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Abstract

The utility of a matrix satisfying the Strong Spectral Property has been well established particularly
in connection with the inverse eigenvalue problem for graphs. More recently the class of graphs in which
all associated symmetric matrices possess the Strong Spectral Property (denoted GSsF ) were studied, and
along these lines we aim to study properties of graphs that exhibit a so-called barbell partition. Such a
partition is a known impediment to membership in the class G¥5F. In particular we consider the existence
of barbell partitions under various standard and useful graph operations.
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1 Introduction

The inverse eigenvalue problem of a graph (IEPG) refers to determining all possible spectra of real symmetric
matrices whose pattern of nonzero off-diagonal entries is described by the edges of a given graph (see [5] [7], 8]
9, [11]).

Studies on the IEPG have focused on topics such as: determining the maximum eigenvalue multiplicity,
or equivalently, maximum nullity, or equivalently again, minimum rank of matrices described by the graph.
Computing the maximum multiplicity in general remains unresolved and an active area of research (see [7}, 9]
for extensive bibliographies). More recently, there has been progress on the related question of determining the
minimum number of distinct eigenvalues of matrices described by a given graph [T}, 4].

Maximum nullity, minimum number of distinct eigenvalues, and other related notions help to resolve in-
stances of the inverse eigenvalue problem for a specific graph or family of graphs, but a general solution is far
from known. Recently, new developments building upon a known matrix property called the Strong Arnold
Property (see [3, 14, [I5]), known as the Strong Spectral Property (SSP) and the Strong Multiplicity Property
(SMP), have been used in connection with the IEPG [4, 5] and seem to be promising tools for working on the
IEPG in more general terms.

All matrices are real and symmetric; O and I denote zero and identity matrices of appropriate size, respec-
tively. A symmetric matrix A has the Strong Arnold Property (or A has the SAP for short) if the only symmetric
matrix X satisfying AoX =0, ToX =0 and AX = O is X = O (recall that product o is the entry-wise
matrix product). An n X n symmetric matrix A satisfies the Strong Multiplicity Property (or A has the SMP)
provided the only symmetric matrix X satisfying Ao X = O, o X = O, [A,X] = O, and tr(A°X) = 0 for
i=2,...,n—11is X = O [4 Definition 18 and Remark 19]. A symmetric matrix A has the Strong Spectral
Property (or A has the SSP) if the only symmetric matrix X satisfying Ao X = O, [o X =0 and [4,X] =0
is X = O [} Definition 8]. It follows from the definitions above that the SSP implies the SMP, and the SMP
implies A + AI has the SAP for every real number A (see [, []).

The graph G(A) of a real symmetric n x n matrix A = [a;;] is the (simple, undirected, finite) graph with
vertices {1,...,n} and edges ij such that ¢ # j and a;; # 0. For a graph G = (V,E) with vertex set
V = {1,...,n} and edge set E, the set of symmetric matrices described by G, S(G), is the set of all real
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symmetric n x n matrices A = [a;;] such that G(A) = G. The IEPG for G asks for the determination of
all possible spectra of matrices in S(G). The number of distinct eigenvalues of A is denoted by ¢(A), and
q(G) = min{q(A) : A € §(G)}.

Given a graph G = (V, E), and S C V, we let Ng(S) denote the set of all vertices adjacent to some vertex
in S. In particular, if v is a vertex of a graph G, the neighborhood of v is the set of vertices adjacent to v,
and is denoted by N¢(v). Further, the degree of v, denoted by deg(v), is equal to |[Ng(v)|. If S C V, then we
let G[S] denote the subgraph of G induced by the vertices in G (sometimes referred to as the vertex induced
subgraph of G). An edge e in G with end points u and v is denoted by e = {u, v} of for brevity we may just
write uv € E(G). We let G £ e denote the graph obtained from G by adding a new edge e or by removing
the existing edge e from G. Similarly, if S C V, we let G — S denote the induced subgraph of G obtained by
removing S from V. If S = {v}, we use abbreviation G — v to denote the graph obtained from G by removing
the vertex v. If G and H are two graphs, then the join of G and H, denoted by G V H, is the graph obtained
from the disjoint union of G and H and adding all possible edges between the vertices in G and the vertices
in H. Finally, as is standard, we let K,, and P,, n > 1, and C,,, n > 3, denote the complete graph, the path
graph, and the cycle on n vertices, respectively.

Suppose G is a given graph and v is a fixed vertex in G. The notion of duplicating (or cloning) a vertex
is a natural graph operation and has interesting implications on the inverse eigenvalue problem for graphs (see
[2, 12]). There are two versions of duplicating a vertex, namely with an edge or without an edge. The graph
Jjdup(G,v) (dup(G,v)) is the graph obtained from G by adding a new vertex u and connecting u to all the
vertices in Ng(v) and v (connecting u to all the vertices in Ng(v)).

The main focus of this work is to study when the SSP is preserved under certain standard graph operations.
One inherent flaw with this approach is that the SSP is a matrix property and not necessarily a graph property.
As such, we are very interested in the graphs G for which the SSP holds for all A € §(G). This class is denoted
by G°3F and was introduced in [I3]. In [I3], the concept of a barbell partition was noted and a connection to
the complement of the class G was established. In this paper, we work with barbell partitions extensively
and work out numerous relationships regarding barbell partitions and standard graph operations. Such analysis
leads to a better understanding of graphs that do not belong to the set G557 . In section 2 of this work we recall
the definition of barbell partitions and verify classes of graphs that exhibit barbell partitions. In the remaining
sections (sections 3-5) we discuss the preservation of barbell partitions under various graph operations and
graph products.

Concerning graphs G and the class G°°7 it is known that the cycle on 4 or more vertices does not belong
to the class GS5F. On the other hand it is also known (see [6]) that for the 4-cycle any realizable multiplicity
list can be realized by a matrix with the SSP. However, for any n-cycle it is still not clear if every realizable
multiplicity list can be realized by a matrix with the SSP. As a matter of pushing the narrative a bit further
we end the introduction with an example of a class of matrices in S(C,,) with n even that possess the SSP.

Proposition 1.1. For A€ §(Cy), ifn is even and 0 # X =a1; = =ann, 0# —A=anyiny1 =+ = Gpn,
and all other entries in A are a common value b # 0, then A has the SSP.

Proof. Suppose A € S(C,,) such that n is even and

A b 0 0 0 0 0 b

b x b 0 0O -~ 0 -~ 0 O

o &6 x v 0 -~ 0 -+ 0 O

A 0 0 b A b 0 0 0
100 0 b =X b 0 0
0 v v eee ei 0 b =X b 0

o I U ¢ I S W

(b o e e 0 b A

such that A and b are real numbers such that A\, b # 0. Consider an n x n real symmetric matrix X = [z;]
such that: (1) Ao X =0, (2) XolI = O, and (3) AX = XA. Then XA = AX, yields the equations

briz = -+ = bxgrta = bxgy1p—1 = -+ = by along the super and sub diagonals and in the entry in the (1,n)
and (n,1) positions. Since b # 0, this yields that z13 = -++ = Zpgyr2 = Tpt1k—1 = -+ = Tpe. Considering
the next two diagonals and entries in positions (1,7 — 1), (2,n), (n — 1,1), and (n,2) yields the equations
0=x13=...=Tpkt2 = Tht1k—1 = ... = Tpno. Continuing the argument in this manner will show that X =0
and hence A has the SSP. O



2 Barbell Partitions

We now turn our attention to the interesting class of graphs that do not belong to G°5F. In connection with
the class of graphs that do not belong to G5 (see [13]), we consider the notion of a barbell partition of the
vertex set. For our purposes, given a set U we will consider a partition of U to be a collection of pairwise
disjoint subsets of U such that their union is U. The subsets can be empty. The concept of barbell partition is
defined in [I3].

Definition 2.1. A barbell partition of a graph G is a partition of V(G) into three disjoint parts {R, Wy, Wa}
such that:

1. R is allowed to be an empty set, but W; # 0 fori € {1,2}
2. there are no edges between vertices in W1 and vertices in Ws
3. for each v € R, |Ng(v) "N W;| # 1 fori € {1,2}.
It was then shown that if a graph G has a barbell partition, then G ¢ G*5F.

Lemma 2.2. [13] Let G be a graph with a barbell partition. Then there is a matric M € S(G) such that M
does not have the SAP (and the SSP).

It thus follows that any graph with a barbell partition is not a member of G%5F, GSAF or GSMP  Our
results concerning barbell partitions will often conclude that a graph is not a member of G55, However, in
each such case, it can also be said that the graph in question is neither a member of G34% nor of GSM¥. We
observe, for completeness, that the converse to the previous lemma need not hold in general. Consider the cycle
on 4 vertices with two additional pendant vertices adjacent to non-adjacent vertices on this 4-cycle. This graph
is not in G¥5F and does not have a barbell partition (see also [13]).

As a result, it becomes natural to discuss barbell partitions when considering SSP. To this end, the remaining
sections will focus on classes of graphs which have barbell partitions and graph operations which preserve the
presence of barbell partitions or in some cases introduce barbell partitions. Furthermore, in [I0] the concept
of a fort was introduced and defined to be a subset of a graph’s vertices such that no vertex not in the fort is
adjacent to exactly one vertex in the fort. For the purposes of this paper, we will follow the convention that
every nontrivial graph G has a fort, specifically V(G), with the criterion in the definition being understood to
be vacuously true in this case. The following theorem establishing the connection between forts and zero forcing
(see [9] for more details about zero forcing) follows from [I0, Thm. 3].

Theorem 2.3. [I0)] Let G be a graph and S C V(G). Then V(G) — S is a zero forcing set of G if and only if
S does not contain a fort.

The definition and results concerning forts are worth noting because while the original definition of barbell
partitions does not mention forts, one can define barbell partitions utilizing the concept of forts thus creating
a connection between the two areas of study. With this in mind, we first introduce the concept of a pair of
separated forts and then identify that this concept can provide an equivalent definition for barbell partitions.

Definition 2.4. Let G be a graph. If W1 and Wy are disjoint nonempty forts in G and no vertex in Wi is
adjacent to a vertex in W, then we say that {Wy, W} is a pair of separated forts.

Observation 2.5. Let G be a graph. Then {V(G)\ (W1 UWs), Wy, Wa} is a barbell partition of G if and only
if {W1, Wa} is a pair of separated forts of G.

We begin our discussion of barbell partitions by providing a list of small observations which will prove useful
later on.

Observation 2.6. If a graph is disconnected, then there is a barbell partition W1 = Hy, and Wy =V (G) \ Hy,
and R = 0.

Observation 2.7. If G is a graph such that
e S is a cut-set of G
o 7 is the collection of components of G — S and

o for He H,
v€ Ng (V(H))NS = |Ng(v) NV(H)| > 2,

then G has a barbell partition with R = S, Wy = V(H') for some H' € H, and Wa = (Uyeqy V(H)) \ V(H'),
and thus must not be in G557



In [13] the following results concerning barbell partitions, trees, and unicyclic graphs were proven.

Corollary 2.8. [13] If a tree T has a vertex v with deg(v) > 4 or two vertices u,v with deg(u), deg(v) > 3,
then T admits a barbell partition. Hence T ¢ G557 .

Corollary 2.9. [13] If a unicyclic graph G has a vertez v such that deg(v) > 4, or a vertex u not contained in
the cycle with deg(u) > 3, then G admists a barbell partition. Hence G & GS5F .

With these results in mind, we now present a result concerning cacti, where a cactus is defined to be a
connected graph such that no edge is contained in more than one cycle.

Theorem 2.10. Let G be a cactus with at least two cycles. Then G has a barbell partition, and thus G & G°5F .

Proof. We will prove the theorem by breaking into two cases, and then showing that in either case G has a
barbell partition and thus G ¢ G¥9F.

Case 1: There exists a vertex v € V(G) such that v is in two cycles Hy and Ho.

Since G is a cactus, no edge in E(G) is in more than one cycle. As a result, every vertex of degree larger
than two is a cut-vertex, and so in particular, v is a cut-vertex. Let w11, u12,u2,1,u22 € Ng(v) such that
ui1,u1,2 € V(Hy —v) and ug1,u22 € V(Hs —v), and let H be the component of G — v containing Hy — v.
Finally, let R = {v}, W1 = V(H), and W = V(G) \ (V(H) U {v}).

Claim 1: Wy, W, # () and there do not exist vertices wy € W7 and wy € Wy such that wiws € E(G).

Proof of Claim 1. Since uy1,u12 € Wi and ug1,u22 € Wo, it follows that W; # 0 for i € {1,2}.
Furthermore, since v is a cut-vertex of G and H is a component of G — v, it follows that there are no
vertices wy € Wy = V(H) and wy = Wa € V(G) \ (V(H) U {v}) such that wiws € E(G).

Claim 2: |Ng(v) N W;| # 1 for i € {1,2}.

Proof of Claim 2.

Since u1,1,u1,2 € Wi and ug 1, ug o € Wo, it follows that |[Ng(v) N W;| > 2 for ¢ € {1, 2}.
Case 2: There does not exist a vertex v € V(G) such that v is in two cycles.

Since G is a cactus containing at least two cycles, there exist vertices vy, vy € V(@) such that v, is contained in
a cycle Hy, v is contained in a cycle Hy, and the vivs-path P in G contains no vertices which are incident to a
cycle except for v1 and v,. Note that the path P could be could be an edge. As before, let uy 1, u1,2 € Ng(v1) and
Ug,1, U22 € N (va) such that uy 1,u1,2 € V(Hy—v1) and us 1, u22 € V(Ha—v2). Since vy and v, are vertices in a
cactus each contained in a cycle H; and a path P such that V(P —wv;)NV (H;) = 0, it follows that each of v; and
vy are cut-vertices of G. If V(P)\ {v1,v2} = 0, then let R = {v1,v2}; and otherwise let R = V(Hp)U{vy, v} for
Hp the component of G — {v1,v2} containing P — {vy,v2}. Additionally, let W; =V (|JH) for H the collection
of components of G — ({v1} U R) not containing ve and W = V(G) \ (RU Wh).

Claim 1: Wy, W5 # () and there do not exist vertices wy € Wi and we € Wy such that wiws € E(G).

Proof of Claim 1. Since v; and v are cut vertices of G, we have Wi, Wy # (. Furthermore, since
Wy = V(JH) and H is a collection of components of G — vy, it follows that the only vertex not in W;
adjacent to vertices in Wy is vy. Since v; € Ws, there do not exist vertices w; € Wi and wy € W5 such
that wiws € E(G).

Claim 2: For v € R and i € {1,2}, |[Ng(v) N W;| # 1.

Proof of Claim 2. Again, the only vertex not in W; adjacent to vertices in W is v;. Likewise, the only
vertex not in Wy adjacent to vertices in W is vy. Furthermore, since u; 1,412 € Wi and ug 1, u2,2 € W,
it follows that |Ng(v;) N W;| > 2 for i € {1, 2}, and thus for v € R and i € {1,2}, |[Ng(v) N W;| # 1.

O

In an effort to develop a catalog of graphs that are excluded from the class GS°F | we are interested in graphs

that admit a barbell partition. On the other hand, we have the following graph structural result regarding the
nonexistence of a barbell partition.

Lemma 2.11. Let G be a connected graph with diameter 2 and maximum degree 3. Then G does not admit a
barbell partition.



Proof. Let W1, Wy C V(G) be arbitrary nonempty sets of vertices such that no vertex in W is adjacent to a
vertex in Wy. Let R =V/(G)\ (W1 UW3). Since G is connected, R is nonempty. We will show that there exists
a vertex r € R such that for some i € {1,2}, |Ng(r) N Wl‘ =1.

Let w1 € Wy and wy € W5. Since G is connected and of diameter 2 there exists a wyws-path of length 2.
However, since there are no edges between vertices in W7 and vertices in W5 and this path is of length 2, the
middle vertex in this wjws-path must be a member of R, call it r. Since r is neighbors with w; and ws, but G
has maximum degree 3, r has at most one other neighbor. Thus, for some i € {1,2}, |[Ng(r) N W;| = 1. O

Corollary 2.12. The Petersen graph, P, does not admit a barbell partition.
Proof. P is 3-regular and has diameter 2, so by Lemma P does not admit a barbell partition. O

It is necessary that the graph in Lemma [2.11] has all three properties, that is be connected, maximum degree
3, and have diameter 2. As stated in a previous theorem, every disconnected graph admits a barbell partition,
and in the diagram below we provide an example of a graph of diameter 2 and a 3-regular graph which each
admit barbell partitions.

Figure 1: A 3-regular graph and a graph of diameter 2 each of which are connected but admit a barbell partition.
The colors green, red, and blue represent R, W7, and W5, respectively.

3 Barbell Partitions and the Removal or Addition of Edges or Ver-
tices

Having identified some classes of graphs admitting barbell partitions, we now consider the effect basic graph
operations such as adding or removing vertices or edges have on the presence of barbell partitions. We first
consider the effect of adding or removing an edge.

Observation 3.1. Let G be a graph and R, W1, W5 be a partition of the vertices of G with W1, Wy # () such
that no vertex in Wy is adjacent to a vertex in Wa. Let e = {u,v} € E(G) with u,v € W; for some i € {1,2} or
u,v € R. Then {R, W1, Was} is a barbell partition of G if and only if {R, W1, Wa} is a barbell partition of G —e.

Since the pair of vertices u and v are in the same element of the partition, the presence or lack of the edge
e = {u,v} has no effect on any of the three criteria determining whether {R, W7, Ws} is a barbell partition or
not.

Observation 3.2. Let G be a graph admitting a barbell partition {R, W1, Wa}, let uw € R, let v € W, for some
i €{1,2}, and let e = {u,v} € E(G). Then G — e admits a barbell partition provided |Ng(u) N W;| > 2.

In this second case, the removal of e only effects the number of neighbors u € R has in W;, and since
|[Ng(u) N W;| > 2, {R, W1, Wa} is still a barbell partition of G — e. The effect of adding an edge is quite similar
and we have the following.

Observation 3.3. Let G be a graph admitting a barbell partition {R,W1,Wa}, let u € R, let v € W; for
1 € {1,2}, and let e = {u,v} € E(G). Then G + e admits a barbell partition provided |Ng(u) N W;| > 2.

The lollipop graph, Ly ; for n > 2 and [ > 1, is defined to be a complete graph K,, together with a path P
such that a leaf of P, and a vertex of K,, are adjacent, and no other extra edges between the vertices of K,, and
P exist. In [13] it is shown that L,,; € G957,



Proposition 3.4. If the pendant vertex of the lollipop graph Ly 1 is duplicated without an edge (call the new
graph G), and A € S(K,,) then the SSP is preserved for B € S(G) such that

A e, e,
B = el H1 0 s
el 0 o

where 1 # po € R and e, represents a standard basis vector with a 1 in the nth coordinate.
Proof. From the first two requirements of SSP, symmetric X such that Bo X = O and [ o X = O yields that

0] X1 X2
X=1x 0 y|,
xI y 0

where y € R and the nth coordinate of x; is necessarily 0 for j = 1,2. Then, the third condition yields
BX = X B where

A e, e, O x1 X9 e, x! +e,xt’  Ax; +ye, Axs+ye,
BX=le/ m 0| |x{ 0 y|= pixq e, X1 en Xy + (1Y
el 0 | |xF y 0 poxd el'xy + p2y el'xy
O X1 Xo A e, e, xel + xqel 11X [oXa
XB=|xF 0 y||el wm 0| =|xTA+yel xTe, xTe, + uay
xI' y 0] |el 0 xTA+yel  xTe,+my xTe,
Simplifying:
enX] +epxy  Axy +ye, Axy+ye, xjel +x0el  pxy H2X2
Xy 0 0+my | =|x{A+ye] 0 0+ pay
fiaX5 0+ pay 0 x3A+ye, O0+my 0

Comparing the (2,3) blocks above we conclude that y = 0. Further, x;el +xsel = e,xT +e,xI, together with

ZTin = T2p = 0, imply —21; = 295, where 1 < j < n and j # 4. Hence x; is a multiple of x,. Now comparing
the (1,2) and the (1,3) blocks above we may conclude that x; = xg = 0. Hence, X = O. O

We next turn our attention to the duplication or removal of a vertex.

Observation 3.5. Let G be a graph admitting a barbell partition {R, W1, Ws}, and let S C V(G). If S C R,
then G — S admits a barbell partition.

Observation 3.6. Let G be a graph admitting a barbell partition {R, Wy, Wa}. If v € W, for some i € {1,2}
and either

e Ng(v) CW; or
e for every u € (RN Ng(v)), we have that |[Ng(u) N W;| > 2,
then G — v admits a barbell partition.

The first case is immediate because when a vertex and its neighborhood lie in the same element of the barbell
partition none of the criteria are effected by removing the vertex. The second case follows because if for every
u € (RN Ng(v)), we have that |[Ng(u) N W;| > 2, then for each such u we have |Ng_,(u) N W;| > 2.

Observation 3.7. Let G be a graph admitting a barbell partition {R, W1, Ws}, and suppose G = H —v. If
X € {R, W1, W3} and Ny (v) C X, then H admits a barbell partition.

Observation 3.8. Let G be a graph admitting a barbell partition {R, W1, Wa}, and suppose G = H —v. If for
each i € {1,2}, [Ny (v) "N W;| # 1, then H admits a barbell partition.

Observation 3.9. Let G be a graph admitting a barbell partition {R, W1, W5}, and suppose G = H —v. If for
some i € {1,2}, we have that for every w € RN Ng(v), |[Ng(u) NW;| > 2 and Ng(v) \ (RUW;) =0, then H
admits a barbell partition.

Supposing without loss of generality that the ¢ mentioned in the above observation is 1, then letting W} =
Wi U {v} it follows that {R, W7, Wa} is a barbell partition of H.

Having considered the effect of adding or removing vertices or edges on the presence of barbell partitions of a
graph, we now consider the more specific graph operation of vertex duplication and provide results establishing
the interaction between barbell partitions and vertex duplication.



Theorem 3.10. Let G be a graph admitting a barbell partition and v € V(G). Let H = dup(G,v) and let

K = jdup(G,v). Then both H and K admit barbell partitions, and in particular neither graph is a member of
GSSP.

Proof. Let u be the duplication of v, and let {R, W1, W2} be a barbell partition of G.
Case 1: v € R.

Since v € R, it follows that |[Ng(v) N W;| # 1 for each i € {1,2}. Since Ny (u) = Ng(v) and Nk (u) = Ngv],
it follows that [Ny (u) N W;| = [Nk (u) N W;| # 1 for each i € {1,2}. Thus, by Observation [3.8] H and K each
have barbell partitions, specifically {R’, W1, Ws} with R’ = RU {u}.

Case 2: There exists i € {1,2} such that v € W.

Without loss of generality, let i« = 1. So, Ng[v] N Wy = (). Again, since Ng(u) = Ng(v), it follows that
Ny (u) N Wy = ). Since v € Wy, for every r € RN Ng(v), |[Ng(r) NWi| > 2. So, for every r € RN Ny (u),
|Ng(r) N W1| > 3. Thus, by Observation H has a barbell partition, specifically {R, W{,W>} with W| =
W1 U {u}

Since Nk (u) = Ng[v], by similar reasoning K has a barbell partition. O

Note: The converse of Theorem is not true. For example, K 3 does not admit a barbell partition, but both
duplicating and join-duplicating a leaf will yield a graph which admits a barbell partition. This observation
inspires the following results.

We now explore a little further the connection between forts in a graph and barbell partitions, both concepts,
of course, are of interest to the IEPG.

Lemma 3.11. Let G be a graph, let v € V(G), and let G’ be the graph yielded by (join) duplicating v. Then
{v,v'} is a fort of G.

Proof. Since no vertex outside of Ng[v] is neighbors with v" and vice versa, {v,v'} is a fort of G'. O

Lemma 3.12. Let G be a graph and F C V(G) be a fort of G. If Ng[F] is not a zero forcing set of G then G
admits a barbell partition.

Proof. Since Ng|F] is not a zero forcing set of G, by Theorem V(G) \ N¢[F] contains a fort of G, call it
F’. Since F C V(G)\ Ng[F], FNF’' =0 and there do not exist vertices v,v" € V(G) such that v € F, v € F’,
and vv’ € E(G). So {R, F, F'} forms a barbell partition of G, where R =V(G) \ (F U F"). O

Observation 3.13. Let G be a graph and H be a vertex induced subgraph of G. If S C V(H) does not contain
a fort of H, then S does not contain a fort of G.

Theorem 3.14. Let G be a graph which does not admit a barbell partition. Let v € V(G), and let G’ be the
graph yielded by (join) duplicating v. Then G’ admits a barbell partition if and only if V(G)\ Ng[v] contains a
fort of G.

Proof. First suppose V(G) \ Ng[v] contains a fort of G, call it F. Let v' be the new vertex that duplicates v.
Note, by Lemma {v,v'} is a fort of G’. Next, since FF C V(G) \ Ng[v] and Ng(v') C Nglv], it follows
that Ng/[v']NF =0 and so F is a fort of G’ contained in V(G’) \ Ne+[{v,v'}]. So by Theorem 2.3] Ne[{v,v'}]
is not a zero forcing set of G’. Thus by Lemma[3.12} G’ admits a barbell partition.

Next, suppose V(G) \ Ng[v] does not contain a fort of G. If G’ does not have a pair of separated forts, then
we are done, so, suppose that G’ has a pair of separated forts, {F1, Fo}. Since V(G) \ Ng[v] does not contain
a fort of G, by Observation V(G') \ Ng/[{v,v'}] does not contain a fort of G’. So, any fort of G’ must
contain a member of Ng/[{v,v'}]. Let N = Ng/[{v,v'}] \ {v,v'}, and note that N = Ng(v).

Case 1. Either Fy N {v,v'} #0 and F, NN # 0 or Fy NN # 0 and Fs N {v,v'} # 0.

Then there exist vertices u; € Fy and uy € Fy such that ujus € E(G'), and so {F, F5} is not a pair of
separated forts of G’, a contradiction.

Case 2. F;NN #0 and F;Nn{v,v'} =0, for each i € {1,2}.

Then {Fy, F5} is a pair of separated forts in G’ if and only if {F}, Fy} is a pair of separated forts in G. Since
G does not admit a barbell partition, {F;, F>} is not a pair of separated forts of G’, a contradiction.

Case 3. F;N{v,v'} #0 and F;NN =0, for each i € {1,2}.

Let F = (Fy UFy)\ {v,v'}. To reach our contradiction we will show that F is a fort contained in G\ Ng[v].
First, since Fy N Fy = ) but F; N {v,v'} # 0, for each ¢ € {1,2}, it must be that a unique element of {v, v’} is
a member of F} and that the other element is a member of F5. Suppose without loss of generality that v € F}
and v’ € Fy. Since {Fi, F»} is a pair of separated forts of G’ it follows that no vertex in V(G') \ (F1 U F3) is
adjacent to exactly one element of either F; or Fy. Thus no vertex in V(G') \ (Fy U Fy) is adjacent to exactly



one element of Fy U Fy. Since Ngr(u) = Ng(u) for every vertex u € V(G) \ Ng[v], [Na(u) N F| # 1 for every
vertex u € V(G) \ Ng[v]. So, it simply remains to check the vertices in the set Ng[v]. Since F1 NN = ) but
each vertex of N is adjacent to v, each vertex of N must be neighbors with some vertex in F; \ {v}. Likewise,
each vertex of N must be neighbors with some vertex in F \ {v'}. So each vertex in N must be neighbors with
at least two vertices in (Fy U F3) \ {v,v’}, and thus each vertex in Ng(v) must be neighbors with at least two
vertices in F'. Finally, since (Fy U F3) N N = (), it follows that v is not neighbors with any vertex in F. So, for
each vertex u € V(G) \ F, [Ng(u) N F| # 1. Thus G \ N¢[v] contains a fort, a contradiction.

In each case we reach a contradiction, and thus G’ does not have a pair of separated forts. So by Observation
G’ does not admit a barbell partition completing the proof. O

Proposition 3.15. Letn > 2. Letv € V(P,) be a pendant vertex. Let G be the graph yielded by join duplication
of v. Then G € G95P .,

Proof. Tf we join duplicate a pendant vertex of P,, then we obtain a graph H with the property that ¢(H) =
|H| — 1. For this class of graphs it is known that H € G997 (see [13]). O

Theorem 3.16. Let G be a graph and suppose v € V(G) is a pendant vertex of G. Let G' be the graph yielded
by (join) duplicating v. Then G' € GSST if and only if G is a path.

Proof. First, by Proposition it follows that if G is a path, then G’ € G557,

Now suppose, G is not a path. Since v is a pendant vertex, we can let Ng(v) = {u}. Since G is not a path
and v is a pendant vertex of G, it follows that either G — v is a path and w is not an endpoint of G —v or G — v
is not a path. In either case, {u} is not a zero forcing set of G —v. Thus by Theorem 2.3V (G —v)\ {u} contains
a fort of G —wv, call it F. Since Ng[v] = {u, v}, it follows that F is a fort of G contained in V(G)\ Ng[v]. Thus,
by Theorem G’ admits a barbell partition. Finally, it follows that G’ ¢ GSP. O

4 Barbell Partitions, Vertex Sums, and Joins

In this section we consider barbell partitions associated with some standard graph operations (namely, vertex
sums and joins), and we begin with the following result concerning a basic necessary condition for the existence
of a barbell partition in a graph.

Lemma 4.1. Let G be a graph with no isolated vertices. If {R,W1,Wa} is a barbell partition of G, then
[Wal, [Wa| = 2.

Proof. Let w; € W7 and wy € Ws. First suppose that the component of G containing w; contains no members
of R. Since this means every vertex in this component is either in W7 or Ws, it follows that every vertex in
this component must be in Wy, otherwise there exists vertices u, v with u € Wy, v € Wa, and uv € E(G) which
would imply that {R, Wi, Ws} is not a barbell partition of G. Since G has no isolated vertices, there must be
another vertex w] € Wi in this component. So, |W;| > 2.

Now suppose the component of G containing w; contains at least one member of R. Since this component
is connected and contains members of both R and W7, there must exist a pair of vertices r € R and w} € W,
such that rw} € E(G). Since |Ng(r) N Wi| # 0 and {R, W3, W} is a barbell partition of H, it follows that
|[Na(r) N Wy| > 2, and thus |W;| > 2.

An identical argument shows that |W5| > 2. O

It is of course not necessary for a graph G to not have any isolated vertices for it to admit a barbell partition
{R, W1, W5} for which |Wi|,|Ws| > 2, as witnessed by the graph G with vertex set V(G) = {v;}i_, and
edge set E(G) = 0. However, this can be viewed as establishing that this property occurs anytime a graph
G possesses a barbell partition such that neither Wi nor W, is a single isolated vertex. It also provides the
following biconditional result concerning the interaction between the join of two graphs and barbell partitions.

Theorem 4.2. Let G and H each be graphs with no isolated vertices and K = GV H. Then K admits a barbell
partition, if and only if either G or H admits a barbell partition {R, W1, Wy} for which |Wy|,|Wa| > 2.

Proof. First suppose {R, W7, Ws} is a barbell partition of H for which |[W1]|,|W3| > 2, and let R’ = RUV(G).
We will show that {R', W, W>} is a barbell partition of K.

Claim 1: There do not exist vertices wy € Wi and wy € Wy such that wiwe € E(K).

Proof of Claim 1. Note, for vertices u,v € V(H), uv € E(H) <= wv € E(K). Since {R, W7, Wa} is
a barbell partition of H, it follows that there do not exist vertices w; € W7 and wy € Wy such that
wiwsy € E(K)



Claim 2: For each r € R', [Ng(r)NW;| # 1 for i € {1,2}.

Proof of Claim 2. Again, for vertices u,v € V(H), uwv € E(H) <= wv € E(K). Since {R, W7, W3} is a
barbell partition of H, it follows that for every vertex r € R and each i € {1, 2}, |Ng(r) N W;| # 1. Next,
since K =GV H and W, UW, C V(H), every vertex v € V(G) is adjacent to every vertex in Wy U Wh.
Since |Wh|, |W2| > 2 for each v € V(G) and each i € {1,2}, |[Ng(v) N W;| > 2. Since R’ = RUV(G), it
follows that for every vertex r € R and for each ¢ € {1,2}, |Ng(r) N W;| # 1.

Thus {R', W1, Wy} forms a barbell partition of K = GV H.

Next suppose {R, W7, Ws} is a barbell partition of K = GV H. Since for every pair of vertices g € V(QG)
and h € V(H), we have gh € E(K), it follows that for each i € {1, 2},

W N V(G) 7é N Ws_; C V(G) and W; N V(H) 7é ) = Ws_,; C V(H)

Since Wy, Wy # (), it must be that either W7 UW,e C V(G) or W1 U W, C V(H). Without loss of generality,
suppose that Wi, U Wy C V(H). It thus follows that V(G) € R. Finally, since for vertices u,v € V(H),
w € E(H) < wv € E(K), it follows that there do not exist vertices w; € Wi and ws € Wy such that
wiwe € E(H) and for each r € RNV (H) and each ¢ € {1,2}, it also follows that |Ng(r) N W;| # 1. Thus
{RNV(H),W;,Ws} is a barbell partition of H. Finally, since H has no isolated vertices, by Lemma
[Whl, [Wa| > 2. O

Corollary 4.3. Let G be a graph with no isolated vertices, and let H be the graph obtained from G by adding
a dominating vertex v. If {R, W1, Wa} is a barbell partition of G, then {RU {v}, W1, Wa} is a barbell partition
of H.

Proof. Since {R, W1, W3} is a barbell partition of G and given u,v € V(G), uwv € E(H) if and only if uv € E(G),
it follows that there do not exist vertices w; € Wy, we € Wy such that wywy € E(H). Similarly, it follows that
for each 7 € R, [Ny (r) N W;| # 1 for each i € {1,2}. Since G has no isolated vertices, by Lemma [4.1] it follows
that [Wy|, |[Wa| > 2. Furthermore, since v is adjacent to every vertex in Wy UWs and |Wh|, |[Wa| > 2, it follows
that |Ng(v) N W;| # 1 for each 7 € {1,2}. Thus {RU {v}, W3, Wa} is a barbell partition of H. O

Let G and H be two graphs. The graph obtained from G and H by identifying a vertex v in both G and H
is called the vertex sum of G and H at v and is denoted by G &, H. Observe that v is necessarily a cut vertex
of G@, H. Along these lines, it follows as an immediate corollary of Theorem 4.3 and Corollary 2.4 in [I3] that,
for two path graphs P, and P, P,, ®, P,, admits a barbell partition if and only if degp (v) = degp (v) = 2.
The next result is concerned with the vertex sum of two graphs excluding paths.

Theorem 4.4. Let G and H be graphs which are not paths. Then G &, H, where v is any identified vertex of
both G and H, admits a barbell partition.

Proof. Since G is not a path, it follows that {v} cannot be a zero forcing set of G. Thus, by Theorem [2.3
V(G) \ {v} must contain a fort Fz of G. Likewise, since H is not a path, V(H) \ {v} must contain a fort Fiy
of H. Since v is the only vertex in H with neighbors in G, and vice versa, it follows that {Fg, Fg} is a pair of
separated forts of G @, H, completing the proof. O

Theorem 4.5. Let G be a graph and H be a graph admitting a barbell partition. Then K = G &, H, where v
s any identified vertex of both G and H, admits a barbell partition.

Proof. Let {R, W1, Ws} be a barbell partition of H.
Case 1: vER
Let R = RUV(G). We will show that {R', Wy, W5} is a barbell partition of K = G &, H.

Claim 1.1: Wy, W5 # () and there do not exist vertices wy € Wy and wy € W3 such that {wq, we} € E(K).

Proof of Claim 1.1. Since {R, Wy, Ws} is a barbell partition of H, it follows that Wy, Wy # () and there
are no edges between vertices in Wi and Wy in H. Furthermore, since V(G) C R/, there are no edges
between W7 and W5 in K.

Claim 1.2: For each r € R’ and i € {1, 2}, we have that |[Ng(r) N W;| # 1.

Proof of Claim 1.2. If r € R' NV (H), since {R, W1, W5} is a barbell partition of H and V(G) C R’, for
each i € {1,2}, we have [Nk (r) N W;| = |Ng(r) "N W;| #£ 1. If r ¢ R'NV(H), since no vertex in V(G)\ {v}
is adjacent to a vertex in V/(H) \ {v}, it follows that |Ng (r) N W;| = 0.



Thus {R/, Wy, Ws} is a barbell partition of K = G &, H.

Case 2 : Assume v € W; for some i € {1, 2}
Without loss of generality suppose v € Wy, and let W] = W7 U V(G). We will show that {R, W], W5} is a
barbell partition of K = G &, H.
Claim 2.1: W{, W5 # () and there do not exist vertices wi € W] and ws € W5 such that wiwy € E(K).

Proof of Claim 2.1. Since Wy C W/, it follows that W] and W5 are nonempty. Since there are no edges
between W7 and W3 and no vertex in V(G) \ {v} is adjacent to a vertex in V(H) \ {v}, it follows that
there are no edges between W] and Ws.

Claim 2.2: For each r € R, we have that |[Ng(r) N W{| # 1 and [Nk (r) N Wa| # 1.

Proof of Claim 2.2. Since V(G) C W] and no vertex in V(H) \ {v} is adjacent to a vertex in V(G) \ {v},
it follows that for each r € R, we have that |[Ng(r) N W{| # 1 and |Ng(r) N Wa| # 1.

Thus {R, W{, W} is a barbell partition of K = G &, H. O
From the above results we have the following straightforward consequence.

Observation 4.6. We can conclude from Theorem@ and@ that if G @, H € G%9F then either G @, H =
P, &, P, (with deg(v) =1 for at least one of the graphs), or one of the graphs is a path and the other does not
admit a barbell partition.

5 Barbell Partitions and Graph Products

We close the discussion on barbell partitions by considering such vertex partitions associated with some classical
graph products. We begin by considering the corona product of two graphs.

Definition 5.1. Let G and H be graphs with V(G) = {g;}j—, and V(H) = {h;}7-,. The corona product of G

with H, denoted G o H is the graph with vertex set V(G o H) = {g;}f_y U{hi;}i_, 7=, and edge set E(G o H)

such that given u,v € V(G o H), we have uv € E(G o H) provided one of the following is true:
e u,v € {g}k | and wv € E(Q)
o u=g; and v = h,;; for some i€ {1,2,....k} and some j € {1,2,...,m}
o u=h;; andu=h,,, withh;h,;, € E(H).

Regarding the corona product we consider the special case of the complete graph K,, with K7, denoted by
K, o K1, is called the corona of K.

Proposition 5.2. Let
D, Dy

where A € S(K,,), D,, = diag(p, po, - - ., pbn) and Dy = diag(A1, Ae, ..., \,) with p; # 0 for alli € [n]. Then B
has the SSP if Dy = A, and p; # £p; for all i,j € [n] with ¢ # j.

B= [A DH} € S(K, o Ky)

Proof. Since A € S(K,,), the corresponding block of the matrix X is the zero matrix. Let
_ |10 Xy
= ¥

where [Xu]i,j = Tj,n+j and [Y)\]i,j = Tn+tin+tj- If BX = XB, then

D, X! =X,D,,

AX, + D,Y\ = X, Dj,

D)X =X A+Y\D,, and

Dy X, + DaYx = X D, + Y\Djy.

~—~ ~ ~~
[\
— — ~— ~—

From Equation we obtain:

145 s
[DuX,) — XuDylij = pinyi — HiTing; = 0 OF Tjnyi = %ﬂﬂ (5)
K3
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while from Equation , we get:
[X,: Dy + YaDx — (DX, 4+ DaYa)lij = %5 mti — Hi®insj — (i — Aj)Tnting = 0. (6)
Together, we yield:

(g — i) (pg + pi)
123

Because Dy = AI,,, and p; # %p; for all 4, j € [n] with i # j, X, = O. So the equations to simplify to

Tintj — ()\z — )\j)xnﬂ,nﬂ =0. (7)

D,uYA = 07 (8)
O =Y\D,,, and (9)
Y, = \Y, (10)
Equations (8) and (9)) yield that Y) = O since each p; # 0 for all i € [n]. O

Considering the corona product of graphs each with more than one vertex leads to the next result connected
to barbell partitions of the corona product.

Theorem 5.3. Let G and H be graphs each with at least two vertices. Then G o H has a barbell partition.
Proof. Let V(G) = {g:}t_y, V(H) = {h;}7-,, and V(Go H) = {g;}}_, U{hi ;}i_, T) asin Deﬁnition Since

i=1,j=

[V(G)| > 2, one can let Wy = {hy ;}72;, Wa = {hg;}];, and R = V(G)\ (W1 UW2). We will now show that

no
{R, W1, W} is a barbell partition oij oH.

Next note that Wi, Ws # () and for each ¢ € {1,2}, given v € V(G o H) \ W; and w; € W;, we have
vw; € E(Go H) if and only if v = g;. So there do not exist vertices w; € Wi and we € Wy such that
wiwe € E(G o H). In addition, since |V (H)| > 2, it follows that for each i € {1,2}, |[Ngou(g:) N W;| > 2. So
for each r € R and each i € {1,2}, |Ngom (r) N W;| # 1. Thus, {R, W1, W} is a barbell partition of Go H. O

If |[V(G)| =1 or |V(H)| = 1, then it is possible that G o H admits a barbell partition. In particular, if
|[V(G)| =1 and H is a graph which admits a barbell partition and has no isolated vertices, then by Corollary
it follows that G o H admits a barbell partition. In addition, if [V (H)| =1 and G is a graph which admits
a barbell partition, then it follows by repeated application of Observation that G o H admits a barbell
partition.

Corollary 5.4. Let G and H be graphs each with at least two vertices. Then G o H is not a member of G35,
We next turn to the standard definitions for the Cartesian product and tensor product of two graphs.

Definition 5.5. Let G and H be graphs. Then the Cartesian product of G and H denoted GOH is the graph
with vertex set V(GOH) = V(G) x V(H) and edge set E(GOH) such that given (g1, h1), (g2, he) € V(GOH),
(91,h1)(g2, ha) € E(GOH) provided either

e g1 =g2 and hihy € E(H) or
e hy =hy and g192 € E(G).

Definition 5.6. Let G and H be graphs. Then the tensor product of G and H denoted G x H is the graph with
vertex set V(G x H) = V(G) x V(H) and edge set E(G x H) such that given (g1, h1), (g2, h2) € V(G x H),
(91, h1), (92, h2) € E(G x H) provided g192 € E(G) and hihy € E(H).

The next result represents a closure-type statement regarding the above graph products and graphs that
admit barbell partitions.

Theorem 5.7. Let G be a graph and H be a graph admitting a barbell partition, then
e [, = GUH admits a barbell partition.
o [, =G x H admits a barbell partition.
Proof. Let {R, Wy, W5} be a barbell partition of H, and let R/, W{, and W} be defined as follows:
e R ={(g9,h) e V(G) x V(H): h € R},
o W/ ={(9,h) e V(G) x V(H) : h e Wi}, and
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o Wi {(g.h) € V(G) x V(H) : h € W),
We will show that {R’, W{, W3} is a barbell partition of L; for each j € {1,2}.

Claim 1: W{,Wj # 0 and for each j € {1,2}, there do not exist vertices w; € W{ and wy € W} such
that wiwe € E(Lj).

Proof of Claim 1. Since W and W are nonempty, W{ and W are nonempty. Now, let wy € W/ and
wg € W4 be arbitrary. So there exist g1,92 € V(G), hy € Wy, and hy € Wy such that wy = (g1, h1) and
we = (g2,h2). Since hy € Wi and hy € Wy, it follows that hy # he and hihe ¢ E(H). Thus w; and
wy are not adjacent in L; for each j € {1,2}. Finally, since w; and wy were chosen arbitrarily, for each
j € {1,2} there do not exist vertices wy € W{ and ws € Wj such that wyws € E(L;).

Claim 2: For each r € R/, j € {1,2}, and i € {1,2}, we have that [N, (r) N W/| # 1.

Proof of Claim 2. Let r € R’ and ig € {1,2} be arbitrary. Since r € R’ there exist h, € R and g, € V(G)
such that r = (g,,h,). Now, let k € Z such that |[Ng(h,) N W,;,| = k. Since {R, Wy, W3} is a barbell
partition of H, it follows that k # 1.

First consider Ly, and note that since h, # w, for each w;, € Wj,, r is neighbors with (g,w;,) € Wy,
if and only if ¢ = ¢, and h, is neighbors with w;, in H. So, it follows that

[N, (r) "W, | = k.

Next consider Lo, and note that for each neighbor w;, € W, of h,, r has deg(g,) many neighbors in
Wi , specifically the set of vertices

{(gawio) ‘g€ NG(gT)}'

So, it follows that
|NL2 (T) n Wio| =k- degG(gT)'

Since k # 1, it follows that k - degs(gr) # 1. Finally, since r € R’ and iy € {1,2} were arbitrary choices,
for each r € R', j € {1,2}, and i € {1,2}, we have that [Ny, (r) N W]| # 1.

Thus, {R/, W], W3} is a barbell partition of L; for each j € {1,2}. O

Corollary 5.8. Let G and H be graphs such that H admits a barbell partition. Then GOH and G X H is not
a member of GS5F.

Theorem 5.9. Let G and H be graphs each containing a pair of disjoint forts. Then K = GUH admits a
barbell partition.

Proof. Let F}, FZ be a pair of forts of G such that F} N FZ = (), and likewise let F};, F% be a pair of forts of
H such that Fj; N F# = 0. Let Wi = {(g9,h) : g € F} and h € F};}, Wo = {(g,h) : g € F& and h € F3}, and
R=V(K)\ (W, UW,). We will show that {R, W, W5} is a barbell partition of K.

Claim 1: Wy, W5 # 0 and for each j € {1,2}, there do not exist vertices w; € W; and wy € Wa such
that wiwy € E(K)

Proof of Claim 1. By construction Wy, Wy # (). Furthermore, given (g1,h1) € Wi and (go, ho) € Wo,
since FL N FZ =0 and Fj; N F =0, it follows that g1 # g2 and hy # he. Thus (g1,h1)(g2, h2) € E(K).
Furthermore, since (g1, h1) and (g2, h2) were chosen arbitrarily, there do not exist vertices wy € Wy and
wa € Wa such that wywy € E(K).

Claim 2: For each r € R and i € {1,2}, we have that |[Ng(r) N W;| # 1.

Proof of Claim 2. First consider Wy. For each r = (g, h) € R, either g & F} or h ¢ F},. First if g & F},
and h & F}, then |Ng(r) N Wi| = 0. So without loss of generality suppose g ¢ F} and h € F}. Since
g & FL, there exists k € N such that ’Ng(g) N Fé| =k # 1. Furthermore for each ¢’ € F}, r = (g,h) is
neighbors with (¢’, h) € W7 if and only if ¢ is neighbors with ¢’ in G. So, it follows that |[Ng (r) N Wy| = k.
Thus, for each r = (g,h) € R, |[Nx(r) N W1| # 1. A similar argument shows that for each r = (g,h) € R,
[Nk (r) N Wo| # 1.

Thus {R, Wy, W5} is a barbell partition of K = GOH. O

Many graphs contain a pair of disjoint forts. Examples of graphs which contain a disjoint pair of forts, but
which do not admit barbell partitions are complete graphs K, n > 4 and even cycles.

Corollary 5.10. Let m,k € ZT with m,k > 4. Then G = K,,(0K}, admits a barbell partition.
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Corollary 5.11. Let C,, and Cy each be even cycles with m,k > 4. Then G = C,,0C, admits a barbell
partition.

Path graphs and odd cycles are examples of graphs which do not contain a pair of disjoint forts. It is easy to
check that P»,[JP; does not admit a barbell partition. However, while grid graphs do not seem to admit barbell
partitions, the following theorem shows that certain prism grid graphs do admit barbell partitions, even when
the cycles they are built from may be of odd length.

Theorem 5.12. Let m,k € Zt such that k > 4, then K = C,C,,.;. admits a barbell partition.

Figure 2: C4,00Cg

Proof. For N € {k, mk}, enumerate the vertices of Cn as {j}évzl such that given ji,jo € V(Cy), we have that
J1j2 € E(Cy) provided either |j; — jo| =1 or {j1,72} = {1, N}, and let {R, W1, Wa} be such that

o W, :{(jl,jg) EV(Ck) XV(ka) tjo=MEk+ j1 WlthOSMgm—].},
o R={(j1,J2) € V(Cy) x V(Cpi) : jo = Mk + j1 + 1 or jo=Mk+ji + (k—1) with —1 <M <m—1},
o WQZ{(jl,jg)EV(Ck)XV(ka)ZjQZMk-i-jl-i-NWith —1§M§m—1and2§N§k—2}.

An example is shown in Figure [2] where R is formed by the green vertices, W7 is the set of red vertices, and
Wy is the set of blue vertices. We will now show that {R, W7, W5} is a barbell partition of G.

Claim 1: Wi, W5 # ) and there do not exist vertices w; € Wi and wy € Wy such that wiwe € E(K).

Proof of Claim 1. Since (1,1) € W7 and (1,¢) € Wa, it is clear that Wi, Wy # (. Next, note that
{R, W7, W>} is a partition of V(G) and let v € W; be arbitrary. We will show that N (v) C R and thus,
since RN Wy = (), that there do not exist vertices w; € Wi and we € W5 such that wywe € F(K). Since
v € Wy it follows that v is of the form (ji,j2) with jo = Mk + 71 and 0 < M < m — 1. To show that
Nk (v) C R, we will show that there exist distinct values a,b such that (ji,a), (j1,b) € Nx(v) N R and
distinct values ¢, d such that (¢, j2), (d, j2) € Ng(v) N R, and thus since K is 4-regular, that Ng(v) C R.

Case 1. jy & {1,mk}

Since ja & {1,mk}, it follows that (j1,J2)(j1,J2 + 1), (J1,J2) (1,42 — 1) € E(K). It now remains to
argue that (j1,72—1), (j1,72+1) € R. First, since 1 < jo < mk and 1 < j; <k, we have that 1 < jo —1 <
jo+1<mkand1<j <k. Since jo = Mk+ j; for some M with0 < M <m—1, jo+1=Mk+j1+1
and so (j1,j2 + 1) € R. In addition, since M >0, jo — 1 = Mk+j; — 1= (M — 1)k + j1 + (k — 1) with
M —1>-1andso (ji,j2 — 1) € R.

Case 2. jo =1

Since jo, = 1, it follows that (ji,742)(j1,2), (J1,72)(j1, mk) € E(K). It now remains to argue that
(J1,2), (j1, mk) € R. First note, 1 < j; < k. Since jo = Mk + j; = 1, we have that M =0 and j; = 1, so
2 = Mk + j; + 1 and thus (j1,2) € R. In addition, mk = (m — 1)k + j1 + (k — 1) and thus (j1,mk) € R.

Case 3. jo, =mk
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This case follows from similar lines of reasoning as in Case 2.

In any case, there exist distinct values a, b such that (j1,a), (j1,b) € Ng(v) N R. It now remains to show
that there exist distinct values ¢, d such that (¢, j2), (d,j2) € Ng(v) N R. Before considering the cases,
note that if x = jo — Mk —1or z = jo — Mk — (k— 1) with —1 < M <m — 1, then (z,j3) € R.

Case 1. j; € {1,k}

Since j1 ¢ {1,k}, it follows that (j1,72)(j1 + 1,72), (41,72)(J1 — 1,42) € E(K). It now remains to
argue that (j; + 1,42),(j1 — 1,j2) € R. First, since 1 < j; < k and 1 < jo < mk, we have that
1<j1—-1<ji1+1<kand 1< j, <mk. Since jo = j1 + Mk for some M with 0 < M < m — 1,
j1—1=jos— Mk—1andso (j1 —1,j2) € R. In addition, j; + 1 = jo — (M — 1)k — (k — 1) and since
M >0 we have M — 1 > —1, and thus (j1 + 1, j2) € R.

Case 2. j; =1

Since j; = 1, it follows that (j1,72)(2,752), (J1,42)(k,j2) € E(K). It now remains to argue that
(2,72),(k,j2) € R. First note, 1 < jo < mk. Since jo = j1 + Mk we have jo = Mk + 1 for some
Mwith0<M<m-1.S02=jo—(M—-1k)—(k—1)and k = jo — (M —1)k) — 1. Since M > 0, we
have M —1 > —1, and thus (2, j2), (k,j2) € R.

Case 3. j; =k
This case follows from similar lines of reasoning as in Case 2
Claim 2: For each r € R and i € {1,2}, we have that |Ng(r) N W;| = 2.

Proof of Claim 2. Using techniques similar to those exhibited in Claim 1, the reader can check that for
each r € R there exist values a,b, ¢, d such that such that (j1,a), (b, j2) € Nk (r) N Wi and distinct values
¢, d such that (j1,c¢), (d, j2) € Ng(r) N Wa, with r of the form (j1, j2). Thus since K is 4-regular it follows
that for each r € R and each i € {1,2} we have |Ng(r) N W;| = 2.

Thus, {R, W1, Wa} is a barbell partition of K. O

Theorem 5.13. Let G be a graph which is not a complete graph and H be a graph with no pendant vertices
such that |V (H)| > 2. Then K = G x H admits a barbell partition.

Proof. If G or H are disconnected, then K = G x H is disconnected in which case by Observation [2.6] K admits
a barbell partition. So suppose both G and H are connected. Since H is connected and has no pendant vertices,
it follows that 6(H) > 2. Since G is not a complete graph there exist vertices u,v € V(G) such that uv € E(G).
Let

Wi ={(u,h): he V(H)}, Wy ={(v,h) :heV(H)}, and R={(9,h) : g € V(G) \ {u,v} and h € V(H)}.

We will show that {R, W7, Wa} is a barbell partition of K.
Claim 1: Wy, W5 # () and there do not exist vertices wy € W1 and ws € W5 such that wiws € E(K).

Proof of Claim 1. Since V(H) # 0, it follows that Wy, Wy # (). Furthermore, since uv ¢ F(G), there do
not exist vertices wy € Wi and wy € Wy such that wiwse € E(K).

Claim 2: For each r € R, [Ng(r)NW;| # 1 for i € {1, 2}.

Proof of Claim 2. Let r € R be arbitrary. Since r € R, there exists g € V(G) \ {u,v} and h € V(H)
such that r = (g,h). First, note that if gu ¢ E(G), then r will have no neighbors in Wj. So suppose
gu € E(G). Since H is such that 6(H) > 2 there exists hy, hy € V(H) such that hhy, hhe € E(H). Since
gu € E(G) and hhy,hhy € E(H), r will be adjacent to both wh; and whe, each of which are members of
Wi. So |[Nkg(r) N Wi| > 2. In either case, for each r € R we have that [Nk (r) N W3| # 1. Likewise, for
each r € R, [Nk (r) N Wa| # 1.

Thus {R, Wy, W5} forms a barbell partition of K = G x H. O

Example 5.14. The requirement in Theorem that H has no pendant vertices may Seem unnecessary.
However, we observe, by example, a pair of graphs G and H where G is not complete, H contains at least two
vertices (each pendant vertices), but the product G x H does not admit a barbell partition. This identifies that
the criterion regarding pendant vertices is quite necessary.

Assume H x Ko has a barbell partition. Now, assume vertex (3,a) is in R. Then, both (4,b) and (2,b) need
to be either in R or (without loss of generality) in W1. If they are both in R. Then note that both (5,a) and
(2,a) are either in R or in Wy. In the first case, that would imply that (1,b) and (3,b) are in R as well as
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K2 x H
Figure 3

(4,a), (5,b) and finally (1,a), that is, the whole graph is in R, which is a contradiction. On the other hand if
both (5,a) and (2,a) are in Wy, that would imply that (3,b) is not in Wy and that (4,a) is either in R or W1
(not in Wa), then (5,b) is not in Wa and finally (1,a) would not be in Wa either and Wa = 0, a contradiction.
Now, let us assume that both (4,b) and (2,b) are in Wy. This implies that the only vertex that can be in Wy is
(3,b), a contradiction. Assuming that (3,a) is in W1 we also find a contradiction. Thus H x Ko has no barbell
partition.

Before we close the topic of tensor products we consider the tensor product of two path graphs and the
tensor product of two complete graphs. First we have the following.

Theorem 5.15. Let m, k € ZT such that m,k > 2, then G = Py, x P, admits a barbell partition.
Proof. G is disconnected, so it immediately admits a barbell partition. O

On the other hand, results concerning complete graphs are a bit more nuanced. It can be checked by
exhaustion that K3 x K3 does not admit a barbell partition. However, as witnessed by the following theorem,
there are instances in which K,, x K,, does admit a barbell partition.

Theorem 5.16. Let n,m € N withn > 2 and m > 6. Then G = K, X K,, admits a barbell partition.

Proof. Enumerate the vertices of K, = {u;};-; and the vertices of K, = {v;}]L;. Let

R={(uj,v)i>1andveV(Kny)},

Wy = {(ul,vj) g < [%—‘}, and Wy = {(ul,vj) ig > {%-‘}

We will show that {R, W7, Ws} is a barbell partition of G.
Claim 1: Wy, W5 # () and there do not exist vertices wy € Wi and wy € Wy such that wiws € E(G).

Proof of Claim 1. Since m > 2, Wi, Wy # (. Furthermore, since Wy U Wy = {(u1,v) : v € V(K,,)}, it
follows that W7 U W5 is an independent set of vertices in G = K,, X K,,.

Claim 2: For each r € R, |[Ng(r) N W;| # 1 for i € {1,2}.

Proof of Claim 2. Given r € R, r is of the form (u;,v;) with ¢ > 1. So r is adjacent to every member of
W1 U Ws except for (u1,v;), and since m > 6, it follows that

INa(r) N W;| > {%J —1>2, for each i € {1,2}.

Thus {R, Wy, W5} forms a barbell partition of G = K, X K,,. O
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We finish this section by considering one final graph product known as the strong product.

Definition 5.17. Let G and H be graphs. Then the strong product of G and H denoted by GX H is the graph
with vertex set V(GRH) = V(G) x V(H) and edge set E(GR H) such that given (g1, h1), (g2, h2) € V(GR H),
(91,h1)(g2, he) € E(GX H) provided either

e g1 =g2 and hihy € E(H) or
e hy=hy and g192 € E(G) or
e gi1g2 € E(G) and hihy € E(H).

Observation 5.18. For m,n > 1 the graph K, X K, is isomorphic to K, 1, and so does not admit a barbell
partition.

Theorem 5.19. Let G be a graph which is not a complete graph and H be a graph with more than one vertexz.
Then K = GX H admits a barbell partition.

Proof. If G or H are disconnected, then K = GX H is disconnected in which case by Observation [2.6] K admits
a barbell partition. So suppose both G and H are connected. Since G is not a complete graph there exist
vertices u, v € V(G) such that uv ¢ E(G). Let

Wi ={(u,h):he V(H)},Wy={(v,h) :heV(H)}, and R={(9,h) : g € V(G) \ {u,v} and h € V(H)}.

We will show that {R, W7, Ws} is a barbell partition of K.
Claim 1: Wy, W5 # () and there do not exist vertices wy € W1 and ws € Wy such that wiws € E(K).

Proof of Claim 1. Since V(H) # 0, it follows that Wy, W5 # (. Furthermore, since u # v and uv € F(G),
there do not exist vertices w; € Wi and wy € Wa such that wiws € E(K).

Claim 2: For each r € R, [Ng(r)NW;| # 1 for i € {1, 2}.

Proof of Claim 2. Let r € R be arbitrary. Since r € R, there exists g € V(G) \ {u,v} and h € V(H) such
that r = (g, h). First, note that if gu ¢ F(QG), then r will have no neighbors in W;. So suppose gu € E(G).
Since H is a connected graph on at least two vertices there exists b’ € V(H) such that hh/ € E(H). Since
gu € E(GQ) and hh' € E(H), r will be adjacent to both uh and uh’, each of which are members of Wj.
So |[Ng(r) N Wi| > 2. In either case, for each r € R we have that [Nk (r) N Wy| # 1. Likewise, for each
reR, ‘NK(’I’)QWQ‘ 75 1.

Thus {R, Wy, W5} forms a barbell partition of K = GX H. O

Corollary 5.20. Let G be a graph which is not a complete graph and H be a graph of more than one vertez.
Then K = G H is not a member of G5F .
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