(; 1y < -+ < Xy for each i € [k]. Let o; be an
arbitrary permutation of [n| for each i € [k]. If k = 2, then

Z x(17n+1_j)x(27j) S Z x(lvo-l (j))x(2702 (])) :

J=1 J=1

Furthermore, for any k € N, zyzl Hle Ty () < Z;LZI Hle (i 5)-

Importantly, the first inequality in Theorem [I] doesn’t hold when k > 3 (see e.g., [37]).
Throughout this paper whenever [ < j, we take Hé:j a; to equal 1.

1.1 DP-Coloring

In the classical vertex coloring problem we wish to color the vertices of a graph G with
up to m colors from [m] so that adjacent vertices receive different colors, a so-called proper
m-coloring. The chromatic number of a graph G, denoted x(G), is the smallest m such that
G has a proper m-coloring. List coloring is a well-known variation on classical vertex coloring
which was introduced independently by Vizing [34] and Erdés, Rubin, and Taylor [13] in the
1970s. For list coloring, we associate a list assignment L with a graph G such that each
vertex v € V(G) is assigned a list of available colors L(v) (we say L is a list assignment for
G). Then, G is L-colorable if there exists a proper coloring f of G such that f(v) € L(v) for
each v € V(G) (we refer to f as a proper L-coloring of G). A list assignment L is called a
k-assignment for G if |L(v)| = k for each v € V(G). The list chromatic number of a graph
G, denoted x¢(G), is the smallest k such that G is L-colorable whenever L is a k-assignment
for G. We say G is k-choosable if k > x¢(G). Note x(G) < x¢(G), and this inequality may
be strict since it is known that there are bipartite graphs with arbitrarily large list chromatic
number (see [13]).

In 2015, Dvorék and Postle [12] introduced a generalization of list coloring called DP-
coloring (they called it correspondence coloring) in order to prove that every planar graph
without cycles of lengths 4 to 8 is 3-choosable. DP-coloring has been extensively studied over
the past 6 years (see e.g., [3| 4, 16} 18] 23] 24], 25 26]). Intuitively, DP-coloring is a variation
on list coloring where each vertex in the graph still gets a list of colors, but identification
of which colors are different can change from edge to edge. Following [5], we now give the
formal definition. Suppose G is a graph. A cover of G is a pair H = (L, H) consisting of a
graph H and a function L : V(G) — P(V(H)) satisfying the following four requirements:

1) the set {L(u) : u € V(G)} is a partition of V(H) of size |V (G)|;

2) for every u € V(G), the graph H[L(u)] is complete;

3) if Ey(L(u), L(v)) is nonempty, then u = v or uv € E(G);

4) if uwv € E(G), then Ef(L(u), L(v)) is a matching (the matching may be empty).
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Suppose H = (L, H) is a cover of G. We refer to the edges of H connecting distinct parts
of the partition {L(u) : u € V(G)} as cross-edges. An H-coloring of G is an independent
set in H of size |V(G)|. It is immediately clear that an independent set I C V(H) is an
H-coloring of G if and only if [ N L(u)] = 1 for each v € V(G). We say H is m-fold if
|L(u)| = m for each u € V(G). An m-fold cover H is a full cover if for each uv € E(G),
the matching Ex(L(u), L(v)) is perfect. The DP-chromatic number of G, xpp(G), is the
smallest m € N such that G has an H-coloring whenever H is an m-fold cover of G.

Suppose H = (L, H) is an m-fold cover of G. We say that H has a canonical labeling if it
is possible to name the vertices of H so that L(u) = {(u,7) : j € [m]} and (u,7)(v,j) € E(H)
for each j € [m] whenever wv € E(G).  Now, suppose H has a canonical labeling and G
has a proper m-coloring. Then, if Z is the set of H-colorings of G and C is the set of proper
m-colorings of G, the function f : C — Z given by f(c) = {(v,¢(v)) : v € V(G)} is a bijection.
Also, given an m-assignment L for a graph G, it is easy to construct an m-fold cover H’
of G such that G has an H'-coloring if and only if G has a proper L-coloring (see [5]). So,

X(G) < xe(G) < xpp(G).

1.2 The DP Color Function and Dual DP Color Function

In 1912, Birkhoff introduced the chromatic polynomial of a graph in hopes of using it
to make progress on the four color problem. For m € N, the chromatic polynomial of a
graph G, P(G,m), is the number of proper m-colorings of G. It is well-known that P(G,m)
is a polynomial in m of degree |V(G)| (see [7]). For example, P(K,,m) = H?:_Ol(m — 1),
P(Cp,m) = (m —1)" 4+ (=1)"(m — 1) whenever @ n > 3, and P(T,m) = m(m — 1)"~!
whenever T is a tree on n vertices (see [30]).

The notion of chromatic polynomial was extended to list coloring in the early 1990s. If
L is a list assignment for G, we use P(G, L) to denote the number of proper L-colorings of
G. The list color function Py(G,m) is the minimum value of P(G, L) where the minimum
is taken over all possible m-assignments L for G. It is clear that Py(G,m) < P(G,m) for
each m € N since we must consider the m-assignment that assigns the same m colors to
all the vertices in G when considering all possible m-assignments for G. In general, the list
color function can differ significantly from the chromatic polynomial for small values of m.
However, for large values of m, Wang, Qian, and Yan [35] (improving upon results in [11]
and [33]) showed: If G is a connected graph with [ edges, then Py(G,m) = P(G, m) whenever
m > (I —1)/In(1++/2). It is also known that P;(G,m) = P(G,m) for all m € N when G is
a cycle or chordal (see [19] and [20]).

A fundamental open question on the list color function asks whether the list color function
of a graph and the corresponding chromatic polynomial stay the same after the first point at
which they are both nonzero and equal. Let G be the set of all finite, simple graphs. We say
a function f : G x N — N is chromatic-adherent if for every graph G, f(G,a) = P(G,a) for
some a > x(G) implies that f(G,m) = P(G,m) for all m > a.

Question 2 ([19]). Is Py chromatic-adherent?

"When H = (L, H) has a canonical labeling, we will always refer to the vertices of H using this naming
scheme.

2When considering graphs with multiple edges or loops, one should note that this formula for the chromatic
polynomial of a cycle also works for C; and Cs.



In 2019, two of the authors (Kaul and Mudrock in [15]) introduced a DP-coloring ana-
logue of the chromatic polynomial in hopes of gaining a better understanding of DP-coloring
and using it as a tool for making progress on some open questions related to the list color
function [I5]. Since its introduction in 2019, the DP color function has received some atten-
tion in the literature (see e.g., [1} 10, 14} 17, 27, 29]). Suppose H = (L, H) is a cover of graph
G. Let Ppp(G,H) be the number of H-colorings of G. Then, the DP color function of G,
Ppp(G,m), is the minimum value of Ppp(G,H) where the minimum is taken over all possible
m-fold covers H of G. A similar tool for studying enumerative aspects of DP coloring was
recently introduced [27]; specifically, the dual DP color function of G, denoted P} p(G,m),
is the maximum value of Ppp(G,H) where the maximum is taken over all full m-fold covers
H of G.B It is easy to show that for any graph G and m € N,

PDP(G7 m) < PK(va) < P(G7 m) < PE)P(G7 m)

Note that if G is a disconnected graph with components: Hy, Hs, ..., Hy, then Ppp(G,m) =
1., Pop(H;,m) (an analogous result holds for the dual DP color function). So, we will only
consider connected graphs from this point forward unless otherwise noted.

The list color function and DP color function of certain graphs behave similarly. However,
for some graphs there are surprising differences. For example, similar to the list color function,
Ppp(G,m) = P(G,m) for every m € N whenever G is chordal or an odd cycle [I5]. On the
other hand, unlike the list color function, it is well-known that Ppp(G, m) does not necessarily
equal P(G,m) for sufficiently large m. Indeed Dong and Yang [10] recently generalized a result
of Kaul and Mudrock [I5] and showed that if G is a simple graph that contains an edge e
such that the length of a shortest cycle containing e is even, then there exists an N € N such
that Ppp(G,m) < P(G,m) whenever m > N. Nevertheless, while introducing the DP color
function, Kaul and Mudrock asked the analogue of Question Pl for the DP color function.

Question 3 ([15]). Is Ppp chromatic-adherent?

We will see below that the answer to Question [ is no.

1.3 Summary of Results

We answer Question [3] by studying the DP color function of Generalized Theta graphs. A
Generalized Theta graph O(ly,...,1,) consists of a pair of end vertices joined by n internally
disjoint paths of lengths ly,...,l, € N. When n = 3, O(ly,l2,13) is simply called a Theta
graph. From this point forward, we will always assume that the lengths of the paths of a
Generalized Theta graph are listed such that: if [1,...,l, don’t all have the same parity, then

there exists some r € [n] — {1} such that ls,...,l, have the same parity which is different
from that of I1,l,41,...,15.
It is easy to prove that xpp(©(l1,...,l,)) = 3 whenever n > 2. It is also well-known

(see [8]) that if G = O(ly,...,l,), then for each m > 2,

n m — li+1 _1\lLi+1 m — n m— I Y m—
P(GM)ZHZ:l(( (Z(mjf))izl (m—1) I (( 1)m:r_(1 )% (m — 1))

3We take N to be the domain of the DP color function and dual DP color function of any graph.



Generalized Theta graphs have been widely studied for many graph theoretic problems (see
e.g., [6, @, 13, 21, 22| 28, [31]), and they are the main subject of two classical papers on
the chromatic polynomial [8] and [32] which include the celebrated result that the zeros of
the chromatic polynomials of the Generalized Theta graphs are dense in the whole complex
plane with the possible exception of the unit disc around the origin (by including the join of
Generalized Theta graphs with Ko this extends to all of the complex plane). Recently, exact
formulas for the DP color function of all Theta graphs were determined, and it was shown that
when G = ©(ly,...,1,), there is a polynomial p(m) and N € N such that Ppp(G,m) = p(m)
whenever m > N (see [14]).

In Section [2] we develop some elementary tools for analyzing the DP color function of
a Generalized Theta graph. These tools allow us to establish a sufficient condition for
Ppp(G,m) = P(G,m) when G is a Generalized Theta graph. This sufficient condition ulti-
mately allows us to find two examples of graphs that demonstrate the answer to Question
is no.

Theorem 4. If G is ©(2,3,3,3,2) or 0(2,3,3,3,3,3,2,2), then Ppp(G,3) = P(G,3) and
there is an N € N such that Ppp(G,m) < P(G,m) for allm > N.

Interestingly, Theorem [l contains the only examples that we know of that demonstrate
that the answer to Question [3is no. So, the following question is natural.

Question 5. For which graphs G do there exist, a,b € N with x(G) < a < b, Ppp(G,a) =
P(G,a), and Ppp(G,b) < P(G,b)?

We do not even know whether there are infinitely many Generalized Theta graphs that
satisfy the conditions of Question Bl Since little is known about the enumerative aspects of
DP coloring Generalized Theta graphs, we continue by studying the DP color function and
dual DP color function of Generalized Theta graphs.

In Section Bl we show how the tools we developed in Section [2] along with the Rearrange-
ment Inequality give us an elementary way to derive the formulas for the DP color function
of all Theta graphs.

Theorem 6. Let G = O(ly,l2,13), where Iy = min;e51l; > 1 and l; > 2 for each i € {2,3}.
(i) If the parity of 11 is different from both ly and l3, then Ppp(G,m) = P(G,m) for all
m € N.
(ii) If the parity of ly is the same as l3 and different from ly, then for m > 2:
1
PDP(G,m) _ E |:(m _ 1)l1+l2+13 + (m _ 1)l1 _ (m o 1)l2 _ (m o 1)l3+1 + (_1)l2+1(m _ 2)} )
(iii) If Iy, lo, and l3 all have the same parity, then for m > 3:
1
Pop(Gym) = — [(m = 1) — (m — 1) = (m = 12 = (m = 1) +2(-1)" D]
Finally, in Section (] we build on some of the ideas in Section [l and completely determine
the dual DP color function of all Generalized Theta graphs.

2 The DP Color Function is not Chromatic-adherent

We begin this Section by establishing some conventions and notation that will be used for
the remainder of this paper. Whenever H = (L, H) is an m-fold cover of G and P C V(H), we



let N(P,H) be the number of H-colorings containing P C V(H). Suppose G = O(ly,...,1y).
We will always assume n > 2, Iy = min;epnl; > 1, and [; > 2 for each i € [n] — {1}. The
endpoints of the paths that make up G will always be called v and w. When H = (L, H)
is a full m-fold cover of G, we always suppose L(v) = {(v,j) : j € [m]} for each v € V(G).
Furthermore, we let G; be the u,w-path of length I; used to form G and R; = V(G;). We
let H; = (Li, H;) where L; is L with domain restricted to R; and H; is the graph defined by
HlUyer, L(v)] = Ep(L(u), L(w)) if s = 1 and i # 1, and H[{J, g, L(v)] otherwise. It is easy
to see that H; is a full m-fold cover of G;.

We are now ready to present two lemmas that will be of fundamental importance through-
out the paper.

Lemma 7. Let G =0O(ly,...,l,). Let H = (L,H) be a full m-fold cover of G where m > 2.
Then

Pop(@H) = S I N i), (w,4)}, Ha).

(i.4)€lm]? k=1

Proof. Notice Ppp(G,H) = 32 ez N({(u, 1), (w, j)}, H). Let A ={(u,j1), (w,j2)} where
J1,J2 are fixed elements of [m]. We will show that N(A,H) = [[;_, N(A, H;). Notice
that if (u,j1)(w,j2) € E(H), then N(A,H) = N(A,H;1) = 0. So we can assume that
(u,j1)(w,j2) ¢ E(H). Let Z; be the set of all H;-colorings of G; that contain A, and let Z be
the set of all H-colorings of G that contain A. If Z is empty for some k € [n], then it is easy
to see that Z must also be empty; hence, [[;; N(A,H;) = [[1|Z:| = 0 = |Z| = N(A, H).
So, suppose that Z; is nonempty for each ¢ € [n]. Let f : [[;-; Z; — Z be the function given by
f((I1,....I,) = Ui, Li- It is easy to check that [ J;, I; is an independent set of size |V (G)|
in H. Clearly, f is a bijection. As such, N(A,H) =|Z| = [\, |Z:] = [1i=; N(A4,H,). O

Lemma 8. Let G =0O(ly,...,l,). Let H = (L,H) be a full m-fold cover of G where m > 2.
Let (i,j) € [m]?. For k € [n], if there is a path in Hy connecting (u,i) and (w,j) consisting
of only cross-edges of Hy,, then

(m = 1'% + (~1)!s(m — 1)

N({(u,i), (w,5)}, Hi) =

Otherwise,

(m = ) — (1)’

N({(u,i), (w,5)}, Hi) =

Proof. For k € [n], since Gy is a tree, Hj, has a canonical labeling. Let 74 and rj be the
permutations of [m] that produce a canonical labeling when (u,4) is renamed to (u,r (7))
and (w, j) is renamed to (w,7}.(j)). Notice r4(i) = 7.(j) if there is a path in Hj, connecting
(u,%) and (w,j) consisting of only cross-edges of Hy, and ry(i) # r}.(j) otherwise. If I} =
1, let e be an edge with endpoints v and w that is distinct from the edge uw € FE(G1);
otherwise, let e = uw. For each k € [n], let M be the graph with V(M) = V(Gy) and
E(My) = E(Gg) U {e}. Let M] = My, - e, where we do not remove multiple edges or loops
upon contraction and where the vertex obtained from contracting e is v. Notice M}, = Cj, 41
and M, = C;,. When there is a path in Hj, connecting (u,?) and (w, j) consisting of only
cross-edges of Hy, N({(u,1), (w, j)}, H) is the number of proper m-colorings of M, that color



v with r4(7). Thus, N({(u,i), (w, )}, Hx) = P(C,,m)/m = ((m — )% + (=1)(m — 1)) /m.
When there is not a path in Hy connecting (u,i) and (w, j) consisting of only cross-edges of
Hiy N({(u,1),(w, )}, Hy) is the number of proper m-colorings of M}, that color u with r(7)
and w with },(j). Thus, N({(u,4), (w,5)}, Hi) = P(Cl,41,m)/(m(m — 1)) = ((m — 1) —
(—=1)%)/m. O

Lemma [§ implies the possible values of N({(u,1), (w,j)}, Hy) are one apart; specifically,
the possible values are: ((m — 1) — (=1)%) /m+ (—1)* and ((m — 1) — (=1)) /m. Also,
Lemmas [7 and [ allow us to establish a sufficient condition for Ppp(G,m) = P(G, m) when
G is a Generalized Theta graph.

Lemma 9. Let G =0O(ly,...,l,). For any m > 3, if

o T ((m= D+ D = DN - 1)t (1)
P(G’m)‘[m:l}(( (m— 1)k — (=1)% ) < m )ﬂ

then Ppp(G,m) = P(G,m).

Proof. For some m > 3, suppose that H = (L, H) is a full m-fold cover of G such that
Ppp(G,H) = Ppp(G,m). By Lemma [, we know that

Ppp(GH) = X6 ez Lle=1 N{(w,9), (w,5)}, Hi). By the AM-GM inequality and the
fact that Ppp(G,m) is an integer, it follows that

" 1/m?
PDP(va) > m2 (H H N({(U,Z), (w7])}’Hk))

k=1 (i,7)€[m]?

Now, suppose | € [n]. Let H| be the spanning subgraph of H; that consists of only the
cross-edges of H;. Since H; has a canonical labeling, we know that H| is the disjoint union
of m paths of length [;. Consequently, by Lemma B N({(u,i), (w,7)},H;) = ((m — 1)} +
(=1)!(m — 1))/m for precisely m ordered pairs (4,7) in [m]?, and N({(u,i), (w,§)},H;) =
((m — 1) — (=1)")/m for all other ordered pairs in [m]?. Thus,

. 1/m?
m2 (H H N({(u,z),(w,y)},?—lk))

k=1 (i,j)€[m]?

" o 1Y (D (m— DIN™ 7 (m— 1Y — (— 1)\ ™D\
{m(H((( U+ D= 0)" (=2~ 1y )) ]

So, if the hypotheses of the Lemma are satisfied, we have Ppp(G,m) > P(G,m), and the
result follows. O

The final ingredient for the proof of Theorem [l is a result from [14] f

“Theorem [ is also implied by the main results in [T0].



Theorem 10 ([I4]). Suppose G = O(ly,...,1,).

(1) If there is a j € {2,...,n} such that l; and l; have the same parity, then there is an
N € N such that Ppp(G,m) < P(G,m) for allm > N.

(it) If Iy and l; have different parity for each j € {2,...,n}, then there is an N € N such
that Ppp(G,m) = P(G,m) for allm > N.

We are now ready to prove Theorem Ml

Proof. We will prove the result when G = ©(2,3,3,3,2) (the proof in the other case is
similar). First, note that P(G,3) = (62)(18%)/6* + (62)(6%)/3* = 258. Next, notice that if
(117127137l4al5) = (273737372)7 then

o1 () ()] - o) (552)] -

So, by Lemma [0 we have that Ppp(G,3) = P(G,3). Also, Theorem [I0 implies there is an
N € N such that Ppp(G,m) < P(G,m) for all m > N. O

3 Theta Graphs and the Rearrangement Inequality

In this Section we show how we can use the Rearrangement Inequality along with the tools
developed in Section [2] to give an elementary proof of Theorem [6l We begin with a technical
lemma that follows from the Rearrangement Inequality by an extremality argument.

Lemma 11. Suppose ; j is a non-negative integer for eachi € [3] and j € [m?] where m > 3.
For each i € [3], suppose n; = w1 =+ = Tim < Timi1 = = Timm—1) < Tim(m—1)41 =

c= T2 =n;+ 1 for some n; >0, and ny < ng,n3. Let N =|{j € [m?] : x1; = mi}| €
{m,m(m —1)}. Suppose f is a permutation of [m?] defined by f(j) =m?+1—j and g is a
permutation of [m?] defined by

o) = m?>+j—N ifje[N]
j—N otherwise.

For any permutations o1 and oo of [m?],

m? m?
5 L1,522,f(5)73,9(5) §§ T1,§22,01(5)%3,02(5)"
Jj=1 J=1

Proof. For any permutations o7 and oo of [m?], let M(o1,09) = [{qg € [m?] : 214 =
N1, Lo 0y (g) = N2} + [{g € [m?] 1 21,4 = 11,23 0, () = M3} -

Among all permutations of [m?], o1 and o9, that minimize Z;n:zl ($1’j$2701(j)$3’0-2(j)),
choose 77 and 72 such that M (~;,72) is as small as possible.

Suppose there exist a,b € [m?] such that z1, = ni, z15 = ny + 1, T (a) = M2, and
T9.4,(5) = 2+ 1. Then let 7] be defined such that | (a) = 71(b), 71 (b) = 71(a), and 7] equals



71 otherwise. We calculate

2 m?2

(':U17j$27')’1 772 <$17]x2771 772(.7'))
1 7j=1

3

<.
Il

= 21,a%3 75(a) (532,’71(&) — To (a)) T T1,6T3 5 (b) (LUQ’,Yl(b) — ;1;2’%(1)))

= M3 (a) (M2 = 12 = 1) F (014 1), 0 (n2 + 1= 12)

(nl + 1)333 2 (b) — M1T3 () = 7”L1($3’72(b) — 3;37%([1)) + 3 40 (b)
ni(ng —ng — 1) + ng > 0.

| \/

By the choice of 71 and s, Z;n:zl (331,]'%2,«,1(”333,72(]')) — z;njl (ija;g,%(j)xg,m(j)) = 0.
However, M (~{,72) = M(~1,72)—1 which is a contradiction. Since a similar contradiction can
be reached if we assume there are a,b € [mz] such that 1, =n1, 1 = n1 +1, T3 yo(a) = M35
and r3.,) = n3 + 1, we know that it N = m and z1, = n1, then z3,,(,) = n2 +1 and
T34,(a) = M3 + 1. Similarly, we know that if N = m(m — 1) and 9., = n2 +1 or
T3 4,(a) = M3 + 1, then z1, = n1. We will now prove the desired result when N = m and
when N =m(m —1).

Suppose N = m. Without loss of generality, assume 1 ([m]) = v2([m]) = [m?]—[m(m—1)].
Then

m2 m?
Z T1,5T2 71 (5) 13,72 (4 Z ni(nz +1)(ng +1) | + Z T1,j %27 (7)T332(4)
j=1 j=1 j=m+1

an(nz +1)(n3+1) | +(n1+1) Z L2,71(5)%3,72(4)
j=1 j=m+1

=mni(ng+ s+ 1)+ i +1) | D 2a0,()T300)

j=m+1
m(m—1)
>mni(ng +1)(ng +1) + (n1 + 1) Z L9 m(m—1)+1—;23,; | (Rearrangement Inequality)
j=1
m2 m2
=mm(na+ (g + 1)+ (M +1) D To5)T390) = D T15%2,1()5.40)
j=m+1 j=1

as desired.
Now, suppose N = m(m — 1). We know that if x1, = n1 + 1, then x5, () = n2
and x3.,(,) = ns. Without loss of generality, assume 71 ([m?] — [m(m — 1)]) = ~2([m?] —

[m(m — 1)]) = [m]. Then a calculation along the lines of the previous case shows that
m(m—1 m—

ij(l ) T1,5%2,41(5)L3,72(4 +Z] =m(m— 1)+1(n1+1)n2n3 >ny (Z =) L2,£(5)23,9(j )>+m(n1+

1)ngng, which is the desired inequality. O

We now introduce some terminology that will be useful in proving Theorem [6l Suppose

that € = (z1,...,2,,2) satisfiesn =1 =+ =2, < Typpg1 = -+ = Ti(m—1) < Tm(m—1)+1 =



-o-=x,,2 =n+1 for some n > 0. We say x is odd if exactly m of its coordinates are n, and
we say x is even if exactly m of its coordinates are n 4+ 1. These terms allow us to refer to
the parity of x.

The following reformulation of Lemma [I1] will be useful in proving Theorem [6l

Lemma 12. Suppose z; ; is a non-negative integer for each i € [3] and j € [m?] where m > 3.
For each i € [3], suppose nj = i1 = = Tim < Timt1 = = Tim(m—1) < Timm—1)41 =

= T;m2 = n; + 1 for some n; >0, and ny < na,n3. Let x; = (v41,...,7;,,2) for each
i € [3]. For each i € [3], if x; is odd, let s; = n; and o; = n; + 1, and if x; is even, let
s;i = n; +1 and o; = n;. Let hy be a permutation of [m2] such that T () = S1 whenever
j € [m] and Ty py(j) = o1 otherwise. We now define two more permutations hy and hs of
[m?].

(i) If the parity of x1 is different from both xo and xs3, then for each i € {2,3}, let h; be
a permutation of [m?] such that T p,(j) = Si whenever j € [m] and x; ;) = o0; otherwise.

(ii) If the parity of x is different from xo and the same as x3, then let hy be a permutation
of [m?] such that To ho(j) = S2 whenever j € [m] and g p, ;) = 02 otherwise, and let h3 be
a permutation of [m?| such that T3 () = S3 whenever j € [2m] — [m] and x34,;) = o3
otherwise.

(iii) If 21, T2, and 3 have the same parity, then let hy be a permutation of [m?] such that
T hy(j) = S2 whenever j € [2m] —[m] and w9 p, ;) = 02 otherwise, and let h3 be a permutation
of [m?] such that x3p,(j) = s3 whenever j € [3m] — [2m] and x3 ;) = 03 otherwise.

Then, using the notation of Lemma [L],

m2 m2
Z L1,k (5)T2,ha(5)T3,hs(j) = Z L1,522,£(5)3,9(4)-
j=1 j=1

In particular, for any permutations 1,09 of [m?],

m2

E T ()T ha () T3 haG) S D T1iT2,00 () E3,00(7)-
j=1 1

3l\)

<.
Il

Proof. Define f, g, and N as in Lemma [[II We consider six cases corresponding to the
parities of @1, 2, and x3 in (i), (ii), and (iii).
For (i), for suppose x; is even, x5 is odd, and «3 is odd. Then we have the following:

ny+1 ng n3 if j € [m]
L1,h1(5) = » L2,ha(j) = » L3,h3(j) = 2|

ny ng + 1 ng+1 ifje€m ml;
ny ng + 1 ny+1 if j € [m(m —1)]
Tr1 5, = s €T A s €T N . .
b ny+1 210) ng 3.9() ns if j € [m?] — [m(m — 1)].
Therefore, we obtain

m2 m m2

DT ()T 2ha () T3 he() = D (11 + Dnang + Y | ma(ng + 1)(ng + 1)

j=1 j=1 j=m+1

10



= m(ny + 1)nang + m(m — 1)ny(ng + 1)(ng + 1)

m(m—1) m?
= ’I’Ll(ng + 1)(’1’L3 + 1) + Z (’I’Ll + 1)712713
j=1 j=m(m—1)+1
m2

L1,522,f(5)3,9(4)-
1

<.
Il

The other possibility for (i) is that x; is odd, x2 is even, and x3 is even. The details of
the proof are similar to the previous case and are given in Appendix [Al
For (ii), first we suppose x; is even, 2 is odd, and x3 is even. Then we have:

Lhi(j) = ny » T2h2(5) T no+1 if j € [m? — [m];

ny+1 if j € 2m] — [m]
T3,h3(5) =

ng  ifj e [mlU(m? - [2m]);
o fm N na+1 if j € [m(m —1)]
Lj ny+1 > TRI0) ng if j € [m?] —[m(m —1)].

We also have N = m(m — 1), and so
. n3 if j € [m(m —2)]U ([m2] — [m(m — 1)])
B90) " Vg 41 if j € [m(m — 1)) — [m(m — 2)].

Therefore, we obtain

2

m
Z T1,h1(5)T2,h2(5)T3,h3 ()
j=1
m 2m m2

= Z(nl + 1)ngng + Z ni(ng +1)(ns +1) + Z ni(n2 + 1)ng

Jj=1 j=m+1 Jj=2m-+1
= m(n1 + 1)nanz + mny(ny + 1)(ng + 1) + m(m — 2)ny(n2 + 1)ng

m(m—2) m(m—1) m?2
= Z ni(ng + 1)ng + Z ni(ng +1)(ng+1) 4+ Z (n1 + 1)nang

=1 j=m(m—2)+1 j=m(m—1)+1

Il
M -

L1,502,(5)%3,9()"
1

<.
Il

The other possibility for (ii) is that @; is odd, @2 is even, and @3 is odd. The details of
the proof are similar to the previous case and are given in Appendix [Al

11



Finally, turning our attention to (iii), we suppose ¢, €2, and x3 are all even. Then we
have the following:

. Jm+1if g€ [m]
PO i e m?) - [ml;

o a1 i 2m] — [m]
2,h2(4) = . if j € [m]U ([m?] — [2m]) ;

o mer1 it 3m] - 2m)
3050 T \ng i j € [2m] U (jm?] — [3m]) ;

ny if j € [m(m — 1)]
n+1 if j € [m?] —[m(m —1)];

o ng+1 if j € [m]
270 7 g if j € [m?] — [m].

We also have N = m(m — 1), and so

(-

N ,:{w if j € [m(m — 2)] U ([m2] — [m(m — 1))
390 T \ng+1 if j € [m(m — 1)] — [m(m — 2)].

Therefore, we obtain

2

m
D TG P2 () P ha)
j=1
m 2m 3m m?
= Z(nl + 1)nons + Z nl(ng + 1)713 + ninz(ng + 1) + anngng
= j=m+1 j=2m+1 j=3m+1
= m(n1 + 1)ngns + mny(n2 + 1)ng + mning(ns + 1) + m(m — 3)ninang
m m(m—2) m(m—1) m?2
= Z nl(ng + 1)n3 + Z ninaong + Z nlng(ng + 1) + Z (n1 + 1)n2n3
j=1 j=m+1 j=m(m—2)+1 j=m(m—1)+1

I
3

1,522, f(5)T3,9(4)

<.
Il
=

The other possibility for (iii) is that @1, ®2, and @3 are all odd. The details of the proof
are similar to the previous case and are given in Appendix [Al O
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We are now ready to show that each formula in Theorem [ is a lower bound on the DP
color function of the appropriate Theta graph.

Lemma 13. Let G = O(ly,l2,13) and H = (L, H) be a full m-fold cover of G where m > 3.
(i) If the parity of 1y is different from both ly and 3, then Ppp(G,H) > P(G,m).
(ii) If the parity of 1y is different from ly and the same as l3, then
1
Pop(GH) = — [(m = )5 4 (m = 1) — (m = )2 = (m = D 4 (<) (m - 2)].
(i5i) If 11, la, and l3 all have the same parity, then
1
Pop(GH) > — [(m = 1) ¥ — (= 1) — (m = 1)l = (m = )P - 2(-1) ]

Proof. We begin by using Lemmas [7] and [ to find a formula for Ppp(G,H) to which we
can apply Lemma [I2l For each k € [3] and (4,7) € [m]?, let Sk (i) = N({(u, 1), (w,5)}, Hi)-
Consider some k € [3] and (i, ;) € [m]?. By Lemma[8, we know that

(m — D% + (1) (m = 1) _ (m = 1'% — (-1l

= — + (-1 (1)

Sk?(ihj) =
if there is a path in Hj from (u,?) to (w,j) consisting only of cross-edges of Hj, and

(m = 1)l — (~1)'

m

Ski(ij) =

otherwise. In particular, notice that Equation () holds for exactly m choices of (i,7) € [m]?;

whereas, Equation (Z]) holds for the remaining m(m — 1) choices of (i,7) € [m]>.

For each k € [3], let ng = ming jyem2 Sk,,;)- Notice that, for each (i,j) € [m]?, either
Sk,(i,j) = Mk O Sk (ij) = Nk + 1. Moreover, we have sy, (; ;) = ny for either m or m(m — 1)
choices of (i,j) € [m]?, while s (; ;) = ng + 1 for the remaining m(m — 1) or m choices,
respectively, of (i,7) € [m]2.

Now, let 8 : [m]?> — [m?] be the function defined by 3(i,j) = m(i — 1) + j for each
(i,7) € [m]?. Notice that 3 is bijective and hence has an inverse 371 : [m?] — [m]?. By
Lemma [7],

Ppp(GH) = Y $1.4)52,.0)53. Zslﬁ 1(6)52,8-1(0)53,6-1(0)
(i,§)€[m)?

If we let sy ¢ = sy g-1(p) for each k € [3] and £ € [m?], then we can alternatively write

Ppp(G,H) 281 052,053,0-

For each k € [3], let py : [m?] — [m?] be any permutation of [m?] such that for each
(1,05 € [m?] with ¢; < /5, we have Skipr(€1) < Skipu(tz)- Furthermore, let @y = sy, () for
each ¢ € [m?. By definition, for each f1,fy € [m?] with {1 < fa, we have s < T,

Moreover, notice that zx1 = -+ = g = ng and Tp pm—1)41 =+ = T m2 = g + 1.

13



Finally, notice that py is bijective, and so it has an inverse p, ' : [m? — [m?). Using this
notation, we may write

2

m m2
Ppp(GyH) = D 5101052 pa(y (p1(0) 530505 (01 (0)) = D TLET2,51 (51 () T35 (1 ()
/=1 (=1

If we let 01,09 : [m?] — [m?] be the permutations of [m?] defined by a1 (£) = p;*(p1(¢)) and
o9(0) = p3 *(p1(£)) for each £ € [m?], then we can alternatively write

2

Ppp(G,H) = Zm,zwz,al(@ﬂcgm(z)-
=1

Define xy, hy, sk, and oy for each k € [3] as in Lemma [I2 By Lemma [12]

m2

Ppp(G,H) > Z$1,h1(5)$2,h2(é)$3,h3(1z)- (3)
/=1
Now, we claim for each k € [3],
— 1\ — (1) — 1) —_ 1) _
m m
and
m — 1) 4 (=1)k+!
o (=Dl (1) 5

m

To see why these formulas hold, consider the case where [ is even and the case where [}, is
odd separately. Suppose that [ is even. Then we have

(m = 1)l — (~1)'

Sk,(i,5) = +1

for exactly m choices of (i, ) € [m]?, and

(m — 1)’ — (1)’

Sk?(ihj) =
for the remaining m(m — 1) choices of (i,7) € [m]?. Therefore, we have

(m — 1)} — (~1)"

ne =

and

I L if £ € [m(m —1)]
T e+ 1 it e [m?] — [m(m — 1)),

14



It follows by definition that xj is even, so that

e o P PR O U e G

Sp=nrp+1=

The proof for the case [}, is odd follows similarly. The details are given in Appendix [Bl
We are now ready to prove Statements (i), (ii), and (iii). For Statement (i), suppose that
the parity of [; is different from that of both ls and l3. Then, for each k € [3], we have

. sk if L e m]
RO T o i € € [m?) — [m).

So,
m2
Ppp(G,H) > Zfﬂl h1(£)T2,hy(0)%3,h3(0) = Z 515283 + Z 010203
=1 f=m+1

= ms18283 +m(m — 1)010203.

For Statement (ii), suppose that the parity of [y is different from that of I3 and the same
as that of I3. Then we have

s if £ € [m]
€T =
RO T op i £ € [m?) — [m)]

for k € [2] and

) sk if € e 2m] — [m)]
3,hs(l) = o if £ € [m]U ([m? — [2ml]).

So,
m2
Pop(G,H) > > 1 (0 T2,ha(03,ha(0) = 2818203 + Z 010283 + Z 010203
=1 f=m+1 {=2m+1

= ms18203 + Mo10283 + m(m — 2)010203.

For Statement (iii), suppose that [y, lo, and I3 all have the same parity. Then, for each
k € [3], we have

. ) se it L€ [km] - [(k—1)m)]
PO T o i £ e [(k — Dm] U ([m?] — [km]) .
So,

m2

Ppp(GyH) > > @1 jy (0)T2,hy(0)T3,hs(6)
=

15



= MS810203 + MO018203 + M010283 + m(m — 3)010203.

Finally, substituting the formulas d] and Bl for s, and o into the three lower bounds that
we just obtained yields the appropriate formula after some algebraic simplification. O

Having established the appropriate lower bounds, we are now ready to complete the proof
of Theorem [6

Proof. Since G contains a cycle, Ppp(G,1) = Ppp(G,2) = 0. So, the result holds when
m = 1, 2. Therefore, throughout this proof we suppose that m > 3. Notice that if the parity of
l; is different from both I and I3, then we know from Lemma [[3that Ppp(G,m) > P(G,m).
Since we also know that Ppp(G,m) < P(G,m), Statement (i) follows.

For the remaining two statements, we will construct a full m-fold cover H = (L, H) of
G with an appropriate number of H-colorings. For each ¢ € [3], suppose the vertices of R;
written in order are: u,v;1,...,v;;,—1,w. In the case I; = 1, Ry has no internal vertices. Let
G =G—{vg1,1w,v3,—1w}. Suppose H' = (L, H') is an m-fold cover of G’ with a canonical
labeling. Begin constructing edges of H by including all the edges in F(H'). The remaining
edges between L(vg,—1) and L(w), and between L(vz,—1) and L(w), will be specified below.

Let o : [m] — [m] be the permutation of [m| given by o(j) = (j (mod m)) + 1. Suppose
3 has the same parity as [y and [y has different parity than [;. Complete the construction
of H by including {(va,—1,7)(w,j) : j € [m]} U {(v345-1,5)(w,0(j)) : 7 € [m]} in E(H).
By Lemma [ for each k € [2] we have N({(u,7), (w,j)}, Hg) = ((m — D)% + (=1)%(m —
1))/m when i = j and N({(u,1), (w,§)},Hi) = ((m — 1) — (=1)%) /m otherwise. Again by
Lemma B, we have N({(u,i),(w,5)},Hs) = ((m — 1) + (=1)3(m — 1))/m when j = (i)
and N({(u,i), (w, )}, H3) = ((m — 1) — (=1)B) /m otherwise. Thus, by Lemma [7,

Ppp(G,H) = Z HN (u,1), (w,5)}, Hi)
(i,)€[m]? k=1

(-
o (b= ) <<m—1 >TE D+ ( 1>l <m—1>l>
m 1)! — 1)l — (—1)

U (ot

== ((m— 1) 4 (m — 1) = (m — 1)12 — (m =) = (<1 (m - 2)).

Suppose Iy and [3 have the same parity as [;. Complete the construction of H by including
{(v21p—1.0)(w, () = j € [M]}U{(vs 15-1.5) (w, 0% (5)) : j € [m]} in E(H)B. By LemmaB] for

5Throughout this document, whenever ¢ is a permutation of [m] and k € N, we write o* for go---00,
where ¢ appears k times. Moreover, we write o for the identity map on [m)].
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each k € [3] we have N ({(u,1), (w,5)}, Hx) = (m—1)% +(=1)%* (m—1))/m when i = o¥~1(3)
and N({(u,1), (w, )}, Hy) = ((m — 1)k — (=1)l )/m otherwise. Thus, by Lemma [7]

Ppp(G,H) = Z HN (u, 1), (w,5)}, Hi)

(i.7)€[m]? k=1

I G ) G i G DA A G Vit G VS WA G
(i) (o) (o

+m Em - 1>l;n— <1>h; <<m— 1) +7<n—1>l2<m - 1)) ((m

(- ' <—1>l2> (- Dl + (-1

+ (m? — 3m) <(m - ”l;n_ (—Uh) <(m - 1>ljn— (—1)l2> <(m - 1)1;—

((m . 1)l1+l2+13 — (m — 1)l1 — (m — 1)l2 — (m — 1)l3 + 2(_1)l1+12+l3> )

)"
)l::n_
)

)
.
)

(1)
(=D

m—1)
Sily

l3(
U

4 The Dual DP Color Function of Generalized Theta Graphs

In this Section we show how the ideas we have developed thus far can be used to completely
determine the dual DP color function of all Generalized Theta graphs. In particular, we prove
the following theorem.

Theorem 14. Let G = O(ly,...,l,), where n > 2, |} = mingep, l; > 1, and l; > 2 for
each i € [n] — {1}. If ly,...,l, do not all have the same parity, let t = max{i € [n] :
(Iy — I;) mod 2 = 1}; otherwise, let t = 1. Let m > 2. For each i € [n], let

(m — 1) — (-1)"

m

(m — 1" + fn_l)li (m=1) 41, is odd

if l; is even

If l; is even, let s;, = n; + 1 and 0; = n;. If l; is odd, let s; = n; and 0; = n; + 1. Let
S= Hie[n} si and O = Hz’e[n] 0;. Then

t

S @)
PEP(G,m):Hm - Hoz—i-mm 2)O+Hm " HSZ
=2 °1 j=2 1=2 7 =2

It is worth mentioning that Theorem [I4] implies that when ¢t = 1, P},,(G,m) = P(G,m)
(There is an analogous result for the DP color function; specifically, see Statement (i) of
Theorem [I0l). The proof of Theorem [I4] uses a lemma that follows immediately from the
second part of the Rearrangement Inequality.
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Lemma 15. Let n,m > 2. Suppose x;; is a non-negative integer for each i € [n] and
j € [m?]. For each i € [n], suppose n; = xi1 = -+ = Tigm < Timtl = = Tim(m-1) <
m(m—1)+41 = ' = Tim2 = n; + 1 for some n; > 0. Then for any permutations o1,...,0n

of m?),

fj

j=1l1i=

n

m n
st < 211
1 j=1i=1

We are now ready to show that each formula in Theorem [I4] is an upper bound on the
dual DP color function of the appropriate Generalized Theta graph.

Lemma 16. Let G = O(ly,...,l,) and H be a full m-fold cover of G. Then, using the same
notation as Theorem [14)

t t

Ppp(G,H) < mS Hol—l—m —-2)0 + mO HSZ
i= 28” 2 i= 2021’ 2

Proof. We begin by using Lemmas [7] and B to find a formula for Ppp(G,H) to which we
can apply Lemma 5l For each k € [n] and (i,5) € [m]? let s ; ;) = N({(u,), (w, )}, Hy).
Consider some k € [n] and (i, j) € [m]?. By Lemma 8, we know that

(m — D% + (1) (m = 1) _ (m = 1'% — (~1)l

= — (-1 (6)

Sk, (i.4) =
if there is a path in Hj from (u,i) to (w,j) consisting only of cross-edges of Hy, and

(m = 1)l — (~1)'

m

(7)

Sk,(i.5) =

otherwise. In particular, notice that Equation () holds for exactly m choices of (i, 7) € [m]*,
whereas Equation (7)) holds for the remaining m(m — 1) choices of (i, j) € [m]?.

For each k € [n], let nj = ming j)epmj2 5k,(i,5)- Notice that for each (i,7) € [m]?, either
Sk,(i,j) = Mk O Sk (ij) = Nk + 1. Moreover, we have sy, (; ;) = ny for either m or m(m — 1)
choices of (i,j) € [m]?, while s ; ;) = ng + 1 for the remaining m(m — 1) or m choices,
respectively, of (i,7) € [m]%.

Now, let 8 : [m]?> — [m?] be the function defined by B(i,j) = m(i — 1) + j for each
(i,5) € [m]?. Notice that 8 is bijective and hence has an inverse 3~' : [m?] — [m]?. By
Lemma [T,

2

3

PDP G 7‘[ Hskv(id)

(4,5)€[m]? k

H Sk,5-1(0)-

~
Il

1k
For each k € [n], let py : [m?] — [m?] be any permutation of [m?] such that for each

01,05 € [m?] with ¢1 < f5, we have Sk,B1(pr(01) < Sk,3~1(pu(lz))- Furthermore, let xy, =
Sk,3-1(py()) for each £ € [m?]. By definition, for each £1,0y € [m?] with £; < {5, we have
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i, < Tre,. Moreover, notice that 0 < np = 21 = -+ = Tpm < Ty = -+ =
Thm(m—1) < Thm(m—1)41 = *** = T m2 = Mg + 1. By Lemma T3], we have

H (8)

We now consider two cases: (1) [y is even and (2) [y is odd. First, consider case (1). If
t =1, then ly,...,l, are all even, and so we have s, = n; + 1, o = ng, and

B {ok if £ € [m(m —1)]
T =

m2 2

Ppp(G,H) = ZH

/=1

3

~
Il

1k

sp  if £ € [m?] — [m(m — 1)]

for each k € [n]. Thus, Inequality (8) becomes

2 m(m—1)

m n m2 n
Pop(G,H) <> ] = Y

I
=
=

+

1=1 k=1 =1 k=1 t=m(m—1)+1k=1
m(m—1) n m? n
= Hok—i- Z Hsk:m(m—l)O—FmS.
/=1 k=1 {=m(m—1)+1k=1
So, assume t > 1. Then, l1,l;11,...,l, are even and ls,...,l; are odd. Hence, for each

ke{l,t+1,...,n}, we have s = ng + 1, o = ny, and

g = op ifle[m(m—1)]
’ sp  if £ € [m?] — [m(m — 1)].

For each k € {2,...,t}, we have sy = ng, op = ni + 1, and
s if £ € [m]
Tk = ) 5
o if L€ m?] —[ml].

Thus, Inequality (8) becomes

2

m2 n m n m(m—1) n m n
Pop(GH) <3 [T one =2 ITowet D0 Tlwwer 30 Ilowe
£=1 k=1 =1 k=1 f=m+1 k=1 t=m(m—1)+1k=1
m n t m(m—1) n m?
(o I alls)+ 3 Mot 3 (s I #11o)
=1 k=t+1 k=2 t=m+1 k=1 t=m(m—1)+1 k=t+1 k=
m i msS i
= — Hsk+m(m—2)0+ ; Hok
k=2 Ok |5 k=2 5k }_o
Next, we consider case (2). If t = 1, then [y,...,[, are all odd, and so we have s = ny,

o =ni + 1, and

sk if L e m]
T N op i L€ [md] - [m]
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for each k € [n]. Then substituting these values of xj, into Inequality (8]), as done in the
previous case, gives us the required expression.

So, assume t > 1. Then, ly,l;11,...,l, are odd and [o,...,l; are even. Hence, for each
ke{l,t+1,...,n}, we have sy = ng, op = nx + 1, and

sk iflem]
TN op it e m] - m].

For each k € {2,...,t}, we have sy = np + 1, o = ng, and

g — op if €€ [m(m—1)]
sp  if £ € [m?] — [m(m — 1)].

Then substituting these values of z ¢ into Inequality (8), as done in the previous case,
gives us the required expression. O

Having established the appropriate upper bounds, we are now ready to complete the proof
of Theorem [I4l

Proof. First, notice that if ¢t = 1, then mS+m(m —1)O = P(G,m) < P}j,p(G,m). Thus, the
desired result holds when ¢ = 1, and we may now assume that ¢ > 1. We will construct a full
m-fold cover H = (L, H) of G with an appropriate number of H-colorings. For each k € [n],
suppose the vertices of R, written in order are u, vy 1,..., vk, —1,w. In the case Iy =1, Ry
has no internal vertices. Let G' = G — {v,—1w : k € [n] — {1}}. Suppose H' = (L, H’) is
an m-fold cover of G’ with a canonical labeling. Begin the construction of H by including all
the edges in E(H’). The remaining edges between L(vy,—1) and L(w) for each k € [n] — {1}
will be specified below. Note that for each k € [n], sp = ((m — 1)% + (=1 (m — 1)) /m and
op = ((m — 1)’ — (—1)’) fm.

Let o : [m| — [m] be the permutation of [m] given by o(j) = (j (mod m))+ 1. Complete
the construction of H by including Uke[n]_[t]{(vmk_l,j)(w,j) :j € [m]} and
Usep— iy {@rp—1,0)(w,0(5)) = j € [m]} in E(H). It follows from Lemma [ that for each
ke {l,t+1,...,n} we have N({( i), (w, )}, Hi) = (m—1)%+(=1)"*(m—1))/m = s when
i =jand N({(u,i),(w,j)}, H) = ((m 1) —(=1)%) /m = o}, otherwise. Agam by Lemmal[g]
for each k € {2,...,t} we have N({(u,7), (w,§)}, Hg) = ((m — D) + (=) (m — 1)) /m = sy,
when j = o(i) and N({(u,i), (w,7)}, H ) = ((m — D% — (=1)%)/m = o}, otherwise. Thus,
by Lemma [7],

Ppp(G,H) = Z HN (u, i), (w,7)}, Hi)

(i,5)€[m]? k=1

= > [T VU0, i)} 1) + > [T N (i), (w,0(0))}, H)
=1 k=1 i=1 k=1
+ > TI NG, (w, )} He)
1€[m] k=1

jeml—{i,0(9)}

20



|: N({(u7i)7(w7i)}a7'[k) H N({(u7i)7(w7i)}a7'[k)
1 [ ke{l,t+1,....,n} ke{2,...,t}

+> N({(u, 1), (w, o)}, He) [ N(ud), (w, o))}, He)
i=1 | ke{l,t+1,....,n} ke{2,..t}
+ Z Hok
1€[m)] k=1
JEIm]—{i,o(i)}
> II s II o)+ II o II =
=1 \ke{l,t+1,..,n}  ke{2,...t} =1 \ke{l,t+1,...,n}  ke{2,..,t}
+m(m —2)0
mS i
O + —— sk—l—m 2)0
Hk 2 Sk kl_[g Hk 2 Ok kl_Ig

O
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A  Proof of Lemma

In this section, we give the details of the remaining cases of this proof.
Continuing with (i), suppose x; is odd, @2 is even, and @3 is even. Then we have the
following:

n1 ng +1 ny+1 if j € [m]
x N = , T N = , X N =
Lh1(5) ny+1 2,h2(4) ng 3,hs () ns if j € [m?) — [m];
n ng + 1 7”L3—|—1 1fj€[m]
L1 = y T i) — y L ) — e
1,5 ny + 1 2,f(5) ng 3,9(4) ns lf] c [m2] _ [m]
Therefore, we obtain
m2 m m2
> 1 ()2 () T3he() = (e + D(ng + 1)+ D (n1 + 1)ngns
j=1 j=1 J=m+1
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SN)

T1,5%2,f(7)3,9(5) -
1

<.
Il

Continuing with (ii), we suppose x; is odd, x5 is even, and x3 is odd. Then we have:

i m . o ng +1 if j € [m]
L) = g1 P 20 T gy, if j € [m?] — [m];
. _Jns if j € [2m] — [m]
3,h3(j) = ng+1 if j € [m]u(Im? - [2m]);
o n e +1 ifj€[m] We also have N = m,
R PO | S P if j € [m?] - [m]
and so

o ng+1 ifje [m]U([m2]—[2m])
2900 7 g if j € [2m] — [m].

Therefore, we obtain

2

m

Z T1,h1(5)%2,h2(5)%3,hs(j)

j=1
m 2m m?2

= mme+D(ns+1)+ > (ni+Dngng+ Y (n1+ na(ng + 1)
j=1 j=m+1 j=2m+1
mz

L1502, f(5)T3,9(5)"

<.
Il
-

Continuing with (iii), suppose ¢, 3, and x3 are all odd. Then we have the following;:

o m if j € [m]
L@ T w1 it e [m?] - ml,

o m if j € [2m] — [m]
2,h2(5) ne+1 if j € [m]u ([m? - [2m]),

o m if j € [3m] — [2m)]
3,h3(j) ng+1 if j € [2m] U ([m?] — [3m]),

ny ifje [m]
15 = e g
ny+1 if j € [m?] —[m],
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and

o ne +1 if j € [m(m —1)]
2,f() = na if j € [m?] — [m(m —1)].

We also have N = m, and so

{n3 +1 ifj e [m]U (m?] - [2m))

T3 g(5) =
390) 7\ if j € [2m] — [m].
Therefore, we obtain
m2
Zwl,hl(j)wz,hz(j)x&hg(j)
j=1
m 2m 3m
=Y e+ Dns+1)+ > (i +Dno(ns+1)+ Y (1 +1)(na+ 1)ng
Jj=1 j=m+1 j=2m+1
m2
+ Y (A +(ns+1)
Jj=3m+1

=mni(n2 4+ 1)(n3 + 1) + m(ny + D)na(nz + 1) + m(ny + 1)(ng + 1)ns
+ m(m — 3)(711 + 1)(712 + 1)(713 + 1)

m 2m
= an(ng +1)(ng+1)+ Z (n1+1)(ng + 1)ng
j=1 j=m+1
m(m—1) m?2
+ Y (A Dme+Dns+1)+ Y (nm+ Dna(ns +1)
j=2m+1 j=m(m—1)+1

2

3

L1,522,£(5)3,9(4)
1

<.
Il

B Proof of Lemma

To complete the proof of the claim for each k € [3],

om (R no e D

and
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2

for exactly m choices of (i,7) € [m]?, and

(m = 1)l — (- 1)’

Ski(ij) =

for the remaining m(m — 1) choices of (,5) € [m]?. Therefore, we have

and
ng if ¢ € [m]
€T =
e ni+1 if £ € [m?] — [m)].
It follows by definition that xj is odd, so that

om0

and

(m — 1) — (~1)"

op=nr+1=
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